RESONANCES FOR THIN BARRIERS ON THE CIRCLE

JEFFREY GALKOWSKI

ABSTRACT. We study high energy resonances for the operator —Ay gq := —A + Jpo @ V when
V has strong frequency dependence. The operator —Ay s is a Hamiltonian used to model both
quantum corrals [1, 2] and leaky quantum graphs [10]. Since highly frequency dependent delta
potentials are out of reach of the more general techniques in [11, 13], we study the special case
where Q@ = B(0,1) C R? and V = h™*V, > 0 with o < 1. Here h™' ~ Re\ is the frequency.
We give sharp bounds on the size of resonance free regions for a < 1 and the location of bands
of resonances when 5/6 < a < 1. Finally, we give a lower bound on the number of resonances in
logarithmic size strips: —M logRe A <Im A < 0.

1. INTRODUCTION

Scattering by potentials is used in mathematics and physics to study long term behavior of
waves in many physical systems (see for example [3],[9], [14], and [23] the references therein).
Examples include the study of acoustics in concert halls, scattering of gravitational waves by
black holes and scattering in open microwave cavities.

Recently, there has been interest in scattering by quantum corrals that are constructed using
scanning tunneling microscopes [1, 2, 6] and in scattering by leaky quantum graphs [10]. One
model used in the theoretical understanding of these systems is a delta function potential on the
boundary of a domain 2 C R? (see for example [7, 10]). The papers [11, 13] began the rigorous
study of scattering by delta function potentials on hypersurfaces.

In [13, Theorem 1.4], Smith and the author show that solutions to
(1) (02 — A+ 0900 V)u=0

where 6q is the Hausdorff d—1 measure on the hypersurface, 92 C R% (d odd) and V' : L2(9%2) —
L?(092), have, for any K a compact subset of R, expansions roughly of the form

(2) u(t,x) ~ Z e~ P ayuy(x), re K eR?
A€ERes

where Res is the (discrete) set of scattering resonances. Thus, the real and (negative) imaginary
parts of resonances correspond respectively to the frequency and decay rate of the associated
resonant state, uy(z). Here a resonant state at A is a nonzero outgoing solution to

(—A 4+ dpa ® —)\2)u =0.

The expression (2) is similar to the expansion in terms of eigenvalues that one obtains for the

solution of the wave equation on a compact manifold. Hence, for leaky systems, scattering res-

onances play the role of eigenvalues in the closed setting. Resonance expansions like (2) appear
1
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FiGURE 1.1. We show the power spectrum recovered from waves after a long
period in blue. The resonances associated with this power spectrum are shown
in red. A resonance close to the real axis causes a thin and narrow spike, while
one further from the real axis causes a broader peak. Thus the bulk of the energy
is contained where resonances are close to the real axis. Power spectra like those
shown are often used in experiments to recover resonances.

in a wide variety of scattering problems (see for example [9, Sections 3.2 ,4.6] [5, 18] and the
references therein).

As can be seen from (2), resonances close to the real axis give information about long term
behavior of waves. Since the seminal work of Lax—Phillips [14] and Vainberg [19], (asymptoti-
cally) resonance free regions near the real axis have been used to understand decay of waves. In
particular, if there are no resonances, A, with |[ReA| > M and Im A > —~, then there are only
finitely many A € Res with Im A > —+. Thus, an expansion of the form (2) implies

(3) u(t,z) ~ Z e Payuy(z) + o(e™), re K eR%

AERes
Im A>—v

That is, in any compact set, there is a (non-orthogonal) expansion of u(t,x) into time harmonic
pieces up to an exponentially decaying error. Moreover, if there are no resonances with | Re \| > M

and Im A > —C'log | Re \|, then the error term in (3) becomes smoother as t — oo (see [12] and
the references therein.)

While the spectral analysis of —A 4+ V' ® dgq below applies equally well to the analysis of the
Schrodinger equation

(i0; — Aypa)u =0,
expansions of the form (3) generally do not hold. Instead, one must take initial data u(0), u:(0)

concentrated at frequency ~ A. Then, under various assumptions on resonances, one obtains
weaker versions of (2) (see for example [4, 8, 15] [9, Chapter 7]).
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Let —Ay pq be the unbounded operator —Ay gg := —A + dgo @ V. We assume that 9Q C R?
is a smooth, bounded hypersurface. (For more general assumptions see [11, 13].) We take V/
a bounded operator on L%(99). For u € H (R%), we define (V ® dgq)u := (Vulgn)dsn. (See
Section 2.2 for the formal definition of —Ay gq.)

Remark 1. Just as for V € L

comp"
spectrum equal to [0, 00). However, unlike for V' € L

(see [13, Sections 2.1, 7]).

—Avygq has L? spectrum bounded from below with essential

comps —Aan may have embedded eigenvalues

The precise definition of a scattering resonance for —Ay pq is a pole of the meromorphic con-
tinuation of the resolvent
Ry(A) = (~Avan — )7,
from Im A > 1. Because we are interested in asymptotically resonance free regions near the real
axis, and in particular, | Re A\| > 1, it is convenient to rescale A = z/h with h < 1 and write

Rv(z/h) == h2(—h2AV’aQ — 22)71.
Thus, we study the poles of
(4) (—h*Avpa — 2°) 1 = (=h*A + (hdgq ® hV) — 2*) 1.
In typical physical systems such as quantum corrals considered in [2] and concert halls, inter-
actions between barriers and waves are frequency dependent. One natural model where this is

the case is the quantum point interaction in one dimension. This object is understood using the
operator on L?(RR)

(5) —h2A+V @6(x/h) = —h*A + h™Y(hé(x) @ hV).

This type of operator also appears when considering delta function potentials on domains of scale
comparable to the frequency of interest

(6) ~A+5(x—h ) +5(x+hh.
In particular, rescaling with hy = x results in the operator
~h*A+5((y — 1)/h) +5((y + 1)/h) = —h*A + hé(y — 1) + hd(y + 1).

Both (5) and (6) correspond to letting V' ~ h~! in (4). Thus, the natural upper bound on V is
IVIlg2spe < CRT

One additional way in which this type of operator appears is in the wave equation
(0} — A +ids0 @ ({a, 0z) + agdy))u = 0.
If we formally take the Fourier transform in time, we arrive at
[—A 4+ Mo @ (A ta, ;) —iag) — N =0
and, rescaling \ = z/h gives

(7) [—h%A + 2(hdsq @ ((zLa, hdy) —iag)) — 2%]6 = 0.

>

To understand how resonances behave for highly frequency dependent potentials, we consider a
model potential which depends strongly on frequency (~ h~!). In particular, we consider —Avyan
when Q = B(0,1) C R? and V = h=*Vj for a < 1, and Vj > 0 is a constant independent of h.
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Some progress has been made toward understanding the distribution of resonances for delta
potentials depending on frequency. In [13], Smith and the author demonstrate the existence of a
logarithmic resonance free region for a very general class of €2. The results imply the existence
of logarithmic resonance free regions in our case when o < 2/3. In [11], the present author gives
sharp bounds on the size of the resonance free region when V € h=*C>°(09) with o < 2/3 and 2
a smooth strictly convex domain. Because o < 2/3, we think of the potentials considered in [11]
and [13] as depending mildly on frequency.

However, the quantum point interaction (5), large domain (6), and first order delta potential (7)
correspond to a potential which depends strongly on frequency (o = 1). The range 2/3 < a <1
is out of reach using the techniques from [11, 13] because of a complication in the microlocal
analysis near trajectories tangent to the boundary of €0, glancing trajectories.

Denote the set of rescaled resonances for —Ay sn by
(8)  A(h):={ze[1—ch¥* 1+ ch®* +i[-Mhlogh™',0]: z/h is a resonance of — Ayq}.

Our first theorem proves the existence of resonance free regions for o < 1 and bands of resonance
free regions for 1 > a > 5/6.

Theorem 1. Let Q = B(0,1) CR? and V = h=*Vy > 0. Then for all e > 0, M > 0 there exists
henr > 0 such that for 0 < h < he v,

{—Imzz ;O‘hlogh—l—glog‘g’—eh}u{—lmzthlogh—l} a<5/6
A(h) C
{]—Imzh2/3_2°‘—CVO,N\<e}U{—ImzZMh2a_2/3} 5/6 <a<1
where

V2
8TV | A— (—(w)3 A (— ()
and —Cx is the N zero of the Airy function Ai(s).

CV07N =

See Figure 1.2 for a pictorial representation of the results of Theorem 1.

The next theorem shows that Theorem 1 is optimal.
Theorem 2. For all N > 0, there exists hg > 0 such that for h < hy, there exist z(h) € A with

L5%hlogh™" — Blog 2 + o(h™/*) a <1
—TImz(h) = { log (1—1—%) + O(h"/%) a=1
0
Cvy N2 7213 4 o(h3—4/3) 2/3<a<l

The proof of Theorems 1 and 2 show that when o < 5/6 the resonances closest to the real
axis come from modes concentrating microlocally away from glancing trajectories, while those for
a > 5/6 come from modes concentrating near glancing. Thus, the theorems show that glancing
modes decay slower than non-glancing modes for o > 5/6 while the opposite is true for o < 5/6
and gives a quantitative rate of decay for each type of mode.
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CVO,3h2a72/3 CV0,1h2a72/3 E(h) éRZ

I 0y 0 Sz a<5/6

£(h) CVO’3h2a72/3 CV0,1h2a72/3 §RZ

Iy iy i Sz a25/6

c
CVU’Qh2oc72/3

FicUure 1.2. This figure is a schematic of the results of Theorems 1 and 2 for
a < 5/6 on the top and a > 5/6 on the bottom. Resonances lie in either the dark
gray bands or the light gray shaded region, but not in the white regions. Here,
L(h) := 1_To‘hlog h—t — %log % Note that we show only three of the bands given
by Theorem 1. See also Figures 1.3, 1.4, 1.5, and 1.6 for numerically computed
resonances.

Remark 2. When B(0,1) is replaced by B(0, R) we can rescale to find that the resonance free
region for Q = B(0, R) and @ > 5/6 is given by —Im 2z > (Cre/sy;, —€)h?*=2/3 Hence the imaginary
part of resonances from glancing modes scale as k*/3 where & is the curvature.

We also give a lower bound on the number of resonances.
Theorem 3. For M large enough, there exists ¢ > 0 such that
#{z €1 —€1+¢+i[-Mhlogh 0] : z/h is a resonance of — Ay.gq} > ch™2.

Remark 3. We have an upper bound of the form Ch~2 by [17], [20], [21], and [22] together with
[13, Lemma 7.1].

The paper is organized as follows. In Section 2 we recall some asymptotics of Bessel and Airy
functions, introduce the formal definition of Ay o and use the results of [13] to reduce the problem
to finding solutions of a transcendental equation. In Section 3, we demonstrate the existence of
the various resonance free regions in Theorem 1. Finally, in Section 4, we show the existence of
the resonances in Theorem 2 and prove Theorem 3.
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FIGURE 1.3. When Q = B(0,1) C R?, the boundary values of resonance states
can be expanded in a Fourier series " a,e™. We show the resonances for V =1
corresponding roughly to n < 200 and A < 200. The dashed line shows the bound
given by Theorem 1.
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2. PRELIMINARIES

2.1. Asymptotics for Airy and Bessel Functions. We collect here some properties of the
Airy and Bessel functions that are used in the analysis of case case of the unit disk. These
formulae can be found in, for example [16, Chapter 9,10].

Recall that the Bessel of order n functions are solutions to
Z2y// +Zy/ + (22 o n2)y = 0.
We consider the two independent solutions Hfll)(z) and J,(z). The Wronskian of the two solutions
is given by
2
oz

9) W (i, HD) = J, HY (2) — J,HD (2)
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100
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FIGURE 1.4. We show resonances for the circle with Re A ~ 102, ¥, = 1 and
several . The plots show Im A v Re A in each case. The dashed line shows the
bound coming from non-glancing modes. It is difficult to see the transition at
a = 5/6 from logarithmic resonance free regions to polynomial size resonance free
regions because the change does not happen until Re A ~ 10° (see Figure 1.5).

We now record some asymptotic properties of Bessel functions. Consider n fixed and z — oo

1 1/2 " ' .
I = (az) (7370 4 e CmET (el

1/2 ) n
H7(11)(2) _ <2> (61(Z7§7T7%7T) + O(’ZFle'Imz‘))

w4

(10) In(2)Hp(2) = % (ei(2z—mr—%7r) +1+ O(|Z|—162|Imz|))



Im A

Im A\

Next, we record asymptotics that are uniform in n and z as n — oo. Let ¢ = ((z) be the

J. GALKOWSKI

!

XXXXXXXXXXXXXXXXXXXXXXXXXXX XXX X
_— _— _— _— _— _—

XXXXXXXXXXXXXXXXXXXXXXXXX XXX XXX

-2.5 X X T X X R X X X W X —-— -—
_3 xx—><x>—xx>—xx-xxx—<xxm<
o B
- X XX XX
o R ""“%5@%@
2 2.001 2.002 2.003 2.004 2.005 2.006
Re A x10°
_ 5
(A) a=g
0
0.2
-04
0.6 e X e * Yo X e ¥ e ™ % e
0.5 el el e e e

XXXXXXXXXXXXXXXXXXXXXXXXXXX XXX
_— _— _— _— _— _—

X X 5 N SN x NN x W«
— — — — — —
X ™ i i i’

2.002 2.003 2.004 2.005 2.006

2 2.001

Re A %108
() o =0.8733

Im A\

XXXXXXXXXXXXXXXXXXXXXXXXXX XXX XX

XXXXXXXXXXXXXXXXXXXXXXXXXXXX XXX

xS 3¢ XS 3 X ¢ X x A x -

5 B X T X e X X S ¢ X e X Xk

X XTI ¢ T x TR x x T X x "k X X
X X X X X N X X X X T X x|
X X i X X W x < S < X S
3 XXXXXXXX XXX KXRKKREKKREERXK XXX X
KX XXX KX XXX R XXX XXX XXX KX XXX K XXX XK

2 2001 2002 2.003 2.004 2.005 2.006
Re A x108

(B) a = 0.8433

X XX X i X X il X X s X X i X X -’

X X X >misieX X >miiX X XX X s X X 8

-0.15

X X i > X pli X X B X X X i X i
—_— —_—— _— —_—— —_— -
XX&XXWXX&XXHXXHXXﬁ

_— _— I I —_—
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX

-0.2

> 2001 2002 2003 2004 2005 2.006
Re A x108
(D) o = 0.9333

FIGURE 1.5. We show resonances for the circle with Re A ~ 2 x 105, V5 = 1 and
several a. The plots show Im A vs. Re A in each case. The solid black line shows
the (logarithmic) bound for resonances coming from non-glancing trajectories and
the dashed lines show the first few (polynomial) bands of resonances from near
glancing trajectories. Since the dashed red line is above the black lines at o = 5/6,

it is necessary to go to still larger Re A to see the transition.

However, when

a > 5/6, we start to see better agreement with the bands of resonances predicted
in Theorem 1. Note that the logarithmic line is off of the graph when o = 0.9333.

unique smooth solution on 0 < z < oo to

(11)

(&)

_1—22

(z?
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FIGURE 1.6. We show a plot of log(Re ) vs. log(—Im \) for Re A ~ 2 x 10° when
a =1 and Vp = 1. The bands predicted by Theorem 1 are shown by the dashed
lines.

with
lim ¢ = oo, lim ¢ =0, lim ¢ = —oo.
Then
2
(12) g(—g)?’/? =22 — 1 — arcsec(z) 1< 2<00
2 1++vV1—22
3(C)3/2=10g<H>—\/1—22 0<z<1
z
1—22 3
(13) ﬁ — V2 z—0
z
Let

Ai(s) 1/ eilzt st gy
— 00

"o

for s € R be the Airy function solving Ai”(z) — zAi(z) = 0. Then, A_(z) = Ai(e*™/32) is another
solution of the Airy equation.
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For z fixed as n — oo
4 V4 [ pi(n2/3
T(nz) = (1 _sz) (W + O(Ei(5/3, 7/3)))

HO (nz) = 2¢7/3 (4< )1/4 (A—(”Q/SO + 0(E_(5/3, 7/3)))

1= 22 n1/3
) 1/2 (1 2/ /
(14) Jn(nz)Hy(Ll)(nz) = 2e /3 (&) <A2<n2 Si);/lg_(nz ) + O(EL(%,Q, 13?))>

where
E_(a,B) = |AL(n*¢)|n~* + |A_(n*/*)In "
Ei(a, B) = |Ai'(n*3¢)|n~* + |Ai(n~/3¢)|n ™"
Ei_ (o, B,7) = |AiA_|(n*3)n= + (JAT A_| + |Ai A" ) (n¥3¢)n=P + |Ai' A (n¥/3¢)|n~7

We now record some facts about the Airy functions Ai and A_. The Wronskian of these two
solutions is given by

—7i/6
(15) W(A;, A_) = AiA! (2) — Ai'A_(z) = 5
™
Furthermore, for s € R, Ai(s) = e ™/3A_(s) + e™/3A_(s) and hence
(16) Im(e ™/ A_(s)) = ’4@2(5)

The zeros of Ai(z) all lie on (—o0,0]. We use the notation —(, to denote the k*® zero of Ai.

Finally, we record asymptotics for Airy functions as z — oo in the sector | Argz| < 7/3 — 0.
Many of these asymptotic formulae hold in larger regions, but we restrict our attention to this
sector. Let n =2/ 323/2 where we take the principal branch of the square root. Then

A_(z) = ;:/7;/;6/2(14-0(|z’3/2))7 A_(—z)= %
(17) Ai(z) = Z;/;ir"(l +0(]2| %),
Ai(=2) = 2; (et e/t g o] 732l ) )
(18)
Ai(2)A-(2) = 5 (1012 *7%), Ai(-2)A-(~2) = 47T// (1= ie? + o(|z|~3/2e2Hml) )

2.2. Preliminaries on —Ay pn.. We define the operator —Ay s using the symmetric, densely
defined quadratic form

Qv,o0(u, w) == (Vu, Vw) 12 ey + (Vyu, yw) 1290
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with domain H'(R%) C L*(R%). Here, v : H*(R?) — H*~'/2(9Q) denotes the restriction map. In
[13], the authors show that z € A if and only if there is a nontrivial z-outgoing solution to
(19) (—h2AV7aQ — 22)u =0

where by z-outgoing we mean that there exists R > 0 such that for |x| > R, u = Ry(z/h)g for
some compactly supported distribution g where Rg(A) is the meromorphic continuation of the
free resolvent,

Ro(N):=(—A=X)"1,  Imi>1
to C if d is odd and to the logarithmic cover of C\ {0} if d is even.

Furthermore, the authors show that if V : H/2(9Q) — H/?(9%) then solving (19) is equivalent
to solving the following transmission problem

(—h2A — 2%)u; =0 in Q
(—h2A — 2%)us = 0 in R4\ Q
(20) up = u2 on 0f)

Oyu1 + Oprug + Vyur =0 on 9N

ug is z-outgoing

Here, 0, and 9, are respectively the interior and exterior normal derivatives of u at 9.
2.3. Reduction to Transcendental Equations on the Circle. We now consider (20) with
Q0 =DB(0,1) CR? and V = h=*Vj on 952. Then for i = 1,2,
—h282 — 129, M2 2 u; =0  in B(0,1)
W22 9, M2 2 uy =0 in R\ B(0,1)
(21) u(1,60) = uy(1,6)
8,»111(1, 9) - Brug(l, 9) + Vul(l, 0) =0
ug is z outgoing

Expanding in Fourier series, write u;(r,8) := >, u; »(r)e™?. Then, u;, solves

1 2
(—h%‘)ﬁ - hQ;ar + hQ% — z2> uin(r) = 0.

Multiplying by r? and rescaling by x = zh~1r, we see that u;,(r) solves the Bessel equation with
parameter n in the x variables. Then, using that us is outgoing and u; € L?, we obtain that

Ul p(r) = KpJn(zh™r)  and ug (1) = C’nH,(ll)(zh_lr)
where J,, is the n'® Bessel function of the first kind, and H,sl) is the n'" Hankel function of the
first kind.

To solve (21) and hence find a resonance, we only need to find z such that the boundary
conditions hold. Using the boundary condition u1(1,6) = us(1,0), we have K,J,(zh™!) =
CnHT(LU(zh_l). Hence,

_ KpJdn(zh71)

B R
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Next, we rewrite the second boundary condition in (21) and use that V = h™*V} to get
S (Kpzh N (2h ™) = Cozh P HOY (2h71) + A VoK Jn (20 1))e™ = 0.
n
Then, since e are L? orthogonal, we have
-l Jn(zh™1)

K | zh 1T (zh71)
< qM (zh1)

HWY (zh™) + h_o‘Van(zh_l)> =0, neZ.

Thus

Koh=Vo = Ky zh™! (Hél’kzhl) J;<zh1>>
n 0= f\n - .

HP (zh-1)  Ja(zhT)
which can be written

(22) h VoK, = K,zh™! W(Jn, Hi') = 2ikn
Ju(zh YHY (zh=Y)  wdy(zh Y H (zh 1)
where W(f,g) is the Wronskian of f and g.
Then, without loss, we assume K,, = 1 or K,, = 0. Hence, we seek solutions z(h,n) to
Th™*Vy
21

(23) 1— Jn(h™ z(h,n))HM (W~ 2(h,n)) = 0.

The quantity nh~! is the tangential frequency of the mode wu;,e. In particular, the wave
front set, denoted WFy, (see [24, Chapter 4]), of € has

WFy(e™) ¢ {¢ =nh mod o(1)}.

Thus, |n| < (1 — €)h™! corresponds to modes concentrating near directions transverse to the
boundary, |n| ~ h~! are the glancing frequencies, that is directions tangent to the boundary, and
In| > (1 + €)h~! corresponds to elliptic frequencies.

3. RESONANCE FREE REGIONS
In this section, we demonstrate the existence of resonance free regions. In particular, we prove
Theorem 1. We write n = mh~! and assume that

|Tm z| < Momin(hlogh™t, B22=2/3),

3.1. Analysis away from glancing (m < 1—e¢ and m > 1+¢). Away from glancing, that is for
|h|n| — 1| > ch® with 0 < § < 1/2, we apply [11, Lemma 6.1]. First, we compute the chord length
of a trajectory starting in dB(0,1) with a given slope. Let (¢) be a line with slope r through
(0, —1). Then we find it’s second intersection with 9B(0, 1).

y(t) == (t,rt — 1)
Then, |y(t)| = 1 implies

2r _5 r 1 :2((1,7")-(0,1))
R RV e i (0|

(r? +1)t* —2rt =0. Hence t=
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The unit tangent vector to v is given by (1,7)/v/1+ r2. Hence, the chord length is given by
2£, where &, is the normal component of the unit tangent vector to ~.

Using this in [11, Lemma 6.1], we have that for 0 < § < 1/2, there are no resonances contributed
from the region |m — 1| > ch® when

(24) -

ImZ . 1 h2—2’y‘/'0
— < inf log .
b S leiies L/TTER  \KT—[EP) + o

3.2. Analysis for 1 — eh?
legm < 1+ €h®. In this section, we consider the remaining values of m. First, we use (14) in (23)
to write

‘ 1/2 cr02/3 2/3
(25) 1— 27[_h—aV06—5m/6 <1_(n€_12)2> (Al(n 221;13—(71 C) + O(Ei,(%, 2, 150))> =0

where ¢ = ((m~!z). We first ignore the error term in (25) and show that there are no solutions
with the appropriate bounds on Im ¢. In particular, define hy := n~! so that (1 — 6h5)h <h <
(1 + €h®)h and

2/3 ¢ 12 2/3
o :=h""h | ———— Vo = o(h*/°7).
1 (1 — (mlz)2> 0 ( )

The fact that ® has uniform bounds for ¢ in the relevant region comes from the fact that hih =t =
m and 1 — eh® < m < 1+ eh?®. Then, rewriting (25) without the lower order terms, we have

(26) 1 — 2me /09 () A (hy *°) Ai(hy*¢) = 0.

Notice that if o > 2/3 and Mh?72* < |Re¢| < Ch® or a < 2/3 and |Re¢| < Ch9 for any § > 0,
then the second term in (25) is bounded above by 1 — §; for some §; > 0. Hence, (25) has no
solutions and we need only consider the remaining Re (.

3.3. Analysis at glancing (m ~ 1). We next analyze |¢| < M max(h?/°B3=2%) h2/3) Let s =
h=2/3Re(. then,
0 < |s| < M max(h2/53-20-2/3 1)
and
¢ = 1?35 +Tm¢ = h*3s 4+ o(min(hlog h~1, B2272/3)).
Thus,

[@(Q)AiA_(hy P¢) — d(hP5) AiA_(s) — (W} s)(AiA_) (s)iTm hy */P¢| <
O(h*3(s\Y2h=(Im h=2/3¢)?) + o(h*/*h~*Im CAiA_(h~2/3¢))

We obtain lower bounds on
Fs:huh) o= 1= 2me ™ 00(h/s) (A_Ai(s) + (A= Ai) (s)i Im by *°¢)

Letting o := e~ °™/6 we have by (16) that
Ai%(s)
2

aA_(s)Ai(s) = Re(aA_(s))Ai(s) — 1
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and
(A_Ai) (s)iTm hy /3¢ = (Ai(s)Ail (s)+ |
i [Ai'(s) Re(aA_(s)) + Ai(s) Re(ad’ (s))]) Im hy /3¢
Thus,
Im f = —27r¢(h?/3s) (_,4@22(3) + (Aé'(s) Re(aA_(s)) + Ai(s) Re(ad’_(s))) Im h1_2/3§>
and
Re f =1 2r®(h;’’s)Ai(s) (Re(ad_(s)) + Ai'(s) Im b */°¢).

So, when

1-0 1-—

4i(s)]) € ——5 Cor (AN 2
27 ®(hy""s) Re(aA_(s)) 21 ®(hy""s) Re(aA_(s))
then |f| > d. Note that for o < 2/3, this condition is never satisfied. Thus, we need only consider
1-9¢ , 1-¢

2/3 < [Ai(s)] < 2/3 :
27 ®(hy'"s) Re(wA_(s)) 27 ®(hy""s) Re(aA_(s))
That is, using the fact that [Ai'(—s)| ~ ¢|s|"/* and |A_(—s)| ~ ¢|s|~1/4,
(28) s = —Cu+ O(h*h~?/?).

where —(j, is the ™ zero Ai(s).

(27)

Remark 4. For v < 2/3, notice that (28) does not give us any additional information on the
location of s. However, it is easy to see that in this situation Im f > Ch®~2/3. Since we need only
consider small Re ( when o > 2/3, this implies that in the relevant region |Im f| > ¢ and hence
there are no solutions to (23) in this region.

Now, |Tm z| < My min(hlogh~*, h?*~2/3) implies that |Im ¢| < M h?*=%/3. So, using the fact
that A_(—s) = O(|s|~'/*) and Ai'(—s) = 0(|s|'/*) we see that there exists K = K (M) such that
if for some ¢; > 0 small enough,

B2/3
(29) inf |Im({— 573 1 > g p2e2/3
k<K() 8m2®(hy""(—Cr))? Re(aA—(—Cr))? Ad' (=)

then
|Tm f| > e, h®2/3.

Finally, we account for the error terms. We have suppressed terms of the form
O(max(l, h1/5(3—2a)—1/3) min(h4a_8/3, h2/3(10g h_1)2) + ha_2/3AiA_(h_2/3C)).

Together with (27) the estimate |f| > ¢d;h®+?/3 implies that there are no solutions to (23) for
|Re (| < M max(h?/°G=22) p2/3) | Tm (| < My min(h?*~2/3 hlog h~1), satisfying (29).
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3.4. Asymptotic analysis near glancing. We need to analyze Ceeh® > |Re(| > R2/5G=2a) pr
. 1/3 )
To do this, let GA = 2;_’2%, and b := 2me°™/6_ Then if ¢ solves (25)

G20 = GG (G PbAi(h PO A (P0G + ()G P e
and hence
(1+GY*ea G
= —GY2G A (— G b Ai(h PO A BOGRY? — 1+ o(h?)GY S
Using (18) for Re ¢ < —Mh?/?, we have

3/2

(1+GY*2G )G = ~GPaG Y (—ien 9" (1 4 o(h¢ )@ 0.
GY%® = — (I + G{?oGY*) 16 2oG  (—iest CO (1 4 o(h¢—32)) GV 2.
For ¢ > Mh?/3, we use (18) to obtain
(I + GGG = —GY*ea > (o(h¢/%)GY .
Hence,
G2e = —(1 + GPecY ) 'a P eai o(h¢ =) GY o,

To see that I + G1A/2<I>G1A/2 # 0 observe that when Re ¢ < —Mh2/3,

., 1/3
thy”"® | 4, Im¢ B
Re gyt | = 100 (’ Reqw) — o1)
and when Re ¢ > Mh?/3,
h3e

Now, since | Re (| > Mh?/3, 0(h¢=3/?) < 1 for M large. Hence, there are no zeros for Re ¢ > 0.
For Re( < 0, there are no zeros of (26) when

(30) (I + G206 162G 2 (1 + o(h¢3/2))esin C9™ | <1

Let ( =s+i¢Im (. Then

(02 = (=520~ il (=5 )2 = (=52 (1= JiTm(-s) ! + o((Tm)?s ) )

and
(O = (=5)"*(1 4 o(Im (7).
So,

. mc(—s 1/2 _ _
e (CO%2 ) 2 A o(m Rl 2
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Taking logarithms of (30),
h/
2i(—¢)/2 — by @

2Im ¢(—s)1/?

+ o(h¢3/%) < 0.
h1

+0((Im ()*h"|s|1/?) + log

Thus, for —Ceh? <Re( =s< —M max(h2/5(3*2a), h2/3), there are no solutions with

. hy —2/3 2 2
RPN L OO o rrca 1+ 4(=s)h; P07
+ 0((Im ¢)?[s|™* + Im ¢|s| 7'h) + O(h?|s|72).
Main Term Error
R%|s| 14
s| < p2—2a B3 p2a—4/3(_ 172 5|1
< ' (=) . min(h? (log h™")?, hh?*~2/3
|s| > B> | My log(1 — sh2a—4/3p 72/3) h2s~2 4+ 0(h*3(log h™1)?2)

Thus, since we have |s| > M max(h?/53=2%) p2/3) the error terms are lower order and hence

. h1 —2/3 o
¢ < _Cgh5<s<1_n]\f;[h2/5(372a) m log ’1 +4(=s)h TP ‘ )

So, for 1 —eh? <m < 1+ €h®, and Ceh® > |s| > Mh?/53=2%) there are no zeros of (23) for
(31) Im ¢ < C min(MY2p2=2/3 Ch'=%/210g h~1).

Taking M large enough depending on K and h small enough,
33

CMY2p2=2/3 > sup 73 .
k<K 8120 (h)" " (—(r))? Re(aA _(—(k))3 Ai' (—(r)

Moreover,

1—
p1=0/2 logh™ > Tghlog .

Thus, the region Ceh® > |s| > M max(h?/°G=2%) h2/3) does not contribute to the resonances
closest to the real axis.

Our last task is to relate the imaginary part of z to that of ¢ when |¢| < eh’. By (11) and (13),
we have that

(32) z=hi'h - hllh\;§ +0(¢?), Imz= hllhhfﬁC + O(Re ¢ Im ).

More generally Im z ~ C'Tm ¢ + 0(|Im ¢|?) for |¢| < M. Since we assume Rez € [1 — Ch%/4 1 +
Ch*/*] and we have hy = h + 0(h'1?), (24), (29), (31), (32) and the fact that

lim () = (V2)2

complete the proof of the existence of resonance free regions of the sizes given in Theorem 1.
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4. CONSTRUCTION OF RESONANCES

In this section, we demonstrate the existence of resonances. That is, we prove Theorem 2. We
first prove the following analog of Newton’s method:

Lemma 4.1. Suppose that zg € C. Let Q := {z € C: |z — 29| < €} and suppose f : Q@ — C is
analytic. Suppose that

[f(z0)| < a, 10:f(20)| 2 b, Slelg\a?f(Z)l < d.

Then if
(33) a+d® <eb<c<l

there is a unique solution z to f(z) =0 in Q.

Proof. Let
_ I
9 =2 5 )
Then,
|, 0uf() | de
0.0(:)| = |1 - 7| <
and
9(2) = 20l < lg(z0) — 20 + sup |0:9(2)l|z = 20| < 7 + d%
Q

Thus under the condition (33), g :  — Q and
l9(2) = 9(z)| < sup |0:29(w)||z — 2| < |z = #/|.

Hence, g is a contraction mapping and by the contraction mapping theorem, there is a unique
fixed point of ¢ in © and hence a zero of f(z) in . O

4.1. Resonances at glancing. We now analyze n ~ h~! which correspond to glancing trajec-
tories. In particular, for v > 2/3, we construct solutions to (23) for 0 < h < hy with

Imz > Ch2e—2/3,

2423, @ we seek solutions to (26). Our ansatz

Let h1 = n~". Then, suppressing terms of size hj
is

¢ ==h1" G+ e(h)
where —(}, is the k' zero of Ai(s). Then,

®(C)A_(hy Q) Ai(hP¢) = ( (—h%G) + >

k>1

<I>(’C 2/3Ck) k)

(A‘Ai%—ck)h e 4 A AL (~hy e 4 3 A AZ D) 2vrs k).
k>3
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Let € = eg+e1 where €1 = o(eg). Then, ignoring terms terms of size €2 and letting b := 2me0mi/6

we have
1= bB(—h230) A_Ai' (—C)hy ey = 0.

That is,
B2/

b®(—h7" () A (— ) Ai'(— ()

Then, using terms of size 60 and €1, we have

_ Ch2/3hah 2/3

€0 =

®(—h7 ) A AL (— )k e
+ (@(=hy )AL A (~Go)hy P + @ (=Y PG A A (—¢))hy e = 0.
That is,
W (@(=hyPG) AL AT (—¢)hy P + @ (=h P G A_ AT (—G)hi )
- O(—hPG) A A (—Gr)

— / Al (_C ) /

_—h12 3 2m(1+0(60h12 3))

_ hf/?’A'_(—Ck) s

— (q)(—h?/3§k))24ﬂ2€75m/3A§(—Q{;)(Ai/(_gk)y (1 + O(eghy )) .

So, since by (16)

Ai(s).
2

Im(e /0 A_(s)) = —

P (e AL (~G))

Ime = 1+ O(eghy */®
TR T A AT
)
- i (1 + oleohy %))

((=h7"7Gu))282(e=om/0)3 A3 (=) AV (~ i)

Since b®(— h2/ 3@)14 Ai' (=) # 0, repeating in this way we obtain an asymptotic expansion for
e(h) in powers of h%h; 2/3 uch that for (= —hZ/SCk + e(h),

1 b®(¢) A (hy P Ai(R*P¢) = o(h3).

Let
F(Q) =1—b®(O)A_(h Q) Ai(h*%¢).

23¢ + o(hg),

Then, for ( = —h
/(O] = eh™®

and
17O < oh—en .
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Thus, letting n = h~1 4 0(1) and using Lemma 4.1, there is a solution (y(h1, k) to f(Co(h1,h)) =0
with
Go = =G+ e(h) + 0(h™).

Now, by the implicit function theorem (or Rouche’s theorem) f(¢) = a(¢) defines ¢ in a
neighborhood of (y for a small enough. Hence, since we suppressed terms of size hi;/ 7 (14),
we have that there is a resonance with
o(hy*h=°)

B 8/3
cf(Co) o+ Ohr™).

¢=2¢o+

4.2. Resonances normal to the boundary. Next, we consider n fixed relative to h. That is,
we consider modes that concentrate normal to 90B(0,1).

Using asymptotics (10) in (23), we have

hliav s —(n 1 L) —
(34) _ th) <e2zz(h,n)/h (n+3) (1 + O(hz(h,n) 1)) + 1) —0.
Let
2RI~V .
F(e,k,n,h) =1— Zie/h 4 1)
SLEL inh(dk 1 20+ 1) (/1)
Then,
—ih _qimh(4k 4+ 2n + 1)
=—"1 a-t -1

eo(k,n, h) 5 1og [h oV, }

has

F(eo(k,n,h),k,n,h) =0, |0F(eo(k,n,h),k,n,h)|>chL.

Now, for 0 < cand ch™! < k < Ch~! by (34), z(h, k,n) can be defined by a solution z(h, k,n) =
%h(lﬂﬁ +2n+1) + e(k,n, h) where

F(e k,n,h) = 0(e®/"h/z +¢).
So, by the implicit function theorem there is a solution e satisfying
e(k,m, ) = eoh, m, ) + (DcF (eo(k, m, h), Ky m, b)) ~LO(RI= M0/ (1 5 + ¢5))
= eo(k,n, h) + O(h?).
Thus, for all € > 0 and 0 < h < h, there exist z(h) € A with
(35) Tm 2z —@ logh™t + %log (v%) +o(h¥ a<1
h —1log (1+Vi02> + o(h3/4) a=1

Remark 5. Note that the size of the error terms in (35) comes from the fact that we allow

Rez € [1 — Ch3/4 1+ Ch3/4].

This completes the proof of Theorem 2.
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4.3. Resonances Away from Glancing. Finally, we construct resonances coming from modes
concentrating farther away from glancing but not normal to the boundary. In particular, we show

the existence of modes concentrating h?/3=2¢/3 of glancing for (3o —2)/4 < € < 1. This will prove
Theorem 3.

To do this, let w = (nh)~'z and ¢ = ((w). Then we first suppress the lower order terms in
(14) and solve (26). Using the asymptotics (18), in (26) and letting n = h ' we have

K3 Nobo o ph i oy N=L gk
(36) 1— A —— |14+ Y L el 1+ Yy
2(—()1/2 JZI (—¢)3k/2 i (=Q)3k/2
+0 (h{v“ha(_g)(wﬂ)/?g + eﬁli(‘@m)) -0

where ¢ and by are real.

We make the ansatz
(37) (=¢)*? = gﬂhl(élk —D+e=m+e
where we assume € = O(mh?®) for some ¢ > 0. Then,
1 2
OV 31— 2/, 2 O =m23 (14 2 2 2>‘
(38) (O =m (14 pekold/m?)) (<O = (14 ot ol fm)

4 i(—0)3/ 4
and e 0 _ 1. Multiplying (36) by (—¢)'/? and using

N=1l g (m)e™

n=0 :
we have
K3 (m)i NZLochh e Nl pnb
(39) (7C)1/2 - 12() (1 + _732/2 —te3h (=0) 1+ Z _732/2
i (=0 = (=0

4 .
+0 (h}ha(h{VmN +e)(1+ eSM“) = 0.

Then, let €(h) = €y + €1 where ¢; = 0(gh?) for some § > 0. Using terms which do not involve
€ and the exponential term,

3h1i 2m1/3i =l k k = k k
GOZ—T log T—i—l—}—chhmf — log 1—|—Zbkhm7 .
hy""®(m) =1 =1
Now, using

A (eote e 47 _
eFhr 0T _ oghyco (1 + #61 + 0(eih 2)) )
1
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we can solve for an asymptotic expansion for e(h) in powers of hym ™! so that for (—(p)%/? =
m -+ e(h),

1/3 ; N-1 k ' N-1 k
(7C0)1/2 o h 2(&))2 (1 + cih _ ieﬁl(—CO)S/Q (1 + 7bkh >) = O(hoo)

Then, since

has
(40)  1F/ ) = elGolh™ (14 [col2h1) L ()] < eldof2h 7t (14 [¢ol /2o

when
1/2
In — Co/ | < Ch.
Hence, Lemma 4.1 implies the existence of a solution to f(17) = 0 that is 0(h™) close to (—(o)'/2.
Next, by the implicit function theorem, f(n) = a(n) defines 7 as a function of a for a sufficiently

small. Thus, since
0 (hh=(hm™N 4+ V)1 4+ m!2h=1)) 4 Bih—m??) = o(hih~m?/?)
there exists a solution, z(k, h,n), to (23) with

a((=6o)'"?,h)

B (e E) = (60 0L m! PR T = (=) 4 ofhi).

(=" = (=) +
Thus,
¢ = o+ O((=Co)'/13).
This shows that if m > c¢h!=%, we can solve for ¢ so that
¢ =Co+ 0(h?)
by choosing N large enough. Now,

3hy 4m?2/3
) = i e <h3/3q>2<m

) + 1) + O(eohlm_4/3)

Hence, we have constructed resonances with

3h1 4m?2/3 4
I = 1 1 /3 2
m 173 108 (hf/gd)?( ) + 1] + o(eghim + hY)

Because of the size of the lower order terms above, this construction only gives accurate estimates
on Im(—¢p) when 6 > (3a — 2)/4.
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Thus, for § > 0, there exist resonances coming from modes concentrating h2/3(1=9) close to
glancing with
Ch2e—2/3=0/3 (3a—2)/4 <6 < 3a—2
Imz~ ¢ Ch 0=3a—2
Ch?/3+t3/31ogh™! 3a—2<6<1

Moreover, for each n with (1 — e€)h™! < |n| < (14 €)h~!, we have (1 — Ch3/*)nh~! < Rew <
nh=1(1 +Ch3/ 4). Hence, Re ¢ ranges over an interval of size C h3/4. Together with the construction
above, this implies that for each such n we have at least ch~/4
glancing. Thus, for M large enough

resonances a fixed distance from

#{z e A(h)} > Ch™/1.
This implies Theorem 3.
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