Western Kentucky University

TopSCHOLAR®

Masters Theses & Specialist Projects Graduate School

Spring 2020

h-Discrete Fractional Model of Tumor Growth and Anticancer
Effects of Mono and Combination Therapies

Kamala Dadashova
Western Kentucky University, kamaladadashova1995@gmail.com

Follow this and additional works at: https://digitalcommons.wku.edu/theses

b Part of the Applied Mathematics Commons, Discrete Mathematics and Combinatorics Commons,
Disease Modeling Commons, Medical Pharmacology Commons, and the Other Mathematics Commons

Recommended Citation

Dadashova, Kamala, "h-Discrete Fractional Model of Tumor Growth and Anticancer Effects of Mono and
Combination Therapies" (2020). Masters Theses & Specialist Projects. Paper 3176.
https://digitalcommons.wku.edu/theses/3176

This Thesis is brought to you for free and open access by TopSCHOLAR®. It has been accepted for inclusion in
Masters Theses & Specialist Projects by an authorized administrator of TopSCHOLAR®. For more information,
please contact topscholar@wku.edu.


https://digitalcommons.wku.edu/
https://digitalcommons.wku.edu/theses
https://digitalcommons.wku.edu/Graduate
https://digitalcommons.wku.edu/theses?utm_source=digitalcommons.wku.edu%2Ftheses%2F3176&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/115?utm_source=digitalcommons.wku.edu%2Ftheses%2F3176&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/178?utm_source=digitalcommons.wku.edu%2Ftheses%2F3176&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/814?utm_source=digitalcommons.wku.edu%2Ftheses%2F3176&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/960?utm_source=digitalcommons.wku.edu%2Ftheses%2F3176&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/185?utm_source=digitalcommons.wku.edu%2Ftheses%2F3176&utm_medium=PDF&utm_campaign=PDFCoverPages

h-DISCRETE FRACTIONAL MODEL OF TUMOR GROWTH AND
ANTICANCER EFFECTS OF MONO AND COMBINATION THERAPIES

A Thesis
Presented to
The Faculty of the Department of Mathematics
Western Kentucky University
Bowling Green, Kentucky

In Partial Fulfillment
Of the Requirements for the Degree
Master of Science

By
Kamala Dadashova

May 2020



h-DISCRETE FRACTIONAL MODEL OF TUMOR GROWTH AND
ANTICANCER EFFECTS OF MONO AND COMBINATION THERAPIES

Date Recommended 4/10/20

1A Digitally signed by Ferhan Atici
Ferhan AtICI Date: 2020.04.10 22:08:51 -05'00'

Dr. Ferhan Atici, Director of Thesis
Mark RObInSOI‘] Digitally signed by Mark Robinson

Date: 2020.04.10 16:38:15 -05'00"
Dr. Mark Robinson
JOh n S Spraker Digitally signed by John S. Spraker

Date: 2020.04.09 09:53:26 -05'00"
Dr. John Spraker

Cheryl D DaV|S Digitally signed by Cheryl D Davis

Date: 2020.04.13 13:02:41 -05'00"

Dean, Graduate Studies and Research  Date




ACKNOWLEDGMENTS

”But how could you live and have no story to tell?”- Fyodor Dostoevsky. This quote
has always been my motivation when I faced difficult days in my life. It pushes me
to think that obstacles and unhappy moments in our lives should not stop us from
improving ourselves and to creating our own stories.

I would like to dedicate my first academic work to my dear mother who has
put a great deal of effort in raising and supporting us in over the years. I would like
to express my thanks for everything you have done for me, Mom.

I appreciate and thanks to my advisor Dr. Ferhan Atici for her guidance, ad-
vice and teaching during writing my thesis. I want to thank my secondary supervisors
Dr. Robinson and Dr. Spraker for their detailed instructions and kind advice.

I would like also to thank Western Kentucky University for supporting us

financially and being family for us while we are far away from home.

il



CONTENTS

. INTRODUCTION

. PRELIMINARIES

. THE PHARMACODYNAMICS MODEL WITH DELAY

3.1. Nabla h-Discrete Equations with Delay . . ... ... ... .......
3.2. Nabla h-Discrete Fractional Equations with Delay . . . . . ... .. ..
3.3. Solving Tumor Growth Model with Delay Using Nabla h—Discrete and

Nabla h-Fractional Operators . . . ... ... ... ... ... ......

3.4. Combination Therapy for Tumor Growth Model with Delay . . . . ..

. THE PHARMACODYNAMICS MODEL WITHOUT DELAY

4.1. Nabla h-Discrete Equations without Delay . . .. ... ... ... ...
4.2. Nabla h—Discrete Fractional Equations without Delay . . . . . . . . ..
4.3. Solving Tumor Growth Model without Delay Using Nabla h-Discrete

and Nabla h-Fractional Operators . . ... ... ... ... .. ... ..

4.4. Combination Therapy for Tumor Growth without Delay Model . . . .

. THE PHARMACOKINETIC MODEL

5.1. Two-Compartment PK Model without Delay . . . ... ... ... ...
5.2. Two-Compartment PK Model with Delay . . . ... ... ........

5.3. Application of the Pharmacokinetics Model . . . . ... ... ... ...

. CONCLUSION AND FUTURE WORK

v

10
12
14

21
25

28
28
31

45
47

49
51
63
74

76



h-DISCRETE FRACTIONAL MODEL OF TUMOR GROWTH AND
ANTICANCER EFFECTS OF MONO AND COMBINATION THERAPIES

Kamala Dadashova May 2020 80 Pages
Directed by: Dr. Ferhan Atici, Dr. Mark Robinson, and Dr. John Spraker
Department of Mathematics Western Kentucky University
In this thesis, we focus on h—discrete and h-discrete fractional representa-
tion of a pharmacokinetics-pharmacodynamics (PK-PD) model which describes tumor
growth considering time on hN,, where h > 0. First, we introduce some definitions,
lemmas and theorems on both hA-discrete and h—discrete fractional calculus in the
preliminary section. In Chapter 3, we work on the PD model with delay by exam-
ining nabla h—discrete equations and nabla h—discrete fractional equations as well as
variation of constants formulas, accordingly. We introduce our model and solve it
using theorems we proved in the last section of the indicated chapter. When we do
simulation for the solutions we found that jumps occur when drug was given the first
time. Therefore, we decide to work on PD model without delay in Chapter 4. We also
obtain theorems regarding nabla h—discrete equations and nabla h—discrete fractional
equations ignoring delay. We apply our results to the tumor growth model to find
solutions. We observe that jumps disappear on this model once we put new solutions
into code. Although, we do not attain our wanted goal for tumor growth model hav-
ing delay, we decide to write it as a chapter in this thesis because the theorems and
lemmas found in Chapter 3 might be useful for another research work in the future.
In Chapter 5, we give our PK model considering both delay and without delay case,
then solutions of the models are stated accordingly. In the last chapter, we summarize
what we have done so far and mention future works regarding continuation of this

work.



CHAPTER 1
INTRODUCTION

Discretization in applied mathematics is a procedure which transfers continu-
ous models, functions and equations into discrete form using operators, namely both
delta and nabla operators. Our first aim in starting this process is to make them
appropriate for numerical calculation and implementation on computers. Fractional
calculus studies some various potentials which define the complex number or real num-
ber powers of the differentiation operator and of the integration operator. It has many
applications for fields such as finance, medicine and engineering [29],[3],[7],[9],[10].

Fractionalization of mathematical models in the area of phamacodynamics and
phamacokinetics is not new but it has not really prevailed [30],[33]. Mathematical
complexity is one of the reasons that creates difficulties when numerical methods are
implemented by the users. In clinical setting with populations comprising of several
hundreds of patients, the run-time involved would be a second reason. In paper [3], the
authors worked on PK-PD model starting with discretizing and then fractionalizing.
An explicit solution was found for the indicated model without implementing any
numerical methods. Nevertheless, as the authors stated in their paper [3], some
limitations of the discretization approach appeared in the discrete model for A = 1.

The first property of the tumor growth model, which states that tumor growth
is inhibited while its treatment, fails in simulation process once obtained the solution
is implemented. Simulation demonstrates that as dose is increasing the tumor volume
is increasing in the beginning after decrease is observed in treatment. In discrete
model, the effect of the drug is seen after the day the drug is administrated to the
blood because of the nature of solutions. The graph of the discrete model does not
show any decrease in tumor volume right away after drug administration.

The second property of the model,that tumor volume will never be negative,



holds true for the discrete model h = i on hN} but not for & = 1. Tumor volume is
going to be negative while increasing doses significantly. The authors stated in the
paper [3] that this is not reasonable not only from the mathematical side but also
from the biological point of view.

As the authors maintained, the discrete model for A = 1 loses some important
properties that hold true for the continuous model. Our motivation to write this
thesis is based on removing these limitations in the model. While simulation was
done for daily drug concentration, we now consider ¢(t)-drug concentration values for

each hour rather than only one time in a day.



CHAPTER 2
PRELIMINARIES

In this chapter, we give fundamental theorems, lemmas and definitions on h—
discrete calculus and h—discrete fractional calculus. In order to acquire basic knowl-

edge regarding discrete fractional calculus, we refer [20] to the readers.

Definition 2.1. Let a € R. Nabla operator (V) which is also known as the backward

difference operator for a function f:N, — R is defined by

(V@)= F(t) - f(t-1),

where N, = {a, a+1, a+2,...}.

Definition 2.2. Let a € R and h > 0. Nabla h—operator (V) which is also known
as the backward h—difference operator for a function f : hN, — R with a domain
hN, ={a,a+ h,a+2h,....} is defined by

(t) = f(pu(t)) _ f() = f(t-h)

Vhf(t) = f t—ph(t) - h

where pp(t) =t —h is backward jump operator on time scale calculus [20)].

Definition 2.3. [3] Let o € R. t¥ is known as a rising factorial power (read as 't to

the a rising’) is defined by
z T(t+a)

tOé

INON

such that t e R~{...;-2,-1,0}, 09=0 and I" denotes the Gamma function [24].

Definition 2.4. Let a € R and h > 0. The nabla h-factorial of t is defined by

L +a)

1% = b
" I'(:)



where t e R\ {....,-2h,-h,0}, 07 =0, and I" denotes the Gamma function [24].

We present the a-th order fractional sum of f defined as in [5]

V;af(t) - Zt: (t B p(s))a—l

2" T (a) f(s), (2.0.1)

where a > 0, p(t) =t—-1, and t € N,. In addition, we recall the definition of a-th order
fractional difference of f which is also known as a Riemann-Liouville (RL) fractional

difference

V() = (VT (),
where a >0, n—1<a<n, nis a positive integer [5].

Definition 2.5 (Nabla h-fractional sum). Let o > 0 and a be any real number. For

a function f:hN, — R, the nabla h—fractional sum with order « is defined by

t/h _

(aVRf)(2) = L (¢ —ph(sh)):_lf(sh)h, t € hN,.
I'(a) s=a/h

where h >0 and py(t) =t - h.

Definition 2.6 (Nabla h—fractional difference.). The nabla h—fractional difference of

order o 1s defined by

(V5 F) (@) = (V3o F) (@), tehN,.

where a € R, a, h >0, n—1<a<n, and n is a positive integer.

Let us introduce the properties of the rising factorial power functions. While
the proof of the first property is given in [31], we make a generalization and give the

general power rule as a second property.



Lemma 2.7. Let a be any real number and h >0, a > 0, u > 0 be positive numbers.
Whenever the expressions on each side of the equality are valid, these succeeding

properties hold.

(i) Vith = ,utﬁl‘f1 where t € hN,,.

(i) oV (t—a+h)) = %(t— a+h)E where t € AN,.

Proof. (ii) By using the definition of the nabla h—fractional sum operator, we obtain

Vi (t—a+h)F = o) 2; (t=pn(sh)), (sh—a+h),h
s=alh
_ 1 % ha—lr(t—s;LL+h +a— 1) “F(sh—}iﬁh + ,U/)
F(O[) s=a/h F(#) F(%)

_ hotn %}E M(f-s+a)T(s-$+pu+1)
F(a)s:a/hr(%_s'f‘].) [(s-¢+1)

hotn CQMT(LS — g4 Q) D(s+p+1)
Ma) & I'(5%-s+1) T(s+1)

S

hot (t—a)/h(t—Ta)I‘(s + 1+ I)F(t_Ta -s+a)

) I'a) & \s N(52+1) ’

where we used the formula

(Z”f) T T(v +I£)(ZPL(21—)U +1)’

where v and v are natural numbers. Next, we apply the following identity given in

[2] into our problem

> (1)o7 = (a+ 6"

v=0

where u, v are natural numbers and «, 3 are positive real numbers.



Hence, we have

ot (t—a)/h(t—Ta)F(S + o+ 1)1“(%1 -s+aq)
s

L) _ e Lt 1) (u+1) tZ (?)(MH 5

T(52+ 1) (5= .

_ pasn L+ 1)

1+a)7.
NC) IR

Using the definition of nabla rising factorial and nabla h—factorial, we get the following

result which completes the proof.

D(u+1) T(p+1+a+52)

pasu L +1) t
K M(52+1) TI'(p+l+a)

1+a)57 =potn
r(a i)

_ T(p+1) i
_P(,u+oz+1)(t a+h);".

[]

Theorem 2.8 (Leibniz rule on AN,). Let a be any real number, h >0, and t € hN,.

Then for a function f:hN, — R the following identities are true.

t/h t/h B
(i) V) f(t:9) - zvhms)ﬁ( g,
t/h (t/h)-1 f(t,h )

(i) VY f(6s)= 3 Taf(ts)+ L
Proof. (i) We can rewrite the right hand side of the equation by means of the back-

ward difference operator,

t/h (t-h)/h "
h L) = B fE=hs)+fE=h )—f(t—h,ﬁ)
VhZf(tS .
t/h t/h
INICOEDIICI f(t—h,%)
= +
h h



o ft=hp)
= Z Vif(t,s)+ —

(i1) Using backward difference operator, we have

t/h) (t-h)/h-1
(t/h) Y f(ts)= > f(t—h,s)
Vi 3. f(ts) === =

(t/h)-1 (t/h)-1 ¢
Z f(t,S)— Z f(t_has)-"f(taﬁ_l)

h
(t/h)-1 t_
= Z Vhf(taS)Jff(’};L 2

]

Subsequently, we introduce the connection between the nabla h— the discrete
operator and the discrete operator. Additionally, we present the relationship between
nabla h—fractional difference operator and the discrete fractional difference opera-
tor. To the best of our knowledge, those connections are not found elsewhere in the

literature.

Lemma 2.9. Let a be any real number, h > 0, and t € hN,. Define the function

k: Na/h —> hNa
k(u) = uh
and y: hN, — R. Then
V(yok)(u
) - 2D

where u = % € No/n-



Proof. Using the definition of nabla operator,

y(®) —y(t—h)

Vay(t) = 3

we substitute ¢t = uh and obtain ,

y(uh) —y(uh - h)
h

_y(k(w)) —y(k(u-1))
h

V(o k) ()
),

Vay(uh) =

where u € Nyp,.

]

Lemma 2.10. Let a,h > 0, a be any real number,and the function k be defined as
k: Na/h — hNa
k(u) := uh.

And let y: hN, — R. Then

aViy(uh) = v, (y o k) (u)

where u = % € No/n-
Proof. We first find a relation between V;* and V-«

U

i) = s 3, (= pn (o)

B 1 Zu: F(uh—ziﬁh +a— 1)
- F(Oé) s=afh 1—‘(U}LthA—h)

hy(sh)



he & T(u-s+a)

" (@)%, Tla-s+ 1)/
he & =
= mszza;h(u—s+1) y(sh)

i (u—s+1)ﬁ

=h" ok)(s
Za;h o) (yok)(s)
=hV i, (y o k)(w)

where u € Nyp,.

With help of Definition 2.6 and Lemma 2.9, we obtain

V5y(uh) = (Va (07,0 ) y(uh)

V(W e k) (w)
h

VG g (uh))
h

V(v (yo k) (u))
- h

=h= ey e k)(w)

where u € Ny p,. ]

Theorem 2.11 (Integration by parts). [22] Let f,g: hN, — R are given, then the

following identity

t/h

. th
E Vf(s)9(s) = F()g(s)|mis ~ Z f(p(s))vy(s)

holds.



CHAPTER 3

THE PHARMACODYNAMICS MODEL WITH DELAY
The pharmacodynamics (PD) is a field that focuses on studying biological

and physiologic effects of drugs, the relation of the effects to drug exposure and the
system of drug movement. Indicated effects can comprise of those observed within
microorganisms, animals, or humans. Main significance in PD is the connecting of
the drug at the receptor (target) since receptors are the most consequential targets
for therapeutic drugs [12, 23].

The main goal of PD modeling is to predict the time curve of the drug effect
potency in natural conditions in health and disease [11]. In the process of discovering
and developing drugs, the PD modeling has been a principal success factor. As an
illustration, optimization of the dosing administration and the delivery profile of new
or presenting drugs can be given which demonstrates that PD modeling has a benefit
as the theoretical basis [13].

Looking back to history, it was discerned that the answer to pharmacological
questions can be found by clinicians and pharmacists employing mathematical mod-
els [14], [15]. Despite this fact, it is significant to emphasize that the development of
the mathematical PD modeling theory was liberated from the mathematical group.
The interpretation of pharmacological concepts in the PD models is the main pivot.
Thus, clinical representation of model parameters can be created and rational model
performance can be used for simulations. Over the past decades, mathematicians
began to make significant contributions to PD modeling with effectual input. Fur-
thermore, a small mathematical group that develops more progressive mathematical
and computational approaches has been established within the PD field [28].

Another important ambition of the PD model is to provide an answer to certain

clinical questions. For the sake of being more precise, it has been shown that the

10



attainment of mathematical modeling such as in the biopharma industry is contingent
on acquiring the correct question, correct model, and correct analysis [1]. Ordinary
differential equations play the main role in formulating PD models and they can be
improved in such a way that depends on data which means characterizing existing
data, or in a more mechanistic perspective, where elaborate underlying physiological
mechanisms are depicted [3].

In this chapter, we will consider the PD delayed model for tumor growth. A.
K. Laird [27] started mathematical modeling of tumor growth in the 1960s using the
application of the Gombertz [19] function to fit data from various animals. By ob-
serving the sigmoidal curve, it appeared that the curve fits perfectly to the common
tumor growth behaviour which generally passes through three phases, exponential
growth at the initial step followed by linear growth and ultimately saturation. De-
tailed information concerning the delayed model problem is given in Section 3.3 of
this chapter. In the beginning, the model is given as a system of differential equa-
tions and we use nabla h—discrete and nabla h—discrete fractional operators to write
the model on h—discrete calculus and h—discrete fractional calculus. Therefore, we
introduce the solution of nabla h—discrete equations and its variation of constants
formula in Section 3.1, and the solution of nabla h—discrete fractional equation and
its variation of constants formula in Section 3.2. We present the new tumor growth

model in Section 3.3 and solve it using theorems obtained in the previous sections.

11



3.1 Nabla h-Discrete Equations with Delay

Theorem 3.1. Let A\, c,tg € R. The solution of the following wnitial value problem
(IVP)

(Viy)(t) = y(t—=h) for tehNy,p,
y(to) = c

s given by

y(t) = c(1+hA) 7"
where h >0 and h\ # —1.

Proof. By using the definition of the nabla h-discrete operator, we can write

y(t) —y(t-h)

. =\y(t-h)

y(t) =yt —h)(1+hA).
Setting t =t + h, the equation yields
y(to +h) =y(to)(1+hA) = c(1+hA),
since y(to) = c. Setting t = tg + 2h, we have

y(to +2h) = c(1+hN)2

12



Proceeding forward gives us
y(to+nh) =c(l+h\)" for neN.
The above expression can be rewritten as in the following,
y(t) =c(1+ h)\)%

for all t € hN; ., and hA # —1. O

Next, we state and prove the variation of constants formula for the non-

homogeneous linear equation.

Theorem 3.2 (Variation of Constants Formula). Assume A € R~ {-+} and o € R.

Then, the first order nabla h—difference equation
(Vay)(®) =Xy(t—h)+ f(t=h) for t=tog+h,tg+2h,.., (3.1.1)
has the general solution

y(t) = c(1+h\) 7" + i (1+ R\ a5 F(sh)h

S=t0/h
where h >0 and c € R constant number.

Proof. Using direct substitution of the solution into (3.1.1), we obtain

i1
t—t h ‘
Viy(t) =Vae(1+hA) 7+, > (1+hA)a "L f(sh)h

S=t0/h

L_9
t—h—t h +
AL+ D) T+ Y (14 hA)E L F(sh)h

s:to/h

13



e hA) 7571 f(sh)h

h |t%t,3%%fl
t—t %_2 t
= A(1+RA) T e Y AL+ RN A2 f(sh)h + f(t - h)
S=t0/h
t—t %_2 +
=Ae(L+RAN) 7+ Y (L+ RN 2 f(sh)h] + f(t - h)
S:to/h

=Ay(t=h)+ f(t=h),

where we use Theorem 2.8 (i) and Theorem 3.1. O

3.2 Nabla h-Discrete Fractional Equations with Delay

Theorem 3.3. Let \,c,tg € R, h >0, and a € (0,1). A solution of the following initial

value problem

wVry(t) =Ay(t—h) t=ty+h,ty+2h,.., (3.2.1)

y(to) =c (3.2.2)

15 given by

(n—%oﬁ—l)oz—l

¢ U AR (t—nh+ b))

y(t) = e n_tZO/h T((n-2+1)a)

Proof. We directly substitute the given solution into the equation (3.2.1) and use the

definition of rising factorial power

¢ n-011)a-
ST e B
IR T T L T (- 2+ 1a)

14



o c t/zh - pn=R+Da- 1D (Lnheh nhth 4o — a+a—1)
oY hpat A r((n——+1>a)r<f"’”h)

=1I.

Using Definition 2.5 and Definition 2.6, we obtain

t/h . hnoz—%ooﬁa—lr t—nh+h +no — t_oa +a-1
I= Vhtovﬁ(l_a)% > AT (t ; = )
het I((n =3+ 1))l (=5)

hna——a+a IF(M to

C t/h (t ph(8h>)h +n04——04+04—1)
= Vh S P B
R ] D((n =3+ Do)l (F50)

Subsequently, we interchange the order of summation and get

. tf t/zh h-oT (=shth _ @) - g L(s-n+l+na-La+a-1)
Vi —sh+
neteyn iz D5 (1 - o) F((n-%+1)a)l(s-n+1)
t/h  t/h-n r t—nh—sh+h —a . I'(s+na-2a+a
==V ), D, t—(nh—sh+h ) R pe ( hto )
netgyh =0 (=)0 —a) s+ 1I'((n-F+1)a)

c t/h An—t—o h(n——)a t/h n

R N (e

n:to/h F(h -n+ 1)

where we used the formula

(Z) ) (v +1£)(§(Zl—)v +1)’

where u and v are natural numbers. By using the identity below

t/fn (% ;n)(l - a)ﬁ(na +a)® = (na+ 1)g

=0

V)

15



we obtain

th An= R (e - t°a+1)ﬁ "

Vi 2,

n=to/h F(E_n+1)
c t/h )\n—%o h(n—%o)a(% —n+ 1)(11—%0)01
= \Y%
ha-1 'h ntalh NG %Ooz +1)

th /\”_Th(”_*)aF( -n+1l+na-5%a)

Vi Q.

netalh D(na-%a+1)I(£-n+1)

xR (s )

Vi 2,

netalh F(noz—hoz+1)

Next, we apply Theorem 2.8 (i) on the final expression, and we get

c L (t—nh+h)T
\V4 h

1= A"
ho-t n:%:/h " [(na-"a+1)
n-‘0 (n=3")
cA (t-nh+h), |
T e T(na - Ra+1) h tt=hon—sg

Un (- )a X (E—nh+ b)Y

C
:hoz—l Z

S D(na - 2a)(na - 2a)

¢ Mh X R(t—nh+ b)Y

:hozfl Z

n=to/h+1 ['(na - %004)

where we used the definition of rising power factorial and assumption on the Gamma

1
function, —— = 0. Hence we have

I'(0)

(n+1- )afl

c W )\"_*”(t (n+1)h+h),
hemt am P((n+1-7%)a)

16



T
-2+1)a-1

e\ (R =3 (t- nh),(ln
heet S T((n="E+1)a)

= \y(t - h),

as desired. O

Subsequently, we give an alternative proof for the initial value problem given

above.

Proof. (Alternative proof.)
We prove above theorems by means of Lemma 2.9 and Lemma 2.10.

The given equation,

wViy(t) = Ay(t = h)
can be written as the following
toViy(t) =t Viy(uh) = h™*vy , (y o k)(u)
My(t=h) = Ay(h(u=1)) = \(y o k)(u—1)

Vi (Y o k) () = A (y o k) (u - 1),

where k(u) = uh and u € Ny . Next, we consider the following IVP and its solution

given in [34]

Viy(t) = y(t-1) for t=a+l,a+2,a+3,...,

Vo "y (0)iea = y(a) = c.
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Hence, we have

U Y n—%o u-n+1 (n—%o+1)a—1
(yok)(u)zc Z ( ) r ( to 1)
n=to/h ((n=-3+1a)

U (/\hoé)nf%o(u —n+ 1)(n7%0+1)a71
yluh)=c 2, T((n-2+1)a)
n:to/h h

t/h ()\ha)n—%o(% —n+ 1)(n—%0+1)o¢—1

h=c 2 T (=B e

Next, using the definition of rising factorial power, the following result is obtained

Uho N e D (Ehth (gt 4 1) - 1)

y(t)=c ),

n=to/h D(E)T((n - 3+ 1)a)

T
-2+1)a-1

¢ MUh A R(t-nh+h)"
het 4 L((n-*+1)a)

Let us define the following nabla function which will be used for the succeeding

theorem

) = L t/zh AR (= b+ )R
Yx\l, To = —
het S T((n-1+1)a)

Theorem 3.4 (Variation of Constants Formula). Assume X\ tqg € R and h > 0. The

fractional h—difference equation of order o€ (0,1)

wVy(t) =Ay(t=h)+ f(t-=h) for t=ty+h,tg+2h,...,

18



has the general solution

t/h-1

y(t) = g)\(t7t0)c + Z g)\(t +1o - sh - h7t0)f(3h)ha7
s=to/h

where ¢ s constant and

) - %}f AR (¢ —nh o+ h)TTE DO
Ux\l, o) = a—
het L Sarm T((n-%+1)a)

Proof. Our aim is to show the following

t/h-1 t/h-2
0V Y Ga(t+to—sh—h,to)f(sh)h* =X > Ga(t+to—sh—2h,to) f(sh)h® + f(t - h).
s=to/h s=to/h

Using Definition 2.5 and Definition 2.6, we can write the left side of the equation given

above as the following,

t/h-1
I=,Vi > ia(t+to—sh—h,to)f(sh)h"
s:to/h
) )t/h—l
VitV S Ga(t+to - sh— h,to) f(sh)h®
S:to/h

t/h t_ h —a u-1
v, Y (= p(ul))y” S ga(uh +to - sh—h, to) f(sh)h™*
u=t0/h F(I—Oé) S=t0/h

Next, we interchange the order of summation and get

t/h-1 t/h _ h —a
I=v, Y % %m(uhﬂfo—sh—h,to)f(sh)ho‘”.

s=to/hu=s+1

19



Using Theorem 2.8 (i7), we obtain

I= 3 Va ), %w(uhmo—sh—h,to)f(sh)ha“
s=to/h u=s+1

%EL (t - P(uh))? @),\(uh +1g — sh — h7 to)f(sh)haﬂ |
u=s+1 F(l - a) h t—>t,8—>%—1'

Since 9y (to,to) = 1, we rewrite

t/h—2 th (¢ — o(uh)) ™
I= % v, > %m(uhﬂfg—sh—h,to)f(sh)ha”+f(t—h).
s=to/h u=s+1

Next we use substitution 7h = uh + tg — sh — h, we obtain

t/h (t—p(uh))?
— h+tyo—sh-h.t h ha+1
2 TT(ioay Pkt sh=hito)f(sh)

t+t

T (b= (th+ sh+ h—tg - h));°
0 h o~ a+l
_ h,to)f (sh)h
2z, T(-a) Ia(Th,to) f(sh)
T (4 to—sh—h) =
o~ sh—h) ~ p(h))
- h,to)f (sh)h

10V TG0 (t+ to — sh—h, to) f(sh)h®.

Hence, we obtain

t/h-2

T=5 UitV " a(t +to— sh—h,to) f(sh)h®) + f(t = 1)
s=to/h

t/h-2

= Y toVaiA(t+to—sh—h,to) f(sh)h® + f(t = h)
s:to/h

t/h-2

=X D ga(t+to—sh—2h,to) f(sh)h® + f(t - h)
s:to/h

20



= \y(t—h) + f(t - h).

We use Theorem 3.3 to complete the proof. O

3.3 Solving Tumor Growth Model with Delay Using Nabla h—
Discrete and Nabla h—Fractional Operators

As a result of replacement of the unperturbed growth component of PK-PD
model in [25] with the Gombertz growth component, the following form [3] of the

PK-PD model in continuous time was obtained.

x1(t) = (a—bln(x1(t))x1(t) — koc(t)x1(t), 21(0) = wy
xh(t) = koc(t)x1(t) — k1zo(t), 22(0)=0
x5(t) = kiwo(t) — k1x3(t), x3(0) =0

w(t) = z1(t) + x2(t) + 23(1),
This model describes unperturbed and perturbed tumor growth and consists
of five parameters (wy, a,b, k1, k2) [3]:
e [k is the transit rate between compartments of the non-proliferating cells.
e a and b control the growth of the proliferating cells.
e wy is the initial tumor weight.
e k5 is the the potency factor of the drug.

We presume that cells instantaneously cease proliferating depending on drug concen-

tration once affected by drug action and get through certain phases with rate k; before
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kac(t) ky ky Eradicated
cells

Xy X2 X3

Proliferating cells
Non-proliferatingand damaged cells

Figure 3.3.1: Schematic representation of transit compartment model to evaluate
anticancer effect of single therapy.

they die. Considering that non-proliferating cells still give additional weight to total
tumor mass, total tumor w(t) is the sum of proliferating x; and non-proliferating
tumor cells (x9,x3). But, there are only remaining x; cells that are proliferating and
not affected by drug action which add to the tumor growth. Here, ¢(¢) is the drug
concentration in plasma and w(t) is total tumor weight.

In the process of constructing the tumor growth inhibition model, two funda-

mental properties are considered [3]:

1. The tumor growth will be prevented while the drug is administrated, i.e. ¢(t) >

0.

2. The tumor volume will always be positive, i.e. w(t) >0 for all ¢ > 0.

We first write the delayed model indicated above as nabla h—discrete equations

(Viu)(t) =a—-bu(t—h) - koc(t —h), x1(0) = wp

(Vaaa)(t) = kac(t — h)xy(t — h) — kyao(t — h), 25(0) =0
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(Vazs)(t) = krzo(t = h) — krxs(t = h), 23(0) =0

w(t) = z1(t) + x2(t) + 23(1),

where u(t) = Inzq ().
We solve the above system of difference equations by using Theorem 3.1 and

Theorem 3.2. We obtain the following solutions

i1

u(t) = u(0)(1 - bh)% + ZO (1= bh)F=(a = kae(sh))

z1(t) = e*®

t
g

2(t) = kah Z::O (1= kah) =" (e(sh)a(sh))

t
t

w3(t) = kih Y (1= kyh) i ay(sh)

Next, we write the delayed model on h—discrete fractional calculus

Vou(t) =a—bu(t —h) - kac(t - h), 21(0) = wy
V%I'Q(t) = kgC(t - h)fl(t - h) - kll‘g(t - h), $2(0) =0
Vhas(t) = kyza(t — h) — kyas(t - h), 23(0) =0

w(t) = z1(t) + x2(t) + 23(¢),

where u(t) = Inzq ().

Using Theorem 3.3 and Theorem 3.4 as tools, we obtain the following solutions
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for x1(t),x2(t), z3(t). We obtain:

(t/h)-1
u(t) = g-p(t,0)u(0) + > Gp(t - sh—h,0)(a - koc(sh))h®

5=0
z1(t) = e®

(t/h)-1
To(t) = Y Goiy (t = sh—h,0)(koc(sh)z1(sh))h*

s=0

(t/h)-1
x3(t) = Z G-ty (t = sh =, 0)(k1z2(sh) )h”

s=0
where

R (—b)hmeT (£ + na—n+a)

2B = 2 T DT (E—n e D)

R (—ky)rhreT (L +na—n+a)

P00 = 2 T G )T —n e D)
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3.4 Combination Therapy for Tumor Growth Model with De-
lay

Patients having cancer are widely treated by combination therapy. The princi-
pal purpose of combining anticancer agents in the clinic is to acquire a better reaction
with decreased destructive effects. Starting from early drug development, evaluating
the nature and severity of combination drug therapy in the laboratory has always
been a considerable challenge. A substantial number of reports can be found in the
literature concerning the definition and categorization of pharmacological drug coop-
eration [8], [21]. Furthermore, PK-PD modeling was suggested to quantify in vivo
drug interactions in order to remove these challenging features of combination ther-
apy. Working with this modelling approach gives an opportunity to select the most
advantageous combination therapies [25].

We replace unperturbed growth component given in the paper [25] with the
Gombertz growth component, and we get the model equations for combination ther-

apies in the form of differential equations which are shown below,

2h(t) = (a=bln(zy(t))21(t) = (KSer(t) + ke (t))a (1), 21(0) = wy
2y(t) = (kger(t) + khea () )1 (t) — kyaa(t),  x2(0) =0
xh(t) = kyxo(t) — kyxs(t), x3(0) =0

w(t) = z1(t) + xo(t) + z3(¢).
Parameters are listed as below,

e ky is the transit rate between the compartments of the non-proliferating cells.

e kS is the potency of the drug A.
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e [} is the potency of the drug B.
e ¢ (1) is the concentration of drug A.
e ¢5(t) is the concentration of drug B.

It would be worthwhile to mention that 1) was included the model so as to determine
the interaction during joint administration. The value of ¢ either greater or less than
1 shows the degree of rise or decrease in the anti-tumor effect. In this section, we first

write the model indicated above as nabla h-discrete equations

(Vo) (£) = a— bu(t~ ) - (K§ea(t - ) + Koot~ ). 4(0) = wp
(Viwo)(t) = (k§er(t = h) + kieo(t = R))wy(t = h) = kyza(t = h),  22(0) =0
(Vias)(t) = kizo(t = h) = kizs(t - h), 23(0) =0

w(t) = x1(t) + x2(t) + 23(¢)

where u(t) = Inxzq ().
We solve above system of difference equations by using Theorem 3.1 and The-

orem 3.2. The following solutions are obtained:

i1

u(t) = w(0)(1=bh) % +h Zo (1= bh)F=(a — (Kaer(sh) + kbes (sh)eh))

z1(t) = e*®

t
t1

2o(t) =h Y (1= kh)n =" (ke (sh) + Kbea(sh)w)a (sh))

s=0

-1

25(t) =h Y (1-kih)n 5 eyaa(sh)

s=0

>

Next, we write the delayed model for combination therapy on h—discrete fractional
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calculus

Vou(t) = a—bu(t —h) — (ke (t = h) + KSea(t = h)a), z1(0) = wp
Viaa(t) = (ke (t = h) + k5ea(t = h))ay (t = h) = kywy(t = h), 22(0) =0
ngﬁg(t) = l{?ll'z(t - h) - k‘ll'g(t - h), 1'3(0) =0

w(t) = z1(t) + x2(t) + 23(1),

where u(t) = Inxq ().
Using Theorem 3.3 and Theorem 3.4 as tools, we obtain the following solutions

for x1(t), x2(t), z3(t). We obtain:

(t/h)-1
u(t) =95 (t,0)u(0) + Y Gp(t - sh—h,0)(a~ (k§er(sh) + kjea(sh)v))h®

s=0
z1(t) = e"®

(t/h)-1
xo(t) = ;) i, (t = sh—h,0)(kSci(sh) + kbca(sh)ip))xy (sh))h®

(t/h)-1
x3(t) = Z Uk, (t = sh = h,0)(k1x2(sh))h”
s=0

where

. R (—b)hmeT (£ +na-n+a)
I4(L0) = 2 T T(E —n )

n=0

R (—ky)rhmeT (L +na—n+a)

P00 = 2 T G D) —n D)
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CHAPTER 4
THE PHARMACODYNAMICS MODEL WITHOUT DELAY

Even though we get solutions for delay case of our model, try different drug
doses, do parameter estimations and simulations, we still see jumps on the graph.
Therefore, in this chapter, we investigate our tumor growth model by getting rid of
delay from model equations. In order to obtain solutions for indicated problem, we
first introduce several theorems including variation of constants formulas for nabla
h—discrete and discrete fractional equations by neglecting delay. In the final section,
we solve our model which does not have delay with help of those theorems we prove
in Section 4.1 and Section 4.2. As a result, we are able to eliminate occurring jumps

from graph for tumor growth model without delay.

4.1 Nabla h—Discrete Equations without Delay

Theorem 4.1. Let h >0 and \, c,tg € R be constants. The solution of the following

initial value problem (IVP)

(Vay)(t) ==-Ay(t) for tehNy (4.1.1)
y(to) =c (4.1.2)
15 given by
y(t) = e(1+h\) 7
where h\ # —1.
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Proof. By using the definition of nabla h-discrete operator, we can write

y(t) - Z(t —h) _ ()
y(t) =y(t=h)(1+hA)".
Setting t =t + h, the equation yields
y(to+h) =y(to)(1+hA) ™t =c(1+hN)™!
since y(tg) = c. Setting t = to + 2h, we have
y(to+2h) = c(1+h\)2
Proceeding forward gives us
y(to+nh) =c(L+hA\)™ for neN.
The above expression can be rewritten as follows ,
y(t) = e(1+h\) 7"

for all t € ANy, and hA # —1. ]

Next, we give variation of constants formula for the equation 4.1.1 and its

proof.

1
Theorem 4.2 (Variation of Constants Formula). Assume h >0, A e R\ {_E} and to
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are any real numbers. Then, the first order nabla h—difference equation
(Vay)(t) = -My(t) + f(t) for t=tg,to+h,ty+2h,..., (4.1.3)
has the general solution

y(t)=c(1+m)-?+ i (1+h\) "G f(sh)h

s=to/h+1
where ¢ € R constant number.

Proof. Using direct substitution into (4.1.3), we obtain

: t
Vay(t) =Vac(1+hA) 7" + V), > (1+hA) G f(sh)h

s= to/h+1

t—t % t
== A(1+RA) "+ Y Va1 +hA) G f(sh)h

S=t0/h+1

NCE AA)~ G5t F(sh)h

h |t%t7h,s»%

:—c)\(1+h)\)’% + i M1+ hA) G F(sh)ho+ f(t)

s= to/h+1

“Me(1+h)\)" 7+ i (1+hA) "G f(sh)h] + f(¢)
s=to/h+1

==Xy(t) + f(D),

where we use Theorem 2.8 (i) and Theorem 4.1. O
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4.2 Nabla h-Discrete Fractional Equations without Delay

Theorem 4.3. Let h >0, A\,ce R. and o € (0,1). A solution of the following initial

value problem

wVry(t) ==Xy(t) t=to,to+h,to+2h,.., (4.2.1)
y(to) =c (4.2.2)
s given by -
t n-011)a-
o1+ M) & (A E (g + h)TH
y(t) - ha—l Z to
n=to/h L((n-32+1a)

where |Ah®| < 1.

Proof. We directly substitute the given solution into the equation (4.2.1) and use

definition of rising factorial power. Hence, we have

c(1+Mhe) & (AN (t-to+h), "
Viy(t) =, V5
B R (TR 1T

L C(1+ Ahe) i (—/\)"’%Ohm’%oa*a’lF(@ +na-La+a-1)
= h o —
' he=t L om D(E)0((n - %+ 1)a)
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Using Definition 2.5 and Definition 2.6, we obtain

N (- )\)”_Th"a‘*o‘l“(t Lorna-2a+a)
1=V, V; (1 + AR®)
X TG Do)

t/h t— )@ ) Y n——hna——ar sh-tg o
—Vpe(1+ AR®) Z (t - pn(sh));, Z (=) (2 +na - Pa+a)

s=to/h I'(l-a) n=to/h F(‘ShTtO+1)F((n—%O+1)a)

t/h  p-a F(t—3h+h _ a) 00 Y n—%o hnoa—%ooﬁl
—th(l + )\ha) Z r t—sh+h ff 1 Z ( F) to 1
s= to/h ( h ) ( _a) n=t0/h (S_ﬁ—i_ )

D(s-%2+na-2a+a)

D((n-%2+1)a)

t/h F(i —s+1- Oé) ) ( )\)n—rhna——oﬁ-l «a
—Une(1+ Ah®) 3
S_%h L(f-s+1)I'(1- ) n%:/h P(s-%+1)

D(s-%2+na-2a+a)
D((n-%2+1)a)

Subsequently, we interchange the order of summation and get

o W ()R R (s - By (n— By 1)q)
I=Vpe(1+Mh%) Y Y T— 2+ DI ((n=2+1)a)
’n=t0/h S=t0/h h h
P(f-s+1-a)
X
P(;-s+1)I'(1-a)

o \ n—%oh(n—%o‘l)‘”lr s+(n-4 D+ Do
=V5c(1+ \h®) Z Z ) (to ( )
nlein F(s+1)F((n—ﬁ+1)a)

P(f-s-%+1-a)

P(f-s-2+DI(1-a)

X
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Next, we apply the following formulas

(:j) ) (v +1£)(§(Zl—)v +1)’

where u and v are natural numbers.

() a0 = o+

=0

V)

and obtain
c(1+Ah) & R (t— T, to s
I = )™ hna 7O h ) 1-— s — 2o+ s
vhF(t—to 1)ha 1 n%:/h( ) ;} s ( Oé) h (na ha Oé)
c(1+ARY) & (=\)—#pna—Ra to T
S Sl 1 _ 0
ol A3 n_%:/h F(t hto N 1) ( +no A a) h

_C(l + /\ha) oo (_)\)n—%hna—%a(% + 1)no¢—%0a

»>

he-1 n=to/h I'(1+na-"2a)

Now we use Definition 2.3 and Definition 2.4,

1+ \he o ¢ ¢ Nl +1+na-tq
:C( —:_1 )vh Z (_)\)n—fohna—foa t_(toh h to)
h ntalh L5+ D)1 +na-Pa)

Ce(1+Ahe) NG SR (bt + B) T
- ha 1 Z

netolh F(1+n04—%004)
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Using Lemma 2.7 (i), the following is obtained

no— —al

i c(l + Ahe) Z (—)\)n—%o(noz - P2a)(t-to+h),
SR (na Bl (e a)
_c(I+Ah) 5 (=) R (= to + B)ITH
hert i [(na-2a)
since I'0) = 0. Hence we have
c(1+Ahe) & (_)\)n+1—%0(t g+ h)(n+1)a——a 1
=" "7 Z t
hest 4 I'((n+1)a-La)
RSO G Nty + 1)
hert o T((n-2+1)a)
=-Ay(t)
as desired. -

Proof. (Alternative proof) Using Lemma 2.10, we introduce a second proof of the

theorem mentioned above.

1o Viy(t) = =Ay(t)

toViy(uh) = =Ay(uh)

ve (g0 k) (u)
ha

=-MNyok)(u)

Vi n(yok)(u) ==An*(y o k)(u)
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where k(u) = uh =t and u € Ny ;. We use solution of the following IVP given in [4]

voy(t) = -Ay(t) for t=1,2,3,..,

y(0) =c

Hence we have,

— (1 + \he (- /\ho‘)”*i(u_to +1)m
(yok)(u) = c(1+Ah )n%h =

a (- Aho‘)”_f(u——+1)m
y(uh) = c(1+ Ah )n%/h NOEETD

(14 N (Ah@)”-*(tto+1)m
y(t) =c(1 Ah)ntZo/h TR

Now we use Definition 2.3 and rewrite the equation

N (= Ahe )= D ( Hoth bl ] 4 po— g b 1)
y(t) =c(1+ Ah®) Z - -
S T DN e )a)

) - nft—ohnaft—oa t—ta+h (n_%o+1)a_1
co(aney 5y LR Tt ),
n=to/h hremmeter T ((n - & + 1))

-0 (n-041)a-1
_c(1+Ah%) (-\)" T (t—to+h), "
ho— T pa-1 Z

n=to/h F((n—%+1)a)

as desired.

Let us define

(TL—%O+1)Q—1

$ (=N (t—to + h),
ot n=to/h F((n - %) + 1)0{)

yj\(ta Z50) =
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Theorem 4.4 (Variation of Constants Formula). Assume h >0 and A, c,ty € R. The

fractional difference equation of order « € (0,1)

o Viy(t) = -dy(t) + f(t)) t=to,to+h,to+2h,..., (4.2.3)

has the general solution

t/h
y(t) =ya(tto)(L+ A+ 37 yi(t+to = sh,to) f(sh)h®

S:to/thl

where ¢ s constant and

_to (n-2+1)a-1
. 1 & (A" m(t-to+h), *
y)\(t7t0) = ha-1 Z to
n2tofh I((n -3+ 1Da)
Proof. We need to show
t/h
>, YA(t+to—sh,to) f(sh)h®
S=t0/h+1

is a solution of equation (4.2.3). Using the definition of y}(¢,%) and Definition 2.5,

we write
t/h
yp(t) = D yi(t+to—sh,to) f(sh)h®
S=t0/h+1
t/h 1 00 (_)\)n—%o(t_Sh_i_h)}(tnf#ﬂ)afl X
=) o E f(shyh
s=to/h+1 nto/h ((n-%+1)a)
oo , t/h ‘e h (n,%+1)a,1
B SNV S Gl )30’1 F(sh)h
?’L=t0/h s:to/h+1 F((n “h + 1)0{)
> t —(n-% 11
= S (AT T ()
n—to/h
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Next, we plug in y, () into equation (4.2.3) and use Definition 2.6

[ee)

tov%yp(t):tov% Z (_)‘)n_fo to+hvh
n=to/h

+1)a

f(t)

—(1- > 7t Da
VoV S AR v TR
n=t0/h

= noto _—(l-a a
S ID M GOV LR At E
n:to/h

f()

Using Definition 2.6, we obtain

oo . e t/h t— o(sh (n—%o+1)o¢—1
rev 3 (e Y L2

n:to/h s:to/h+1 F((n - %’ + 1)0&)

F(sh)h

(n—%o+1)a—1

e e L ()T T (e p(sh))S
_th—%:/h( g r_%:/h I(1-a) S_toz/;m P((n-2+1)a)

f(sh)h?

Next, we interchange the order of summation and get

(nf%OJrl)afl

fov § et § S o pEhT (rh = p(sh)),

f(sh)h?
n=to/h s=to/h+1T=$ I'(1-a) I'((n- %0 +1)a)

o0 o U Ca (n-941)a-1 sh)h
=V Z (=A)"w Z sth(l )(t_Ph(Sh))Ez s [

n=to/h s=to/h+1 F((n - % + 1)06)
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Next, we use Lemma 2.7 (i7) and obtain

B R (L Y\ TS}
n=to/h s=to/h+1 F((n - # + 1)06 1+1+1- a)

(n——+1)o¢ 1+1-a
Dn

(= pn(sh
((n—t°+1) )

f(sh)h

) t0 t/h t— sh (n_%))a
:Vh Z (_/\)n_T Z ( ph( ))h

f(sh)h
n=to/h s=to/h+1 F((n - %O)a + 1)

=Vh Z (_/\)n_f t0+hvh )a+1)f(t)

n:to/h

- nto ~((n-0)a+1)
= 3 (AT VhgenVy ().
n=to/h

Using Definition 2.6, the following result is obtained

[ee)

t —((n-0Ya
=% ()"0, Y (1)

n=t0/h

o0

= Z (_)\)n_%otmhvl_z(

n:to/h+1

(n-

B g1y + £ (1)

= S (AR, TN ) ()

n=to/h

O SN (IR e A T PR 10

n=t0/h

== Ayp(t) + f(1).

We use Theorem 4.3 to complete the proof.
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Now, we focus on the following problem,

wVey(t) = =My(t) t=to,to+h,to+2h,..., (4.2.4)
y(to) =1 (4.2.5)
We define the solution of (4.2.4)-(4.2.5) as indicated below,

_to (n—t—0+l)a—l
R o (T+ARY) & (A" (t-to+h), "
ea(_)‘a (t_to)h) = ( ) Z .

hest e L((n-%+1)a)

Theorem 4.5. Let 0 < a <1 . The following are valid:
(i) éa(=X\,0)=1, tehN,.
(i) 1, Ve (=N, (t—10)%) = =Aéa (=X, (t—10)T), tehN,.

(iii) éa(=, (t=16)7) 20, tehN,.

L - (t-to+h) T
(iv) ea(07(t_t0)h)=Wa t € hN,.

(v) éa(=A, (t—10)%) converges absolutely if |[A\h®| < 1.

Proof. (i) We use the Definition 2.4 to prove (i),

o oo B n_to (n—%o+1)a—1
. (1 +Ahe) (=)™ (h),
ea(_)‘7 0) = ha-1 Z T _t4q
wigm - L((n=3+1Da)

1+ \he e - n_%ol—‘ l+na-La+a-1 hna—%oo&a—l
o) & 2
hest S T(OT((n-%+1)a)

= (1+ M) 3 (=A)wamwe

n=t0/h
ad 1
(1A S (CMRO) = (T4 AR®) =1
n_%:/h (1+ Mhe)
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(74) We first use the definition of é, (-, (t —to)%),

toViea(=A, (t=1t0)jy

(LA ((E-to+h)TE
)= ho-1 “’V’l( F(a)h )

(1+Ahe) ( i (AR (t -ty + h)}(l"é’ﬂwl)

T 7a-1 WVh
host 7 n=to/h+1 L((n-%2+1)a)

_(L+ o) (v ey (E—to + h);;-l)

ha_l h to h F(Oé)
- - =
RV I N Vo Ul R0
a-— h
. P L((n-3%+1)a)
=1

where we used Definition 2.6.

Next, we use Lemma 2.7 (i7) and obtain the following,

I =

(L M) o (Tla=T+1)(E—to + )T
ho-1 h MNa-1+1+1-a)l(«)

Y Ml (Ul V[ Gl 0
ho-1 h ['(na - %004 +1)I'((n- %0 +1)a) '

n=to/h+1

Subsequently, Lemma 2.7 (i) is used as a tool. We simplify and get,

T R e S
het n=to/h+1 (n—-2)al'((n- %))

(1+Ahe) & (“AN) R (¢ — g+ h)"
het n=to/h F((?’L - %0 + 1)@)
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ENCERDIE S ()R (t =ty + )
- ha 1

n=to/h F((n—%+1)a)

== Aa(=A, (t=10)})

(ii7) In order to prove third property, we plug in the solution into the equation 4.2.4.

Using Definition 2.6, the following is obtained

tovz[éa(_A>(t_t0)h) (Vhltovh(1 a)Aa( A, (t tO)h)

Uh (t—sh+h),*

=V}, Z

2 Fia) éa(=X, (sh—t)T)h

1 t/h

== Vi(t—sh+h),%a(=\, (sh—1t5)¥)h
I'(1-«) Stzoz/h 4 h 0/h

(t—sh+h)h ea(=A, (sh—ty)¥)h g
1—\(1 O{)h |t—>t—h,s—>% -

where we use Theorem 2.8 (7).

We simplify and use Theorem 2.7,
1 t/h B B
[=——— Vi(t—sh+h),“éa(=\, (sh=19)7)h+0
F(]' - OC) s:tz():/h " "

— t/h — 1A
- a)s%:/h(t—smh) (=N, (sh—to)T)h

Next, we make the above result equal to the right hand side of 4.2.4 and obtain,

t/h

F(l a)stzo:/h(t sh+h); " ea(=A, (sh = t0)T)h = =Xéa(=A, (t — t0)F)

N t/h-1 -
Ti- )( S (t=sh+h);" ea(=A, (sh - to)T)h + (h)7éa (-, (t—to)gh)

s= to/h
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= —Aéa(=A, (= o)y)

We use the definition of the nabla h—factorial as a succeeding step,

t/h-1 Ly A (sht ) ol (~a)h-1 N
F(l &)Stzo:/h —sn + )h oz( (8 O)h) +— F(l )F(l) ea(— 7( - O)h )

= —Aéa(=A, (= to)})

Since I'(1 — ) = —al'(-«), we get the following

t/h-1
h+h); % eq (=N, (sh—t h+éo(=M\(t-1 h™
R ay, 2, (1o T Tea(oN (oh =)o EalA (= o))

=-Xea (A, (t—t0)%)

t/h-1

()\+h‘a())éf(1—oz) stzoz/h(t sh+h);* éa(=A, (sh - to)};)

Ca(=A, (t=t0)p) =

Since 0 < a < 1 and |Ah®| < 1, it is obvious that (A+ A=) >0 and I'(1 - «) > 0. Using
Definition 2.4, we can show that

h=e (£ - s — )

L(;-s+1)

(t—sh+h);*" = >0
for to < sh <t —h. Thus, using the fact that é,(-\,0) = 1, we obtained

ea(=X, (t—19)*) 20 tehNy,.
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(iv) We first rewrite the solution of 4.2.4-4.2.5 as the following,

(n—%o+1)a—1

A o (1AR) & (FA)R (=t + b))
W=, (£ = 10)7) =
Ca(=A, (E=t0)}) ho-t n_%:/h L((n-%2+1)a)
a1 o nto (n-L2+1)a-1
(LX) [ (t—to+h); 5 (=A)""w (t-to+h),
= M@)o (n-%+Da)

set A=0

a0, (1=t =

We write generalization of the theorem given in the paper [16]. If we take h = 1, we
obtain the result shown in the paper indicated above.
(v) We prove that ,V¥é, (=X, (t —t)?) is convergent using the ratio test. We will

use the following property of the Gamma function [6]

lim ['(n+a) _
n—co ['(n)n®

where o € R. Then

P(Ee + (n+2-%)a)

Al—{g’ D(EL+ (n+1-)a)(ER + (n+1-)a)e - (4.2.6)
and
_ T((n-2+Da)(n-2+1)a)>
S () Day b (4.2.7)
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_to (n-2041)a-1
1+ \he N (E -t +h),
Define a,, = ( +a N ) Z A Oto ) . Then we have
h n=tofh I((n-%+1)a)
o lamal . [ME-to+ h)(”“ DD (14 1)q)
lim = lim —n - °
n—oco | @, n—o00 +1)a—1)

F((n+1-2+1D)a)(t—to+ h)

o [ R T (5 4 na k20— )T ((n =+ D)L (5 + 1)

noee | presgteseip(th 4 1)P((n - B + 2)a)r(% fna+a-Ba)

. D(52 +na+2a - 2a)l((n- 4 +1)a)
= lim |AR® - ;
n—oo D((n-2+2)a)l(52 +na+a-La)

e+ (n+2-2)a)
P+ (n+1-Ma)(52+ (n+1-2)a)*

P((n-%+1)a)((n-%+ 1)04)“ (B +(n+1-)a)e

AhY

= lim

n—oo

P((n+1-%+1)a) (n-%2+1)a)e
n—eo ((n-2+1)a)>
PMX = MR < 1,

where we used (4.2.6)-(4.2.7) and Definition 2.4.
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4.3 Solving Tumor Growth Model without Delay Using Nabla
h—Discrete and Nabla h—Fractional Operators

In this section, we give solutions to the model given in Section 3.3 but without

the delay condition. We first write the model on h—discrete calculus as the following

(Viu)(t) = a=bu(t) - kaoc(t), 1(0) = wo
(Vaw2)(t) = kac(t)z1(t) = ka2 (), 22(0) =0
(Vaws)(t) = kawa(t) - kzs(2), 23(0) =0

w(t) = z1(t) + x2(t) + 23(1),

where u(t) =Inxq ().
Using Theorem 4.1 and Theorem 4.2, we obtain the following solutions
1 i 1

w0 =0 Y,

=t W(a — kac(sh))

z1(t) = e"®

at) = 3, T e ()
I’g(t) = k’lh ZE: 1

- h).
s=1 (1+hl€1)%7s+1x2(8 )

Next, we write the representation of our model on h—discrete fractional calculus

below
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Viu(t) = a—bu(t) — koc(t), x1(0) = wy
Viaa(t) = kac(t)z1(t) = k1za(2), 25(0) =0
V%l’g(t) = k’ll‘g(t) - kll‘g(t), $3(0) = 0

w(t) = z1(t) + xo(t) + 23(1),

where u(t) = Inxq ().
Then, we solve the model utilizing Theorem 4.3 and Theorem 4.4 and get the

following outcome

(t/h)
u(t) =y; (t,0)(1 +bh*)u(0) + Z; Yy (t = sh,0)(a - kac(sh))h®

z1(t) = e*®

(t/h)
xo(t) = ; Yr, (t = 5h,0)(kac(sh)zi(sh))h”

(t/h)
x3(t) = Z ygl(t - sh,0)(kizo(sh))h®
s=1

where

(- b)"h"O‘F(h+na+a)
vy (+,0) = Z T((n+ Da)T(E+1) "

(=k)"hmeT (L + na + a)
Ui (1,0) = ,;) r((n+1)a;r(h+1)
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4.4 Combination Therapy for Tumor Growth without Delay

Model

In this section, we focus on the tumor growth model for without delay form
for combination therapy as we did in Section 3.4. First, we write the model on h—
discrete calculus. Then we introduce solutions using theorems we present in Section
4.1. Moreover, we continue to write our model on h—fractional calculus and give its

solutions.

(Viu)(t) = a = bu(t) = (k§ei (1) + khea(1)9), 21(0) = wy
(Vax2)(t) = (k§cr(t) + Kea () )1 (8) — kiaa(t),  2(0) =0
(Vrxs)(t) = kizo(t) — krzs(t), 23(0) =0

w(t) = z1(t) + xo(t) + 23(t)

where u(t) = Inxq ().

Using Theorem 4.1 and Theorem 4.2, we obtain the following solutions

() = u(0)—— <1 3 !

T = W(@ ~ (kger(sh) + kbea(sh)y))

z1(t) = e"®

ea()=h Y L

i keals bea(s z1(s
X Ty e (sh) + kealsh))aa (sh))

i 1
Ig(t) = k?lh Z

_— h).
~ (1+hk1)%—s+1m2(s )

Next, we write the representation of our model on hA—discrete fractional calculus below
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Vou(t) = a—bu(t) — (kSc(t) + kSca (1)), x1(0) = wy
Viaa(t) = (k§ci(t) + ke (8)) a1 (8) = kiza(t), 22(0) =0
V%ig(t) = k’lfL'Q(t) — k‘ll'g(t), $3(0) = 0

w(t) = z1(t) + xo(t) + 23(1),

where u(t) = Inxzq ().
As a following step, we solve the model with help of Theorem 4.3 and Theorem

4.4 and get the following result

(t/h)
u(t) =y, (1,0)(1 +bh*)u(0) + ; Yy (t = sh,0)(a — (k5cr(sh) + kyea(sh)i) ) he

z1(t) = e*®

1/
s (t) = 21 Ui, (= sh,0)(k3c1(sh) + k3ea(sh)ip)1 (sh))h®

(t/h)
r3(t) = Z y};l(t - sh,0)(kiz2(sh))h®
s=1

where

(- b)"h"O‘F(h+na+a)
vy (£,0) = Z T((n+ Da)l(E+1)

(=k1)"hmeT(f +no + )
Ui (1,0) = ,;) T((n+ Da)T(E+ 1)
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CHAPTER 5

THE PHARMACOKINETIC MODEL
Pharmacokinetics (PK) is one of the fields of pharmacology which studies

the behaviour of the drugs that are administrated to the body over time. To put
another way, PK determines the fate of substances given to a living organism. These
substances include pesticides, cosmetics, pharmaceutical drugs, food additives, and
so on. Clinical pharmacokinetics [17] is the application of pharmacokinetic rules to
the secure and productive therapeutic control of drugs in an single patient. It forms a
reasonable basis for administrating proper amounts of the drug for a sensible amount
of time to attain desired beneficial effects while minimizing detrimental events. PK’s
aim is to analyze chemical metabolism and to uncover the future of a chemical from
the time it is administered till the moment it is completely removed from the body.

The PK model consists of the following the processes: liberation, absorption,
distribution, metabolism, and elimination of a drug [18]. Liberation is the procedure
that pharmaceutical formulation release drug. Absorption is the procedure in which
the substance enters to blood circulation. Distribution is the process whereby sub-
stances circulate or diffuse throughout fluids and tissues of the body. Metabolism or
biotransformation is the process whereby an organism recognizes a foreign substance
is present. Elimination or excretion is the removal of substances from the body.

Patient-related factors and a drug’s chemical properties define the pharma-
cokinetics of the drug. With the aim of predicting pharmacokinetics parameters in
populations some patient-related factors such as renal function, sex and age can be
used. For instance, some drugs, especially those demanding both metabolism and
excretion are noticeably long in the elderly.

In 1937, Swedish physiologist T. Teorell [32] published first pharmacokinetic

model which describes the circulatory system. In addition, F. H. Dost who was a
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German pediatrist is considered to be the founder of the term pharmacokinetic, we
refer the reader to [35] for further information. “Der Blutspiegel” [14] in 1953 and
“Grundlagen der Pharmakokinetik” [15] in 1968 were two of his famous books in
which he gave elaborate information and detailed analysis concerning drug behavior
in time based on a linear differential equation [23].

The drug concentration in blood within given time is measured in pharma-
cokinetic experiments. For the sake of improving the PK model, the body is usually
divided into several parts. In this chapter, we focus on a two-compartment model
approach which is broadly used. The model is based on linear differential equations
and from a modeling perspective forms a verifiable method to determine the drug
concentration. The time curve of many drugs can be represented by such models.

In this chapter, we first introduce our tumor pharmacokinetic model with two
compartments. Subsequently, we consider model for delay and without delay cases.
We give solutions for two forms of the models in the final section of this chapter,

accordingly.

50



5.1 Two-Compartment PK Model without Delay

In this section, we consider two-compartment pharmacokinetic model. We
study oral absorption and endovenous control of the drug. Blood samples have to
be taken from patients in order to measure drug concentration. However, existence
of data is restricted due to moral limits. It is observed that two compartments are
adequate to suitably illustrate the time curve in blood for most drugs. To acquire
more knowledge regarding it, we refer the reader to [18].

A two-compartment model should be comprise of two physiological sensible
parts [26]:

e The main compartment is recognized with the blood and organs greatly provided

with blood like liver or kidney.
e The peripheral compartment represents as an illustration tissue or typically, the
section of the body which is severely supplied with blood.

The compartments are linked with each other and thus sharing between main and
peripheral compartments occurs. Essential assumptions in pharmacokinetics are as

follows:

e The drug is completely removed (metabolism and excretion) from the body via

the main compartment.

Now we give our two-compartment tumor growth PK model.

A'(t) = -k, A(t), A(tp) = f * dose
C'(t) :kag—(kel+k12)0(t) + ko P(1), C(tp) =0
P'(t) = k12C(t) = ka P(1), P(tp)=0
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where 0 < f <1 is a parameter describing the amount of drug which reaches the blood.

Without loss of generality, we take f =1. The model has the parameters

H= (ka,kel;klz,kzl)

and dose as a variable.
e V/ is volume of distribution in the model.
e k, >0 is absorption rate constant.
e k. >0 is elimination rate from the body.

e ki, ko > 0 stand for the distribution between main and peripheral compart-

ment.
e ('(t) is the drug concentration in the blood.
e A(t) is the absorption amount.

It is worthwhile to mention that while for the two-compartment model k1o, ko1 > 0,
for the one compartment model k15 = koy = 0.
As it is seen above, the model is given in the form of differential equations and

our aim is to find the solution by rewriting the model as a nabla h—discrete equation.

ViA(t) = -k, A(t), A(tp) = dose
VhC(t) = ka$ - (kel + klg)C(t) + k’glp(t), C(tD) =0
ViP(t) = ki2C(t) - kn P(1), P(tp)=0
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In order to find the solution for nabla h—discrete equations indicated above,
we use theorems that we prove in Section 4.1 and Section 4.2. Using Theorem 4.1,

we obtain the solution of the first equation as follows,
A(t) = dose - (1 + hk‘a)‘%.

Regarding the second and third equations, we first write them as a system,

el [thus ek ||om]| [FA0
Vi = + V
P(t) ]{312 —]{?21 P(t) 0

By means of variation of constants formula, more precisely, Theorem 4.2, we obtain

C(t) (t/h) t ko A(sh)
=h > (I-hM) G 4 (5.1.1)
P(t) s=tp/h+1 0

where M is an 2 x 2 matrix and [ is an 2 x 2 identity matrix.

—(kez + /ﬁz) ko

k12 _k21

The characteristic equation for matrix M is

)\2 + (kel + k’lg + li‘gl))\ + k‘elk‘gl =0.

Our eigenvalues are

_ —(key + k1o + k1) + \/(kel + kg + ko1)? = 4k ko

A1 5
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_ —(key + k1o + ka1) - \/(kel + kg + ko1)? — 4k ko

A2 5

Next step is to use the Putzer algorithm in order to achieve solution; therefore,

we introduce the Putzer algorithm for delayed form equation.

Theorem 5.1. The unique solution of the initial value problem

Vhy(t) sz(t) t=t0+h,t0+2h,..., (512)

y(to) = ¢ (5.1.3)
s given by
y(t) = (I -hA) e
where A is an n xn constant matriz, and ¢ and y(t) are n x 1 vectors.

Now, we define the following nabla function
vt to) = (I - hA)™ 5" (5.1.4)

Theorem 5.2 (Variation of Constants Formula). Assume ty € R and h > 0. The

fractional h—difference equation
Viy(t) = Ay(t) + f(t) for t=to+h,to+2h,...,

has the general solution

t/h
y(t) =yu(t, to)c+ Z yu(t+to—sh+h,ty)f(sh)h

s:to/h+1

where A is an n xn constant matriz, ¢ is n x 1 vector.
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Next, we introduce the Putzer Algorithm on h—discrete calculus. The indicated
algorithm is a method used for calculating matrix exponential functions analytically
using eigenvalues and components in the solution of a simple linear system. Hence,

we first introduce the matrix exponential function.
Definition 5.3. (Matriz Exponential Function without Delay) Let A be an n xn
constant matriz. The unique matriz valued solution of the initial value problem(IVP)

VwY(t) =AY (t) for tehN, (5.1.5)

Y(a) = I, (5.1.6)
where I, denotes the n x n identity matriz, is called the matrix exponential function.

Now, we introduce the theorem regarding the Putzer algorithm and its proof

for h—discrete calculus.

Theorem 5.4. Let A\, As, ..., A, be (not necessarily distinct) eigenvalues of the nxn

matrix A, with each eigenvalue repeated as many times as its multiplicity, then

n—1
y;l(tv a’) = Z pi+1(t)Mi7
1=0

where

My =1,
MiZ (A_)\ijn)Mifly (1SZSH—1)

M, =0
and the vector valued function p defined by
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n(®)]
pz(t)
p(t) = [ ps(t)

_pn(t)_

18 the solution of the initial value problem

A 000 0
1 X O 0
Vep(t) =10 1 X3 - 0 |p(t) for t € hN, (5.1.7)
0 0 1 A,
1
0
p(a)=10]- (5.1.8)
_0_
n-1
Proof. Define ®(t) = > pis1(¢t)M;. Firstly, we show that ® solves the IVP (5.1.5)-
i=0

(5.1.6). It is good to demonstrate that

P (a) =p1(a) Mo+ pa(a) My + -+ pp(a) My

-1,
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T
since the given initial values p(a) = [1 00 - ()] )

n-1 n-1
Vi®(t) - AD(t) = Vi ). pisa () M; = A piaa () M;
i=0 i=0

n-1

= Vip1 (£) Mo + Vipa (§) My + Vi () Moy = A pisa (8) M,
=0

since Vy, is a linear operator. Subsequently, we use (5.1.7) and obtain

Vi®(t) = AD(t) = Mp1(t) Mo + [p1 (1) + Aop2 (1) ]M1 + [p2(t) + Asps(t) | Mo

n-1
toeet [pn—l(t) + )‘npn(t)]Mn—l -A Z Pi+1 (t)Mz
1=0
= [)\1M0 + M1 — AMo]pl(t) + [)\QMl + M2 - AMl]pQ(t)

+ oot MMt — AM,_]pn(t)

= [)\nIn - A]Mnflpn(t)a

since M; = (A= X\ I,,)M;_; for (1 <i<n). Using the Cayley-Hamilton Theorem, we
get zero for the last quantity.

In other words,

()‘n]n - A)Mn—lpn(t) = _(A - An[n)(A - )‘n—lfn)"'(A - )\ljn)pn(t)

= Onxn-

Since y7; (¢, a) satisfies the IVP (5.1.5)-(5.1.6), we have

(I)(t) = 1/2(757 a)
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by the unique solution of the given initial value problem.

Now, we apply the Putzer algorithm indicated above for our problem,

10
MO = .
01
u —(ket + k12) ko A O —(ket + k12 + A1) ko
1= - = .
F1o —koy 0 X\ k1o —(/f21 + >\1)
Now, the vector function given by,
yl(t)
y(t) =
ya(t)
must be a solution of the IVP,
A O 1
Vhy = Y, y(O) = .
1 X 0

So, y1(t) is a solution of the IVP

Vayi(t) = My (t)

y1(0) =1

and we obtain

y1(t) = (1= hXy)n.
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Next, yo(t) is a solution of the IVP

Vay2(t) = Aay2(t) +y1(t)

y2(0) =0

It follows that
t/h

ya(t) = Y (1= hAg) GV (1~ kA )
s=1

Hence,
t O t
(I-hM)w = (1-hX)® (5.1.9)
01
(ko + k1o + A k t/h .
+ ( l 12 1) 21 Z(l_h)\Q)f(ﬁferl)(l_h)\l)*sh
k1o — (ko1 + Ap) |51

(5.1.10)

Subsequently, we take the last the sum from the expression indicated above and call
it Q,

t/h .
Q= (1=hA) =D (1= hA;)*h
s=1

t/h ( | h
=1 - AAy) G g1 - pay)
s=1( 2) hA ( 1)

t/h

1 .
= — Y V(1= hA) (1= hAg)"GmsD
)‘1 s=1

where we use Definition 2.1 as a tool.

Next, we apply integration by parts formula given in Theorem 2.11 to the last
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equality and we obtain,

1 t st 1 th t
Q :)\—((1 —hA)?(1 - h/\g)_(ﬁ_5+1))|5_>6l W Z(l - h)\l)_s+1V(1 —hXy)~\n”
1 1 s=1

We simplify and get the following result

Q_i (1=hA) 7= (1=hXo)m)  (1=hi)A 0
Y 1 - R\

(1-hX)N 2

Q:i((l—hkl)‘h—(l—hAQ)‘h) (1—h)\1))\2Q

A (1-hXs) (1- ki)

C(I=h\) TR = (1=hXo) R

@ A=Ay

We plug in result into equation 5.1.9 and obtain

(I-hM)¥ = (1=h)s !

0 (1-hX\)

. (1=hA) % = (1= hXg) 77 |~ (ke + ka2 + A1) ka1

A= Ao k12 —(k21 + )\1)

Finally, we rewrite equation 5.1.1 and the following result is achieved

. t/h t sh-t
c) =I<:a dose Z (1= hA)~G=**D (1 + hk,)~¢ "ipy
V s:tD/h+1
. t/h . sh—t
B (kel + ](f;\gl'ii\;))l;?; dose Z (1 _ h}\l)_(ﬁ—s+1)(1 + hka)—( th)h
s=tD/h+1
-d t/h t sh—t
(kel + ]Z’;\Qlt/l\:;))]z; ose Z (1 _ h)\z)—(ﬁ—s+1)(1 + hka)—( th)h
s=tp/[h+1
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For the sake of simplification, we take the first sum in the above expression,

t/h . .
I= Y (1=h\) G D(1+hk,) = )h
s=tp/h+1
= t/zh (1—h)q)*(%fsﬂ)_v(l+hka)(_s+TD)h
S=tD/h+1 hka

since V(1 + hka)(—“%) = —hko(1+ hka)(—“%D)_

t/h 1 tp .
I= Y ——V(1+hk,) (1 - k)~ GistD)

S=tD/h+1 a

Successively, we apply Theorem 2.11 to the last equality and get the following outcome

s—»1

1 t t
e (o) ot )
1 t/h tp ¢
f— Y (L4 k)T (1 - BN )G
ka s=tp/h+1

ko 1- X

A (1+hk,) Un e el
-— e (1= hA) "G D (1 + hky )53 D
ka(l - h’>\1) s:t;:hﬁl ' )

1 ((1 + k) ) — (1 - hAl)-<tiD>)

We simplify and obtain

I__i((1+hka)—<t?>—(1—hA1)—<tiD>) N(1+hka) |

kq 1- R\  ko(1-hAp)

(1= hA) ) = (1 b))

1
ka+)\1

(5.1.11)
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Similarly, we get the following result for the third sum in the equation for C'(t)

& ¢ shet _ (5 _ —(=p)
S (1= hAg) G D (14 hky)TFIB = (L= hAo) ) = (14 hka) 7
s=tp/h+1 ka + )\2
(5.1.12)
Thus,
: 1- -(52) _ (1 (D)
O(py Ko dose (L =hA)" 5 - (L + hka) (5.1.13)

|4 k’a-f-)\l

A

(kel + ]{512 + /\1)ka -dose
()\1 - )\Z)V(ka + )\2)

((1=h2a) ) = (14 k) 5D) . (5.1.15)

And we get the solution for P(t) as follows,

D (1= hA) G0 = (1= hAg) Gk, | dose - ko (1 + hk,) ™)
PO= 2 N 7 h
S:tD+1 1 2

dose -k, - k12 th (L_gi1 _eptD
=—— = (1= hXA)"G**D(1 + hk,) 7 h
V()\l - A2) s:tDz/:h-H

dose - kg, - k12 th (t_si1 _gyiD
——_ (1= hX)" =D (1 + hk, ) 70)h
V()‘l - >‘2) s_tg/:hﬂ

From previous calculation, more precisely, using Equation 5.1.11 and Equation 5.1.12,

the following result is obtained

dose -k, - k12

() V- A) (ke + M)

(1= A ) = (14 ke 52)

t-tp

dose ko o (1= RA0) ) (14 1k, ) 5).

V(A=A (ko + Ao)
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5.2 Two-Compartment PK Model with Delay

In this section, we analyze the model shown in Section 5.1 but in the delay
case. Firstly, we write the model for the nabla h—discrete calculus. Then, we use
theorems which we proved in Section 3.1 and Section 3.2. Furthermore, we use the
definition of eM* where M is n x n matrix and the Putzer algoritm for the solution of
the delayed two-compartment PK model.

We first introduce the Putzer algorithm for the delayed form equations. So,
we state the subsequent theorem and the proof follows similar techniques as Theorem

3.3.

Theorem 5.5. The unique solution of the initial value problem

Vay(t) = Ay(t—h) t=tg+h,to+2h,..., (5.2.1)

y(to) =c (5.2.2)

s given by

y(t) = (I +hA) T e
where A is an n xn constant matriz, ¢ and y(t) are n x 1 vectors.

Now, we define the following nabla function
Tat,to) := (I + hA) =" (5.2.3)

Theorem 5.6 (Variation of Constants Formula). Assume ty € R and h > 0. The
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fractional h—difference equation
Vay(t) = Ay(t-h)+ f(t=h) for t=to+h,ty+2h,...,

has the general solution

t/h-1

y(t) = gA(tatO)C + Z gA(t +10 - sh - hatO)f(Sh)ha
s=to/h

where A is an n xn constant matriz, ¢ is n x 1 vector.
Definition 5.7. (Matriz Exponential Function with Delay) Let A be an nxn constant
matriz. The unique matriz valued solution of the initial value problem(IVP)

VY (t) =AY (t—-h) for tehN, (5.2.4)

Y(a) =1, (5.2.5)
where I,, denotes the n x n identity matriz, is called the matrixz exponential function.
Now, we introduce theorem regarding the Putzer algorithm and its proof.

Theorem 5.8. Let A\, Ag, ..., A, are (not necessarily distinct) eigenvalues of the nxn

matriz A, with each eigenvalue repeated as many times as its multiplicity, then

n-1
Ja(t,a) = Z pir1 (1) M;,
i=0

where
MO = [n
M;=(A=-NI,)M;—y, (1<i<n-1)
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M, =0

and the vector valued function p defined by

= ps(t)

pl(t)-

pa(t)

_pn(t)_

1s the solution of the initial value problem

Vip(t) =10 1 X3

pa)=10]-

n—1

0 [p(t-h)

for

t e hN,

(5.2.6)

(5.2.7)

Proof. Define ®(t) = ) pu1(t)M;. Firstly, we show that @ solves the IVP (5.2.4)-

1=0
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(5.2.5). It is good to demonstrate that

®(a) =pi(a)My+pa(a) My + -+ pp(a) M, 4

-1,

T
since the given initial values p(a) = [1 00 -- ()] :

n—-1 n—-1
Vh@(t) - Aq)(t - h) =Vy Z pi+1(t)Mi -A Z pi+1(t - h)Ml

=0 =0
n—1
= Vip1 (8) Mo + Vipa (§) My + Vi (8) Moy = A Y pisa (t = h) M,
=0

since Vy, is a linear operator. Subsequently, we use (5.2.6) and obtain
Va®(t) = A®(t — h) = Mipi(t — 1) Mo + [pa(t = h) + Aapa(t = h) | M,
+ [pg(t - h) + )\3p3(t — h)]M2 + e+ [pn—l(t — h) + /\npn(t - h)]Mn—l
n—1
—AY pia(t=h)M;
i=0
= [)\1M0 + M1 - AMO]pl(t - h) + [)\QMl + M2 - AMl]pQ(t - h)
+ot [AgMyy = AMy 1 | pu(t = h)

= [)\n[n - A]Mn—lpn(t - h)a

since M; = (A - N\1,)M;_; for (1 <i<n). Using Cayley-Hamilton Theorem, we get

zero for the last quantity.
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In other words,

(/\nIn - A)Mn—lpn(t - h) = _(A - An[n)(A - )‘n—lln)"'(A - Alln)pn(t - h)

= Onxn-

Since 74 (t,a) satisfies the IVP (5.2.4)-(5.2.5), we have

(I)(t) = @\A(u a)

by the unique solution of the given initial value problem. O]

Now, we first rewrite our tumor growth PK model by taking delay into con-

sideration.
ViA(t) = =k, A(t - h), A(tp) = dose
ViC(t) = kaA(tV_ h_ (ke + k12)C(t = h) + kay P(t = h), C(tp) =0
VP (t) = k1oC(t = h) = ko P(t - 1), P(tp) =0

From first equation, we obtain a solution for A(t) as follows

t-tp

A(t) =dose- (1 —hky) ™= .

where we use Theorem 3.1. Subsequently, we write equation second and third as a

system,
k,A(t—h
C(1) —(ket + k12) ko [|C(t-h) #
h = + Vv
P(t) k12 —ka1 || P(t - 1) 0
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Using variation of constants formula given in Theorem 3.2, we obtain

C(t) (t/h-1) ) M
=h Y (I+hM)G=D 4
P(t) s=tp/h 0

where M is an 2 x 2 matrix and [ is 2 x 2 identity matrix.

_(kel + k‘12) ko

k12 _k21

and we use definition of e™!. The characteristic equation for matrix M is
/\2 + (kel + k’lg + k’gl))\ + kelk21 =0.

Our eigenvalues are

—(Key + k1o + kop) + \/(kel + k1o + ko1)? — 4k ek
2

/\12

_ —(k?el + ki + k?21) - \/(kel + kg + k?21)2 — 4kerkoy

A2 5

Next, we apply the Putzer algorithm given in Theorem 5.8,

10
MO = .
0 1
u _(kel + ]ﬁz) ka1 A0 _(kel + kg + >\1) a1
1 = —_ = .
klg —kgl 0 )\1 k’lg —(]{21 + )\1)
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Now, the vector function given by,

nq(t
n(t) = )
na(1)
must be the solution of the IVP,
A0 1
vin = n, n(0)=
1 X 0

So, ni(t) is a solution of IVP

thl(t) = Alnl(t — h)

ni1(0) =1

and we obtain

n1(t) = (1 +hAy)n.
Next, ny(t) is a solution of IVP
thg(t) = )\gng(t - h) + Ny (t - h)

TLQ(O) =0

It follows that
t/h-1

na(t) = > (1+hA) GV (1 +h\)*h
s=0
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Hence,

. (10 :
(I+hM)w = . (1+hA)n (5.2.9)
—(kep + k12 + A k t/h-1 :
" ( l 12 1) 21 Z (1+hA2)(E_S_1)(1+h/\1)Sh
K12 (ka1 + Ap) | =0
(5.2.10)

Next, we take the last sum and define it as a L,

t/h-1

L= Z (1+hX) G0 (1 + hAy)*h

! ) (L4 hA)

Z (1+hXg) st e V(1 +hX)*h

t/h-1
- 1+;M1 DIRRIAN) (1+ hho) s
1

where we use Definition 2.1 as a tool.

Subsequently, we apply Theorem 2.11 to last equality and we obtain,

L=1+h)\1

(((“’”l) (1 o)) t/h21<1+hA (1) 1))

We simplify and get the following result

T+hh ((1+hA)% = (1+hA)7 Y (1+h)Ag At
L= 1+hA) T D (1 + hAy)*h
N ( 1+ by iy & (R R

1 t t )\
5 ((1 +hA)F - (1+ hAQ)z) + )\—jL
(1 + h)\l)h - (1 + h)\g)h

L=
A1 — Ao
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We plug this result into equation 5.2.9 and obtain

L+ haD)E - (1+hA\)* 0
0 (1+hA)w
. (1+RhA)7% = (1+hX)n [~ (Ker + k12 + A1) ka1
A= k12 ~(ka1 + A1)

Consequently, we rewrite equation 5.2.8 and the following result is achieved

ko - dose 1031

C(t) = S (14 hA)F D (1= hky) FDh
s=tp/h
_ (ket + kag + Ai)kq - dose f/hzl (14 )G (1 = b))
(M1 =X)V s=tp/h 1 a

_ t/h-1 t "
(ke”lfff_i)ﬁﬁ B0 S (14 hg) D (1= k) 520
S=tD/h

By taking the first sum from expression above, we simplify and get

t/h-1 t t
W= S (1+hA)G D (1 - hk,) R
s=tp/h
t/h—1 . B (s—@) ~
=y (1+h)\1)(g—8—1)v(1 hk, )5 )(1 hka)h
s=tp/h _hka
since V(1 - hk,) 0~ = ke (1= hk,) ).
1-— t/h—1 . t
W=- khka > V(1= hka) (1 + hA) D
a s=tp/h

Successively, we apply Theorem 2.11 to last equality and get the following outcome

1-hk,

s_tD 1 g s>L-1
W= o T (1 Ak B) (1 hA) G )|

s—>—=—1

h
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_ t/h-1 . )
Lo ka S 4 g, ) (1 ) o)

+
ka S=tD/h

LRk (L= hk)CE = (14 RA)CE)
ka 1- hk,
(-M)(1 - hk,) &

(1+ 7)) G D (1 = b))
ko(1 = hky) s:%;/h !

We simplify and obtain

W:

1-hk, ((1—hka)(t_i’3)—(1+h>\1)(t_i[’)) A

k, 1 - hk, B k_aW

(U hAD)E) — (1= k) )

5.2.11
ka + )\1 ( )

w

Similarly, we get the following result for the third sum in the equation for C'(t)

t/h—1 . Tt 1 (@) —(1- (@)
S (14 hAg) G0 (1 = hkey) 5 h = (CRI2°) Ml €l 17 (5.2.12)
s=tp/h kg + A

Hence, we obtain solution of C'(¢). Thus,

ko - dose (1+hAy) T = (1 - hk,) )
|4 ka+)\1

Ot) =

~ (ke + k1o + A1)k, - dose
()\1 — )\2)V(ka + )\1)

(14 BA) ) = (1= ke, ) )
( )

(kep + k12 + A1)k, - dose
()\1 - )\Q)V(ka + )\2)

(14 )T = (1= k) ).

And we get solution for P(t) as follows,
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R (L AT — (1 ) F Dk | dose - k(1= k)7
P(t)= ) — = n
S=tD/h 1 2

dose -k, - k1o t/h1 o _tp
= * (1+hA )(h s 1)(1—hk:a)(s )
Vo) 2,

dose -k, - k12 t/h 1 oo _tp
- 2 (1+hX) D1 = hk,) =7 h
V(Al _/\2) s:tZD:/h :

From previous calculation, more precisely, using Equation 5.2.11 and Equation 5.2.12,

the following result is obtained

dose -k, - k12
V()\l - Ag)(ka + )\1)

P(t) = ((1 ) - (1 —hka)<?>)

dose - kg - k12 t-tp t-tp
- 1+hN) ) = (1= hk,)R)).
V()\l—Ag)(ka+>\g)<( +hA)TE = /)
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5.3 Application of the Pharmacokinetics Model

In this section, we illustrate an example where one can see how we do calcu-
late the concentration over time. A drug is administered to the body daily in four
consecutive days at the times t = 360,384, 408,432. We calculate the concentration
in the following way:

Before the drug is administered, there is no concentration. So we have
C(t)=0 for t<360.
After the first dose is given at ¢t = 360, we define
C1(t) :==C(t,doser) for teNgzg

Subsequently, a second dose is administered to the body at ¢ = 384. The concentration
includes two parts: the first part is the remaining concentration from the first dose

and the second part is the concentration due to the second dose.
Co(t) := C1(t) + C(t,doses) for teNsgy

Finally, a third dose is administered at time t = 408. Now, we consider two parts in
order to determine drug concentration in the blood: the first part is the remaining
concentration from the first and the second doses, namely Cy(t), the second part is

the concentration due to the third dose.

Cg(t) = CQ(t) + C(t, dOS€3) te N408
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We continue to the process and write

Cy(t) == C5(t) + C(t,doses) for teNys
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CHAPTER 6
CONCLUSION AND FUTURE WORK

In this thesis, we worked on h—discrete calculus and h—discrete fractional cal-
culus for the sake of finding solutions to our tumor growth model for both mono and
combination therapies. To put it another way, we first introduced some basics and
fundamental knowledge about h—discrete calculus and h—discrete fractional calculus
as preliminaries. We then focus on the nabla h—discrete equation for delayed form and
introduce the variation of constants formula accordingly. Following to this, we exam-
ine h—discrete fractional equation with delay and its variation of constants formula,
too. We write our tumor growth model for both mono and combination therapies and
find solutions for them in Chapter 3. Since our aim was to eliminate jumps from our
tumor growth model’s graph, as a following step we applied the same procedure for
the model not having delay in Chapter 4 and we achieve our goal,in other words, we
are able to remove those jumps from our tumor growth graph. In the last chapter, we
consider PK model. Furthermore, we write the PK model on h—discrete calculus and
find solutions for it. In order to obtain solutions we had to use the Putzer algorithm,
therefore, we introduced the Putzer algorithm on h-discrete calculus. We give an
application of PK model in the final section of Chapter 5.

In future work, we would like to fractionalize PK model and examine its effects
for parameter estimations as well. Additionally, we will work on our PK model for

combination therapy on both h—discrete calculus and h—discrete fractional calculus.
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