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GLUON-CONDENSATION OF QUARK-GLUON PLASMA IN MEAN FIELD

APPROXIMATION
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Starting from the field equations of QCD and applying the mean field approximation, a self-consistent set of equations 1s
derived for the description of the gluon-condensed state of quark-gluon plasma A solution of these equations has been found,
which corresponds to a static, chromo-magnetic field, periodic in space. This field induces self-consistently a periodic

oscillation of the spin-color density of the quarks

If the local gauge invariance of QCD is broken
then the gluon fields may have non-zero expectation
values. In this paper we investigate the properties of
such a gluon-condensed state [1—4] of the quark —
gluon plasma. We restrict our considerations to the
case of SU(2).

The field equations of QCD in conventional nota-
tion are given by

auFﬁ”’ +gfabcAungu =j: s (1)
(w+gA/aTa - m)lll =0 s (2)

where the field strength F}*¥(x) and the vector current
J,(x) are defined as follows:

FEV= 0P AL — 0" Al + g, ARAY
a a a abc‘*b‘ic

=gy T,y .

(€))
4
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The generators and the structure constants of SU(2)
are denoted by T, and £, ., respectively.

We assume that the field operators may have non-
vanishing expectation values:

Ab(x))=A¥(x)#0 . ®)
In the decomposition
Alx) = A5 (x) + a(x) (6)

AY(x) and of(x) are field operators, while A¥(x) is a
c-number and the expectation value of a}'(x) vanishes
by definition:

(@ (x))=0.

Substituting the decomposition (6) into the field
equation (1) and taking the expectation value on
both sides, the following simple equation is obtained
for the mean field 4%(x):

3, FLY + gfp A FEY + M2(0) AL = G2 .

(7

(®)
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Deriving this equation it is assumed that in addition
to o/i(x) all of its derivatives has vanishing expecta-
tion value and all the expectation values of products
of independently fluctuating quantities are also zero.
In this way all terms containing ofi(x) or its derivatives
drop out except for some third-order terms having
the following form:

ngabcfcde (a“bjga: + a“bag,Z:) . )
In this expression products of non-independently

fluctuating quantities occur, which may have a non-
vanishing expectation value:

M2(v) = —g2 "éi (o, @) . (10)

[4

The parameter M2() formally plays the role of the
mass squared, associated with the excitation of the
mean gluon field, For the sake of consistency the
gluon operators A4(x) in the field equation of the
quarks are substituted also by their expectation values
A¥(x). In the spirit of this mean field approximation
the coupling constant g must be substituted also by a
renormalised one.

In the following we shall investigate a class of pos-
sible solutions [5,6] corresponding to a gluon-con-
densed state of the quark—gluon plasma, defined by

Abx) = (1/g)a"8 (kx) , 1y
6,=sinkx, 0,=coskx, 03=0, (12)
kx=k0x0 —k*°x. (13)

By virtue of this ansatz the Dirac equation can be
solved exactly. First of all one can get rid of the x-
dependence performing a rotation around the third
axis in color space:

Y' =exp(—ikxT3) V¥ . (14)

The solutions of the transformed Dirac equation are
plane waves:

Y’ =exp(—ipx)u . (15)

The energy eigenvalue pj and the eightcomponent
spinor U can be obtained by solving the following
equation:

(P +AT, — kT3 —m)U=0. (16)
Multiplying by (/ +4T, — ]( T3 + m), we arrive to the
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equation
o, p* +da,a" + 3k k¥ — m2 + 2p, atT,
— 2p kHT3 — 3o, (a"k¥ — a"kM)T{1U=0. (17)

If the o,,,, matrices are represented by the Pauli ma-
trices in the conventional manner:

_ O'k 0 0 iO‘k
%" \o o,/ %0k7 \ig, 0)’ (18)
eq. (17) can be written in the following form:

B (V1) _
(c B)(Uz) =0, (19)
where

B= p“p" + %a"a“ + %kluk“—m2 +2p”a"‘T2
—2p,k*T3 3} €,500a,ks —ak )T, (20)

and

C=i0,(a,k0—a0k,)T1 . (21)

Because of the symmetry of eq. (19) two solutions
exist:

Up=2U;, (22)
and U; must satisfy the equation given by
B+xC)U;=0. (23)

The secular equation is obtained in the form of an
algebraic equation of fourth order:

ph+bpd+cpy+d=0, (24)
where

b=-2[p2+m? +5(@*+ad+k*+K3)], (25)
c=2[ag(a-p) +kok-p)}, (26)

d=[p2+m?+}(@®-a}+k*-k})?
+5 [a%k2 + k(2,a2 —a*k? + (a - k)?
—2agkga+ 0] —@*p)* — (k* p)? . @)

The energy eigenvalues have a twofold degeneracy
and they are symmetric against the interchange ¢, Z
k,.

u

Substituting the ansatz (11) into the left-hand side

of eq. (8) the following self-consistent set of equa-



Volume 156B, number 3,4

tions can be derived:

{(koag — k@) k¥ — [k — k* - M*@)]a”} =g(i}),

(28)
—[(kgag —k - a)a” — (a3 —a®)K*] =g(i?y.  (29)
The solution of this self-consistent set of equations
provides us with the amplitude ¢ and the wave vec-
tor k”.

We assume that the quark—gluon plasma under
consideration is found in a volume ¥ and it is in ther-
modynamical equilibrium characterized by the
temperature T, and by the baryonic chemical poten-
tial p. Thus the thermodynamical properties of the
system can be described by the following density ma-
trix.

p=Z" exp[-(H—pN)T] (30)
where the partition function Z is given by
Z =Trexp[—(H - uN)/T] . (31

The hamiltonian and the number of baryons is de-
noted by H and N, respectively. We introduce also the
thermodynamical potential defined by

Q=-TlogZ . (32)

In the mean field approximation the quarks be-
have as independent quasiparticles. In this approxima-
tion we managed to solve the Dirac equation without
any further restriction, so we are able to calculate ex-
plicitly the thermodynamical potential and we obtain
the following result:

w=Qv=e-TY [-LL
A Y (2m)3
X (log{1 +exp [-(E, —w)/T]}
+log{l +exp[—(E\ +w)/T]}), (33)
where

3
= —1—( 20a? [M2G) + k2 — k3] +d3 [k* — M2(0)]
2g2\ i=1

—(a-k)? —2apky(a- k)) . (34)

The energy eigenvalues of the quarks and antiquarks
are denoted by E, and E, , respectively. The two in-
dependent spin and two independent color states are
labelled by the index A. The thermodynamical poten-
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tial density is the function of the physical parameters
of the system

w=w(T,u,av k). (395

The thermodynamical equilibrium is characterised by
the minimum of the thermodynamical potential. This
means that at prescribed values of 4 and T the condi-
tions

9w/oa” =0, dwfok'=0, (36)

must be satisfied.

It 15 not difficult to prove that these equations,
which are the necessary conditions of the thermo-
dynamical equilibrium, are equivalent with the self-
consistent set of equations (28), (29), denved previ-
ously. In addition to the self-consistent equations an
auxihary condition must be imposed in order to fix
the color of the system. The difference of the color
densities of the quarks is given by

WY0G + T3 ) — (P70G ~ T¥) = 2007 0T ).
(37)

For a colorless system (with constant color densities)
this quantity must vanish, consequently the left-hand
side of the self-consistent equation (29) must vanish
for v = 0. Assuming transversal waves (k * a = 0) this
condition is fulfilled if k = 0.

Searching for transversal color waves, characterised
by the parameters

k3=1.0, k1=k2=0, k0=0,
a1 <10, ay=a3=0, ay=0,

a non-trivial solution has been found. This type of
solution corresponds to a static, chromo-magnetic
field, periodic in space and orthogonal both to 4 and
k [7 8]

The length scale is defined by fixing the quark
mass: m = 1. The temperature and the chemical
potential were varied in the range 0.05 <7< 10.0
and 0.1 <pu < 1.2, respectively. In these regions, at
the given values of T and u, the thermodynamical po-
tential w and the energy per baryon charge — that is
the ratio of the energy density and the baryon den-
sity — 1s appreciably lower in the gluon-condensed
state (a; # 0), than in the case of a non-interacting
Fermi gas (2; = 0).

This difference is becoming less and less important
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as the temperature or/and the baryon density becomes
higher and higher.

Since no a priori knowledge is available for the
value of the effective coupling constant and the
“effective gluon mass” M2(v) the following procedure
was adopted. At fixed values of the parameters a”, k¥,
T and u, the selfconsistent equations were solved for
M%(v)andg.

The value of the “effective gluon mass” M2(v) and
the effective coupling constant g increase with de-
creasing temperature and/or baryon density. It must
be pointed out that the value of the coupling constant
was found to be very large (g = 8.0) in the investigat-
ed range of temperature and chemical potential.

Valuable discussions with V.N. Gribov, M. Huszidr,
B.Muiller and J. Zimdnyi are gratefully acknowledged.
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