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We study the asymptotic behaviors of the Nambu–Bethe–Salpeter (NBS) wave functions, which
are important for the HAL QCD potential method to extract hadron interactions, in the case that
a bound state exists in the system. We consider the complex scalar particles, two of which lead to
the formation of a bound state. In the case of the two-body system, we show that the NBS wave
functions for the bound state, as well as scattering states in the asymptotic region, behave like
the wave functions in quantum mechanics, which carry the information of the binding energy as
well as the scattering phase shift. This analysis theoretically establishes under some conditions
that the HAL QCD potential can correctly reproduce not only the scattering phase shift but also
the binding energy. As an extension of the analysis, we also study the asymptotic behaviors of
all possible NBS wave functions in the case of three-body systems, two of which can form a
bound states.
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1. Introduction

Lattice quantum chromodynamics (QCD) is a successful non-perturbative method to study hadron
physics from the underlying degrees of freedom, i.e. quarks and gluons. Masses of the single stable
hadrons obtained from lattice QCD show good agreement with the experimental results, and even
hadron interactions have recently been explored in lattice QCD. Using the Nambu–Bethe–Salpeter
(NBS) wave function, linked to the S-matrix in QCD [1–9], the hadron interactions have been
investigated mainly by two methods: the finite volume method [1] and the HAL QCD potential
method [5–7]. Theoretically, the two methods in principle give the same results for the scattering
phase shift between two hadrons, while in practice they sometimes show different numerical results
for two baryon systems, whose origin has been clarified recently in Refs. [10,11].

The first method relies on Lüscher’s finite volume formula [1] that relates the energies of two
hadrons on a finite volume to the phase shifts in infinite volume by utilizing the NBS wave function
in the asymptotic region. In practice, the energies of the two-hadron system are extracted from the
temporal correlation of the NBS wave function summed over spatial coordinates and are transformed
into the corresponding phase shifts via the finite volume formula. The second method utilizes the
NBS wave function in the non-asymptotic (interacting) region, and extracts the non-local but energy-
independent potentials from the space and time dependences of the NBS wave function. Physical
observables such as phase shifts and binding energies are then calculated by solving the Schrödinger
equation in infinite volume using the obtained potentials, since the asymptotic behavior of the NBS
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wave function is related to the T -matrix element and thus to the phase shifts [9]. In practice, the
non-local potential is given by the form of the derivative expansion, which is truncated by the first
few orders [12]. This method has been successfully applied to a wide range of two (or three) hadron
systems at heavy pion masses [13–28], as well as at nearly physical mass [29–35].

While a relation of the asymptotic behaviors of the NBS wave functions to the scattering phase shift
(or more generally the S-matrix) is important for both methods, and in particular for the HAL QCD
potential method, the theoretical arguments for the relation are rather limited: Two-body relativistic
systems without bound states have been discussed in several different ways [2–4,36], while n-
body non-relativistic systems without bound states have been considered in Ref. [9], using the
Lippmann–Schwinger equation.

In these systems, its Hilbert space is of course expanded only by scattering states, so that the
asymptotic states are also composed of only the scattering states. If the system contains bound
states, on the other hand, the Hilbert space is expanded by bound states as well as the scattering
states. This situation has never been considered in previous works and will be discussed in this
paper.

The aim of this paper is to relate the asymptotic behaviors of NBS wave functions in scalar
systems to their phase shifts and binding energy in the presence of one bound state. We apply the
Lippmann–Schwinger approach in Ref. [9] to two- and three-body systems with a bound state. In
this approach, we split the Hamiltonian into a free part, which reproduces all the energy spectrum,
and an interacting part. The free part includes not only scattering states but also a bound state, since
both appear as asymptotic states and thus there is no reason to exclude the latter. We first consider
the Lippman–Schwinger equations for the two-body scalar system with a bound state in Sect. 2,
and then derive the asymptotic behaviors of the corresponding NBS wave functions in Sect. 3. We
then generalize our analysis to the three-body scalar system with a bound state: We consider the
three-body Lippmann–Schwinger equations in Sect. 4, and derive the asymptotic behaviors of the
corresponding NBS wave functions in Sect. 5.

2. Lippmann–Schwinger equation for two scalar fields

Let us first consider a Hamiltonian H composed of two complex scalar fields with the same (physical)
mass ma = mb = m (denoted by φa and φb) whose interaction leads to an S-wave bound state with
the (physical) mass mB(< 2m). In this section, we derive the Lippmann–Schwinger equation in the
two-body system, following the definition and notation in Refs. [9] and [37]. The Hamiltonian is
divided into two terms, a free Hamiltonian H0 and an interaction V ,

H = H0 + V , (1)

where a free eigenstate |α〉0 and an asymptotic in-state |α〉in satisfy

H0 |α〉0 = Eα |α〉0 , H |α〉in = Eα |α〉in (2)

for the same energy Eα . In order to deal with the bound state in this description, we include the scalar
field φB corresponding to the bound state composed of φa and φb in the Hamiltonian as

H0 =
∫

d3x

⎡
⎣∑

i=a,b

1

2

(
π2

i + |φi|2 + m2|φi|2
)+ 1

2

(
π2

B + |φB|2 + m2
B|φ|2)

⎤
⎦, (3)
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with πi (i = a, b) and πB conjugate momenta for φi (i = a, b) and φB, respectively. The Heisenberg
operator for the scalar fields at t = 0 can be expressed in terms of the creation operator of the free
anti-particle and annihilation operator of the free particle as

φi(xi, 0) =
∫

d3ki√
(2π)32Eki

[
ai(ki)e

iki·xi + b†
i (ki)e

−iki·xi
]

, i = a, b, B, (4)

with Eki =
√

m2
i + (ki)2. Note that this form fixed at t = 0 does not hold generally at t �= 0 if

V �= 0.
In general, eigenstates |α〉0,in contain na (nā) φa-particles (anti-particles), nb (nb̄) φb-particles (anti-

particles), and nB (nB̄) φB-bound states (anti-bound states). In this section, to consider two-body
scattering, we focus on states with na = nb = 1 and nB = 1, denoted as

|ka, kb〉0,in, |kB〉0,in, (5)

whose eigenenergies are given by

Eka,kb =
√

(ka)2 + m2 +
√

(kb)2 + m2, EkB =
√

(kB)2 + m2
B, (6)

with ki = |ki| (i = a, b, B). Explicitly, we can write

|ka, kb〉0 = a†
a(k

a)a†
b(k

b)|0〉0, |kB〉0 = a†
B(kB)|0〉0. (7)

The Lippmann–Schwinger equation formally relates the in-state |α〉in to the free-particle state |α〉0

as

|α〉in = |α〉0 + (Eα − H0 + iε)−1 V |α〉in . (8)

By inserting a complete set of free-particle states into the second term, the equation reduces to

|α〉in = |α〉0 + 1

2π

∫
dβ

|β〉0 Tβ;α

Eα − Eβ + iε
,

Tβ;α

2π
≡ 0 〈β| V |α〉in , (9)

where
∫

dβ represents both summation over all bound states and integration over all scattering states.
Note that, unlike the system without a bound state discussed in Ref. [9], the complete set of free
particle states includes the bound states.

Let us consider the Lippmann–Schwinger equation for the two particle (scattering) state
∣∣ka, kb

〉
in

as

∣∣∣ka, kb
〉
in

=
∣∣∣ka, kb

〉
0
+ 1

2π

∫
d3qa d3qb

∣∣qa, qb
〉
0 Tqa,qb;ka,kb

Eka,kb − Eqa,qb + iε
+ 1

2π

∫
d3qB

∣∣qB
〉
0 TqB;ka,kb

Eka,kb − EqB + iε
,

(10)

where the third term appears since the bound state has the same quantum number as the two-particle
state with na = nb = 1. We therefore need to consider the equation for the bound state as

∣∣kB〉
in = ∣∣kB〉

0 + 1

2π

∫
d3qa d3qb

∣∣qa, qb
〉
0 Tqa,qb;kB

EkB − Eqa,qb + iε
, (11)

where the LSZ reduction formula tells us that TqB,kB vanishes. Let us also remind readers that
Tqa,qb;ka,kb has a pole corresponding to the bound state at an imaginary momentum.
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For simplicity we consider the center-of-mass frame, which implies k ≡ ka = −kb for the
scattering state and kB = 0 for the bound state. By using the momentum conservation, the equations
can be written as

|k, −k〉in = |k, −k〉0 + 1

2π

|qB = 0〉0 T1−2(0; k)

Ek − mB
+ 1

2π

∫
d3q

|q, −q〉0 T2−2(q; k)

Ek − Eq + iε
, (12)

∣∣kB = 0
〉
in = ∣∣kB = 0

〉
0 + 1

2π

∫
d3q

|q, −q〉0 T2−1(q; 0)

mB − Eq
, (13)

with Ek = 2
√

k2 + m2 (Eq = 2
√

q2 + m2), where we have defined the half off-shell T -matrices as

TqB;k,−k = δ(qB)T1−2(0; k),

Tqa,qb;k,−k = δ(qa + qb)T2−2(q; k),

Tqa,qb;kB=0 = δ(qa + qb)T2−1(q; 0), (14)

with q = qa = −qb. We have removed some of the “iε” if the corresponding denominator does not
lead to any real poles. As mentioned before, T2−2(q; k) has a pole at k2 = q2 = m2

B/4 − m2 < 0.

3. Asymptotic behaviors of the NBS wave functions for a two-body scalar system
with a bound state

In this section we derive the asymptotic behavior of the equal-time NBS wave functions for two
scalar fields, φa and φb, in the center of mass system as

�k
ab(r) = in 〈0| φa(xa, 0)φb(xb, 0) |k, −k〉in ,

�B
ab(r) = in 〈0| φa(xa, 0)φb(xb, 0)

∣∣kB = 0
〉
in , (15)

with r = xa − xb. By substituting Eqs. (12) and (13) into Eq. (15), we obtain

�k
ab(r) = in 〈0| φa(xa, 0)φb(xb, 0) |k, −k〉0 + 1

2π

in 〈0| φa(xa, 0)φb(xb, 0)
∣∣qB = 0

〉
0 T1−2(0; k)

Ek − mB

+ 1

2π

∫
d3q in 〈0| φa(xa, 0)φb(xb, 0) |q, −q〉0 T2−2(q; k)

Ek − Eq + iε
, (16)

�B
ab(r) = in 〈0| φa(xa, 0)φb(xb, 0)

∣∣kB = 0
〉
0

+ 1

2π

∫
d3 q in 〈0| φa(xa, 0)φb(xb, 0) |q, −q〉0 T2−1(q; 0)

mB − Eq
. (17)

As shown in Appendix B, in 〈0| φa(xa, 0)φb(xb, 0)
∣∣qB = 0

〉
0 is exponentially suppressed at large

|r|, while in 〈0| φa(xa, 0)φb(xb, 0) |q, −q〉0 behaves as

in 〈0| φa(xa, 0)φb(xb, 0) |q, −q〉0 � 1

Z(q)
0 〈0| φa(xa, 0)φb(xb, 0) |q, −q〉0 . (18)

Consequently, in the asymptotic region,
∣∣xa − xb

∣∣	 1, the NBS wave functions reduce to

�k
ab(r) � 1

Z(k)
0 〈0| φa(xa, 0)φb(xb, 0) |k, −k〉0

+ 1

2π

∫
d3q

1

Z(q)

0 〈0| φa(xa, 0)φb(xb, 0) |q, −q〉0 T2−2(q; k)

Ek − Eq + iε
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= 1

EkZ(k)

[
eik·r

(2π)3 + 1

2π

∫
d3q

(2π)3

Z(k)Ek

Z(q)Eq

eiq·rT2−2(q; k)

Ek − Eq + iε

]
, (19)

�B
ab(r) = 1

2π

∫
d3q

1

Z(q)

0 〈0| φa(xa, 0)φb(xb, 0) |q, −q〉0 T2−1(q; 0)

mB − Eq

= 1

2π

∫
d3q

(2π)3

1

Z(q)Eq

eiq·rT2−1(q; 0)

mB − Eq
. (20)

The rotational invariance implies that Z(q) = Zq with q = |q|, and we can write the spherical
expansions as

eiq·r = 4π
∑
l,m

iljl(qr)Ylm(	r)Y
∗
lm(	q), (21)

T2−2(q; k) =
∑
l,m

T 2−2
l (q, k)Ylm(	q)Y ∗

lm(	k), (22)

T2−1(q; 0) = T 2−1
0 (q)Y00(	q), (23)

�k
ab(r) =

∑
l,m

il� lm
ab (r, k)Ylm(	r)Y

∗
lm(	k), (24)

�B
ab(r) = �

B,00
ab (r)Y00(	r). (25)

After performing the integration over 	q, we obtain

� lm
ab (r, k) = 4π

(2π)3EkZk

[
jl(kr) +

∫ ∞

0

q2dq

2π

ZkEk

ZqEq

jl(qr)T 2−2
l (q, k)

Ek − Eq + iε

]
, (26)

�
B,00
ab (r) = 4π

(2π)3EkZk

∫ ∞

0

q2dq

2π

ZkEk

ZqEq

j0(qr)T 2−1
0 (q)

mB − Eq
. (27)

If k2 is below the four-particle threshold (2
√

k2 + m2 < 4m), the half off-shell T -matrix
T 2S−2S

l (q, k) does not have any poles or cuts on the real q axis. Then the integration in Eq. (26)
can be performed at large r [3,4,6,36] by picking up the contribution from the pole at Eq = Ek + iε
as1

� lm
ab (r, k) � 4π

(2π)3EkZk

[
jl(kr) − kEk

8
[nl(kr) + ijl(kr)] T 2−2

l (k , k)

]
, (28)

where the contributions from the singularities in the upper half-plane become exponentially small
in the asymptotically large r region [36]. Using the relation between the T -matrix and the phase of
the S-matrix in Appendix A, � lm

ab (r, k) is expressed as

� lm
ab (r, k) � 4π

(2π)3EkZk

[
jl(kr) + [nl(kr) + ijl(kr)] eiδ2−2

l (k) sin δ2−2
l (k).

]

� 4π

(2π)3EkZk

eiδ2−2
l (k)

kr
sin
(

kr − lπ/2 + δ2−2
l (k)

)
, (29)

1 The condition for T 2S−2S
l (q, k) at q = 0 assumed in Refs. [3,36] is found to be unnecessary.
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which shows that the NBS wave function encodes the information of the scattering phase shift in
its asymptotic behavior as if it were the wave function of quantum mechanics [3,4,36], so that the
potential defined from the NBS wave functions can reproduce the scattering phases shift of QCD
[6,7,9] even if the bound state exists in this channel.

The integral in Eq. (27), on the other hand, is evaluated at large r as

�
B,00
ab (r) � −T 2−1

0 (iEB)

16π2ZiEB

e−κBr

r
+ other exponentially damping contributions, (30)

with κB =
√

m2 − m2
B/4. In the above, other exponentially damping contributions come from poles

or cuts in ZqEq or the half off-shell T -matrix T 2−1
0 (q) in the upper half-plane of the complex q,

which are expected to be of the order of the typical mass scale of the system such as m. Therefore,
�

B,00
ab (r) is dominated by the first term as long as κB is smaller than the typical mass scale, which is

�QCD or mπ in the case of QCD. Therefore, the potential constructed from the NBS wave functions
including �B 00

ab (r) can reproduce the binding energy of the bound state. This result ensures that the
time-dependent HAL QCD method [38] works to extract the potential correctly from the correlation
function, 〈0|φa(xa, t)φb(xb, t)J (0)|0〉 with a source operator J (0), which couples to the bound state
together with scattering states. This is the main result of this paper.

4. Lippmann–Schwinger equation in the non-relativistic three-body scalar system
with a bound state in a two-body subsystem

As an extension of the analysis in the previous sections, we consider the system of three complex
scalar fields φi (i = a, b, c) with the same mass m, where the interaction between φa and φb leads
to one bound state denoted by φB with a mass mB(< 2m), and the other two-body interactions do
not lead to any other bound states. We examine how interactions between the fundamental scalar
particles and the bound particle are encoded in their NBS wave functions.

In this and the following sections, we consider∣∣∣ka, kb, kc
〉
0

= a†
a(k

a)a†
b(k

b)a†
c(k

c)|0〉0,
∣∣kc, kB〉

0 = a†
c(k

c)a†
B(kB)|0〉0, (31)

which are eigenstates of the free Hamiltonian H0 coupled with each other by the interaction, where
the corresponding energies are given by

Eka,kb,kc =
√

(ka)2 + m2 +
√

(kb)2 + m2 +
√

(kc)2 + m2,

Ekc,kB =
√

(kc)2 + m2 +
√

(kB)2 + m2
B. (32)

As before, the scalar fields in the Heisenberg representation at t = 0 can be expressed in terms of
the creation and annihilation operators as

φi(xi, 0) =
∫

d3ki√
(2π)32Eki

[
ai(ki)e

iki·xi + b†
i (ki)e

−iki·xi
]
, i = a, b, c, B. (33)

For the three-body system, it is convenient to introduce the modified Jacobi coordinates [9] as

x̃i =
√

i

i + 1
xJ

i , k̃i =
√

i + 1

i
kJ

i (i = 1, 2), (34)
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where xJ
i and kJ

i are the standard Jacobi coordinates,

xJ
1 = x1 − x2, xJ

2 = 1

2
(x1 + x2) − x3, xJ

3 = 1

3
(x1 + x2 + x3) ,

kJ
1 = 1

2
(k1 − k2), kJ

2 = 2

3

{
1

2
(k1 + k2) − k3

}
, kJ

3 = k1 + k2 + k3. (35)

In the center-of-mass frame, we have

3∑
i=1

ki · xi =
2∑

i=1

k̃i · x̃i, Ek1,k2,k3 � 3m +
3∑

i=1

k2
i

2m
= 3m + 1

2m

2∑
i=1

(k̃i)
2 ≡ Ek̃1,k̃2

, (36)

where the non-relativistic approximation is used for the energy. In these coordinates, the three-body
non-interacting state and in-state in the center-of-mass frame can be parametrized as∣∣∣ka, kb, kc

〉
0,in

= |k̃a, k̃b 〉0,in . (37)

The Lippmann–Schwinger equations in the center-of-mass frame for
∣∣∣k̃a, k̃b

〉
in

and∣∣kc, kB = −kc
〉
in are given within the non-relativistic approximation as

|k̃a, k̃b 〉in � |k̃a, k̃b 〉0 + 1

2π

1

33/2

∫
d3q̃ad3q̃b

∣∣q̃a, q̃b
〉
0 T3−3(q̃a, q̃b; k̃a, k̃b)

Ek̃a,k̃b − Eq̃a,q̃b + iε

+ 1

2π

∫
d3qc

∣∣qc, qB = −qc
〉
0 T2−3(qc; k̃a, k̃b)

Ek̃a,k̃b − EB
qc + iε

, (38)

∣∣kc, kB = −kc〉
in � ∣∣kc, kB = −kc〉

0 + 1

2π

∫
d3qc

∣∣qc, qB = −qc
〉
0 T2−2(qc; kc)

EB
kc − EB

qc + iε

+ 1

2π

1

33/2

∫
d3q̃ad3q̃b

∣∣q̃a, q̃b
〉
0 T3−2(q̃a, q̃b; kc)

EB
kc − Eq̃a,q̃b + iε

, (39)

where EB
kc � mB + m + (kc)2

2mred
with 1/mred = 1/m + 1/mB, and

Tqa,qb,qc;ka,kb,kc = δ(qa + qb + qc)T3−3(q̃a, q̃b; k̃a, k̃b), (40)

TqcqB;ka,kb,kc = δ(qc + qB)T2−3(qc; k̃a, k̃b), (41)

TqcqB;kc,kB = δ(qc + qB)T2−2(qc; kc), (42)

Tqa,qb,qc;kc,kB = δ(qa + qb + qc)T3−2(q̃a, q̃b; kc). (43)

For later convenience, by arranging the momenta as Q2 = qc, K2 = kc, Q3 = (q̃a, q̃b), and K3 =
(k̃a, k̃b), we rewrite the above coupled channel T -matrix (or S-matrix) compactly as Tl−m(Ql; Km)

(or Sl−m(Ql; Km)) with l, m = 2, 3.

5. Asymptotic behaviors of NBS wave functions for three-body non-relativistic
scalar system with a bound state

The NBS wave functions in the coupled channel are compactly written as

�(Xl|Km) = in〈0|�l(xl)|Km〉in, (44)
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where X2 ≡ xc − xB, X3 ≡ (x̃a, x̃b), and

�2(x2) ≡ φc(xc, 0)φB(xB, 0), �3(x3) ≡ φa(xa, 0)φb(xb, 0)φc(xc, 0),

|K2〉in = |kc, kB = −kc〉in, |K3〉in = |k̃a, k̃b〉in. (45)

By using the Lippmann–Schwinger equation given in Eqs. (38) and (39), the NBS wave functions
within the non-relativistic approximation can be written as

�(Xl|Km) = in〈0|�l(xl)|Km〉0 + 1

2π

∑
n=2,3

∫
[dP]n

in〈0|�l(xl)|Pn〉0Tn−m(Pn; Km)

EKm − EPn + iε
, (46)

where

[dP]n ≡ 3(6−3n)/2d(3n−3)Pn = 3(6−3n)/2P3n−4
n dPn d	Pn , Pn = |Pn|, (47)

EP2 = mB + m + P2
2

2mred
, EP3 = 3m + P2

3

2m
. (48)

As shown in Appendix B, we have

in〈0|�l(xl)|Km〉0 � δlmDl(Kl)e
iKl ·Xl + δl2δm3D23(K3)e

iK2·X2 (49)

in the asymptotic region, |xi − xj| 	 1 for i, j = a, b, c or |xc − xB| 	 1, where

D2(K2) = 1

ZB(kc)(2π)3
√

EkcEB
kc

, D3(K3) = 1

Z(k̃a, k̃b)

∏
j=a,b,c

1√
(2π)32Ekj

,

D23(K3) = 1

2π

T †
0−abB̄

(0; ka, kb, kc)

(2π)3(4EkcEB
kc)1/2(−Eka,kb,qB=kc)

,

Ek � m + k2

2m
, EB

k � mB + k2

2mB
,

K2 · X2 = kc · (xc − xB), K3 · X3 = k̃a · x̃a + k̃b · x̃b.

Thus the asymptotic behaviors of NBS wave functions reduce to

�(Xl|Km) � Dl(Kl)

[
δlmeiKl ·Xl + 1

2π

∫
[dP]l

Dl(Pl)

Dl(Kl)

eiPl ·Xl Tl−m(Pl; Km)

EKm − EPl + iε

]

+ D23(K3)δl2

[
δm3eiK2·X2 + 1

2π

∫
[dP]3

D23(P3)

D23(K3)

eiP2·X2T3−m(P3; Km)

EKm − EP3 + iε

]
. (50)

Note that the third and fourth terms appear due to the transition from vacuum to the state with
anti-bound particle and the a- and b-particles. They do not appear in the coupled channel three-body
system in the absence of bound states, as was studied in Ref. [9]. We introduce the hyperspherical
expansion as

eiKl ·Xl = d3l−3

∑
[L]l

iLj3l−3
L (KlXl)Y[L]l (	Xl )Y

∗[L]l
(	Kl ), (51)

Tl−m(Pl; Km) =
∑

[L]l ,[M ]m

T l−m
[L]l ,[M ]m

(Pl , Km)Y[L]l (	Pl )Y
∗[M ]m

(	Km), (52)
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�(Xl|Km) =
∑

[L]l ,[M ]m

�[L]l ,[M ]m(Xl , Km)Y[L]l (	Xl )Y
∗[M ]m

(	Km), (53)

where Xl = |Xl|,

dD = (D − 2)!!2πD/2



(D

2

) , (54)

and jD
L is the hyperspherical Bessel function of the first kind, defined by

jD
L (x) = 


(D−2
2

)
2

D−4
2

(D − 4)!!x D−2
2

JLD(x), (55)

with LD = L + D−2
2 and the Bessel function of the first kind JLD(x). Explicitly, they are expressed as

j3
L(x) ≡

√
π

2x
JL+1/2(x) = jL(x), j6

L(x) ≡ JL+2(x)

x2 , (56)

where jL(x) is the spherical Bessel function of the first kind. Here, Y[L]l is the 3l − 3-dimensional
hyperspherical harmonic function, which satisfies∫

d	 Y[L]l (	)Y ∗[M ]l
(	) = δ[L]l ,[M ]l , (57)

and Y[L]2 corresponds to the spherical harmonic function Ylm. Within the non-relativistic approxi-
mation, we can write Dl(Kl) and D23(K3) as Dl(Kl) � Dl(Kl), D23(K3) � D2

23(K2)D3
23(K3) with

Kl = |Kl|.
The integration over d	Pl gives

�[L]l ,[M ]m(Xl , Km) = d3l−3iLDl(Kl)

[
j3l−3
L (KlXl)δ[L]l ,[M ]lδlm

+ 3(6−3l)/2

2π

∫
dPlP

3l−4
l

Dl(Pl)

Dl(Kl)

j3l−3
L (PlXl)T

l−m
[L]l ,[M ]m

(Pl , Km)

EKm − EPl + iε

]

+ d3iLδl2D3
23(K3)

[
δm3J[L]2[M ]3(K3, X2)

+ 3−3/2

2π

∫
dP3P5

3
D3

23(P3)

D3
23(K3)

∑
[N ]3

J[L]2[N ]3(P3, X2)T
3−m
[N ]3,[M ]m

(P3, Km)

EKm − EP3 + iε

]
, (58)

where

J[L]2[M ]3(K3, X2) =
∫

d	K3D2
23(K2)j

3
L(K2X2)Y[M ]3(	K3)Y

∗[L]2
(	K2). (59)

In the nonrelativistic expansion, D23(K3) starts from O
(

T †
0−abB̄

/(m3/2m1/2
B )
)

, while D2(K2) starts

from O(1/m). Assuming that T †
0−abB̄

� O(1), we therefore drop the third and fourth terms in our
analysis hereafter.

The integration over Pl for the large Xl in the second term can be performed by picking up the
poles inside the closed contour in a complex plane, as has been done in Ref. [9],
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�[L]l ,[M ]m(Xl , Km) � iLDl(Kl)
(2π)

3l−3
2

(KlXl)
3l−5

2

[
JL3l−3(KlXl)δ[L]l ,[M ]lδl,m

− 1

2

K3l−5
l ml

3(3l−6)/2

[
NL3l−3(KlXl) + iJL3l−3(KlXl)

]
T l−m

[L]l ,[M ]m
(Kl , Km)

]
, (60)

where Kl and Km satisfy EKl = EKm = E for a given total energy E, and NL(x) is the Bessel
function of the second kind. Explicitly, K2 and K3 are written as K2 = √

2mred(E − mB − m) and
K3 = √

2m(E − 3m).
Using the parametrization of the T -matrix derived in Appendix A as

T[L]l ,[M ]m(Kl , Km)

= −2Cl(E)

⎧⎨
⎩
∑
[N ]n

U[L]l ,[N ]n(E)eiδ[N ]n (E) sin(δ[N ]n(E))U †
[N ]n,[M ]m

(E)

⎫⎬
⎭Cm(E) (61)

with

Cl(E) =
√

3(3l−6)/2

ml(Kl)
3l−5

, (62)

and the asymptotic behaviors of JL(x) and NL(x) for large |x| as

JL(x) �
√

2

πx
sin(x − �L), NL(x) �

√
2

πx
cos(x − �L), �L = 2L − 1

2
π , (63)

we obtain the asymptotic forms related to the phase shifts as

�[L]l ,[M ]m(Xl , Km) � 2iLDl(Kl)

(
2π

KlXl

) 3l−4
2 Cm(E)

Cl(E)

∑
[N ]n

U[L]l ,[N ]n(E)eiδ[N ]n (E)U †
[N ]n,[M ]m

(E)

× sin(KlXl − �L3l−3 + δ[N ]n(E)) (64)

for l, m = 2 (B, c) and l, m = 3 (a, b, c). The final result agrees with the one obtained in the absence
of bound states [9].

6. Summary and concluding remarks

In this paper we have investigated the asymptotic behaviors of the NBS wave functions in complex
scalar systems in the presence of a bound state. We include a bound state in the asymptotic states of
the theory and consider a coupled system of two scattering particles and one bound state. We have
shown that the asymptotic form for the NBS wave function of the scattering state is related to the
phase shifts of the S-matrix via its unitary, while the asymptotic form for the NBS function of the
bound state decays exponentially with its binding energy as long as the binding energy is smaller
than other mass scales such as the mass of the scattering particle. This result establishes that the
potential extracted via the time-dependent HAL QCD method [38] from the four-point correlation
functions, which couple to the bound state as well as scattering states, can correctly reproduce both
binding energy and scattering phase shift. This is the main result of this paper.

As an extension of our analysis, we have considered the three complex scalar systems, two of
which can form a bound state. In addition to the the elastic scattering of the three-particles, three
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particles are scattered into one fundamental particle plus one bound state and vice versa. Although
the analysis becomes rather involved in this case, the final result in the non-relativistic limit becomes
almost identical to the one for the coupled two- and three-particle systems in Ref. [9].
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Appendix A. On-shell T -matrix and its parametrization

In this appendix, we parametrize the T -matrix, where S = 1− iT , using the unitarity of the S-matrix,
S†S = 1. We first discuss a simple two-body system and then consider a three-body system with a
bound state.

A.1. Two-body case

In the center-of-mass frame such that ka = −kb = k, the S-matrix is denoted as

0

〈
qa, qb

∣∣∣ S ∣∣∣ka = k, kb = −k
〉
0

= δ(Eq − Ek)δ
(3)(qa + qb)S2−2(q; k), (A1)

where qa = −qb = q, Eq = 2
√

q2 + m2, and Ek = 2
√

k2 + m2 with q = |q| and k = |k|.
The unitarity of the S-matrix reads

δ(Eq − Ek)

∫
d3pδ(Ep − Ek)S2−2(q; p)S†

2−2(p; k) = δ(3)(q − k). (A2)

Introducing expansions in terms of the spherical harmonic functions as

S2−2(q; p) =
∑
l,m

S2−2
l (q; p)Ylm(	q)Y ∗

lm(	p), (A3)

δ(3)(q − k) =
∑
l,m

1

q2 δ(q − k)Ylm(	q)Y ∗
lm(	k), (A4)

and

δ(Ep − Ek) = Eq

4q
δ(q − k), d3p = p2dpd	p, (A5)

we obtain ∣∣∣S2−2
l (q, q)

∣∣∣2 = 16

q2E2
q

, (A6)

which is solved as

S2−2
l (q, q) = 4e2iδ2−2

l (q)

qEq
, (A7)

11/17

D
ow

nloaded from
 https://academ

ic.oup.com
/ptep/article-abstract/2018/9/093B03/5107823 by Kyoto U

niversity user on 15 April 2020



PTEP 2018, 093B03 S. Gongyo and S. Aoki

with the phase shift δ2−2
l (q). Thus, the T -matrix, defined from the S-matrix as δ(Eq−Ek)S2−2(q; k) =

δ(q − k) − iδ(Eq − Ek)T2−2(q; k), is expressed as

T2−2(q; k) =
∑
l,m

T 2−2
l (q, q)Ylm(	q)Y ∗

lm(	k), (A8)

where

T 2−2
l (q, q) = − 8

qEq
eiδ2−2

l (q) sin δ2−2
l (q). (A9)

A.2. Three-body case

We next consider the scattering of the three-body system, where not only the elastic scattering but
also the bound particle production and its inverse process occur:

φa + φb + φc → φa + φb + φc, φB + φc,

φB + φc → φa + φb + φc, φB + φc.

Denoting the corresponding S-matrix as Sl−m(Ql; Km), as for the T -matrix in the main text, the
unitarity condition is expressed as

δ(EQl − EKm)
∑

n=2,3

∫
dPnδ(EQl − EPn)S(Ql , Pn)S

†(Pn, Km)

= δl,m3(3l−6)/2δ(3l−3)(Ql − Kl), (A10)

where l, n, m = 2, 3 represent a number of particles involved in the state,

P2 = p, P3 = P̃, EP2 = mB + m + P2
2

2mred
, EP3 = 3m + P2

3

2m
, (A11)

dPn = 3(3n−6)/2d(3n−3)Pn = 3(3n−6)/2(Pn)
3n−4dPnd	Pn , Pn = |Pn|. (A12)

Introducing the hyperspherical expansion as [9]

S(Ql; Km) =
∑

[L]l ,[M ]m

S[L]l ,[M ]m(Ql , Km)Y[L]l (	Ql )Y
∗[M ]m

(	Km), (A13)

δ(3l−3)(Ql − Kl) =
∑
[L]l

δ(Ql − Kl)

Q3l−4
Y[L]l (	Ql )Y

∗[L]l
(	Kl ), (A14)

and using

δ(EQl − E) = ml

Ql
δ(Ql − Ql(E)), (A15)

where m2 = mred, m3 = m, and Ql(E) is a solution of EQl = E, the unitarity condition for a total
energy E reads

Cl(E)−1
∑
[N ]n

S[L]l ,[N ]n(Ql(E), Qn(E)) Cn(E)−1

× Cn(E)−1 S[M ]m,[N ]n(Qm(E), Qn(E)) Cm(E)−1 = δ[L]l ,[M ]m , (A16)
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where

Cl(E) =
√

3(3l−6)/2

ml{Ql(E)}3l−5
. (A17)

Thus we can parametrize the above S-matrix as

S[L]l ,[M ]m(Ql(E), Qm(E)) = Cl(E)

⎧⎨
⎩
∑
[N ]n

U[L]l ,[N ]n(E)ei2δ[N ]n (E)U †
[N ]n,[M ]m

(E)

⎫⎬
⎭Cm(E), (A18)

where δ[N ]n(E) is the (generalized) scattering phase shift for the channel [N ]n at the energy E, and
U (E) is the unitary matrix introduced for the diagonalization.

The corresponding T -matrix is then given by

T[L]l ,[M ]m(Ql(E), Qm(E))

= −2Cl(E)

⎧⎨
⎩
∑
[N ]n

U[L]l ,[N ]n(E)eiδ[N ]n (E) sin(δ[N ]n(E))U †
[N ]n,[M ]m

(E)

⎫⎬
⎭Cm(E). (A19)

Appendix B. Lippmann–Schwinger equation for the vacuum in-state

Using the Lippmann–Schwinger equation for the vacuum in-state,

|0〉in = |0〉0 +
∫

dβ
|β〉0 Tβ;0

−Eβ + iε
, E0 = 0, (B1)

we evaluate the vacuum contribution to the two-body and three-body NBS wave functions. Extensions
to the general n-body NBS wave functions are straightforward.

B.1. Two-body case

As seen in Eqs. (16) and (17),

(i) in 〈0| φa(xa, 0)φb(xb, 0)
∣∣qB = 0

〉
0

and

(ii) in 〈0| φa(xa, 0)φb(xb, 0)

∣∣∣qa, qb
〉
0

appear in the two-body NBS wave function.
(i) Using the Lippmann–Schwinger equation for the vacuum in-state in Eq. (B1), we have

in 〈0| φa(xa, 0)φb(xb, 0)
∣∣qB = 0

〉
0 = 1

2π

∫
dβ T †

0;β
0 〈β| φa(xa, 0)φb(xb, 0)

∣∣qB = 0
〉
0

−Eβ + iε
, (B2)

since 0 〈0| φa(xa, 0)φb(xb, 0)
∣∣qB = 0

〉
0 = 0 from the definition of φi(x, 0) in Eq. (4). The non-zero

contribution in Eq. (B2), which comes from

0 〈β| = 0 〈0| ba(ka)bb(k
b)aB(kB), (B3)
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is evaluated as

in 〈0| φa(xa, 0)φb(x
b, 0)

∣∣qB = 0
〉
0

= 1

2π

∫
d3kBd3kad3kb T †

0;ka,kb,kB

0 〈0| ba(ka)bb(kb)aB(kB)φa(xa, 0)φb(xb, 0)
∣∣qB = 0

〉
0

−Eka,kb,kB

=
∫

d3ka T †
0−2(0; ka) e−ika·(xa−xb)

(2π)42Eka(−2Eka − mB)
, (B4)

where T †
0−2(0; ka) is defined as T †

0;ka,kb,kB=0
= δ(3)(ka + kb)T †

0−2(0; ka). Since the integrand in the
last line does not have any poles on the real axis of |ka| as in the case of Sect. 3, this contribution
vanishes exponentially in large

∣∣xa − xb
∣∣. Note that complex poles from the denominator appear at

k2 = −m2 or on the unphysical sheet of k2 which satisfies 2Ek + mB = 0.
(ii) In the same manner, we obtain

in 〈0| φa(xa, 0)φb(xb, 0)

∣∣∣qa, qb
〉
0

= 0 〈0| φa(xa, 0)φb(xb, 0)

∣∣∣qa, qb
〉
0

+ 1

2π

∫
dβ T †

0;β
0 〈β| φa(xa, 0)φb(xb, 0)

∣∣qa, qb
〉
0

−Eβ + iε
. (B5)

As shown in Appendix A of Ref. [9], this reduces to

in 〈0| φa(xa, 0)φb(xb, 0) |q; −q〉0 � 1

Z(q)
0 〈0| φa(xa, 0)φb(xb, 0) |q; −q〉0 (B6)

in the center-of-mass system, where Z(q) corresponds to the renormalization factor for the vacuum,
whose explicit form can be found in Ref. [9].

B.2. Three-body case

As seen in Eq. (46), we need to evaluate in〈0|�l(xl)|Km〉0. Using the Lippmann–Schwinger equation
for the vacuum state, we have

in〈0|�l(xl)|Km〉0 = 0〈0|�l(xl)|Km〉0δlm + 1

2π

∫
dβT †

0;β
0 〈β| �l(xl) |Km〉0

−Eβ + iε
. (B7)

We first consider the case with l = m, which has already been analyzed in Appendix A of Ref. [9]
for n = 2 and n = 3, and the result is given by

in〈0|�l(xl)|Kl〉0 � Dl(Kl)e
iKl ·Xl (B8)

for the asymptotic region, where

D2(K2) = 1

Z(kc)(2π)3
√

4EkcEkc
,

1

Z(kc)
= 1 +

∑
i=c,B

T †
0;iī

(0; ki, −ki)

−2
√

k2
i + m2

i

, (B9)

D3(K3) = 1

Z(k̃a, k̃b)

∏
j=a,b,c

1√
(2π)32Ekj

,
1

Z(k̃a, k̃b)
= 1 +

∑
i=a,b,c

T †
0;iī

(0; ki, −ki)

−2
√

k2
i + m2

i

. (B10)

Here, ma,b,c = m, kc + kB = 0 (kb + kb + kc = 0) for D2 (D3), and T0;iī is the off-shell T -matrix
from vacuum to a particle–antiparticle pair with a flavor i.
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We consider other cases with l �= m.
(i) l = 3 and m = 2. Non-zero contributions to 0 〈β| φa(xa, 0)φb(xb, 0)φc(xc, 0)

∣∣kc, kB
〉
0 come from

0 〈β| = 0 〈0| aB(qB)ba(qā)bb(q
b̄) or 0 〈0| ac(qc)aB(qB)ba(qā)bb(q

b̄)bc(qc̄). (B11)

Equation (B7) thus reduces to

in〈0|�l(x3)|K2〉0

= 1

2π

∫
d3qā

T †
0−āb̄B

(0; qā, kc − qā, kB)eiqā·(xb−xa)eikc·(xc−xb)

{(2π)3}3/2(8EqāEkc−qāEkc)1/2(−Eqā,kc−qā,kB)

+ 1

2π

∫
d3qād3qb̄

T †
0−āb̄c̄cB

(0; qā, qb̄, −qā − qb̄, kc, kB)eiqā·(xc−xa)eiqb̄·(xc−xb)

{(2π)3}3/2(8EqāEqb̄Eqā+qb̄)
1/2(−Eqā,qb̄,−qā−qb̄,kc,kB)

(B12)

for kc = −kB. Since both integrands have no poles for real momenta qā and/or qb̄, these terms
vanish for asymptotically large |xa − xb|, |xa − xc|, and |xc − xb|.

(ii) l = 2 and m = 3. Non-zero contributions to 0 〈β| φc(xc, 0)φB(xB, 0)

∣∣∣k̃a, k̃b
〉
0

come from

0 〈β| = 0 〈0| bB(qB̄)aa(qa)ab(q
b) or 0 〈0| bc̄(qc̄)bB(qB̄)aa(qa)ab(q

b)ac(qc). (B13)

Equation (B7) thus becomes

in〈0|�l(x2)|K3〉0

= 1

2π

T †
0−abB̄

(0; ka, kb, qB̄ = kc)eikc·(xc−xB)

(2π)3(4EkcEB
kB)1/2(−Eka,kb,qB̄=kc)

+ 1

2π

∫
d3qc̄

T †
0−abcc̄B̄

(0; ka, kb, kc, qc̄, qB̄ = qc̄)eiqc̄·(xB−xc)

(2π)3(4Eqc̄EB
qc̄)

1/2(−Eka,kb,kc,qc̄,qB̄=qc̄)
, (B14)

whose second term vanishes as |xB − xc| → ∞. Thus we have

in〈0|�2(xl)|K3〉0 � D23(K3)e
ikc·(xc−xB), (B15)

D23(K3) = 1

2π

T †
0−abB̄

(0; ka, kb, kc)

(2π)3(4EkcEB
kc)1/2(−Eka,kb,qB=kc)

. (B16)
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