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We study the asymptotic behaviors of the Nambu—Bethe—Salpeter (NBS) wave functions, which
are important for the HAL QCD potential method to extract hadron interactions, in the case that
a bound state exists in the system. We consider the complex scalar particles, two of which lead to
the formation of a bound state. In the case of the two-body system, we show that the NBS wave
functions for the bound state, as well as scattering states in the asymptotic region, behave like
the wave functions in quantum mechanics, which carry the information of the binding energy as
well as the scattering phase shift. This analysis theoretically establishes under some conditions
that the HAL QCD potential can correctly reproduce not only the scattering phase shift but also
the binding energy. As an extension of the analysis, we also study the asymptotic behaviors of
all possible NBS wave functions in the case of three-body systems, two of which can form a
bound states.

Subject Index B64, C00, D00, D20, D34

1. Introduction

Lattice quantum chromodynamics (QCD) is a successful non-perturbative method to study hadron
physics from the underlying degrees of freedom, i.e. quarks and gluons. Masses of the single stable
hadrons obtained from lattice QCD show good agreement with the experimental results, and even
hadron interactions have recently been explored in lattice QCD. Using the Nambu—Bethe—Salpeter
(NBS) wave function, linked to the S-matrix in QCD [1-9], the hadron interactions have been
investigated mainly by two methods: the finite volume method [1] and the HAL QCD potential
method [5—7]. Theoretically, the two methods in principle give the same results for the scattering
phase shift between two hadrons, while in practice they sometimes show different numerical results
for two baryon systems, whose origin has been clarified recently in Refs. [10,11].

The first method relies on Liischer’s finite volume formula [1] that relates the energies of two
hadrons on a finite volume to the phase shifts in infinite volume by utilizing the NBS wave function
in the asymptotic region. In practice, the energies of the two-hadron system are extracted from the
temporal correlation of the NBS wave function summed over spatial coordinates and are transformed
into the corresponding phase shifts via the finite volume formula. The second method utilizes the
NBS wave function in the non-asymptotic (interacting) region, and extracts the non-local but energy-
independent potentials from the space and time dependences of the NBS wave function. Physical
observables such as phase shifts and binding energies are then calculated by solving the Schrodinger
equation in infinite volume using the obtained potentials, since the asymptotic behavior of the NBS
© The Author(s) 2018. Published by Oxford University Press on behalf of the Physical Society of Japan.
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wave function is related to the 7-matrix element and thus to the phase shifts [9]. In practice, the
non-local potential is given by the form of the derivative expansion, which is truncated by the first
few orders [12]. This method has been successfully applied to a wide range of two (or three) hadron
systems at heavy pion masses [13-28], as well as at nearly physical mass [29-35].

While a relation of the asymptotic behaviors of the NBS wave functions to the scattering phase shift
(or more generally the S-matrix) is important for both methods, and in particular for the HAL QCD
potential method, the theoretical arguments for the relation are rather limited: Two-body relativistic
systems without bound states have been discussed in several different ways [2—4,36], while n-
body non-relativistic systems without bound states have been considered in Ref. [9], using the
Lippmann—Schwinger equation.

In these systems, its Hilbert space is of course expanded only by scattering states, so that the
asymptotic states are also composed of only the scattering states. If the system contains bound
states, on the other hand, the Hilbert space is expanded by bound states as well as the scattering
states. This situation has never been considered in previous works and will be discussed in this
paper.

The aim of this paper is to relate the asymptotic behaviors of NBS wave functions in scalar
systems to their phase shifts and binding energy in the presence of one bound state. We apply the
Lippmann—Schwinger approach in Ref. [9] to two- and three-body systems with a bound state. In
this approach, we split the Hamiltonian into a free part, which reproduces all the energy spectrum,
and an interacting part. The free part includes not only scattering states but also a bound state, since
both appear as asymptotic states and thus there is no reason to exclude the latter. We first consider
the Lippman—Schwinger equations for the two-body scalar system with a bound state in Sect. 2,
and then derive the asymptotic behaviors of the corresponding NBS wave functions in Sect. 3. We
then generalize our analysis to the three-body scalar system with a bound state: We consider the
three-body Lippmann—Schwinger equations in Sect. 4, and derive the asymptotic behaviors of the
corresponding NBS wave functions in Sect. 5.

2. Lippmann-Schwinger equation for two scalar fields

Let us first consider a Hamiltonian H composed of two complex scalar fields with the same (physical)
mass m, = mp = m (denoted by ¢, and ¢;) whose interaction leads to an S-wave bound state with
the (physical) mass mp(< 2m). In this section, we derive the Lippmann—Schwinger equation in the
two-body system, following the definition and notation in Refs. [9] and [37]. The Hamiltonian is
divided into two terms, a free Hamiltonian H and an interaction V,

H=H+7, (1)
where a free eigenstate |«) and an asymptotic in-state |o);, satisfy
Hy la)y = Eq |a)g, H )iy = Ey lat)in (2)

for the same energy £, . In order to deal with the bound state in this description, we include the scalar
field ¢p corresponding to the bound state composed of ¢, and ¢, in the Hamiltonian as

1 1
zm:/ﬁ% > 5 (@ +16il +m?iil?) + 5 (5 + sl + mplol) |, 3)

i=a,b
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with 7; (i = a, b) and 73 conjugate momenta for ¢; (i = a, b) and ¢p, respectively. The Heisenberg
operator for the scalar fields at # = 0 can be expressed in terms of the creation operator of the free
anti-particle and annihilation operator of the free particle as

d3
\/ (27r)32Ek
with Ey, = | /ml.2 + (k;)2. Note that this form fixed at # = 0 does not hold generally at r # 0 if

V #0.
In general, eigenstates |o) ¢ in contain n, (nz) ¢4-particles (anti-particles), np (1) ¢p-particles (anti-

$1(x,0) = |aitkie™™ + b (ke ], i =a,b,B, )

particles), and np (ng) ¢p-bound states (anti-bound states). In this section, to consider two-body
scattering, we focus on states with n, = np, = 1 and np = 1, denoted as

k% k"o, 1K®)on, (5)
whose eigenenergies are given by
Egat = V(D2 +m2 4/ (k02 +m2,  Ep =/ (kB)2 + m}, (6)
with k' = |K!| (i = a, b, B). Explicitly, we can write
K k)o = af(kDa kD)[0)o, kP = al(k)[0)o. (7)

The Lippmann—Schwinger equation formally relates the in-state |«);, to the free-particle state |« ),
as

l)in = latdg + (Eo — Ho +i€) " V |a)iy, - (8)

By inserting a complete set of free-particle states into the second term, the equation reduces to

0 Tga T
— — = Viai, 9
o = o+ 5 [ (g1 e, ©
where [ dB represents both summation over all bound states and integration over all scattering states.
Note that, unlike the system without a bound state discussed in Ref. [9], the complete set of free
particle states includes the bound states.

Let us consider the Lippmann—Schwinger equation for the two particle (scattering) state |k", Y )in
as

B
_ |ge kb> 4 1 /d3 “dBgb ¢, q)o q 9tk Kk +L/d3q3 |9%)o Trpee
’ 0 27 Eka kb — b +l€ 21 Ek“,kb —EqB +i€,

(10)

where the third term appears since the bound state has the same quantum number as the two-particle

K, kb>,

m

state with n, = np = 1. We therefore need to consider the equation for the bound state as

T 4
|kB)in _ |kB)0 1 de “Pq b ‘q -q >0 q°.q°;k8 (10
2 Exs — Eqa gp b+ i€’

where the LSZ reduction formula tells us that 7¢s s vanishes. Let us also remind readers that

T qa qp:xe kb has a pole corresponding to the bound state at an imaginary momentum.
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For simplicity we consider the center-of-mass frame, which implies k = k, = —k; for the
scattering state and kg = 0 for the bound state. By using the momentum conservation, the equations
can be written as

1 g =0)qT1—2(0;k) 1 / 3 19, —q)g T2—2(q; k)
k,—k). = |k, —k — d’q 12
| ) )111 | 5 >0+27T Ek—mB +2 Ek—E +l€ ) ( )
1 19, —q) T2-1(q; 0)
kKB=0). =|kB=0 —/d3 13
| >1n \ )0+ 2 q mp _Eq H ( )

with Ex = 2vk? + m? (E; = 2\/q* + m?), where we have defined the half off-shell 7-matrices as

Tapk,—k = 8(qp)T1-2(0; K),
Tquqpk,—k = 0(qa +4qp)T2-2(q; K),
TquaskB=0 = 8(da + q5) T2-1(q; 0), (14)

“ 77

with q = q, = —qp. We have removed some of the if the correspondmg denominator does not
lead to any real poles. As mentioned before, 7>_>(q; k) has a pole at k? = ¢ = m 2 2 /4 —m?* < 0.

3. Asymptotic behaviors of the NBS wave functions for a two-body scalar system
with a bound state

In this section we derive the asymptotic behavior of the equal-time NBS wave functions for two
scalar fields, ¢, and ¢, in the center of mass system as

WX (1) = in (0] @a(Xa, 0)¢p (X, 0) |k, —K)jy
W5 (1) = in (0] ¢a(Xa, 0)¢p(xp, 0) [K? = >m, (15)
with r = x, — Xx. By substituting Eqgs. (12) and (13) into Eq. (15), we obtain

n 0 a a,O ,0 T— O;k
WE (1) = 10 (0] ba(Xas 0)bp (xp, 0) [k, k>o+2L O19ax Wb(’;f’ )|a” =0y Ti-2(0: k0
k — mp

+ L 1 /dg in (0] ¢ (Xa, 0)pp(xp, 0) Iq, —q) T2—2(q;k), (16)
2 Eyp — E; +ie
B(1) = in (0] $a(Xa, 0)pp(xp, 0) |k = =0),
" b / pE qin (0] pa(xa, 0)pp(xp, 0) |q, —q)¢ T2—1(q; 0)' (17)
2 mp — Eg

As shown in Appendix B, i (0] ¢4 (Xa, 0)pp(Xp, 0) ‘qB = 0)0 is exponentially suppressed at large
|r|, while in (0] ¢a(Xa, 0)¢5 (X, 0) |q, —q) behaves as

1
in (0] @a(Xa, 0)¢p(xp,0) |q, —q)( = = Z@" (0] @a(xa, 0)pp(xp,0) |q, —q) - (18)

x4 — xb| > 1, the NBS wave functions reduce to

Consequently, in the asymptotic region,

1
W (1) > —— (0] a(Xa, 0)pp (xp, 0) [k, —K)g

Z(k)
+ S pe 1 0 (0] ¢a(Xa, 0)p5(Xp,0) [q, —q)¢ T2—2(q; K)
2 ] 2 Ex — Eg +ic
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_ 1 [ 1 dPg ZRE ST (g K) a9)
T EZK) [@Qn) 21 ) Qn)d Z(QE, Ex —E,+ie |’
1 1 0 ,0 ,0 19, —q)9 T2—-1(q; 0
Wh (1) = _fdgq 0 (0] ¢ (Xa, 0)pp(xp,0) |q, —q) T2—1(q; 0)
2 Z(q) mp — E,
1 d? 1 €977, 1(q; 0
_ 1 q e 1(q; ). (20)
2 | @) Z(QE, mpz—E,
The rotational invariance implies that Z(q) = Z; with ¢ = |q|, and we can write the spherical
expansions as
U =4 > il (gr) Yim (@) Yy (), 1)
Im
Tra(q: k) =Y 17724 ) Yim(Rq) Vi, (S0, (22)
I,m
T>-1(q; 0) = T3~ (@) Yoo (Qq), (23)
W) = WG, k) Vi () Vi (S0, (24)
I,m
W, (1) = W% () Yoo (S20). (25)
After performing the integration over 24, we obtain
. 4r . * 2dq ZkEy jilqr) T (g, k)
v (r k) = == | /i) +/ ; (26)
Qm) ErZ; 0o 2w ZyE; Ep—E;+ie
8,00 4 * ¢*dq ZyEx joqn Ty~ (@)
\pab (I") = 3 . (27)
(271’) Eka 0 2w ZqEq mp — Eq

If k% is below the four-particle threshold (2v/k2 4+ m2? < 4m), the half off-shell T-matrix

T, ,25 -28 (g, k) does not have any poles or cuts on the real ¢ axis. Then the integration in Eq. (26)

can be performed at large  [3,4,6,36] by picking up the contribution from the pole at £, = Ej + i€

asl

kE
W, k) ~ [jz(kr) - 7" [y (k) + iy (k)] T2 (, k)} : (28)

(2m)3 ExZy
where the contributions from the singularities in the upper half-plane become exponentially small
in the asymptotically large » region [36]. Using the relation between the 7T-matrix and the phase of

m

the S-matrix in Appendix A, \IJCll » (1, k) 1s expressed as

Wap . k) = 1) -+ Iy () + k)] 2 © sin 877206 |

4
GoEz

o
:(2n)3Eka kr

sin (kr —In2 + 3,2—2(1«)), (29)

! The condition for 7725 (¢, k) at ¢ = 0 assumed in Refs. [3,36] is found to be unnecessary.
I q q
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which shows that the NBS wave function encodes the information of the scattering phase shift in
its asymptotic behavior as if it were the wave function of quantum mechanics [3,4,36], so that the
potential defined from the NBS wave functions can reproduce the scattering phases shift of QCD
[6,7,9] even if the bound state exists in this channel.

The integral in Eq. (27), on the other hand, is evaluated at large r as

— T3 (iEp) e*#"
1677.’221'153 r

w20y ~

ab + other exponentially damping contributions, (30)

with kg = \/m? — m% /4. In the above, other exponentially damping contributions come from poles

or cuts in ZyE, or the half off-shell T-matrix T, gil (¢) in the upper half-plane of the complex g¢,
which are expected to be of the order of the typical mass scale of the system such as m. Therefore,
lllfl;oo (r) is dominated by the first term as long as «p is smaller than the typical mass scale, which is
Aqcp or my in the case of QCD. Therefore, the potential constructed from the NBS wave functions
including lIlc’?boo (7) can reproduce the binding energy of the bound state. This result ensures that the
time-dependent HAL QCD method [38] works to extract the potential correctly from the correlation
function, (0]¢,(Xe, 1)Pp(Xp, £) T (0)]0) with a source operator J(0), which couples to the bound state
together with scattering states. This is the main result of this paper.

4. Lippmann—Schwinger equation in the non-relativistic three-body scalar system
with a bound state in a two-body subsystem

As an extension of the analysis in the previous sections, we consider the system of three complex
scalar fields ¢; (i = a, b, c) with the same mass m, where the interaction between ¢, and ¢, leads
to one bound state denoted by ¢p with a mass mp(< 2m), and the other two-body interactions do
not lead to any other bound states. We examine how interactions between the fundamental scalar
particles and the bound particle are encoded in their NBS wave functions.

In this and the following sections, we consider

k“,kb,kcx)==aZ(k“>aZ(kb>aI(kC)K»o, k<, kE), = af (k%)af(k5)[0)0, (1)

which are eigenstates of the free Hamiltonian Hy coupled with each other by the interaction, where
the corresponding energies are given by

Ega b xe = VD2 +m? ) (k)2 +m? +/ (k)? + m?,
Ek",kB =V (k)2 +m? + \/ (kB)2 + mé (32)

As before, the scalar fields in the Heisenberg representation at £ = 0 can be expressed in terms of
the creation and annihilation operators as

dk; iK;X; i —ik;x; .
#ix.0) = | === @)™ 4 B[ (k)e ™M) i=abeB  (33)
J@m)32E,;

For the three-body system, it is convenient to introduce the modified Jacobi coordinates [9] as

- l J ~ l+1 J .
X = lrxi 5 ki = ‘l l ki (l == 132), (34)
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where xiJ and kiJ are the standard Jacobi coordinates,
J g1 g 1
X] =X| — X2, X) = E(Xl +X2) — X3, X3 = g(xl + X2 +X3),
g_ Lo s_2]1 _ J_
ki = 2(kl k), ky = 2132 (k1 + ko) — ks ¢, ky = ki + ko + k3. (35)

In the center-of-mass frame, we have

3 2 3 .2 2
Eos ki ! P2
;ki X = ;ki “Xi, Bk ko ks = 3m+ ; o 3m + I ;(ki) = Ef iy (36)

where the non-relativistic approximation is used for the energy. In these coordinates, the three-body
non-interacting state and in-state in the center-of-mass frame can be parametrized as

KK K) = R R g (37)
0,in ’
The Lippmann—-Schwinger equations in the center-of-mass frame for ﬁ“,ﬁb>_ and
m
k¢, k? = —kc)in are given within the non-relativistic approximation as
- - 11 0 3 l0%8), T3-3(@% 4 k9, k)
kK" )i > KK o+ o — oo P E~>°~ T
T ke kb — Lgegb + i€
1 ,qf = —q°), Tr—3(q%; k% k?)
+_fd3qc}q q q>0 - q , (38)
2 Efajp — Eqe + i€

1 c, B _ _4C Ty c;kc
ke, kB = K¢~ K¢, KB = _k‘f)o+—/d3q°‘|q 1= >% 2-2(4%: K
" 2 Eye — Ege + i€

1 1 |64 @0), Ts-2(@%, @ k)
+ _ﬂ/d3qad3qb| B)O : (39)
2m 33/ Eye — Egagp + i€
where E5. 2 mp + m + 0 with 1/myeq = 1/m + 1/mp, and
Tq“,qb,q";k“,kb,kc = S(qa + qb + qc) T373 (qa; (lba Raa Rb), (40)
Teqpaaro e =8(Q° + ) Ta3(q" K, k"), (41)
Tyeqtxe ks = 3(Q° + q°) Tr-2(q°; k), (42)
Tgogp genenct = 8@° +a° + ) T32(§, 3" K). (43)

For later convenience, by arranging the momenta as Q, = q¢, K, = k¢, Q3 = (q9, (]b ),and K3 =
(l~(", K? ), we rewrite the above coupled channel 7-matrix (or S-matrix) compactly as 77_,,(Q;; K,)
(or S (Qr; Kyp)) with [,m = 2, 3.

5. Asymptotic behaviors of NBS wave functions for three-body non-relativistic
scalar system with a bound state

The NBS wave functions in the coupled channel are compactly written as

V(X Kp) = in(0]P;(x) 1K) in, (44)
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where Xo = x,. — xp, X3 = (X4,X;p), and
Dy (x2) = ¢e(Xe, 0)95(x3,0),  D3(X3) = Pa(Xa, 0)p(Xp, 0)e (X, 0),
IK2)in = kS kP = =k, [K3)in = K9, kD). (45)

By using the Lippmann—Schwinger equation given in Egs. (38) and (39), the NBS wave functions
within the non-relativistic approximation can be written as

1 in (01D (X)) Pn)0 Tr—m (Pr; Ki)
¥ (X;|K,,) = in(0|P K — dpP s 46
(X [Ko) = in (01 @1 (x1) K)o + - n;f[ 1 k. —Ep 1ic (46)
where
[dP], = 3(673m/2qCn=3)p, = 306=3m/2p3n=dgp dQp . P, =[Py, (47)
P2 P2
Ep, =mp+m+—2—, Ep, =3m+ —. (48)
Mred 2m
As shown in Appendix B, we have
in (0101 (x) K)o = 8mDy(Kp)e™ X! + §158,3D03 (K3)e™ X2 (49)
in the asymptotic region, |x; — X;| > 1 fori,j = a, b, c or [X, — xg| > 1, where
Dy(Ky) 1 Dy(Ky) = —— ]‘[—1
2U2) = , 3 (K3) = — ,
Zp(k®)(27)3/ ExeEL. Z(kkP) = 5V Qm)32E
il e b 1
1 T _ _(Oak ’k 9k )
Dy3(K3) = 5———— 0 :
2w (27'[) (4EkCEkc) / (_Ek”,kb,qBZKC)
k2 3 k2
Ex>=2m+ —, E;>~mp+ —,
2m 2mp
K> Xo =Ko (xe —xp), Ki3-X3 =K, X +Kp- %
Thus the asymptotic behaviors of NBS wave functions reduce to
K- 1 Dy(Pp) X T, (P Kyp)
U (X |Kp) =~ Di(K)) | 8me™ Xt —/dP
Xi1Km) = Di(Kp) [ Ime€ to L ]lDz(Kz) Ex. — Ep, +ic
K> 1 D3 (P3) €2 XT3, (P3; Ko)
+ D23 (K3)8p | 8 e’K2X2+—fdP . (50
23(K3)d1 [ m3 7 [ ]3D23(K3) Ex. — Ep, +1e (50)

Note that the third and fourth terms appear due to the transition from vacuum to the state with
anti-bound particle and the a- and b-particles. They do not appear in the coupled channel three-body
system in the absence of bound states, as was studied in Ref. [9]. We introduce the hyperspherical
expansion as

eMINE = dyy 3y i) T (K X) Yin, (x) Y, (), (51)
(L]

Tm®iKn) = > Tl P Kn) Yin, () Vi, (9,), (52)
[L17,[M ]
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VXK = D Wiy, X Km) Yz, (%) Vi, (K,.)- (53)
(L1, [M ]
where X; = |X{|,
2 D/2
dp=D—-2N" (54)
r(z

(252) 2%

JP0) = =251, (), (55)
(D—d!x 7
withLp = L+ DT_z and the Bessel function of the first kind J , (x). Explicitly, they are expressed as

Jr+2(x)

jz(x)E\/gJLﬂ/z(x) =jL00), Ji) =5 (56)

where j; (x) is the spherical Bessel function of the first kind. Here, Y|z, is the 3/ — 3-dimensional
hyperspherical harmonic function, which satisfies

/dQ Y111, () Y[, (2) = 81z, 11,5 (57)
and Y[z}, corresponds to the spherical harmonic function Y,,. Within the non-relativistic approxi-
mation, we can write D;(K;) and D,3(K3) as D;(K;) ~ D;(K;), D»3(K3) =~ D3;(K2)D3;(K3) with

K =K.
The integration over dQ2p, gives

Wiz,.01, (X1, K) = d1—3iDy(K)) [jzl_3(Kle)3[L]l,[M]131m

+

- 31-3 -
3(6—-30)/2 / ZP3I_4DI(PI)]L (PIAXI)T[L]:’[M]”‘ (P1, Kin)
2 I DyKy) Ek, — Ep, + i€

+ d3it8,D35(K3) [8m3J[L]2[M]3 (K3, X2)

+

3-3/2 D3.(P JLLivs P, X) T . (P3, Kon)
/dP ps 33 (P3) 2oy, YN N3, [M I m i|’ (58)

3 N
3 D3,(K3) Exk, — Epy + i€

where
JiLnins (K, Xo) = f A2k, D33 (Ka)j; (K2X2) Yo (Qks) Y, (k) (59)

172 )
T(IfabB/ (m3/2m3/ )>’ while D, (K>) starts

=~ O(1), we therefore drop the third and fourth terms in our

In the nonrelativistic expansion, Dy3(K3) starts from O (

from O(1/m). Assuming that T(;r—abB
analysis hereafter.
The integration over P; for the large X; in the second term can be performed by picking up the

poles inside the closed contour in a complex plane, as has been done in Ref. [9],
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. Qn)'T

iz, (X1, Kin) = 8 Dy(Kp) ———75 13,3 K1 XD 121,101, 81,m
(K1 X1) 2

1 K;l_sml

— 53(31——6)/2 [NL3[_3 (K1 Xp) + iJL3,_3 (K[)([)] T[IL_]Z’[M]m (K7, Km):|a (60)

where K; and K, satisfy Ex, = Ek, = E for a given total energy E, and Ny (x) is the Bessel

function of the second kind. Explicitly, K, and K3 are written as Kp = /2neq(E — mp — m) and

K3z = /2m(E — 3m).

Using the parametrization of the 7-matrix derived in Appendix A as

Tiry v, (K1, Kin)

= —2C1(E) 1 Y Uiy, B ® sin(Syy, (EN Uy, vy, ) | Cn(E) (61)

[N]n
3(1-6)/2
Cl(E)=]———=, 62
1(E) (K33 (62)

and the asymptotic behaviors of Jr (x) and Ny (x) for large |x| as

2 . 2 2L —1
Jr(x) >~ P sin(x — A7), Np(x) =~ P cos(x — Ap), A = 7 7, (63)

we obtain the asymptotic forms related to the phase shifts as

with

34
2w ) 2 Cpu(E)

N7, X1, K, ~2ilkDi(K
(L1104, (X1, K) == 27Dy (K7) <K1X1 Ci(E)

i8N, (E) 77
> Uieavy, (B)e™ M B UL, 1y (B)
V]

x sin(K;.X; — AL31_3 + 5[1\]]” (E)) (64)

forl,m =2 (B,c)and [,m = 3 (a, b, ¢). The final result agrees with the one obtained in the absence
of bound states [9].

6. Summary and concluding remarks

In this paper we have investigated the asymptotic behaviors of the NBS wave functions in complex
scalar systems in the presence of a bound state. We include a bound state in the asymptotic states of
the theory and consider a coupled system of two scattering particles and one bound state. We have
shown that the asymptotic form for the NBS wave function of the scattering state is related to the
phase shifts of the S-matrix via its unitary, while the asymptotic form for the NBS function of the
bound state decays exponentially with its binding energy as long as the binding energy is smaller
than other mass scales such as the mass of the scattering particle. This result establishes that the
potential extracted via the time-dependent HAL QCD method [38] from the four-point correlation
functions, which couple to the bound state as well as scattering states, can correctly reproduce both
binding energy and scattering phase shift. This is the main result of this paper.

As an extension of our analysis, we have considered the three complex scalar systems, two of
which can form a bound state. In addition to the the elastic scattering of the three-particles, three
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particles are scattered into one fundamental particle plus one bound state and vice versa. Although
the analysis becomes rather involved in this case, the final result in the non-relativistic limit becomes
almost identical to the one for the coupled two- and three-particle systems in Ref. [9].
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Appendix A. On-shell 7-matrix and its parametrization

In this appendix, we parametrize the 7-matrix, where S = 1 —iT, using the unitarity of the S-matrix,
STS = 1. We first discuss a simple two-body system and then consider a three-body system with a
bound state.

A.1.  Two-body case

In the center-of-mass frame such that k% = —k? = Kk, the S-matrix is denoted as

0 <qa’ qb‘ S

k' = kK" = k) =5(E, — E8V (a” +a")$:-2(q: ), A1)

where q“ = —q° = q, E; = 2/¢? + m?, and E; = 2v/k% + m? with ¢ = |q| and k = [K|.
The unitarity of the S-matrix reads

8(Eq — Ep) / d*ps(E, — E)Sr2(q: p)S)_,(p: k) = 87 (q — k). (A2)
Introducing expansions in terms of the spherical harmonic functions as
Sr2(@p) = ) S; (@) Yin(Qq) Vi (), (A3)
I.m
1
§P(q—Kk) =Y —8(q — k) Yim(Qq) Y, (S0, (A4)
I,m q
and
gy = Bage, 3
S(Ep — Ex) = 4q8(q k), — d’p=pdpdQp, (A5)
we obtain
2 16
2-2 _
5720 = pa (A6)
which is solved as
S; 2 (q.q) = 40 (A7)
l b qEq b
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with the phase shift 8[2_2 (¢). Thus, the T-matrix, defined from the S-matrix as § (E,—E;)S2—2(q; k) =
5(q — k) — id(E; — Ep)T2-2(q; k), is expressed as

Tya(q: k) =D T772(q.9) Yim(2) Vi, (Q0), (A8)
I,m
where
8 ..o
T72(q,q) = ———e® @ sin622(g). (A9)
qEq

A.2.  Three-body case

We next consider the scattering of the three-body system, where not only the elastic scattering but
also the bound particle production and its inverse process occur:

ba+ b + P = Ga + b + G, P8+ G,
¢B+¢c_>¢a+¢b+¢c> ¢B+¢c~

Denoting the corresponding S-matrix as S;_,,(Q; Ky;,), as for the T-matrix in the main text, the
unitarity condition is expressed as

8(Eg, — Ek,) Z /dPn(S(EQI — Ep,)S(Q1,P,)ST(Py, Ky)
n=2,3

= 81,3702 (Q — K)), (A10)

where [, n,m = 2,3 represent a number of particles involved in the state,

2 2

. P3 P3
P=p, P3=P, Ep,=mp+m+ , Ep,=3m+ =, (A11)
2Myred 2m
dp, =301=0/24Cn=3p — 3Gn=6/2(p \3n=44p dQp ., P, = |P,|. (A12)
Introducing the hyperspherical expansion as [9]
SQiKnp) = Z St21.1M1, Q1> Ki) Y11, (20) Yan,, (2K, (A13)
[L17,[M ]
- §(0r — Kp)
sQ -Kp =) — o () Yihy (). (Al4)
(L]
and using
mj
8(Eg, —E) = @5(Qz — Qu(E)), (A15)

where my = myeq, m3 = m, and Qy(E) is a solution of Ep, = E, the unitarity condition for a total
energy E reads

CHE)™" Y Sty v, (QI(E), O(E)) Cu(E) ™!

[N1n

X Co(E) ' St 1N 1, O (E), On(E)) Con(E) ™ = 8111, 1M1,05 (A16)

12/17

0202 Iudy G| uo Jasn Ausieniun 010Ay Aq £282015/£09€60/6/8 L 0ZA0eNSqe-ao1e/deid/woo dnoolwspede//:sdpy woll pepeojumo(d



PTEP 2018, 093B03 S. Gongyo and S. Aoki

c 3(1-6)/2 N
= |—m———. 7
1E) \ mi{Qu(E)1PI=5 (A17)

Thus we can parametrize the above S-matrix as

where

StL1,M1, (Q1(E), Om(E)) = C1(E) ZU[L],,[N],,(E)e’z‘S[N]n(E)UJEV] i, E)  Cn(E),  (ALB)
[Nn

where §[yy, (E) is the (generalized) scattering phase shift for the channel [N ], at the energy E, and
U (E) is the unitary matrix introduced for the diagonalization.
The corresponding 7-matrix is then given by

Ty, 1M1, (Q1(E), O (E))

= —2C1(E) > Uinyaw, B)en ) sin(iny, (BN Uy, vy (B) § Cu(E). (A19)
[N1n

Appendix B. Lippmann-Schwinger equation for the vacuum in-state

Using the Lippmann—Schwinger equation for the vacuum in-state,

1B)o Th:0
Ey=0, B1
=100+ [ap 2000 B B1)

we evaluate the vacuum contribution to the two-body and three-body NBS wave functions. Extensions
to the general n-body NBS wave functions are straightforward.

B.1.  Two-body case
As seen in Egs. (16) and (17),

(@) in (0] @a(xa, 05 (x5, 0) | = 0),

and

(i) in (O Pa(Xa, 0)Pp (xp,

')

0

appear in the two-body NBS wave function.

(1) Using the Lippmann—Schwinger equation for the vacuum in-state in Eq. (B1), we have

:_/dﬂ o (Bl $a(xa, 0)ps(xp,0) [q° = 0), B2)

in (0] $a(Xa, 0)5 (xp,0) |q° = “Ep +ie

since ¢ (0] ¢y (Xa, 0)dp(Xp, 0) |qB = 0)0 = 0 from the definition of ¢;(x, 0) in Eq. (4). The non-zero
contribution in Eq. (B2), which comes from

0 (Bl = 0 (0] by (k")bp(k")ap(KP), (B3)
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is evaluated as

in (0] $a(x*, 0)¢5(x”, 0) |¢® = 0),

T 0 (0] ba (k") by (k) ag (kB)ga (x%, 0)¢py (x, 0) [q = 0),
= /d KPd ke d’k TOkakka

_Eka,kb,kB

T cpay ,—ik?(x4—xP)
T 0;kY e
_ f g Lo2 KD (B4)

(27T)42Eka (—2Eka — l’i’lB) ’

where T(;r_2 (0; k%) is defined as Tg K kb KB = 83 (k4 k) Tg_2 (0; k%). Since the integrand in the
last line does not have any poles on the real axis of |k?| as in the case of Sect. 3, this contribution
vanishes exponentially in large ‘x“ —xb ‘ Note that complex poles from the denominator appear at

k? = —m? or on the unphysical sheet of k? which satisfies 2Ex + mp = 0.

"l

(i1) In the same manner, we obtain

i (01652, 0085 (0, 0) [a, 0"} = 0 (0] g (xa, 05 (s,

Xa, 0 X, 0) |q%, q°
+—/dﬁTT 0 (Bl ¢a(Xa )¢b(9 ) lq q)o. (B5)
—Ep + i€
As shown in Appendix A of Ref. [9], this reduces to
1
in (0 Pa(Xa, 0)p(xp, 0) 1q; —=q)g = ——— 0 (0 Pa(Xa, 0)Ps (xp, 0) Iq; —q)y (B6)

Z(q)

in the center-of-mass system, where Z(q) corresponds to the renormalization factor for the vacuum,
whose explicit form can be found in Ref. [9].

B.2.  Three-body case

As seenin Eq. (46), we need to evaluate j, (0| D;(x7) |K;,) 0. Using the Lippmann—Schwinger equation
for the vacuum state, we have

1 ®;(x) K
in 0191 (x1) K)o = {011 (x)) | Kin)odtm + 5 f apty, 2 '_bf;"_’: 1'.6 b (B

We first consider the case with / = m, which has already been analyzed in Appendix A of Ref. [9]
for n = 2 and n = 3, and the result is given by

in (019, (x)) [ K)o = Dy(Kpe™ ™! (B8)
for the asymptotic region, where
Do) 1 . 5 T} -(0: ks, —k;) ®9)
h(Ky) = ) =1+ —
Z(ke)2m)3/AExcExe’  Z(K.) S 2 /7,%2 + m?
| | Ty (0 ki, —k))

D3(K3) =

(B10)

Zl;jf{b 1_[ Y= Zl;al;b=1+z [ 5
( ) )j:a,b,c (27-[) 2Ek/ ( ’ ) i=a,b,c -2 klz +m12

Here, mgp . = m, ke + kg = 0 (ky + kp, + ke = 0) for D; (D3), and T0 ;7 1s the off-shell T-matrix
from vacuum to a particle—antiparticle pair with a flavor i.
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We consider other cases with [ # m.
(i) = 3 and m = 2. Non-zero contributions to o (8| ¢4(Xa, 0)@ (Xp, 0)¢c (Xc, 0) |k¢, kB >0 come from

0 (Bl = 0 (0] az(@®)ba(qDby(g’) or o (0] ac(q9)an(q®)ba(q®)bs(qD)be(q). (B11)
Equation (B7) thus reduces to

in<0|<I>1(X3)|K2)

! 3 0 bB(O q k¢ — qaa kB)eiqu'(Xb_xa)eikc'(xc—Xb)

=5z 6]
2 {(27[)3}3/2(8Eq‘3EkC—q‘_‘Ekc)1/2(_Eq‘7,kc—qa,k3)

(0: %, P, —q — P, K°, KB) el (xemX0) ia(x=xy)

n —/d3 3 b 0 abccB3 . = (B12)
(@Y PREEGEGE gy ) (B o oo sc?)
for k¢ = —k5. Since both integrands have no poles for real momenta q“ and/or qi’ , these terms
vanish for asymptotically large |x, — Xp|, [X; — X¢/|, and |X, — Xp|.
i1) / = 2 and m = 3. Non-zero contributions to ¢ (8| ¢.(X., 0)pp(xz, 0) l~(‘1, k?) come from
(i .
0 (Bl =0 (01b5(q")aa(q")as(q") or o (01b:(q%)bs(a%)au(qVa(a@")ac(q). (B13)
Equation (B7) thus becomes
in (0] P (x2)[K3)o
t . b 4B _ KC-(X.—Xp)
_ LTo—abB(O’ka’k ,q° = k¢ B
27 (277)3(4EkCEBB)1/2(—Eka Kb qB:kc)
il a b 1c — %) 0" (xp—X¢)
1 T (0; k% k2 k¢, g, q =q“e q°-(xp -
+ oo | g : (B14)
2” (27[) (4Eq5Eqé) / (_E a,kh,kc,q67ql_3=qé)
whose second term vanishes as |[xp — X.| — c0. Thus we have
in (01D2(x))[K3)0 = Do (K3)€ikc'(xc_"3) (B15)
1 (0; k%, K?, k)
Dy3(Ks) = — Ty (B16)

27 (27)3 (AEe EE) V2 (= Eya b qp—icc)

References

[1] M. Liischer, Nucl. Phys. B 354, 531 (1991).

[2] C.-1.D. Lin, G. Martinelli, C. T. Sachrajda, and M. Testa, Nucl. Phys. B 619, 467 (2001)
[arXiv:hep-1at/0104006] [Search INSPIRE].

[3] S.Aoki et al. [CP-PACS Collaboration], Phys. Rev. D 71, 094504 (2005) [arXiv:hep-1at/0503025]
[Search INSPIRE].

[4] N. Ishizuka, PoS LATTICE2009, 119 (2009) [arXiv:0910.2772 [hep-lat]] [Search INSPIRE].

[5] N.Ishii, S. Aoki, and T. Hatsuda, Phys. Rev. Lett. 99, 022001 (2007) [arXiv:nucl-th/0611096] [Search
INSPIRE].

[6] S.Aoki, T. Hatsuda, and N. Ishii, Prog. Theor. Phys. 123, 89 (2010) [arXiv:0909.5585 [hep-lat]]
[Search INSPIRE].

15/17

0202 Iudy G| uo Jasn Ausieniun 010Ay Aq £282015/£09€60/6/8 L 0ZA0eNSqe-ao1e/deid/woo dnoolwspede//:sdpy woll pepeojumo(d


http://dx.doi.org/10.1016/0550-3213(91)90366-6
https://doi.org/10.1016/S0550-3213(01)00495-3
http://www.arxiv.org/abs/hep-lat/0104006
http://www.inspirehep.net/search?p=find+EPRINT+hep-lat/0104006
http://www.inspirehep.net/search?p=find+EPRINT+hep-lat/0104006
https://doi.org/10.1103/PhysRevD.71.094504
http://www.arxiv.org/abs/hep-lat/0503025
http://www.inspirehep.net/search?p=find+EPRINT+hep-lat/0503025
http://www.inspirehep.net/search?p=find+EPRINT+hep-lat/0503025
https://doi.org/10.22323/1.091.0119
http://www.arxiv.org/abs/0910.2772
http://www.inspirehep.net/search?p=find+EPRINT+0910.2772
http://www.inspirehep.net/search?p=find+EPRINT+0910.2772
http://dx.doi.org/10.1103/PhysRevLett.99.022001
http://www.arxiv.org/abs/nucl-th/0611096
http://www.inspirehep.net/search?p=find+EPRINT+nucl-th/0611096
http://www.inspirehep.net/search?p=find+EPRINT+nucl-th/0611096
http://dx.doi.org/10.1143/PTP.123.89
http://www.arxiv.org/abs/0909.5585
http://www.inspirehep.net/search?p=find+EPRINT+0909.5585
http://www.inspirehep.net/search?p=find+EPRINT+0909.5585

PTEP 2018, 093B03 S. Gongyo and S. Aoki

[7]

(8]
[9]

[10]

[21]

[22]

[23]

[24]

[25]

S. Aoki, T. Doi, T. Hatsuda, Y. Ikeda, T. Inoue, N. Ishii, K. Murano, H. Nemura, and K. Sasaki [HAL
QCD Collaboration], Prog. Theor. Exp. Phys. 2012, 01A105 (2012) [arXiv:1206.5088 [hep-lat]]
[Search INSPIRE].

J. Carbonell and V. A. Karmanov, Phys. Lett. B 754, 270 (2016) [arXiv:1601.00297 [hep-ph]] [Search
INSPIRE].

S. Aoki, N. Ishii, T. Doi, Y. Ikeda, and T. Inoue, Phys. Rev. D 88, 014036 (2013) [arXiv:1303.2210
[hep-lat]] [Search INSPIRE].

T. Iritani, T. Doi, S. Aoki, S. Gongyo, T. Hatsuda, Y. Ikeda, T. Inoue, N. Ishii, K. Murano, H. Nemura,
and K. Sasaki [The HAL QCD collaboration], J. High Energy Phys. 1610, 101 (2016)
[arXiv:1607.06371 [hep-lat]] [Search INSPIRE].

T. Iritani, S. Aoki, T. Doi, T. Hatsuda, Y. Ikeda, T. Inoue, N. Ishii, H. Nemura, and K. Sasaki [HAL
QCD Collaboration], Phys. Rev. D 96, 034521 (2017) [arXiv:1703.07210 [hep-lat]] [Search INSPIRE].
T. Iritani, S. Aoki, T. Doi, S. Gongyo, T. Hatsuda, Y. Ikeda, T. Inoue, N. Ishii, H. Nemura, and

K. Sasaki, arXiv:1805.02365 [hep-lat] [Search INSPIRE].

H. Nemura, N. Ishii, S. Aoki, and T. Hatsuda, Phys. Lett. B 673, 136 (2009) [arXiv:0806.1094
[nucl-th]] [Search INSPIRE].

T. Inoue, N. Ishii, S. Aoki, T. Doi, T. Hatsuda, Y. Ikeda, K. Murano, H. Nemura, and K. Sasaki, Prog.
Theor. Phys. 124, 591 (2010) [arXiv:1007.3559 [hep-lat]] [Search INSPIRE].

T. Inoue, N. Ishii, S. Aoki, T. Doi, T. Hatsuda, Y. Ikeda, K. Murano, H. Nemura, and K. Sasaki [HAL
QCD Collaboration], Phys. Rev. Lett. 106, 162002 (2011) [arXiv:1012.5928 [hep-lat]] [Search
INSPIRE].

K. Murano, N. Ishii, S. Aoki, and T. Hatsuda, Prog. Theor. Phys. 125, 1225 (2011) [arXiv:1103.0619
[hep-lat]] [Search INSPIRE].

T. Doi, S. Aoki, T. Hatsuda, Y. Ikeda, T. Inoue, N. Ishii, K. Murano, H. Nemura, and K. Sasaki [HAL
QCD Collaboration], Prog. Theor. Phys. 127, 723 (2012) [arXiv:1106.2276 [hep-lat]] [Search
INSPIRE].

T. Inoue, S. Aoki, T. Doi, T. Hatsuda, Y. Ikeda, N. Ishii, K. Murano, H. Nemura, and K. Sasaki [HAL
QCD Collaboration], Nucl. Phys. A 881, 28 (2012) [arXiv:1112.5926 [hep-lat]] [Search INSPIRE].
K. Murano, N. Ishii, S. Aoki, T. Doi, T. Hatsuda, Y. Ikeda, T. Inoue, H. Nemura, and K. Sasaki [HAL
QCD Collaboration], Phys. Lett. B 735, 19 (2014) [arXiv:1305.2293 [hep-lat]] [Search INSPIRE].

T. Kurth, N. Ishii, T. Doi, S. Aoki, and T. Hatsuda, J. High Energy Phys. 1312, 015 (2013)
[arXiv:1305.4462 [hep-lat]] [Search INSPIRE].

Y. Ikeda, B. Charron, S. Aoki, T. Doi, T. Hatsuda, T. Inoue, N. Ishii, K. Murano, H. Nemura, and

K. Sasaki, Phys. Lett. B 729, 85 (2014) [arXiv:1311.6214 [hep-lat]] [Search INSPIRE].

F. Etminan, H. Nemura, S. Aoki, T. Doi, T. Hatsuda, Y. Ikeda, T. Inoue, N. Ishii, K. Murano, and

K. Sasaki [HAL QCD Collaboration], Nucl. Phys. A 928, 89 (2014) [arXiv:1403.7284 [hep-lat]]
[Search INSPIRE].

M. Yamada, K. Sasaki, S. Aoki, T. Doi, T. Hatsuda, Y. Ikeda, T. Inoue, N. Ishii, K. Murano, and

H. Nemura [HAL QCD Collaboration], Prog. Theor. Exp. Phys. 2015, 071B01 (2015)
[arXiv:1503.03189 [hep-lat]] [Search INSPIRE].

K. Sasaki, S. Aoki, T. Doi, T. Hatsuda, Y. Ikeda, T. Inoue, N. Ishii, and K. Murano [HAL QCD
Collaboration], Prog. Theor. Exp. Phys. 2015, 113B01 (2015) [arXiv:1504.01717 [hep-lat]] [Search
INSPIRE].

Y. Ikeda, S. Aoki, T. Doi, S. Gongyo, T. Hatsuda, T. Inoue, T. Iritani, N. Ishii, K. Murano, and K. Sasaki
[HAL QCD Collaboration], Phys. Rev. Lett. 117, 242001 (2016) [arXiv:1602.03465 [hep-lat]] [Search
INSPIRE].

T. Miyamoto et al., Nucl. Phys. A 971, 113 (2018) [arXiv:1710.05545 [hep-lat]] [Search INSPIRE].
D. Kawai, S. Aoki, T. Doi, Y. Ikeda, T. Inoue, T. Iritani, N. Ishii, T. Miyamoto, H. Nemura, and

K. Sasaki [HAL QCD Collaboration], Prog. Theor. Exp. Phys. 2018, 043B04 (2018)
[arXiv:1711.01883 [hep-lat]] [Search INSPIRE].

Y. Ikeda [HAL QCD Collaboration], J. Phys. G: Nucl. Part. Phys. 45, 024002 (2018)
[arXiv:1706.07300 [hep-lat]] [Search INSPIRE].

S. Gongyo, K. Sasaki, S. Aoki, T. Doi, T. Hatsuda, Y. Ikeda, T. Inoue, T. Iritani, N. Ishii, T. Miyamoto,
and H. Nemura [HAL QCD Collaboration] Phys. Rev. Lett. 120, 212001 (2018) [arXiv:1709.00654
[hep-lat]] [Search INSPIRE].

16/17

0202 Iudy G| uo Jasn Ausieniun 010Ay Aq £282015/£09€60/6/8 L 0ZA0eNSqe-ao1e/deid/woo dnoolwspede//:sdpy woll pepeojumo(d


https://doi.org/10.1093/ptep/pts010
http://www.arxiv.org/abs/1206.5088
http://www.inspirehep.net/search?p=find+EPRINT+1206.5088
http://www.inspirehep.net/search?p=find+EPRINT+1206.5088
http://dx.doi.org/10.1016/j.physletb.2016.01.035
http://www.arxiv.org/abs/1601.00297
http://www.inspirehep.net/search?p=find+EPRINT+1601.00297
http://www.inspirehep.net/search?p=find+EPRINT+1601.00297
https://doi.org/10.1103/PhysRevD.88.014036
http://www.arxiv.org/abs/1303.2210
http://www.inspirehep.net/search?p=find+EPRINT+1303.2210
http://www.inspirehep.net/search?p=find+EPRINT+1303.2210
https://doi.org/10.1007/JHEP10(2016)101
http://www.arxiv.org/abs/1607.06371
http://www.inspirehep.net/search?p=find+EPRINT+1607.06371
http://www.inspirehep.net/search?p=find+EPRINT+1607.06371
https://doi.org/10.1103/PhysRevD.96.034521
http://www.arxiv.org/abs/1703.07210
http://www.inspirehep.net/search?p=find+EPRINT+1703.07210
http://www.inspirehep.net/search?p=find+EPRINT+1703.07210
http://www.arxiv.org/abs/1805.02365
http://www.inspirehep.net/search?p=find+EPRINT+1805.02365
http://www.inspirehep.net/search?p=find+EPRINT+1805.02365
https://doi.org/10.1016/j.physletb.2009.02.003
http://www.arxiv.org/abs/0806.1094
http://www.inspirehep.net/search?p=find+EPRINT+0806.1094
http://www.inspirehep.net/search?p=find+EPRINT+0806.1094
https://doi.org/10.1143/PTP.124.591
http://www.arxiv.org/abs/1007.3559
http://www.inspirehep.net/search?p=find+EPRINT+1007.3559
http://www.inspirehep.net/search?p=find+EPRINT+1007.3559
http://dx.doi.org/10.1103/PhysRevLett.106.162002
http://www.arxiv.org/abs/1012.5928
http://www.inspirehep.net/search?p=find+EPRINT+1012.5928
http://www.inspirehep.net/search?p=find+EPRINT+1012.5928
https://doi.org/10.1143/PTP.125.1225
http://www.arxiv.org/abs/1103.0619
http://www.inspirehep.net/search?p=find+EPRINT+1103.0619
http://www.inspirehep.net/search?p=find+EPRINT+1103.0619
https://doi.org/10.1143/PTP.127.723
http://www.arxiv.org/abs/1106.2276
http://www.inspirehep.net/search?p=find+EPRINT+1106.2276
http://www.inspirehep.net/search?p=find+EPRINT+1106.2276
https://doi.org/10.1016/j.nuclphysa.2012.02.008
http://www.arxiv.org/abs/1112.5926
http://www.inspirehep.net/search?p=find+EPRINT+1112.5926
http://www.inspirehep.net/search?p=find+EPRINT+1112.5926
http://dx.doi.org/10.1016/j.physletb.2014.05.061
http://www.arxiv.org/abs/1305.2293
http://www.inspirehep.net/search?p=find+EPRINT+1305.2293
http://www.inspirehep.net/search?p=find+EPRINT+1305.2293
http://dx.doi.org/10.1007/JHEP12(2013)015
http://www.arxiv.org/abs/1305.4462
http://www.inspirehep.net/search?p=find+EPRINT+1305.4462
http://www.inspirehep.net/search?p=find+EPRINT+1305.4462
https://doi.org/10.1016/j.physletb.2014.01.002
http://www.arxiv.org/abs/1311.6214
http://www.inspirehep.net/search?p=find+EPRINT+1311.6214
http://www.inspirehep.net/search?p=find+EPRINT+1311.6214
http://dx.doi.org/10.1016/j.nuclphysa.2014.05.014
http://www.arxiv.org/abs/1403.7284
http://www.inspirehep.net/search?p=find+EPRINT+1403.7284
http://www.inspirehep.net/search?p=find+EPRINT+1403.7284
http://dx.doi.org/10.1093/ptep/ptv091
http://www.arxiv.org/abs/1503.03189
http://www.inspirehep.net/search?p=find+EPRINT+1503.03189
http://www.inspirehep.net/search?p=find+EPRINT+1503.03189
https://doi.org/10.1093/ptep/ptv144
http://www.arxiv.org/abs/1504.01717
http://www.inspirehep.net/search?p=find+EPRINT+1504.01717
http://www.inspirehep.net/search?p=find+EPRINT+1504.01717
https://doi.org/10.1103/PhysRevLett.117.242001
http://www.arxiv.org/abs/1602.03465
http://www.inspirehep.net/search?p=find+EPRINT+1602.03465
http://www.inspirehep.net/search?p=find+EPRINT+1602.03465
https://doi.org/10.1016/j.nuclphysa.2018.01.015
http://www.arxiv.org/abs/1710.05545
http://www.inspirehep.net/search?p=find+EPRINT+1710.05545
http://www.inspirehep.net/search?p=find+EPRINT+1710.05545
https://doi.org/10.1093/ptep/pty032
http://www.arxiv.org/abs/1711.01883
http://www.inspirehep.net/search?p=find+EPRINT+1711.01883
http://www.inspirehep.net/search?p=find+EPRINT+1711.01883
https://doi.org/10.1088/1361-6471/aa9afd
http://www.arxiv.org/abs/1706.07300
http://www.inspirehep.net/search?p=find+EPRINT+1706.07300
http://www.inspirehep.net/search?p=find+EPRINT+1706.07300
https://doi.org/10.1103/PhysRevLett.120.212001
http://www.arxiv.org/abs/1709.00654
http://www.inspirehep.net/search?p=find+EPRINT+1709.00654
http://www.inspirehep.net/search?p=find+EPRINT+1709.00654

PTEP 2018, 093B03 S. Gongyo and S. Aoki

[30]
[31]
[32]

[33]
[34]

[35]

[36]

K. Sasaki, S. Aoki, T. Doi, S. Gongyo, T. Hatsuda, Y. Tkeda, T. Inoue, T. Iritani, N. Ishii, T. Miyamoto,
and K. Murano, PoS LATTICE2016, 116 (2017) [arXiv:1702.06241 [hep-lat]] [Search INSPIRE].

N. Ishii et al., PoS LATTICE2016, 127 (2017) [arXiv:1702.03495 [hep-lat]] [Search INSPIRE].

T. Doi et al., PoS LATTICE2016, 110 (2017) [arXiv:1702.01600 [hep-lat]] [Search INSPIRE].

H. Nemura et al., PoS LATTICE2016, 101 (2017) [arXiv:1702.00734 [hep-lat]] [Search INSPIRE].

T. Doi, T. Iritani, S. Aoki, S. Gongyo, T. Hatsuda, Y. Ikeda, T. Inoue, N. Ishii, T. Miyamoto, H. Nemura,
and K. Sasaki, Proc. 35th Int. Symp. Lattice Field Theory (Lattice 2017) Granada, Spain, June 18-24,
2017.(2017) [arXiv:1711.01952 [hep-lat]] [Search INSPIRE].

H. Nemura, S. Aoki, T. Doi, S. Gongyo, T. Hatsuda, Y. Ikeda, T. Inoue, T. Iritani, N. Ishii, T. Miyamoto,
and K. Sasaki, Proc. 35th Int. Symp. Lattice Field Theory (Lattice 2017) Granada, Spain, June 18-24,
2017 (2017) [arXiv:1711.07003 [hep-lat]] [Search INSPIRE].

S. Aoki, Proc. 93rd Int. School: Modern Perspectives in Lattice QCD: Quantum Field Theory and High
Performance Computing. Les Houches, France, August 3-28, 2009. (2010), pp. 591-628.
[arXiv:1008.4427 [hep-lat]] [Search INSPIRE].

S. Weinberg, The Quantum Theory of Fields (Cambridge, Cambridge University Press, 2005), Vol. 1.
N. Ishii, S. Aoki, T. Doi, T. Hatsuda, Y. Ikeda, T. Inoue, K. Murano, H. Nemura, and K. Sasaki [HAL
QCD Collaboration], Phys. Lett. B 712, 437 (2012) [arXiv:1203.3642 [hep-lat]] [Search INSPIRE].

17/17

0202 Iudy G| uo Jasn Ausieniun 010Ay Aq £282015/£09€60/6/8 L 0ZA0eNSqe-ao1e/deid/woo dnoolwspede//:sdpy woll pepeojumo(d


https://doi.org/10.22323/1.256.0116
http://www.arxiv.org/abs/1702.06241
http://www.inspirehep.net/search?p=find+EPRINT+1702.06241
http://www.inspirehep.net/search?p=find+EPRINT+1702.06241
https://doi.org/10.22323/1.256.0127 
http://www.arxiv.org/abs/1702.03495
http://www.inspirehep.net/search?p=find+EPRINT+1702.03495
http://www.inspirehep.net/search?p=find+EPRINT+1702.03495
https://doi.org/10.22323/1.256.0110
http://www.arxiv.org/abs/1702.01600
http://www.inspirehep.net/search?p=find+EPRINT+1702.01600
http://www.inspirehep.net/search?p=find+EPRINT+1702.01600
https://doi.org/10.22323/1.256.0101
http://www.arxiv.org/abs/1702.00734
http://www.inspirehep.net/search?p=find+EPRINT+1702.00734
http://www.inspirehep.net/search?p=find+EPRINT+1702.00734
http://www.arxiv.org/abs/1711.01952
http://www.inspirehep.net/search?p=find+EPRINT+1711.01952
http://www.inspirehep.net/search?p=find+EPRINT+1711.01952
http://www.arxiv.org/abs/1711.07003
http://www.inspirehep.net/search?p=find+EPRINT+1711.07003
http://www.inspirehep.net/search?p=find+EPRINT+1711.07003
http://www.arxiv.org/abs/1008.4427
http://www.inspirehep.net/search?p=find+EPRINT+1008.4427
http://www.inspirehep.net/search?p=find+EPRINT+1008.4427
https://doi.org/10.1016/j.physletb.2012.04.076
http://www.arxiv.org/abs/1203.3642
http://www.inspirehep.net/search?p=find+EPRINT+1203.3642
http://www.inspirehep.net/search?p=find+EPRINT+1203.3642

