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Abstract— This paper introduces the concepts of stochastic
relative degree, normal form and exact feedback linearisation
for single-input single-output nonlinear stochastic systems. The
systems are defined by stochastic differential equations in which
both the drift and the diffusion terms are nonlinear functions of
the states and the control input. First, we define new differential
operators and the concept of stochastic relative degree. Then
we introduce a suitable coordinate change and we show that the
dynamics of the transformed state has a simplified structure,
which we name normal form. Finally, we show that a condition
on the stochastic relative degree of the system is sufficient for it
to be rendered linear via a coordinate change and a nonlinear
feedback. We provide an analytical example to illustrate the
theory.

I. INTRODUCTION

The theory of normal forms is a fundamental topic in
the analysis and control of nonlinear deterministic systems.
Finding the normal form of a nonlinear system consists in
determining a suitable local change of coordinates such that
the transformed system is described by “simpler” differential
equations. The description of the system in the new form
makes it easier to draw properties of the system, as well as
to design, where possible, observers and feedback control
laws yielding exact linearisation, asymptotic stabilisation,
asymptotic output tracking and disturbance decoupling [1].
The first work explicitly addressing the convenience of
coordinate transformation to describe a nonlinear system in a
simpler way is [2], where, in particular, the coordinate change
was used to solve the static state feedback non-interacting
control problem. Further works dealing with similar topics
are [3], [4], [5]. The exact linearisation of single-input single-
output systems was firstly addressed and solved in [6], while
the extension to multi-input systems was provided in [7].
The procedure for designing the linearising transformation
can be found in [8] and [9], while the existence of global
transformations was addressed in [10].

In this paper, we seek a normal form for a class of nonlinear
stochastic dynamical systems. Stochastic systems are common
tools in the modelling of uncertain processes, as uncertainties
arising from approximate models can be represented by
stochastic differential equations [11]. Examples of applica-
tions of stochastic systems theory can be found in the optimal
stopping problem, production planning, finance, technology
diffusion and research funding [11], [12].
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While the concept of relative degree and the definition
of normal forms for control purposes for stochastic systems
has not been introduced yet, a normal form was proposed
in [13] and, subsequently, in [14]. In these works the
multiplicative ergodic theorem and Stratonovich calculus
are employed to derive a normal form theory for a class
of stochastic differential equations characterised by a pure
diffusion term. The transformation yielding the normal form
requires anticipating the noise over a short time scale. Further
applications of coordinate changes applied to stochastic
differential equations can be found, e.g., in [15], where
symmetries for stochastic differential equations are introduced,
or in [16], where a normal form allows separating between
fast and slow stochastic dynamics.

In this paper we address a general class of nonlinear
stochastic single-input single-output systems. Namely, both
the drift and the diffusion terms of the stochastic differential
equation are nonlinear functions of the state and the input,
while the output is a nonlinear function of the state. The
focus of the paper is on defining a coordinate change
for the stochastic system such that the dynamics of the
transformed system is described by stochastic differential
equations that are simpler, as well as more meaningful from
the perspective of control system design. The normal form
we introduce follows from the notion of stochastic relative
degree, for which we propose a definition. Moreover, we give
a sufficient condition for the system to be locally linearised
by employing a nonlinear state feedback. It is shown that
the measurement of the white noise is needed to perform
exact linearisation (and this is somewhat consistent with the
anticipating nature of other stochastic changes of coordinates
such as [13]). Obviously, measuring the white noise is an
unrealistic hypothesis in practical applications. Nevertheless,
in this paper we develop the mathematical theory in the ideal
case, i.e. the white noise is measurable, as a preliminary step
for a future analysis where the white noise is estimated a
posteriori. We then plan to reformulate the results on exact
feedback linearisation in future publications, adapting the
approximation procedure presented in [17], [18] and [19].

The rest of the paper is organised as follows. In Section II
we recall some preliminary notions on stochastic systems and
differential operators. In Section III we define new differential
operators that are used in the remainder of the paper and
define the concept of stochastic relative degree. Moreover, we
introduce a coordinate transformation that brings the system
into a suitable normal form. In Section IV we formulate the
problem of exact linearisation via state feedback for stochastic
systems and show that a static nonlinear state feedback solves



the problem, i.e. we can locally render the system linear
and controllable under a suitable coordinate change. Finally,
Section V contains some concluding remarks.

Notation. The symbol Z denotes the set of integer numbers,
while R and C denote the fields of real and complex numbers,
respectively; by adding the subscript “< 0” (“> 07, “0”) to
any symbol indicating a set of numbers, we denote that
subset of numbers with negative (non-negative, zero) real
part. The symbol 0} is used as a shorthand for the operator
o™ /0x™, while o™ indicates the n-th time derivative of
a. (V,2) is a probability space given by the set V, the
o-algebra 2 defined on V and the probability measure 13
on the measurable space (V,2). A stochastic process with
state space R" is a family {x;, ¢ € R} of R™-valued random
variables, i.e. for every fixed t € R, z;(-) is an R™-valued
random variable and, for every fixed w € V, z.(w) is an
R™-valued function of time [20, Section 1.8]. For ease of
notation, we often indicate a stochastic process {xz;, t € R}
simply with z; (this is common in the literature, see e.g.
[20]). With a slight abuse of notation, any subscript different
from the symbol “¢” indicates the corresponding component
of the vector x;, e.g. x; is the i-th component of the vector
Tt.

II. PRELIMINARIES

In this section we shortly recall the theory of generalised
stochastic processes and define differential operators that will
be used in the remainder of the paper.

Let C§°(RR) be the space of all infinitely differentiable func-
tions on R with compact support [21, Definition 1.2.1]. The
following definition characterises the notion of distribution,
or, equivalently, of generalised function.

Definition 1. [22, Definition 3.1] Let X be an open subset
of R. A distribution on X is a linear form v on C§°(R) that
is also continuous in the sense that

lim ¥(p;) =9(p) as  lim p;=¢ in CF(R).
j—o0 j—o0

If f is a continuous and differentiable function, then by
partial integration we get

/fcpdt:—/fgbdt, Vo € CO(R).
R R

By analogy, for any distribution ¢, its distributional derivative
1) is defined as the distribution that satisfies

Vi € C°(R),

P(p) = (&),

see [21, Definition 3.1.1]. Note also that generalised functions
have derivatives of all order, which are generalised functions
as well.

Definition 2. [20, Section 3.2] A generalised stochastic
process is a random generalised function in the sense that a
random variable 1 (y) is assigned to every ¢ € C§°, where
1 is, with probability 1, a generalised function.

We now look at the Brownian motion as a generalised
stochastic process. Therefore, its distributional derivative is

always defined [20, Section 3.2]. In particular, the generalised
stochastic process given by such a derivative has zero mean
value and covariance function given by the generalised
function §(t — s), t, s € R, i.e. the Dirac delta. Consequently,
the derivative of the generalised Brownian motion is the
generalised white noise [20, Section 3.2]. In the remainder,
with a slight abuse of notation, we refer to generalised
Brownian motion and generalised white noise omitting the
attribute “generalised” and we denote them by simply W,
and &, respectively, with & = W,. It should be emphasised
that the just mentioned time derivative is meant in the sense
of distributions, and not as the limit of the difference quotient
as the increment tends to zero, which instead applies to
differentiable functions in the classical sense.

Consider the nonlinear single-input, single-output stochastic
system expressed in the shorthand integral notation

dre = (f(we) + g(@)u)dt + (U(zt) + m(z)u)d Wr,
Yt = h(‘rt)a

with 2 € R", v € R, yy € Rand f : R® — R", g :
R" = R* [ :R*" R m:R*" - R", h: R" - R
smooth functions, i.e. they admit continuous partial derivatives
of any order. We assume that, for a fixed initial condition
T¢—0, the solution of (1) is unique. Note that, in the light of
the previous discussion, system (1) can be rewritten in the
following differential notation

)

yr = h(xs).
2

Note that when &; is (generalised) white noise, as in this
case, then the differential equation (2) is equivalent to the
integral equation (1) if the latter is interpreted in It0’s
sense [20, Section 10.3]. Given the equivalence of the two
representations in the framework of generalised stochastic
processes, in the remainder of the paper equations (1) and
(2) are used interchangeably, as convenient, to refer to the
same nonlinear stochastic system.

Recall that the derivative of h along the vector field f,
which is called Lie derivative and is indicated with the symbol
Ly h, is defined as

= fze) + g(w)u+ () +mz)u)és,

L) = 0,001 f(2) = 3 5 (o)

We indicate the derivative of h first along the vector field
f and then along the vector field g as Ly, Lsh(z) =
0.[Lsh] g(z). We use the recursive relation E’} h(z) =
0, [Llffl h] f(x), with E(} h(z) = h(zx), to indicate the k-th
differentiation of h along f.

III. COORDINATE TRANSFORMATION AND NORMAL FORM

In this section we introduce the concept of stochastic rela-
tive degree and show that a suitable coordinate transformation
brings the system into a simpler form, which is convenient
for analysis and stabilisation.

We first introduce three new operators. The first one, which
indicates the second derivative of h along the vector fields f



and g, is defined as

n n

g(@)TO2N] f(z) = gj(x)

j=1 i=1

G th(z) =

Similarly to the Lie derivative, we use the notation
"G, G h(x) = b(a)"02[Gh] a(x), and ‘Gih(x) =

g(z) o2 Qk 1] f(z), to indicate the reiterated operations.
The operator S h is employed to define the stochastic Lie
derivative of h along the drift vector field f and diffusion
vector field [ as

'S (€, ) = Ly ha) + Loh(@)e+ 3 'Gh(a).

Similarly to the deterministic Lie derivative, if 'S (e, ) =
ls sh(x) is a deterministic expression, i.e. the white
noise does not appear explicitly, we use the nota-
tion lS?h(&,x) = leleh(ft,x) and, iteratively, if
lS’;flh(ft,x) = leflh(x) is deterministic, lS’;h(gt, x) =
'S5 h(&, x), with 'SGh(z) = h(z) by definition.
Finally, we define the third operator

h(&e, ) = Ly h(x) + Loy M(2)E + "G h(z).

By using Itd’s formula, it is easy to see that the first
derivative of the output of system (2) is given by

1
yt(l) = leh(ftvxt) + g Ah(&, z)u+ 5 "G ()
3)

We now define the concept of stochastic relative degree
and then point out the rationale of such a definition.

Definition 3. (Stochastic Relative Degree) Assume that there
exists 7 such that

L 'Sih(&,x) =0, Vke{0,..,r—2}, (4

and for all x in a neighbourhood of Z. System (2) is said to
have stochastic relative degree r at a point Z if ¥ = r and
1) c 'Shh(&,x) + ™G,'Skh(¢&,2) = 0 and
ls’f h(é,x) =0and ™G, 'Skh(&, x) = 0 for all
xina nelghborhood of Z and all k € {0, ...,r — 2}.
2) Ly 'Sy (&, T) + TGS, T) £ 0 or
Lo ' (6 ) 20 or "G, S} h(61,7) £0.

Before discussing the implications of the definition just
given, we provide two lemmas and a standing assumption
which are useful in clarifying the meaning of Definition 3.

Lemma 1. Let = € U C R™ and k£ € {0,..,r —
2}. Then ["A,'Shh(&,2) = 0 for all & € R if
and only if L, sf (&.2) + ™G,'Skh(&, ) = 0 and

m, le (§t> ) =0.
Lemma 2. Let z € R™. Then ' A4, lST Yh(&, ) # 0 almost

surely if and only if £, IST 1h(&g, z)+ mgllsr Yh(&, @) #
0or Ly 'S5 h(&, 2 )3&0

To understand the meaning of the stochastic relative degree
let z,—; = T be the state of system (2) at time ¢ and assume,

for instance, that system (2) has stochastic relative degree
r > 2 at . Then, by assumption (4), Lemma 1 and
Definition 3, expression (3) simplifies to

1
u" = 'S ph(&ae) = S hiay) 5 'Gih(@).

which does not depend on the white noise or on the control
input. Now, computing the second derivative and using
assumption (4), Lemma 1 and Definition 3 yields

mg le (-Tt) 2

= ACf h($> +

yO = SE(Ep AL ph (€ ut
1
= 'Sth(wy) = L 'S h(wy) + §lgl Syh(wy),

which, again, does not directly depend on the white noise or
on the control input. Iterating this procedure yields that, for
all ¥ < r and ¢ in a neighbourhood of ¢,

y = LSkR(&, @) = 'ShR(y),

where y( ) is a deterministic function, ie. & does not

explicitly appears in y,gk). In the remainder we will omit
the dependency of the operators S and A on the white
noise & whenever this does not appear explicitly because of
assumption (4). Finally,

Y= 1Shh(E 7) + A ST (e, T)u(D)+

1
5 "G Sy @D, )

where by Lemma 2 w(t) explicitly appears in the expression
of yér). Then, analogously to the deterministic case, the
stochastic relative degree is equal to the order of the derivative
of the output at time ¢ in which the input u(t) explicitly
appears. Two observations are in order: first, while the white
noise does not appear in all the derivatives up to order r — 1
because of (4), it may or may not appear in the r-th derivative;
second, differently from the deterministic case, the control u
appears linearly and quadratically in (5).

Remark 1. If L; lS’fch(x) # 0 forak < r—1, the
differentiation of y; up to the r-th time would require us
to introduce successive derivatives of the white noise. We
exclude this possibility with the standing assumption (4).
The reasons for avoiding this are twofold. The first one is
of theoretical nature, as at this stage we are not able to
provide a complete theory on the stochastic differential d¢;
(and successive ones) appearing by applying iteratively It6’s
lemma. The second is of numerical nature, as at this stage
we are not able to implement the derivative(s) of the white
noise.

Remark 2. There might be points where a stochastic relative
degree cannot be defined, in analogy with deterministic
systems (see, e.g., [1, Section 4.1]). Nevertheless, the set
of points where a stochastic relative degree can be defined is
open and dense in R™.

We are now interested in finding a diffeomorphism & :
R™ — R™ that locally (i.e. in a neighbourhood U of Z € U C
R™) transforms system (2) in such a way that its dynamics
is somewhat “simpler”.



Remark 3. Since the Jacobian of a diffeomorphism @ is
invertible by definition, the dynamics of a deterministic
system in the transformed state is always well-defined. In
fact, recall that, if ¢ = f(z,u) and z = ®(z), then
2= (0, f(z,u)g-1(s) = f(z,u) and f is non-zero
for any non-zero f. For stochastic systems, the same holds
almost surely. To see this, suppose &; = f(x¢, u) + (x4, u)&;
and let z; = ®(x;). Then, applying Itd’s lemma,

Zt = (8z[(b](f(xt7u) + l(xhu)ft))wt:q)—l(zt) +

T
lglq)n(xt)] zr=®—1(z) "
Then, the case | = 0 is equivalent to the deterministic case.
If [ # 0, then the first term on the right-hand side is non-zero
and, given the randomness induced by the white noise, almost
surely different from the second term. Therefore, a change
of coordinates, defined by a diffeomorphism, is sufficient
to ensure that the dynamics of the system, expressed in the
transformed state applying the It6 chain rule, is well-defined
almost surely.

We now make the following assumption on the stochastic
Lie derivatives of y; = h(x;) along the drift vector f and
the diffusion vector [.

Assumption 1. Let r be the stochastic relative degree of
system (2) at . Then the row vectors

Oy hozs O,1'Shlomz, oy O[!S} Mlazs,

are linearly independent.

Observe that if Assumption 1 holds, then necessarily r < n.

Remark 4. For deterministic nonlinear systems Assumption 1,
i.e. the linear independence of the gradients of the first r —
1 successive derivatives of the output at Z, is a fact that
can be proved, see e.g, [1, Lemma 4.1.1]. The proof of the
stochastic counterpart is a topic under investigation at this
stage. Nevertheless, making this assumption is sufficient to
develop the theory presented in the remainder of the paper.
At present, no counter-example has been found for which
this property is not satisfied.

Proposition 1. Suppose that system (2) has stochastic relative
degree r at  and let Assumption 1 hold. Set

$1(x)=h(z), ¢2(x)="'Sph(x), .... ¢ (x)="'8}""h().
If » < n, then there exist smooth functions

Gry1(2), ..., pn(x), with ¢; € R for all j € {r+1,..,n},
such that the Jacobian of the mapping

T
O(z) = [1(z) ¢2(x) $n ()]

is invertible at & almost surely, thus defining a coordinate
transformation in a neighbourhood of Z. Then the state-space
representation of system (2) in the transformed state z; =

(I)({L't) is

4= Zis1, i=1,..
2= (&, 2) + (&, 20)u + alz)u?,

2 =pi(& 2) + qi (& z)u+ sj(z)u?,  j=r+1,..,n,
where

(&t,2t) = ls;h(ft,‘pfl(zt))a
() = §PA ST R, @71 (20)),

a(z "G ST (21)),

C

b

)=

p; (&t 2e) = l5f¢j(£taq)71(zt))7

Qj(€t7zt) = ?Al¢j(£taq)7l(zt))a
)

5" 63 (@ (),

with the output y, = 2z;. According to the definitions of the
operators S and A given in Section III, the dependency of
¢, b, p; and g; on the white noise & is linear.

s (2

Note that it might be possible to find smooth functions
@r41, ..., 0p such that the dynamics of the last n — r
transformed coordinates is independent of the input wu, i.e.
qi(ze) =0, s5(,2¢) =0, forall j € {r+1,...,n}, ina
neighbourhood of ®(Z). This observation motivates the next
definition.

Definition 4. (Stochastic Normal Form) Let x; be the unique
solution of (2) and z; = ®(x;) be a local diffeomorphism in
a subset U of R™ such that

% = Zit1, i1=1,..,r—1,
4 = (&, 2t) + b(&r, 20)u+ alz)u?,
ijpj(ft,zt), j=r+1,..,n,
Yt = 21

(6)

System (6) is said to be the stochastic normal form of
system (2).

Obviously, if the stochastic relative degree at  is equal to
the order of the system, then the system admits a stochastic
normal form in a neighbourhood U of Z.

Remark 5. While for deterministic systems it can be proved
(see, e.g., [1, Proposition 4.1.3]) that functions ¢, 41, ..., dn
always exist such that a normal form exists when r < n,
in the stochastic case the validity of an analogous result is
currently under investigation.

Example 1. Consider the nonlinear stochastic system

cos(z2)
— cos(x2) u+

sin(x3)? (23 — 23 + 23)
iy=|cos(w3)? (23 — 23 + x3) [+

f3(x) —2cos(xs)(x1 + x2)
r1x3 I3
2 —T1T3 &+ -3 uéy,

—2x1x3(21 + x2) —2x3(x1 + x2)



with 4 € R and

fa(@) = af + (1 B)aat
—2(xq 5111(:03)2 — g COS(IL’3)2)(IE% - :z:% + x3),

B € Zso. We study the system in a neighbourhood U C
(—m/2,7/2)3 of = 0. Let the output be y; = h(z;) =
21+ 2. Set z1 = h(xy), then it is straightforward to compute
its derivative

(1)

. 2
21 =Y

. . 2
=T+ Ty =x] — T3+ 3.

Since neither & nor w appears explicitly in the previous
expression, we conclude that assumption (4) is satisfied so
far and the stochastic relative degree of the system, if defined,
is larger than 1 at £ = 0. Setting 29 = Z;, we proceed
to compute the second derivative of the output. Using Itd’s
lemma we have

1 1 0 0
des = [221 —2x5 1]day + zdz] |0 —1 0| dzy,
N

which yields

=y =af + (1 - Bz

The standing assumption (4) is still satisfied. Moreover, the
stochastic relative degree of the system, if defined, is 3 at
Z = 0, hence we set z3 = Z5. Using Itd’s lemma on z3 we
obtain

dez = Bz 1-p 0] da+

BB-1)zP2 0 0
1dalctT 0 ' 0 0] dxy.
2 0 00
Setting
A&, m) = By (sin(zs)? ($1—$2+3«“3)+l‘1$3)+
(1-=8)(c S( 3)% (27 — a3 + 23))+
prizs(Bry  — (1= B))&+
) 15(5 )wﬁ ?(puwyws3)?,
b(&,x¢) = (5351 — (1= B))(cos(z2) + 3&¢)+

B(B —1)zP2x22,
i) = B8~ 1)af a3
we finally get

3 _

=y, = (&) + b(ﬁt, xi)u+ a(l't)u2'

It is easily checked that, for all § € Zy, b is non-zero
at £ = 0, therefore the relative degree of the system at the
origin is 3. Observe that the function

1+ T2
2= ®(xy) = | 23— 23413
U+ (1 Bz
has Jacobian
1 1 0
0,P(x) = | 211 —2z9 1],
ﬁfo 1-8 0

which is nonsingular at £ = 0, hence it is a local diffeo-
morphism in U, for all 3 € Z~¢. Substituting 7; = ®~1(z;)
in the expression of Z3, the system expressed in the new
coordinates is given by

21 = 22,
Zo = 23,
i3 = (&, 21) + b(&, 20 )u + alz)u?,
Yt = 21,

with ¢(&, 20) = (&, 1 (21)), b(&e, 2) = b(E, P(21))
and a(z;) = a(®'(2;)). The system is in stochastic normal
form, since the relative degree coincides with the order of
the system.

IV. EXACT LINEARISATION VIA STATE FEEDBACK

In this section we give a sufficient condition for the
feedback linearisation of stochastic nonlinear systems of the
form (2) when the state x;, as well as the white noise &,
are available for measure. This last assumption is clearly
unrealistic, as far as practical applications are concerned.
Nevertheless, we hereby develop the theory in an ideal
framework where the noise is available for feedback; the
obtained results will be preliminary to forthcoming works
where the noise will be approximated a posteriori via a
procedure similar to the one proposed in [17] and [18]. In
the remainder of the section we show how the change of
coordinates yielding the normal form (6) can be employed
to design a static feedback control law which renders the
transformed system linear around a set point Z.

First, we formulate the problem we aim to solve.

Problem 1. (State-Space Exact Linearisation Problem) Con-
sider the nonlinear stochastic system without output

) +m(zu)ée. (D)

Given a point Z, the state-space exact linearisation problem
consists in finding a neighbourhood U of Z, a feedback law
uy = k(&, x¢,v), with v € R, defined on U and a stochastic
coordinates transformation z; = ®(x;) defined on U such
that the closed-loop system

&y = f(ze)+g(xe) k(& 2, v)HU @) +m(2e) k(Ees 70, v) ),

in the coordinates z; = ®(xy), is linear, deterministic and
controllable. |

= fze) + g(w)u+ (U

In other words, the transformed state-space model that
we seek in U has the form 2 = Az + Bv with the matrix
[B AB A"~!B] with rank n. The solution to this
problem is provided by the next proposition.

Proposition 2. If there exists a real valued function h(z;)
such that system (7) with the output y; = h(x) has stochastic
relative degree n at z, then Problem 1 is solvable. In addition,
if G, ZS’;_lh(x) = 0, then the control law

1
(ft, Zt)

= (&, 20,0) = (—c(&,2e) +v)  (8)



is well-defined almost surely in a neighborhood of z and
solves Problem 1.

Remark 6. In general b and c are depend on &, thus implying
that the state feedback also requires the knowledge of the
exact value of the white noise for all ¢. Clearly, the feedback
linearising control (8) can be implemented in real applications
only when the noise does not appear directly in the expression
of z,. Alternatively, approximations could be provided by a-
posteriori estimations of the white noise, adapting the results
presented in [17], [18].

V. CONCLUSION AND FURTHER RESEARCH DIRECTIONS

In this paper we have introduced the concept of stochastic
relative degree and we have used this to define a normal
form for nonlinear stochastic systems and to solve the exact
feedback linearisation problem. We have pointed out that the
computation of the linearising control requires, in general, the
knowledge of the white noise. This, however, is unrealistic.

This paper is a first step towards the study and solution
of several control problems for stochastic nonlinear system.
Future work includes, e.g., the study of the zero dynamics and
of the problem of output tracking. On a different note, in order
to develop a practically sound theory, it is essential to design
state feedbacks which do not require perfect knowledge of
the white noise. For instance, the works [17], [18] and [19]
can be used as a reference to build an a-posteriori estimate
of the noise affecting the system, which can then be used to
design approximate feedback linearising controllers. These
topics are currently under investigation and will appear in
forthcoming works.
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