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Abstract

We present analytic results for the one-loop corrections of the helicity amplitudes of the QCD five-parton subprocesses
involving four quarks and one gluon obtained with a standard Feynman diagram calculation using dimensional reduction.

The technical developments achieved recently in perturbative QCD calculations (helicity method [1—4],
string theory based derivations [5,6] ) made calculations of one-loop corrections to helicity amplitudes up to five-
parton and perhaps also to six-parton processes feasible. As a first result, Bern, Dixon and Kosower published
recently the one-loop corrections to the five-gluon amplitude in QCD and in N = 1,2, 4 supersymmetric Yang-
Mills theories. They used a string based technique and helicity method and obtained a remarkably short analytic
answer. In a previous paper [7] we presented a simple analytic result for the singular parts of all helicity
amplitudes of all five-parton processes (in full agreement with the results of [6] in the case of the five gluon
amplitudes). In this letter we present the complete one-loop corrections for processes involving four quarks
(equal or unequal flavors) and one gluon. We used the conventional Feynman-diagram method, however, the
use of the helicity technique was decisively important. Our method was tested previously by the diagrammatic
evaluation of the one-loop corrections of the helicity amplitudes of all 2 — 2 parton processes {8]. A systematic
description together with the non-trivial details of our calculation will be presented in a later publication. Here
we mention only that the tensor integrals have been reduced to scalar integrals with a reduction method similar
to [9]. Calculating the integrals this way and the use of the helicity method allow us to eliminate all integrals
which are more complicated than pentagon (box) tensor-integrals with one (two) integration momenta in the
numerator. As a result, the Gram determinants in the denominator which blow up the size of intermediate
expressions were eliminated at the very beginning of the calculation. For the sake of simplicity we performed
the calculation in the dimensional reduction scheme (in D = 4 — 2¢ dimensions). Transition rules to different
schemes ~ such as conventional dimensional regularization, 't Hooft-Veltman — have been derived in [8].
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It is convenient to give our result in a crossing symmetric form for the unphysical channel where all particles
are outgoing 0 — §QQqg. The momenta of the partons are labeled as

0 — antiquark; (§) + antiquark,(Q) + quark,(Q) + quark,; (g) + gluon(g) . (1)

The color structure of the amplitudes is the same at one loop as at tree level:

AW (g, hg; 0, hy: Q. hoiq. hes 8, he)

g 2i
=8 (477') Z (T*) 1228020 ‘Ilq2(q’hq’Q hg: Q. ho: 4. hg; 8. hy)
(q1#92)€{9.0}

1
~ Y v T anbenany (3 kg 0.hyi 0. hoi g, hai g he) | (2)
(q1#q)€{q.0}

where i = 0 means tree level and { = 1 means one-loop approximation.
At a given order in perturbation theory, there are only two independent color subamplitudes because we have
the symmetry properties

a'3(d,hg; 0. hgs Q. ho3 g, ha 8 h) = agh (0, hyi @ hgs . has Q. ho3 8, b, (3)
agg (3. hg: Q. hy: Q. hoi g, hyi 8. hy) = ap) (O, hgi G, hgi 4. hg: Q. hoi g, hy). (4)

Furthermore, we should consider only four helicity configurations. If we change the sign of all helicities, we
obtain the corresponding amplitudes simply by replacing the spinor products {...) — —[...], where the angle
bracket and squared bracket denote spinor products with minus-plus and plus-minus helicities,

(pq) =¢_(p)¥:(q) and [pql =4 (P)Y_(q).

Due to helicity conservation along a fermion line, we have hy = —h; and hg = —hQ. We present our result for
positive gluon helicity and label the remaining helicities with s, and hg.
In order to be able to write down the result for arbitrary values of h; and hg, we introduce the helicity
dependent momenta
r(hgy=q if hy=-— and r(hy) =g if h,=+
R(hp)=Q if hp=-— and R(hp)=Q if hg=+. (5

We shall suppress the helicity dependence of r and R.

For the sake of completeness, we recall the tree-level amplitudes a(o)
a$) (hgsho,+) =ipa(hg, ko, +) ) (6)
(ig)(g))
We note that the helicity dependence can be absorbed completely in the factor p,:
{rR)?
Pa(hg hg, +) = (—1)%te ———| (7
o (99)(Q0)

where 8 is the usual Kronecker 8.
At one loop, the result can naturally be decomposed into soft contributions S;;(hg, hg,+) given in (71,
ultraviolet renormalization terms R;; (hy, hp, +), terms coming from the expansion of collinear 1/e singularities
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Cij(hg, hg,+) given by vertex and self energy integrals, finite terms composed from spinor products, dot

products and single logarithms Dij(hy, hg,+), and finite terms &ij(hg, hg, +) containing factors of Liy, In® and

% coming from pentagon and box integrals. The labels i, j run over g, Q, §, Q similarly to the corresponding

labels in the color subamplitudes afjl). The color subamplitude al(jl) has then the decomposition
a’ (G, —hg; 0, —ho: Q. hoi g, hys g, +)
=8ij(hgs ho, +) + Rij(hg, hg, +) + Cij(hy, ho, +) + Dij(hg, hg, +) + Eij(hy, hg, +), (8)

where we suppressed the dependence on the momenta 4,.9,0,0,g. For completeness we recall the soft contri-
butions

C
Soq(hgs o, +) = — 75 {Neal]) (g, hg, +) [Py + Py, + Pos)

1
——a3) (hg hg,+) [-qu +Pag +Pag+ Py + Py, — PQ‘I]

N. aQq
1 o
"FQQQ(hq; hQa +) [—PqQ + ’qu + Péq - qu]
1 (o
~ . % (g b, +) [PQ‘ ~ Pog = Pog + PQg” @

and
—-]é—cagg(hq, ho,+) [—qu +Pag + P+ Ppg + Pgy — PQ‘I}
+Nca(QC:j)(h(I’ hg,+) [PqQ_ — Pag — Pge + qu]
+Ncaf]0Q-)(hq’ ho,+) [=Pyq + Pag + Pog — Pos) }’ (10)

where we introduced

2\ ¢ 2
s _ Jd°(1—e)T (1 +¢)
Pij = (—s,'j) S veper

We note that the helicity dependence of the soft contribution is given by the Born factors a,(jp). This holds for
the ultraviolet renormalization contributions and the collinear (1/#) singularity as well. We record the result in
such a form that the helicity dependence of the C terms is again completely factored into the Born terms ! .

(4m)*©

Rij(hg hg, +) = ———22
i(ha: ho» ) 2e0(1 —¢)

(11N: = 2Ng) a)’ (g, ho, +), (11)
Coos( by h =TLa®n h 2N 31 P
QQ( q> Q»+) = :aQQ( q» Q’+) §( C_Nf)qu+§Fc(’qu+ QQ)

29 131 10
(0) - =
+a,5 (kg ho, +) (ISNC + 2 Nf> , (12)

! Note that the C terms are not uniquely determined since we can always shift finite contributions between D and C terms.
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2 31
CQq(hq,th'f') = '—a(o)(hq,hQ,+) <§(NC—Nf)PQQ (qu+’PQQ))
29 131 10
aly Cho g+ ( TN 9 Nf)' (13)

As expected, the next-to-leading order corrections destroy some of the symmetries of the Born terms (see
(6),(7)). However, there are several symmetry relations which remain valid even at one loop:

(1)(_ —+) _—a(”(+ =+, +),q+—>q,QHQ’ o
(1)(+ _’+)_ a(lz(—a+’+)|qu,Q_HQ’ (15)
Agg (= =) = =afy (+:+,D)gg g -

We find that S;;, Ryj, &; and CQQ— respect these symmetries separately. As a result the ’DQQ terms must also
satisfy the relations (14) and (15). In the case of Cpj, if we factor the helicity dependence into the Born terms
as in Eq. (13), then the symmetry relation (16) is slightly violated which is compensated by a corresponding
change in Dy;:

Doz(— = +) = —Dog(+,+ Hlgepgeg + 3 Z(N. - Np)al)(—,— +)ln<sQQ) (17)
949

In order to give the results in a more compact form, we introduce the following notation? :

AN ', —Sk g1 _ 1 ij
{k]l}o—ln< u? )—ln( u? )’ {kl}l—skl—sij {“}0’

1 1 {} 1 ij 1 (sij + su)

i 3] iy 12} 2

=i e [ - ————{}+ ., (18)
{kl}Z (s — ;)2 Wo " sy(sig — sij) 3™ (s — s4)3 2 sijsu(si — sij)?
ik) (jl

(iD) (k)

For the 4o color structure the D terms take the form

Dyg(+,+1+) = al) (+,+,+)

Ne +1 05 = ON A0 00 0¢
x{ . [(ngQMquQ) ;sQ"Z + (3800) ng{ } — (5800)(3080) 50 {qq }1

+ <c7QqQ>ing (‘Qg{ } (489Q)Sqs {qq} ) - (9890)(@Q5Q) 50550 {quQ}z]

+N, B (800)s0; {qgf }1]

113

N [5 §§}0+ (7890)” sq5 {2-,0:5}1 ~ (3290)(3980) 54 {qé’}l
~ (9000)(30a0)si0 ({2} + {%} ) - 310040500 {?f}l] } (20)

and

2 Note that the function {Z}n has —2n mass dimensions. These functions are related to similar ones introduced in Ref, [6].
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Dog(—+.4) =ay) (= +,+)
y {N2 +1
N
—(a0a8)sa (1a0ag) {3} — (aa0s) {2} ) ~ (a0aQ) (1 +(a040)) 50 {%},
 (@s0a)ser (0020 {30}, + @astsi {8 },) + 51000053 {31},

Y B {?j}o+3<quQ>SqQ {?f}l} +-2376{§§ 0}' -

Since the results for the ag; color structure are somewhat more complicated we make the decomposition

(9048)(70a0) % + (00gq)so; {2} +(2900)(a0aQ)sa0 {5},
SqaSg0

Dpg(hg ho,+) = ay) (hg, ho, +)
N2 +1
N,

2 1
x [g(Nc—Nf)Déq(hq,hQ) + Dg(hg ho) + NeDgg(hy, hg) + ~~ Doy hg o) | - (22)

We have to record the Dgz(hg, k) terms for three different helicity combinations. In the case of A4 = hg = -+,
for the flavor dependent part we get

Ja(++) = (a020)s,, {22}

!
542000} @480)sesses {32}, + (@840 (3080 sexshe {32, (23)
while the term proportional to (N? + 1) /N, reads
mo () = 1(qrqgQ> + (5980) 545 ((qQé@ {,?,,Q} — (2890)(a890) ,?gg}l)
;<ngQ> 01— (a4s0) {?Q} - 23900)(a0a0)s00 {2}
+(3290)(7980)" 55 {%Q} (ngQ)(quQ> Sq0 "Qgg}
+-21-(qu‘Q><ciqgQ> ((ngQ>ng {QQ} (G290 sk, QQ} 2) (24)

and the leading and subleading color terms are

Dhy(+.+) = (a0a0) (2{12} -~ {%8},) + (@0sQ)ses (2{2} +3(a0a0) {12},)

+(3980)(789Q)sae (2 + (3900)) {82} — (400)(aa80)*s.s {42} - (25)
1 (5 5 -
Digg(+.+) = =3 {82} + (@8a0)sue {32} (1 —3(2020)) +2(a0a0)*su0 {2},
+2(90a0)(a980) 545 ((9980) {30} —(a8a0) {3} ) + (@0eQ)ss, {30} (26)
The results for the helicity configuration A, = —, hp = + are

_ _ 1 _
ba(—+) =(a08Q)s5, {37}, + (a0aQ)sos (53@ {2}, - @0qg)s} {99}3), 7
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Dy~ +) = 5 + (a0 a0 TE — (a0a0)sa. ({7}, - ~(@0a0)su {3},
_%<‘7Q_QQ><Q_8QQ>SQ3(‘Y§£ — 508) {gQ}:z , (28)
Dy~ ) = 5 (004)s0, {32} +5 (@Cagsae {30}, (29)
Dy~ +) =2(a090) ({2} +(00ea)so {22} ~ (a0ag)ses {3} ). (30)
Finally we give the results for h, = +, hp = —. The flavor dependent part is
ba(+> =) = (3080)sg, ( QQ} - —(ngQ)sqg {qq } + (7890)(308Q)5 506 {qq } ) (31)

For the term proportional to (N2 + 1) /N, we have
2

- S
<c1QgQ>2 "0 (1 —~ <(?qu>%§) - %(tJQgQMquQ)2
QQ a8 S4q QQ

+(7890)(G48Q2)" 50 ({?f}l + {%Q 1) - %(égCIQ)Sq-g {%Q},

+(3800)(3080) 55, (% + (f?gQQ)> {qéqg} + (7020)(7800)%s 4, {?f }1

Nh—-
l\)l»—~

+%(cquQ)(LngQ>ng ((qqgQ)SQg } (‘IQ‘IQ) Soq {qq } )
+%<67Q_gQ><éQ—qQ>SQgSqQ {?21}2

1 = " 1 .
+5(8890)(a020) 0, (505 — 5us) {%}, ~ 5 7290) (2080505500 {55 }, (32)
the leading color term reads
Dlyy(+—) = 2(d2a0) (1980)50s {22} + 3128000080} 5, {5} (33)
gg\ > 2 %14 f, 2 ¢\ 08f

and the subleading color term is

D+, —) = (ngQ>( {Z§}0+{?f - 2(G09Q) {?;gQ}O)

+(3920) ( {90} +2(a04a0) {1 }) (2800)(a020)s5, (3+2<quQ>>{ 33
+(2800)(7050)s;, (20a040) {2} +2(aza0) {2} )

+(3080)sp, (2(329Q) +3(029Q) { —(789Q)(398Q) sq {qgQ}

1
(3840) 040)s,0 5 +2a0a2)) {8 }1 +2(3040)(8a0) (920) e {4 } (3)
The £ contributions can conveniently be given in terms of an auxiliary function

(ijk)n = (r(hg)ikR(hg))"F (i, ). k), (35)
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where (...) has been defined in (19) and

1 i\ 7
F(ij k) = ~Liz (1_s_) ~Lip (1 -sﬂ> — -’ (ﬁ> - (36)

53 sig) 20 \sw) 6
Li, is the dilogarithm and m, n denote the complementary labels to (i, j, k) in the set of labels (4,0, 0.4, )
m.n} = {2.0,0.4. 80\ (1. J: ). e

We use the convention that if both {(rikR) = 0 and n =0 then (ijk), = F (i, j, k). Then the £gz(hy, hg) term
for arbitrary hy, hg quark helicity configuration is given as

Eaq(hgrhg,+) = —aQ) (hg hg, +) G (3.0, 0. 4.8)
+a ) (hg, ho, +) Goi5® (3,0, 0.4.8) + aly) (he ho. +) G2"(3.0.0.4.8). (38)
where
""”Q(q 0.0.9.8) = N [(380)0 + (290)2 + (4d8)2 + (800)2 + (400)-)
__N_c ((980)0 + (G80)0 — (G80)o — (4200 + (G2D)2 + (§9Q)2

+(dQ)2 + (g00Q)2 ~ (9002 — (93Q)2 — (40Q)> — (§90)2] » (39)

G,1°(3.0,0,4.8) = Ne(800)2
A (—(380)o0 + (289)0 + (§48)2 — (9d8)2 + (§00)2 — (G90)2 — (900)2 + (940)>
—(008) 260 + (G08)2(1-600) — (7082650 + (408) 250r — (908) 2(1-80n) | » (40)
0,7(3,0,0.98) = Ne(4dg)>
1 _ - _ - _ _
N [(Qga)o — (Q29)0 — (800)2 + (80Q)2 + (93Q)2 — (9QQ)2 — (94Q)2 + (9Q0)2

—(8qq)21-5,) + (8G0)2(1-5.5) — (89Q)25,, + (89Q)25,, — (89Q)2(1-5.p)) - (41)

As noted before, the & terms satisfy the symmetry relations (14) and (15), therefore it is sufficient to present
the &y type contributions for h; = + and arbitrary hg:

Eog(+:ho, +) = al) (+, o, +) M (5.0,0,4.8)
+a3) (+,ho, +) M (3.0, 0,q.8) + @' (+.ho, +) H!%(2,0.0,4.9). (42)
where the auxiliary functions, 7;¢ have the form
H%5(3.0.0.9,8) = Ne [(Gga)o + (Qgg)o — (Qed)o — (Qeg)o — (Qg@)o — (84@)o
+ (240)2 — (qG0)2 — (84q)2]
- [(220)0 = (390)o + (a08)o — (@0g)o -+ (4302 ~ (430):

— (Q08)2(1-5r0) — (408)2(1-520) + (908) 26z, — (Q0L)26¢,) (43)
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Hg%(q’ Q’ Q’qsg) =N, [(qgQ-)O - (qg(Z)o + (Q(IQ)O - (qu)() - (QQ—q)O
— (830)2 + (839)2 + (200Q)] , (44)

H12(5.0,0.9.8) = Ne [(980)0 — (482)0 — (Q4g)o + (d48)o
+ (4G0)2 — (8GQ)2 + (800)2 — (q00)2 + (g3q)2 — (qdsg)2] - (45)

The above results are valid in the unphysical region, where the dot products are negative, therefore the
arguments of the logarithms and dilogarithms are away from the branch cuts. To obtain the amplitudes in any
physical channel, one has to continue analytically to the corresponding physical region and make the usual
substitution

Sij — Sij + in. (46)

This defines all functions in a unique way.

As a consistency check we investigated the limiting values of our results for configurations when two of
the external momenta, say a and b, become collinear. As expected, at most single pole terms 1/{(ab) or
1/[ab] have been found? . Due to color ordering some color amplitudes must remain finite for certain collinear
configurations. Our amplitudes fulfill also these requirements.
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3 The structure of the collinear imits of the ggggg and gqggg one-loop amplitudes were studied in a recent paper by Bem et al. [10].



