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HADAMARD WELL-POSEDNESS FOR TWO NONLINEAR STRUCTURE
ACOUSTIC MODELS

Andrew R. Becklin, Ph.D.

University of Nebraska, 2020

Adviser: Mohammad A. Rammaha

This dissertation focuses on the Hadamard well-posedness of two nonlinear structure
acoustic models, each consisting of a semilinear wave equation defined on a smooth
bounded domain Q C R? strongly coupled with a Berger plate equation acting only
on a flat portion of the boundary of 2. In each case, the PDE is of the following

form:

(utt — Au+ gi(w) = flu) in Q x (0,7),
wy + A%w + go(wy) + we|r = h(w) inT x (0,7),
u=0 on 'y x (0,7,
B,u = w, on T x (0,7),
w = dyw =0 on AT x (0,7T),

| (u(0),ut(0)) = (uo,ur),  (w(0), we(0)) = (wo, wn),

where the initial data reside in the finite energy space, i.e.,
(uo,w1) € Hp, () x L*(Q) and (wo,w;) € Hy(T') x L*(I).

The chief assumption of the first model is in taking f(u) = —u|u|P™!, ie., f is

a restoring source, where p > 1 is arbitrary. A standard Galerkin approximation



scheme is used to establish a rigorous proof of the existence of local weak solutions.
In addition, under some conditions on the parameters in the system, it is shown that
such solutions exist globally in time and depend continuously on the initial data.
For the second model, f is taken to be an energy building source, and in particular
it is allowed to have a supercritical exponent, in the sense that its associated Nemytskii
operators is not locally Lipschitz from H} () into L*(2). By employing nonlinear
semigroups and the theory of monotone operators, several results on the existence
of local and global weak solutions are obtained. Moreover, it is proven that such
solutions depend continuously on the initial data, and uniqueness is obtained in two

different scenarios.
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Chapter 1

Introduction

The focus of this dissertation is on the analysis of the standard Structure Acoustic
Model with the addition of nonlinear source and damping terms. While classical lin-
ear models are more understood, many questions regarding nonlinear models remain
unanswered. In particular, answering questions regarding the well-posedness of such
models has been the driving force, and the work that follows addresses conditions for
existence and uniqueness of local solutions, global solutions, and continuous depen-

dence of solutions on the initial data.

The structure-acoustic model under consideration is comprised of a semilinear
wave equation defined on a bounded smooth domain  in R? coupled strongly with
Euler-Bernoulli’s plate equation acting only on I', a flat subset of R?, where I' is a
portion of the boundary of 2. This kind of model arises in the context of modeling
gas pressure in an acoustic chamber which is surrounded by a combination of rigid
and elastic walls. I" in this case is the elastic wall and we additionally define a surface
'y to be the rigid wall. In particular, note that 99 = I’ UT. A general illustration

of Q, ', and T'y is provided in Figure 1.1.



Figure 1.1

[
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The pressure in the chamber is described by the solution to a wave equation, while
vibrations of the elastic wall are described by the solution to a plate equation. One
is also often interested in making sense of the acoustic pressure as it appears on the
elastic wall, and in fact this acoustic pressure term is the trace of the time derivative

of the solution to the wave equation.

Two distinct iterations of this model will be examined, one containing an energy
restoring source on the acoustic medium of arbitrary order (Chapter 2), and one with

a wave source of bad sign up to supercritical order (Chapter 3).

1.1 Literature Overview

Structural acoustic interaction models have rich history. These models are well known
in both the physical and mathematical literature and go back to the canonical models
considered in [11, 35]. In the context of stabilization and controllability of structural

acoustic models there is a very large body of literature. We refer the reader to the



monograph by Lasiecka [41] which provides a comprehensive overview and quotes
many works on these topics. Other related contributions worthy of mention include
2, 3,4, 5,17, 29, 30, 40].

However, the presence of nonlinear damping has been recognized in the literature
as a source of many technical difficulties. Over the years, there has been some novel
progress in this area, particularly for wave equations influenced by nonlinear damping
26, 27, 42, 50]. In [28], Georgiev and Todorova considered a semilinear wave equation
with frictional damping and a subcritical source term. The paper [28] provided the
local and global solvability of the equation, and also provided a blow up result which
ignited considerable interest in the area. For structural acoustic we mention the work
by Chueshov et al [20, 21, 22, 23, 24].

Consequent results on wave equations with subcritical sources were established in
1,18, 49, 52, 58]. We also would like to mention the works [8, 9, 10] on wave equations
influenced by degenerate damping and source terms. Well-posedness results for wave
equations with supercritical sources include the breakthrough papers by Bociu and
Lasiecka [13, 14] and the papers on systems of wave equations [31, 32, 33]. For
other related results on wave equations involving supercritical sources we mention
(34, 37, 38, 47, 48] and the references therein.

In this dissertation two iterations of the Structure Acoustic model are examined.
In the first, we follow an approach similar to Lions [45] to establish the existence of
local weak solutions. For the case of a critical source acting on the wave equation, we
prove such solutions depend continuously on the initial data, and so these solutions
are unique in the finite energy space. In the second, we use the powerful theory
of monotone operators and nonlinear semigroups (Kato’s Theorem [6, 55]). Our
strategy is similar to the one used by Bociu [12] and our proofs draw substantially

from important ideas in [13, 14, 33].



1.2 The Principal Model

In this dissertation, we study a structure acoustic model influenced with nonlinear

forces. Precisely, we study the coupled system of PDEs:

)
u — Au+ g1 (u) = f(u) in Q x (0,7),
Wyt + Aw + 92(wt) + Ut|r = h(U)) inI' x (O, T),
u=0 onI'g x (0,7,
(1.2.1)
o,u = wy onI'x (0,7,
w = 0,,w =0 on OI' x (0,7,
| (u(0),ue(0)) = (uo, ur),  (w(0), wi(0)) = (wo, wn),

where the initial data reside in the finite energy space, i.e.,

(uo,u1) € HE () x L*(Q) and (wo, wq) € Hj(T) x L*(T).

In this model, Q@ C R? is a smooth, bounded, open, connected domain with
boundary 92 = 'y UT, where I'y and T' are two disjoint, open, connected sets of
positive Lebesgue measure. Moreover, [ is a flat portion of the boundary of 2 and is
referred to as the elastic wall. The part I'y of the boundary 0f2 describes a rigid wall,
while the coupling takes place on the flexible wall I'. Models such as (1.2.1) arise in
the context of modeling gas pressure in an acoustic chamber €2 which is surrounded by
a combination of rigid and flexible walls. The pressure in the chamber is described by
the solution to a wave equation, while vibrations of the flexible wall are described by
the solution to a Berger plate equation. We refer the reader to [25] and the references

quoted therein for more details on the Berger model.



The nonlinearities f and h represent interior sources acting on the wave and plate
equations respectively. In addition, the system is influenced by two other competing
forces, namely ¢g;(u;) and go(w;) representing frictional damping terms acting on the
wave and plate equations, respectively. The vectors v and v denote the outer normals

to I' and OT'; respectively.

1.3 Notation

Throughout the work the following notational conventions for LP space norms and

standard inner products will be used:

HUHP = HUHLP(Q)7 (ua U)Q = (ua U)LQ(Q)v

lulp = Jul|Lr(r), (u, v)r = (u, V) L2(r).

We also use the notation yu to denote the trace of u on T' and we write 2 (yu(t)) as
yuy or yu'. Occasionally, we also use the notation wu, to mean yu. As is customary,
C shall always denote a positive constant which may change from line to line.
Further, we put

H%O(Q) ={u € HY(Q) : ulp, = 0}.

It is well-known that the standard norm |ul| i (o) 18 equivalent to |Vul|,. Thus, we
0
put:

HUHH;O(Q) = [|Vull,, (u, U)Hll,o(ﬂ) = (Vu, Vo).

For a similar reason, we put:

||w||H§(F) = |Aw|2a (waz)Hg(F) = (AU},AZ)F



For convenience and brevity, we shall frequently use the notation:
[ully o = [IVully, llwllyr = |Awl,.
Relevant to this work we define the Banach space X and its norm by:
X = Hp, () N LH(Q), Jullx = [[Vulla + [Juflp1-

With Y is a Banach space, we denote the duality pairing between the dual space Y’

and Y by (¢, y)yy, or simply by (-, -). That is,

(W) =v(y) fory €Y, €Y'

The following Sobolev imbeddings will be used often without mention:

;

H=¢(Q) = L% (Q) for € € [0, 1],

Y H Q) B Ham4(D) — L (1) for e € [0, 3],

HY(T) — LY(T) for all 1 < g < oo.

\

Finally, we remind the reader with the following interpolation inequality:
2 2 2
[ull oy < €llully o + C(e0) [lully, (1.3.1)

forall 0 <0 <1 ande>0.



Chapter 2

Energy Restoring Source

2.1 The Model

In this iteration of the model, further assume the following on (1.2.1) that: f(u) =

—ululP™) g1(u) =0, and go(w;) = w;. This yields the following system of PDEs:

(
uy — Au+ |[ulPlu =0 in Q x (0,7),
wy + A%w + w; + ug|r = h(w) inT x (0,7),
u=20 on I’y x (0,7),
(2.1.1)
o,u = wy onI'x (0,7,
w = Oy.w =0 on JI" x (0,7,
| (@(0), w(0)) = (uo, ur),  (w(0),w(0)) = (wo, wr),

where the initial data still reside in the finite energy space, i.e.,

uo € Hy (Q) N LPYY(Q), wy € L*(Q), and (wo, wy) € HF () x L*(I).



The sign of f(u) creates what is referred to in the literature as an energy restoring

source, and in this chapter it will be taken to be of arbitrary power.

2.2 Main Results

Throughout this chapter, we study (2.1.1) under the following general assumptions:

Assumption 2.2.1. We assume that the sources in (2.1.1) are R-valued functions

satisfying:

e 1 <p<ox,

e h € CYR) such that |W(u)] < C(|u|™" +1) with 1 < g < o0,
Remark 2.2.2. As the following bounds will be used often throughout the chapter it
is worthy of note that the above assumption implies that
ulP "t — [oP~to) < C(luf™ + [P |u — o],

[h(u)] < C(lul*+ 1), [h(u) = h(v)] < C(jul™" + 0"~ + 1)]u — v].

We begin by introducing the definition of a suitable weak solution for (2.1.1).

Definition 2.2.3. A pair of functions (u,w) is said to be a weak solution of (2.1.1)

on the interval [0, 7] provided:
(i) u € Cu([0,T]; X), uy € Cy([0,TT; LA(Q)),
(i) w € Cu([0,TT; H3(I')), we € Cu([0,TT; L*(I')),

(1) (u(0),u(0)) = (uo, ur) € Hy, () x L*(€),



(iv) (w(0),w(0)) = (wo, w1) € HF(I') x L*(T),

(v) The functions u and v satisfy the following variational identities for all ¢ € [0, T':

(1), B(t))er — (1, 6(0))er — / (w(7), §1(7))dr
" / (Va(r), Vo(r))adr / (wi(7), 76 (7))rdr
*/0 /Qru<7>|“u<7>¢<7>dxdr—o, (2.2.1)

(we(t) + yu(t), ¥ (t))r — (w1 +yu(0), ¥ (0))r — /0 (wi(7), 1i(7))rdr
- [t wmedr + [ (@), svyrar
+/0(wt<7'),1/}(7'))rd7':/0 /Fh(w(T))@/)(T)dFdT, (2.2.2)

for all test functions ¢ € C,([0,T]; X) with ¢, € L*(0,T;L*(Q)), and ¢ €
G, ([0, T]; HA(T)) with v € L2(0, T L2(T)).

Remark 2.2.4. In Definition 2.2.3 above, C,([0,7]; X) denotes the space of weakly
continuous (often called scalarly continuous) functions from [0, 7] into a Banach space
X. That is, for each u € C,([0,T]; X) and f € X’ the map ¢ — (f,u(t))x x is

continuous on [0, 7. A

Our principal result is the existence of local solutions of problem (2.1.1) in the fol-

lowing sense.

Theorem 2.2.5. Under the validity of Assumption 2.2.1, problem (2.1.1) possesses
a local weak solution, (u,w), in the sense of Definition 2.2.3 on a non-degenerate

interval [0, T], where T depends upon the initial positive energy &(0) (where &(t) is
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defined below). Furthermore, if in addition 1 < p < 3, then the said solution (u,w)

satisfies the following energy identity for all t € [0,T):

&) + /0 (P2 dr = £(0) + /0 /F h(w)wydldr, (2.2.3)
where

2 2 2 2 1 p+1
E(t) =5 (lu@)lz + Vu@®)ll + [we(®)]z + [Aw(®)]2) + m!lu(tﬂ pri (2:2.4)

N | —

If p > 3, then the solution (u,w) satisfies the energy inequality:
t t
£(t) + / (P2 dr < £(0) + / / h(w)wdldr a.e. [0.T). (2.2.5)
0 o Jr
FEquivalently, (2.2.5) can also be written as
t
E(t)+/ lwy(7)|5dT < E(0) a.e. [0,T], (2.2.6)
0

with E(t) = &(t) — [, H(w(t))dT, where H is the primitive of h, i.e., H(w) =

Jy h(s)ds.

Although the source term acting on the plate equation can have a “bad” sign which
may cause blow up in finite time, our next result states that solutions established by
Theorem 2.2.5 are indeed global solutions, provided the plate source term is essentially

linear.

Theorem 2.2.6. In addition to Assumption 2.2.1, assume q = 1. Then any solution
(u,w) furnished by Theorem 2.2.5 is a global weak solution and the existence time T

may be taken arbitrarily large.
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Theorem 2.2.7. In addition Assumption 2.2.1, assume p < 3 and

Uy = (ug, wo, uy, wy) € H is an initial data with a corresponding weak solution (u,w)
of (2.1.1), where H = H}, (Q) x HF(T') x L*(Q) x L*(T"). If U} = (uf, w§, uf,wy) is a
sequence of initial data such that U} — Uy in H, asn — oo, then the corresponding

weak solutions (u™,w™) with initial data U} satisfy:

(u™, w", uy, wy') — (u, w,ug, wy) in L°(0,T5 H), as n — 00,

where 0 < T < oo is chosen to be independent of n € N.

Corollary 2.2.8. In addition to Assumptions 2.2.1, assume p < 3. Then, weak

solutions of (2.1.1) (in the sense of Definition 2.2.3) are unique.

2.3 Existence of Local Solutions

2.3.1 Approximate solutions
We begin by selecting a sequence {e;}3* C X = H}, () N LP*1(Q) with the following
properties:

/

e1, -+, ey are linearly independent for every N € N, and

The set of all finite linear combinations of the form: (2.3.1)

{ZN cjej g €R, N € N} is dense in X.

j=1

Let B = A? with its domain 2(B) = H*(T') N HZ(T). It is well known that B is
positive, self-adjoint, and B is the inverse of a compact operator. Moreover, B has the
infinite sequence of positive eigenvalues {u, : n € N} and a corresponding sequence

of eigenfunctions {0, : n € N} which can be normalized to form an orthonormal
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basis for HZ(T") while remaining an orthogonal basis for L*(T). In particular it is well
known that the standard inner product (w, z) H2(r) 1S equivalent to (Aw, Az)r, and

in turn |Awl, is equivalent to the standard norm on HZ(T'). Thus, we put:
(wv Z)Hg(l“) = (Aw,AZ)Fv ”wHHg(F) = |Aw|2' (2'3°2)

For given initial data (ug,u1) € Hp () x L*(Q) we can find for each N € N

0 00 1 oo
sequences of real numbers {uy ;}% -1, {ux ;}% ;=1 such that

Z;VZI ufy je; — up strongly in X, as N — oo,
(2.3.3)

Z;‘Vﬂ uj je; — uy strongly in L*(Q), as N — oo,

Similarly, for given initial data (wg,w;) € HZ(T') x L*(T"), we may find sequences of

scalars {w) = (Awp, Aoj)r : j € N} and {w; = %(wl,aj)p . j € N} such that

jl2

Zévzl w)o; — wy strongly in H§(T') as N — oo,

(2.3.4)
Zé\f:l wjo; — wy strongly in L*(T'), as N — oo.
We now seek to construct a sequence of approximate solutions in the form
N
un(z,t) =322 un;(t)e;(@),
(2.3.5)

wy (2, t) = Y00, wwi(t)oy(x),
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that satisfy the system of ODEs:

(U}, e5)a+ (Vun, Vej)a — (W, vej)r + fQ lun [P~ tune;de = 0,

(2.3.6)
(Wi, ;) + (Awy, Acj)r + (why, oj)r + (Y, 05)r = [ h(wy)o;dl,
with initial data
un;(0) = uly;, uy;(0) = uy
(2.3.7)

where j =1,...,N.

We note here that (2.3.6)—(2.3.7) is an initial-value problem for a second order 2N x
2N system of ordinary differential equations with continuous nonlinearities in the
unknown functions uy; and wy; and their time derivatives. Therefore, it follows
from the Cauchy-Peano theorem that for every N > 1, (2.3.6)—(2.3.7) has a solution

unj, wy,; € C*([0,Tn]), j=1,... N, for some Ty > 0.

2.3.2 A priori estimates

We aim to demonstrate that each of the approximate solutions (uy,wy) exists on a

non-degenerate interval [0, 7], where T is independent of N.

Proposition 2.3.1. Each approximate solution (uy,wy) exists on a non-degenerate
interval [0,T), where T depends on the initial positive energy &(0) and other generic

constants. Further, the sequences of approzimate solutions {uy}3° and {wy}5° satisfy
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{un}® is a bounded sequence in L>°(0,T; X), (2.3.8a)
{u\y}5° is a bounded sequence in L°°(0,T; L*(2)), (2.3.8b)
{wn}5° is a bounded sequence in L>(0,T; Hi(T)), (2.3.8¢)
{w }3° is a bounded sequence in L>(0,T; L*(T)). (2.3.8d)

Proof. Multiplying the first equation of (2.3.6) by u)y ; and summing over j = 1,..., N,

we obtain

< (It () + [V () ) — () ()

+ [Tl u(ruy () = (2:3.9)

| —

for each 7 € [0, Ty]. Similarly, multiplying the second equation of (2.3.6) by w/ ; and

summing over 7 = 1, ..., N, one has

| =

(I () + [Awn ()3) + (uy (7), why (7)) + [ ()

_ /F h(wy (7)) (r)d, (2.3.10)

1
2

=

t

for each 7 € [0, T].
By adding (2.3.9) and (2.3.10) and integrating with respect to 7 over [0,¢], we

obtain

é"N(t)—I—/O |w§v(7')|§d7':<5’}v(0)+/0 /Fh(wN(T))wg,(T)dFdT, (2.3.11)
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where &y (t) is the positive energy of the system given by:

(Il 13 + [Vun (B)]l3 + [wiy (@)]5 + [Awx (©)]3)

oxlt) =3

+

I lun (851 (2.3.12)

Let us note here that due to the strong convergence in (2.3.3) and (2.3.4), &x(0) <
C' for some positive constant C' independent of N, but depends upon &(0). In order
to produce a suitable bound on &y(t) we shall estimate the term involving h(wy) as

follows. By the assumption imposed on h, we have

/Fh(wN(T))’LUN(T)/dF‘ < C”|wN(7‘)|q + 1)2|w§v(7')|2
< C (lwwlog + lwyl3 + 1)

< Cy (JAwy[3! + |wyls + 1), (2.3.13)

where we have used Holder’s and Young’s inequalities, and the positive constant C
in (2.3.13) is independent of N.

Combining (2.3.11) and (2.3.13) yields:

t t
Exlt) + / why()3dr < C + Cy / (18w ()2 + [y ()3 + 1) dr
0 0

t
0
By putting yn(t) = 1 + &n(t), then (2.3.14) yields
¢
yn(t) < C+ 01/ yn (7). (2.3.15)
0

If ¢ = 1, then it follows by Gronwall’s inequality that yy(t) < Ce“t, for all ¢t > 0 and
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all N € N. However, if ¢ > 1, then by using a standard comparison theorem, (2.3.15)
yields that yn(t) < z(t), where 2(t) = (C'77 — Cy(q — l)t)q%11 is the solution of the

Volterra integral equation
t
z2(t) =C+ C’l/ z(7)dr. (2.3.16)
0

Although z(t) blows up in finite time, nonetheless, there exists a time 0 < 7" < Ty
depending on ¢ and &(0) such that yy(t) < z(t) < Cy for all t € [0, 7], where Cj is
independent of N, but depending on ¢ and & (0). Hence, for all N > 1 and any g > 1,

one has yy(t) < Cp for all t € [0, 7], establishing the proposition. O

An immediate consequence of Proposition 2.3.1 along with the Banach-Alaoglu theo-
rem and the well-known Aubin-Lions-Simon Compactness Theorem (e.g., [15, Thm.

11.5.16]) is the following:

Corollary 2.3.2. For all sufficiently small € > 0 there exists a function u and a

subsequence of {un} (still denoted by {un}) such that

uy — u weak” in L>(0,T; X), (2.3.17a)
uly — u' weak® in L(0,T; L*(2)), (2.3.17b)
wy — w weak’ in L=(0,T; H3(T)), (2.3.17¢)
why — w' weak” in L*(0,T; L*(I)), (2.3.17d)
uy — u strongly in C([0, T); H'¢(Q)), (2.3.17¢)
wy — w strongly in C([0,T); Hy(T)), (2.3.17f)
yun — yu strongly in C([0,T7; LH%(F)) (2.3.17g)

for all e € (0,1].
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2.3.3 Passage to the limit and verification of (2.2.1)

We begin by considering the wave portion of (2.3.6), and after integrating over [0, ¢],

we obtain:

(uy (1), e;)e — (e (0), ) + / (Vun(7), Ve )adr - / (why(r), ve;)rdr

t
—i—/ /]uN(T)|p1uN(T)ejdxdT:0, (2.3.18)
0 Ja

where j =1,..., N.

We first note that (2.3.17b) implies that
(uy(t),e)a — (U'(t),ej)q weak™ in L*>(0,T). (2.3.19)

Also, from (2.3.17a) we see

/
Y

uy — u weak™ in L>(0,T; Hy () = (L'(0,T; (HE, (2)))
and as a result we conclude that:
(Vun(7),Vej)a — (Vu(r), Ve,)q weak™ in L>(0,7). (2.3.20)

Since e; € X and by the continuity of the trace map H} () = L*(I'), then it follows

from (2.3.17d) that

(Wi (1), ve;)r — (W'(7),vej)r weak™ in L>(0,T). (2.3.21)
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Proposition 2.3.3. On a subsequence, which is still labeled as {ux}3°, we have:
un [P Yy — JulP~ u weakly in L' (Q x (0, T)). (2.3.22)

Proof. By invoking (2.3.17e), then there is a subsequence, labeled as {uy}%_;, such
that uy — u pointwise a.e. in Q x (0,7), which implies that |uy|P"'uy —
|ulP~'u pointwise a.e. in © x (0,7). Since the sequence {uy}3%_; is bounded
L>(0,T; LP(Q2)) from Proposition 2.3.1, and so {|uy|P"luy}S_; is bounded in
L%(Q x (0,7)). Then, (2.3.22) follows immediately from a standard result in anal-

ysis. O

Remark 2.3.4. Proposition 2.3.3 easily implies the following convergence:

/ot /Q [un (T) P~ (7)e;dadr
— /Ot/Q|U(T)Ip—1u(T)ejdxdT, for t € [0,7]. (2.3.23)

A
By noting that xjy € L'(0,7) for ¢t € [0,T], and recalling the strong convergence

of u/\(0) in (2.3.3), then by combining (2.3.19)-(2.3.23), we are justified in passing to

the limit in (2.3.18) to obtain:

(W (£), )0 — (une5) + / (Vu(r), Ve;adr — / (W (7),ve;)edr

4 /0 t /Q fu(r)PLu(r)e;dudr =0, (2.3.24)

where (2.3.24) is valid for all j € N and a.e. t € [0, 7.

Now, for any ¢ € X, there exists a sequence ¢, = zk

j—1 Gk,j€; which converges to ¢

strongly in X. By linearity, one can replace e; in (2.3.24) with ¢, and then pass to
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the limit as £ — oo to obtain:

(W (0):6)0 = (.0)a -+ [ (Vu(r), Voadr = [ (/7). 70)rdr
+/0 /Q lu(T) P~ u(r)pdrdr = 0, (2.3.25)
for all ¢ € X and a.e. t € [0,T].

Before proceeding further, we pause to verify that u” has the desired additional

regularity.

Lemma 2.3.5. The limit function u identified in Corollary (2.3.2) verifying identity
(2.3.25) satisfies u"” € L>(0,T;X’).

Proof. Let us first note the inclusions X C L?(Q2) C X', where the injections are

continuous with dense ranges. In addition,

(f. &) xx = (f,d)q, for all f € L*() and all ¢ € X.

Thus, given any ¢ € X we obtain from (2.3.25) that

(W (1), 8) xox = (' (1), B = (11, &) — / (Vu(r), Vé)adr
+/0 (w'(T),WS)pdT—/O /Q|u(7)|p_1u(7)¢d:vdr, (2.3.26)

wherein it is clear from (2.3.26) that (u'(t), ¢)x’ x coincides with an absolutely con-

tinuous function on [0, 7] with

(W' (), 8)xrx = L (ul (8), B = — (Vult), Vb + (w'(£), 10)r

dt
/\u VP u(t)pda. (2.3.27)
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By employing Holder’s inequality and the Sobolev Imbedding Theorem, we obtain

(" (1), o) xr x| < [(Vul(t), Vd)al + [(w'(t), y¢)r| +/QIU(75)IPI¢|de

< [IVu@®)ll2[IVell2 + [w' () |2l7¢l2 + [w®) 541 [19]l41

< C(IVult)ll2 + o/ ()]z + u(®)54 ) I6]x- (2.3.28)

By the regularity enjoyed by v and w as stated in Corollary 2.3.2, we conclude that
u’ e L*(0,T; X"). O

2.3.4 Proper verification of (2.2.1)

We now must show that the limit function u satisfies the variational identity (2.2.1)
which permits time dependent test functions. By a density arguemnt as in [48, Prop.
A.1] it can be shown that the regularity afforded by Lemma 2.3.5 implies the follow-
ing: For any test function ¢ € C,([0,T]; X) with ¢, € L*(0,T; L*(Q)), the function
(u'(t), ¢(t))q coincides with an absolutely continuous function on [0,7] and one has

the following product rule in the distributional sense:

%(U'(t), o(t))a = (u'(t), ¢(t))xr x + (u'(t), &' (t))a. (2.3.29)

With this at hand and noting that the function ¢ in (2.3.25) is time independent, we

may express (2.3.25) equivalently as

/OtW/(T), o) xr xdT + /Ot(Vu(r), Vo)adr — /Ot(w/<7>77¢)FdT
+/Ot/ﬂlu(7)\p%(7)¢dxdr =0, (2.3.30)

for all ¢ € X.
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As each term in (2.3.30) is absolutely continuous we may differentiate in time
and then replace ¢ with ¢(7) where the time dependent test function ¢(7) satisfying
¢ € C,([0,T]; X) with ¢, € L*(0,T; L*(Q)). Integrating the resulting identity on [0, ¢]

and again utilizing the product rule (2.3.29) we obtain the desired identity, namely:

Jo (" (7),0(T) x7 x dr

A\
7~ ™~

(us(t), $(8))r — (uur, 6(0))gr — / (W (7), & () dr + / (Vu(r), Vo (r))adr

—/O(M/(T),’}/@(T))FdT—i-/o /Q|u(7')|p_1u(7')¢(7')dxd7':O, (2.3.31)

which is exactly (2.2.1), i.e., the limit function u satisfies the variational identity
(3.2.2) in Definition 3.2.3.
2.3.5 Passage to the limit and verification of (2.2.2)

Upon integrating the plate equation in (2.3.6) on [0, ], we obtain:

(wi(t), o5)r — (wﬁv(o)an)rﬂL/o (wi (1), 05)rdT + (yun(t), o5)r

—(”yuN(O),aj)p+/0(AwN(T),Aaj)pdT:/o /Fh(wN(T))UdedT, (2.3.32)

forall j =1,...,N. It follows easily from (2.3.17¢)-(2.3.17g) that:

(Wi (t),0;)r — (W'(t),0;)r weak™ in L>(0,T)

(Awn(T),Acj)r — (Aw(T), Acj)r weak™ in L>(0,T)
(2.3.33)

(wn(t),0;)r — (w(t),o;)r strongly in C([0,77),

(yun(t),05)r — (yu(t), o;)r strongly in C([0,T7).

\
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for all j € N.

For the source term in (2.3.32), we show that

/h(wN( ))o;dl’ —>/ 7))o,;dl" strongly in C([0,7]), as N — oo, (2.3.34)
r

for all j € N. Indeed, for all 7 € [0, 7] we have

/Fh(wN(T))deF—/Fh(w(T))Ude
= C/r(|7~UN(T)|q_1 +[w(n)|"" + D]wn(7) — w(r)[oy]dl

< C(lwn (7)o + (D) + Dlwn(r) = w(r)l2|oly

< C sup |Vwn(T) — Vw(T)]s = 0, as N — oo, (2.3.35)
T€[0,7T

where we have used in (2.3.35) Hélder’s inequality, the Sobolev Imbedding Theorem,
and (2.3.17f). Therefore, (2.3.34) follows.

By noting that xjo4 € L*(0,T) for ¢ € [0, 7], the strong convergences in (2.3.3)-
(2.3.4), and using convergences in (2.3.33)- (2.3.34), we can now pass to the limit as

N — o0 in (2.3.32) to obtain the identity:

(w'(t), o5)r — (w1, 05)r +/0 (w'(7), 05)rdT + (yu(t), oj)r

(”yuo,aj)p—k/ (Aw(T), Ad;) FdT—/ / 7))o,;dldr, (2.3.36)

for all j € N and a.e. [0,T].
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Since {0, : n € N} is an orthonormal basis for HZ(T'), then (2.3.36) yields:

(W 0) + a0 ) = (o e+ [ /() medr

/ (Aw(r), An)rdr = / / 7))ndldr, (2.3.37)

for all n € HZ(T) and a.e. ¢ € [0,T].
Before proceeding further, we pause briefly to verify that < (W' +~yu) has a desired

additional regularity. Namely, we have the following.

Lemma 2.3.6. The limit functions u and w identified in Corollary (2.3.2) verifying
identity (2.3.37) satisfies %(w’ + 7u> € L>(0,T; H(T)).

Proof. In what follows, we shall use the notation (-,-) to denote the duality pairing
between H2(Q) and HZ(2). We first note that H2(T') C L*(T') C H2(T"), where the

injections are continuous with dense ranges. In addition,
(f.m) = (fom)r, for all £ € LA(T) and all n € H2(T).

So, for any n € HZ(T') we obtain from (2.3.37) that

(w'(t) + yu(t),n) = (w'(t) + yu(t),n)r = (w1 + guo, n)r — /t(w’(f)m)rdf

/ (Aw(r), An)rdr + / / 7))ndldr. (2.3.38)

It is evident from (2.3.38) that (w'(t) +~yu(t),n) coincides with an absolutely contin-

uous function on [0, 7] with

d

2 (W) +yut), mr = —(@'(t),n)r — (Aw(t), An)r + /F h(w(t))ndl’, — (2.3.39)
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for almost all ¢ € [0,7]. In particular, one has

d

(7 (@' (t) +yu(t)), 77>’ < [w'(B)lalnl2 + [Aw(t)|2| Anlz + C/F(Iw(t)lq + 1nldl

< C<|w’(t)|2 + [Aw(t)]2 + [Aw(t)]3 + 1>|An|2, (2.3.40)

for all n € HZ(T') and for almost all ¢ € [0,7]. By the regularity enjoyed by w as

stated in Corollary 2.3.2, we conclude that % (w' + ~vu) € L*=(0,T; H*(T)). O

2.3.6 Proper verification of (2.2.2)

We now must show that the limit function w satisfies the variational identity (2.2.2)
which permits time dependent test functions. Again, by using [48, Prop. A.1] it
can be shown that the regularity afforded by Lemma 2.3.6 implies the following:
For any test function v € C,, ([0,T]; H3(T')) with ¢, € L*(0,T; L*(T")), the function
(w'(t) + ~yu(t), ¥ (t))r coincides with an absolutely continuous function on [0,77] and

one has the following product rule in the distributional sense:

d d

2 (W () +u(t), d(@))r = (2 (W' (1) +yul®)), (1)) + (@' (8) + yult), ¥'())r-

(2.3.41)

With the validity of (2.3.41) and noting that the function 7 in (2.3.37) is time inde-

pendent, we may express (2.3.37) equivalently as

| G e+ [ @), aedr

+ /0 (Auw(r), Ag)rdr = /0 t /F h(w(r))drdr, (2.3.42)

for all n € H3(T) and all t € [0,T).
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As each term in (2.3.42) is absolutely continuous we may differentiate in time
and then replace n with ¢(7) where the time dependent test function ¢ (7) satisfying
v € G, ([0,T]; H3(T)) with ¢, € L*(0,T;L*(T)). Upon integrating the resulting
identity on [0,¢] and again utilizing the product rule (2.3.41) we obtain the desired

identity, namely:

o (G (! (7)+yu(n)) b (¢)) dr

e ~N

(wi(t) + yu(t), ())r — (wi + yu(0),4(0))r - /Ot(wt(T) +yu(r), ¢u(7))rdr

+/0 (Aw(T),Aw(T)rdT+/O (wt(T),w(T)rdr:/O /Fh(w(T))w(T)drdr, (2.3.43)
which is precisely (2.2.2).

2.3.7 Additional regularity of solutions

In order to complete the proof of the existence statement of Theorem 2.2.5, we need
to verify that the limit functions u and w identified in Corollary 2.3.2 satisfy the
additional regularity as stated in of Definition 2.2.3. For this purpose, we shall use a

well-known result which often attributed to Lions and Magenes, as in [46, Lem. 8.1].

Proposition 2.3.7. Up to possible modification on a set of measure zero, the limit

functions u and w identified in Corollary 2.3.2 satisfy:

u e Cy([0,T); X), uy € Cu([0, TT; L*(K2)),
(2.3.44)

w € Cy([0,T]; HF (1)), wy € Cu([0,T]; L*(T)).

Proof. As the proofs of both parts in (2.3.44) are similar, we only present the proof

of the second statement. We note here that HZ(T') C L*(I") ¢ H %) where the
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injections are continuous with dense ranges, then by [46, Lem. 8.1, p. 275]

L>(0,T; Hy(1) N Cu ([0, T]; L*(T)) = Cu ([0, T; H3(T)). (2.3.45)

Since we know w € L*(0,T; H3(T')) and w; € L>=(0,T; L*(T")), then after a possible
modification on a set of measure zero, w € C([0,T]; L*(T)). It follows from (2.3.45)
that w € C,, ([0, T]; HZ(T)).

Also, we recall from Lemma 2.3.6 that < (w' +~yu) € L*>°(0,T; H*(T')) and since
w' +~u € L>(0,T; L*(T')), then up to possible modification on a set of measure zero,
we conclude that w' +~u € C([0,T]; H-%(T")). However, we know from (2.3.17g) that
yu € C([0,T); L*(T')), and so it must be the case that w; € C([0,T]; H(T')). Hence,
by a similar reasoning as in (2.3.45) above, it follows that w, € C,([0,T]; L*(T")),

completing the proof. n

2.3.8 Hidden regularity of w,|

I'x(0,t)
We first note that u satisfies the problem:

.

uy — Au+ |[ulPflu =0 in Q x (0,7T),

u=0 on I'y x (0,7,
Oyu = wy onI'x (0,7,

[ (u(0), uy(0)) = (up, 1) € (HILO(Q) N LP+1(Q)> x L2(Q),

(2.3.46)

where w; € C,,([0,T]; L*(T")) is the solution of the plate equation in (3.1.1) which is
regarded as a boundary feedback for u.

We define the Dirichlét-Neumann map: R : H*(I') —s H*"2(Q) N Hp (Q):s>0
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by:
Ag =0 1in €,
q = Rp <= ¢ is the weak solution of the problem ¢ 4 =0 on I, (2.3.47)
d,q=pon .

\

It is well-known that R is continuous from H*(T) to H* 2(Q) N H} (Q), for s > 0
(see for instance Lasiecka and Triggiani [43, 44]). We also introduce the Dirichlét-
Neumann Laplacian: A = —A : D(A) C L*(Q) — L?*(Q2), with its domain D(A) =
{ue H*(Q) : ulr, =0, d,ulr = 0}. In addition, recall the sine and cosine operators
S(t) and C(t) associated with A. Specifically, S(t), C(t) : L*(Q) — L*(Q) which are
given by S(t) = A7Y/2sin(A"Y?t) and C(t) = cos(A?t), t > 0. We refer the reader to
[43, 44]) for more details on the sine and cosine operators.

With these operators at hand, then v must satisfy the integral equation:
u(t) = C(t)ug + S(t)uy + (K f)(t) + (Lwy)(1), (2.3.48)

where f(u(7)) = —|u(7)[P " u(r) and

(

S(tyuy = [, C(r)uidr,

(Kf)(t) = Jy S(t —7) f(u(r))dr,

| (Lw)() = [ AS(t — 7)Ruwy(7)dr.

Our goal in this section is to obtain better regularity for ut’rx(o,t) than what has been

stated in Lemma 2.3.6. In order to do so, we restrict the values of p to the range 1 <

p < 3. Since we already know that u € C,, ([0, T]; Hp, (Q2)) and u, € C,([0,T7]; L*()),
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then it follows easily that f(u) € H*(0,T; L*(Q)), for 1 < p < 3. Then, by Corollary
5.3 in [44] it follows that

(Kf) € C([0,T], D(A)),
F(Kf) € C([0,T], HY(Q)).
In particular, one has

"o (%(Kf)) e C((0,T], HY2(T)). (2.3.49)

On the other hand, by the recent results by Triggiani (see Theorem 1.1 in [57], see
also [56] for similar results), and since we already know that w, € C,,([0,T7]; L*(T")),

then the best trace regularity of Lw; on X is given by:
Lwy|, € HY3(X), where ¥ =T x (0,7).
Therefore,

d —2/3
(ZLw)l, € HP(3). (2.3.50)

In view of (2.3.49)-(2.3.50) and the well-known properties of C'(t) and S(t) [43, 44, 57],
then by assuming ug = u; = 0; or else assume uo € HE () N H™(Q), u € H(Q),
for some 6 > 0, then it follows from (2.3.48) that the best hidden regularity of u; on

> is:

wl, € H23(%). (2.3.51)
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Moreover, the action of | on a test function 1, (where v is as described in

I'x(0,t)

Definition 2.2.3), is given by:

(el 0.0 ) = (Yult), ¥ (£))r — (yu(0),¥(0))r —/0 (yu(7), ¥u(7))rdr,  (2.3.52)

where the terms on the right hand side of (2.3.52) are precisely the corresponding
terms appearing in (2.2.2) (see Definition 2.2.3).
We emphasize here that the regularity obtained in (2.3.50) for u|, is achieved

with the additional assumptions:

1<p<3,

uy =uy =0, or ug € Ht (Q) N H™(Q), u; € H?(Q), for some 0 > 0.

(2.3.53)

2.4 Energy Identity and Energy Inequality

This section is devoted to derive the energy identity (2.2.3) in Theorem 2.2.5 in the
case 1 < p < 3. One is tempted to test (2.2.1) with u; and (2.2.2) with w;, and carry
out standard calculations to obtain energy identity. However, this procedure is only
formal, since u; and w; are not regular enough and cannot be used as test functions in
(2.2.1) and (2.2.2). In order to overcome this technicality we shall use the difference
quotients Dpu and Djpw and their well-known properties that appeared in [39] and
later in [33, 52, 54]. We remind the reader that the space X = Hp ()N LPT(Q) will
be replaced simply by X = H} (€2), since 1 < p < 3 in this section. Properties of the

Difference Quotient for general Banach Spaces are outlined in the Appendix.
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2.4.1 Proof of Energy Identity

Throughout the proof, we fix t € (0,7) and let (u,w) be a weak solution of the system
(2.1.1) on [0,7] in the sense of Definition 2.2.3. Recall the regularity of u and w,
namely: u € C,([0,T]; H (), uy € Cou([0,T]; L*(Q)), w € Cy([0,T]; H3(T')), and
wi € Cy([0,T]; L*(T)). As such, we can define the difference quotient Dyu(7) on [0, ]
as in (A.0.1), i.e., Dpu(7) = 5 [te(T + h) — ue(T — h)], where u.(7) extends u(r) from
[0,¢] to R as in (A.0.2); and with a similar definition of the difference quotient Dyw(7)
on [0,t]. In what follows, we may abuse notation by writing u(7), w(7) in place of
ue(T), we(7), and in particular we remind the reader here that «'(7) = w/(r) = 0
outside the segment [0, ¢].

We aim to first show that Dju(r) and D,w(7) satisfy the required regular-

ity conditions to be suitable test functions in Definition 2.2.3. Indeed, since u €

Cw([0,t]; HE (Q)) and w € C([0,t]; HF (L)), then clearly
Dyu € Cy([0,t]; Hp, () and Dyw € C,,([0,¢]; Hy(T)). (2.4.1)

In addition, for 0 < h < £ we note:

)
o lue(T+h) —w(r —h)], if h<7T<t—h,

(Dpu)e(r) = —sru(T—h), ift—h<7T<Ht,

(T4 h), if 0<T <h,
x

with a similar definition for (Djw)(7).
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Since u; € C([0,t]; L2(Q)) and w; € Cy([0,t]; L*(T)), then it follows that:
(Dpu), € L*(0,t; L*(Q)) and (Dyw), € L*(0,t; L*(T)). (2.4.2)

Thus, (2.4.1)-(2.4.2) show that Djyu and Dyw satisfy the required regularity conditions
to be suitable test functions in Definition 2.2.3. Therefore, by taking ¢ = Dju in
(2.2.1) and ¥ = Djw in (2.2.2), we obtain (the variable 7 is being suppressed within

the following integrals):

(ug(t), Dpu(t))o — (u1, Dpu(0))q — /0 (ug, (Dpu)y)odr +/0 (Vu, VDyu)odr

t t
—/ (wt,’thu)pdT—i-/ /|u\p_luDhudach:O, (2.4.3)
0 0 Jo

(we(t) + yu(t), Dyw(t))r — (w1 + ~yu(0), Dpw(0))r — /o (wy, (Dpw)y)rdr
— /Ot(vu, (Dpw))rdr + /Ot(Aw, ADyw)rdr + /Ot(wt, Dypw)rdr
_ [ / h(w) Dywdl'dr. (2.4.4)

We now justify passing to the limit as h — 0 in (2.4.3)-(2.4.4) as follows:

By using Proposition A.0.4 with Y = Z = L*(Q), then as h — 0,

Dpu — ug in L2(2 x (0,1)),
(2.4.5)

Dpw — wy in LT x (0,1)).

Since u, u; € Cy([0,1]; L*(2)) and w, wy € C,([0,t]; L*(T)), then as h — 0, it
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follows from (A.0.6) that

1 1
Dpu(0) — §ut(0) and Dpu(t) — §ut(t) weakly in L*(Q),

1 1
Dypw(0) — §wt(0) and Dyw(t) — 5wt(t) weakly in L*(T).

Therefore,

(

timgo ((w(t), Duu(®))a = (ur, Dyu())a) = § ([l (®)f ~ u:(0)]3).

limy, o (we(t) 4+ yu(t), Dyw(t))r = 5|we(t)]3 + 5 (vu(t), wi(t))r, (2.4.6)

| im0 (wn +7u(0), Dyw(0))r = 3w (0)[3 + 5(7u(0), wi(0))r.
Also, by (A.0.4)
/Ot(ut, (Dpu)y)odr = /Ot(wt, (Dpw))rdr = 0. (2.4.7)

In addition, since u € Cy([0,]; Hp () and w € Cy([0,t]; H3(T')), then (A.0.3)

yields:

limi o fo (Vu, VDpw)adr = ([ Vu()l3 ~ [Vu(0)3),

(2.4.8)
limy o Jy (Aw, ADgw)rdr = (JAw ()l — [Aw(0)).
An immediate consequence of (2.4.5) is that
t t
lim [ (wg, Dyw)pdr = / lwy(7)|5dT. (2.4.9)
h—0 Jo 0

Also, since u € Cy([0,T]; Hp (Q)), then v € L>(0,T;L5(Q)), by the Sobolev
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Imbedding Theorem. The assumption 1 < p < 3 yields,
@ a@)l, = lu®l3, < Cllull ooz @) < o

Consequently, |uP~tu € L?(Q x (0,t)), and from (2.4.5) we have

¢ ¢
lim/ /]u|p_1uDhudxdT:/ /]u|p_1uutdxd7'. (2.4.10)
h=0Jo Ja 0o Jo

In addition, since w € C\, ([0, T]; HZ(I")), then w € L*>(0,T; L*(T")) for all 1 < ¢ < oo.
Thus, the bound imposed on h in Remark 2.2.2 implies h(w) € L*(T x (0,7)). As

such, (2.4.5) implies

lim// thdFdT—// w)wdldr. (2.4.11)
h—0

The trouble terms fot(vu(T), Dywy(7))rdr and fot(wt(T), vDpu(7))rdr are handled as

follows. For all sufficiently small & > 0, we have

/0 (yu(7), Dytwy(7))rdr

_ %(/Otwu(f), wi(r + h))pdr — /0 (yu(r). wi(7 — h))rdr
= oo ([ utr = mwtenar = [t 4w v, (2412

where we have used a change of variables in (2.4.12) and the fact that w; = 0 outside

the interval [0,¢]. By rearranging the terms in (2.4.12), we obtain

/0 (vu(7), Dy (7)) = — /0 (v Du(r), wy())dr

_ % ( /Oh(Vu(T — h),wy(7))pdr — /tth('yu(T +h), wt(T))FdT> (2.4.13)



34

We now utilize the weak continuity of w; in the last two term in (2.4.13) as follows.

37 | Gutr =mwdr = 52 [ (). um)ede
I I
=9/, (7u(0), we(r) — we(0))rdr + o i (yu(0), we(0))rdr
— S (u(0), W), as h— 0 (2.4.14)
Similarly, we have
I I
o t_h(’YU(TJrh)awt(T))FdT =2 t_h(”yu(t),wt(T))FdT
I 1 [
=2 t_h(vu(t%wt(T) —wi(t))rd7 + 5 t_h(vu(t),wt(t))rdT
— S (ult) wB)r, as b — 0. (2.4.15)

Finally, by adding (2.4.3)-(2.4.4) and by combining the results established in
(2.4.6)-(2.4.15) we can pass to the limit as h — 0 to obtain the energy identity
(2.2.3).

2.4.2 Energy Inequality

In order to complete the proof of Theorem 2.2.5 in the case where p > 3 it remains only
to establish the energy inequalities (2.2.5)-(2.2.6) which are given in Proposition 2.4.4
below. But, we first shall need some ancillary results regarding the the sequences of
approximate solutions {uy}5° and {wy}5° which satisfy the conclusions of Corollary

2.3.2.

Proposition 2.4.1. Let {un}5° be the sequence of approximate solutions satisfy-

ing the conclusions of Corollary 2.3.2. Then, there is a subsequence, still labeled as
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{un}3°, such that:
uy () — ' (t) weakly in L*(Q), as N — oo, for all t € [0,T). (2.4.16)

Proof. Let us first note that the boundedness of the sequence {uy}$° in L>(0,T; X)
implies that, the sequence {|uy[P~ uy}{° is bounded in L*>°(0, T} L%(Q)) Thus, on

a subsequence labeled by {uy}{°, we have
lun [P ruy — € weak® in L®(0,T; LPTTI(Q))

However, from the strong convergence in (2.3.17¢) we conclude (on a subsequence)
that

lun|P'uy — [uP~ u point-wise a.e. in Q x (0,T).

Hence, £ = |u[P~1u a.e. in  x (0,T). That is,
lun [Py — [ulP'u weak® in L(0,T; L7 (). (2.4.17)

From the first equation in (2.3.6) along with (2.3.20)-(2.3.21) and (2.4.17), we obtain,

as N — oo,

(u/],\fﬂej)ﬂ

— —(Vu,Vej)o + (W', ve;)r — / lulP~ ue;dr weak™ in L®(0,T), (2.4.18)
Q

for all j € N. By comparing (2.4.18) with (2.3.27), it follows that

d d
%@/N,ej)g — E(u’,ej)g weak™ in L>(0,7T), for all j € N. (2.4.19)
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Since x4 € L'(0,T) for ¢ € [0, 7], then by integrating (2.4.19) over [0,¢], we obtain
(un (1), e5)0 — (un(0),€5)0 — (W/(1),€5)a — (u'(0), €j)q, as N — oo,
for all j € N and all t € [0,7T]. By the strong convergence in (2.3.3), it follows that
(uy(t),e5)a — (W'(t),ej)q, as N — o0, (2.4.20)

for all j € N and all ¢t € [0, 7.
Now, for any ¢ € X, there exists a sequence ¢ = Z?Zl ai;e; such that ¢, — ¢

strongly in X. By linearity, one can replace e; in (2.4.20) with ¢, to obtain
(U (t), o) — (W'(t), dr)a, as N — oo, for all ¢t € [0,T]. (2.4.21)

Thus, by using (2.4.21) and the strong convergence of {¢x}72; in X, we have for all
t e [0,77:

(1), B)o — ((2), B)a| < | (1), D)o — (i (8), B1)a)
| (2), d)a — (1), duda| + (4 (1), du)a — (1), D)o
< N (Bl 16 = Dl + (i (8) = w/(0), )| + /D)l llo = Gl

< 6~ el + | () — (1), 00)a| — 0, as Nk —s 00 (24.22)
That is, for all ¢ € X,
(uy(t),d)o — (W' (t),d)q, as N — oo, for all t € [0, 7. (2.4.23)

Since the space X is dense in L?({2), then by a similar density argument as in (2.4.22),
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we conclude that (2.4.23) remains valid for all ¢ € L?(f2), which completes the proof

of the proposition. O

Proposition 2.4.2. The sequence of approximate solutions {wy}5° satisfying the

conclusions of Corollary 2.3.2 also satisfies:
wiy(t) — w'(t) weakly in L*(T), as N — oo, for all t € [0,T). (2.4.24)

Proof. From the second equation in (2.3.6) along with (2.3.33)-(2.3.34) and (2.3.17a),

we have, as N — oo,

(wy + Yy, 05)r — — (Aw, Agj)r — (W', 05)r

—i—/h(w)ajdf weak™ in L>°(0,7), (2.4.25)
r
for all j € N. By comparing (2.4.25) with (2.3.39), we conclude that

%(wﬁv‘wum oj)r

— %(w' +yu,0;)r weak” in L>(0,7), for all j € N. (2.4.26)

Again, as xjo4 € L'(0,T) for t € [0,T], then (2.4.26) implies that

(wiy(t) +yun(t), 05)r = (wy(0) + yun(0), 05)r — (w'(t) +yu(t), o;)r

— (w'(0) + ~yu(0), 05)r, as N — o0, (2.4.27)

forall j € Nand all t € [0,7]. By the strong convergence in (2.3.3) and the continuity
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of trace operator v, it follows that
(Wi (t) +yun(t), 05)r — (W'(t) +yu(t),o;)r, as N — oo,
for all j € N and all ¢ € [0,T]. However, the strong convergence in (2.3.17g) yields,
(wy(t),o5)r — (W'(t),0;)r, as N — o0, (2.4.28)
for all j € N and all ¢ € [0,T]. Now, the rest of the proof goes exactly as in the proof

of Proposition 2.4.1 by using a density argument. O]

Proposition 2.4.3. Let {un}° and {wn}3° be the sequences of approximate solu-
tions satisfying the conclusions of Corollary 2.3.2. Then, there are subsequences, still

labeled as {un}5° and {wn}5°, such that, as N — oo

p

un(t) — u(t) weakly in LPYH(Q), a.e. [0,T],

un(t) — u(t) weakly in H} (), a.e. 0,77, (2.4.29)

wy(t) — w(t) weakly in HZ(T), a.e. [0,T).

\

Proof. Since the sequence {uy}7° is bounded in L>°(0,7"; X), then in particular it is

bounded in L'(0,7T; LP*(2)). Thus, on a subsequence, it follows that

uy — u weakly in L'(0,T; LP*H(Q2)), as N — oo. (2.4.30)

Thanks to the strong convergence in (2.3.17e) which implies

uy — u strongly in L'(0,T; L*(Q)), as N — oo. (2.4.31)
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Since LFTH(Q) € L*(Q) C LpTﬂ(Q), then the first convergence in (2.4.29) follows from
Proposition A.0.2 in the Appendix. The other two convergences in (2.4.29) are also

routine conclusions of Proposition A.0.2. O]

Proposition 2.4.4. The limit functions u and w identified in Corollary 2.3.2 satisfy

the energy inequalities (2.2.5) and (2.2.6) in the statement of Theorem 2.2.5.

Proof. From (2.3.11) in the course of establishing the a priori estimates it was shown

that each uy satisfies for all ¢ € [0, T7:

t t
Eult) + / oy () 2dr = & (0) + / / h(ww (7)) (7)dTdr, (2.4.32)
0 0 Jr
where &y (t) is the positive energy of the system given by:
En(t) =

(a3 + Vun (B)]l3 + [wy ()15 + [Awx (®)]3) + lun ()51

N —

p+1

By taking H(w) = [;” h(s)ds as the primitive of h, then (2.4.32) becomes

Enlt) + /0 'l (1) B = 4(0) + /F H(wn (£))dl — /F Hwy(0))dl.  (2.4.33)
By defining the total encrgy by
Pult) = ()~ [ Hlwy (),
we may recast (2.4.33) as
Enx(t) + /Ot |wiy (7)|3dT = Ex(0). (2.4.34)

From the mean value theorem and the polynomial bound for A in Remark 2.2.2, we
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have

| [ (#Coxte) = Hw@))ar| <€ [ (14 fox@F + w@Bluv® - vl
r e
< O+ wn(8)[3, + [w(B)[3) lwn (t) — w(t)]2
< C sup |Vwy(t) — Vw(t)]s — 0, as N — oo, (2.4.35)
te[0,7]
where we have used in (2.4.35) Hélder’s inequality, the Sobolev Imbedding Theorem,
and (2.3.17f). Hence,

lim H (wy(t))dl = /H ))dl, for all t € [0,T]. (2.4.36)

N—o0

Now, by taking the “liminfy_,.." in (2.4.34), we obtain
t
liminf Ex(t) + lim inf/ lwy (7)3d7T < liminf Ex(0) = E(0), (2.4.37)
N—o0 N—oo  J N—ro0

were we have used (2.4.36) and the strong convergence in (2.3.3)-(2.3.4).
Using the weak lower-semicontinuity of norms, Fatou’s Lemma, and (2.4.36) along

with Proposition 2.4.1-Proposition 2.4.3, we obtain for almost all ¢ € [0, 77,

lij\r/ninfEN( )—|—hmmf/ |wy (7)[2dT > hmmfg’N / W' (7)|3dT
—00

— lim [ H(wy(t))dl > &(t / |w'(T |2dT—/H . (2.4.38)

N—oo r

Combining (2.4.37) with (2.4.38), we obtain

/ ' (7 |2d7—/H ))dl < E(0) a.e. [0,T], (2.4.39)

which is precisely the desired energy inequality (2.2.6).
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Finally, the energy inequality (2.2.5) is easily obtained after showing

lim // wy (7)) Wiy (T dFdT—// T)dldrT. (2.4.40)
N—o0

The proof of (2.4.40) is similar to the proof of (2.4.36), and thus it is omitted. [

2.5 Global Existence

This section is devoted to prove the existence of global solutions as described in
Theorem 2.2.6. As in [1, 33, 48] and other works, it is the case here that either a
given solution (u,w) must exist globally in time or else one may find a value of T,

with 0 < T < oo so that

limsup / |wy (T |2d7' = 00, (2.5.1)
t—Ty
where, &(t) = 5 (Ju ()13 + V()13 + [we (O3 + [Aw(®)3) + 5 lu®)57-

By demonstrating a bound on the energy

é"(t)—k/o lwy(7)|5dT

on every interval [0, 7] which is dependent only upon T and the positive initial energy
&(0), we shall show that the scenario in (2.5.1) cannot occur as the argument is
bounded on any finite interval. This bound is possible provided the source term
acting on the plate is essentially linear. Indeed, this assertion is contained in the

following proposition.

Proposition 2.5.1. Let (u,w) be a weak solution of (2.1.1) on [0,T] as furnished by

Theorem 2.2.5.
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e If qg=1, then for allt € [0,T], (u,w) satisfies
&(t) +/0 lw(7)|3dT < C(T, &(0)), (2.5.2)

where 0 < T' < 0o s aribitrary.

e If ¢ > 1, then the bound in (2.5.2) holds for all 0 <t < T’, where 0 <T' < T

and T" depending upon T and &(0).

Proof. Recall the energy inequality in (2.2.5):

E(t) + /t lw, (7)|3dT < &(0) + /t / h(w)wdldr. (2.5.3)

By noting the polynomial bound on h in Remark 2.2.2 with ¢ = 1 along with Holder’s

and Young’s inequalities, we have:

/O t /F h(w)wdldr

< c/ot/r(|w(7)| + 1)y (r)dTdr

¢
<C [ (w(n)a + Dlw()ladr
0
L[ 2 ' 2
< 5 \w(7)]5dT + C | |w(r)]3dT + CT
: 0 0
< 5/ lwy(7)|3dT + C’/ &(r)dr + CT, (2.5.4)
0 0
where the constant C'in (2.5.4) depends on |I'|, the Lebesgue measure of I'. Combining
(2.5.3) and (2.5.4) yields,

E(t) + % /Ot wy(7)2d7 < £(0) + CT + C/Ot &(r)dr. (2.5.5)
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In particular,
t
Et) <&0)+CT + C’/ &(t)dr for t € [0,T]. (2.5.6)
0
By Gronwall’s inequality, we conclude that
&(t) < (£(0) + CT)e " for t € 0,7, (2.5.7)

where 7' > 0 is arbitrary. Combining (2.5.5) and (2.5.7), the desired result in (2.5.2)

follows.

Now, if ¢ > 1, we appeal to the polynomial bonud on A in Remark 2.2.2 along with

Holder’s and Young’s inequalities to obtain:

‘[Ammmaw

SQ[KWMW+Dm@ﬂm

t
< [ (ulr)t, + Dluwn(ladr
0
1 ! 2 ! 2
<o [ ha@Bdr+C [ |Aw(n)dr + 0T
1 Ot Ot
<: / fwn(r)dr + C / S(ryidr + OT.  (255)
0 0
Combining (2.5.3) and (2.5.8) yields
1 /[t ¢
5@+§/HWW%W§£@+CT+q/£mMr (2.5.9)
0 0

In particular,

ﬁw§£@+CT+qf£&Wh (2.5.10)
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By using a standard comparison theorem, (2.5.10) yields that &(t) < z(t), where

z(t) = [(£(0) + CT)'™1 — C(q — 1)t]q%11 is the solution of the Volterra integral equa-

tion
t
2(t) = &0) + CT + C’/ z(s)ds.
0
Since ¢ > 1, z(t) blows up at the finite time 7} = ﬁ(é"o + CT)'"4. Note that Ty

depends on initial energy &(0) and the original existence time, T'. Nonetheless, if we

choose T’ = min{T’, 1T} }, then
E(t) < 2(1) < Cy = [(£(0) + Cp)' ™ — C(q — NT'] 7" < oo, (2.5.11)

for all t € [0,7"]. Finally, we combine (2.5.9) and (2.5.11) to conclude the second

statement of the proposition. O]

2.6 Continuous Dependence on Initial Data

In this section, we provide the proof to Theorem 2.2.7 in the case 1 < p < 3, where

the bound (2.5.2) is crucial in the proof.

Proof. Let Uy = (ug, wo, w1, wy) € H = Hf () x H(T) x L*(2) x L*(T"). Assume

that {U] = (uf, wy,u},w}) : n € N} is a sequence of initial data that satisfies:
Uy — Uy in H strongly as n — oo. (2.6.1)

Let {(u™, w™)} and (u,w) be the weak solutions to (2.1.1) defined on [0, T in the sense
of Definition 2.2.3, corresponding to the initial data {UJ'} and {U}, respectively.

First, we show that the local existence time 71" can be taken independent of n € N.
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To see this, we recall that the local existence time provided by Theorem 2.2.5 for the
solution (u,w) depends on the initial energy &(0). Due to the strong convergence of
Uy — Uy, then the local existence time T for the solutions {(u",w™)} and (u,w)
can be chosen independent of n € N. Moreover, in view of (2.5.2), T' can be taken
arbitrarily large in the case when ¢ = 1. However, in the case when ¢ > 1, we select
the local existence time to be T' = T", where T" is as given in Proposition 2.5.1 (which
is also uniform in n). In either case, it follows from (2.5.2) that there exists R > 0

such that, for all n € N and all ¢ € [0,7] (where T' > 0 is independent of n):

Et) + [y lw(r)3dr < R,
(2.6.2)

E™Mt) + [o |w(1)3dr < R,

where 8" (t) = 5 ([up (I3 + [ Vur ()13 + [w} )15 + [Aw™(®)3) + xllu" @)}

Now, put y™(t) = u(t) — u"(¢t), 2"(t) = w(t) — w™(t), and

E"(t) = 5 (lyr I3 + IVy" Ol + |27 (O + 14" (1)) (2.6.3)

DO | —

for t € [0,T]. We aim to show &,(t) — 0 uniformly on [0, 7.

From Definition 2.2.3, then 3" and z" satisfy:

(0 00— 070). 60 = [ (7). 61()adr
+/O (Vy”(T),ng(T))QdT—/O (z(7), 7o (7))rdT
+ /O /Q (Iu(r)|pf u(r) — Ju™(7) [P~ u"(T))¢(T)dxdT:0, (2.6.4)
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(22(0) + 7™ (00 — (1(0) + 47 (0,0(0))r — jg (22 (7). () ol
—14<wy%rxwwﬂhdf+lé<Az%fowmondr

+ /Ot(z?(T),w(T))pdT: /Ot /F<h(w<r))—h(w”(T)))¢(T)drdT, (2.6.5)

where ¢ and v are proper test functions as described in Definition 2.2.3.

As we demonstrated in the proof of the energy identity in Section 2.4, we can
replace ¢(7) by Dpy(7) in (2.6.4) and ¢(7) by Dpz(7) in (2.6.5), for any 7 € [0, 7.
By using similar arguments as in the proof of the energy identity (2.2.3), we can pass

to the limit as h — 0 to deduce the identity:

/‘Z |2d7+// ColaC _’un(T)|p_lun(7')>y?(7')dxd7
+/O/F h(w<7))—h(w"(T))>zt”(7)dFdT. (2.6.6)

We first estimate the term coming from the source acting on the wave equation. By
recalling the bounds in Remark 2.2.2 and by using Holder’s and Young’s Inequalities,

one has

‘ / / ( TP u(r) — Ju" (7 )|p_1U"(T)>y?(T)dxdT‘
<

0//"m P+ WP () = ()7 (7l
<€ [ty + 1l ) = ol
< G [ UV @I+ i (IBr < O [ E7(ra 267

where we have used in (2.6.7) the assumption 1 < p < 3, the Sobolev Imbedding

Theorem, and the bounds in (2.6.2).
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In a similar manner, we can estimate the term coming from the source acting on

the plate and obtain

| / / (hw(r) = hw"(7))) 2 (r)drdr| < Cn / A ()2

t
< C’R/ E"(T)dr. (2.6.8)
0
By combining (2.6.6)-(2.6.8), we conclude
E"(t) + / |2"(7)|3dT < &™(0) + C’R/ E"(T)dr. (2.6.9)
0 0
In particular, Gronwall’s inequality yields
E™(t) < EM(0)eCRT | for all t € [0,T7. (2.6.10)

Since &"(0) — 0, as n —» oo, then &, (t) — 0 uniformly on [0, 7], completing the

proof. O

Remark 2.6.1. Corollary 2.2.8 follows immediately from Theorem 2.2.7. Its proof is

outlined below. YA

Proof. Let (u,w) and (4, w) be two weak solutions to (2.1.1) defined on [0, 7] in the
sense of Definition 2.2.3 with the same initial data Uy = (ug, wo, u1, w;) € H, where
H = H} () x H§(T) x L*(Q) x L*(I'). Put: g(t) = u(t) — a(t), 2(t) = w(t) —w(t),

and

Et) =5 (O3 + VI + 1203 + [A2(2)]3) (2.6.11)

N | —
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Then, in the same manner in obtaining the identity (2.6.6), we have

/ [2(r)ladr + / / TP u(r) = Ja(r )|p_1ft(7)>yf(7)dxd7
// h(w(r )))Z?(T)dFdT (2.6.12)

Similar estimates as in (2.6.7)-(2.6.8) yield,

t t
+ / 3(r)2dr < C / é(rydr, (2.6.13)
0 0

which implies by Gronwall’s inequality that &(f) = 0 for all t € [0,7]. Hence,
(u,w) = (4, w). O
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Chapter 3

Supercritical Source and Damping Terms

3.1 The Model

In this iteration of the model we leave the statement of 1.2.1 intact, with more general

assumptions placed on the nonlinearities. As a reminder, this leaves us with:

uy — Au~+ g1 (ug) = f(u) in Q x (0,7),
wy + A%w + go(wy) + we|r = h(w) in T x (0,7),
u=0 on I’y x (0,7),

(3.1.1)
Oyu = wy onI'x (0,7,
w = Oy,w =0 on JI' x (0,7,
(u<0)7ut(0)) = (anul)’ (w(o)th(())) = (w()?wl)v

\

where the initial data reside in the finite energy space, i.e.,

(uo,u1) € HE () x L*(Q) and (wo, wy) € HF(T) x L*(I).
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3.2 Main Results

Throughout the chapter, we study (3.1.1) under the following assumptions.
Assumption 3.2.1.

Damping g1, o : R — R are continuous and monotone increasing functions with
91(0) = g2(0) = 0. In addition, the following growth conditions at infinity hold:

there exist positive constants a and B such that, for |s| > 1,

als|™ < gi(s)s < Bls|™ Y, with m > 1,

als|" < go(s)s < Bls|" T, with r > 1.

Interior sources f and h are functions in C*(R) such that

[f(s)] < C(sl"™" +1), with 1 <p <6,

| (s)] < C(|s|]t + 1), with 1 < q < oo.

Parameters meH < 6.
Remark 3.2.2. As the following bounds will be used often throughout the work it is

worthy of note that the above assumption implies that

[f(u) < ClulP + 1), |f(u) = f)] < C(ulP~ + [vP~ + 1)|u — o],
(3.2.1)

[h(w)] < C(lw|” + 1), |h(w) = h(z)] < C(jw]*™" + 2|77 + D]w — z].

We begin by introducing the definition of a suitable weak solution for (3.1.1).
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Definition 3.2.3. A pair of functions (u,w) is said to be a weak solution of (3.1.1)

on the interval [0, 7] provided:
(i) we C([0,T]; Hy, (), ue € C([0,T]; L*(2)) N L™H(Q x (0,T)),
(i) w e C([0,T]; H3 (), wy € C([0, T]; LX(I)) N LI x (0, 7)),
(iii) (u(0),u(0)) = (uo,ur) € Hp, () x L*(),
(iv) (w(0),w(0)) = (wo, wr) € HF(I') x L*(T),
(v) The functions v and w satisfy the following variational identities for all ¢ € [0, T':

t

(ur(t), ()2 — (11, H(0))2 — / (us(r), (7)) + / (Va(r), Vo(r))adr

/(wt (T rdT+/ /gl uy (7)) p(7)dzdT
/ / Flu(r))o(r)dxdr, (3.2.2)

(wi(t) + yu(t), ¥(8))r — (w1 +yu(0),¥(0))r — /0 (wi(7), ¢e(7))rdr

- / (yu(r), du(r))rdr + / (Aw(r), Ap(r))rdr

i /O t /F 9oty (7))p(r)dTdr = / / DdTdr,  (32.3)

for all test functions ¢ and « satisfying: ¢ € C([0, T]; Hf, (2))NL™ (2% (0,T)),
b € C([0,T]; HA(T)) with 6, € L1(0, T3 L3(2)), and v € L1(0, T3 LA(TY)).

Our first theorem establishes the existence of a local weak solution to (3.1.1). Specif-

ically, we have the following result.
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Theorem 3.2.4. (Local weak solutions) Under the validity of Assumption 3.2.1, then
there exists a local weak soluition (u,w) to (3.1.1) defined on [0,Ty] for some Ty > 0

depending on the initial energy E(0), where

E(t) = 5 (lue@l + 1Vu@)ll; + lwi(t)]3 + [Aw(t)]3) -

1
2

In addition, the following energy identity holds for all t € [0, Tp]:

t t
E(t) + / / g1 (we)upddr + / / go(w))wedldr
0 Q 0 T

— B(0) + /0 t /Q F(w)udzdr + /0 t /F h(w)wdTdr. (3.2.4)

Our next theorem states that weak solutions furnished by Theorem 3.2.4 are global
solutions, provided the exponents of damping are more dominant than the exponents

of the corresponding sources.

Theorem 3.2.5. (Global in time weak solutions) In addition to Assumption 3.2.1,
further assume ug € LPTH(Q). If p < m and q¢ < r, then the said solution (u,w) in

Theorem 3.2.4 1is a global weak solution and Ty can be taken arbitrarily large.

In order to state the next theorem, we need additional assumptions on the source

acting on the wave equation.

Assumption 3.2.6. For p > 3, assume that f € C*(R) with |f"(u)| < C(JulP72 +1)
for all u € R.

Theorem 3.2.7. (Continuous dependence on initial data) Assume the validity of

Assumptions 3.2.1 and 3.2.6 and an initial data Uy = (ug, wo, w1, w1) € X where the

3(p—1)
2

function space X is given by X = (H} (Q)NL () x HZ(T) x L*(Q) x L*(T). If
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Uy = (uf,wi, uy, w}) is a sequence of initial data such that, as n — oo,

USL—>U0 n X,

then, the corresponding weak solutions (u",w™) and (u,w) of (3.1.1) satisfy:

(u™, W, uyt, wy) — (u,w,ug,wy) in C([0,T); H), as n — o0,

where H = H[ (Q) x HF(I') x L*(Q2) x L*(T").

Remark 3.2.8. If p < 5, then the assumption of vy € LPT(2) in Theorem 3.2.5 is
redundant as Hf (Q) — L°(Q2). Simlarily, if p < 5, then the spaces X and H in

Theorem 3.2.7 are indentical. YA

Our final two theorems address uniqueness of weak solutions.

Theorem 3.2.9. (Uniqueness of weak solutions—Part 1) In addition to Assumptions

3(p—1)

3.2.1 and 3.2.6, we further assume that uy € L~z (). Then, weak solutions of

(3.1.1) are unique.

Remark 3.2.10. It is often the case that the wave source f fail to satisfy Assumption
3.2.6 for the values 3 < p <5, i.e, f ¢ C?(R). To ensure uniqueness of weak solutions
in such a case, we require the exponent of m of the wave damping to be sufficiently

large. More precisely, our final result resolves this issue. JAN

Theorem 3.2.11. (Uniqueness of weak solutions—Part 2) Under Assumption 3.2.1
we additionally assume that uy € L*®~V(Q) and m > 3p — 4 if p > 3. Then weak

solutions of (3.1.1) are unique.
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3.3 Local Existence

3.3.1 Operator Theoretic Formulation

Our first goal is to put problem (3.1.1) in an operator theoretic form. In order to
do so, we introduce the Dirichlét-Neumann Laplacian, given by: A = —A : Z(A) C
L*(Q)) — L3(2), with its domain Z(A) = {u € H*(Q) : u|r, =0, dulr = 0}. We
note that A can be extended to a continuous map A : H (Q) — (Hf (€)', where
(Au,¢) = [, Vu-Vodr = (Vu,Ve)q, for all u,¢ € H} ().

We define the Dirichlét-Neumann map: R : H*([') — H**2(Q) N H}, (9); s > 0 by:

(

Ag =0 in €,
q = Rp <= g is the weak solution of the problem ¢ 4= ( on I, (3.3.1)
d,q=ponl.

\

It is well-known that R is continuous from H*(T') to H*t2(Q) N H}, (Q), for s > 0
(see for instance Lasiecka and Triggiani [43, 44]). Let us note here that (3.3.1) and a

straightforward computation yields the following useful identity:

(ARp,¢) = (VRp-V¢)o = (p,79)r, (3.3.2)

for all p € L*(I") and ¢ € Ht ().

Also, the biharmonic operator A? : 2(A?%) C L*(I') — L*T) with its domain
P(A?%) = H*(T) N HZ(T) can be extended as a continuous mapping from HZ(T') to
H=2(T'), where (Aw, ¢) = (Aw, A¢)r, for all w, ¢ € HZ(T).
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By using the operators above, then (3.1.1) can be formally casted as:

(

U + A(u — th> + gl(ut) = f('LL) in Q x (0, T),

wi + A%w + go(wy) + yuy = h(w) in T x (0,7),
(3.3.3)

(w(0),1(0)) = (uo,ur) € Hy, () x L*(€),

(w(0),w;(0)) = (wg,wy) € HE(T) x L*(T).

\

Now, we introduce the state space H = H{ (Q) x H(I') x L*(Q) x L*(I') with the

natural norm:
UL = [Vully + [Awl; + [lyll; + 2[5, for all U = (u,w,y,2) € H,
and define the nonlinear operator

o P(A)CH—H

by
- = tr - - tr
U -y
w —2z
of = (3.3.4)
y A(u — Rz) + g1(y) — f(u)
& _AQw + g2(2) + vy — h(w)_
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where

9() = {(w,w,y,2) € (H},(Q) x HAD)®: A(u— R2) + u(y) — f(u) € LHQ),

giy) € (HL, ()N LHQ), A%w € LAD)}.
By putting U = (u, w, us, wy), then the system (3.3.3) is equivalent to
Ut + /U = 0 with U(O) = (UO, wo,ul,wl) € H. (335)

3.3.1.1 Globally Lipschitz Sources

First, we deal with the case where the sources are globally Lipschitz. In this case, we

have the following lemma.

Lemma 3.3.1. Assume that f : H} () — L*(Q) and h : H3(I') — L*(T") are
globally Lipschitz continuous. Then, system (3.3.3) has a unique global strong solution

U e Wbt>(0,T; H) for arbitrary T > 0; provided the initial datum Uy € D ().

Proof. In order to prove Lemma 3.3.1 it suffices to show that the operator &/ + wl
is m-accretive for some positive w. We say an operator o/ : 9(&/) C H — H is
accretive if (o xy — A wy,x1 — x9)y > 0, for all z1, 29 € Z(7), and it is m-accretive
if, in addition, o/ + I maps Z(«/) onto H. In fact, by Kato’s Theorem [55], if &/ +wI
is m-accretive for some positive w, then for each Uy € Z(47) there is a unique strong
solution U of (3.3.5), i.e., U € Wh(0,T; H) such that U(0) = Uy, U(t) € 2(&) for

all t € [0, 7], and equation (3.3.5) is satisfied a.e. [0,T], where T > 0 is arbitrary.

Step 1: Proof for o/ + wl is accretive for some positive w. Let U =
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(u,w,y, 2), U= (U, w,7,2) € 2(<). We aim to find w > 0 such that
(o +wl)U — (o +wU,U —U)y > 0.
By straightforward calculations we obtain:

(o +whU — (o +wl)U,U ~U)y = (L (U) - U),U - D)y +wlU — U}
=—(Vy—9),V(u—1))a — (A(z = 2), A(w —@))r + (A(u — @),y — §)
—(AR(z = 2),y = 9) +{01(¥) — 9:(9),y — 9) — (f(v) = [(@),y — D)o
+ (A (w =),z = 2) + (g2(2) = g2(2), 2 = £) + (v(y — 9), 2 — H)r
= (h(w) = h(®),z = 2)r + W[V (u = @) |5 +w [A(w — @)

+wly — 9|3 + w|z — 2|3 (3.3.6)
We note here that

(Alu— 1),y —9) = (V(u—1),V(y — 9)a,
(3.3.7)

(A*(w—1w),z —2) = (A(w — ), Az — 2))r.

Moreover, since g1(y) — ¢1(9) € (H%O(Q))I N LY Q) and y — g € H} () satisfying
(g1(y(x)) — g1(9(x)))(y(z) — y(z)) > 0, for all z € €, then by Lemma 2.2 (p.89) in
(6], we have (g1(y) — g1(9))(y — 9) € L'(©2) and

(@1(y) — a1(§)y — §) = / (@1(y) — 91(9))(y — 9)dz > 0. (3.3.58)
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We also immediately have

(92(2) = 92(2), 2 — 2)) = /(92(2) — 92(2))(z — 2)dx = 0. (3.3.9)

Q

Additionally, (3.3.2) yields

<AR(Z - 2)7 Yy — ?J> - (Z - 2’ ’7(y - g))F (3310)

By the assumption on the mappings f and h, let Ly and L;, be their globally Lipschitz

constants, and select L = max{Ly, L;,}. Then, one has

—(f(u) = f(a),y — 9)a — (W(w) = h(w), z = 2)r
> —L[[V(u—=1a)l2lly — 9lla — LIA(w — @) 2]z — 2|2

L N . X .
> =5 (IVu—-a)ls+[Aw—d)+lly =gl + 12— 25),  (33.11)
where we have used Young’s inequality. By combining (3.3.6)-(3.3.11), we have

(o +wU — (o +wU, U —U)y

L X . . .
> (0= 5 ) (9= DI +1500 — 0)B + Iy~ 315 + | - 3B).

Therefore, by choosing w > %, then &/ 4+ wl is accretive.

Step 2: Proof for &/ + \I is m-accretive for some A > 0. It suffices to show

that the range of &7 + A is all of H, for some A > 0.

So, let (a,b,c,d) € H. We have to show that there exists (u,w,y,z) € 2(«) such
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that (o + AI)(u,w,y,z) = (a,b,c,d), for some A > 0, that is,

(

—y+Au=a
—z+Aw=">b
(3.3.12)
A(u— Rz) + gi(y) — flu) + Ay =c
A%w + go(2) + vy — h(w) + Az = d.
Note, (3.3.12) is equivalent to
YAy — ARz + g1(y) — f(54) + dy = ¢ — {Aa
(3.3.13)

Tz + go(2) + vy — M(BE2) + Az = d — $A%.

Let V = Hp, () x Hg(T') and notice that the right hand side of (3.3.13) belongs to
V’. Thus, we define the operator B : (%) C V. — V' by:

tr tr

y Ay — ARz + g1(y) — F(5Y) + My

2 TA%2 4 g2(2) + vy — h(HZ2) 4+ Az

where 2(%) = {(y,2) €V : gi(y) € (H},(Q))'NLY(Q)}. Therefore, the issue reduces
to proving that & : 2(#) C V. — V' is surjective. By Corollary 1.2 (p.45) in [6],
it is enough to show that 2 is maximal monotone and coercive. To do this we will

split £ into two operators:

tr tr

y sAy — ARz — f(5Y) + My

z $A%z + yy — h(H2) + Az
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and

tr tr

%, is maximal monotone and coercive: Clearly, Z2(%,) = V. We first show

that %, : V —> V'’ is strongly monotone. So, let Y, Y € V, where Y = (y,2) and

A

Y = (g, 2). By straightforward calculations, we obtain

(B(Y) = B(Y),Y =Y )y =~(Aly — ).y — ) — (AR(z — 2),y — §)

B aty, .oty a2 L
(7 =1 w=5) + A=l +5

> =

(A%(2 — 2),2 — 3)

. ) b+ 2 b+ 2 . .
+(v(y—y),z—2)r—(h( ) —h(—; ),z—z) + Az — 22 (3.3.14)
r

Thanks to (3.3.2), we have (AR(z — 2),y —4) = (2 — 2,7(y — 9))r. Therefore, it

follows from (3.3.14) and Young’s inequality (with an n > 0) that:

. . 1 A L ) )
(BY) = (V)Y = Y)vy =2 T|IV(y - 93— IV = Dlally =9l
o ) L ) . A
+ Ay — g5 + X!A(z —2)|3 - Xlﬁ(z — 2)|olz — 22 4+ Az — 2[5
1 . L? . n . . 1 )
> —||V(y—9)|5— MHV@ -5 - Xl\y — g3+ My — 915 + X|A(Z - 2)]3
L2 n

~ I N X|z—2|§+A|,z—z|§. (3.3.15)

Therefore, we conclude from (3.3.15) that

N N 1 L? n
. . N A2 _n A2
(B(V) = BV)Y = Vpvr 2 (5= 0 IV = 9)IE+ (A= 3) Iy = 313
1 L? 22 n 212
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By selecting 7 large enough, say n = %2, and then by selecting A = \%, it follows from
(3.3.16) that
~ ~ 1 AN (12 AN (2 1 O 112
(B(V) = B(1),Y = Vv = o (IVG =9I+ 18— 2)) = IV - VI

proving #, is strongly monotone. It is easy to see that strong monotonicity implies
coercivity of %#;. Next, we show that %, is continuous. It is clear that the mappings
A HE(Q) — (Hp, (), A*: H}(I') — H*(T'), and v : H}, () — H *(T') are

continuous. Moreover, as f : Hp, () — L*(Q) and h : H§(T') — L*(I) are globally

a+y

Lipschitz continuous, then the mapping y — f(*5

) is continuous from H{ (€2) to
(HE,(€)) and the mapping z — h(%2) is also continuous from HZ(T') to H~*(T).
In addition, by the properties of the Dirichlét-Neumann map R, we deduce that
AR : H3(T') — (H{, (£2)) is continuous.

It follows that %, : V. — V' is continuous, and along with the monotonicity of

%, we conclude that %, is maximal monotone.

P is maximal monotone: We first note that 2(%,) = {(y,2) € V : g1(y) €
(HE, (Q)), N L' (2)}. We will study first the operator g;(y), and in order to do so we

define the functional J; : H (Q) — [0, o0] by

I(y) = / 1 (y(2))da

where j; : R — [0, 00) is the convex function defined by

its) = [ on(ryar

Clearly J; is proper, convex, and lower semi-continuous. Moreover, by Corollary 2.3
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in [7] we know that 9.J; : Hf\ () — (H},(Q))’ satisfies
0J1(y) = {p € (Hp, () NLYQ) : p = gi(y) ae. in Q} (3.3.17)

This implies that 2(0.J;) = {y € HL (Q) : ¢1(y) € (H:, () N LY(Q)}, and for
all y € 2(0J1), 0J1(y) is a singleton such that 0.J;(y) = {g1(y)}. Since any sub-
differential is maximal monotone, we obtain the maximal monotonicity of the operator
g1(-) - 2(0J1) C HE () — (H},(Q2))". Using the same approach, we define the func-
tional J, : H3(I') — [0,00] by Ja(2) = [, ja(2(2))dl, where jo(s) = [ go(7)dr. By
the same argument above and using a result by Brézis [16], we obtain 0.J; : HZ(T') —»
H=2(T") with 2(0J2) = H3(T), and for all z € 2(0.J5), dJ5(z) is a singleton such that
0Jo(z) = {g2(2)}. Therefore, the operator go(-) : Z2(dJ2) C HE(T) — H (L) is
maximal monotone. Hence, by Proposition 7.1 in [33], it follows that By : Z(%,) C
V' — V' is maximal monotone. Now, since both %4, and %, are both maximal
monotone and Z(%4,) = V, then by a well-known Theorem in [6], & = %, + B is

maximal monotone.

Finally, since %, is monotone and %,(0) = 0, it follows that (%,Y,Y) > 0 for
all Y € 2(%4,), and along with the fact % is coercive, we obtain 4 is coercive as
well. Then, the surjectivity of £ follows immediately by Corollary 1.2 (p.45) in [6].
Thus, we proved the existence of (y,z) € 2(#) C V = H} () x H§(T) such that
(y,z) satisfies (3.3.13). So by (3.3.12), (u,v) = (42, %2) € H{ (Q) x H{(T). In

addition, one can easily see that (u,w,y,z) € Z(«7). Thus, the proof of maximal

accretivity is completed and so is the proof of Lemma 3.3.1. O]
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3.3.1.2 Locally Lipschitz Sources

In this subsection, we loosen the restrictions on sources, namely allow f to be locally

Lipschitz continuous.

Lemma 3.3.2. Assume that g1 and g are satisfying the conditions in Assumption
8.2.1. Further assume that f : H} (Q) — L*(Q) is locally Lipschitz continuous.
Then, system (3.3.3) has a unique local strong solution U € W1>°(0,Ty; H) for some
To > 0; provided the initial datum Uy € P ().

Proof. As in [14, 19, 33|, we use standard truncation of the sources. Recall, V' =

Hy, () x HF(I') and define

f(w) if |[Vulls < K,
¥ (u) =

! (ﬁﬁ) if ||Vull, > K,

h(w) if [Aw|; < K,
hK(w) =

h( K ) if [Aw]y > K,

|Aw|2
where K is a positive constant such that K? > 4E(0) + 1, where the energy E(t) is

given by

E(t) = 5 (lue(@)lz + [we @)z + [Vu@)ll; + [Aw(t)]3) -

N
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With the truncated sources above, we consider the following K problem:

(

ug + A(u — Rwy) + g1(uy) = f5(u) in Q x (0,7),
Wy + AQU} + QQ(UJt) + YUt = hK<UJ) in ' x (0, T),

(u(0),ut(0)) = (uo,ur) € Hy, () x L*(42),

(w(0),w:(0)) = (wp,wy) € HY(T) x L*(T).

\

We note here that for each such K, the operators f* : H} (Q) — L*(Q) and
hE . HZ(T') — L*(T) are globally Lipschitz continuous (see for instance [19, 36]).
Therefore, by Lemma 3.3.1, the (K) problem has a unique global strong solution
Ux € WH(0,T; H) for any T > 0 provided the initial datum Uy € 2(«).

In what follows, we shall express (ux(t), w(t)) as (u(t),w(t)). Since u, € Hy (Q)
and v; € Hg(T'), such that gy(u;) € (Hp () N L'(Q), then by (3.3.8) we may use

the multiplier u; and v; on the (K') problem and obtain the following energy identity:

E(t) + /0 t /Q or (g ueddr + /O t /F g(wy)widldr
= F(0) + /O t /Q 5 (u)udrdr + /0 t /F R (w)wydTdr. (3.3.18)

In addition, since m,r > 1, we know m = ™= 7 = = < 2. Hence, by our assump-
tions on the sources, it follows that f : Hp, () — L™(Q) and h : H3(I') — L"(T)
are locally Lipschitz continuous with Lipschitz constants L;(K) and Ly (K), respec-
tively, on the ball {(u,w) € V : ||(u,w)|v < K}. Put Lx = max{L;(K), L,(K)}.

We now estimate the terms due to the sources in the energy identity (3.3.18). By
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Holder’s and Young’s inequalities, we have

t t
| [ wmdsar < [ 17 @lallulnsds
0 JOQ 0
t t
< [ ulptiar+c. [ 15 wgar
Ot Ot ~ ~
< [ uttiar+ . [ (18500 - O+ 15O )ar

t t
<e [ Nulptiar + CLE [ ullfodr + CAlfOMRL (339
0 0
where € > 0 will be chosen below. Likewise, we deduce
t t ~ t _ ~
//M%mmmwg/hmﬂm+QQ/Hw5m+qm@mm(wmn
o Jr 0 0
By the assumptions on damping, it follows that
g1(s)s > a(|s["™ —1) and ga(s)s > a(|s|"" — 1), (3.3.21)
for all s € R. Therefore,

fg fQ g1 (ug)ugdzdr > af(f ||ut||zﬂd7' — at|Q|,
(3.3.22)

JE fga(wywndTdr > a [ w1 dr — at|D|.
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By combining (3.3.19)-(3.3.22) in the energy identity (3.3.18), one has

t
B+ o [ (it + o i — at(9] + 1)
t
< BO)+ ¢ [ (it} + el s
0
t } t
m M T T
+CL [ Nullfodr + C.L [ ol pdr
0 0

+ Cet(I£(0)[™19f + [h(0)["IT]). (3.3.23)
If € < v, then (3.3.23) implies

t t
Em§E®+awéuw%m+a%Auwhm

+ Cet(|£(0)[™ [ + [R(O)["[T]) + at(1Q] + |T)). (3.3.24)

Since m, 7 < 2, then by Young’s inequality,

t t t
/ ||u||’fod7-§/(||u||iQ+C)dT§2/ E(r)dr + Ct,
0 0 0

t t t
| Wwlrdr < [l + Grar <2 [ B(ryar + G,
0 0 0

where C'is a positive constant that depends on m and r. Therefore, if we set C'(Lg) =
2C. (L4 L) and Cy = C(| £(0)|™|Q + |(0)|7|T]) + (] +|T'|) +2C, then it follows

from (3.3.24) that

E(t) < (E(O) + C()To) + C(LK) /t E(T)dT, for all t € [O,To],
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where Ty will be chosen below. By Gronwall’s inequality, one has

E(t) < (B(0) + CoTy)e“ )t for all ¢ € [0, Ty). (3.3.25)
We select
Ty = mi ! L log 2 (3.3.26)
0 — min 4CO’C(LK) g , 0.

and recall our assumption that K? > 4E(0) + 1. Then, it follows from (3.3.25) that

1 K?

E(t) <2 (E(O) + Z) <5 (3.3.27)

for all ¢ € [0,7p]. This implies that ||(u(t),w(?))|ly < K, for all t € [0,T;], and
therefore, f%(u) = f(u) and h¥ (w) = h(w) on the time interval [0, Ty]. Because of
the uniqueness of solutions for the (K) problem, the solution to the truncated problem
(K) coincides with the solution to the system (3.3.3) for ¢ € [0,Tp], completing the

proof of Lemma 3.3.2. O

Remark 3.3.3. In Lemma 3.3.2, the local existence time T depends on Ly, which is
the local Lipschitz constant of f : H. () — L™(Q) and h : H{(I') — L7(T"). The
advantage of this result is that Ty does not depend on the locally Lipschitz constants
for the mappings f : Hp, (2) — L*(Q) and h : HF(I') — L*(T'). This fact is critical
for the remaining parts of the proof of the local existence statement in Theorem

3.2.4 A
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3.3.1.3 Lipschitz Approximations of the Sources.

This subsection is devoted for constructing Lipschitz approximations of the wave

source. We begin with essential propositions.

m+1

< 1+2 for some € > 0.

Proposition 3.3.4. Assume 1 < p <6, m > 1, and p™=
Further assume f € CH(R) such that |f'(s)| < C(|s|P~! + 1), for all s € R. Then
[ Hy () — L™(Q) is locally Lipschitz continuous, where m = "L

m

Remark 3.3.5. Since HE () < Hy, (), then it follows from Proposition 3.3.4 that
f is locally Lipschitz from Hf () into L™(€). In particular, if 1 < p < 3, then it is
easy to verify that f is locally Lipschitz from Hf (Q) — L*(9). A
Proof. Let u, @ € Hy, () such that HuHH1 () HuHH1 < < R, for some R > 0. It

follows from (3.2.1) that
1f(u) = F@)][5 < O/ u — 4™ (Ju™®=Y + o™= 4 1) da. (3.3.28)
Q

All terms in (3.3.28) are estimated in the same manner. In particular, for a typical

term in (3.3.28), we estimate it by Holder’s inequality and the Sobolev imbedding

Hﬁo_e(Q) — Lﬁ(Q) together with the assumption pm < 1+2

and Hu||H%EE(Q) < R.
For instance,
/heMﬂmp”Wm<Hu—MlHMWl

N 1)m
< Cllw =l o lull 1) < CRE™D lu = allf . o

Hence, we obtain

1F(w) = f(@)lln < C(R)Ju — il gp-c(q),
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for some constant C'(R) > 0 depending on R. O

Recall that for the values 3 < p < 6, the source f(u) is not locally Lipschitz continuous
from H}, (Q) into L*(Q). So, in order to apply Lemma 3.3.2 to prove Theorem 3.2.4,
we shall construct Lipschitz approximations of the source f. In particular, we shall
use smooth cutoff functions 1, € C§°(R), similar to those used in Bociu [12] and later
by [33] and others, such that each 7, satisfies:

0 < < 15 ma(u) = 1if Ju| < n; nypu) =0 if |ul > 2n; and |, (u)] < €. Put

fM(w) = f(wn,(u), ue R, n €N, (3.3.29)

where f satisfies Assumption 3.2.1. The following proposition summarizes important
properties of f™. Tts proof has appeared in [14] and it is also similar to the one

appeared in [33], thus its proof is omitted.
Proposition 3.3.6. For each n € N, the function f™ defined in (3.3.29) satisfies:

o f™(u) : Hp (Q) — L*(Q) is globally Lipschitz continuous with Lipschitz con-

stant depending on n.

e There exists ¢ > 0 such that f* : Hy “(Q) — L™(Q) is locally Lipschitz

continuous where the local Lipschitz constant is independent of n and where

m+1
e

m =
The following proposition deals with the plate source h and its proof is trivial.

Proposition 3.3.7. Assume 1 < ¢ < oo and r > 1. If h € CYR) such that
|W(s)] < C(|s|9™L + 1), then h is Locally Lipschitz from HZ (L) into L'+ (T), where

€ > 0 is sufficiently small.
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3.3.2 Approximate Solutions and Passage to the Limit.

We complete the proof of the local existence statement in Theorem 3.2.4 in the
following four steps.

Step 1: Approximate system.

Recall H = Hp (Q2) x H§(T') x L*(Q) x L*(I'), and the approximate source f" which

was introduced in (3.3.29). Now, we define the nonlinear operator &/ : Z(«/™) C

H — H by:
- o tr - - tr
U -y
w —z
" = , (3.3.30)
Y Alu— Rz) + g1(y) — f™(u)
| 2 _A2w+gg(z)+’yy—h(w) |

where 2(™) = {(u,w,y,z) € (H%O(Q) X H’g(l“))2 cAlu — R2) + g1(y) — f"(u) €
L2(Q), gi(y) € (H}(9) NLYQ), A?w e L)}

Clearly, the space of test functions Z(Q)* C Z(«#™), and since Z(2)* is dense in H,
for each (ug, wo, u1, w1) € H there exists a sequence of functions U = (uf, w, uf, w}) €

2(Q)* such that U — Uy in H.
Put U = (u, w, us, w;) and consider the approximate system:
U + .2/"U = 0 with U(0) = (uff, wy, ul,w}) € 2(Q)*. (3.3.31)

Step 2: Approximate solutions.

Since f™ satisfies the assumptions of Lemma 3.3.2, then for each n, the approximate
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problem (3.3.31) has a strong local solution U™ = (u", w™, u}, w}") € W*°(0, Ty; H)
such that U™(t) € 2(«/™) for t € [0,Tp]. It is important to note here that Tp is
totally independent of n. Although in (3.3.26) T does depend on the local Lipschitz
constant of the mapping f" : Hp () — L™(12), however, according to Proposition
3.3.6 the said Lipschitz constant is independent of n. Also, recall that in the proof
of Lemma 3.3.2, Ty depends on K which itself depends on the initial data, and since
Ul — Up in H, we can choose K sufficiently large such that one K is uniform for

all n. Thus, we will only emphasize the dependence of T on K.

Now, by (3.3.27), we know E"(t) < KTQ for all t € [0, Tp], which implies that,
[0 = ()2 o + Il ()3 + [ @O + P (O < K2 (33.32)

for all ¢t € [0,Tp]. In addition, by letting 0 < ¢ < § in (3.3.23) and by the fact m,

7 < 2 and the bound (3.3.32), we deduce that,

To To
| e [ e < o), (3.3.39)
0 0

for some constant C'(K) > 0 (independent of n). Since |g1(s)| < B|s|™ for all |s| > 1,
and ¢ is increasing with ¢1(0) = 0, then |g1(s)| < B(]s|™ + 1) for all s € R. Hence,
it follows from (3.3.33) that

To TO
/ / g1 (u) | dadt < Bm/ / juf |t 4+ 1)dzdt < C(K). (3.3.34)



72

Similarly, one has

To TO
/ / (o (w™)[FdTdt < 57 / / (Jwl 1 + 1)dTdt < C(K). (3.3.35)
0 I 0 T

Now recall that U™ = (u™, w", u},w}) € 2(&/™) is a strong solution of (3.3.31).
If ¢ and v satisfy the conditions imposed on test functions in Definition 3.2.3, then
by (3.3.34) and (3.3.35) we can test the approximate system (3.3.31) with ¢ and 1

to obtain:

(W (1), (t))ar — (1(0), $(0))er — / (W (), o(r))adr + / (V" (r), Vo(r))adr
- / (W (r), () )edr + / / g1 (] (1)) b(r)dadr

_ /0 t /ﬂ P (7)) () dadr, (3.3.36)

(wi' () + yu (), (@))r — (wi'(0) +yu"(0),4(0)r — /Ot(wf(T), ei(T))rdr

_/Ot(WU”(T);wt(T))rdr+/o (Aw™ (), Ads(r))rdr
+ [ [otwieneira = [ [wareeare, @

for all t € [0, Tp].

Step 3: Passage to the limit.

We aim to prove that there exists a subsequence of {U"}, labeled again as {U"}, that
converges to a solution of the original problem (3.1.1). In what follows, we focus on

passing to the limit in (3.3.36) and (3.3.37).

First, we note that (3.3.32) shows {U"} is bounded in L>°(0,Ty; H). So by Alaoglu’s
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Theorem, there exists a subsequence, labeled as {U"}, such that
U" — U weakly” in L>(0,To; H). (3.3.38)

Also, by (3.3.32), we know {u"} is bounded in L>(0,Tp; Hp (©2)). In addition, by
(3.3.33), we know {u?} is also bounded in L™ (Q x (0,Tp)), and since m > 1, we
see that {u?'} is also bounded in L™(Q x (0,Ty)) = L™(0, Ty; L™(€2)). We note here
that for sufficiently small € > 0, the imbedding H} (€2) < Hy, “(€) is compact, and
H} () < L™(£2). Then, by Aubin-Lions-Simon Compactness Theorem (e.g., [15,

Thm. I1.5.16]), there exists a subsequence, reindexed by {u"}, such that

u" — u strongly in C([0, To]; Hy, “(€2)). (3.3.39)
Similarly, we deduce that there exists a subsequence such that

w™ — w strongly in C([0, Tp); HY (T)). (3.3.40)
Now since H'7¢(Q) — L*(T") for sufficiently small € > 0, it follows from (3.3.39) that

yu™ — ~yu strongly in C([0, Tp]; L*(T)). (3.3.41)

Now, fix t € [0,Tp]. Since ¢ € C([0,t]; Hp (Q)) and ¢, € L'(0,t; L*()), then by
(3.3.38) we obtain

t

lim (Vu“(T),ng(T))QdT:/O(VU(T),ng(T))QdT, (3.3.42)

n—aoo 0
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and

t

lim (U?(T),qbt(T))QdT—/o(Ut(T),¢t(T))QdT. (3.3.43)

n—aoo 0

Similarly, we obtain

nli_r)noo i (Aw”(T),Az/J(T))FdT:/O(Aw(T),Aw(T))pdT, (3.3.44)
Jim [ wre)atordr = [ o, @3.45)

and
i [t = [u e (3349

From (3.3.32) we know {w}'} is bounded in L>(0, Tp; L*(T")). Now since ¢ € C([0,t]; Hp (Q2))
and Hf () < L*(T"), then by (3.3.38) we obtain

t

¢
lim (wy, yo)rdr = / (we, yP)rdr. (3.3.47)
Now by (3.3.34), on a subsequence,

g1(ul") — gt weakly in L™(Q x (0,1)) (3.3.48)

for some g; € L™(£2). Similarly, by (3.3.35), on a subsequence,

ga(wl") — g3 weakly in L™(T" x (0,t)) (3.3.49)
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for some g5 € L7(T"). Our goal is to show that gi = ¢1(u;) and g5 = go(w;). In order
to do so, we consider two solutions to the approximate problem (3.3.31), U™ and U.
For sake of simplifying the notation, put @ = u” —u/ and @ = w™—w’. Since U™, U’ €
Whee(0,Ty; H) and U™ (t), U’ (t) € 2(™), then 4, € WH2°(0, Ty; L2(2)) with @.(t) €
Hy, () and @, € WH(0,To; L*(T)) with @(t) € H§(T'). Moreover, by (3.3.33) we
know @; € L™ (2 x (0,Tp)) and w; € L™HT x (0,Tp)). Hence, we may consider the
difference of the approximate problems corresponding to the parameters n and j, and
then use the multiplier 4, on the first equation. By performing integration by parts in
the first equation, one has the following energy identity (in what follows, we suppress

the variable 7 and use the abbreviated notation for norms and inner product):

(Il + 1a0Ee) ~ [ @riordr+ [ [ (o) - n (oo

DN | —

:%(Hut( M2 + [a(0)]12.0) + //f” ") — (). (3.3.50)

Similarly, we may consider the difference of the approximate problems corresponding
to the parameters n and 7, and then use the multiplier w; on the second equation.

By performing integration by parts in the second equation, one has:

t

% (|@t(t)\§ + ||w(t)||§r) + (92( ) gg(wj))ﬁ)tdrdT +/0 (”Yat,wt)FdT

= 2 (@O + 1(0) mr(// ()l dr (3:351)
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Now adding (3.3.50) and (3.3.51) we obtain:

(a3 + la®1F o + @)l + @ @)l5r)

//91 ul) — g1 ut utdxd7+/ / ga(w™) — go(w?))w,dldr

<3 (Hut( )3+ 1(0)IF o + [@(0)]5 + [[0(0)13 1)

//|f” "y _ )] |ut\d:z:d7+//|h h(w!)|[,|dTdr. (3.3.52)

We will show that each term on the right hand side of (3.3.52) converges to 0 as

N —

n,j — oo. First, since lim,, o ||uf —uol|1,0 = im,— o0 ||uf —uq |2 = lim,, oo |l —
woll2,r = lim, o (W} — w1 ]2 = 0, we obtain
lim [|a(0)10 = lim |jug —ujfi0 =0,
n,j—>00 n,j—0

lim (@ (0)]s = lim |luf —uifs =0
n,]—>00 n,]—>0

lim ([ @(0)[lor = lim |lwg — wjlar =0,
n,j—0

n,j— 0o
lim |@:(0)|2 = hm |w1 wlly = 0. (3.3.53)

Next, we look at the second term on the right-hand side of (3.3.52). We have,

[ [1r) = pliadasds
< [ [ - rladdadr+ [ [ 1720 - sadasir

//|f i |ut|dxd7'—|—/ /|fJ P ildedr. (3.3.54)

We now estimate each term on the right-hand side of (3.3.54) as follows. Recall, by

Proposition 3.3.6, f™ : H%O_E — L™(Q) is locally Lipschitz where the local Lipschitz
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constant is independent of n. By Hdlder’s inequality, we obtain

/ 1 = i dear

(/‘/ﬁf )WWMh)mH(/j/ﬁuwﬁwmh>“
(/ [[u” —UIIHu )MH — 0, (3.3.55)

as n — 0o, where we have used the convergence (3.3.39) and the uniform bound in

(3.3.32). To handle the second term on the right-hand side of (3.3.54), we shall show
f(w) — f(u) in L™(Q x (0,Tp)). (3.3.56)

Indeed, by (3.3.38), we know U € L>(0,7Ty; H), thus u € L*(0,To; Hp, (). In

addition, by (3.3.29) and the definition of f", we have

1" (w) = f(u)

To ~
Bootomn = | [ UFGlim() 1) dade. (3357

Since 0 < 1, (u) < 1, it follows that (| f(w)||n.(w) — 1™ < |f(w)|™. To see | f(u)|™ €
LY (2 x (0,Ty)), we use the assumptions | f(u)| < C (Jul’ + 1) and pm < 6 along with
the imbedding H}, () — L%(). Indeed,

To To
/l/u mm&<o/ /|Wm ) dud

T i
SCA (Il g+ 1) dt < oo

Clearly, n,(u) — 1 a.e. on Q as n — oo. By applying the Lebesque Dominated

Convergence Theorem on (3.3.57), then (3.3.56) follows, as desired. Now, by using
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Hoélder’s inequality and the limit (3.3.56), one has

//If” w)| |t |dedr
( / / " |mdxd7)m“ ( / /|u |m+1dl,d7)+l_> 0 (355

as n — 0o, where we have used the uniform bound in (3.3.32). Combining (3.3.55)

and (3.3.58) in (3.3.54) gives us the desired result, namely,

lim //|f” ") ()it ddr = 0. (3.3.59)
n,j—00
Next we show
lim / / Ih(w™) — h(w)| || dTdr = 0. (3.3.60)
n,j—>00

To see this, we write

//yh h(w?) |y |dTdr
//]h HdeFah%—/ /]h h(w?)||@,|d0dr.  (3.3.61)

By Proposition 3.3.7, h : Hy “(I') — L"(T) is locally Lipschitz. Therefore, by

Holder’s inequality

//|h w)|[@,|dTdr
7’—7"‘-1 t ﬁ
(//yh VdrdT) (//mtr“deT)
0 N
n T ﬁ
o ( [l ol ) 0 (33.62)
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as n — oo, where we have used the convergence (3.3.40) and the uniform bound in

(3.3.33). This is enough to yield the desired result (3.3.60).

Now, by using the fact that g; and g, are monotone increasing and using (3.3.53),

(3.3.59), and (3.3.60), we can take the limit as n, 7 — oo in (3.3.52) to deduce

1m(A[ﬁmm—mwmm$ﬂ@mw:Q (3.3.63)

n,j—>00

IMLAA@WD_MMWW_MMM”ﬂ' (3.3.64)

n,j— 00

In addition, it follows from (3.3.33) that, on relabeled subsequences u} — u; weakly
in L™ (2% (0,Tp)) and w} — w; weakly in L™ (T'x (0, Tp)). Therefore, Lemma 1.3
(p.49) [6] along with (3.3.48), (3.3.49), (3.3.63), and (3.3.64) assert that g7 = g (uy)

and g5 = go(wy); provided we show that

g1 L™ (Q x (0, T)) — L™(Q x (0, Tp))
and

g2 LN x (0, Tp)) — L7(T x (0,Tp))

are maximal monotone. Indeed, since ¢g; and g, are monotone increasing, it is easy
to see g1 and gy are monotone operators. Thus, we need to verify that g; and g9 are

hemi-continuous, i.e., in the case for g; we have to show that

¢ ¢
lim / /gl(u—i— A\v)zdxdr :/ /gl(u)zdxdr, (3.3.65)
A= Jo Ja 0o Jo
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for all u, v, and z € L™ (Q x (0,¢)). Indeed, since g; is continuous, then g;(u +

Av)z — g1(u)z point-wise as A — 0. Moreover, since |g;(s)| < B(|s|™ + 1) for all

s € R, we know if |A| < 1, then [g1(u + Mv)z| < B(Ju + Mv|™ 4+ 1)|z] < C(Jul™|z| +

[v|™|z] + |z]) € L (2 x (0,1)), by Hélder’s inequality. Thus, (3.3.65) follows from the

Lebesque Dominated Convergence Theorem. Hence, g; is maximal monotone and we

conclude g7 = g1 (w), i.e.,

g1 (ul") — g1(u;) weakly in L™(2 x (0,1)).

(3.3.66)

In a similar way, one can show that g is indeed maximal monotone, and in turn we

deduce g5 = go(w}'), that is
g2 (w}) — go(w;) weakly in L™(T x (0,1)).
Now as ¢ € L™ (2 x (0,t)), it follows from (3.3.66) that

nli_r}noo /Ot/le(u?)qbda:dT:/Ot/ggl(ut)qﬁd:ch

Similarly, we obtain

lim /Dt/rgz(w?)wdrdT: /Ot/rgz(wt)iﬂdfdf

Next we wish to show that

im_ /0 t /Q Fr(u")pdudr = /0 t /Q F(uw)pdzdr

(3.3.67)

(3.3.68)

(3.3.69)

(3.3.70)
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To prove (3.3.70), we write

[ () = ftw)odaar

//un” ﬂ>wmm+//vn f()llgldzdr.  (3.3.71)

Since ¢ € L™ (2 x (0,1)), then by replacing @; by ¢ in (3.3.55), we deduce

lim //|f (w)||@|dzdr = 0. (3.3.72)

n—aoo

In addition, (3.3.56) yields

Jim_ / / () — f(u)||@ldadr = 0. (3.3.73)

Hence, (3.3.70) is verified. In a similar manner, one can deduce

Tim_ / / "ypdldr = /0 t /F h(w)ydTdr. (3.3.74)

Step 4: Completion of the proof.

Lastly, since t € [0, Ty] and g1, g2 are monotone increasing on R, then (3.3.52), along

with (3.3.53), (3.3.59), and (3.3.60) imply

lim |Ju"(t) — v/ (t)||]q = lim |a(t)||?, = 0 uniformly in ¢ € [0, Tp);
’ n,j—>00 ’

n,j—>00

lim |Jul(t) —ul(t)||? = lim |G (t)]|? = 0 uniformly in t € [0, Ty);
n,j—>00

n,j—>00

lim ||w™(t) —w (t)||3p = lim |[@(¢)]|5 = 0 uniformly in ¢ € [0, Ty];
’ n,j—>00 ’

n,j—>00

lim |wl(t) —wl(t)]? = lim |@,(t)|2 = 0 uniformly in ¢ € [0, Tp].

n,j—>00 n,j—>00
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Hence,

(

u™(t) — u(t) in H}, (Q) uniformly on [0, Tp],

u(t) — wy(t) in L*(R2) uniformly on [0, Tp),
(3.3.75)

w™(t) — w(t) in HZ(T') uniformly on [0, Ty],

wi(t) — w(t) in L*(T') uniformly on [0, Tp).
\

Since U™ € W1°°(0, Ty; H), by (3.3.75), we conclude

(AS C([OaTO]vH%‘o(Q))7 up € O([O’TO]’ L2(Q))’

w e C([0,To); Hy(T)), w; € C([07T0]3L2(F))-

Moreover, (3.3.75) shows u"(0) — u(0) in Hp (Q2). Since u"(0) = ufj — up in
H}, (2), then the initial condition u(0) = ug holds. Also, since uy(0) — u(0) in
L*(Q) and u?(0) = uf — uy in L*(Q), we obtain u;(0) = wy. Similarly, we find
that w(0) = wy and wy(0) = w;. Finally, by using (3.3.38)-(3.3.47), (3.3.68)-(3.3.70),
(3.3.74)-(3.3.75), we can pass to the limit in (3.3.36) and (3.3.37) to obtain (3.2.2)
and (3.2.3) with the imposed regularity on u and w. This completes the proof of the

local existence statement in Theorem 3.2.4.

3.4 Energy Identity

This section is devoted to derive the energy identity (3.2.4) in Theorem 3.2.4. As

with chapter 2, one must utilize difference quotients due to limitations in regularity.
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3.4.1 Proof of the Energy Identity.

Throughout the proof, we fix t € (0,7y] and let (u,w) be a weak solution of the
system (3.1.1) in the sense of Definition 3.2.3. Recall the regularity of u and w.
We can define the difference quotient Dpu(7) on [0,t] as (A.0.1), i.e., Dyu(r) =

37 [Ue(T 4 h) — uc(T — h)], where u(7) extends u(7) from [0,¢] to R as in (A.0.2). By

Proposition A.0.4, with X = L™*(Q) and Y = L?*(Q2), we have
Dyu € L"™(Q x (0,t)) and Dpu — uy in L™H(Q x (0,1)). (3.4.1)
Similarly, we have
Dyw € L™T x (0,t)) and Dpw — w, in L' (T x (0,1)). (3.4.2)
Moreover, since u € C([0,]; H, (2)) and w € C([0,t]; H3(T')), then
Dyu € C([0,t]; HE, (€2)) and Dyw € C([0,t]; Hi (T)). (3.4.3)
We now show that
(Dyu), € LY(0,t; L*(Q)) and (Dyw); € L*(0,¢; L*(I)). (3.4.4)
Indeed, for 0 < h < £, we note that

;

o lu(T +h) —u(r —h)], if h <7 <t—h,

(Dpu)e(r) = ;—;Ut(T —h), ift—h<71<t,

(T4 h), if 0 <7 <h,
\
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and since u; € C([0,t]; L*(2)), we conclude (Dyu); € L'(0,t; L*(Q2)). Similarly,
(Dpw); € L'(0,t; L*(T")). Thus, (3.4.1)-(3.4.4) show that Dju and Djw satisfy the
required regularity conditions to be suitable test functions in Definition 3.2.3. There-

fore, by taking ¢ = Dyu in (3.2.2) and ¢ = Djw in (3.2.3), we obtain

Wﬁxamwm—omew»m—4@Mﬂ«DwMﬂmm
+/<<>Dw<mmﬁ—/X (7)sy Dut(7))edr

/ / g1 (us(7)) Dyu(r)dadr — / / F(u(r) Dyu(r)dedr,  (3.45)

and

(wi(t) +yult), Dyw(t))r — (w1 + yu(0), Dpw(0))r — /0 (wi(7), (Dpw)(7)rdr

- [ Gutr). (D + [ (i), Do(arr

//gg wy (7)) Dpw (T dFdT—// 7)) Dpw(T)dldr. (3.4.6)

We will justify passing to the limit as h — 0 in both (3.4.5) and (3.4.6). Since
u, uy € C([0,¢]; L*(Q)) and w, w, € C([0,¢]; L*(T)), then as h — 0, it follows from
(A.0.6) that

1 1
Dpu(0) — §ut(0) and Dpu(t) — §ut(t) weakly in L*(Q),

1 1
Dyw(0) — §wt(0) and Dyw(t) — §wt(t) weakly in L?*(T).
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Therefore,

/

timy ((ua(8), Dau(t)) = (ur, Dyu(0))a) = 4 (lue(®)l13 = s (O)]13).

limy, o (wy(t) + yu(t), Dpw(t))r = §lw(t)[3 + 5 (yu(t), wi(t))r, (3.4.7)

limy, 0 (w1 + Yu(0), Dyw(0)r = 3lwi(0)[5 + 5(yu(0), we(0))r.

\

Also, by (A.0.4)

[ e Drgadr = [, (Duw)rar o (3.4.8)

In addition, since u € C([0,t]; H{ (€2)), then (A.0.3) yields

t

: 1
Jim [ (u, Dpu)iodr = 5 ([lu(®)iq = [[u(0)ie) (3.4.9)
0
Similarly, we obtain
' 1 2 2
Jim [ (w, Dyw)ardr = 5 ([lw(®)lzr = [wO)|Zr) - (3.4.10)
0

Since v, € L™(Q x (0,t)) and |g1(s)] < B|s|™ whenever |s| > 1, then clearly

g1(uy) € L™(2 x (0,t)), where i = ™ Hence, by (3.4.1)

t t
lim / /gl(ut)DhudxdT:/ /gl(ut)utdxdr (3.4.11)
h—0Jo Ja 0o Jo
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Similarly, as w, € L™ (T x (0,¢)) and |ga(s)| < B|s|” whenever |s| > 1, then clearly

g2(wy) € L7(I" x (0,t)), where # = “=. Then by (3.4.2)

t t
lim / /gg(wt)thdFdT:/ /gg(wt)wtdFdT. (3.4.12)
h—0Jo Jr o Jr

In order to handle the wave and plate sources, we note that since u € C([0,t]; Hf, (2)),
then there exists My > 0 such that [|u(7)||¢ < My for all 7 € [0,¢]. Also, since

|f(u)] < C(|u[P + 1), then
/|f ))|» dac<C/ lu(7)|® + 1)dx < C(M,),

for all 7 € [0,¢]. Hence, f(u) € L <O,t; L%(Q)), and so, f(u) € Lg(Q x (0,1)). Since
5>, then f(u) € L™(2 x (0,t)). Therefore, it follows from (3.4.1) that

P
hlino/o /Qf(u)DhudxdT:/o /Qf(u)utdxdr (3.4.13)

Note that since w € C([0,t]; H3(T)), then for any s > 1, then there exists M; > 0
such that ||w(7)||s < M; for all 7 € [0,¢], and all 1 < s < oo. In particular,

h(w) € L™(T x (0,t)). Therefore, it follows from (3.4.2) that

lim / / w)Dpwdldr = / / w)wdldr. (3.4.14)
h—0



87

The trouble terms, namely [; (w,(7), yDyu(r))rdr and [ (yu(r), (Dyw)(7))rdldr,

are handled as follows. For all sufficiently small h > 0, we have

[ eute), (D
- ([ utrrte s e [t e
1

[\

= o7 (/ht(’yu(T — h),w(7))rdr — /Oth(fyu(T + h), 'LUt(T))FdT> , (3.4.15)

where we have used a change of variables in (3.4.15) and the fact that w; = 0 outside

of the interval [0,¢]. By rearranging the terms in (3.4.15), we obtain

/0 (yu(r), (Dpwo)s())eddr = — / (yDyu(r), wy(r))rdr

— % (/Oh(fyu(T — h), w(7))pdr — /tjh(fyu(T + h),wt(T))rdT) ) (3.4.16)

We now utilize the continuity of w; in the last two terms of (3.4.16) as follows.

37 | Gutr =mwedr = 32 [ (). um)edr
I I
=57 | Gut0).ur) = wiO)rdr + 32 [ (). w0)rar
— S (u(0), (), (3.4.17)
as h — 0. Similarly, we have

L[ h dr = L[ d
57 | Ot mueedr = 5o [ Gutt o)

=5 | Gt —uwnd+ 55 [ Gl wo)dr

. %('yu(t),wt(t))p, (3.4.18)
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as h — 0. Finally, by adding (3.4.5) and (3.4.6) and combining (3.4.7)-(3.4.18) we

can pass to the limit A~ — 0 to obtain the energy identity 3.2.4 in Theorem 3.2.4.

3.5 Global Existence

This section is devoted to prove the existence of global solutions as described in
Theorem 3.2.5. As in [1, 33, 48] and other works, it is the case here that either a
given solution (u,w) must exist globally in time or else one may find a value of Tj

with 0 < Ty < 00, so that

limsup F4(t) = +oo, (3.5.1)

t—Ty

where F(t) is modified energy given by:

Eq(t) = 5 (a3 + Va3 + [we()]5 + [Aw(t)]3)

_1 +1 1 +1
+ p+ 1 Hu(t)| erl + mhﬂ(t) Z+17 (352)
where, without any loss of generality, we may assume that E;(t) > 1. We aim to

show that (3.5.1) cannot happen under the assumptions of Theorem 3.2.5. Indeed,

this assertion is contained in the following proposition.

Proposition 3.5.1. Let (u,w) be a weak solution of (3.1.1) on [0,Ty] as furnished
by Theorem 3.2.4. Assume ug € LPTHQ), if p > 5. We have:

o If p<m and q <, then for all t € [0,Ty], (u,w) satisfies

t
Ei(t) + / (luellimty + [welyir) dr < C(To, Ex(0)), (3.5.3)
0
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where 0 < Tj < 0o s being arbitrary.

e If p > m orq > r, then the bound in (3.5.3) holds for 0 < t < T’, for some

T" > 0 depending on E1(0) and Tj.

Proof. With the modified energy as given in (3.5.2), the energy identity (3.2.4) now

reads,

0+ /0 /Q glfut)utda:d7+ /0 /F gj(wt)wtdl“dr

_ B(0) + /O /Q F(w)udadr + / /F h(w)wrdldr

o Q(\U(t)\pH u(0)[P*) da + —— | (!w(t)\qﬂ — w(0)[7"") dT
:Elt(O)Jr /O /Q f(u)utdxdjnt /O /F h(w)wndldr

+ /O /Q P uugddr + /0 /F w|" wwdTdr. (3.5.4)

To estimate the source terms on the right-hand side of (3.5.4), we recall the assump-

tions f, h, and (3.2.1). By employing Holder’s and Young’s inequalities, we find

t
< C’/ /(|u\p+ 1)|uy|dxdr
0 Jo

t
< C [l (s + 12057 ar
< [ ulgtiarC. [ (it + i) ar

e/ ||ut|ygi}d7+ce/ Ey(7)dT + C|Q|T. (3.5.5)
0 0

w)ugdxdr

Similarly, we deduce

w)wdldr| <

/ jwilgiidr + Ce / 1(7)dr + C|T|Tp. (3.5.6)
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By adopting similar estimates as in (3.5.5), we obtain

¢
§/ /|u|p|ut]dxd7'
0 Jo

t t
< [ lulziar +c. [ B 357
0 0

|u|P~ tuu,drdr

Likewise, we deduce

¢
/ lw|? tww,dldr| <
r

/ |wt|gﬂd7+0/ 1(T)dr. (3.5.8)

By recalling (3.3.22), one has

t t
/ / g1 (u)updzdr + / / g2 (w)w,dldr
0 Q 0 r

t
Za/o (lellmis + fweli 1) dr — oTo (|9 + [T). (3.5.9)

Now, if p < m and ¢ < r, it follows from (3.5.5)-(3.5.9) and the energy identity (3.5.4)

that, for all ¢ € [0, Ty],

t
Bult) o [ (ulfith + wlp ) dr
0
t t
<B4 [ (lulpt + wl) ar+ €. [ Beyir+ Ca,,
0 0
t t
< E1(0)+6/ (el + 24 d7+ce/ Ei(r)dr +Cre (3.5.10)
0 0

where we have used Hoélder’s and Young’s inequalities in the last line of (3.5.10). By

choosing 0 < € < ¢, then (3.5.10) yields

Qa t t
Ey(t) + 5/ ([Jwel[inty + w7 4]) dr < CE/ Ey(r)dr + E1(0) + Cr,..  (3.5.11)
0 0
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In particular,
t
Ei(t) < C, / Ey(r)dr + By(0) + Cay.. (3.5.12)
0
By Gronwall’s inequality, we conclude that
Ei(t) < (E(0) 4 Cpy 0 )e™ for t € [0, Ty], (3.5.13)

where Ty > 0 is arbitrary, and by combining (3.5.11) and (3.5.13), the desired result
in (3.5.3) follows.

Now, if p > m or ¢ > r, then we slightly modify estimate (3.5.5) by using differ-

ent Holder’s conjugates. Specifically, we apply Holder’s inequality with m + 1 and

m+1
m

followed by Young’s inequality to obtain

/Ot/gf(u)utdxdr SC/Ot/Q(|U|p+1)Iut|dxdT

t
<C [ Nedes (Jull + 1047 dr
0

m =

t t
<e / e[ 1dT + Ce / (||u||gz+my) dr. (3.5.14)
0 0

Since pim < 6 and H} (Q2) — L9(Q), then

/0 t /Q Fu)udzdr

Likewise, we may deduce

/O t /F h(w)w,dldr

t t ~
Se/ Ilutllﬁiidwa/ By (r)Fdr + CIQT,.  (3.5.15)
0 0

t t )
< e/ lwy I Edr + C’g/ Ey(7) % dr + C|T|T,. (3.5.16)
0 0
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In addition, by employing similar estimates as in (3.5.14) and (3.5.15), we have

¢
S/ /|u|p|ut]dxd7'
0 Jo

t t ~
< 6/ ||Ut||%ﬂd7'+ce/ Ey(7)% dr. (3.5.17)
0 0

|u|P~ tuu,drdr

Likewise, we deduce

¢
/ lw|? M wwdldr| <
r

/|wt|;ﬁdr+c/ Ei(7) % dr. (3.5.18)

By using (3.5.15)-(3.5.18) along with (3.5.9), we obtain from the energy identity
(3.5.4) that

t
Ei(t) +a / (lael L + w7 4) dr

t t
<E©)+e [ (lulptt+ i) dr+ € [ Brrdr+ O (3519
0 0

pm  gr

=, & }. Notice, the assumption p > m or ¢ > r implies that o > 1.

where o = max{

By choosing 0 < € < ¢, then it follows that

a t t
B+ 5 [ (it + i) dr < €. [ Brrdr + Bi0) + Crpe (3520)
0 0

for ¢ € [0, Tp]. In particular,

t
E1<t) S Ce/ El(T)UdT + El(O) + CT(),€7 (3521)
0

for t € [0,7T,]. By using a standard comparison theorem, then (3.5.21) yields that
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is the solution of the Volterra integral equation
t
z(t) = C’e/ 2(s)%ds + E1(0) 4+ Cr, .
0

Since o > 1, then clearly z(¢) blows up at the finite time 77 = m(El (0)+Cry )t 7,
i.e., z(t) — oo, as t — T} . Note that 77 depends on the initial energy F;(0) and

the original existence time Ty. Nonetheless, if we choose 7" = min {To, %Tl}, then
Ei(t) < 2(t) < Cy = [(B1(0) + Cr )7 — Ceo — DT 77T, (3.5.22)
for all t € [0, 7"]. Finally, we may combine (3.5.20) and (3.5.22) to obtain
o [t
B+ 5 [l + il or < CTCE+ B0) +Cnes (3523)
0

for all t € [0, 7"], which completes the proof of the proposition. n

3.6 Continuous Dependence on Initial Data

In this section, we provide the proof of Theorem 3.2.7.

Proof. Let Uy = (ug, wo, u1,w;) € X, where

3(p—1)

X = (H§O<Q) nL* (Q)) x H2(T) x L2(Q) x L*(D).
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Assume that {U}' = (ug, w{, ut,w})} is a sequence of initial data that satisfies

Uy — U in X, as n — oo. (3.6.1)

Notice that in Remark 3.2.8, we have pointed out that if p < 5, then the space X
is identitcal to H = Hp (Q) x HF(I') x L*(2) x L*(T'). Let {(u",w")} and (u,w)
be the weak solutions to (3.1.1) defined on [0,Tp] in the sense of Definition 3.2.3,
corresponding to the initial data {UJ'} and {Up}, respectively. First, we show that
the local existence time T can be taken independent of n € N. To see this, we recall
that the local existence time Tj provided by Theorem 3.2.4 depends on the initial
energy F(0). In addition, since Uy — U in X, then ull — ug in LPT(Q), if p > 5.
Hence, we may assume E7(0) < E;(0) + 1, for all n € N, where E;(t) is defined in

(3.5.2) and E}(t) is defined by:

BY() = B'(0) + — I 0I5 + — "0l

where E™(t) = % (Hu”(t)HfQ + ||w”(15)||%F + |lur ()3 + |wf(t)]§) Therefore, we can
choose K, as in (3.3.26), sufficiently large, say K? > 4F;(0) + 5, such that the local
existence time Ty for the solutions {(u", w™)} and (u,w) can be chosen independent
of n € N. Moreover, in view of (3.5.3), Ty can be taken arbitrarily large in the case
when p < m and g < r. However, in the case when p > m or ¢ > r, we select the

local existence time to be T = T" where T” is given in Proposition 3.5.1 (which is

also uniform in n). In either case, it follows from (3.5.3) that there exists R > 0 such
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that, for all n € N and all ¢ € [0, T7,

Ev(t)+ [y (luellimdt + lwil71h) dr < R,
(3.6.2)

n t n n|r
EY (t) + fo (Hut ||Zﬁ + |wt |rﬂ) dr < R,

where 7" can be arbitrarily large if p < m and ¢ < r, or T sufficiently small if p > m

or ¢ > r. From here on, the proof will be carried out in four steps.

Step 1: Put y™(t) = u(t) — u"(t), 2"(t) = w(t) — w"(t), and

Eo(t) = 5 (ly" @l o + 12" O30 + I @13 + 127 @)]3) (3.6.3)

l\DIH

for t € [0,7]. We aim to show E,(t) — 0 uniformly on [0, 7] for sufficiently small

T. Now by construction, y™ and z" satisfy:

(), 6(6)a — (45(0), 6(0))s / (U1 (7), du(r))adr + / (" (7), B(r) s
—/ (25 (1), yo(T pd7'+/ / g1(ue(7)) — g1 (ui (7)) p(T)dxdr
_ / / (f(ul(r)) — F(u™(7)))p(r)dedr, (3.6.4)
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and

(2" (), ¥ (8))r — (2(0),4(0))r —/0 (2" (7), (7)) rdT + (vy" (t), ¥ (¢))r
= (OO = [ (o) + [ ). vrdr
0
//mw — g2(w} (7)) ()T dr
= / / w(T)) — h(w™ (7)) (7)dldT, (3.6.5)
o Jr

for all t € [0,T] and for all test functions ¢ and v as described in Definition 3.2.3.
Let ¢(7) = Dpy™(7) in (3.6.4) and ¥ (1) = Dp2"(7) in (3.6.5) for 7 € [0, t] where the
difference quotients D,y™ and Dj2" are defined in (A.0.1). Using a similar argument

as in obtaining the energy identity (3.2.4), we can pass to the limit as h — 0 and

deduce

+/t/ (91(u(7)) — g1(uy (7)))y (7)dxdT

+ [ [~ atwiG)=arar

:En 0) —i—/o /Q u(r)) — f(u"(1)))y; (7)dxdr
+[Amwmwwwwm#mww. (3.66)

Employing the monotonicity propoerties of g; and gs to (3.6.6) yields

Eu%dﬂm+1[ywm%¢wwmwmmm
+/0 /F(h(w(T)) — h(w"(7)))z{ (7)dldr, (3.6.7)

for all ¢ € [0, T]. We will now estimate each term on the right hand side of (3.6.7).
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Step 2: “Estimate for the wave source term.”

- / /Jf (u(r)) = f(u"(7)))y; (7)dadr.

First we note that, if 1 < p < 3, then by Remark 3.3.5 we know f is locally

Put:

Lipschitz from H{ () into L*(2). In this case, the estimate for R} is straightforward,

as follows:

u™))yydxdr

(//|f |dm) < /]yt|dxd7)
w ([ 1) ([ ke <cw [ B oo

Therefore, for 1 < p < 3, we have that

|R}| < C(R /t E,(7)dr. (3.6.9)

For the case 3 < p < 6, f is not locally Lipschitz from H} (Q) into L*(f2), and
therefore the computation in (3.6.8) does not work. To overcome this difficulty, we
shall use a clever idea by Bociu and Lasiecka [13, 14] which involves integration by
parts. In order to do so, we require the assumption f € C*(R), with |f”(u)| <
C(|lulP~2 + 1), as in Assumption 3.2.6. We also remind the reader with Assumption
3.2.1 and (3.2.1).

Now, we evaluate R in the case 3 <p < 6. By integration by parts in time, one
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has

my= [ [t - e (s

= /(f(U(t)) — fu"(®))y"( )dﬂf—/(f(U(O)) = f(u"(0))y"(0)dx

Q

/ / (/' uyu )y dedr

Z/(f( (1)) = f(u"(1)))y ()dﬂf—/(f(U(O))—f(U"(O)))y”(O)dl‘

Q

// u™) u?y”dwdT—/ /f Yyy"dxdr

Z:P1+P2—|—P3+P4, (3610)

respectively. By using the assumptions on f, we obtain

(

[Pl < C Jo (Jlu@P~ + [u" (@O~ + 1) [y" (1) Pde,

1P < C [, ([u(0)[P~" + [um(0) =1 + 1) ||y"(0) |2da, (3.6.11)

1Pl < C fy Jo (uP=2 + P2 1) up||y" dwdr.
As for Py, we integrate by parts one more time to obtain

t
—P4=//f'u Yy y"dxdr

/ fi(u £)*de — 5 /Q J'((0))(y"(0))?da

! / / £ (W (y" 2ddr. (3.6.12)



By employing the assumptions on f, we deduce

| Paf < C/Q (lu@~" +1) [y (6)*dz + C/Q (lu(0)["~" + 1) [y"(0)[*dx

t
—i—C/ /(\u]p2+1) |ug||y" |Pdadr.
0 Ja

It follows from (3.6.10)-(3.6.11), and (3.6.13) that

t
uwsclywmﬁﬂw®mm+cﬁKﬁm+mmw¥mm

t
4 [ [ (a4 1P ?) (il + o Dl o
0 Q
0 [ (o4 P by )P
Q
0 [ (uOp+ e P ) I 0)Fd.
Now, we estimate each term on the right-hand side of (3.6.14) as follows.

1. Estimate for I, :/ |y ()| d:
Q

Since y™, y* € C([0,T]; L*(2)), we obtain with Young’s inequality

n=[wrds= [ o)+ [ s

< 2/Q\yn(0)12dx+2/9 /Oty?<7>d7

<0 (I ©)Rade +t [ i )3ar)
<C (En(O) + T/Ot E’n(f)df) :

2

dx

2

dz

¢
2. Estimate for I, :/ /(\ut] + |u? )|y dxdr:
0 Ja
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(3.6.13)

(3.6.14)

(3.6.15)
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Both terms in I, are estimated in the same manner, for instance we have
t t
| [l Pazar < [ 1y @l yar
0 Ja 0
t t _
< C’/ Hy”HiQHutHQdT < C(R)/ E,(1)dr, (3.6.16)
0 0

where we have used the fact that ||us(t)||3 < R, for all t € [0, 7] (see (3.6.2)). There-

fore,

I, <C(R) /t E,(T)dr. (3.6.17)

t
3. Estimate for I3 = / / (JulP~ + [u™P72) (Jue| + [uf])|y" P dadr:
0 Jo
A typical term in I3 is estimated as follows. Recall the assumption me“ <6

which implies 6%}) < m+ 1. Thus, by using Hélder’s inequality and (3.6.2), one has

t t
L//wﬂmm%mms/wmﬂmwnw%
0o Ja 0 6-p

t
scﬁm&&mmmwmmT

I
< C(R) /O B ()|t |1 (3.6.18)

Therefore,
t ~
I3 < C(R)/ En(7) (Juellmar + l[ug (1) dr. (3.6.19)
0

4. Estimate for I, — / ()P~ + [ (6P |y (1) [2)da:
Q
As the first term in I, is a little easier to estimate, we shall focus on the second

term [, [u"(¢)[P~|y"(¢)|*dx in the following two cases for the exponent p € (3,6).
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Case 1: 3 < p < 5. In this case, we have

[eor iy @pis < [ ropas | O " O de (3.6.20)
Q Q {zeQ: [un(t)|>1}

The first term on the right-hand side of (3.6.20) has been already estimated in (3.6.15).
For the second term, we notice if 0 < o < 5 — p, then |u™(¢)[P~! < |u™(¢)]*~7, since

|u™(t)| > 1. Again, by using Holder’s inequality, (3.6.2), and (1.3.1), it follows that

/ P OP Uy () Pde < / )y () Pda
{zeQ: [un(t)|>1} Q

< "l lly" 1

6
1+0/2

< Cllu" @)l ly" (¢)

”if%g"/“m)

< O(R) (" O + Clly"®) . (3.621)

where € > 0 that will be selected below. By utilizing (3.6.15) and (3.6.21), then from

(3.6.20) it follows that

/Q lu™ ()P~ " () |2de < C(R)eE,(t) + C(R, ¢) (En(O) + T/o En(’]')d7'> (3.6.22)

in the case 3 < p < 5.

Case 2: 5 < p<6.

In this case, the assumption me“ < 6 implies m > 5. Recall that in Theorem

3(p—1)

3.2.7 we required a higher regularity of initial datum ug, namely, uy € L™ 2 (). By

—1)

density of Cy(2) in L™

(©2), then for any € > 0, there exists ¢ € Cp(€2) such that
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[ug — ¢H@ < er. Therefore,

[ty pde < o [ e - app-ly @) pas
Q Q
+ [ 15 = ol OFds+ [ o= 6Pl (0 da
Py (t)2da ). 6.
+ [ 1oProds) (36.23)

3(p=1)

Since p < 2™ and m > 5, then S(mT1)

m+1

< 1. So, by using Hoélder’s inequality and the

bound [ [[up[|7t1 < R, one has

3(p—1)

/Qlun(t)—uﬁlp_lly"(t)IdeS (/Q |u(t) = ug| ™2 dw)glly"(t)l\ﬁ

. 3(p271) %
<c / /uyde de | v @),
Q 0
2
3(p—1) 3
mlo—1) t . 2(m+1) ~
< CT ni / / jup (7)™ dr dr | En(t)
Q 0

m(p—1) ~

< C(R)T = E,(t), (3.6.24)

3(p-1)
2(m+1)

inequality and the embedding H'(Q) < L%(Q), we obtain

where we have used the important fact that < 1. Also, by using Holder’s

2

[ 1 = P e < =l 19N < B, 3.025)

3(p—1)

().

The third term on the right-hand side of (3.6.23) is easily estimated as follows:

for all sufficiently large n, since uj — g in L

/ [uo — &P~y (1) Pdz < Jluo — @5y 19" (DI < CeBn(t). (3.6.26)
Q

2
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Since ¢ € Cy(2) then |p(z)] < C(e), for all z € Q. So, by (3.6.15), the last term on

the right-hand side of (3.6.23) is estimated as follows:

/|¢!” Hy(4)2da < C(e) /yy \dx<C()( ()+T/OtE (T)dT). (3.6.27)

By combining (3.6.24)-(3.6.27), (3.6.23) yields

m(p—1)

| @ oFds < () (1557 + ) Bu(t) + C(R, OBw(0)

+ C(e,T) / tE’(T)dr, (3.6.28)

in the case 5 < p < 6, and all sufficiently large n € N.
By combining the estimates in (3.6.22) and (3.6.28), then for the case 3 < p < 6,

we conclude

M—AWMW1HW®PW¢@WM

n(p—1)

< O(R) <T e +e) () + C(R, €)E,(0) + C(R,e,T) / Bo(r)dr. (3.6.29)

5. Estimate for ;5 = / (1 + [u(O)P~" + [u™(0)[P~) [|y™(0)]*da:
Q
If 1 < p <5, then a typical term I is estimated in the following manner. By

using Holder’s inequality and (3.6.2), we have

/'“ 7~y (0)[*da < ||uo||3(p s 1" (0I5

< C(R)[ly"(0)]7 g

< C(R)E,(0). (3.6.30)
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For the values 5 < p < 6, we proceed as in (3.6.23) to obtain
/ W (0) P~ |y (0) 2z < Cey (0). (3.6.31)
Q

Finally, by combining the estimates (3.6.15), (3.6.17), (3.6.19), (3.6.29)-(3.6.31)

back into (3.6.14), we obtain for 3 < p < 6:

|R?| < C(R, ) En(0) + C(R) (T%) + e) En(t)

t
+C(T, R, 6)/ En(7) (luellmsr + l[ug{lmer + 1) dr, (3.6.32)
0

where € > 0 is sufficiently small. According to (3.6.9), estimate (3.6.32) also holds

for 1 <p <3, ie., (3.6.32) holds for all 1 < p < 6.

Step 3: “Estimate for the plate source term.”

Since h is locally Lipschitz from H3(T') into L*(T'), then it straightforward to obtain

mmaéﬁmwmwwwwmﬁwﬁm

3/t 2
([ 1gedr)” ([ 1eriar)

t
< 12"
0
t ~
/ E,(7)dr. (3.6.33)
0

C(R)
< C(R)

Step 4: “Completion of the proof”
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By the estimates (3.6.32) and (3.6.33), we obtain from (3.6.7) that

Eo(t) < C(R, €)E,(0) + C(R) (T”ﬁi) + e) Ea(t)

t
+C(T, R, 6)/ En(7) (lullmer + [0 [lmia + 1) dr,
0

for all t € [0,T]. Choose € and T small enough so that

m(p—1)

C(R) (T e +e> <1

By Gronwall’s inequality, we obtain
~ R t
En(t) < C(R, e, T)E,(0) exp U (luellmes + luf lmsa + 1) d7 (3.6.34)
0
and so by (3.6.2), we have
Eu(t) < C(R, e, T)E, (0), (3.6.35)

for all sufficiently large n. Hence, E,(t) — 0 uniformly on [0,7]. This concludes
the proof of Theorem 3.2.7. O
3.7 Uniqueness of Weak Solutions

The uniqueness results of Theorem 3.2.9 and 3.2.11 will be justified in the following

two subsections.
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3.7.1 Proof of Theorem 3.2.9

In this section, we provide the proof of Theorem 3.2.9. The strategy here is to adopt

the same argument as in the proof of Theorem 3.2.7.

Proof. Let (u,w) and (@, ) be two weak solutions on [0, T, in the sense of Definition
3.2.3 satisfying the same initial conditions. Put y = u—u and z = w —w. The energy

corresponding to (y, z) is given by:

E(t) = 5 (ly®lia+ 1230 + ly @13 + 12()]3) (3.7.1)

N —

for all ¢ € [0,7]. We aim to show that E(t) = 0, and thus y(t) = z(t) = 0 for all
t € [0,7]. By the regularity imposed by weak solutions in Definition 3.2.3, there

exists a constant R > 0 such that

lu@l[10, allLe; w@®l2r, [o@) |20 < R,

[ue(@) 12, e ()], [we()]2, [@e()]2 < R,
(3.7.2)

T T | ~
fo Hut||ﬁﬂdt7 fo a(t)] ﬁﬁ <R,

T . T ominir
\fo ‘wt’ri%dta fo |w(t)‘rii < R

for all £ € [0, T]. We now begin following the proof of Theorem 3.2.7, where u", w™,
y", 2", and E,, are now replaced by u, w, y, z, and E, respectively. In fact, since
y(0) = y:(0) = 2(0) = 2,(0) = 0, several terms from the proof of Theorem 3.2.7 are

simplified or completely eliminated.

First, as in (3.6.7), accounting for £(0) = 0 and employing the monotonicity
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properties of g1, g2, we obtain the energy inequality:
E(t) < Ry + Ry, (3.7.3)
where
Ry = [ Jo(F(u(r)) = f(i(r))yi(r)dadr,

Ry, = [ [ (h(w(7)) = h(w(T)))z(7)dTdr.

We can follow (3.6.9)-(3.6.33), making the proper replacements outlined in the pre-

vious section and recalling that £(0) = 0, then we conclude

m(p—1)

E(t) < |Ryl + || < C(R) (T + ) E(t)

t
-+CK7¥R,OU/ E() (lutllmsr + [[ellmer + 1) dr, — (3.7.4)
0

for all t € [0, T]. Again, choose € and T small enough so that

m(p—1)

meTm1+§<L

By applying Gronwall’s inequality with an L'-kernel, it follows that E(t) = 0 on
[0,7]. Hence y(t) = z(t) = 0 on [0,7]. Finally, we note that, it is sufficient to
consider a small time interval [0, 7], since this process can be reiterated. The proof

of Theorem 3.2.9 is now complete. O

3.7.2 Proof of Theorem 3.2.11

We begin by pointing out that the only difference between 3.2.11 and Theorem 3.2.9 is

that Assumption 3.2.6 is not imposed in Theorem 3.2.11. Thus, the proof of Theorem
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3.2.11 is essentially the same as Theorem 3.2.9 (which itself was only a slight reworking

of the proof of Theorem 3.2.7), with the exception of the estimate for R;. So, we focus

on estimating Ry in the case where p > 3 and the wave source f is not necessarily

a C%-function. With this scenario in place, the method of integration by parts twice

fails. To handle this difficulty, recall the additional restriction on parameters and the

initial data in Theorem 3.2.11, namely, m > 3p — 4 if p > 3, and uy € LG®-

Proof. Put y = u — @ and recall (3.2.1). Then, we have

a))ydxdr

< C/ / JulP~t APt 4+ 1) |y |y |ddr.

Put:

t t
= [ [ llwldzdr, 1= [ [ (up=t o+ jap)gladdodr
0 JQ 0 JQ

The estimate for [; is straightforward. Invoking Hoélder’s inequality yields,

n<c / Ly lsllye(r) o < © / E(r)}E(r)dr = C / E(r)dr

A typical term in 5 is estimated as follows:

t
| 1l ollldods
0 Jo
t t
SC’/ /]u—u0|pl\yl|yt|d:vd7+0/ /\uolpl\yHyt|dxdT.
0o Ja 0o Ja

(9).

(3.7.5)

(3.7.6)

(3.7.7)
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By invoking Hélder’s inequality,

/ot/ﬂ |u — uo [Pyl |y dwdr
[ (o) ([ ([ s

Since u, u; € C([0,T]; L*(Q)), we can write

[ 1ut) — w0 =
Q
3(p—1)

T) /Q ( /O ' |ut(s)\m+1ds) R (3.7.9)

Since m > 3p—4, then 3(p 1) < 1. Therefore, by using Holder’s inequality and (3.7.2),

3(p—1)
dx

u(s)ds
0

it follows that

3(p—1)

/|u ) — uoPrDdg < O(T (// (s \m“dsd:c) " CRT). (37.10)

So, (3.7.10) and (3.7.8) yield

t t
| [ 1w sl ylluddear < CRT) [ ot el
0 JQ 0

C(R,T) g/tm )2 E(7)2dr = C(R,T) /tEmdr. (3.7.11)

By recalling the assumption uo € L3®~1 (), then the second term on the right-hand

side of (3.7.7) is estimated by:

//mvwmmm</mw el ()

<C(T )Hu0|3(p_1)/0 E(r)dr. (3.7.12)
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Combining (3.7.11) and (3.7.12) back into (3.7.7) yields
t o
/ / P ylgoldzdr < C (R, T, Juollsp) / B(r)dr. (3.7.13)
0 Ja 0
The other term in I, are estimated in the same manner, and one has
t ~
L, <C(RT, ||u0||3(p_1))/ E(7)dr. (3.7.14)
0
Hence, (3.7.6), (3.7.14), and (3.7.5) yield

/O /Q (f(u) — f(@))yedadr| < C (R, T, |luollzp-1)) /0 E(r)dr. (3.7.15)

Finally, we may use the same argument for the proof of Theorem 3.2.9 and Gronwall’s

inequality to complete the proof of Theorem 3.2.11. O
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Chapter A

Ancillary Results

The following auxiliary results were invoked at various points in the dissertation and
appear in various references (we refer the reader to [48, 51, 53, 33, 39] for instance).

We list them here for sake of convenience.

Proposition A.0.1 (Prop. A.1in [48]). Let H be a Hilbert space and X be a Banach

space such that X C H C X' where each injection is continuous with dense range. If

FeL20,T;H), f elL*0,T;X"),
g€ L*0,T;X), ¢ €L*0,T;H),
then the map t — (f(t),9(t))n coincides with an absolutely continuous on [0,T] and

d

@90 = (f(1),9()xrx + (f(t). g'()r a-e. [0,T).

Proposition A.0.2 (Prop. A.2in [48]). Let H be a Hilbert space and X be a Banach

space such that X C H C X' where with each injection is continuous with dense range.
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Suppose X' is separable and {un}3° is a sequence in L'(0,T; X) satisfying:
uy — u weakly in L'(0,T; X),
un — u strongly in L'(0,T; H),

as N — oco. Then, there exists a subsequence of {un}° (again reindexed by N) such

that

un(t) — u(t) weakly in X a.e. [0,T], as N — 0.

A.0.1 The Difference Quotient

Let Y be a Banach space. For u € C,,([0,7];Y) or C([0,T];Y) and h > 0, we define

its symmetric difference quotient by:

ue(t + h) — ue(t — h)

Dyu(t) = 57 , (A.0.1)
where u, denotes the extension of u to R given by:
¢
u(0) for ¢t <0,
ue(t) = q u(t) for t € (0,7), (A.0.2)
u(T) for t > T.

\

For the reader’s convenience, we review the important results of the difference quotient

(see for instance [33, 39, 52, 54]).

Proposition A.0.3 ([39]). Let u € C,([0,T];Y) where Y is a Hilbert space with
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inner product (-,-)y . Then,

T

: 1 2 2
A | (u, Dpuydt = 3 ([[u(T)lly = [u(0)]y) - (A.0.3)
If, in addition, u, € C,,([0,T];Y), then
T
/ (ut, (Dpu)e)ydt =0, for each h > 0, (A.0.4)
0
and, as h — 0,
Dypu(t) — uy(t) weakly in Y, for every t € (0,7, (A.0.5)
1 1 :
Dyu(0) — iut(O) and Dpu(T) — §ut(T) weakly in Y. (A.0.6)

Proposition A.0.4 ([33]). Let Y and Z be Banach spaces. Assume u € L*([0,T];Y)
and ug € LY(0,T;Y) N LP(0,T; Z), where 1 < p < oo. Then Dyu € LP(0,T; Z) and

1 Drull poo.1.2y < Mtttll pogo . zy- Moreover, Dyu — uy in LP(0,T5 Z), as h — 0.
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