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Germany
gInstitute of High Energy Physics, Chinese Academy of Sciences, Beijing 100049, China

hP.N. Lebedev Physical Institute of the Russian Academy of Sciences, Leninskiy Prospect 53, Moscow 119991, Russia
iMoscow Institute of Physics and Technology, Institutsky lane 9, Dolgoprudny, Moscow Region 141700, Russia

jNational Research Nuclear University MEPhI, Kashirskoe highway 31, Moscow 115409, Russia
kNovosibirsk State University, Novosibirsk 630090, Russia

lPhysik Department, Technische Universität München, Garching D-85748, Germany
mInstitute for Advanced Study, Universität München, Lichtenbergstrasse 2 a, Garching D-85748, Germany

Abstract

The quark model was formulated in 1964 to classify mesons as bound states made of a quark-antiquark pair, and
baryons as bound states made of three quarks. For a long time all known mesons and baryons could be classified within
this scheme. Quantum Chromodynamics (QCD), however, in principle also allows the existence of more complex
structures, generically called exotic hadrons or simply exotics. These include four-quark hadrons (appearing, e.g., as
compact tetraquarks or hadronic molecules), five-quark hadrons (pentaquarks) and states with active gluonic degrees
of freedom (hybrids), and even states of pure glue (glueballs). Exotic hadrons have been systematically searched
for in numerous experiments for many years. Remarkably, in the past fifteen years, many new hadrons that do not
exhibit the expected properties of ordinary (not exotic) hadrons have been discovered in the quarkonium spectrum.
These hadrons are collectively known as XYZ states. Some of them, like the charged states, are undoubtedly exotic.
Parallel to the experimental progress, the last decades have also witnessed an enormous theoretical effort to reach a
theoretical understanding of the XYZ states. Theoretical approaches include not only phenomenological extensions
of the quark model to exotics, but also modern non-relativistic effective field theories and lattice QCD calculations.
The present work aims at reviewing the rapid progress in the field of exotic XYZ hadrons over the past few years both
in experiments and theory. It concludes with a summary on future prospects and challenges.
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1. Introduction

1.1. Some generalities

Hadrons are described in the Standard Model by Quantum Chromodynamics (QCD), the theory of the strong
interactions. QCD is based on the gauge symmetry group SU(3), whose quantum number is called ‘color’. At the
most fundamental level its degrees of freedom are quarks (q)1, antiquarks (q̄) and gluons (g), the last ones being
the SU(3) gauge bosons [1]. The fact that SU(3) is a non-Abelian group makes QCD a very different theory from
Quantum Electrodynamics (QED), the theory of the electromagnetic interactions, and accordingly the phenomenology
of hadrons is very different from the one of atoms. Gluons, in contrast to photons, carry a (color) charge, self-interact,
antiscreen the vacuum, and are at the origin of such highly nontrivial phenomena in QCD as asymptotic freedom and
color confinement. Asymptotic freedom guarantees that high-energy properties of QCD can be computed in weak-
coupling perturbation theory [2, 3]. On the other hand, color confinement, which implies that all detected hadrons
are singlets (neutral) under color SU(3), sets in at low energies, where weak-coupling perturbation theory fails. Both
energy scales are relevant for the formation of heavy hadrons.

The simplest color-singlet quark combinations that can be formed are q̄q and qqq. For a long time, all known
hadrons could be explained in terms of the quark model where mesons are bound states of a constituent quark and
antiquark, and baryons are bound states of three constituent quarks. However, the requirement of color neutrality still
allows for more complicated structures, as was already recognised by Gell-Mann in one of the first publications on
the quark model [4], like q̄q̄qq, q̄q̄q̄qqq, q̄qqqq, and so on. In QCD additional states are, in principle, possible like
hybrids whose quantum numbers are determined by their quark, antiquark and gluon content: as gluons carry a color
charge they can play a much more active role in the formation of a state than photons in atoms. One even expects
‘glueballs’ whose quantum numbers are determined exclusively by their gluonic content. We will refer to any state
which does not appear to fit with the expectations for an ordinary q̄q or qqq hadron in the quark model as ‘exotic’.

Some of these exotics have quantum numbers that cannot be reproduced by ordinary hadrons. In this case, the
identification of these states as exotic is straightforward. In the other cases, the distinction requires a careful analysis
of experimental observations and theoretical predictions as will be also discussed in some detail in this review.

There are various candidates for exotics in the light-quark sector, e.g., the light scalar mesons. Nevertheless, at the
beginning of the century, no candidates for states beyond ordinary hadrons containing heavy quarks had been found.
This was even more the case for mesons made of a heavy quark and a heavy antiquark, called quarkonia: The quark
model showed excellent agreement with the data both in the charmonium (c̄c quarkonia) and in the bottomonium
(b̄b quarkonia) sectors. The situation changed dramatically in 2003 when Belle observed a structure in the ππJ/ψ
final state [5], the X(3872). The properties of the new state did not fit those of an ordinary quarkonium, although
it definitely contained a charm-anticharm pair. The assumption that the X(3872) contains the charm-anticharm pair
observed in the final state is motivated by the strong suppression of the heavy quark-antiquark pair creation within
QCD. After the discovery of the X(3872), many more hadrons were found in processes with final states containing a
heavy quark and antiquark, but with properties at odds with those expected for ordinary quarkonia. Among these new
states, those that carry an electric charge stick out. Since they must contain, in addition to a heavy quark-antiquark
pair, at least a light quark-antiquark pair, they immediately qualify as exotics. For states that from their quantum
numbers could be quark-antiquark mesons, but show properties inconsistent with expectations from established quark
models, sometimes the term crypto-exotic is used.

The candidates for exotic states were dubbed by the experimental collaborations either X(mass), or Y(mass),
or Z(mass), and are usually referred to collectively as XYZ states. Y(mass) is usually used for exotics with vector
quantum numbers, i.e., JPC = 1−− where J is the spin, P is the parity and C is the charge-conjugation quantum
number. Meanwhile, the Particle Data Group (PDG) has proposed a new naming scheme [6] which is briefly reviewed
in Sec. 1.2.

The spectrum in the c̄c sector is shown in Fig. 1. Only states with known quantum numbers are included in the
figure and, in all cases, the primary name according to the PDG is used. In addition, we also show with dotted lines
some thresholds for decays into open-flavour states. To not overload the figure, thresholds with hidden strangeness
are not shown. States that show quantum numbers incompatible with the quark model are clearly exotic. For the states

1For a heavy quark a capital letter Q (Q̄) for the (anti)quark may be used in what follows to stress its large mass.
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Figure 1: The spectrum of states in the c̄c sector as of July 2019. Thin solid lines represent the states established experimentally and dashed lines
are for those that are claimed but not (yet) established (following the approach used by PDG, we regard a state as established if it is seen in different
modes). States whose quantum numbers are undetermined are not shown. States in the plot are labeled according to the PDG primary naming
scheme — see Sec. 1.2 for further details and for the correspondence with the XYZ naming scheme. Dashed lines show some relevant thresholds
that open in the considered mass range; here D1 stands for D1(2420) and D∗2 for D∗2(2460). Thresholds with hidden strangeness or involving broad
states are not shown. The states shown in the two columns to the right are isovectors containing a c̄c pair; they are necessarily exotic.

in Fig. 1, this applies to the isovector states displayed in the two rightmost columns. In the other cases, there is no
general rule when a state should carry the label exotic and when it is an ordinary c̄c state. However, there is consensus
that all states below the lowest open-flavour threshold (D̄D) are ordinary states. Moreover, also the properties of the
vector states ψ(3770), ψ(4040) and ψ(4160) and of the tensor state ψ2(3823) appear to agree with those of ordinary
quarkonia. All the other states may or may not be exotic and will be discussed in this report. As of today, in the
charmonium sector the number of experimentally established exotic candidates is similar to the number of ordinary
states. In the bottomonium sector, on the other hand, only two exotics are established and they are both charged. The
states in the b̄b spectrum are shown in Fig. 2.

Some of the exotic candidates reside rather close to open-flavour thresholds, however, the impact these thresholds
have on the states is not clear yet. A possibility is that they induce kinematic enhancements, so that not all of
the observed signals may correspond to new states in the QCD spectrum. Nevertheless, as we will argue in this
review, most of them certainly do correspond to new states. From a comparison of Figs. 1 and 2 one can see that
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Figure 2: The same as in Fig. 1 but for the states in the b̄b spectrum. Dashed lines show the open-bottom thresholds (from the lowest upwards) B̄B,
B̄B∗, B̄∗B∗, B̄B1(5721), B̄B∗2(5747), B̄∗B1(5721), and B̄∗B(5747). Given its large statistical significance (6.7 standard deviations) we have included
the Υ(10750) signal recently seen by the Belle Collaboration [7], although it is not in the current PDG list (see also Sec. 4.4.4).

the distribution of states and thresholds in the charmonium sector and in the bottomonium sector is, at present, rather
different. If this hints to some physical differences in the two heavy-quark sectors or just reflects our limited knowledge
of the bottomonium spectrum is one of the challenges that future theoretical and experimental studies will have to face.

Exotic states may originate dynamically from different possible structures. These can be grouped into two classes:
(i) structures with active gluons and (ii) multiquark states. The former class contains hybrids and glueballs. The
latter class contains exotics made of a heavy quark and its antiquark together with at least one light quark-antiquark
pair. A priori the simplest system consisting of only two quarks and two antiquarks (generically called tetraquarks)
is already a very complicated object and it is unclear whether or not any kind of clustering occurs in it. However,
to simplify the problem it is common nowadays to focus on certain substructures and investigate their implications:
(i) In hadroquarkonia the heavy quark and antiquark form a compact core surrounded by a light-quark cloud. (ii) In
compact tetraquarks the relevant degrees of freedom are compact diquarks and antidiquarks. In this review we restrict
ourselves to this definition of a compact tetraquark which is quite common in the contemporary literature. It should
be mentioned, however, that in the older literature sometimes the phrase “diquonium” was used to refer directly to the
assumed diquark clustering [8, 9]. For a comprehensive review of diquarks we refer to Ref. [10] while for a critical
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discussion of the diquark clustering in heavy exotics we refer to Ref. [11]. (iii) In hadronic molecules the building
blocks are color-neutral hadrons. Obviously a complete picture may include some of or even all these configurations
in the final description of the exotic state; nevertheless, the question remains of what is the dominant configuration.
Finally, even an ordinary hadron, which has a dominant q̄q or qqq configuration, will have subleading configurations
with additional quark-antiquark pairs and active gluons. Depending on the state, they may turn out to be more or less
relevant to describe its properties.

* * *

This report is devoted to exotic states in the charmonium and bottomonium spectrum, i.e. the XYZ states, and
also discusses related states in this energy region, such as double-charm/bottom systems, and pentaquarks containing
heavy quarks. Its aim is to review the experimental information we have gained on these states over the last fifteen
years, and to summarize our theoretical understanding of them.

Data have been collected originally mostly at the B factories (Belle, BaBar, CLEO) and also at the Tevatron
experiments, and later at BES and LHCb. They have led to the discovery of several new states (see Figs. 1 and 2) and
to the collection of an impressive amount of measurements in production and decay channels. This clean and clear
amount of data has no match with the few controversial exotic states in the light-hadron sector.

From the theoretical viewpoint, the study of quarkonium in the last few decades has witnessed two major devel-
opments: (i) the establishment of non-relativistic effective field theories and (ii) progress in dynamical lattice QCD
calculations of excited states and resonances, and calculations with light-quark masses at or close to the physical point.
Both allow for precise and systematically improvable computations that are (to a large extent) model-independent. Al-
though in many cases phenomenological quark models remain a useful resource, it is the advancement in our under-
standing of quarkonium and quarkonium-like systems due to non-relativistic effective field theories and lattice QCD
that makes quarkonium exotica particularly valuable. In fact, today we are not only confronted with a huge amount of
high-quality data, which have provided for the first time uncontroversial evidence for the existence of exotic hadrons,
but also have modern theoretical tools that allow us to explore in a controlled way these new forms of matter and get
a unique insight into the low-energy dynamics of QCD.

The new quarkonium revolution that started in 2003 with the discovery of the X(3872), with all its experimen-
tal and theoretical developments and challenges, has been chronicled over the past years in several comprehensive
reviews [12–14]. The present report focuses on the XYZ states and aims at portraiting, as precisely as possible, the
status of the subject in the year 2019. It is organized in the following main sections. In Sec. 2, we review the main
experimental facilities participating to the XYZ searches. The status of these searches and the relevant data that have
been collected are summarized in Sec. 3. Theoretical methods, ranging from phenomenological quark models to ef-
fective field theories of QCD and lattice QCD, and theoretical results and predictions are discussed in Sec. 4. Finally,
in Sec. 5 some future prospects both for experiments and theory are highlighted. We close with a short summary.

As was explained above, in recent years the field of exotic hadrons in general and especially those containing heavy
quarks has attracted a lot of experimental and theoretical efforts. As an interesting fact it is worth mentioning that,
despite a very rich physics programme at the Belle experiment and many interesting and exciting results obtained by
this collaboration for the entire history of its operation, the paper on the discovery of the exotic X(3872) charmonium-
like state turns out to be its most cited publication. Thus it should not come as a surprise that the number of papers on
the subject, both experimental and theoretical, including various reviews, grows fast. It is therefore important to make
it clear from the very beginning what one will find here that has not been previously discussed. A unique feature of the
present review is that it contains simultaneously the most recent experimental information and updates on the exotic
states, and a discussion of various aspects of the theoretical interpretation of the existing and foreseen experimental
data. In the theoretical part, although various models for exotic states presented in the literature are mentioned and
discussed in some detail, the main emphasis is on model-independent approaches based on effective field theories and
lattice QCD.

1.2. Remarks on the naming scheme of the Particle Data Group
Exotic states that do not seem to fit with expectations of ordinary quarkonia have been dubbed X, Y , and Z in

their discovery publications, without any special naming criterion. These names have been used so far in most of the
literature on the subject. With the number of XYZ states growing, this way of naming the new states has become
increasingly inadequate. For this reason the PDG has recently developed a new naming scheme [6] with the intent
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to extend the scheme used for ordinary quarkonia, and based on the quark model, to the newly discovered states.
The new names carry the information on the JPC quantum numbers of the states. In addition, aside from the ground
states, a mass label is added in brackets behind the name symbol. This mass label may deviate from the actual mass
whenever updated measurements give shifted mass values compared to the earlier measurements. They do not say
anything about the nature of the state, as this is in many cases controversial. For instance, even the X(3872) is not
unanimously accepted as an exotic quarkonium. The only exception are the charged states, which clearly require at
least a four-quark structure.

PC −+ +− −− ++

Isospin heavy quark content
I = 0 with cc ηc hc ψ χc

I = 0 with bb ηb hb Υ χb

I = 1 with cc (Πc) Zc (Rc) (Wc)
I = 1 with bb (Πb) Zb (Rb) (Wb)

Table 1: The PDG naming scheme for quarkonium and quarkonium-like states. For I = 1, C refers to the charge-conjugation quantum number of
the neutral state. The quark model for ordinary quarkonia only allows even values of J for the states in the first column, and odd values of J for
those in the second one. Moreover, it does not allow a 0−− state – see Sec. 4.2. Aside from the ηQ states with J = 0 and hQ, ψ and Υ states with
J = 1, the value of J is added to the name as a subscript. E.g., a state containing a c̄c pair with the quantum numbers 1−+ is called ηc1. Aside
from the ground states a mass label is added in brackets to the name symbol. In this table names in brackets indicate that there is no experimentally
established state (yet) with the corresponding quantum numbers.

The naming scheme adopted by the PDG is shown in Tab. 1 and explained in the caption. It serves the purpose
of allowing an unambiguous identification of the quantum numbers of a given state from its name. States whose
quantum numbers are not yet fixed are named X(mass). It is important to remark that, even if in this way a state may
get the name of an ordinary quarkonium, this is not meant to imply that the nature of the state is that of an ordinary
quarkonium. So far, only for the charged quarkonium-like states new names have been introduced — here the names
already used in the literature are used, namely Zc(mass) and Zb(mass) for states containing a charm-anticharm and
a bottom-antibottom pair, respectively, with the isospin 1 and JPC = 1+− (where C refers to the charge-conjugation
quantum number of the neutral member of the isotriplet).

To keep track of the names used so far in the literature, those are added in the listings with the remark ‘also known
as’, abbreviated as ‘aka’. For instance, the states known as X(3872) and Y(4660) appear as

χc1(3872) aka X(3872) and ψ(4660) aka Y(4660).

In this report, we use the XYZ-names for the states most of the time, but in various places we remind the reader of the
PDG naming scheme, especially in the headings.

2. Experiments

As a hot topic in experimental particle physics, exotic hadrons containing heavy quarks are studied in all exper-
iments where their production is possible. This includes not only experiments dedicated to hadron physics such as
BESIII, GlueX and CLEO-c, but also experiments designed for completely different purposes such as ATLAS and
CMS for precision eletroweak physics and beyond, and the B factories, BaBar, Belle, and LHCb, for CP violation.
Sometimes the study of exotic states is originally only a byproduct of some other measuremnts, but it becomes more
and more significant as more and more candidates for exotic hadrons are observed.

Most of the exotic hadron studies are from e+e− annihilation experiments such as BESIII, Belle, BaBar, and
CLEO, because of the very clean experimental environment and various production mechanisms. Exotic hadrons are
produced directly in e+e− annihilation and in association with another charmonium production (double charmonium
production), two-photon processes, initial-state radiation (ISR) processes, bottomonium decays and B decays.

More and more results are being reported from the LHCb experiment where long-lived b hadrons (B and Bs mesons
as well as the Λb baryon) produced in pp collisions are used as a source of exotic hadrons. Essential information on
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Figure 3: Belle detector longitudinal section from Ref. [15].

production of exotic hadrons directly in parton fusion and in b-hadron decays is also coming from the ATLAS and
CMS experiments at the LHC pp collider, and came from CDF and D0 at the Tevatron pp̄ collider.

In this section, we give a short introduction to the experiments which are involved in the studies of exotic hadrons
discussed in this review, including a description of the detector components, data samples, and production mechanisms
of exotic hadrons. New experiments being built or planned which can contribute to the study of exotic states in the
future, along with those which have recently started taking data such as GlueX and Belle II, will be discussed in
Sec. 5.1.

2.1. Experiments at e+e− colliders

The first state that triggered studies of the new hadron spectroscopy is the X(3872) observed by the Belle exper-
iment in 2003. All the e+e− annihilation experiments operating at that time joined the effort immediately, if their
energy could reach the production threshold of charmonium states. The BaBar experiment with data samples com-
parable with Belle could do the same study. The CLEO experiment also had data in the bottomonium energy region
but with much smaller statistics, whereas somewhat later the CLEO-c detector could run directly in the charmonium
energy region allowing for new specific studies. The BES experiment running at the BEPC had small data samples
only, originally taken for measurements of the R value, and a focused study of the XYZ states became possible only
after its upgrade to the BESIII experiment at BEPCII with its first data sample taken in 2011.

2.1.1. The Belle experiment
The Belle detector [15] operating at the KEKB asymmetric-energy e+e− collider [16] is a large solid-angle mag-

netic spectrometer that consists of a silicon vertex detector (SVD), a 50-layer central drift chamber (CDC), an array of
aerogel threshold Cherenkov counters (ACC), a barrel-like arrangement of time-of-flight (TOF) scintillation counters,
and an electromagnetic calorimeter (EMC) comprised of CsI(TI) crystals located inside a superconducting solenoid
coil that provides a 1.5 T magnetic field. Information from specific ionization in the CDC, time measurements in
the TOF and the response of the ACC is combined to perform the charged particle identification (PID). An iron flux-
return yoke instrumented with resistive plate chambers (RPC) located outside the coil is used to detect K0

L mesons and
to identify muons. A detailed description of the Belle detector can be found in Refs. [15, 17]. Figure 3 shows the
structure of the Belle detector.

The Belle detector as described above took data from 1999-2010 that are partially still under analysis. Since
the beginning of 2019 the successor experiment Belle II, which is described in Sec. 5.1 of this review, has been in
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Figure 4: BaBar detector longitudinal section from Refs. [18].

operation. The analyses from Belle utilize one or more of the following data samples: 5.74 fb−1 of data collected
at the Υ(1S ) peak [102 million Υ(1S ) events], 24.91 fb−1 collected at the Υ(2S ) peak [158 million Υ(2S ) events],
89.5 fb−1 collected at

√
s = 10.52 GeV, 702.6 fb−1 data collected at

√
s = 10.58 GeV [Υ(4S) peak], and 121.1 fb−1

data collected at
√

s = 10.867 GeV [Υ(5S) peak]. There are also some data points between Υ(4S ) and Υ(6S ) with
low statistics for a measurement of the inclusive hadronic cross sections.

2.1.2. The BaBar experiment
The PEP-II B Factory was an asymmetric e+e− collider designed to operate at a center-of-mass (c.m.) energy of

10.58 GeV, the mass of the Υ(4S ) resonance. The BaBar detector was the experiment running at this collider. Figure 4
shows a longitudinal section through the detector center [18, 19].

The charged particle tracking system was made of two components: the silicon vertex tracker (SVT) and the drift
chamber (DCH). Pulse height information from the SVT and DCH was also used to measure ionization losses for
charged PID. The SVT was composed of five layers of double-sided silicon strip detectors and the DCH of 40 layers
of small, hexagonal cells. The Detector of Internally Reflected Cherenkov light (DIRC) provides separation of pions
and kaons up to the kinematic limit of 4.5 GeV. Cherenkov light was produced in 4.9-m long bars of synthetic fused
silica of rectangular cross section, and transported to a large array of photomultiplier tubes (PMT). The EMC was
a finely segmented array of CsI(Tl) crystals of projective geometry to detect electromagnetic showers with excellent
energy and angular resolution over the energy range from 20 MeV to 4 GeV. The instrumented flux return was designed
to identify muons and to detect neutral hadrons. The BaBar experiment took data from 1999-2008, however, some
analyses are still ongoing.

The analyses from BaBar utilize one or more of the following data samples: 13.6 fb−1 of data collected at the
Υ(2S ) peak, 27.96 fb−1 collected at the Υ(3S ) peak, 424.7 fb−1 collected at the Υ(4S ) peak, and 43.9 fb−1 collected
at
√

s = 10.54 GeV.

2.1.3. The CLEO(-c) experiment
The CLEO experiment ran successfully for nearly thirty years, from 1979 to 2008, recording particles produced

in electron-positron collisions at the Cornell Electron-positron Storage Ring (CESR). The experiment took data in
the bottomonium energy region before 2003 and CLEO-c, a modified version of the CLEO III detector, accumulated
data in the charmonium energy region between 2004 and 2008. The main differences between CLEO III and CLEO-c
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Figure 5: Schematic drawing of the BESIII detector from Ref. [20].

detectors are the SVD replaced with a wire vertex chamber and the magnetic field reduced from 1.5 T to 1.0 T to
maintain high efficiency for low momentum tracks and reasonably high momentum resolution.

The CLEO-c detector was equipped to measure the momenta and directions of charged particles, identify charged
hadrons, detect photons, and determine with good precision their directions and energies. The muons above p =

1.1 GeV could also be identified with the muon detector. The detector was almost cylindrically symmetric with
everything but the muon detector inside a superconducting magnet coil supplying 1.0 T field. The charged tracks
were reconstructed using the 47-layer drift chamber and the coaxial 6-layer vertex drift chamber. For tracks that
traverse all layers of the drift chamber, the root-mean-square (rms) momentum resolution was approximately 0.6% at
p = 1 GeV. In the whole of this review we set c = 1. Photons were detected in an EMC containing about 7800 CsI(Tl)
crystals, whose rms photon energy resolution was 2.2% at Eγ = 1 GeV, and 5% at Eγ = 100 MeV. The solid angle for
detection of charged tracks and photons was 93% of 4π. PID information to separate kaon from pion was provided by
measurements of ionization (dE/dx) in the CDC and by a cylindrical ring-imaging Cherenkov (RICH) detector.

The CLEO experiment had 22.2 fb−1 of e+e− data taken in the Υ(1S − 5S ) region, which were used for XYZ
and charmed meson studies. The CLEO-c experiment accumulated 27 million ψ(2S ) events, 818 pb−1 of data at the
ψ(3770) peak, 586 pb−1 collected at 4.17 GeV, and 60 pb−1 of data between 3.97 and 4.26 GeV (including 13 pb−1 of
data at 4.26 GeV) – these data were also used for XYZ studies.

2.1.4. The BESIII experiment
The BESIII experiment [20] at the BEPCII storage ring started its first collisions in the tau-charm energy region

in 2008. The BESIII detector has an effective geometrical acceptance of 93% of 4π. It contains a small cell helium-
based multilayered drift chamber (MDC) that provides momentum measurements of charged particles; a TOF based on
plastic scintillator which helps to identify charged particles; an EMC made of CsI(Tl) crystals which is used to measure
the energies of photons and provide trigger signals; and a muon system (MUC) made of RPCs. The momentum
resolution of the charged particles is 0.5% at 1 GeV in a 1 T magnetic field; the energy loss measurement provided
by the MDC has a resolution better than 6% for electrons from Bhabha scattering; the photon energy resolution can
reach 2.5% (5%) at 1 GeV in the barrel (endcaps) of the EMC; and the time resolution of TOF is 80 ps in the barrel
and 110 ps in the endcaps. In 2015, the endcap TOF was replaced with a Multigap Resistive Plate Chamber (MRPC),
and the time resolution improved to 60 ps.

After a few years of running at energies of the J/ψ, ψ(2S ), and ψ(3770) peaks [21], the BESIII experiment started
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collecting data for the study of XYZ particles. At the moment the maximum c.m. energy point that BESIII can reach
is 4.6 GeV. In a data sample of 525 pb−1 collected during one month from December 14, 2012 to January 14, 2013 at
the c.m. energy of 4.26 GeV, the charged charmonium-like state Zc(3900) was discovered [22]. This motivated BESIII
to focus on c.m. energies above 4 GeV resulting in the largest data sample above 4 GeV for XYZ studies.

The data samples for the XYZ study (“XYZ data” hereafter) are presented in Table 2.1.4, which lists the nominal
c.m. energy, measured c.m. energy (when it is available), and integrated luminosity at each energy point. These data
were used for all the analyses presented in this report. BESIII also did a fine scan between 3.8 and 4.6 GeV at more
than 100 energy points (“R-scan data” hereafter) in 2014, with a total integrated luminosity of about 800 pb−1. This
data sample is also used for XYZ studies although the statistics are low [23].

Data sample c.m. energy (MeV) L (pb−1)
3810 3807.65±0.10±0.58 50.54±0.03
3900 3896.24±0.11±0.72 52.61±0.03
4009 4007.62±0.05±0.66 481.96±0.01
4090 4085.45±0.14±0.66 52.63±0.03
4130 – ∼ 400
4160 – ∼ 400
4180 4178 ∼ 3190
4190 4188.59±0.15±0.68 43.09±0.03
4190 – ∼ 500
4200 – ∼ 500
4210 4207.73±0.14±0.61 54.55±0.03
4210 – ∼ 500
4220 4217.13±0.14±0.67 54.13±0.03
4220 – ∼ 500
4230 4226.26±0.04±0.65 1091.74±0.15
4237 – ∼ 500
4245 4241.66±0.12±0.73 55.59±0.04
4246 – ∼ 500
4260 4257.97±0.04±0.66 825.67±0.13
4270 – ∼ 500
4280 – ∼ 200
4290 – ∼ 500
4310 4307.89±0.17±0.63 44.90±0.03
4315 – ∼ 500
4340 – ∼ 500
4360 4358.26±0.05±0.62 539.84±0.10
4380 – ∼ 500
4390 4387.40±0.17±0.65 55.18±0.04
4400 – ∼ 500
4420 4415.58±0.04±0.72 1073.56±0.14
4440 – ∼ 570
4470 4467.06±0.11±0.73 109.94±0.04
4530 4527.14±0.11±0.72 109.98±0.04
4575 4574.50±0.18±0.70 47.67±0.03
4600 4599.53±0.07±0.74 566.93±0.11

Table 2: The measured c.m. energy [23] and integrated luminosity L [24] of each data sample collected for the BESIII study of XYZ states. The
uncertainties on the c.m. energies are statistical and systematic. The uncertainties on the integrated luminosities are statistical only; a 1% systematic
uncertainty common to all the data points is not listed. “–” means not available yet and numbers without error are rough estimates.

Compared with the B factories, BaBar and Belle, BESIII has some advantages in the study of the XYZ states,
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especially those Y states with vector quantum numbers. BESIII collects e+e− annihilation data at c.m. energies that go
directly into the production of Y states, while the B factories use data produced via ISR, so BESIII has a much higher
detection efficiency and can take more data at any energy of interest [for example, the efficiency is 46% at BESIII [22]
and about 10% at Belle [25] for selecting Y(4260) → π+π−J/ψ → π+π−`+`− (` = e, or µ) events]. This makes the
study of the Zc states from the Y decays also more efficient at BESIII than at the B factories. However, B factories can
measure the cross sections in a wide energy range since all the events are produced at the same time, while BESIII
needs to tune the c.m. energy point by point to collect data, thus can only cover a limited energy range. Finally, the
B factories can study the XYZ states with B decays, two-photon fusion, double-charmonium production, and Υ(nS )
(n = 1 − 6) decays, while BESIII is limited to e+e− annihilation.

2.2. Experiments at proton-antiproton colliders
The Tevatron was a synchrotron at Fermilab that accelerated protons and antiprotons in a 6.28 km ring to energies

of up to 1 TeV. First collisions were in 1986 and it ran until 2011. The maximum luminosity achieved was 4×1032 cm−2

s−1. Two large general-purpose detectors, CDF [26] and D0 [27], shown in Fig. 6, were taking data. The CDF detector
consists of: a silicon detector used to track the paths of charged particles and composed of seven layers of silicon
arranged in a barrel shape around the beam pipe; the central outer tracker used to track the paths of charged particles
and located within a 1.5 T solenoidal magnetic field; the combined electromagnetic and hadronic calorimeter that
has approximately uniform granularity in rapidity-azimuthal angle and extends down to 2◦ from the beam direction
to measure the energy of light particles and hadrons; the muon detector with four layers of planar drift chambers,
each with the capability of detecting muons with a transverse momentum pT > 1.4 GeV. The D0 detector consists
of three major subsystems: central tracking detectors, uranium/liquid-argon calorimeters, and a muon spectrometer.
The central tracking system includes a silicon microstrip tracker and a scintillating-fiber tracker located within a 2 T
solenoidal magnet to identify displaced vertices for b-quark tagging. The magnetic field enables measurement of the
energy-to-momentum ratio for electron identification and calorimeter calibration. The calorimeters were designed to
provide energy measurements for electrons, photons, and jets in the absence of a central magnetic field, as well as
assist in identification of electrons, photons, jets, and muons and measure the transverse energy balance in events. The
outermost layer of the D0 detector is the muon spectrometer consisting of a central muon system proportional drift
tubes and toroidal magnets, central scintillation counters, and a forward muon system.

Figure 6: General layout of the CDF (left) and D0 (right) detectors from Refs. [26, 27].

In 1995, the CDF and D0 Collaborations announced the discovery of the top quark [28, 29] and then systematically
studied its characteristics. By now the combination of their measurements of the top quark mass gives (172.9 ±
0.4) GeV, a precision of about 0.23% [30]. In 2006, the CDF Collaboration reported the first measurement of Bs

oscillations [31] and both detectors observed for the first time various heavy baryons. In addition to that, CDF and
D0 have also contributed to studies of exotic states using data samples of 9.0 fb−1 and 10.4 fb−1 of proton-antiproton
collisions taken at

√
s = 1.96 TeV. For example, after the discovery of the χc1(3872) aka X(3872) both groups worked

on determining its characteristics and the most precise measurement of its mass still belongs to CDF [32]. In 2009 CDF
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was the first to report an observation of the χc1(4140) aka X(4140) [33] while in 2016 D0 announced an observation
of the X(5568) [34].

2.3. Experiments at proton-proton colliders

The Large Hadron Collider (LHC) is the world largest and most powerful particle accelerator. It started operation
on September 10, 2008. The LHC consists of a 27-kilometer ring of superconducting magnets with a number of
accelerating structures to boost the energy of the particles up to 6.5 TeV. The maximum luminosity achieved so far is
2.06 × 1034 cm−2 s−1. Four large detectors, ALICE, ATLAS, CMS, and LHCb, are taking data.

2.3.1. The LHCb experiment
The LHCb detector shown in Fig. 7 investigates properties of the charm and bottom quarks [35]. It has contributed

a lot to various studies of mesons and baryons with open charm and bottom, and has also succeeded in investigating
exotics, e.g. discovering pentaquarks [36], determining the quantum numbers of the X(3872) [37] and Z(4430) [38],
and disentangling the complicated structure of the J/ψφ system around 4140 MeV [39].

Figure 7: General layout of the LHCb detector from Ref. [40].

The LHCb detector is a single-arm spectrometer with a forward angular coverage from approximately 15 mrad to
300 (250) mrad in the bending (non-bending) plane [40]. The spectrometer magnet is a warm dipole magnet providing
an integrated field of about 4 Tm, which deflects charged particles in the horizontal plane. The tracking system consists
of the vertex locator, and four planar tracking stations: the Tracker Turicensis (TT) upstream of the dipole magnet,
and tracking stations T1–T3 downstream of the magnet. Charged particles require a minimum momentum of 1.5 GeV
to reach the tracking stations, T1–T3. Charged hadron identification in the momentum range from 2 to 100 GeV is
achieved by two RICHs (RICH1 and RICH2). The calorimeter system is composed of a scintillating pad detector, a
preshower, a shashlik type EMC and a hadronic calorimeter. The muon detection system provides muon identification
and contributes to the L0 trigger of the experiment. The minimum momentum that a muon must have to traverse the
five stations is approximately 6 GeV.

The LHCb detector started its data taking in 2008. The integrated luminosity recorded is 1.11 fb−1 at 7 TeV in
2011, 2.08 fb−1 at 8 TeV in 2012, and 5.9 fb−1 at 13 TeV from 2015 up to now.

Due to the large production cross sections, more B mesons and other particles are produced at LHCb than at other
experiments like BaBar and Belle. However, to avoid background from direct pp collision, many of the studies looked
for XYZ states in the decays of a mother particle which has a long decay length. So far, most of the results related to
the XYZ particles are from B decays. The large B sample makes the determination of the quantum numbers and the
decay dynamics of the XYZ states possible via partial wave analysis (PWA) of the B decays.

2.3.2. The ATLAS and CMS experiments
In 2012, the ATLAS and CMS Collaborations announced the discovery of the Higgs boson – a fundamental

particle with a mass around 125 GeV predicted by the Standard Model as manifestation of the mechanism generating
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the masses of the elementary particles [41, 42]. These detectors, shown in Fig. 8, extensively study its properties and
simultaneously search for various possible manifestations of new physics beyond the Standard Model. They are also
involved in looking for new heavy states.

Figure 8: General layout of the ATLAS (left) and CMS (right) detectors from Refs. [41, 42].

The CMS detector is built around a huge solenoid magnet. It is a cylindrical coil of superconducting cables that
generates a field of 3.8 T. The complete detector is 21 meters long, 15 meters wide, and 15 meters high. The subde-
tectors which constitute the CMS detector from inner to outer are inner tracking system to measure the trajectories of
charged particles and reconstruct secondary vertices; EMC to measure the energy of electrons and photons; hadronic
calorimeter to measure the energy of hadrons; superconducting magnet providing a 3.8 T magnetic field parallel to
the beam axis to bend the tracks of charged particles; muon system to identify and measure the trajectories of muons.
The ATLAS detector has cylindrical geometry with its central axis coinciding with the beamlines. It is 44 meters
in length and 25 meters along the diameter of the transverse round plane, and provides almost full 4π solid angle
coverage around the collision point. The subdetectors which constitute the ATLAS detector from inner to outer are
inner tracking detector which consists of a silicon pixel detector, silicon microstrip tracker and transition radiation
tracker to provide good charged-particle tracking reconstruction as well as vertex reconstruction; EMC surrounded
by the hadronic calorimeter; solenoid superconducting magnetic system providing a 2 T axial magnetic field; muon
spectrometer with a whole coverage up to |η| < 2.4.

The integrated luminosity recorded by the CMS/ATLAS detectors is 45.0/45.0 pb−1 at 7 TeV in 2010, 6.1/5.1 fb−1

at 7 TeV in 2011, 23.3/21.3 fb−1 at 8 TeV in 2012, and 162.9/147.0 fb−1 at 13 TeV from 2015 up to now.

3. Exotic hadron candidates

In this section, experimental evidence for the candidates for exotic states is collected. While some comments are
already given about why those states might most probably not be regular quark-model states, a detailed discussion of
their nature is postponed to the subsequent sections — for all states the relevant theory sections are mentioned below.

3.1. Isoscalar states
Most of the states discovered recently in the quarkonium mass range are isoscalar states and we will begin the

discussion with those. Isoscalar states could in principle be regular quarkonia — the arguments for why most authors
still regard them as exotics are presented in this article. The isovector states that call for going beyond the most naive
realisation of the quark model are presented in section 3.2.

3.1.1. Neutral X states

• The ψ2(3823)

In the charmonium spectrum, the ψ2(13D2) is expected to dominantly decay into γχc1, while the ψ3(13D3) is
expected to decay into γχc2 with a large branching fraction besides its dominant open charm decay into DD̄. To
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Figure 9: The simultaneous fit projection on the γχc1 mass spectrum to the selected B± → K±γχc1 and B0 → K0
S γχc1 signal candidates [43], where

the solid blue line is the best fit. The curves show the signal [large-dashed red line for ψ(2S ), short-dashed magenta line for ψ2(3823), and dotted
violet line for χc1(3872) aka X(3872)] and the background components [dot-dashed black line for combinatorial, two-dot-dashed dark green line
for B→ Kψ(2S )(9 γχc1), and cyan three-dot-dashed for peaking component].

search for them, Belle measured the reactions B → Kγχc1 → KγγJ/ψ and B → Kγχc2 → KγγJ/ψ using a data
sample of 772 × 106 BB̄ events [43]. In this analysis, the most important technique is a correction of the photon
energy from B decays by scaling the energy of the photon so that the ∆E (the energy difference between the beam
energy and the reconstructed B candidates) is equal to zero. This improves the γχcJ mass resolution a lot. In the γχc1
mass spectrum for the selected B± → K±γχc1 signal candidates, besides the clear ψ(2S ) signal, there is a significant
narrow peak at 3823 MeV, denoted as ψ2(3823) . No signal of X(3872) → γχc1 is seen. After using a Breit-Wigner
(BW) function convolved with a mass resolution to parameterize the ψ2(3823) signal shape, the mass obtained from a
simultaneous fit to the selected B± → K±γχc1 and B0 → K0

S γχc1 signal candidates is (3823.1± 1.8± 0.7) MeV with a
significance of 4.0σ with systematic uncertainties included, see Fig. 9. The upper limit at 90% confidence level (C.L.)
on its width is estimated to be 24 MeV. The ψ2(3823) mass agrees well with the potential model expectations for
ψ2(13D2). Besides the mass, the measured product of branching fractions B[B → Kψ2(3823)]B[ψ2(3823) → γχc1]
is approximately two orders of magnitude lower than for the ψ(2S ), which also supports the interpretation of the
ψ2(3823) as the ψ2(13D2) state [44, 45]. In the γχc2 mass spectrum, no evidence is found for ψ2(3823)→ γχc2.

Later BESIII searched for the ψ2(3823) in the e+e− → π+π−ψ2(3823) → π+π−γχc1 process using data samples at
c.m. energies of 4.23, 4.26, 4.36, 4.42, and 4.60 GeV corresponding to a total luminosity of 4.67 fb−1 [46]. In the π+π−

recoil mass distribution for events in the χc1 signal region, the ψ2(3823) signals are observed clearly with a statistical
significance of 6.2σ, while no evidence for the ψ2(3823) signal can be seen for events in the χc2 signal region. The
fit yields 19 ± 5 ψ2(3823) signal events in the γχc1 mode, with a measured mass of (3821.7 ± 1.3 ± 0.7) MeV. The
upper limit on its width is estimated to be 16 MeV at 90% C.L. The measured parameters of ψ2(3823) are consistent
with those from the Belle measurement [43]. The products of σ[e+e− → π+π−ψ2(3823)]B[ψ2(3823) → γχc1] are
measured at the above mentioned c.m. energies, as shown in Fig. 10 with dots with error bars. Fitting this distribution
using a Y(4360) shape or ψ(4415) shape with their resonant parameters fixed to the PDG values [6] can describe the
data well in both cases. The fit results are shown in Fig. 10 with the solid and dot-dashed lines. Larger data samples
with more energy points are needed to separate these two fits or more possibilities.

According to the measurements from BESIII and Belle, the narrow ψ2(3823) resonance is a good candidate for
the ψ2(1 3D2) charmonium state. According to potential models [47–51], the mass of ψ2(1 3D2) is in the 3.810 ∼
3.840 GeV range, which is above the DD̄ mass threshold but below the DD̄∗ and DD̄π thresholds. Since the decay
ψ2(1 3D2) → DD̄ needs to proceed in a D–wave which would violate parity, the ψ2(1 3D2) state is expected to be
narrow, and ψ2(1 3D2) → γχc1 should be the dominant decay mode [47–52]. All agree well with the experimental
observations. From the cross section measurement, BESIII obtained the ratio

B[ψ2(3823)→ γχc2]
B[ψ2(3823)→ γχc1]

< 0.42

at the 90% C.L., which also agrees with expectations for the ψ2(1 3D2) state [52].
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Figure 10: The fits to the products of σ[e+e− → π+π−ψ2(3823)]B[ψ2(3823) → γχc1] from the BESIII measurement [46] using a ψ(4360) aka
Y(4360) or ψ(4415) line shape. Dots with error bars are data, and the red solid/blue dot-dashed curve shows the best fit with a Y(4360)/ψ(4415)
line shape.

It should be noted that the spin-parity of this state were not determined, although the BESIII measurement of the
angular distribution supports a JP = 2− assignment. With much larger data samples at BESIII and Belle II in the near
future, the determination of the spin-parity and precise measurements of the width and decay ratio between γχc1 and
γχc2 are needed to confirm the ψ2(3823) as the conventional ψ2(1 3D2) charmonium state.

Very recently LHCb observed a new narrow charmonium state, the X(3842) resonance, in the decay modes
X(3842) → D0D̄0 and X(3842) → D+D− with its measured mass and width consistent with the unobserved spin-
3 ψ3(13D3) charmonium state using an integrated luminosity of 9 fb−1 proton-proton collision data [53]. This state
can be checked in other experiments in the near future.

• The χc1(3872) aka X(3872) and its counterpart Xb

The X(3872) was first observed in B± → K±π+π−J/ψ decays by Belle in 2003 [5], and subsequently was con-
firmed by several other experiments [54–56]. The spin-parity quantum numbers JP of the state were restricted to two
possibilities, 1+ or 2−, by the CDF experiment via an analysis of the angular correlations in the π+π−J/ψ→ π+π−µ+µ−

final state [57]. Using 1.0 fb−1 of pp collision data, LHCb rules out JP = 2− by analyzing the angular correlations
in the same decay chain, with the X(3872) state produced in B+ → K+X(3872) decays [37]. Twelve years after
the X(3872) was discovered, its spin-parity quantum numbers were finally determined in the LHCb experiment by
performing a five-dimensional angular correlation analysis in B+ → K+X(3872), X(3872) → ρ0J/ψ, ρ0 → π+π−,
J/ψ → µ+µ− decays with 1011 ± 38 events selected from 3 fb−1 data at 7 and 8 TeV [58]. This analysis determined
the JPC values to be 1++ for the X(3872) which thus could be a candidate for the not yet identified quark model state
χc1(23P1).

So far the X(3872) is one of the best studied exotic meson candidates with a cc̄ content. Some properties including
the enhancement of isospin-violating ρ0J/ψ decays, the mass right at the D0D̄∗0 threshold, and the spin-parity quantum
numbers JPC are well established. Due to its mass at the D0D̄∗0 threshold and large decay rate to D0D̄∗0, a natural
explanation of this state is a loosely bound molecule. However, its large prompt production rates at the Tevatron [55]
and the LHC [59–61] might point at a compact component. Its preferred decay mode of γψ(2S ) over γJ/ψ matches
the expectation for the χc1(2P) state. The various possible interpretations of the X(3872) are discussed in detail in
various subsections of Sec. 4.

In order to better understand the nature of X(3872) experimentally, one might either look for more production
mechanisms, or find more decay modes.

(1) Production mechanisms of χc1(3872) aka X(3872)

Since the quantum numbers of X(3872) are JPC = 1++, it can be produced through the radiative transition of
excited vector charmonium/bottomonium or charmonium-like/bottomonium-like states. Belle reported the searches
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Figure 11: Left panel: a fit to the M(π+π−J/ψ) distribution observed at BESIII [65]. Dots with error bars are data, and the red solid curve is the best
fit. Right panel: a fit to σ[e+e− → γX(3872)]B[X(3872) → π+π−J/ψ] measured by BESIII [65] (dots with error bars) with a Y(4260) resonance
(red solid curve), a linear continuum (blue dashed curve), or an E1-transition phase-space term (red dotted-dashed curve).

for the X(3872) as well as the X(3915) and X(4140) using 102×106 Υ(1S ) and 158×106 Υ(2S ) events [62, 63]. Belle
also searched for the X(3872) in Υ(1S ) inclusive decays [64]. In all these attempts, no apparent X(3872) signal was
observed and 90% C.L. upper limits of the production rates in Υ(1S , 2S ) decays were set.

BESIII reported evidence for X(3872) in Y(4260) radiative decay [65]. It searched for the process e+e− →
γX(3872)→ γπ+π−J/ψ with data collected at c.m. energies of 4.01, 4.23, 4.26, and 4.36 GeV [65]. The M(π+π−J/ψ)
distribution summed over all energy points, as shown in Fig. 11 (left plot), is fitted to extract the mass and signal yield
of X(3872). The solid line shows the best fit with the measured mass of (3871.9 ± 0.7 ± 0.2) MeV and the width of
less than 2.4 MeV at the 90% C.L. for the X(3872). The statistical significance of X(3872) is 6.3σ. The measured
Born cross sections2 are shown in Fig. 11 (right plot) with dots with error bars, together with the comparison with
a Y(4260) resonance (parameters fixed to PDG [6] values), linear continuum, or E1-transition phase space (∝ E3

γ)
term. The Y(4260) resonance describes the data better than the other two options, which supports the existence of
the radiative transition Y(4260) → γX(3872). Together with the hadronic transition to the charged charmonium-like
state Zc(3900) [22, 68, 69], this suggests that there might be some common nature of X(3872), Y(4260), and Zc(3900),
and so models developed to interpret any one of them should also consider the other two — in fact both the compact
tetraquark model, discussed in Sec. 4.3.3, as well as the molecular model, discussed in Sec. 4.3.4, are consistent with
this request. The radiative decay of Y(4260) to the X(3872) was even predicted within the latter model as a necessary
consequence of the observation of the reaction Y(4260) → πZc(3900), if all the three mentioned states are hadronic
molecules [70]. Recently BESIII updated the analysis of e+e− → γX(3872) → γπ+π−J/ψ using an about 9 fb−1 data
sample at c.m. energies above 4 GeV [71]. Clear X(3872) signals are observed with a signal significance of 16.1σ,
which confirms the previous observation [65]. Besides the discovered channel, Belle also observed clear X(3872)
signals in B0 → K+π−X(3872) and B+ → K0

S π
+X(3872) using 772 × 106 BB̄ events [72], where the fraction of the

K∗(892)0 signal component in the K+π− system is 34%.
Combining the measured e+e− → π+π−J/ψ cross sections at c.m. energies of 4.23 and 4.26 GeV from BESIII [73],

we obtain σ[e+e− → γX(3872)]B[X(3872) → π+π−J/ψ]/σ(e+e− → π+π−J/ψ) = (3.7 ± 0.9) × 10−3, under the
assumption that X(3872) and π+π−J/ψ are only produced from Y(4260) decays. If we take B[X(3872)→ π+π−J/ψ] =

5% as an estimate, then we have

R =
B[Y(4260)→ γX(3872)]
B[Y(4260)→ π+π−J/ψ]

∼ 10% ,

which is quite sizeable given the suppression from the small electromagnetic coupling present in the numerator.

2 The Born cross section for e+e− → γX(3872) → γπ+π−J/ψ at each c.m. energy point is given by the formula σ[e+e− → γX(3872)] ×
B[X(3872) → π+π−J/ψ] = σdressed[e+e− → γX(3872)] × B[X(3872) → π+π−J/ψ] × |1 − Π|2 = σvis[e+e− → γX(3872)] × B[X(3872) →
π+π−J/ψ] × |1 −Π|2/(1 + δ)ISR = Nobs × |1 −

∏
|2/[L × B(J/ψ→ `+`−) × ε × (1 + δ)ISR], where σdressed and σvis are called dressed cross section

and visible cross section, Nobs is the number of X(3872) signal events obtained from the fit to the π+π−J/ψ mass spectrum, L is the integrated
luminosity of the data sample, B(J/ψ→ `+`−) is the branching fraction of J/ψ to lepton pair, ε is the detection efficiency. (1+δ)ISR is the radiative-
correction factor, calculated using the formula given in Ref. [66], and |1 −

∏
|2 is the vacuum polarization factor, calculated according to Ref. [67].

For other processes, the calculation is similar.
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Figure 12: The distributions of σ[e+e− → γX(3872)]B[X(3872) → ωJ/ψ] (left) and σ[e+e− → γX(3872)]B[X(3872) → π+π−J/ψ] (right) from
the BESIII measurement [74]. The solid lines are from a simultaneous fit to these two distributions assuming a single BW resonance.

Since the X(3872) can be produced in e+e− → γX(3872), very recently BESIII studied the e+e− → γωJ/ψ process
using 11.6 fb−1 of data at c.m. energies from

√
s =4.008 to 4.600 GeV [74], where a signal peak consistent with the

X(3872) resonance is observed in the ωJ/ψ mass spectrum. The measured σ[e+e− → X(3872)]B[X(3872) → ωJ/ψ]
cross section is shown in Fig. 12 (left panel). Meanwhile, using the same analysis method as in Ref. [65], BESIII
updated the measurement of σ[e+e− → γX(3872)]B[X(3872) → π+π−J/ψ] as well, as shown in the right panel of
Fig. 12. A simultaneous maximum-likelihood fit is performed to these two distributions with a single BW resonance.
The fit gives its mass M = (4200.6+7.9

−13.3 ± 3.0) MeV and width Γ = (115+38
−26 ± 12) MeV, the values of which are

consistent with the ψ(4160) or Y(4230). The ratio B[X(3872) → ωJ/ψ]/B[X(3872) → π+π−J/ψ] as a free parameter
in the simultaneous fit is obtained to be 1.6+0.4

−0.3 ± 0.2.
Besides a few more X(3872) production modes discovered by BESIII, the first observation of the X(3872) in the

Λ0
b decay Λ0

b → X(3872)pK− → J/ψπ+π−pK− with J/ψ → µ+µ− was reported very recently by LHCb based on data
collected in proton-proton collisions corresponding to 1.0, 2.0 and 1.9 fb−1 of integrated luminosity at c.m. energies
of 7, 8 and 13 TeV [75], respectively.

After event selection, clear Λ0
b signals in J/ψπ+π−pK− mass spectrum, and ψ(2S ) and X(3872) signals in J/ψπ+π−

mass spectrum are observed. To obtain the ψ(2S ) and X(3872) signal yields from Λ0
b decay, a 2D unbinned extended

maximum-likelihood fir to the J/ψπ+π−pK− and J/ψπ+π− mass spectra was performed with four components in-
cluded: ψ(2S ) or X(3872) signals from Λ0

b decay (Λ0
b → ψππpK−); a nonresonant (NR) component from Λ0

b decay
with on ψ(2S ) or X(3872) intermediate state; a component with ψ(2S ) or X(3872) describing random combinations
that are not from Λ0

b decay (ψππpK−); and a combinatorial J/ψπ+π−pK− component. The fit yields 610 ± 30 and
55 ± 11 ψ(2S ) and X(3872) signal events with a statistical significance of 7.2σ for the X(3872). The projection to
J/ψπ+π− mass distribution from the 2D fit in the X(3872) signal region is shown in Fig. 13 (left panel) with fitted
components indicated. The background-subtracted pK− mass spectrum for the X(3872) channel is shown in Fig. 13
(right panel), where a clear peak associated with the Λ(1520) state is seen. An unbinned maximum-likelihood fit with
a Λ(1520) signal and a nonresonant component was performed. The fraction of the Λ(1520) is (58 ± 15)%, where the
uncertainty is statistical only. The fitted results are shown in Fig. 13 (right panel) with fitted components indicated.
Using the Λ0

b → ψ(2S )pK− decay as a normalization channel, the ratio of the branching fractions is measured to be

R =
B[Λ0

b → X(3872)pK−]

B[Λ0
b → ψ(2S )pK−]

×
B[X(3872)→ J/ψπ+π−]
B[ψ(2S )→ J/ψπ+π−]

= (5.4 ± 1.1 ± 0.2)%,

where the first uncertainty is statistical and the second is systematic. This the first time that the X(3872) was observed
in the Λ0

b decay.
A search for exotic charmonium-like states in exclusive photoproduction reactions was proposed in Refs. [76–

78]. Recently COMPASS, a fixed-target experiment at CERN, analyzed the full set of data collected with a muon
beam between 2002 and 2011, covering the range from 7 to 19 GeV in the c.m. energy of the virtual photon-nucleon
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Figure 13: The J/ψπ+π− and background-subtracted pK− mass spectra within the X(3872) signal region from Λ0
b → J/ψπ+π−pK− decay, together

with fitted results described in the text [75].

system, to search for the X(3872) in photoproduction reactions. The X(3872) was searched for in the charge-exchange
reaction µ+N → µ+J/ψπ+π−π±N′, where N denotes the target nucleon and N′ the unobserved recoil system. The
resulting π+π−J/ψ invariant mass distribution is shown in Fig. 14 (left plot), where two peaks with positions and widths
consistent with the ψ(2S ) and X(3872) are evident. The significance of the second peak is 4.1σwith systematic effects
included. However, the shape of the π+π− mass distribution corresponding to the second peak shows disagreement
with previous observations for X(3872) and is inconsistent with quantum numbers JPC = 1++, as shown in Fig. 14
(right plot) where the squares with error bars are from the COMPASS measurement and the dots with error bars from
the ATLAS data set [61] for comparison. Due to this critical difference, the COMPASS Collaboration concluded that
the observed signal is not the well-known X(3872) giving possible evidence for a new charmonium-like state denoted
X̃(3872). The measured mass and width of the X̃(3872) are M[X̃(3872)] = (3860.0 ± 10.4) MeV and Γ[X̃(3872)] <
51 MeV at 90% C.L., and the product of the cross section and branching fraction of the X̃(3872) into π+π−J/ψ is
determined to be (71± 28± 39) pb. An independent confirmation of the observed X̃(3872) signal from high-precision
experiments with high-energy virtual or real photons is required.
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Figure 14: The M(π+π−J/ψ) distribution (left) and the corresponding π+π− mass spectrum with M(π+π−J/ψ) within the X(3872) signal region
shown with the squares with error bars (right) from the selected µ+N → µ+J/ψπ+π−π±N′ candidates [79]. The dots with error bars in the right plot
are from the decays of X(3872)→ π+π−J/ψ observed by ATLAS for comparison [61].

Lepto(photo-)production of the X(3872) was also searched for in the neutral reaction µ+N → µ+J/ψπ+π−N′ [79].
Except for a peak from photodiffractive production of ψ(2S ) in the π+π−J/ψ invariant mass spectrum, no statistically
significant signal at around 3872 MeV can be seen. The 90% C.L. upper limit of the X(3872) production cross section
in this reaction multiplied by the branching fraction for the decay X(3872)→ J/ψπ+π− was set to be 2.9 pb.
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(2) Decay patterns of χc1(3872) aka X(3872)

The transition X(3872)→ γJ/ψwas measured by BaBar [80] with a statistical significance of 3.6σ, Belle [81] with
a statistical significance of 5.5σ, and LHCb clearly [82]. So the decay mode X(3872) → γJ/ψ is well established,
while for X(3872) → γψ(2S ), the results from some measurements are not consistent. Evidence for it was first
reported by BaBar with a statistical significance of 3.5σ using (465 ± 5) × 106 BB̄ pairs [80]. The ratio of the
branching fractions is measured to be R = B[X(3872)→ γψ(2S )]/B[X(3872)→ γJ/ψ] = 3.4 ± 1.4, where statistical
and systematic uncertainties are combined. Using a 3 fb−1 data sample at

√
s = 7 and 8 TeV, LHCb reported strong

evidence for the decay X(3872)→ γψ(2S ) with a statistical significance of 4.4σ [82]. The measured value of the ratio
R is 2.46±0.64±0.29, which is in good agreement with the BaBar’s measurement [80]. In contrast, the negative result
was reported by Belle using 772× 106 BB̄ pairs and an upper limit of R < 2.1 was set at the 90% C.L. [81]. Using the
information from Ref. [81], we obtain R = 0.6 ± 1.4 as an estimation of the central value and uncertainty. Although
there is no serious disagreement between the measurements from BaBar, LHCb, and Belle, there is some tension in
the values for the decay rates of X(3827)→ γψ(2S ). Using the above mentioned results, a weighted average gives

R =
B[X(3872)→ γψ(2S )]
B[X(3827)→ γJ/ψ]

= 2.31 ± 0.57

without considering a possible small correlation. Since BESIII has observed clear e+e− → γX(3872) → γπ+π−J/ψ
signals [65, 74], we also expect the results for e+e− → γX(3872)→ γγψ(2S ) from this experiment soon.

A relatively large branching fraction for X(3872) → γψ(2S ) was claimed to be inconsistent with a purely D0D̄∗0

molecular interpretation of the X(3872) based on a model calculation presented in Ref. [83]. In the meantime, it is
consistent with expectations if the X(3872) is a pure charmonium or a mixture of a molecule and a charmonium [13,
82, 84]. However, Ref. [85] argues that the results of Ref. [83] are model dependent and that an effective field theory
approach allows for the mentioned ratio even within a molecular approach — we come back to this issue in Secs. 4.3.4
and 4.4.5.

A measurement of pionic transitions of the X(3872) to the χcJ (J = 0, 1, 2) has been proposed to be one way to
distinguish between various interpretations. If the X(3872) is a conventional cc̄ state, transition to the π0χc1 should
be suppressed compared to π+π−χc1 due to isospin breaking by the light quark masses. If the X(3872) is a compact
tetraquark or molecular state, on the other hand, these rates are expected to be enhanced [86–88]. In the search
for X(3872) → π+π−χc1 with negative results, the Belle Collaboration determined the branching fraction B[B+ →

K+X(3872)]B[X(3872)→ π+π−χc1] < 1.5 × 10−6 at 90% C.L. [89]. Recently BESIII reported the first observation of
the decay X(3872)→ π0χc1 in e+e− → γX(3872) with a statistical significance of 5.2σ using data at the c.m. energies
above 4 GeV corresponding an integrated luminosity of 9 fb−1 [71]. To calculate the ratio

RX
χcJ/ψ

≡
B[X(3872)→ π0χcJ]
B[X(3872)→ π+π−J/ψ]

=
{
6.6+6.5
−4.5 ± 1.1(19), 0.88+0.33

−0.27 ± 0.10, 0.40+0.37
−0.27 ± 0.04(1.1)

}
,

for J = 0, 1, and 2, respectively, where the numbers in brackets are 90% C.L. upper limits. The normalization
channel was e+e− → γX(3872) with X(3872) → π+π−J/ψ updated at the same time. In the BESIII measurement,
after initial event selection, a clear signal for the X(3872) can be seen in the data of 4.15 to 4.30 GeV, while no
evidence for the X(3872) is seen at other c.m. energy points. A fit to the invariant mass distribution of π0χcJ with a
first-order polynomial background and a signal shape from the signal MC simulation directly yields 16.9+5.2

−4.5 X(3872)
events with a statistical significance of 4.8σ. After requiring the γJ/ψ mass within the χcJ (J = 0, 1, 2) mass
region respectively, the resulting distributions for M(π0χcJ) with J = 0, 1, 2 are shown in Fig. 15. The fits to each
M(π0χcJ) distribution with a constant background and a signal shape from MC simulation give 1.9+1.9

−1.3, 10.8+3.8
−3.1, and

2.5+2.3
−1.7 X(3872) signal events with signal significances of 1.6σ, 5.2σ, and 1.6σ for J = 0, 1, and 2, respectively.

No significant X(3872) signal is found in the M(π0χc0,c2) distributions. This is the first observation of a decay of
the X(3872) to a P-wave charmonium state and it supports the non-cc̄ interpretations of the X(3872) [86–88]. This
BESIII observation can be cross-checked by other experiments like Belle. Previously, Belle measured B+ → K+π0χc1
and provided the background-subtracted π0χc1 mass distribution without any structure at the X(3872) mass [89], but
the bin width of that mass spectrum is too large to claim a contradictory result. Considering this, very recently Belle
updated the analysis of B+ → χc1π

0K+ decays to focus on the X(3872) mass region [90] using 772 × 106 BB events.
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No statistically significant X(3872) signal at around 3872 MeV can be seen in the χc1π
0 mass spectrum even with

a much narrower bin width. An upper limit RX
χc1/ψ

< 0.97 at 90% C.L. is set, which does not contradict the BESIII
result [71]. In the future Belle II can utilize a similar study to provide improved results for the ratio RX

χcJ/ψ
.

Figure 15: The π0χcJ mass distributions, M(π0χcJ), from the process e+e− → γπ0χcJ for (a) J = 0, (b) J = 1, and (c) J = 2 [71]. Points are data;
lines are fits (solid is the total, the dotted is the polynomial background, and the dashed line is the total background); the darker histogram is a MC
estimate of peaking J/ψ backgrounds; the lighter stacked histogram is an estimate of non-peaking backgrounds using J/ψ sidebands from data.

The hadronic decay X(3872) → ωJ/ψ was reported by the Belle and BaBar Collaborations with less than 5σ
evidence in B decays based on 275 million and 467 million BB̄ pairs, respectively [91, 92]. Recently the X(3872) →
ωJ/ψ decay was firmly observed with a more than 5σ significance by the BESIII Collaboration in the process e+e− →
γωJ/ψ with a total integrated luminosity of about 11.6 fb−1 at c.m. energies from

√
s =4.008 to 4.600 GeV [74]. The

ωJ/ψ invariant mass distribution from the BESIII measurement is shown in Fig. 16 as the dots with error bars, where
a signal peak consistent with the X(3872) resonance is observed together with a broad structure from irreducible
e+e− → ωχc0 background events. In addition, there are evident structures above 3.9 GeV. Two fit scenarios were
adopted for an approximation of the ωJ/ψ mass spectrum: (1) the incoherent sum of three BW resonances (denoted as
X(3872), X(3915), and X(3960), respectively); (2) the incoherent sum of the X(3872) and X(3915). The corresponding
fit results are shown in Fig. 16 with red solid lines. In both fits, the signal significance of the X(3872) is larger than
5σ and the X(3872) mass was measured to be (3873.3 ± 1.1 ± 1.0) MeV. The low statistics of the BESIII experiment
prevent us from drawing a solid conclusion about the states above 3.9 GeV.

Figure 16: The ωJ/ψ mass distributions with results of two fit scenarios described in the text. Dots with error bars are data [74], the red solid curves
show the total fit results, the green shaded histograms are the normalized contribution from the J/ψ- and ω-mass sidebands, and other components
included in the fits are indicated in the plots.

With a data sample containing 447M BB̄ events, Belle observed a near-threshold D0D̄0π0 mass enhancement
in B → KD0D̄0π0 decays that, when interpreted as X(3872) → D0D̄0π0, gave an X(3872) mass of (3875.4 ±
0.7+1.2
−2.0) MeV [93]. BaBar studied B → KD∗0D̄0 with a sample of 383M BB̄ pairs and found a similar near-threshold
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enhancement that, if considered to be due to the X(3872)→ D∗0D̄0, gave a mass of (3875.1+0.7
−0.5±0.5) MeV [94]. Orig-

inally this state has been considered to be a state different from the X(3872) in literature. However, a subsequent Belle
study of B→ KD∗0D̄0 based on 657M BB̄ pairs found for the near-threshold peak a mass of (3872.9+0.6+0.4

−0.4−0.5) MeV [95]
by fitting the peak with a phase-space modulated BW function, much closer to the value determined from the π+π−J/ψ
decay channel. Now those data are taken as the open charm decay mode of the X(3872).

LHCb searched for the X(3872)→ pp̄ using a 3 fb−1 pp collision data sample [96]. No signals of the X(3872) are
seen, and a 95% C.L. upper limit is obtained

B[B+ → K+X(3872)]B[X(3872)→ pp̄]
B(B+ → K+J/ψ)B(J/ψ→ pp̄)

< 0.25% .

LHCb also searched for the X(3872)→ φφ, but no signals of the X(3872) are seen either [97]. An upper limit for the
inclusive production of X(3872) at 90% C.L. is obtained on

B[b→ X(3872)X]B[X(3872)→ φφ]
B(b→ χc1X)B(χc1 → φφ)

< 0.34 .

(3) Other studies related to χc1(3872) aka X(3872)

So far, all the X(3872) related measurements are product branching fractions or relative branching ratios since
the absolute production rate of the X(3872) is unknown in any of the experiments. The only attempt to measure the
production rate of the X(3872) is via inclusive B decays into a X(3872) and a kaon in the BaBar and Belle experiments.
But due to the high multicombinational background level, no evidence for the X(3872) can be seen. BaBar set an upper
limit of the X(3872) production rate in the B-meson decays by measuring the momentum distribution of the inclusive
kaons from B-meson decays with 210 fb−1 Υ(4S ) data [98]: B[B− → K−X(3872)] < 3.2 × 10−4 at the 90% C.L.

A recent update comes from the Belle experiment with the full sample of 772 × 106 BB̄ pairs [99]. No significant
X(3872) signal is observed, and Belle sets a more stringent upper limit ofB[B− → K−X(3872)] < 2.7×10−4 at the 90%
C.L., and the central value isB[B− → K−X(3872)] = (1.2±1.1±0.1)×10−4. Together with all the other measurements
on the product branching fractions B[B− → K−X(3872)]B[X(3872)→ exclusive] [exclusive = π+π−J/ψ, π+π−π0J/ψ,
γJ/ψ, γψ(2S ), D0D̄∗0 + c.c.] [6], one obtains

2.9% < B[X(3872)→ π+π−J/ψ] < 10%,

0.9 × 10−4 < B[B− → K−X(3872)] < 2.7 × 10−4,

at the 90% C.L. [100]. We find that the decay width of the X(3872) to π+π−J/ψ is larger and the production rate of the
X(3872) is smaller than for conventional charmonium states such as ηc, ψ(2S ), and χc1 [6]. In the forthcoming Belle
II experiment, to measure the absolute branching fraction of X(3872), the inclusive decays B → KX(3872) may be
still the only way. In order to observe the X(3872) signals, we need to improve the B tagging efficiency and suppress
the multicombinatorial backgrounds.

An axial-vector χc1 state should also be produced directly in the e+e− annihilation, however, the corresponding
probability is suppressed by an additional power of the fine structure constant α because positive-parity states cannot
be produced in a single-photon annihilation of an electron-positron pair. Theoretical predictions for such a direct
production of the generic cc̄ charmonium χc1 can be found in Refs. [101–103] while a similar estimate for the X(3872)
was made in Ref. [104]. The result obtained, Γee[X(3872)] > 0.03 eV, is not in contradiction with the upper limit on
the probability of this production established experimentally — the most recent result is Γee[X(3872)]B[X(3872) →
π+π−J/ψ] < 0.13 eV at the 90% C.L. [105]. It, therefore, remains to be seen whether or not necessary statistics can
be collected in future experiments to observe the X(3872) directly in e+e− annihilation.

In a short summary, after 16 years of studies, the knowledge on the X(3872) is still very limited: We know it is
an isoscalar with JPC = 1++, a very precise mass close to the D0D̄∗0 threshold, and a very small width. Significant
decays into D0D̄∗0, π+π−J/ψ, ωJ/ψ, π0χc1, and γJ/ψ have been observed, while the significances of other modes
such as γψ(2S ) and light hadrons are still less than 5σ. The absolute decay rates to the above modes are unknown.
Although an isoscalar partner of X(3872) was observed by COMPASS, further confirmation is needed.
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Since more data have been accumulated at LHCb, some of the measurements can be improved, such as the study
of X(3872) → γψ(2S ) and possibly of X(3872) → π+π−π0J/ψ, if the π0 background can be handled properly. The
BESIII experiment accumulated more data close to the Y(4260) peak, which can be used to measure all the final
states since the background level is very low as has been shown in the π+π−J/ψ and ωJ/ψ cases [65, 74]. Since the
production cross section of e+e− → γX(3872) is at a few pb level [65, 74], the X(3872) sample has about 104 events,
which allows measurements of final states with branching fractions at the percent level only.

A very interesting proposal for a precise X(3872) mass measurement was put forward recently [106]. It exploits
the interplay of a triangle singularity and the pole of the X(3872) on the resulting line shapes in this way enhancing
tremendously the sensitivity to the mass. For this method to work it is necessary that the source of the reaction
generates a large number of low-energy D∗D̄∗ pairs which appears possible, e.g., at LHCb.

(4) Search for the Xb state

Many theoretical works have been carried out in order to understand the nature of X(3872). It is also natural to
search for a similar state with JPC = 1++ (called Xb hereafter) in the bottomonium system [107, 108]. The search
for Xb supplies important information about the discrimination of a compact multiquark configuration and a loosely
bound hadronic molecule configuration for the X(3872). The existence of the Xb is predicted in both the compact
tetraquark model [109] and those involving a molecular interpretation [110, 111], although employing heavy quark
flavor symmetry within a common hadronic effective field theory for states containing bb̄ and cc̄ appears not to be
possible [112].

The production of Xb at LHC and Tevatron [113] has been extensively investigated. Since the mass of Xb may be
very large, a search at LHC should be promising. The Xb state can also be searched for at B-factories with radiative
decays Υ(5S , 6S ) → γXb, and the production rates are predicted at the orders of 10−5 under the assumption that the
Xb is a BB̄∗ molecular state [114]. As for the Xb decay modes, partial widths of the radiative decays of Xb → γΥ(nS )
(n = 1, 2, 3) with Xb being a candidate for the BB̄∗ molecular state are found at about 1 keV level [115], and the
partial width of the hadronic decay of Xb → ωΥ(1S ) is about tens of keVs [116].

The ATLAS and CMS Collaborations searched for the Xb decaying to π+π−Υ(1S ) based on a sample of pp
collisions at

√
s = 8 TeV, corresponding to an integrated luminosity of 16.2 fb−1 and 20.7 fb−1, respectively [117, 118].

Figure 17 (left plot) shows the π+π−Υ(1S ) invariant mass distribution in CMS data [118]. Except the clear Υ(2S )
signal, no evidence for an Xb signal was observed. However, unlike the X(3872), whose decays exhibit large isospin
violation, the Xb should decay preferably into π+π−π0Υ(1S ) rather than π+π−Υ(1S ) if it exists [110, 111, 113]. So
Belle performed a search for an Xb signal decaying to ωΥ(1S ) in e+e− → γXb at a c.m. energy of 10.867 GeV using
a 118 fb−1 data sample [119]. Figure 17 (right plot) shows the ωΥ(1S ) invariant mass distribution in a range from
10.55 to 10.65 GeV. The dots with error bars are from data, the solid histogram is from the normalized contribution of
e+e− → ωχbJ (J = 0, 1, 2). No obvious Xb signal is observed, and 90% C.L. upper limits on the product branching
fraction B[Υ(5S ) → γXb]B[Xb → ωΥ(1S )] vary smoothly from 2.6 × 10−5 to 3.8 × 10−5 between 10.55 and 10.65
GeV. We also note that the absence of the Xb state in ATLAS, CMS, and Belle experiments may be understood in a
few theoretical models. For example, in Ref. [120] the Xb is regarded as a virtual state about 10 MeV below the BB∗

threshold, which means that it has no significant observable effects.

• The X(3915) and X(3860)

The Belle experiment studied the process γγ → ωJ/ψ using an integrated luminosity of 694 fb−1 [121]. The
obtained ωJ/ψ mass spectrum is shown in Fig. 18(a), where a prominent resonance-like peak around 3.92 GeV is
observed. Using an S -wave BW function with a variable width for the resonant component, the obtained resonance
parameters are: M = (3915± 3± 2) MeV and Γ = (17± 10± 3) MeV. This structure is called X(3915). Subsequently,
the X(3915) was confirmed by BaBar using a data sample of 519.2 fb−1 in the same process [122]. Besides the
confirmation of the existence of X(3915), BaBar also did a spin-parity analysis, which supports the assignment JPC =

0++. Therefore, BaBar identified the X(3915) as the χc0(2P) resonance.
Actually, the X(3915) was firstly observed by Belle in B→ J/ψωK decays [124] with an original name of Y(3940),

and then was confirmed by BaBar [125]. However, in 2010 BaBar restudied the decays B0,+ → J/ψπ+π−π0K0,+ using
467×106 BB̄ pairs [91]. Considering the phase space limitation, with a less restrictive π+π−π0 mass region requirement
a detailed study on the ωJ/ψ mass spectrum revealed that the original Y(3940) was made up of two structures, the
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Figure 17: Results on the search of the Xb state from CMS in the M[π+π−Υ(1S )] distribution [118] and Belle in the M[ωΥ(1S )] distribution [119].

Figure 18: Distributions of ωJ/ψ and φJ/ψ invariant mass spectra from the selected (a) γγ → ωJ/ψ [121] and (b) φJ/ψ [123] candidates at Belle.
The dots with error bars in (a) and the open histogram in (b) are from experimental data. The shaded histograms are from non-ωJ/ψ and non-φJ/ψ
backgrounds. The solid curves are the best fits with an (a) X(3915) and (b) X(4350) signal component. The dot-dashed curve in (a) is the fit without
a resonance.
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X(3915) and X(3872). As mentioned above, due to the assignment of JPC = 0++ for the X(3915), it was identified as
the χc0(2P) in the 2014 PDG tables. However, this assignment has some problems [126, 127]. Moreover, in Ref. [128]
it was shown that the data for the X(3915) could even be consistent with the χc2(3930), if the helicity-1-dominance
constraint is relaxed in the analysis. As a result of these considerations, the X(3915) is no longer identified as the
χc0(2P) in the more recent PDG tables.

Some theoretical models explained the X(3915) as a DsD̄s molecule, a compact tetraquark state, a cc̄-gluon hybrid,
etc. If X(3915) were a compact csc̄s̄ tetraquark, although the decay X(3915)→ ωJ/ψ is allowed, the decay rate should
be much lower than the mode of ηηc considering the η meson has a relative large ss̄ component. Experimental search
for X(3915) → ηηc was done by Belle in B± → K±ηηc, but a negative result was reported [129]. This disfavors
the interpretation of the X(3915) as a compact csc̄s̄ tetraquark. If X(3915) were a cc̄-gluon hybrid, for a 0++ state,
the X(3915) mass would however not be a good match for a light hybrid [130, 131]. Therefore none of the above
explanations is satisfactory and the nature of the X(3915) is still unknown.

A promising process that is suitable for a search for the χc0(2P) and other charmonium states with positive C-
parity is double-charmonium production in association with a J/ψ. The X(3940) state was observed by Belle in the
inclusive e+e− → J/ψX spectrum and in the process e+e− → J/ψD∗D̄ [132, 133], and the X(4160) was observed in the
process e+e− → J/ψD∗D̄∗ [133]. Recently, Belle performed a full amplitude analysis of the process J/ψDD̄ (D=D0

or D+) based on a 980 fb−1 data sample [134]. A new charmonium-like state X(3860) that decays to DD̄ is observed
with a significance of 6.5σ. Its mass is (3862+26+40

−32−13) MeV and width is (201+154+88
−67−82 ) MeV. The JPC = 0++ hypothesis

is favored over the 2++ hypothesis at the level of 2.5σ and the new state is now called χc0(3860) by the PDG. Its mass
is close to the potential model expectations for the χc0(2P), so it is a better candidate for the χc0(2P) charmonium state
than the X(3915). Figure 19 shows the projection of the signal fit results onto the M(DD̄) distribution. The points with
error bars are the data, the hatched histogram is the background, the blue solid line is the fit with the new resonance
with JPC = 0++, and the red dashed line is the fit with a nonresonant amplitude only.
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Figure 19: Projection of the signal fit results onto M(DD̄) in the analysis of e+e− → J/ψDD̄ by Belle [134]. The points with error bars are the
data, the hatched histogram is the background, the blue solid line is the fit with a new X∗ resonance with JPC = 0++, and the red dashed line is the
fit with a nonresonant amplitude only.

The resonant parameters of the X(3860) are very close to the phenomenological analyses [126, 135] of the
Belle [136] and BaBar [137] data on γγ → DD̄ where the χc2(3930) was observed. Further experimental investi-
gation is needed to check the angular distribution of the two-photon process and to confirm the resonant nature of the
events. The search for χc0(3860) and χc2(3930) in the radiative transitions of the excited ψ states is also very helpful
to understand whether they are charmonium 2P states.

• The χc1(4140) aka X(4140) and other related states

In 2008 the CDF experiment claimed a 3.8σ evidence for a near-threshold X(4140) → J/ψφ in B+ → J/ψφK+

decays using a data sample corresponding to an integrated luminosity of 2.7 fb−1 [33]. The mass and width of this
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structure are measured to be (4143.0 ± 2.9 ± 1.2) MeV and (11.7+8.3
−5.0 ± 3.7) MeV, respectively. Much larger widths

are expected for charmonium states in this mass range because of open-flavor decay channels, which makes the
observation of the X(4140) very interesting. It has been suggested that the X(4140) structure could be a molecular
state, a χc1(3P) state, a compact tetraquark state, a hybrid state, a rescattering effect and so on.

Searches for the X(4140) did not confirm its presence in the analyses of the same B decays performed by the
Belle [138] (unpublished) and BaBar [139] experiments. With a much larger data sample, LHCb did not find evidence
for the narrow X(4140) peak in the same B decays either [140]. Later CDF updated the analysis of B+ → J/ψφK+

using a larger data sample of 6.0 fb−1 [141]. This time, besides the confirmation of the X(4140) with a mass of
(4143.4+2.9

−3.0±0.6) MeV and a width of (15.3+10.4
−6.1 ±2.5) MeV, evidence for another structure with a mass of (4274.4+8.4

−6.7±

1.9) MeV and a width of (32.3+21.9
−15.3 ± 7.6) MeV is reported. The significance of this structure is estimated to be

approximately 3.1σ. The X(4140) was seen by CMS and D0 in both B+ → J/ψφK+ decays with a greater than 5.0σ
and 3.1σ significance, respectively [142, 143]. The second peak observed in the updated analysis of B+ → J/ψφK+

by CDF [141] was also seen by CMS [142], but the measured mass was higher by 3.2σ.
Looking for more production modes will undoubtedly help us to understand the X(4140). The first evidence for

the prompt production of X(4140) → φJ/ψ was presented by D0 based on 10.4 fb−1 of pp̄ collision data [144]. The
measured mass and width are (4152.5 ± 1.7+6.2

−5.4) MeV and (16.3 ± 5.6 ± 11.4) MeV, respectively. BESIII searched
for the X(4140) via e+e− → γφJ/ψ at

√
s =4.23, 4.26, 4.36, and 4.60 GeV, but no significant X(4140) signal was

observed in any of these data samples [145, 146]. The upper limits of the product of the cross section and branching
fraction σ[e+e− → γX(4140)]B[X(4140) → φJ/ψ] are determined to be 0.35, 0.28, 0.33, and 1.2 pb at

√
s =4.23,

4.26, 4.36, and 4.60 GeV, respectively, at the 90% C.L.
To search for the X(4140), Belle did a two-photon analysis of γγ → φJ/ψ [123]. The φJ/ψ mass spectrum

is shown in Fig. 18(b), where the open histogram shows the experimental data, and the shaded histogram is from
normalized φ and J/ψ mass sidebands. The arrow shows the expected position of the X(4140). Instead of observation
of the X(4140), Belle found a 3.2σ evidence for a narrow φJ/ψ peak at (4350.6 +4.6

−5.1 ± 0.7) MeV with a width of
(13+18
−9 ± 4) MeV [123]. This structure is called X(4350). The fit results are shown in Fig. 18(b) with the solid curve

for the best fit and the dashed line for the backgrounds. It should be noted that the production of the X(4140) in
two-photon fusion is forbidden by the Landau–Young theorem if its spin is one as described below.

Considering the complicated structures and confusing experimental situation concerning the φJ/ψ mass spectrum,
LHCb did a full amplitude analysis of the selected 4289 ± 151 B+ → K+φJ/ψ events using 3 fb−1 data collected at
c.m. energies 7 and 8 TeV [39]. This analysis offers the best sensitivity to study the resonant structures in the φJ/ψ
system. The data requires not only two JPC = 1++ states, the χc1(4140) aka X(4140) and χc1(4274) aka X(4274)
observed by CDF and CMS before, but also two new broad JPC = 0++ states, X(4500) and X(4700). Figure 20 shows
the φJ/ψ invariant mass distribution for the selected signal candidates, where four φJ/ψ structures, X(4140), X(4274),
X(4500), and X(4700), are needed [39]. These resonance parameters including signal significance, JPC values, and
the measured mass and width are listed in Table 3.

A comparison of the resonant parameters of X(4140) reported from the different measurements [33, 39, 141–
144, 147] is shown in Fig. 21, where the filled (open) circles indicate the significance of the X(4140) signals greater
(less) than 5σ. Note that Ref. [148] finds that the LHCb data are in fact compatible with a narrow X(4140) as long as a
broad X(4160) state, a candidate for a D∗sD̄∗s molecular state, as well as the cusp for the D∗sD̄∗s threshold are included in
the analysis. Confirmation, especially of the X(4500) and X(4700), from other experiments and further experimental
investigation of them are needed. In the near future, the Belle II experiment can reanalyze the B+ → K+φJ/ψ decays.

States Significance JPC Mass (MeV) Width (MeV)
X(4140) 8.4σ 1++ 4146.5 ± 4.5+4.6

−2.8 83 ± 21+21
−14

X(4274) 6.0σ 1++ 4273.3 ± 8.3+17.2
−3.6 56 ± 11+8

−11
X(4500) 6.1σ 0++ 4506 ± 11+12

−15 92 ± 21+21
−20

X(4700) 5.6σ 0++ 4704 ± 10+14
−24 120 ± 31+42

−33

Table 3: Results for significances, masses, and widths of the φJ/ψ components in B+ → J/ψφK+ from the LHCb experiment [39].
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3.1.2. The Y states
Among the charmonium-like states, there are many vectors with quantum numbers JPC = 1−− that are usually

called Y states, and according to the new PDG naming scheme (see Sec. 1.2) should be called ψ(mass), like the
ψ(4260) aka Y(4260) [149], ψ(4360) aka Y(4360) [150, 151], and ψ(4660) aka Y(4660) [151]. The Y states show
strong coupling to hidden-charm final states in contrast to the vector charmonium states in the same energy region,
ψ(4040) and ψ(4160), which couple dominantly to the ground state open-charm meson pairs [6]. These Y states are
good candidates for new types of exotic particles and stimulated many theoretical interpretations, including compact
tetraquarks, molecules, hybrids, or hadrocharmonia (see, e.g., Ref. [13] and references therein).

The first Y state, the Y(4260), was observed by BaBar via the ISR process e+e− → π+π−J/ψ using data samples of
211 fb−1 at

√
s = 10.58 GeV and 22 fb−1 at 10.54 GeV [149]. After that, a few Y states were discovered at B factories

using ISR technology. The idea of utilizing ISR from a high-mass state to explore electron-positron processes at all
energies below that state was outlined in Ref. [152]. With ISR events the whole hadron spectrum is visible so that
the line shape of the resonance and fine structures can be investigated, while the effective luminosity and detection
efficiency are relatively low. To study the Y states, a method complementary to the ISR is to take data via direct e+e−

annihilation in the charmonium energy region. In particular, BESIII has collected large data samples above 4 GeV in
recent years [20], which allow accurate determinations of the cross sections for some final states. The drawback is
that since the data are taken at fixed energy points, one might miss narrow structures.

• The ψ(4230) aka Y(4230) state

The process e+e− → π+π−J/ψ via ISR at c.m. energies up to 5.0 GeV was first studied by BaBar, where an
unexpected structure at about 4.26 GeV was observed clearly [149]. It is the first observed Y state, which is referred
to as Y(4260). Subsequently, although the Y(4260) was confirmed by Belle in the same process, Belle found that
Y(4260) alone cannot describe the line shape satisfactorily [25]. Besides the Y(4260), Belle also observed a broad
excess near 4 GeV, called Y(4008) [25]. Improved measurements with both BaBar [153] and Belle [68] full data
samples confirmed the existence of a component in addition to Y(4260) in e+e− → π+π−J/ψ but the line shape was
parametrized with different models.

BESIII reported a precise measurement of e+e− → π+π−J/ψ cross sections from 3.77 to 4.60 GeV using data
samples with an integrated luminosity of 9 fb−1 [73]. While the nature of the events at around 4 GeV is still ambiguous,
the dominant resonant structure, the so called Y(4260), was found to have a mass of (4222.0 ± 3.1 ± 1.4) MeV and a
width of (44.1 ± 4.3 ± 2.0) MeV. In addition, a new resonance with a mass of around 4.32 GeV is needed to describe
the high precision data. Its mass and width are (4320.0±10.4±7.0) MeV and (101.4+25.3

−19.7±10.2) MeV with a statistical
significance larger than 7.6σ. This resonance is called Y(4320). However, it should be mentioned that the analysis
mentioned above was performed using BW functions that generate symmetric line shapes — however, already the
analysis of the older data based on the molecular picture, which naturally generates asymmetric line shapes even from
a single state only, found a mass for the Y(4260) close to 4230 MeV [154] that is also qualitatively consistent with the
new data as discussed in Sec. 4.3.4 (see Fig. 81). Figure 22(a) shows the measured e+e− → π+π−J/ψ cross sections,
where one can see clearly the Y(4260) structure observed by BaBar and Belle experiments, but its peaking position is
at around 4.22 GeV rather than 4.26 GeV from the previous fits [68, 153]. Since both mass and width of Y(4320) are
consistent with those of the Y(4360) resonance observed in e+e− → π+π−ψ(2S ) by BaBar and Belle [155, 156], they
could be the same state, which needs to be confirmed with precise measurements of these two resonant parameters in
the future. It is worth pointing out that the lower mass structure [called ψ(4230) aka Y(4230) hereafter] is the main
component of the Y(4260) structure with an improved measurement of the resonant parameters. But we also note
that an accurate measurement of the cross section at 4.32 GeV is very important since its size will determine how to
describe the line shape of e+e− → π+π−J/ψ cross sections, in particular if there is one or two resonances.

Besides the π+π−J/ψ final states, the neutral process e+e− → π0π0J/ψ was measured by BESIII from 4.19 to
4.42 GeV corresponding to an integrated luminosity of 2.8 fb−1 [157]. The measured cross sections are shown in
Fig. 22(b), where the Y(4260) signals are clear. Although the covered energy range is narrower than in the charged
mode, the measured line shape is in good agreement with that in Fig. 22(a). In the future, BESIII is able to improve
the measurements by using more data points.

From the BESIII data, one can see that besides the Y(4230) peak, the π+π−J/ψ cross section is at the 10–15 pb
level. Whether the cross section is due to the pure continuum process or from the decays of other charmonium or
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Figure 22: Measured cross sections of (a) e+e− → π+π−J/ψ [73] and (b) e+e− → π0π0 J/ψ [157]. In (a), the solid and dashed lines are the fits with
the coherent sum of three BW functions (Fit I, red solid curve) and the coherent sum of an exponential continuum and two BW functions (Fit II,
blue dashed curve).

Figure 23: Measured cross sections of (a) e+e− → π+π−hc [159] and (b) e+e− → π0π0hc [157]. In (a), the solid curve is the fit with the coherent
sum of two BW functions, and the dashed and dash-dotted curves show the contributions from the two structures ψ(4230) aka Y(4230) and Y(4390).

charmonium-like states is still not clear. Once more data samples are available at BESIII or Belle II in the future, one
can try to fit the cross sections by adding coherent ψ(4040) and ψ(4160) resonances to check their couplings to the
π+π−J/ψ final state.

Replacing the J/ψ with an hc, BESIII reported the cross section measurement of e+e− → π+π−hc at 13 c.m.
energies from 3.9 to 4.4 GeV and found the magnitude of the cross sections is about the same as that of e+e− →
π+π−J/ψ but with a different line shape [158]. Although no quantitative results were given in interpreting the π+π−hc

line shape, the resonant structure at around 4.22 GeV is obvious [158]. A follow-up measurement of e+e− → π+π−hc

cross sections at c.m. energies from 3.9 to 4.6 GeV was done in 2017 with improved precision [159]. The cross
sections of the neutral process e+e− → π0π0hc were also measured by BESIII at

√
s =4.23, 4.26, and 4.36 GeV [157].

In all the above measurements, the hc is reconstructed via its electric-dipole transition hc → γηc with ηc to 16 exclusive
hadronic final states. The measured cross sections are shown in Fig. 23. The Born cross sections of e+e− → π0π0hc

are found to be about half of those of e+e− → π+π−hc within less than 2σ.
The cross sections of e+e− → π+π−hc indicate that there are possibly two resonant structures in the studied energy

range although the error bar at around 4.3 GeV is large and it seems very important to understand the line shape. As-
suming that there are two interfering resonances, BESIII performed a fit to the distribution of the e+e− → π+π−hc cross
sections and obtained the parameters of the two resonances: M = (4218.4+5.5

−4.5 ± 0.9) MeV, Γ = (66.0+12.3
−8.3 ± 0.4) MeV,

and the product of the electronic partial width and the decay branching fraction Γe+e−B[Y(4230) → π+π−hc] =

29



(4.6+2.9
−1.4 ± 0.8) eV for Y(4230), and M = (4391.5+6.3

−6.8 ± 1.0) MeV, Γ = (139.5+16.2
−20.6 ± 0.6) MeV, and Γe+e−B[Y(4390)→

π+π−hc] = (11.6+5.0
−4.4 ± 1.9) eV for Y(4390), with a relative phase of φ = (3.1+0.7

−0.9 ± 0.2) rad. The parameters of
the Y(4230) are consistent with those of the resonance observed in e+e− → π+π−J/ψ [73] discussed above and in
e+e− → ωχc0 [160] discussed below. The high mass structure is different from the Y(4360) [155, 156] (discussed
below) and ψ(4415) [6]. In the future, the precision of the cross section at around 4.3 GeV needs to be improved in
order to better understand the line shape of e+e− → π+π−hc.

A possible strong coupling of the Y(4230) to the ωχcJ (J = 0, 1, 2) final state was proposed by a few authors [161,
162]. In 2014, BESIII reported the cross section measurement of e+e− → ωχc0 at 9 c.m. energies from 4.21 to
4.42 GeV, where χc0 candidates are reconstructed via a pair of π+π− or K+K− [160]. The Born cross sections are
measured to be (55.4 ± 6.0 ± 5.9) pb and (23.7 ± 5.3 ± 3.5) pb at

√
s = 4.23 and 4.26 GeV, respectively, which are

comparable to those of the π+π−J/ψ process [73]. Later BESIII updated the measurement of e+e− → ωχc0 with higher
energy data up to 4.6 GeV included [163]. Besides the energy points at 4.23 and 4.26 GeV, no significant signals are
found at other energy points, and the upper limits on the cross sections at the 90% C.L. are determined [163]. The
cross sections are shown in Fig. 24 (left plot), where a clear peaking structure close to the threshold is observed
although there are only two statistically significant measurements available. Assuming the ωχc0 signals come from a
single resonance, the cross sections of e+e− → ωχc0 are fitted with a BW function as shown in Fig. 24 (left plot). The
fitted mass and width are (4226 ± 8 ± 6) MeV and (39 ± 12 ± 2) MeV, respectively, with a statistical significance of
more than 9σ.

Figure 24: Measured Born cross section for e+e− → ωχcJ (J =0, 1, 2) as a function of c.m. energy [160, 163]. The smaller error bars are statistical
and the larger error bars are the combined statistical and systematic errors. The solid curves show the fit results.

Very recently the cross section of the process e+e− → ωχc0 was again updated by BESIII at c.m. energies
√

s from
4.178 to 4.278 GeV using a data sample of 7 fb−1 [164]. The event selection is almost the same as before [160, 163].
The updated e+e− → ωχc0 cross section as a function of the c.m. energy is shown in Fig. 25, where the blue points
are from the updated measurement [164] and the black square points are from previous measurements [160, 163]. As
expected, the Y(4230) signal is observed clearly. By assuming that all the ωχc0 signals come from this resonance, the
fit result is shown in Fig. 25 with a solid red line and the fitted mass and width are M = (4218.5 ± 1.6 ± 4.0) MeV
and Γ = (28.2 ± 3.9 ± 1.6) MeV. The updated measurement confirms and statistically improves upon the previous
observation [160, 163]. The parameters of this state are consistent with those of the narrow structure in the e+e− →
π+π−hc [159, 161], π+π−J/ψ [73], D0D∗−π+ + c.c. [165], and π+π−ψ(2S ) [166] (discussed below) processes.

For the Y(4230), one of the big puzzles is that there is a dip at around 4.22 GeV in the distribution of cross
sections of the charm meson pairs, instead of a peak. Therefore, whether or not this state can couple to open charm
channels is a crucial issue for understanding its nature. Utilizing the measured cross sections of e+e− → D∗D̄∗ and
D∗sD̄∗s by Belle [167, 168], the authors of Ref. [169] performed fits using ψ(4040), ψ(4160), and ψ(4415) together
with the Y(4230) allowing for an interference between them [169]. The cross sections can be well described by these
states, and the interference between the Y(4230) and the other charmonia produces a dip around 4.22 GeV in the
e+e− → D∗D̄∗ cross section line shape. However, the errors of current Belle measurements are large especially for
e+e− → D∗sD̄∗s cross sections. More precise measurements should be done at BESIII to clarify the role played by the
Y(4230).

Motivated by the absence of open-charm decay channels for the Y states, Belle did the first measurement of the
exclusive cross section for e+e− → D0D∗−π+ + c.c. as a function of c.m. energy from the D0D∗−π+ + c.c. threshold to
5.2 GeV with ISR using an integrated luminosity of 695 fb−1 data sample at the Υ(4S ) resonance [170]. The measured
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Figure 25: The e+e− → ωχc0 cross section as a function of the c.m. energy from BESIII. The blue points are from the updated measurement [164]
and the black square points are from previous measurements [160, 163]. The red solid line is the fit result assuming all the ωχc0 signals come from
a single resonance.

cross sections are shown in Fig. 26(a). No evidence for the Y(4230), Y(4360), ψ(4415), Y(4630), or Y(4660) was found
with the limited statistics. Belle performed a likelihood fit with a possible ψ(4415) signal contribution plus a threshold
function. The fit yields 14.4± 6.2+1.0

−9.5 signal events for the ψ(4415) state with a statistical significance of 3.1σ. A 90%
C.L. upper limit on the peak cross section for the e+e− → ψ(4415) → D0D∗−π+ + c.c. process at ψ(4415) nominal
mass is obtained to be 0.76 nb.

Recently BESIII reported an improved measurement of the cross section of e+e− → D0D∗−π+ + c.c. at c.m.
energies from 4.05 to 4.60 GeV at 15 energy points with integrated luminosity larger than 40 pb−1 for each point and
69 “R-scan data” points with integrated luminosity smaller than 20 pb−1 for each point [165], where the D0 meson
is reconstructed via D0 → K−π+ and the bachelor π+ is also reconstructed, while the D∗− is inferred from energy-
momentum conservation in order to increase the statistics. The measured cross sections are shown in Fig. 26(b).
Two resonant structures in good agreement with the Y(4230) and Y(4390) observed in π+π−hc [159] are identified
over a smoothly increasing non-resonant term which can be parametrized with a three-body phase-space amplitude.
Therefore, a fit to the cross section from BESIII measurement is performed to determine the parameters of the two
resonant structures.

Figure 26: Measured cross sections of e+e− → D0D∗−π+ + c.c. from (a) Belle [170] and (b) BESIII [165] experiments. Belle did a fit to cross
sections with a ψ(4415) signal plus a threshold function, while BESIII did a fit with the coherent sum of a direct three-body phase-space term and
two BW functions for the Y(4230) and Y(4390). The solid lines are the total fit results.

The total amplitude is described by the coherent sum of a direct three-body phase-space term for e+e− →
D0D∗−π+ + c.c. and two BW functions, representing the two resonant structures. The fit yields a mass of (4228.6 ±
4.1 ± 6.3) MeV and a width of (77.0 ± 6.8 ± 6.3) MeV for the lower mass structure. As for the higher mass structure,
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there are complicated effects which require further detailed amplitude analysis since a few excited ψ states and Y
charmonium-like states may overlap in this wide mass region. Models including one additional known resonance,
either Y(4320), Y(4360), or ψ(4415) with their masses and widths fixed to the world average values [6], can improve
the fit quality. However, the statistical significance of any additional resonance is less than 2σ. Since the lower
mass resonance is in good agreement with the Y(4230) observed in π+π−J/ψ, π+π−hc, and ωχc0 modes [73, 159], this
indicates the first observation of the Y(4230) decays into an open-charm final state D0D∗−π+ + c.c.. The measured
Born cross section of e+e− → D0D∗−π+ + c.c. at the Y(4230) peak is higher than the sum of the known hidden-charm
channels, which tells us the D0D∗−π+ + c.c. final state may be the dominant decay mode of the Y(4230) state.

An obvious feature in the above four channels e+e− → ωχc0, π+π−hc, π+π−J/ψ, and D0D∗−π+ + c.c. from the
BESIII measurements is that there is a common structure at around 4.22 GeV, i.e., the Y(4230). Considering this,
the authors of Ref. [171] did a simultaneous fit to the cross sections of these four processes. The measured mass and
width of the Y(4230) are (4219.6 ± 3.3 ± 5.1) MeV and (56.0 ± 3.6 ± 6.9) MeV, respectively.

The leptonic decay width for a vector state is an important quantity for discriminating various theoretical inter-
pretations of its nature. As current measurements only give the product of the leptonic decay width and the strong
decay widths, the magnitude of the leptonic decay width determines how the strong decay widths sum up to the total
width. Smaller leptonic decay width means that the strong decay widths will be relatively enhanced and vice versa.
The estimate of quenched3 lattice QCD for the leptonic decay width of the Y(4230) is about 40 eV [172] assuming
it to be a hybrid meson and neglecting its coupling to meson-meson decay channels; the predicted upper limit of the
Y(4230) leptonic decay width is about 500 eV if the Y(4230) is a hadronic molecule dominated by DD̄1(2420) [173];
the leptonic decay width is only about 23 eV for the ωχc0 molecule interpretation [162], where no contributions from
the open charm decay channel are included in the analysis.

By considering the isospin symmetric modes of the measured channels, the authors of Ref. [171] estimated the
lower limit on the leptonic partial width of the Y(4230) decays for the first time: Γe+e− [Y(4230)] > (29.1±2.5±7.0) eV.
This lower limit is close to quenched lattice QCD result for a hybrid vector charmonium state [172]. By considering
other Y(4230) decay modes, such as π+π−ψ(2S ), ηhc discussed below, the above estimation can be refined.

In an analysis of e+e− → π+π−ψ(2S ), Belle found evidence for the contribution from the Y(4230) [155] while
high-statistics BESIII data confirmed the observation of this mode together with a measurement of the resonant pa-
rameters [166]. Figure 27 shows the measured mass and width of the Y(4230) from the processes π+π−J/ψ [73],
e+e− → π+π−hc [159], D0D∗−π+ + c.c. [165], π+π−ψ(2S ) [166], and ωχc0 [164] from the BESIII Collaboration. Al-
though the measured masses are consistent with each other, the widths from the processes e+e− → π+π−hc, π+π−ψ(2S ),
and D0D∗−π+ + c.c. are larger than those from the processes e+e− → π+π−J/ψ and ωχc0. At the moment, we cannot
draw a conclusion on whether the structure observed in these processes is the same state or whether the inconsistencies
are caused by the BW parametrization. Further experimental studies with higher statistics are needed to draw a more
reliable conclusion on the nature of this structure.

The compact tetraquark model [174] predicted a sizeable isospin-violating process Y(4230) → ηπ0J/ψ with Z0
c

decaying into π0J/ψ and possibly ηJ/ψ. The molecular model [175] predicted a peak in the cross section of e+e− →
ηπ0J/ψ at the D1D̄ threshold and a narrow peak in the ηJ/ψmass spectrum at the DD̄∗ threshold. Therefore, using data
samples collected at c.m. energies of

√
s =4.009, 4.226, 4.257, 4.358, 4.416, and 4.599 GeV with a total luminosity

of 4.5 fb−1, BESIII searched for such an isospin-violating decay process [176]. No Y(4230) signal is observed, and
upper limits on the cross sections e+e− → ηπ0J/ψ at the 90% C.L. are determined to be 3.6, 1.7, 2.4, 1.4, 0.9, and
1.9 pb for

√
s =4.009, 4.226, 4.257, 4.358, 4.416, and 4.599 GeV, respectively.

Under the assumption of Y(4230) being a hybrid meson, the quenched lattice study [177] suggested that the rate
of decay to γηc may be enhanced relative to γχc0. Finding evidence for Y(4230) → γηc could thus give additional
support to the hybrid interpretation. BESIII searched for the process e+e− → γηc at six c.m. energies between 4.01
and 4.60 GeV corresponding to a total integrated luminosity of 4.6 fb−1 [178]. The final distribution of σ(e+e− → γηc)
is shown as the points in Fig. 28. The lines in Fig. 28 show the different assumptions of resulting cross sections as
a function of energy, where (1) σFLAT: the cross section is constant, (2) σBELLE: the cross section follows the Belle
parametrization of σ(e+e− → π+π−J/ψ) [68], (3) σY(4230): the cross section follows a non-relativistic BW distribution
for the Y(4260) with mass and width values from the PDG [6], and (4) σY(4360): the cross section follows a non-
relativistic BW distribution for the Y(4360) with mass and width values from the PDG [6]. With current statistics,

3i.e., not including the effects of sea quarks and so leading to a non-unitary theory and an unknown systematic uncertainty — see Sec. 4.5.
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Figure 27: The measured mass and width of the Y(4230) from the processes π+π−J/ψ [73], e+e− → π+π−hc [159], D0D∗−π+ + c.c. [165],
π+π−ψ(2S ) [166], and ωχc0 [164] from the BESIII Collaboration.

different assumptions for the energy dependence of the cross section can not be distinguished, but the cross section
is somewhat better explained by σY(4230). The expected rates of e+e− → ψ(4040)/ψ(4415) → γηc are also shown in
Fig. 28 as solid lines. Both significances are 1.9σ. Much larger data samples are required to confirm the existence of
the Y(4230)→ γηc process.

Figure 28: Measured Born cross section for e+e− → γηc as a function of c.m. energy [178] and comparison with different assumptions about the
energy-dependence of the cross section (broken lines). The predicted cross sections for e+e− → ψ(4040)/ψ(4415)→ γηc are shown as solid lines.

Some light-hadron final states are also searched for by BESIII for the Y(4230) decays including K0
S K±π∓ [179],

K0
S K±π∓π0, and K0

S K±π∓η [180]. The Born cross sections of e+e− to these final states are measured up to 4.6 GeV. In
fitting these cross sections, besides the continuum component, a Y(4230) signal is added. No clear signal is observed,
thus the 90% C.L. upper limits on the cross sections of e+e− → Y(4230) times the branching fractions of the Y(4230)
to these final states are set.

The Y(4230) was also searched for in the charged B decay B+ → K+π+π−J/ψ by the BaBar Collaboration based on
232× 106 BB̄ pairs and a signal with a statistical significance of 3.1σ was observed [181]. Very recently, Belle did the
same search in both charged and neutral B decays B+ → K+π+π−J/ψ and B0 → K0π+π−J/ψ by fully reconstructing
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the final states from B decays based on 771.58 million BB̄ pairs [182]. The obtained π+π−J/ψ mass spectra after
subtracting the combinatorial background from charged and neutral B decays are shown in Fig. 29, where no clear
Y(4230) signal can be seen. The signal significances of the Y(4230) taking into account the systematic uncertainties are
2.1σ and 0.9σ by an unbinned extended maximum-likelihood fit to these two π+π−J/ψmass spectra with a sum of two
Gaussians as a Y(4230) signal shape. The blue solid lines in Fig. 29 are the best fits. The upper limits on the product
branching fractions B[B+ → K+Y(4230)]B[Y(4230) → π+π−J/ψ] and B[B0 → K0Y(4230)]B[Y(4230) → π+π−J/ψ]
at the 90% C.L. are determined to be 1.4 × 10−5 and 1.7 × 10−5, respectively. In a search for the Zc(3900) in b-
hadron decays, the D0 experiment reported evidence for the Y(4230) production associated with its πZc(3900) decay
mode [183] (discussed in Sec. 3.2). These studies will obviously benefit from much larger data samples.

Figure 29: The π+π−J/ψ mass spectra from charged (top) and neutral (bottom) B decays B+ → K+π+π−J/ψ and B0 → K0π+π−J/ψ [182]. The
blue solid lines are the best fits, the green dashed curves are the fitted backgrounds, and the red dotted curves are the signals.

Further studies of Y(4230) decays in experiments are needed with larger data statistics. Being well above the
thresholds of many final states with ηc, such as πρηc, ωηc, and φηc, and final states like ηhc, KK̄J/ψ, η(′)J/ψ, and
η(′)ψ(2S ), Y(4230) may decay into such final states with substantial rates. In addition, the decays into open charm
final states other than DD̄∗π such as DD̄, DD̄∗+c.c., D∗D̄∗, D+

s D−s , D+
s D∗−s +c.c. are also possible, even if the charmed

mesons are in a relative P-wave. The Y(4230) is very close to the D∗+s D∗−s threshold, a possible coupling to this
mode should also be investigated. Whether the Y(4230) can decay into the light-hadron final states is also interesting.
Further information on these final states will be important for deeper understanding of the nature of the Y(4230).

For the Y(4230), popular theoretical interpretations include a DD̄1(2420) molecule [154, 184, 185], a cc̄-gluon
hybrid [186–188], a compact tetraquark state [189], a hadrocharmonium [190, 191]. If Y(4230) is a DD̄1(2420)
molecule, the binding energy is about 66 MeV which is rather large but not excluded. If Y(4230) is a cc̄-gluon
hybrid, its mass is about 180 MeV below current predictions from lattice QCD [131], but consistent with the mass
determined from combining non-relativistic EFTs and lattice QCD data of the hybrid static energies [192, 193] (see
also Sec. 4.4.4), all of which neglect the resonant nature of the Y(4230). If it were a compact tetraquark state, it would
have isospin- and SU(3)-multiplet partner states. However, none of them has been observed in experiments so far. If it
is a hadrocharmonium, its decay rate to non-J/ψ(hc) charmonium states should be suppressed, which is not supported
by the data although a possible mixing of two hadrocharmonia with spin 1 and spin 0 compact c̄c cores can make the
scenario consistent [191]. At this point in time the nature of this lightest negative parity exotic candidate is not yet
fully settled.

There have been a number of different interpretations proposed for the Y(4320) and Y(4390), including a ψ(33D1)
state [194, 195], a compact tetraquark state [196, 197], a hadrocharmonium [198], a D∗D̄1(2420) molecule [199–201],
a state formed from dynamical diquarks [202], a hybrid state [193] and so on. In addition to the above explanations, a
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special explanation is that the Y(4320) and Y(4390) may not exist at all. The authors of Ref. [203] found that the fits to
the distributions of e+e− → π+π−J/ψ and π+π−hc cross sections measured by BESIII with three interfering resonances
Y(4230), ψ(4160), and ψ(4415) can also describe the data well with a goodness of the fit of χ2/nd f = 118/153 and
18/69, respectively, where nd f is the number of degrees of freedom. Based on the fit qualities, the authors argued that
two newly reported charmonium-like states, Y(4320) and Y(4390), are not genuine resonances. However, it should be
stressed that the analysis of Ref. [203] needs to implement a huge amount of spin-symmetry violation as well as very
large non–resonant couplings at odds with our current understanding of the role of the heavy quark spin symmetry in
doubly-heavy systems (see also Sec. 4.4).

• The ψ(4360) aka Y(4360) and ψ(4660) aka Y(4660) states

Replacing the J/ψ with a ψ(2S ), BaBar studied the ISR process e+e− → π+π−ψ(2S ) to search for the exotic
state found previously, namely Y(4260) [150]. Instead of the Y(4260), a clear structure around 4.32 GeV was ob-
served [150]. Subsequently, Belle checked this process and found that there are actually two resonant structures at
4.36 and 4.66 GeV, denoted as the Y(4360) and Y(4660) [151].

The BaBar experiment reported the update of the study of e+e− → π+π−ψ(2S ) with ISR events with the full data
sample recorded at and near the Υ(nS ) (n=2, 3, 4) resonances with an integrated luminosity of 520 fb−1 [156]. The
cross sections for e+e− → π+π−ψ(2S ) from 3.95 to 5.95 GeV have been measured. A fit to the π+π−ψ(2S ) mass
distribution yields a mass of (4340 ± 16 ± 9) MeV and a width of (94 ± 32 ± 13) MeV for the Y(4360), and a mass of
(4669 ± 21 ± 3) MeV and a width of (104 ± 48 ± 10) MeV for the Y(4660) [156]. The results are in good agreement
with the Belle measurement and confirm the Y(4660) observed by the Belle experiment [151]. In both the Belle
and BaBar measurements, the π+π− mass distribution appears to differ from the phase-space expectation. For the
Y(4660)→ π+π−ψ(2S ) decays, there is an indication of an accumulation of events in the vicinity of the f0(980) state.

The Y(4360) and Y(4660) parameters were measured with improved precision with the full 980 fb−1 data sample
of Belle [155]. Fitting the mass spectrum of π+π−ψ(2S ) with two coherent BW functions (see Fig. 30 (left)), Belle
obtained M[Y(4360)] = (4347 ± 6 ± 3) MeV, Γ[Y(4360)] = (103 ± 9 ± 5) MeV, M[Y(4660)] = (4652 ± 10 ± 8) MeV,
and Γ[Y(4660)] = (68±11±1) MeV. Belle also noticed that there are a number of events in the vicinity of the Y(4230)
mass. The fit with the Y(4230) included is also performed. In the fit, the mass and width of the Y(4230) are fixed to
the latest measured values at Belle [68]. The signal significance of the Y(4230) is found to be only 2.4σ. In this fit,
one obtains M[Y(4360)] = (4365±7±4) MeV, Γ[Y(4360)] = (74±14±4) MeV, M[Y(4660)] = (4660±9±12) MeV,
and Γ[Y(4660)] = (74 ± 12 ± 4) MeV. By comparing the fitted results in these two fits, one can find that the resonant
parameters depend strongly on whether there is an additional Y(4230).

Figure 30: The π+π−ψ(2S ) invariant mass distributions from the Belle experiment [155] and the fit results with the coherent sum of two BW
functions (left panel) and with the coherent sum of three BW functions (right panel). The points with error bars are data while the shaded
histograms are the normalized ψ(2S ) mass sideband backgrounds. The curves show the best fits and the dashed curves show the contributions from
different BW components.

BESIII measured e+e− → π+π−ψ(2S ) cross sections at 16 c.m. energies from 4.0 to 4.6 GeV using 5.1 fb−1 of
data in total, where the ψ(2S ) candidates are reconstructed via two decay modes ψ(2S ) → π+π−J/ψ and ψ(2S ) →
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neutrals + J/ψ (neutral=π0π0, π0, η, and γγ) [166]. After event selection criteria were applied, a prominent ψ(2S )
signal over a small background is observed in both ψ(2S ) decay modes. The measured cross sections are shown
in Fig. 31 together with the comparisons from the Belle and BaBar measurements [155, 156]. The results are in
good consistency with former BaBar and Belle results [155, 156], and have much improved precision. A binned χ2

fit with the coherent sum of three BW amplitudes for the Y(4230), Y(4360), and Y(4660) is applied to describe the
e+e− → π+π−ψ(2S ) cross section in a energy range from 4.085 to 4.600 GeV. As the BESIII data can only reach
4.6 GeV, the parameters of the Y(4660) are fixed to the Belle measurement [155] in the fit. The fit results in a mass
M = (4383.8 ± 4.2 ± 0.8) MeV and a width Γ = (84.2 ± 12.5 ± 2.1) MeV for the Y(4360). By comparing to the fit
with the coherent sum of two BW amplitudes, Y(4360) and Y(4660), the data require a lower-mass resonance with a
mass M = (4209.5 ± 7.4 ± 1.4) MeV and a width Γ = (80.1 ± 24.6 ± 2.9) MeV with a statistical significance of 5.8σ.
This is the first observation of the new decay mode Y(4230) → π+π−ψ(2S ). The fit results with the coherent sum of
three BW amplitudes and two BW amplitudes are shown in Fig. 31 with solid and dashed lines.
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Figure 31: Cross sections of e+e− → π+π−ψ(2S ), where the large red squares, green triangles, and small blue squares are from BESIII [166],
Belle [155], and BaBar [156] measurements, respectively. The solid (dashed) curve is the fit to the BESIII measurement with the sum of three (two)
BW functions. The arrows indicate the locations of four energy points with large integrated luminosities.

The Y(4630) was first observed by Belle in the Λ+
c Λ̄−c invariant mass distribution in the ISR process e+e− →

Λ+
c Λ̄−c [204] with a measured mass of (4634+8+5

−7−8) MeV and a width of (92+40+10
−24−21) MeV. The measured cross sections

are shown in Fig. 32(a), where the Y(4630) peak is evident near the Λ+
c Λ̄−c threshold with a statistical significance of

8.8σ. The measured Y(4630) parameters are consistent within errors with the mass and width of Y(4660), that was
found in π+π−ψ(2S ) decays via ISR [151, 155, 156].

Recently BESIII performed a measurement of e+e− → Λ+
c Λ̄−c using data samples at

√
s = 4574.5, 4580.0, 4590.0,

and 4599.5 MeV [205]. Figure 32(b) shows the measured e+e− → Λ+
c Λ̄−c cross sections from BESIII [205] together

with those from Belle [204] near the Λ+
c Λ̄−c mass threshold. The non-zero cross section from BESIII near the Λ+

c Λ̄−c
production threshold is evident. This means that when the cross sections are fitted, the effect of the threshold should
be considered, which will affect the parameters of Y(4630). Due to a large uncertainty in the Belle measurement, such
a threshold effect was not considered. Unfortunately, the maximum energy point that BESIII can achieve is 4.6 GeV.
In the future, with much larger data samples accumulated by Belle II, the Y(4630) parameters can be measured more
precisely.

As the Y(4630) mass is very close to that of the Y(4660) observed by Belle and BaBar in the process e+e− →
π+π−ψ(2S ) [151, 155, 156], many theoretical explanations assume they are the same state [206–208]. In Refs. [209,
210], where the Y(4660) is modeled as an f0(980)ψ(2S ) bound state, the authors predicted that it should have a spin
partner—a f0(980)ηc(2S ) bound state denoted as the Yη—with a mass and width of (4613 ± 4) MeV and around 30
MeV, respectively, and a large partial width into Λ+

c Λ̄−c [208, 210].
To search for Yη in the Λ+

c Λ̄−c system, Belle performed an updated measurement of B− → K−Λ+
c Λ̄−c using a sample

of (772±11)×106BB̄ pairs [211]. The obtained MΛ+
c Λ̄−c

spectrum is shown in Fig. 33, in which no clear Yη or Y(4660)
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Figure 32: The measured e+e− → Λ+
c Λ−c cross sections from (a) Belle [204] and (b) BESIII [205] together with those from Belle from threshold to

4.6 GeV.

signal is seen. The 90% C.L. upper limits for the Y(4660) and its theoretically predicted spin partner Yη are set to be
B[B− → K−Y(4660)]B[Y(4660)→ Λ+

c Λ̄−c ] < 1.2×10−4 andB[B− → K−Yη]B[Yη → Λ+
c Λ̄−c ] < 2.0×10−4 respectively.

Subsequently, Belle also searched for the Y(4660) and Yη in B̄0 → K0
S Λ+

c Λ̄−c decays [212]. Similarly, no evidence of
Yη or Y(4660) is seen in the Λ+

c Λ̄−c mass spectrum. The 90% C.L. upper limits are B[B̄0 → K̄0Y(4660)]B[Y(4660)→
Λ+

c Λ̄−c ] < 2.3 × 10−4 and B[B̄0 → K̄0Yη]B[Yη → Λ+
c Λ̄−c ] < 2.2 × 10−4.
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Figure 33: The Λ+
c Λ̄−c invariant mass spectra in B− → K−Λ+

c Λ̄−c decays from Belle [211] with (a) Yη and (b) Y(4660) signals included in the fits.
The shaded cyan histograms are from the normalized Λ+

c and Λ̄−c mass sidebands.

• Possible Y structures in other final states

Besides the e+e− annihilation final states discussed above in the study of the Y(4230), Y(4360), and Y(4660) states,
many other final states are studied to search for the new decay modes of these Y and the excited ψ states, and new Y
states.

1) e+e− → K+K−J/ψ and K0
S K0

S J/ψ

Evidence (3.7σ) for e+e− → K+K−J/ψ signal was observed by CLEO using a 13.2 pb−1 data sample at
√

s =

4.26 GeV [213]. Belle measured for the first time the cross section of e+e− → K+K−J/ψ for c.m. energies be-
tween threshold and 6.0 GeV using 673 fb−1 of data [214]. No significant signal for Y(4230) → K+K−J/ψ is
observed. At the same time, Belle found evidence for e+e− → K0

S K0
S J/ψ in the same data sample. A few years

37



later, Belle updated the measurements of the cross sections of e+e− → K+K−J/ψ and K0
S K0

S J/ψ using a data sam-
ple of 980 fb−1 [215] (Fig. 34, left panel). No significant signal for Y(4230) → K+K−J/ψ is observed either, and
B[Y(4230) → K+K−J/ψ]Γ[Y(4230) → e+e−] < 0.85 eV at a 90% C.L. is set. Belle tried to fit the e+e− → K+K−J/ψ
cross sections using either a single BW function or using the ψ(4415) plus a second BW function, but found that both
are inadequate to describe the data.

Very recently, BESIII measured the cross sections of the processes e+e− → K+K−J/ψ and K0
S K0

S J/ψ at c.m.
energies from 4.189 to 4.600 GeV using 4.7 fb−1 of data [216]. The measured Born cross sections of e+e− →
K+K−J/ψ and K0

S K0
S J/ψ are shown in the right panel of Fig. 34, where the energy dependence of the cross section

for e+e− → K+K−J/ψ obviously differs from that for π+π−J/ψ in the region around the Y(4230). The combined ratio
of the cross sections of e+e− → K0

S K0
S J/ψ and e+e− → K+K−J/ψ over all energies is 0.370+0.064

−0.058 ± 0.018, which is
consistent with the expected value of 0.5 according to isospin symmetry.
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Figure 34: The measured Born cross sections of e+e− → K+K−J/ψ from Belle (left panel), and those of e+e− → K+K−J/ψ and K0
S K0

S J/ψ from
BESIII (right panel). For the left panel, the errors are statistical; a 7.8% systematic error that is common for all data points is not included. For the
right panel, the black circular points are for data sets with high integrated luminosities; the gray triangular points are for smaller data sets. Thicker
error bars are for statistical uncertainties only; thinner error bars are for combined statistical and systematic uncertainties. In the bottom plot, the
large error bars with no central point are 90% C.L. upper limits.

If we combine the measurements of e+e− → K+K−J/ψ from Belle and BESIII experiments, it seems that there is
a contribution from the Y(4230) with a peak cross section of about 5 pb. In addition, there is evidence for a structure
at around 4.5 GeV with a width of about 100 MeV. It is not clear whether it is a new structure, or the contribution
from the known Y structures.

2) e+e− → ηJ/ψ, η′J/ψ, ηhc, and πρηc

An important way to search for Y states is the investigation of the ηJ/ψ system. Belle first reported an investigation
of the e+e− → ηJ/ψ process using ISR events. The integrated luminosity used is 980 fb−1 [217]. After event selection,
two distinct peaks are observed in the ηJ/ψ mass spectrum above 3.8 GeV, one at 4.0 GeV and the other at 4.2 GeV.
A fit to the signal events with two coherent P-wave BWs for ψ(4040) and ψ(4160) and an incoherent second-order
polynomial background can describe the data well. The statistical significance is 6.5σ for ψ(4040) and 7.6σ for
ψ(4160). The branching fractions of ψ(4040)→ ηJ/ψ and ψ(4160)→ ηJ/ψ are obtained to be (0.56 ± 0.10 ± 0.17)%
and (1.30± 0.15± 0.24)%, respectively, which correspond to about 1 MeV partial widths to ηJ/ψ for these two states.
Possible contributions from other excited charmonium-like states are examined, including the Y(4230), Y(4360), and
Y(4660). None of their significance is larger than 3σ, and 90% C.L. upper limits of their production rates in e+e−

annihilation are determined. The measured Born cross sections are shown in the left panel of Fig. 35.
Using data samples at c.m. energies from 3.810 to 4.600 GeV, BESIII also performed a study of e+e− → ηJ/ψ [219].

The measured cross sections are shown in Fig. 35 (right plot) as blue squares together with a measurement at
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Figure 35: The measured Born cross sections of e+e− → ηJ/ψ from Belle [217] (left panel) and BESIII [218, 219] (right panel) together with the
cross sections of e+e− → π+π−J/ψ from BESIII [73] (right panel). In the left panel, the errors are the summed statistical errors of the numbers of
signal and background events. A systematic error of 8.0% common to all the data points is not shown. In the right panel, the errors are combined
statistical and systematic errors.

√
s = 4.009 GeV [218]. These measurements are compatible with the measurement by Belle, but with a signif-

icantly improved precision at certain energies. The measured Born cross sections are also compared to those of
e+e− → π+π−J/ψ obtained from BESIII [73] as shown in Fig. 35 with the dots with error bars. Obviously the pro-
cesses e+e− → ηJ/ψ and π+π−J/ψ have different line shapes including the peaking position, which indicates the
existence of a rich spectrum of Y and excited ψ states in this energy region with different coupling strengths to the
various decay modes. More data samples are needed to do an accurate measurement and describe better the shape of
the cross section.

After the observation of strong ψ(4040) and ψ(4160) decays into ηJ/ψ, it is natural to perform the measurement of
e+e− → η′J/ψ process. BESIII did such a measurement to search for potential η′J/ψ transitions from charmonium and
charmonium-like states using data samples of about 4.5 fb−1 in total at c.m. energies from 4.189 to 4.600 GeV [220],
where the η′ is reconstructed in two decay channels, η′ → ηπ+π− → γγπ+π− and η′ → γπ+π−. Figure 36 shows the
measured Born cross sections for e+e− → η′J/ψ. Two alternative fits are taken to fit the cross section distribution:
one is the fit with a ψ(4160) resonance with the BW parameters fixed to PDG values [6], and the other is the fit with
an additional ψ(4415) resonance. The fitted results are shown in Fig. 36 as the red and green curves. The statistical
significance of ψ(4415) is 2.6σ only. No interesting charmonium-like states are observed with current statistics.

Figure 36: The measured Born cross sections of e+e− → η′J/ψ by BESIII [220]. The red curve is the fit with a ψ(4160) resonance, and the green
curve is the fit with an additional ψ(4415) resonance.
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Some Y states are observed decaying into spin-triplet charmonium states with a large rate since the spin align-
ment of the c and c̄-quarks does not need to be changed between initial and final states. However, the cross sec-
tion for the spin-flip process may not be small, for example the Y(4230) and Y(4390) are reported by BESIII in
e+e− → π+π−hc [159]. This suggests a more complicated structure of the states containing both heavy-quark spin-0
and 1 components or a milder heavy-quark spin suppression mechanism as discussed in the theory sections below.
Consequently, searching for the reaction of e+e− to final states with an hc or ηc is very important.

BESIII measured e+e− → ηhc → ηγηc with ηc reconstructed with 16 hadronic final states using data samples
of about 4.7 fb−1 in total at c.m. energies from 4.085 to 4.600 GeV [221]. Figure 37 shows the energy-dependent
e+e− → ηhc cross sections together with the measurement at 4.17 GeV from CLEO [222]. Clear signals and evidence
for e+e− → ηhc are observed at

√
s = 4.226 and 4.358 GeV for the first time, and the Born cross sections are measured

to be (9.5+2.2
−2.0 ± 2.7) and (10.0+3.1

−2.7 ± 2.6) pb, respectively. A fit to the cross section distribution using the coherent sum
of three BW functions, the Y(4360) and other two resonances with parameters free, is shown in Fig. 37 with the solid
line. The fitted parameters of the free BWs are: M1 = (4204±6) MeV, Γ1 = (32±22) MeV, and M2 = (4496±26) MeV,
Γ2 = (104 ± 69) MeV, where the uncertainties are statistical only. Due to the limited statistics, a further update is
needed to determine the line shape of the c.m. energy dependent cross section precisely.

Figure 37: The measured Born cross sections of e+e− → ηhc by BESIII [221] and CLEO [222]. The solid line is the fit using the coherent sum of
three BW functions.

BESIII searched for e+e− → π+π−π0ηc with data at c.m. energies above 4 GeV corresponding to an integrated
luminosity of about 4.1 fb−1 [223]. In this analysis, the ηc is reconstructed with nine hadronic final states: pp̄,
2(K+K−), K+K−π+π−, K+K−π0, pp̄π0, K0

S K±π∓, π+π−η, K+K−η, and π+π−π0π0. A clear signal of e+e− → π+π−π0ηc

is observed at
√

s = 4.23 GeV. From the fit to the ηc mass spectrum, 333+83
−80 ηc signal events are obtained with a

statistical significance of 4.2σ. No significant signals are observed at other c.m. energy points. The cross section is
measured as σ(e+e− → π+π−π0ηc) = (46+12

−11 ±10) pb at
√

s = 4.226 GeV. It is still not clear whether the signal is from
the Y(4230) decays.

3) e+e− → ωχc1,2

The processes e+e− → ωχc1,2 were observed for the first time by BESIII [163]. Here, the χc1,2 are reconstructed
via their γJ/ψ decays. The measured cross sections for e+e− → ωχc1,2 are shown in Fig. 24 (middle and right plots).
A significant ωχc2 signal is found at

√
s =4.42 GeV with an integrated luminosity of 1074 pb−1, and the cross section

is measured to be (20.9 ± 3.2 ± 2.5) pb. With 567 pb−1 data near
√

s = 4.6 GeV, a clear ωχc1 signal is seen, and the
cross section is measured to be (9.5 ± 2.1 ± 1.3) pb. Due to low luminosity or low cross section at other energies,
no significant signals are observed. A coherent sum of the ψ(4415) BW function and a phase-space term can well
describe the ωχc2 line shape, and the branching fraction ψ(4415)→ ωχc2 is found to be of the order of 10−3. The solid
line in Fig. 24 (right plot) shows the fit result. Further studies based on more data samples at higher energy points will
be helpful to clarify the nature of charmonium(like) states decaying to ωχcJ final states.

40



3.1.3. Searches for glueballs with exotic quantum numbers
The existence of bound states of gluons (so-called “glueballs”), with a rich spectroscopy and a complex phe-

nomenology, is one of the early predictions of the non-Abelian nature of QCD. Due to the mixing between glue-
balls and conventional mesons, the lack of solid information on the glueball production mechanism, and the lack
of knowledge about glueball decay properties, none of these gluonic states have been established unambiguously
experimentally.

Recently Belle utilized the 102M Υ(1S ) and 158M Υ(2S ) event data samples to search for 0−− glueballs (G0−− ),
called oddballs, with quantum numbers incompatible with quark-antiquark bound states [224]. Two 0−− oddballs are
predicted using QCD sum rules [225] with masses of (3.81±0.12) GeV and (4.33±0.13) GeV, while the lowest-lying
state calculated using distinct bottom-up holographic models of QCD [226] has a mass of 2.80 GeV. Belle searched
for such G0−− in Υ(1S , 2S ) → χc1 + G0−− , Υ(1S , 2S ) → f1(1285) + G0−− , χb1 → J/ψ + G0−− , and χb1 → ω + G0−−

processes. No evident signal is found at the three theoretically-predicted masses in all the studied processes, and 90%
C.L. upper limits are set on the branching fractions for these processes. Figure 38 shows the 90% C.L. upper limits
on the branching fractions of Υ(1S )/Υ(2S ) → χc1 + G0−− as a function of the 0−− glueball width as an example.
Interestingly, a signal with a significance of 3.7σ at 3.92 GeV is observed in Υ(1S ) → f1(1285) + G0−− , which will
need special attention and inspection at Belle II with much larger data samples.
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Figure 38: The upper limits on the branching fractions for (a) Υ(1S )→ χc1 + G0−− and (b) Υ(2S )→ χc1 + G0−− as a function of the assumed G0−−

width [224].

3.2. Isovector states

While the states discussed in the previous section could, in principle, be interpreted as conventional heavy quark-
antiquark bound states distorted, e.g., by threshold or unitarization effects, the isovector states discussed in this section
clearly require going beyond the most naive quark-antiquark picture — at least if these states indeed exist as poles
in the S –matrix. Some authors claimed, however, that these states might be simply threshold cusps. This issue is
discussed at the beginning of Sec. 4. In this section, we present the experimental evidence for structures in the heavy
quarkonium mass range with isovector quantum numbers.

3.2.1. The X(5568) state
The D0 Collaboration reported evidence for a narrow structure, X(5568), in the hadronic decay X(5568) → B0

sπ
±

with B0
s → J/ψφ with a signal significance greater than 3.9σ in proton-antiproton collisions at a c.m. energy of

1.96 TeV [34]. The measured mass and width are M = (5567.8 ± 2.9+0.9
−1.9) MeV and Γ = (21.9 ± 6.4+5.0

−2.5) MeV. Since
the state can be interpreted as a compact tetraquark with four different valence quark flavors, b, s, u, d, it has received
extensive attention from theoretical and experimental physicists. Later the X(5568) signal was confirmed by the D0
Collaboration in the semileptonic decay of B0

s → µ∓D±s X with a statistical significance greater than 4.3σ [227].
Figure 39 shows the M(B0

sπ
±) distributions for the hadronic (red squares) and semileptonic (black circles) data (a)

with and (b) without the cone requirement ∆R =
√

∆η2 + ∆φ2 < 0.3, where the cone is the angle between the B0
s

and π± for hadronic decay, the angle between the µ∓D±s system and π± for semileptonic decay, η = − ln[tan(θ/2)]
is the pseudorapidity (θ is the polar angle between the track momentum and the proton beam direction), and φ is the
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azimuthal angle of the track. A combined fit is performed to the selected hadronic and semileptonic signal candidates,
and the fitted results are shown in Fig. 39 as solid lines. The fitted mass and width are M = (5566.9+3.2+0.6

−3.1−1.2) MeV
and Γ = (18.6+7.9+3.5

−6.1−3.8) MeV. The signal significance with the systematic uncertainties included is 6.7σ with the cone
requirement, and 4.7σ without it.

Figure 39: The M(B0
sπ
±) distributions for the hadronic (red squares) and semileptonic (black circles) data (a) with and (b) without the cone

requirement [227]. The solid lines are the best fits.

While the D0 Collaboration reported the X(5568) in both hadronic and semileptonic decays, negative results
were obtained in the LHCb [228], CDF [229], CMS [230], and ATLAS [231] experiments. LHCb first provided
negative results using a 3 fb−1 data sample of pp collision data at

√
s = 7 and 8 TeV [228], where the B0

s mesons
are reconstructed through the decays B0

s → D±s π
∓ and J/ψφ. The reconstructed B0

s yield is approximately 20 times
larger than that used by D0. No significant signal is seen in the B0

sπ
± invariant mass distribution in the range of

about 5.5 GeV to 6 GeV, and upper limits on σ(pp → X + anything)B(X → B0
sπ
±) are set as a function of the

mass and width of a possible exotic meson decaying to the B0
sπ
± final state. Recently, CDF, CMS, and ATLAS also

searched for the X(5568) in hadronic decays using data samples of 9.6 fb−1 from pp̄ collisions at
√

s = 1.96 TeV,
19.7 fb−1 from pp collisions at

√
s = 8 TeV, and 4.9 fb−1 at

√
s = 7 TeV and 19.5 fb−1 at

√
s = 8 TeV from pp

collisions, respectively [229–231]. Figure 40 shows the reconstructed M(B0
sπ
±) distributions from the CDF [229] (left

plot), CMS [230] (middle plot), and ATLAS [231] (right plot) measurements for B0
sπ
± → J/ψφπ± candidates with

pT (B0
s) > 10 GeV, respectively. No statistically significant peaks can be seen in either of them. Upper limits of 6.7%

from CDF, 1.1% from CMS, and 1.5% from ATLAS on the fraction of B0
s produced through the X(5568) → B0

s π
±

process at the 95% C.L. are set for pT (B0
s) > 10 GeV, respectively.
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Figure 40: The M(B0
sπ
±) distributions from the CDF [229] (left plot), CMS [230] (middle plot), and ATLAS [231] (right plot) measurements for

B0
sπ
± → J/ψφπ± candidates with pT (B0

s ) > 10 GeV. The solid lines are the best fits. The bottom panels in the middle and right plots show the
difference between each data point and the fit divided by the statistical uncertainty of that point.
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The X(5568) state, if confirmed, would differ from any previously observed state, as it must have constituent
quarks with four different flavors (b, s, u, d). So far, however, only the D0 experiment observed signals, while other
experiments with larger statistics reported negative results, especially the CDF experiment from the same proton-
antiproton collisions. Therefore, the urgent task in the future is to confirm or definitely exclude the existence of the
X(5568) with larger data samples and to look for possible similar exotic states in the B∗sπ, Dsπ, and D∗sπ systems.

From the theoretical side, many explanations on the X(5568) being a compact tetraquark state [232–243] or a
meson molecule [244, 245] have been proposed. At the same time, there have also been theoretical analyses that
do not support the interpretation as a compact tetraquark state [246], as a molecular state [247–251], or as any of
the two [252, 253]. In Ref. [254] all the possible interpretations, such as compact tetraquark, hadronic molecule,
threshold effect from the meson loop, and so on, have been found unable to provide a consistent explanation of the
X(5568). Finally, due to the inconsistency of the interpretations in both the compact tetraquark and hadronic molecular
scenarios, the authors of Refs. [255–257] have suggested that the state might originate from a mixing of these two
scenarios.

3.2.2. Charmonium-like charged Zc states
Searching for charged charmonium-like states is one of the most promising ways of studying exotic hadrons, since

such a state must contain at least four quarks and thus cannot be a conventional quark-antiquark meson. Searches were
performed in the combination of one charged pion/kaon/proton and a charmonium state, like ηc, J/ψ, ψ(2S ), χc, and
hc.

The first charged charmonium-like state, Zc(4430)−, was reported in the π−ψ(2S ) mass spectrum in B→ Kπ−ψ(2S )
decays in the Belle experiment [258, 259], and it was confirmed by the LHCb experiment seven years later [38]. The
Zc(3900)− was observed in π−J/ψ invariant mass distribution in the study of e+e− → π+π−J/ψ at BESIII [22] and
Belle [68] experiments, and the Zc(4020)− was observed in the π−hc system in e+e− → π+π−hc [158] only at BESIII.
There are other Zc states observed in different processes, such as the two structures at 4050 and 4250 MeV in the π−χc1
system in B → Kπ−χc1 decays [260]; and the Zc(4200)− in the π−J/ψ invariant mass distribution in B → Kπ−J/ψ
decays [261] from the Belle experiment. There is also evidence for Zc structures in the πψ(2S ) system at Belle [155]
and BESIII [166] in e+e− → π+π−ψ(2S ), and in the πηc system at LHCb [262] in B0 → K+π−ηc.

These states indicate that a new class of hadrons has been observed. As they are made by at least four quarks, they
have been interpreted either as compact tetraquark states, molecular states of two charmed mesons (D̄D∗, D̄∗D∗, D̄D1,
D̄∗D1, etc.), hadroquarkonium states, or other configurations [13, 84].

• The Zc(4430) state

A feature that clearly distinguishes multiquark states from hybrids or charmonia is the possibility to have charmo-
nium-like mesons with nonzero electric charge. Thus, Belle studied exclusive B → Kπ−ψ(2S ) decays to search for a
charged charmonium-like state in the π−ψ(2S ) system using 657 × 106 BB̄ pairs [258]. In the Dalitz plot of M2(Kπ−)
vs. M2[π−ψ(2S )], two clear bands corresponding to K∗(892) and K∗2(1430) decays to Kπ final states can be seen. After
vetoing these events, the π−ψ(2S ) mass spectrum is shown in Fig. 41, where a strong enhancement is evident near
4.43 GeV. A fit with a relativistic S -wave BW function to model the peak plus a smooth phase-space-like function
yields a mass M = (4433 ± 4 ± 2) MeV and a width Γ = (45+18+30

−13−13) MeV with a signal significance of 6.5σ.
After Belle claimed that a charged Zc(4430) particle was discovered, BaBar analyzed the same process using an

integrated luminosity of 413 fb−1 Υ(4S ) data [263]. BaBar found that the πψ(2S ) mass distribution can be well de-
scribed by the reflection of the known Kπ resonances. Although BaBar did not confirm the existence of the Zc(4430),
its results did not contradict the Belle observation due to low statistics. To take into account the interference effect
between the Zc(4430)− and the K∗ intermediate states in B → Kπ−ψ(2S ) decays, Belle updated their Zc(4430)− re-
sults with a four-dimensional (4D) amplitude analysis [259]. The Zc(4430)− is observed with a significance of 5.2σ,
a much larger mass of (4485 ± 22+28

−11) MeV, and a large width of (200+41+26
−46−35) MeV. The product branching fraction

is measured to be B[B0 → Zc(4430)−K+]B[Zc(4430)− → π−ψ(2S )] = (6.0+1.7+2.5
−2.0−1.4) × 10−5, and spin-parity JP = 1+

is favored over the other assignments by more than 3.4σ. The inconsistent results on the Zc(4430)− between BaBar
and Belle measurements have been an open question for a very long time since there were no new data available until
recently.

Since LHCb has large B-samples, the same process B0 → K+π−ψ(2S ) with ψ(2S ) → µ+µ− was analyzed to
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Figure 41: The M[π−ψ(2S )] distribution by Belle for events in the selected B signal region and with the K∗(892) and K∗2(1430) signals veto
applied [258]. The shaded histogram is from non-B backgrounds. The solid curves show the best fit results with a relativistic S -wave BW function
to model the peak plus a smooth phase-space-like function.

search for resonant structures using pp collision data corresponding to 3 fb−1 [38]. After event selection, 25176± 174
B0 → K+π−ψ(2S ) → K+π−µ+µ− candidates were selected. The order-of-magnitude increase in the signal yield
over the Belle measurement [259] improved the sensitivity of Zc(4430)− searches and allowed a measurement of
quantum numbers and Argand plot. Thus, a 4D model-dependent amplitude fit with M2

K+π− , M2
π−ψ(2S ), cosθψ(2S ),

and φ as variables, was performed to the selected signal candidates, where θψ(2S ) is the ψ(2S ) helicity angle and
φ is the angle between the K∗ and ψ(2S ) decay planes in the B0 rest frame. In the amplitude fit, all known K∗

resonances, a nonresonant term, and a Z−c amplitude represented by a BW function are included. The fit yields a mass
of (4475 ± 7 +15

−25) MeV and a width of (172 ± 13 +37
−34) MeV, which are consistent with, but more precise than, the Belle

results [259]. The lowest significance for the Zc(4430)− signal is 13.9σ. It means the data cannot be described with
K+π− resonances alone, thus confirming the existence of the Zc(4430)−. The projection of the 4D amplitude fit on
the Mπ−ψ(2S ) is shown in Fig. 42, where the red solid (brown dashed) histogram represents the total amplitude with
(without) the Z−c component, the upper (lower) blue points represent the Z−c component removed (taken alone), and
the orange, magenta, cyan, yellow, green, and red points represent the K∗(892), total S -wave, K∗(1410), K∗(1680),
K∗2(1430), and background terms, respectively. Relative to JP = 1+, the 0−, 1−, 2+, and 2− hypotheses are ruled out by
at least 9.7σ, thus the spin-parity of the Zc(4430) is established to be 1+ unambiguously. In addition, LHCb measures
the Argand plot of the Z−c amplitude as a function of Mπψ(2S ), which is consistent with a rapid change of the Zc(4430)−

phase when its magnitude reaches the maximum, expected behavior of a resonance. This is the first time an Argand
plot is obtained for an exotic charmonium-like state.

In the amplitude fit, LHCb also tried to add an additional resonance Z−c and found the p-value of the χ2 test
improves from 12% to 26%, corresponding to a 6σ signal significance. The measured mass and width of this additional
Z−c state are (4239 ± 18+45

−10) MeV and (220 ± 47+108
−74 ) MeV and 0− is preferred over other JP assignments by 8σ. This

is the state dubbed Rc0(4240) in the spectrum shown in Fig. 1. Although the signal significance is large for this state,
Argand diagram studies are inconclusive. Therefore, its characterization as a resonance will need further confirmation.

In a full amplitude analysis of B0 → K+π−J/ψ decay based on a 711 fb−1 Υ(4S ) data sample at Belle [261],
the Zc(4430)− → π−J/ψ is observed as a 4.0σ signal, while BaBar’s earlier model-independent analysis of the same
mode did not find this process [263]. Very recently, an angular analysis of B0 → K+π−J/ψ with J/ψ → µ+µ− decays
was performed by LHCb, although non-K∗ events must exist, whether there is a contribution from the Zc(4430) is not
clear [264].

• The Zc1(4050) and Zc2(4250) states

Replacing the ψ(2S ), Belle subsequently checked the π−χc1 system in exclusive B0 → K+π−χc1 using 657 × 106

BB̄ pairs [260]. After signal selections, the Dalitz plot distribution exhibits some distinct features: two clear bands
corresponding to K∗(892) and K∗(1430) decays to Kπ; a distinct band at M2(π−χc1) ≈ 17 GeV2 corresponding to a
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Figure 42: The projection of the 4D amplitude fit on the Mπ−ψ(2S ) [38]. The red solid (brown dashed) histogram represents the total amplitude
with (without) the Z−c component, the upper (lower) blue points represent the Z−c component removed (taken alone), and the orange, magenta, cyan,
yellow, green, and red points represent the K∗(892), total S -wave, K∗(1410), K∗(1680), K∗2(1430), and background terms, respectively.

structure in the π−χc1 channel. To obtain such structure parameters, a 6D Dalitz plot analysis was performed, where
all the known K+π− resonances below 1900 MeV and a single exotic π−χc1 resonance are included. Such a fit gives
the confidence level of 0.5%, which indicates that the shape of the structure is not well reproduced by a single BW.
Motivated by this, an additional resonance decaying to π−χc1 is added to the above fit model. The masses and widths
of the two Z−c resonances from the fit are M1 = (4051 ± 14+20

−41) MeV, Γ1 = (82+21+47
−17−22) MeV, M2 = (4248+44+180

−29−35 ) MeV,
and Γ2 = (177+54+316

−39−61 ) MeV. They are denoted as Zc1(4050) and Zc2(4250) with signal significances greater than 5σ
for both. The confidence level for this fit is 42%.

The invariant mass distribution M(π−χc1) with 1.0 GeV2 < M2(K+π−) < 1.75 GeV2 is shown in Fig. 43, where
the solid (dashed) histogram is the Dalitz plot fit result for the fit model with all known K∗ and two (without any)
π−χc1 resonances, the dotted histograms represent the contribution of the two Zc1(4050) and Zc2(4250) states. These
two charged resonances represent additional candidate states of similar characteristics to the Zc(4430)−.

Figure 43: The invariant mass distribution M(π−χc1) with 1.0 GeV2 < M2(K+π−) < 1.75 GeV2 [260]. The solid (dashed) histogram is the Dalitz
plot fit result for the fit model with all known K∗ and two (without any) π−χc1 resonances, the dotted histograms represent the contribution of the
two Zc1(4050) and Zc2(4250) states.

After Belle claimed the observation of the Zc1(4050) and Zc2(4250) states, the BaBar experiment analyzed the same
process using an integrated luminosity of 429 fb−1 [265]. In this analysis, BaBar fitted the background-subtracted and
efficiency-corrected π−χc1 mass distribution using the Kπ mass distribution and the corresponding normalized Kπ
Legendre-polynomial moments, and found that the fit can describe the data well without the need of any charged Zc

resonance in the π−χc1 system. So their conclusion is: Neither Zc1(4050) nor Zc2(4250) is evident, leading to 90% C.L.
upper limits on the branching fractions for the corresponding B-meson decay modes. Given the large uncertainties, the
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upper limits are still compatible with the branching fraction values from the Belle measurement [260]. Thus, further
confirmation of the existence of the Zc1(4050) and Zc2(4250) states at LHCb and Belle II is needed in the future.

• The Zc(4200) state

After the charged charmonium-like states of Zc(4430), Zc1(4050), and Zc2(4250) were observed in B decays by
Belle, a full amplitude analysis was performed to the B0 → K+π−J/ψ decay with J/ψ decaying to a lepton pair
to search for possible charged charmonium-like states in the π−J/ψ system based on a 711 fb−1 Υ(4S ) data sam-
ple [261]. After event selection, the total number of signal events is 29 990 ± 190 ± 50. For these selected signal
candidates, the amplitude of the decay B0 → K+π−J/ψ is represented as the sum of BW contributions for different
intermediate two-body states calculated using the helicity formalism in a four-dimensional parameter space, defined
as Φ = (M2

Kπ,M
2
J/ψπ, θJ/ψ, ϕ), where θJ/ψ is the J/ψ helicity angle [the angle between the momenta of the (K+π−)

system and the `− in the J/ψ rest frame; `−`+ is the leptonic pair from the J/ψ decay] and ϕ is the angle between the
planes defined by the (`+`−) and (K+π−) momenta in the B0 rest frame. The known resonances included in the default
model are K∗0(700), K∗(892), K∗(1410), K∗0(1430), K∗2(1430), K∗(1680), K∗3(1780), K∗0(1950), K∗2(1980), K∗4(2045),
and Zc(4430)−; a search for additional exotic Z−c resonances is performed. An unbinned maximum-likelihood fit over
the four-dimensional space Φ was performed. The considered spin-parity hypotheses of a possible Z−c resonance are
JP = 0−, 1−, 1+, 2− and 2+. The best fit gives a global 6.2σ significance of a Z−c resonance with a mass of (4196+31+17

−29−13)
MeV and a width of (370+70+70

−70−132) MeV. Thus, a new charged Zc state, Zc(4200)−, is observed. The preferred quantum
numbers assigned to this state are JP = 1+. Projections of the fit results onto the M2

J/ψπ axis in different K+π− mass
regions for the model with the Zc(4200) (JP = 1+) are shown in Fig. 44.

Figure 44: Projections of the fit results onto the M2
J/ψπ axis with the Zc(4200) (JP = 1+) in different K+π− mass regions [261]. The points with error

bars are data; the solid histograms are fit results, the dashed histograms are the Zc(4430)− contributions, the dotted histograms are the Zc(4200)−

contributions and the dash-dotted histograms are contributions of all K∗ resonances.

Note that similar to the Zc(4430), BaBar’s earlier model-independent analysis of B0 → K+π−J/ψ decays did not
find the Zc(4200)− in the π−J/ψ system using an integrated luminosity of 413 fb−1 Υ(4S ) data [263]. BaBar made
minimal assumptions about the K∗J spectrum, using two-dimensional moments in the variables M(K+π−) and the K+

helicity angle. Within uncertainties, the M(J/ψπ−) spectrum in the BaBar data was found to be adequately described
using just K∗J states, without a need for exotic contribution. The inconsistent results on the Zc(4200) between BaBar
and Belle measurements have been recently solved by LHCb as is described below.

LHCb performed an angular analysis of B0 → K+π−J/ψ with J/ψ → µ+µ− decays using proton-proton collision
data corresponding to an integrated luminosity of 3 fb−1 [264]. After event selection, 554500 ± 800 signal candidates
are obtained in the mass region 745 < M(K+π−) < 1545 MeV. This selected data sample is divided into 35 fine bins
in M(K+π−) and a four-dimensional angular analysis is performed in each mass bin. The four variables, M(K+π−), θV ,
θl, and χ, fully describe the decay topology, where θV is the K+ helicity angle defined as the K+ momentum direction
in the K+π− helicity frame with respect to the B0 rest frame, θl is the similar lepton helicity angle, and χ is the the
azimuthal angle between the (µ+µ−) and (K+π−) decay planes. To maximise the sensitivity to any exotic component, an
angular analysis is performed in the M(K+π−) ∈ [1085, 1445] MeV region, where Jk

max, the allowed spin of the highest
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partial wave for the K−π+ system (K∗J), is 3. Figure 45 shows the comparison of the M(J/ψπ−) distributions between
the background-subtracted data and weighted simulated events with the Jk

max = 2 model taken in the M(K+π−) ∈
[1085, 1265] MeV region. The Jk

max = 2 model clearly can not describe the peaking structures in the data around
M(J/ψπ−) ≈ 4200 and 4600 MeV, which strongly indicates presence of exotic components. The significance for
exotic components is in excess of 6σ with systematic uncertainties included. The structure at M(J/ψπ−) ≈ 4200 MeV
is close to the exotic state reported by Belle [261]. To interpret these structures as exotic tetraquark resonances and
measure their properties will require a future model-dependent amplitude analysis of the data.

Figure 45: Comparison of M(J/ψπ−) distributions in the M(K+π−) ∈ [1085, 1265] MeV region between the background-subtracted data and
simulated events weighted by moment models with Jk

max = 2 and Jk
max = 15 [264].

• The Zc(3900) and Zc(4020) states

To understand the intermediate states in Y(4230) → π+π−J/ψ, the BESIII experiment collected a 525 pb−1 data
sample in 2013 at c.m. energy of 4.26 GeV, the peak of the Y(4230) [22]. The cross section of e+e− → π+π−J/ψ at
√

s = 4.26 GeV is measured to be (62.9±1.9±3.7) pb based on the selected 1477 signal candidates, which agrees with
the previous results from the BaBar [153] and Belle [25] experiments. Using this selected signal sample, the Dalitz
plot is drawn to check for possible intermediate states, as shown in Fig. 46 (left panel). At the same time, Belle updated
the measurement of the cross section of e+e− → π+π−J/ψ from 3.8 to 5.5 GeV using the ISR method with a 967 fb−1

data sample [68]. The Dalitz plot for events in the Y(4230) signal region (4.15 GeV < M(π+π−J/ψ) < 4.45 GeV) is
also investigated, as shown in Fig. 46 (right panel).

Figures 47 and 48 show the projections of the M(π+π−) and Mmax(π±J/ψ) [the maximum value out of M(π+J/ψ)
and M(π−J/ψ)] distributions for the signal events, as well as the background events estimated from the normalized J/ψ
mass sidebands. A parametrization for the π+π− mass spectrum that includes f0(980), f0(500) (σ), and a non-resonant

Figure 46: Dalitz plots for selected e+e− → π+π−J/ψ events in the J/ψ signal region from BESIII [22] and Belle [68] experimental data. The insets
show background events from the J/ψ mass sidebands (not normalized).
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Figure 47: Invariant mass distributions of π+π− for events in the J/ψ signal region from BESIII [22] and Belle [68] experimental data. Points with
error bars represent data, shaded histograms are the normalized background estimates from the J/ψ-mass sidebands, red histograms represent MC
simulation results from σ(500), f0(980), and non-resonant π+π− amplitudes, and lower histograms are MC simulation results for a Zc(3900) signal.

amplitude can describe the data well, but does not generate any peaking structure in the π±J/ψ mass projection. The
π+π− mass spectrum shows complicated structures. Unbinned maximum-likelihood fits are applied to the distributions
of Mmax(π±J/ψ) from Belle and BESIII measurements. The signal shape is parameterized as an S -wave BW function
convolved with a Gaussian function with a mass resolution fixed at the MC simulated value. Figure 48 shows the fit
results. The measured masses are (3899.0 ± 3.6 ± 4.9) MeV and (3894.5 ± 6.6 ± 4.5) MeV and the measured widths
are (46 ± 10 ± 20) MeV and (63 ± 24 ± 26) MeV from the Belle and BESIII experiments, respectively. They are
consistent with each other within the uncertainties. The signal significance is greater than 5σ in both measurements.
This structure is now referred to as the Zc(3900). The production ratios of Zc(3900) are measured to be

σ[e+e− → π±Zc(3900)∓ → π+π−J/ψ]
σ(e+e− → π+π−J/ψ)

= (21.5 ± 3.3 ± 7.5)% and (29.0 ± 8.9)%

in the BESIII and Belle experiments, respectively, where the error in the Belle measurement is statistical only. As the
Zc(3900) state has a strong coupling to charmonium and is charged, it cannot be a conventional cc̄ state. Actually,
since the final state is an isovector, the Zc state should be an isovector as well.

Figure 48: Unbinned maximum-likelihood fits to the distributions of the Mmax(πJ/ψ) from BESIII [22] and Belle [68] experimental data. Dots
with error bars are data, the solid curves are the best fits, the dashed histograms represent the results of the phase-space distribution, and the shaded
histograms are the normalized J/ψ sideband events.

The Zc(3900) state was confirmed shortly after with CLEO-c data at a c.m. energy of 4.17 GeV [69], and the mass
and width agreed very well with the BESIII and Belle measurements. In addition, a 3.5σ evidence for Zc(3900)0 in
the CLEO-c data was also reported in the e+e− → π0π0J/ψ process [69].

BESIII measured the cross sections of e+e− → π0π0J/ψ with data in the c.m. energy ranges from 4.19 to
4.42 GeV [157]. A neutral state Zc(3900)0 → π0J/ψ with a significance of 10.4σ was observed, with the mass
and width measured to be (3894.8 ± 2.3 ± 3.2) MeV and (29.6 ± 8.2 ± 8.2) MeV, respectively, which are close to
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those of Zc(3900)±. Thus, it is interpreted as the neutral partner of the Zc(3900)±. The measured production rate of
e+e− → π0Zc(3900)0 is about half of that for e+e− → π+Zc(3900)− + c.c., which is consistent with the expectation
from isospin symmetry. This confirms that the Zc(3900) is an isovector state.

As the Zc(3900) mass is close to the DD̄∗ mass threshold, it is natural to check the DD̄∗ mass spectrum in e+e− →
π±(DD̄∗)∓, which was studied by BESIII using the data sample at

√
s = 4.26 GeV [266]. The e+e− → π+(DD̄∗)−+c.c.

events are selected by a so-called single-tag technique in which only the bachelor π± and one final-state D meson are
reconstructed, and the D̄∗ is inferred from energy-momentum conservation. In this analysis, both isospin channels
π+D0D∗− + c.c. and π+D−D∗0 + c.c. are studied and the D mesons are reconstructed in the D0 → K−π+ and D+ →

K−π+π+ decay channels. As expected, a structure close to the DD̄∗ mass threshold is observed in the (DD̄∗)± invariant
mass distributions, as shown in Fig. 49 for the selected e+e− → π+(DD̄∗)− + c.c. candidates. Using a BW function
with a mass-dependent width as a signal shape to fit the (DD̄∗)± invariant mass distributions, the pole mass and width
are determined to be (3883.9 ± 1.5 ± 4.2) MeV and (24.8 ± 3.3 ± 11.0) MeV, respectively. The fit results are shown
in Fig. 49 with solid lines. The production rate is measured to be σ[e+e− → π∓Zc(3900)±]B[Zc(3900)± → (DD̄∗)±] =

(83.5 ± 6.6 ± 22.0) pb.
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Figure 49: The M(D0D∗−) (left) and M(D+D̄∗0) (right) distributions for selected signal candidates at
√

s = 4.26 GeV in the single-tag analy-
sis [266]. The solid curves show the best fits.

The processes e+e− → π+D0D∗− + c.c. and π+D−D∗0 + c.c. are reanalyzed using a double-tag technique with data
samples at

√
s=4.23 and 4.26 GeV [267]. The bachelor π+ and the D-meson pair are reconstructed, with the π from

D∗− and D∗0 decays inferred using energy-momentum conservation. The D0 candidates are reconstructed in four decay
modes (K−π+, K−π+π0, K−π+π+π−, and K−π+π+π−π0), and the D− in six decay modes (K+π−π−, K+π−π−π0, K0

S π
−,

K0
S π
−π0, K0

S π
+π−π−, and K+K−π−). With both D candidates reconstructed, the background level is greatly suppressed.

Similarly, a structure close to the DD̄∗ mass threshold is observed in the (DD̄∗)± invariant mass distributions for the
two processes at

√
s=4.23 and 4.26 GeV. A simultaneous fit with a BW function for the Zc(3900) signal and a phase-

space distribution for the background to the (DD̄∗)± invariant mass distributions yields a mass of (3890.3 ± 0.8) MeV
and a width of (31.5 ± 3.3) MeV, with a statistical significance greater than 10σ, where the errors are statistical only.
The corresponding pole mass and width are (3881.7 ± 1.6 ± 1.6) MeV and (26.6 ± 2.0 ± 2.1) MeV, respectively. The
production rates are measured to be σ[e+e− → π∓Zc(3900)±]B[Zc(3900)± → (DD∗)±] = (141.6 ± 7.9 ± 12.3) pb
and (108.4 ± 6.9 ± 8.8) pb for

√
s=4.23 GeV and 4.26 GeV, respectively. The pole position of the Zc(3900) and the

production rate are consistent with those from the single-tag analysis with improved precision. Figure 50 shows the
M(D0D∗−) and M(D−D∗0) distributions for selected signal candidates at

√
s = 4.23 GeV and 4.26 GeV together with

the projection of of the simultaneous fit. The double-tag analysis only has ∼9% events in common with the single-tag
analysis, so the two analyses are almost statistically independent and can be combined into a weighted average. The
combined pole mass and width are (3882.2± 1.1± 1.5) MeV and (26.5± 1.7± 2.1) MeV, respectively. The combined
production rate σ[e+e− → π∓Zc(3900)±]B[Zc(3900)± → (DD∗)±] is (104.4 ± 4.8 ± 8.4) pb at

√
s=4.26 GeV. In an

analysis of e+e− → π0(DD̄∗)0, the Zc(3900)0 → (DD̄∗)0 is also observed [268] and all the results agree with the
expectations from isospin symmetry.

Determination of the spin-parity of the Zc(3900) is undoubtedly a crucial issue. In both the single-tag and double-
tag analyses of Zc(3900) → DD̄∗ + c.c. [266, 267], by checking the angular distribution of the π accompanying the
Zc(3900), BESIII found that the spin-parity JP = 1+ of the Zc(3900) is favored over JP = 0− and 1− assumptions,
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Figure 50: The M(D0D∗−) (a,c) and M(D−D∗0) (b,d) distributions for selected signal candidates at
√

s = 4.23 GeV (a,b) and 4.26 GeV (c,d) in the
double-tag analysis [267]. The solid curves show the total fits, the dashed lines are the signal shapes, and the green shaded histograms describe the
background shapes estimated by phase space MC simulation.

but J > 1 cannot be ruled out by simply checking one angular distribution. The quantum numbers JP = 0+ are
not allowed due to spin-parity conservation in Zc(3900) → πJ/ψ decays. To determine the JP values of Zc(3900)
precisely, BESIII performed a PWA to the selected e+e− → π+π−J/ψ candidates at

√
s = 4.23 and 4.26 GeV [269].

With the same event selection as in Ref. [22], the numbers of selected signal events are 4154 at
√

s = 4.23 GeV and
2447 at

√
s = 4.26 GeV, with 365 and 272 background events, respectively, estimated by using the normalized J/ψ

mass sidebands.
Amplitudes of the PWA are constructed with the helicity-covariant method [270–272]. The process e+e− →

π+π−J/ψ is assumed to proceed via the Zc(3900) resonance, i.e., e+e− → π±Zc(3900)∓, Zc(3900)∓ → π∓J/ψ, and
via the non-Zc(3900) decay e+e− → RJ/ψ, R → π+π−, with R = σ, f0(980), f2(1270), and f0(1370). In the fit, the
Zc(3900) line shape is described with a Flatté-like formula taking into account the fact that the Zc(3900)± decays are
dominated by the (DD̄∗)± [266, 267] and π±J/ψ [22] final states. All processes are added coherently to obtain the
total amplitude. The fit indicates that the spin-parity JP = 1+ of the Zc(3900) are favored by more than 7σ over other
quantum numbers (0−, 1−, 2−, and 2+). Figure 51 shows projections of the simultaneous fit results with JP = 1+ for
the Zc(3900) state at

√
s = 4.23 and 4.26 GeV, where contributions from fitted components are indicated in the plots.

The pole mass and width are determined to be (3881.2 ± 4.2 ± 52.7) MeV and (51.8 ± 4.6 ± 36.0) MeV, respectively.
The Born cross sections for e+e− → π+Zc(3900)− + c.c. → π+π−J/ψ are measured to be (21.8 ± 1.0 ± 4.4) pb at
√

s = 4.23 GeV and (11.0 ± 1.2 ± 5.4) pb at
√

s = 4.26 GeV. If the Zc(3900)± would be parametrized with a constant-
width BW function, a simultaneous fit would disfavor the BW parametrization with a significance of 6.6σ.

Although the Zc(3900) has been clearly observed at e+e− colliders, it is still necessary to check if it can be produced
in other processes, such as in B decays or at hadron colliders. This will also add more experimental information to
our understanding of its inner structure. For example, the Zc(3900)± may be produced in b-hadron decays. Recently
the D0 experiment looked for the Zc(3900) using 10.4 fb−1 of pp collision data and found evidence for the decay
Zc(3900)± → π±J/ψ [183]: For the selected π+π−J/ψ candidates, D0 performed binned maximum-likelihood fits to
the π±J/ψ mass distribution in six π+π−J/ψ mass intervals, (4.1−4.2), (4.2−4.25), (4.25−4.3), (4.3−4.4), (4.4−4.7),
and (4.7−5.0) GeV, with roughly equal numbers of signal plus background events. Figure 52 (left plot) shows the fit
to the invariant mass distribution of π±J/ψ candidates in the 4.2 < M(π+π−J/ψ) < 4.25 GeV region as an example.
A clear enhancement near the Zc(3900)± mass can be seen, which is consistent with the decays of the Y(4230).
The significances are smaller but nonvanishing in other π+π−J/ψ mass regions between 4.25 and 4.7 GeV, while no
significant signal is seen in the bins 4.1 < M(π+π−J/ψ) < 4.2 GeV or 4.7 < M(π+π−J/ψ) < 5.0 GeV. The measured
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Figure 51: Projections to Mπ+π− (a, c) and Mπ± J/ψ (b, d) of the fit results with JP = 1+ for the Zc(3900), at
√

s = 4.23 GeV (a, b) and 4.26 GeV
(c, d) from BESIII PWA [269]. The points with error bars are data, and the black histograms are the total fit results. The shaded histograms denote
the backgrounds. Plots (b) and (d) are filled with two entries per event. The contributions from fitted components are indicated in the plots.
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Figure 52: The fit to the invariant mass distribution of π±J/ψ candidates in 4.2 < M(π+π−J/ψ) < 4.25 GeV range (left plot) and the resulting
differential distribution of the Zc(3900)± signal yield versus M(π+π−J/ψ) (right plot) [183].
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Figure 53: The fit to the mass spectrum of the π±J/ψ candidates obtained by the COMPASS Collaboration in the µ+ N → µ+Z±c (3900) N →
µ+π±J/ψN → µ+µ+µ−π±N process [274]. The red solid lines show the expected Zc(3900)± signal region.

mass is M = (3895.0 ± 5.2+4.0
−2.7) MeV and the significance is 4.6σ with systematic uncertainties included from a fit

to the data in the mass range 4.2 < M(π+π−J/ψ) < 4.7 GeV. The resulting differential distribution of the Zc(3900)±

signal yield is shown in Fig. 52 (right plot). It reveals that a Zc(3900)± signal is correlated with the π+π−J/ψ system
in the invariant mass range 4.2−4.7 GeV including the Y(4230) and Y(4360) states. There is also an indication that
some Zc(3900)± signal events come from b-hadron decays to an intermediate J/ψπ+π− combination with mass above
that of the Y(4360). This is the first evidence for the Zc(3900) production at a hadron collider.

Based on the vector meson dominance model, the authors of Ref. [273] predicted a sizable cross section of the
reaction γ N → Zc(3900)± N for √sγN ∼ 10 GeV, where a Zc(3900)± can be produced by the interaction of an incom-
ing photon with a virtual charged pion provided by the target nucleon. Using the data obtained by scattering positive
muons of 160 GeV (2002-2010) or 200 GeV momentum (2011) off solid 6LiD (2002-2004) or NH3 targets (2006-
2011), COMPASS searched for the process µ+ N → µ+Zc(3900)± N → µ+π±J/ψN → µ+µ+µ−π±N [274]. The mass
spectrum for the selected π±J/ψ candidates is shown in Fig. 53, where no statistically significant resonant structure
around 3.9 GeV can be seen. An upper limit for the ratio B[Zc(3900)± → π±J/ψ]σ[γ N → Zc(3900)± N]/σ(γ N →
J/ψ N) of 3.7 × 10−3 was established at the 90% C.L.

As mentioned in Sec. 3.1.2, BESIII measured cross sections of e+e− → π+π−hc at c.m. energies of 3.90–4.42 GeV
with hc → γηc and ηc decays into 16 hadronic final states [158]. The hc signal is selected using 3.518 GeV < Mγηc <
3.538 GeV, and π+π−hc samples of 859 events at 4.23 GeV, 586 events at 4.26 GeV, and 469 events at 4.36 GeV are
obtained with purities of about ∼65%. The Dalitz plot of the selected π+π−hc candidate events to check for possible
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intermediate states is shown in Fig. 54. There are no clear structures in the π+π− system, while there is distinct
evidence in the π±hc system at about 4.02 GeV. Figure 55 (left) shows the projection of the M(π±hc) (two entries per
event) distribution for the signal events summed over the three c.m. energy points, as well as the background events
estimated from the normalized hc mass sidebands. There is a significant peak at around 4.02 GeV [Zc(4020)], and
there are also some events at around 3.9 GeV which could be Zc(3900) as shown in the inserted plot.

2)2(GeV/c2
-π+πM

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

2 )2
(G

eV
/c

2
π ch

M

13

14

15

16

17

18

0

1

2

3

4

5

6

7

8

9

10

Figure 54: Dalitz plot of M2
π+hc

versus M2
π+π−

for the selected e+e− → π+π−hc events summed over the 4.23, 4.26, and 4.36 GeV c.m. energy
points [158].

Assuming there are both Zc(4020) and Zc(3900) contributions with the mass and width of the latter fixed to the
BESIII measurements [22], an unbinned maximum-likelihood fit is applied to the M(π±hc) distribution summed over
the 16 ηc decay modes. As the Zc(3900) signal overlaps with the reflection of the Zc(4020) at

√
s = 4.36 GeV, the

data at 4.23, 4.26, and 4.36 GeV are fitted simultaneously to the same Zc(4020) signal function only with common
mass and width from 3.95 to 4.25 GeV, while the data at 4.23 and 4.26 GeV are fitted simultaneously with both of
the Zc(3900) and Zc(4020) signals from 3.8 to 4.15 GeV. The fitted results are shown in Fig. 55 (left), where the inset
shows the sum of the simultaneous fit at 4.23 and 4.26 GeV with Zc(3900) and Zc(4020). The fit yields a mass of
(4022.9± 0.8± 2.7) MeV and a width of (7.9± 2.7± 2.6) MeV, with a statistical significance greater than 8.9σ for the
Zc(4020). The cross sections are calculated to be σ[e+e− → π±Zc(4020)∓ → π+π−hc] = (8.7 ± 1.9 ± 2.8 ± 1.4) pb at
4.23 GeV, (7.4± 1.7± 2.1± 1.2) pb at 4.26 GeV, and (10.3± 2.3± 3.1± 1.6) pb at 4.36 GeV, where the first errors are
statistical, the second ones systematic, and the third ones from the uncertainty in B(hc → γηc) [6]. Since the statistical
significance of Zc(3900) is only 2.1σ, the upper limits on the production cross sections σ[e+e− → π±Zc(3900)∓ →
π+π−hc] are determined to be 13 pb and 11 pb at

√
s = 4.23 and 4.26 GeV, respectively, at 90% C.L., which are lower

than those of Zc(3900)→ π±J/ψ [269].
As mentioned in Sec. 3.1.2, BESIII measured cross sections of e+e− → π0π0hc at

√
s =4.23, 4.26, and 4.36 GeV

for the first time [157]. The intermediate state of Zc(4020)0, the neutral isospin partner of the Zc(4020)±, is observed in
the π0hc invariant mass distribution, as shown in Fig. 55 (right). This observation indicates that there is no anomalously
large isospin violation in π+π−hc and πZc(4020) systems, and Zc(4020) is an isovector state.

Since the Zc(4020) mass is close to the D∗D̄∗ mass threshold, it may have a strong coupling to the D∗D̄∗ final
state. The process e+e− → (D∗D̄∗)±π∓ [(D∗D̄∗)± = D∗+D̄∗0 and D∗−D∗0] was studied by BESIII using a 827 pb−1

data at
√

s =4.26 GeV to check the D∗D̄∗ system [275]. In this analysis, a partial reconstruction technique is used,
i.e., taking π−D∗+D̄∗0 as an example, only the bachelor π−, a charged D+, and at least one soft π0 from D∗ decays
are reconstructed. By identifying the D+ particle, the charges of its mother particle D∗+ and the bachelor π− are also
unambiguously identified. The Zc(4020) state is searched for in the bachelor π± recoil mass spectrum. The final π±

recoil mass spectrum is shown in Fig. 56 (left), where a structure near the (D∗D̄∗)± threshold is observed and the
shaded histogram is from the combinatorial backgrounds estimated by combining a reconstructed D± with a pion of
the wrong charge. Since the signal events from phase space (dot-dashed line) and combinatorial backgrounds (dotted
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Figure 55: Sum of the simultaneous fits to the M(π±hc) [158] (left panel) and M(π0hc) [158] (right panel) distributions from e+e− → π+π−hc
and π0π0hc, respectively, at 4.23, 4.26, and 4.36 GeV in the BESIII data; the inset in the left panel shows the sum of the simultaneous fit to the
M(π±hc) distributions at 4.23 and 4.26 GeV with Zc(3900) and Zc(4020). Dots with error bars are data; shaded histograms are normalized sideband
background; the solid curves show the total fits, and the dotted curves are the backgrounds from the fits.

line) cannot describe the data, assuming the enhancement is due to Zc(4020), an unbinned maximum-likelihood fit to
the π± recoil mass spectrum is performed with an S -wave BW shape to parameterize the structure. The fit yields a
mass of (4026.3± 2.6± 3.7) MeV and a width of (24.8± 5.6± 7.7) MeV, with a statistical significance of 13σ. The fit
results are shown in Fig. 56 (left). The Born cross section of e+e− → (D∗D̄∗)±π∓ is measured to be (137 ± 9 ± 15) pb
at
√

s =4.26 GeV. From the fit results, 401 ± 47 Zc(4020) signal events are obtained, and the associated ratio of the
production rates is determined to be

σ[e+e− → Zc(4020)±π∓ → (D∗D̄∗)±π∓]
σ[e+e− → (D∗D̄∗)±π∓]

= 0.65 ± 0.09 ± 0.06.
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Figure 56: Unbinned maximum-likelihood fits to the π∓ recoil mass spectrum in e+e− → (D∗D̄∗)±π∓ at
√

s = 4.26 GeV [275] (left), and to the π0

recoil mass spectrum in e+e− → (D∗D̄∗)0π0 at
√

s = 4.23 and 4.26 GeV [276] (right) at BESIII.

The processes e+e− → (D∗0D̄∗0)π0 and (D∗+D∗−)π0 are also studied at BESIII to search for the neutral partner
of the Zc(4020) with integrated luminosities of 1092 pb−1 at

√
s = 4.23 and 826 pb−1 at

√
s =4.26 GeV [276].

In this analysis, two D mesons are reconstructed together with the bachelor π0. The recoil mass distribution of
the bachelor π0 is shown in Fig. 56 (right), together with the distributions at

√
s =4.23 GeV and 4.26 GeV in the

inset plots. The points with error bars are the data and the shaded histograms represent the inclusive backgrounds.
Enhancements over the inclusive backgrounds estimated using the inclusive MC samples for both data samples can
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be seen, which cannot be explained by three-body nonresonant processes either. A simultaneous unbinned maximum-
likelihood fit to the bachelor π0 recoil mass spectra at

√
s =4.23 GeV and 4.26 GeV is performed with BW functions

with a mass-dependent width as Zc(4020) signal shapes. The solid lines show the fit results and the dotted red
lines stand for the Zc(4020)0 signals. The fit determines the mass and width of the Zc(4020) pole position to be
(4025.5+2.0

−4.7 ± 3.1) MeV and (23.0± 6.0± 1.0) MeV, respectively. From the simultaneous fit, 69.5± 9.2 and 46.1± 8.5
Zc(4020)0 signal events are obtained at 4.23 and 4.26 GeV, respectively, with a statistical significance of 5.9σ. The
Born cross section σ[e+e− → Zc(4020)0π0 → (D∗0D̄∗0 + D∗+D∗−)π0] is measured to be (61.6 ± 8.2 ± 9.0) pb at
4.23 GeV and (43.4 ± 8.0 ± 5.4) pb at 4.26 GeV. BESIII also obtained the ratio

σ[e+e− → Zc(4020)0π0 → (D∗D̄∗)0π0]
σ[e+e− → Zc(4020)+π− → (D∗D̄∗)+π−]

≈ 1

at
√

s = 4.26 GeV, which is expected from isospin symmetry. This also confirms that the isospin of the Zc(4020) is
one.

As mentioned before, to determine the JP values of Zc(3900), BESIII did the PWA to the selected e+e− → π+π−J/ψ
events at

√
s =4.23 and 4.26 GeV [269]. In the PWA, BESIII also searched for the process e+e− → π−Zc(4020)+ +

c.c.→ π+π−J/ψ, with the Zc(4020)± assumed to be a 1+ state added in the global fit. Its mass is taken from Ref. [158]
and width is taken as the observed value. The fit yields a 3σ statistical significance for Zc(4020)± → π±J/ψ in the
combined data. The Born cross sections are measured to be (0.2 ± 0.1) pb at

√
s = 4.23 GeV and (0.8 ± 0.4) pb at

√
s = 4.26 GeV, and the corresponding upper limits at the 90% C.L. are estimated to be 0.9 and 1.4 pb, respectively.

Although the observations of the Zc(3900) and Zc(4020) indicate that they are not conventional mesons con-
sisting of a quark-antiquark pair, their exact quark configuration is still unknown. There are many models devel-
oped to interpret their inner structure, including loosely bound hadronic molecules of two charmed mesons, com-
pact tetraquarks, hadroquarkonium, and so on. Therefore, how to discriminate between the molecule and compact
tetraquark scenarios experimentally is an important research topic that will be discussed in some depth in various
subsections of Sec. 4. It has recently been suggested that the relative decay rate of Zc(3900) → ρηc to πJ/ψ [or
Zc(4020) → ρηc to πhc] can be used to discriminate them [277]. In the compact tetraquark scenario, the predicted
ratio of B[Zc(3900) → ρηc]/B[Zc(3900) → πJ/ψ] is 230 or 0.27, depending on whether or not the spin-spin interac-
tion outside the diquarks is kept [277–282]. In the molecular framework, on the other hand, this ratio is only 0.046.
Similarly, the predicted ratio of B[Zc(4020)→ ρηc]/B[Zc(4020)→ πJ/ψ] is 6.6 in the compact tetraquark model, but
only 0.01 in the meson molecule model [277]. Therefore, a search for the decays Zc(3900)/Zc(4020)→ ρηc offers an
important opportunity to understand the internal structure of the Zc(3900) and Zc(4020).

BESIII searched for e+e− → π+π−π0ηc and intermediate states decaying into ρηc with data at c.m. energies above
4 GeV corresponding to an integrated luminosity of about 4.1 fb−1 [223]. In this analysis, ηc is reconstructed with
9 hadronic final states: pp̄, 2(K+K−), K+K−π+π−, K+K−π0, pp̄π0, K0

S K±π∓, π+π−η, K+K−η, and π+π−π0π0. A clear
signal of e+e− → π+π−π0ηc is observed at

√
s = 4.23 GeV. From the fit to the ηc mass spectrum, 333+83

−80 ηc signal
events are obtained with a statistical significance of 4.2σ. No significant signals are observed at other c.m. energy
points. The Zc(3900/4020)± → ρ±ηc signals are examined after requiring that the invariant mass of an ηc candidate
is within the ηc signal region [2.95, 3.02] GeV and the invariant mass of π±π0 is within the ρ± signal region [0.675,
0.875] GeV. The recoil mass of the remaining π∓ (equivalent to the invariant mass of ρ±ηc) is shown in Fig. 57 for the
data at

√
s = 4.23 GeV, together with the contribution from the ηc mass sideband events (the shaded histogram). In

Fig. 57, the Zc(3900)± signal is apparent, but there is no statistically significant Zc(4020)± signal. The ρ±ηc invariant
mass distribution is fitted with the contributions from Zc(3900) and Zc(4020) together with a smooth background. In
the fit, a possible interference between the signal and the background is neglected. The solid line in the left plot of
Fig. 57 shows the best fit, while the right plot is the background-subtracted distribution. The total Zc(3900)± signal
yield is 240+56

−54 events with a statistical significance of 4.3σ, and that of the Zc(4020)± is 21+15
−11 events with a statistical

significance of 1.0σ. The Zc(3900) signals at other c.m. energies and the Zc(4020) signals at all the c.m. energies are
not statistically significant. The cross section is measured as σ[e+e− → π∓Zc(3900)± → π∓ρ±ηc] = (48 ± 11 ± 11) pb
at
√

s = 4.23 GeV. This result is equal within errors to the cross section of e+e− → π+π−π0ηc, which is (46+12
−11±10) pb.

This indicates that the e+e− → π+π−π0ηc process is saturated by the process e+e− → π∓Zc(3900)± → π∓ρ±ηc. No
signal is observed at

√
s =4.26, 4.36, 4.42, and 4.6 GeV, and the upper limits of the production cross sections at the

90% C.L. are determined to be 62 pb, 36 pb, 44 pb, and 14 pb, respectively. The upper limits of the production cross
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section σ[e+e− → π∓Zc(4020)± → π∓ρ±ηc] at the 90% C.L. are determined to be 14 pb, 6 pb, 14 pb, 11 pb, and 21
pb, respectively, at

√
s = 4.23, 4.26, 4.36, 4.42, and 4.6 GeV.
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Figure 57: The π± recoil mass distribution summed over 9 ηc decay channels in e+e− → π±ρ∓ηc at
√

s = 4.23 GeV and fit with Zc(3900/4020)±

signals (left panel), and the same plot with background subtracted (right panel) [223]. Dots with error bars are data, the shaded histogram is from
ηc mass sidebands, normalized to the number of backgrounds from the fit, the solid lines are the total fits, and the dotted line is the background.

Using the results from Refs. [158, 269], the ratio RZc(3900) = B[Zc(3900)→ ρηc]/B[Zc(3900)→ πJ/ψ] is 2.2±0.9
at
√

s = 4.23 GeV and less than 5.6 at
√

s = 4.26 GeV at the 90% C.L., while the ratio RZc(4020) = B[Zc(4020)± →
ρ±ηc]/B[Zc(4020)± → π±hc] is less than 1.6, 0.9, and 1.4 at c.m. energies of 4.23, 4.26, and 4.36 GeV, respectively, at
the 90% C.L. For the RZc(3900), the current result seems to favor the compact tetraquark interpretation, while RZc(4020)
is somewhat more consistent with the molecular one. A clear discrimination is not yet possible because of both the
experimental and theoretical uncertainties.

From the above studies, we conclude that the Zc(3900) has been observed at both e+e− and hadron colliders. It
is an isovector state with positive G-parity and spin-parity JP = 1+. It decays into πJ/ψ and DD̄∗, and it may also
decay into ρηc and πhc final states. The neutral Zc(3900) has a negative C-parity. Although the reported masses and
widths are consistent with each other in many measurements, in most of the cases the possible interference between
the Zc(3900) and other amplitudes is neglected. A PWA to the selected e+e− → π+π−J/ψ events has been done by
BESIII [269], giving a pole mass of (3881.2 ± 4.2 ± 52.7) MeV and a width of (51.8 ± 4.6 ± 36.0) MeV, where the
large errors are dominated by the uncertainties in the parametrization of the π+π− S -wave amplitudes. In this PWA, a
drawback is the assumption of Zc(3900) decaying dominantly into πJ/ψ and DD̄∗ modes, which may introduce bias,
as the ρηc mode has been observed with a larger decay rate than πJ/ψ. There could be other decay modes such as
πhc, πψ(2S ) and so on. This needs to be checked with larger data samples in the future. The reported production
cross section for e+e− → π+Zc(3900)− + c.c. suffers from the same problems mentioned above. The only reliable
measurement is the product cross section of e+e− → π+Zc(3900)− + c.c.→ π+π−J/ψ determined from PWA which is
(21.8 ± 1.0 ± 4.4) pb at

√
s = 4.23 GeV and (11.0 ± 1.2 ± 5.4) pb at

√
s = 4.26 GeV [269]. The former at 4.23 GeV

is twice as big as the latter at 4.26 GeV. It would be very important to measure the Zc(3900) production cross sections
at other c.m. energies, to check if the line shape of e+e− → πZc(3900) is the same as that of e+e− → π+π−J/ψ. This
will be an important piece of information in understanding the nature of the Zc(3900) and the production mechanism.

As for the Zc(4020), we conclude that it is an isovector state with positive G-parity, similar to the Zc(3900) state.
The spin-parity quantum numbers of the Zc(4020) are not measured yet, but JP = 1+ are assumed in all the analyses.
The currently observed decay modes are πhc and D∗D̄∗. With current statistics at BESIII, the possible decay modes
of πJ/ψ and ρηc have not been observed yet. The neutral Zc(4020) has a negative C-parity. The reported masses
and widths in both analyses of π+π−hc and D∗D̄∗ final states may have bias, since the reported values depend on
different assumptions on the signal shape and the possible interference between the Zc(4020) and other amplitudes
is neglected. In the analyses of e+e− → πD∗D̄∗ [275, 276], the Zc(4020)± and Zc(4020)0 are parameterized with
different line shapes and the pole mass and width are reported in the latter case. In addition, the fractions of non-
Zc(4020) events in e+e− → πD∗D̄∗ are quite different in charged and neutral modes. All these suggest that improved
measurements of e+e− → πD∗D̄∗, both charged and neutral modes, using more D-tag modes and data at other c.m.
energies are necessary. The most reliable measurement is probably from e+e− → π+π−hc mode [158] due to the
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very narrow width. The mass and width are measured to be (4022.9 ± 0.8 ± 2.7) MeV and (7.9 ± 2.7 ± 2.6) MeV,
respectively, in this mode. Of course, a combined analysis of π+π−hc and πD∗D̄∗ modes will give more reliable
measurements of the resonant parameters. The production cross section for e+e− → πZc(4020) suffers from the
same problems mentioned in the Zc(4020) mass and width determination. It would be very important to measure the
Zc(4020) production cross sections as a function of the c.m. energy with PWA, to check if the e+e− → πZc(4020)
process is from continuum production or from decays of some resonant structures, such as the Y(4230) and Y(4390)
observed in e+e− → π+π−hc [159]. This will be an important piece of information in understanding the nature of the
Zc(4020) and the production mechanism.

• The Zc(4050) state

Belle updated the measurement of e+e− → π+π−ψ(2S ) via ISR using the 980 fb−1 full data sample [155]. Two
distinct resonances, Y(4360) and Y(4660), are observed. Possible charged charmonium-like structures in π±ψ(2S )
final states from the Y(4360) or Y(4660) decays are searched for by checking the Dalitz plot of the selected candidate
events. Figure 58 (left) shows the Mmax[π±ψ(2S )] distribution, the maximum of M[π−ψ(2S )] and M[π+ψ(2S )], in
Y(4360) decays (4.0 < M[π+π−ψ(2S )] < 4.5 GeV), where an excess evidence at around 4.05 GeV can be seen. An
unbinned maximum-likelihood fit is performed on the distribution of Mmax[π±ψ(2S )]. The excess is parameterized
with a BW function and the non-resonant non-interfering background with a second-order polynomial function. The
fit yields a mass of (4054 ± 3 ± 1) MeV and a width of (45 ± 11 ± 6) MeV, as shown in Fig. 58 (left). The statistical
significance of the signal is 3.5σ with systematic uncertainties included. Due to limited statistics in Y(4660) decays
(4.5 < Mπ+π−ψ(2S ) < 4.9 GeV), no significant structure in the π±ψ(2S ) system is observed.

Figure 58: The distributions of (a) Mmax[π±ψ(2S )] from ψ(4360) aka Y(4360) decays from Belle [155] and (b) M2[π±ψ(2S )] at
√

s=4.416 GeV
(two entries per event) from BESIII [166]. The points with error bars represent the data; the shaded histogram is from the ψ(2S ) mass sidebands,
the solid curves are the best fits, and the dashed curves show the shapes of the intermediate states.

As mentioned before, BESIII studied the process e+e− → π+π−ψ(2S ) using 5.1 fb−1 of data at c.m. energies from
4.0 to 4.6 GeV [166]. Intermediate states are investigated in the data samples that have large integrated luminosity.
For data at

√
s =4.416 GeV, a prominent narrow structure is observed around 4030 MeV in the M[π±ψ(2S )] spectrum,

as shown in Fig. 58 (right). For data at
√

s =4.358 GeV, there is no obvious structure observed in the M[π±ψ(2S )]
spectrum. For data at

√
s =4.258 GeV, the possible structures with masses of 3900 and 4030 MeV in the M[π±ψ(2S )]

spectrum have kinematic reflections at each other mass positions. For data at
√

s =4.226 GeV, no structure is clearly
seen, which is very different from the behavior at the nearby energy point of 4.258 GeV. From the above, we see the
structures in the M[π±ψ(2S )] spectrum are correlated with M(π+π−) and M[π+π−ψ(2S )]. A dedicated PWA is needed
to extract reliable resonance parameters.

To characterize the structure observed in the M[π±ψ(2S )] spectrum for data at
√

s = 4.416 GeV, an unbinned
maximum-likelihood fit to the Dalitz plot is applied. Assuming an intermediate Zc state in the πψ(2S ) system with
spin-parity JP = 1+, the Dalitz plot is parameterized by the coherent sum of the process e+e− → πZc → π+π−ψ(2S )
and the direct process e+e− → π+π−ψ(2S ). The fit yields a mass of M = (4032.1 ± 2.4) MeV and a width of Γ =

(26.1 ± 5.3) MeV for the intermediate state with a significance of 9.2σ. The fit projection on M2[π±ψ(2S )] is shown
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in Fig. 58 (right). Since the overall fit curve does not match the peaking structure and the corresponding C.L. of the
fit is 8% only, the reported errors are statistical only for the parameters of the Zc structure.

The authors of Ref. [283] reported their preliminary PWA results on e+e− → π+π−ψ(2S ) at the Charm 2018 meet-
ing by using BESIII published results. A similar PWA method used in the analysis of Υ(5S ) → πZb → π+π−Υ(nS )
(n = 1, 2, 3) [284] is taken to refit e+e− → π+π−ψ(2S ) events from BESIII at

√
s = 4.416 GeV [166]. In the

fit, the interference effect between the π+π− amplitude and the Zc amplitude is taken into account properly. The fit
quality is much improved. It is found that the structure can be described well with a charged state with a mass of
(4019.0± 1.9) MeV and a width of (29± 4) MeV, or the Zc(4020) state observed in π+π−hc final state [158]. The ratio
σ[e+e− → π+Zc(4020)− + c.c.→ π+π−ψ(2S )]/σ[e+e− → π+π−ψ(2S )] from the fit is (12.0 ± 3.7)%, corresponding to
σ[e+e− → π+Zc(4020)− + c.c. → π+π−ψ(2S )] = (5.1 ± 1.6) pb. If such PWA results are confirmed in the future, it
means a new decay mode of Zc(4020) → πψ(2S ) is found. Thus, both π+π−ψ(2S ) and π+π−hc final states need to be
further investigated to understand the intermediate structures.

• The Zc(4100) state

Motivated by a series of discovered Zc states, and a prediction from the diquark model [285] of a possible exotic
state decaying to the πηc system, the LHCb Collaboration recently performed a Dalitz plot analysis of B0 → K+π−ηc

using data samples of 4.7 fb−1 pp collisions at c.m. energies of
√

s = 7, 8, and 13 TeV [262].
After event selection, there are 2105 ± 75 B0 → K+π−ηc signal candidates, and the measured branching fraction

B(B0 → ηcK+π−) is (5.73± 0.24± 0.13± 0.66)× 10−4, where the first uncertainty is statistical, the second systematic,
and the third is due to the limited knowledge of the external branching fractions. For these selected signal candi-
dates, an isobar model is used to perform the Dalitz plot analysis, where seven components [K∗(892)0, K∗(1410)0,
K∗0(1430)0, K∗2(1430)0, K∗(1680)0, K∗0(1950)0, and non-resonant] states are taken to describe the K+π− system and an
additional exotic Z−c → ηcπ

− component is assumed. Satisfactory description of the data is achieved when includ-
ing a contribution representing an exotic π−ηc resonant state with χ2/nd f = 1.3. The parameters of such a charged
charmonium-like resonance are MZ−c = (4096 ± 20 +18

−22) MeV and ΓZ−c = (152 ± 58 +60
−35) MeV with a significance of

3.2σ with systematic errors considered. The projections of the data and amplitude fit onto the π−ηc system are shown
in Fig. 59, where the contributions from each included component are shown. The spin-parity assignments JP = 0+

and JP = 1− are both consistent with the data.

Figure 59: The projections of the data and amplitude fit onto the π−ηc system from a Dalitz plot analysis of B0 → K+π−ηc performed by the LHCb
Collaboration [262], where the contributions from each included component are shown and a charged charmonium-like resonance is needed for a
satisfactory description of the data with a significance of 3.2σ with systematic errors considered.

Some phenomenological models have been developed to explain the nature of the charged Zc(4100), including an
effect arising from an S -wave D∗D̄∗ rescattering with IG JPC = 1−0++, a resonance produced by the P-wave D∗D̄∗

interaction of which the neutral partner has exotic quantum numbers IG JPC = 1−1−+ [286], a four-quark state of the
hadrocharmonium type [287], and a compact tetraquark state [288]. However, by constructing a diquark-antidiquark
current in QCD sum rules, the predicted mass in Ref. [289] is (4.24 ± 0.1) GeV, which agrees with the Y(4230) mass
and disfavors assigning the Zc(4100) as a compact tetraquark state. Due to low signal significance of Zc(4100) in
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LHCb data, more data will be required to confirm this state. The Zc(4100)− and its neutral partner can be searched for
at Belle and Belle II in B→ Kπηc to conclusively determine the nature of the Zc(4100) resonance.

• Search for Zc pair production

Considerable efforts in theory have been devoted to interpret the charged charmonium-like states as compact
tetraquarks, molecules, or hadrocharmonia [13, 14, 290]. To distinguish among these explanations, more experimental
or theoretical input is needed. A new idea in this respect is presented in Refs. [291, 292], where for double Z±c
production in e+e− → Z+

c Z−c the dependence on s (the e+e− c.m. energy squared) of the electromagnetic form factor,
FZ+

c Z−c is claimed to be related to the number of active constituents in the states. However, it remains unclear from
which values of s onwards this scaling is applicable.

Belle searched for doubly charged charmonium-like state production with 102 million Υ(1S ) events, 158 million
Υ(2S ) events, 89.5 fb−1 data collected at

√
s = 10.52 GeV, 711.0 fb−1 data collected at

√
s = 10.58 GeV, and

121.4 fb−1 data collected at
√

s = 10.867 GeV. No significant signals are observed in any of the studied modes, and
the 90% C.L. upper limits on B[Υ(1S , 2S ) → Z+

c Z(′)−
c ]B(Z+

c → π+ + cc̄) [cc̄ = J/ψ, χc1(1P), ψ(2S )] and σ[e+e− →
Z+

c Z(′)−
c ]B(Z+

c → π+ +cc̄) at
√

s = 10.52, 10.58, and 10.867 GeV are in the range of (1.8−45.5)×10−6 and (1.3−143.9)
fb, respectively. Here, Zc refers to the Zc(3900) and Zc(4200) observed in the πJ/ψ final state, the Zc1(4050) and
Zc2(4250) in the πχc1(1P) final state, and the Zc(4050) and Zc(4430) in the πψ(2S ) final state.

3.2.3. Bottomonium-like charged Zb states
Although the processes Υ(5S ) → π+π−Υ(nS ) (n = 1, 2, 3) were observed [293] at Belle in 2008 with 21.7 fb−1

data collected near the Υ(5S ) peak, the Dalitz plots of the processes were only investigated in 2012 together with the
processes Υ(5S )→ π+π−hb(mP) (m = 1, 2) with 121.4 fb−1 data collected in the vicinity of the Υ(5S ) resonance [284].
Amplitude analyses of the three-body Υ(5S ) → π+π−Υ(nS ) decays with Υ(nS ) → µ+µ− are performed by means of
unbinned maximum likelihood fits to two-dimensional M2[π+Υ(nS )] versus M2[π−Υ(nS )] Dalitz distributions [284].
One-dimensional invariant mass projections for events in the Υ(nS ) signal regions are shown in Fig. 60, where two
peaks are observed in the πΥ(nS ) system near 10.61 GeV and 10.65 GeV [named as Zb(10610) and Zb(10650)].
The combined statistical significance of the two peaks exceeds 10σ for all π+π−Υ(nS ) channels. The yields of
Υ(5S )→ π+π−hb(1P) and π+π−hb(2P) as a function of π missing mass are shown in Fig. 61, where the Zb(10610) and
Zb(10650) signals are clear although the available phase-space is smaller for πhb(2P). The histograms in Fig. 61 are
the fit results with interfering Zb(10610) and Zb(10650) signals. Analyses of charged pion angular distributions favor
the JP = 1+ spin-parity assignment for both the Zb(10610) and Zb(10650). Their π0 transition modes were measured
to confirm their isospin [294], and the open bottom decay modes were studied to understand the couplings to various
final states [295]. Note that their decay modes fix the isospin of the Zb states to one.

Figure 60: Comparison of fit results (open histogram) with experimental data (points with error bars) for events in the (a) Υ(1S ), (b) Υ(2S ), and
(c) Υ(3S ) signal regions [284]. The hatched histogram shows the background component.

The cross sections of e+e− → π+π−Υ(nS ) (n = 1, 2, 3) at the Υ(5S ) peak and 22 energy points between 10.63
and 11.02 GeV with approximately 1 fb−1 of the collected luminosity each are measured by Belle [296]. Can-
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Figure 61: The yields of (a) π+π−hb(1P) and (b) π+π−hb(2P) as a function of π missing mass (points with error bars) and results of the fit
(histogram).

didate π+π−Υ(nS )(→ µ+µ−) events are selected for the measurement. Figure 62 shows Rπ+π−Υ(nS ) ≡ σ[e+e− →
π+π−Υ(nS )]/σ0(e+e− → µ+µ−). The cross sections are fit for the masses and widths of the Υ(5S ) and Υ(6S ) reso-
nances. It is found that e+e− → π+π−Υ(nS ) is dominated by the two resonances. With e+e− → π+π−Υ(nS ), Belle
measured MΥ(10860) = (10891.1 ± 3.2+0.6

−1.7) MeV and ΓΥ(10860) = (53.7+7.1
−5.6

+0.9
−5.4) MeV, and reported the first measure-

ments MΥ(11020) = (10987.5+6.4
−2.5

+9.0
−2.1) MeV, ΓΥ(11020) = (61+9

−19
+2
−20) MeV, and the relative phase φΥ(11020) − φΥ(10860) =

(−1.0 ± 0.4 +1.0
−0.1) rad.

Figure 62: Cross sections of e+e− → π+π−Υ(1S ) (left), π+π−Υ(2S ) (middle), and π+π−Υ(3S ) (right) [296], and the fits with a coherent sum of two
BW functions. Error bars are statistical only.

The large statistics at the Υ(5S ) peak make a study of the intermediate states of e+e− → π+π−Υ(nS ) possible [284].
After event selection, 1905, 2312, and 635 candidate events are left for the π+π−Υ(1S ), π+π−Υ(2S ), and π+π−Υ(3S )
final states, respectively. Belle performed a full amplitude analysis of three-body e+e− → π+π−Υ(nS ) transitions and
determined the relative fractions of various quasi-two-body components of the three-body amplitudes as well as the
spin and parity of the two observed Zb states. The favored quantum numbers are JP = 1+ for both Zb(10610) and
Zb(10650) states, and the alternative JP = 1− and JP = 2± combinations are rejected at confidence levels exceeding
six standard deviations. Results of the amplitude analysis are summarized in Table 4, where fractions of individual
quasi-two-body modes, masses and widths of the two Zb states, the relative phase (φZ) between the two Zb amplitudes,
and fraction cZb(10610)/cZb(10650) of their amplitudes are given.

The processes Υ(5S ) → π0π0Υ(nS ) are observed at Belle with the 121.4 fb−1 data sample too [294], and the
measured cross sections, σ[e+e− → π0π0Υ(1S )] = (1.16 ± 0.06 ± 0.10) pb, σ[e+e− → π0π0Υ(2S )] = (1.87 ± 0.11 ±
0.23) pb, and σ[e+e− → π0π0Υ(3S )] = (0.98 ± 0.24 ± 0.19) pb, are consistent with the expectations from isospin
conservation based on σ[e+e− → π+π−Υ(nS )] measured at the same c.m. energy. The Dalitz analyses of the processes
e+e− → π0π0Υ(2S ) and π0π0Υ(3S ) indicate that the neutral partner of the Zb(10610) is observed in its π0Υ(2S )
and π0Υ(3S ) decay modes with a significance of 6.5σ including systematic uncertainties [294]. Its measured mass,
(10609 ± 4 ± 4) MeV, is consistent with the mass of the corresponding charged state, the Zb(10610). The Zb(10650)
signal is not significant in any of the π0π0Υ(nS ) channels with the limited statistics.

Belle measured e+e− → π+π−hb(nP) (n =1, 2) with on-resonance Υ(5S ) data of 121.4 fb−1, and energy scan data
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Parameter π+π−Υ(1S ) π+π−Υ(2S ) π+π−Υ(3S )
fZ∓b (10610)π± , % 4.8 ± 1.2+1.5

−0.3 18.1 ± 3.1+4.2
−0.3 30.0 ± 6.3+5.4

−7.1
Zb(10610) mass, MeV 10608.5 ± 3.4+3.7

−1.4 10608.1 ± 1.2+1.5
−0.2 10607.4 ± 1.5+0.8

−0.2
Zb(10610) width, MeV 18.5 ± 5.3+6.1

−2.3 20.8 ± 2.5+0.3
−2.1 18.7 ± 3.4+2.5

−1.3
fZ∓b (10650)π± , % 0.87 ± 0.32+0.16

−0.12 4.05 ± 1.2+0.95
−0.15 13.3 ± 3.6+2.6

−1.4
Zb(10650) mass, MeV 10656.7 ± 5.0+1.1

−3.1 10650.7 ± 1.5+0.5
−0.2 10651.2 ± 1.0+0.4

−0.3
Zb(10650) width, MeV 12.1+11.3+2.7

−4.8−0.6 14.2 ± 3.7+0.9
−0.4 9.3 ± 2.2+0.3

−0.5
φZ , degrees 67 ± 36+24

−52 −10 ± 13+34
−12 −5 ± 22+15

−33
cZb(10650)/cZb(10610) 0.40 ± 0.12+0.05

−0.11 0.53 ± 0.07+0.32
−0.11 0.69 ± 0.09+0.18

−0.07
fΥ(nS ) f2(1270), % 14.6 ± 1.5+6.3

−0.7 4.09 ± 1.0+0.33
−1.0 −

fΥ(nS )(π+π−)S , % 86.5 ± 3.2+3.3
−4.9 101.0 ± 4.2+6.5

−3.5 44.0 ± 6.2+1.8
−4.3

fΥ(nS ) f0(980), % 6.9 ± 1.6+0.8
−2.8 − −

Table 4: Summary of results of fits to Υ(5S )→ π+π−Υ(nS ) events in the signal regions.

in the range from about 10.77 to 11.02 GeV taken at 19 points of about 1 fb−1 each [297]. The processes e+e− →

π+π−hb(np) are reconstructed inclusively using the missing mass of π+π− pairs, Mmiss
π+π− =

√
(
√

s − E∗π+π− )
2 − p∗2π+π− ,

where E∗π+π− and p∗π+π− are the energy and momentum of the π+π− pair measured in the c.m. frame. The resulting cross
sections are shown in Fig. 63. Belle performed a simultaneous fit to the energy dependence of the e+e− → π+π−hb(nP)
(n = 1, 2) cross sections. The fit function is a coherent sum of two BW amplitudes and (optionally) a constant with an
energy continuum contribution:

An f (s)
∣∣∣∣BW(s,M5,Γ5) + a ei φBW(s,M6,Γ6) + b ei δ

∣∣∣∣2,
where f (s) is the phase space function, which is calculated numerically taking into account the measured Zb line
shape, BW(s,M,Γ) is a BW amplitude BW(s,M,Γ) = MΓ/(s − M2 + iMΓ). The parameters A1, A2, M5, Γ5, M6, Γ6,
a, φ and (optionally) b, δ are floated in the fit. The significance of the non-resonant continuum contribution from the
fit is found to be 1.5σ only. Thus the default fit function does not include the continuum contribution. The fit results
for the default model are given in Table 5.
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Figure 63: Cross sections for the e+e− → π+π−hb(1P) (top) and e+e− → π+π−hb(2P) (bottom) processes as a function of c.m. energy measured by
Belle [297]. Points with error bars are the data and red solid curves are the fit results.
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Parameter Results
M5 (MeV) 10884.7+3.2

−2.9
+8.6
−0.6

Γ5 (MeV) 44.2+11.9
−7.8

+2.2
−15.8

M6 (MeV) 10998.6 ± 6.1+16.1
−1.1

Γ6 (MeV) 29+20
−12

+2
−7

A1/103 4.8+2.7
−0.8

A2/103 8.0+4.6
−1.3

a 0.64+0.37
−0.11

+0.13
−0

(φ/π) 0.1+0.3
−0.5

Table 5: Fit results to the measured e+e− → π+π−hb(nP) (n = 1, 2) cross sections [297].

The efficiency-corrected πhb(1P) and πhb(2P) invariant mass distributions are shown in Fig. 64 [297]. The data
do not follow a phase-space distribution, but populate the mass region of the Zb(10610) and Zb(10650) states. Belle
found that the transitions are dominated by the intermediate Zb(10610) and Zb(10650) states, but the limited statistics
do not allow a measurement of the contribution from each mode.
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Figure 64: The efficiency-corrected yields of π+π−hb(1P) (left) and π+π−hb(2P) (right) as a function of π missing mass [297]. Points represent
data, the black solid histogram represents the fit result with the shape fixed from the Υ(5S ) analysis, the blue dashed histogram is the result of the
fit to the phase-space distribution.

Evidence for the three-body Υ(5S )→ BB̄∗π decay has been reported previously by Belle, based on a data sample
of 23.6 fb−1 [298]. The analysis is updated with a data sample of 121.4 fb−1 on the Υ(5S ) resonance [295]. For
brevity, B+B̄0π− and B−B0π+ final states are referred to as BB̄π; B+B̄∗0π−, B−B∗0π+, B0B∗−π+, and B̄0B∗+π− final
states are referred to as BB̄∗π; and B∗+B̄∗0π− and B∗−B∗0π+ final states are denoted as B∗B̄∗π. The inclusion of the
charge-conjugate mode is implied here. The B mesons are reconstructed in 18 decay channels: B+ → J/ψK(∗)+,
B+ → D̄(∗)0π+, B0 → J/ψK(∗)0, and B0 → D(∗)−π+. The B candidates are identified by their reconstructed invariant
mass M(B) as shown in Fig. 65(a). The requirement P(B) < 1.35 GeV, where P(B) is the momentum of B candidates
in the c.m. frame, is applied to retain B mesons produced in both two-body and multibody processes.

Reconstructed B+ or B̄0 candidates are combined with π−’s and the missing mass, Mmiss(Bπ), is calculated as

Mmiss(Bπ) =

√
(
√

s − EBπ)2 − P2
Bπ, where EBπ and PBπ are the measured energy and momentum of the reconstructed

Bπ combination. Signal e+e− → BB̄∗π events produce a narrow peak in the Mmiss(Bπ) spectrum around the nominal B̄∗

mass, while e+e− → B∗B̄∗π events produce a peak at mB̄∗ + ∆mB∗ , where ∆mB∗ = mB∗ − mB, due to the missed photon
from the B∗ → γB decay. To remove the correlation between Mmiss(Bπ) and M(B) and to improve the resolution,
M∗miss = Mmiss(Bπ) + M(B) − mB instead of Mmiss(Bπ) is used. The M∗miss distribution is shown in Fig. 65(b), where
peaks corresponding to the BB̄∗π and B∗B̄∗π signals are evident. The fit to the M∗miss distribution yields NBB̄π = 13±25,
NBB̄∗π = 357 ± 30, and NB∗ B̄∗π = 161 ± 21 signal events. The statistical significances of the observed BB̄∗π and B∗B̄∗π
signals are 9.3σ and 8.1σ, respectively.
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Figure 65: The invariant mass (a) and M∗miss(Bπ) (b) distributions for B candidates in the B signal region from the analysis of Υ(5S ) → B(∗) B̄(∗)π
decay by Belle [295]. Points with error bars are data. The open histogram in (a) is the fit to data. The solid line in (b) is the fit to the Bπ missing
mass; the dashed line is the background level.

The π missing mass Mmiss(π) =

√
(
√

s − Eπ)2 − P2
π distributions are shown in Fig. 66 for selected BB̄∗π (|M∗miss −

mB̄∗ | < 15 MeV/c2) and B∗B̄∗π candidate events [|M∗miss − (mB̄∗ + ∆mB)| < 12 MeV/c2 with ∆mB = mB∗ − mB]. Here
Eπ and Pπ are the reconstructed energy and momentum, respectively, of the charged pion in the c.m. frame. It is
found that e+e− → BB̄∗π is dominated by Zb(10610) and e+e− → B∗B̄∗π is dominated by Zb(10650). The fits to the
π missing mass distributions with different models parameterizing the line shapes are also shown in Fig. 66, where
Model-0 is the fit with only Zb(10610) for BB̄∗π events and Zb(10650) for B∗B̄∗π events, Model-1 is the fit with an
additional non-resonant component for BB̄∗π events, Model-2 is the fit with a combination of two Zb amplitudes for
BB̄∗π events, and Model-3 is the fit with only a pure non-resonant amplitude for both of BB̄∗π and B∗B̄∗π events.
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Figure 66: The Mmiss(π) distributions for the (a) BB̄∗π and (b) B∗ B̄∗π candidate events from the analysis of Υ(5S )→ B(∗) B̄(∗)π decay by Belle [295].

The relative fractions for Zb decays, assuming that they are saturated by the already observed πΥ(nS ), πhb(mP),
and B(∗)B̄∗ channels, are listed in Table 6. However, this assumption needs to be further checked. For example, the
decay mode of Zc(3900) → ρηc is observed with a similar rate as Zc(3900) → πJ/ψ in the BESIII experiment; hence
Zb → ρηb, as its counterpart in the bottom sector, is expected to happen with a possible rate of a few percent.
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Channel Fraction, %
Zb(10610) Zb(10650)

π+Υ(1S) 0.54+0.16+0.11
−0.13−0.08 0.17+0.07+0.03

−0.06−0.02
π+Υ(2S) 3.62+0.76+0.79

−0.59−0.53 1.39+0.48+0.34
−0.38−0.23

π+Υ(3S) 2.15+0.55+0.60
−0.42−0.43 1.63+0.53+0.39

−0.42−0.28
π+hb(1P) 3.45+0.87+0.86

−0.71−0.63 8.41+2.43+1.49
−2.12−1.06

π+hb(2P) 4.67+1.24+1.18
−1.00−0.89 14.7+3.2+2.8

−2.8−2.3
B+B̄∗0 + B̄0B∗+ 85.6+1.5+1.5

−2.0−2.1 −

B∗+B̄∗0 − 73.7+3.4+2.7
−4.4−3.5

Table 6: Branching fractions for the Zb(10610) and Zb(10650) decays [295]. The first uncertainties are statistical and the second systematic.

While the mass determinations reported above for both the Zb(10610) and Zb(10650) are above the nearby open-
flavor thresholds, more refined analyses seem to prefer lower masses — typically below the threshold [299]. When,
however, the pion dynamics is included fully dynamically like in Ref. [300], this leads to an additional energy de-
pendence that pushes the Zb(10650) pole a little above the B∗B̄∗ threshold. These remarks illustrate that amplitudes
consistent with unitarity and analyticity should be used to extract parameters of very near-threshold states reliably
(see discussion in Sec. 4.2).

3.3. Isospin-half states

3.3.1. Searches for multi-quark states with strangeness
After the discovery of the Zc states, it is natural to search also for their possible strange partners, Zcs, by looking

at K± associated with a charmonium state. The lowest JP = 1+ Zcs state has been predicted to have a mass of
(3.97 ± 0.08) GeV [301] and its decay widths to K+J/ψ, K∗+ηc, D+

s D̄∗0, and D̄0D∗+s have been calculated using QCD
sum rules [302]. The Zcs has also been predicted in the single-kaon emission model [303, 304].

Similar to the process e+e− → Y(4230) → π+π−J/ψ in which the Zc(3900) is observed [22, 68], the e+e− →
K+K−J/ψ process is a suitable process to search for the Zcs. Belle has updated the cross sections of e+e− → K+K−J/ψ
via ISR at c.m. energies between the threshold and 6.0 GeV using a data sample of 980 fb−1 [215]. Possible inter-
mediate states for the selected e+e− → K+K−J/ψ events have been investigated by examining the Dalitz plot, but
no clear structure has been observed in the K±J/ψ system. A larger data sample seems therefore necessary to obtain
more information about possible structures in the K+K−J/ψ and K±J/ψ systems.

3.3.2. Pentaquark states
In 2015, LHCb reported the observation of two exotic structures, named as Pc(4380)+ (9σ significance) and

Pc(4450)+ (12σ significance), in the J/ψp system in Λ0
b → J/ψK−p [36]. The Pc(4380)+ has a mass of (4380 ± 8 ±

29) MeV and a width of (205 ± 18 ± 86) MeV, while the Pc(4450)+ is much narrower with a mass of (4449.8 ± 1.7 ±
2.5) MeV and a width of (39 ± 5 ± 19) MeV. The results of the fit to the J/ψp invariant mass distribution are shown
in Fig. 67, where the purple hatched and blue hatched histograms, labeled as “1” and “2”, are from the Pc(4380)+ and
Pc(4450)+ contributions, respectively. Since the valence structure of J/ψp is cc̄uud, the newly discovered particles
consist of at least five quarks.

Considering the complicated Λ∗ spectroscopy in the amplitude analysis of Λ0
b → J/ψK−p, LHCb checked the

level of consistency of the data with minimal assumptions about the spin and lineshape of possible Λ∗ contributions.
It is demonstrated that at more than 9 standard deviations Λ0

b → J/ψK−p decays cannot be described with K−p
contributions alone, and that J/ψp contributions play a dominant role. These model-independent results support the
existence of the Pc(4380)+ and Pc(4450)+ [305]. Based on the measured fractions of the Pc(4380)+ and Pc(4450)+ [36]
and the measured B(Λ0

b → J/ψK−p) [306], the branching fractions B(Λ0
b → P+

c K−)B(P+
c → J/ψp) are determined to

be (2.66±0.22±1.33+0.48
−0.38)×10−5 for Pc(4380)+ and (1.30±0.16±0.35+0.23

−0.18)×10−5 for Pc(4450)+ [306], respectively,
where the first uncertainty is statistical, the second is systematic, and the third is due to the systematic uncertainty on
B(Λ0

b → J/ψK−p).
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Figure 67: Distribution of the J/ψp invariant mass and the fit with two P+
c states [36]. The purple hatched histogram is the Pc(4380)+ and the blue

hatched histogram is the Pc(4450)+ signal.

Many theoretical interpretations of these two Pc states have been developed, including a pentaquark doublet,
hadronic molecules composed of an anticharm meson and a charm baryon, a χc1 p resonance and so on. The struc-
ture of these two states is still an open question, and none of the explanations in the literature have been accepted
unanimously [84].

Very recently, the LHCb Collaboration updated the same analysis with more data [307] and discovered a new state
Pc(4312)+ in the J/ψp invariant mass spectrum. At the same time they found that the Pc(4450)+ is composed of two
narrow overlapping structures, Pc(4440)+ and Pc(4457)+, with the following resonant parameters:

Pc(4312)+ : M = (4311.9 ± 0.7+6.8
−0.6) MeV , Γ = (9.8 ± 2.7+3.7

−4.5) MeV ,

Pc(4440)+ : M = (4440.3 ± 1.3+4.1
−4.7) MeV , Γ = (20.6 ± 4.9+8.7

−10.1) MeV ,

Pc(4457)+ : M = (4457.3 ± 0.6+4.1
−1.7) MeV , Γ = (6.4 ± 2.0+5.7

−1.9) MeV .

All these values are obtained by fitting the J/ψp invariant mass spectrum directly without doing PWA, so the numbers
are subject to change in a more sophisticated analysis and the spin-parities are not determined. It should be noticed
that the Pc(4312), Pc(4440), and Pc(4457) are just below the Σ+

c D̄0 and Σ+
c D̄∗0 thresholds of 4318 and 4460 MeV,

respectively, so that it is natural to interpret them as bound states composed of charmed baryons and anticharmed
mesons. On the other hand, the two-peak structure of the Pc(4450) was predicted in Ref. [308] after LHCb reported
the discovery of the two first pentaquarks. In the interpretation of Ref. [308], however, the Pc(4450) is a bound state
of a charmonium ψ(2S ) and a nucleon consisting of two almost degenerate pentaquark states with JP = (1/2)− and
JP = (3/2)−.

There should exist other processes leading to the production of pentaquark states that can be accessed by ex-
periments. Moreover, if pentaquark states exist, we should be able to observe more than just a few of them. One
would expect more states with either different spin-parity, or different flavor content. To confirm the existence of the
found pentaquark states and search for new ones, LHCb did the following analyses: (1) A full amplitude analysis of
Λ0

b → J/ψpπ− was performed using an integrated luminosity of 3 fb−1 [309]. Besides the nucleon excitations, the
Pc(4380)+ → J/ψp, Pc(4450)+ → J/ψp, and Zc(4200)− → J/ψπ− states are also needed for a better description of the
data with a significance of more than 3σ. (2) The pentaquark states containing a single b (anti)quark decaying weakly
into four specific final states J/ψK+π−p, J/ψK−π−p, J/ψK−π+ p, and J/ψφp were searched for, using an integrated
luminosity of 3 fb−1 [310]. No evidence for these decays was found. Upper limits at 90% C.L. on the ratios of the
production cross sections of these states times the branching fractions into the searched modes, with respect to the
production and decay of the Λ0

b baryon in the mode J/ψK−p, were set at the 10−3 level. (3) The Cabibbo-suppressed
decay Λ0

b → ψ(2S )pπ− was observed for the first time and the ψ(2S )p and ψ(2S )π− mass spectra were investigated,
but no evidence for contributions from exotic states was found [311]. With a larger data sample, a detailed amplitude
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analysis of this decay could be performed to search for possible exotic states. (4) Clear signals of Λ0
b → ψ(2S )pK−,

J/ψπ+π−pK− [312], χc1 pK−, and χc2 pK− [313] were observed, but no intermediate states were investigated. For these
processes, LHCb may be conducting further analyses of intermediate states.

One of the most promising ways to independently confirm the pentaquarks is the J/ψ photoproduction off a
nucleon using the γp → J/ψp reaction, as suggested in Ref. [314]. Similar ideas were also presented in Refs. [315–
321]. J/ψ photoproduction can benefit from the experimental fact that the pentaquark states are coupled to J/ψp. Note
that S -channel pentaquark productions via high energy photon-nucleon scattering can be understood in the framework
of the vector meson dominance model for photon-J/ψ coupling. The strong production and decay of the pentaquarks
can be connected to their couplings to J/ψp.

If a pentaquark state Pc does exist, the Pc production would manifest itself as a peak in the cross sections of
γp → J/ψp [σ(Eγ)]. Figure 68 (left) shows the expected line shapes and cross sections of pentaquark states with
different assumptions for the JP values, B(Pc → J/ψp), and width from the Joint Physics Analysis Center (JPAC)
predictions [319]. Recently the cross sections of γp→ J/ψp were measured by GlueX at 8.2 < Eγ < 11.8 GeV using
about 25% of the total data accumulated by the GlueX experiment from 2016 to date, where clear J/ψ signals are
observed [322]. The measured total cross section in bins of beam energy is shown in Fig. 68 (right), and compared
to the earlier measurements at Cornell [323] and SLAC [324]. The measured cross sections do not favor either
pure two- or three-hard-gluon exchange predicted by the Brodsky et al. model [325], and a combination of the two
processes is required to fit the data adequately as shown in Fig. 68 (right) assuming no interference between the two
contributions. The total cross section calculations of Kharzeev et al. [326] multiplied by a factor 2.3 agree well with
the measurements implying large gluonic contribution to the nuclear mass and are shown in Fig. 68 (right). The
Pc(4312)+, Pc(4440)+, and Pc(4457)+ states are expected to appear as structures at Eγ = 9.44, 10.04, and 10.12 GeV
in the cross-section results shown in Fig. 68 (right). Thus, no evidence for the Pc state can be seen. The expected
Pc(4440)+ contribution from the JPAC model-predicted yield with assumption of B(Pc(4440)+ → J/ψp) = 1.6% is
also shown in Fig. 68 (right). GlueX is planning to analyze the full data sample including data taken in 2018, therefore
a higher sensitivity is expected in the near future.
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Figure 68: The theoretical predictions on the cross sections of γp → Pc → J/ψp with different assumptions of JP values, B(Pc → J/ψp), and
width for Pc states [319] (left plot), and the measured cross sections of γp → J/ψp by GlueX [322] together with the comparison to the Cornell
[323] and SLAC [324] data, the theoretical predictions [325, 326], and the JPAC model [319] corresponding to B(Pc(4440)+ → J/ψp) = 1.6% for
the JP = 3/2− case as discussed in the text.

Many theoretical models precisely predicted the masses and decay widths of the multiquark states, but the internal
structure of these states is still uncertain. The magnetic moments of a particle are fundamental parameters, which are
directly related to the charge and current distributions in the hadrons and these parameters are directly connected to
the spatial distributions of quarks and gluons inside the hadrons. Therefore, the magnetic moments provide copious
information on the underlying quark structure and can be used to distinguish the preferred configuration from various
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theoretical models and deepen our understanding of the underlying dynamics. However, works on the magnetic
moments of the exotic particles XYZ are rare. Recently, under the assumption of Zc(3900) being a compact tetraquark
state, the magnetic moment of the Zc(3900) (µZ) was calculated to be |µZ | = (0.35+0.24

−0.19) µN or (0.47+0.27
−0.22) µN based on

different sets of input parameters with the QCD sum rules [327], and |µZ | = (0.67± 0.32) µN with the light-cone QCD
sum rules [328], where µN is the nucleon magneton. Also in Refs. [329, 330] the electromagnetic multipole moments
of pentaquarks were calculated exploiting the flavor structure or with the light-cone QCD sum rule mentioned above,
respectively, by assuming, e.g., a diquark-diquark-antiquark and D̄∗Σc molecular structure with different quantum
numbers JP = 3

2
−. The obtained values of the electromagnetic multipole moments under the two different assumptions

show large differences from each other. The magnetic moments of the Zc(3900) and Pc(4380)+ can be measured in
future experiments, for example the electromagnetic multipole moments of Pc(4380)+ can be extracted through the
process γ(∗) p → Pc(4380)+ → Pc(4380)+ γ → J/ψ p γ in the GlueX experiment. Measurements and comparisons
with predictions may provide valuable knowledge on the internal structure of these multiquark states.

To understand the pentaquark states better, further experimental research should be pursued with the currently
available and the forthcoming experimental data. There have been many suggestions on the discovery channels for
these and other exotic pentaquarks, such as (1) in B decays: B0 → pp̄K0, B̄0 → D0 pp̄; (2) in baryon decays:
Λ+

c → pK0K̄0, Λ0
b → K−χc1 p; (3) in quarkonium decays: Υ(nS )→ J/ψp + X, χcJ p + X, and D(∗)−p + X (n = 1, 2, 3);

(4) in e+e− continuum processes: e+e− → J/ψp + X, χcJ p + X, D(∗)−p + X, and D(∗)Λ + X. It is clear that a systematic
search for baryon-meson resonances should be pursued in various processes, where the baryon could be p, Λ, Σ, Ξ,
Ω, Σc, ..., and the meson π, η, ω, φ, K, D, J/ψ, χcJ , ... .

4. Theoretical foundations

Quantum Chromodynamics is the sector of the Standard Model that describes the strong interaction. It depends
on only one coupling, αs. Once renormalized, the coupling becomes small at high energies — a phenomenon known
as asymptotic freedom [2, 3]. Asymptotic freedom allows weak-coupling perturbative calculations of high-energy
processes in terms of quarks and gluons, the fundamental degrees of freedom of QCD. Equivalently, instead of αs,
one may use the intrinsic energy scale, ΛQCD. The precise value of ΛQCD depends on the adopted renormalization
scheme: in the MS scheme with three flavors, ΛMS = (332 ± 17) MeV [6].

At low energies, i.e., at energies of the order of ΛQCD or smaller, the coupling becomes large and weak-coupling
perturbative calculations are no longer an available tool for computing observables. Also, the right low-energy degrees
of freedom of the strong interaction are hadrons rather than quarks and gluons, as the former are detected in the
experiments and not the latter. This phenomenon goes under the name of color confinement, because hadrons are
color singlets, while quarks and gluons transform as triplet and octet representations, respectively, under the color
SU(3) group underlying QCD. QCD is the only sector of the Standard Model that exhibits a strongly-coupled low-
energy regime.

Since non relativistic bound states are characterized by a momentum transfer and a binding energy that is much
smaller than the mass, even the study of hadrons made of heavy quarks requires at some point the use of methods
for QCD at low energies. Because low-energy QCD cannot be addressed with weak-coupling perturbation theory,
alternative approaches have been developed. Most of the approaches can be grouped in the following categories:
phenomenological approaches, which will be discussed in Sec. 4.3, effective field theories, which will be presented
in Sec. 4.4, and lattice QCD numerical computations, whose main results will be listed in Sec. 4.5. A full description
of each of these approaches would deserve a review by itself and would go far beyond the scope of the present one.
Hence we will present them with a focus mostly on their applications to the XYZ states.

The connection of phenomenological approaches to QCD is at most plausible, but they provide a framework for
the classification of the states, offer some valuable physics insights for observables where more rigorous alternatives
are not available and have the potential to pave the way towards more systematic approaches. Sum rules supply
rigorous results, but are limited in their applications, accuracy and also in the insights they offer into the physical
problem. A detailed discussion of such phenomenological approaches lies beyond the scope of the present paper,
especially given that there exist recent reviews dedicated to all of them — in each subsection devoted to a particular
approach we provide the corresponding reference together with a brief introduction to the subject. On the contrary,
in this review we put most emphasis on the discussion of effective field theories and lattice QCD, which are rigorous
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Figure 69: Threshold structure of the T -matrix of Eq. (1) as a function of the scattering length a. Shown is the absolute square of the amplitude for
a = 20 fm (red solid), 10 fm (black dashed), 5 fm (blue dotted), and 1 fm (magenta dot-dashed). Note that in the sign convention employed here
positive scattering lengths refer to virtual states.

and systematic approaches. Their common feature is that the calculations have a sound connection to QCD and can
be improved systematically. Of the highest relevance for the subject of this report are heavy quark effective theory —
see Sec. 4.4.1 — and potential non-relativistic QCD — see Secs. 4.4.3 and 4.4.4 — both operating fundamentally at
the quark-gluon level, and chiral perturbation theory and its non-perturbative version — see Sec. 4.4.5 — operating at
the hadron level.

4.1. Threshold effects without new states
Before examining the different approaches in detail, it is necessary, however, to comment on alternative explana-

tions for the structures found in the various data sets, namely those that try to describe them without nearby poles
and accordingly without any states. In these explanations the structures are usually generated by the branch points
that emerge whenever the energy crosses a threshold related to a new channel. As will be shown below those are
of particular importance for thresholds of two (near-)stable particles in a relative S -wave, for then they can induce
pronounced non-analyticities of the production amplitudes. Clearly this kind of explanation is quite appealing, since
not only does it provide a reason why many of the additional structures are located right at the thresholds, but also, if
confirmed, would remove many states from the particle listings. There are also attempts to explain some structures as
interference phenomena. Both concepts will now be examined critically.

We begin with the former. It should be stressed that whenever the total energy (or a subsystem energy) or, more
appropriately for relativistic systems, the Mandelstam variable s crosses an N-particle threshold, the corresponding
scattering amplitude develops a branch point in the energy plane. The corresponding phase space scales as (s −
M2

thr.)
(3N−5)/2, where the threshold mass is denoted by Mthr. =

∑N
i=1 mi with mi for the mass of particle i. The “-5” term

comes from the four-dimensional delta function present in the expression for the phase space acknowledging that
energy integration counts as two powers of the momentum. As a consequence of unitarity the phase space not only
enters the expressions for cross sections but also scales the imaginary parts of the corresponding loop diagrams and
in this way enters the amplitudes. This allows for a pronounced non-analyticity at threshold, driven by a diverging,
discontinuous derivative, of the amplitude only for N = 2. Accordingly we will now focus on two-body reactions. We
may write the partial-wave-projected elastic 2→ 2 T -matrix generically for small momenta as

T (s) ∝
q2LF2(s)

1/a − iq(2L+1)F2(s) + O
(
q4) , (1)

where q is the particle momentum in the rest frame of the system — e.g., for m1 = m2 = m we may write q =√
s/4 − m2 + iε. Here the term +iε ensures that the square root is chosen positive for real valued s > 4m2, which
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refers to the physical sheet. Accordingly one may move to the unphysical sheet by choosing the −iε-prescription, or,
equivalently, the negative square root. In Eq. (1) L denotes the angular momentum of the particle pair and a is the
scattering length. With the sign convention employed in Eq. (1), positive and negative values of a lead to poles on
the unphysical and the physical sheet, respectively. The former are called virtual states, the latter bound states. To
allow for resonances one would need to add an effective range term, +1/2 rq2, to the denominator, however, this is not
necessary for the kind of reasoning we are after here 4. As done in many analyses, in addition, a form factor, denoted
here as F(s) with F(0) = 1, is introduced for convenience. It mimics the internal structure of interacting particles and
becomes operative as soon as the momentum transferred is large enough (q & Λ with a suitable Λ depending on the
particular system at hand) to resolve the latter. From Eq. (1) one reads off immediately that the mentioned pronounced
structure emerging from a discontinuity in the first derivative of the scattering amplitude — called a cusp — appears
only for L = 0. A cusp is always present when a threshold related to a pair of stable particles in a relative S -wave
opens, however, one also sees that its significance depends very sensitively on the value of the scattering length a.
In this discussion let us focus on positive values of a since bound states leave a clear imprint in observables and are
connected to physical states beyond any doubt. The dependence of the cusp on the value of a is shown in Fig. 69
where, for the illustration purpose, we employ

F(s) = exp(−q4/Λ4) , (2)

with Λ = 0.33 GeV. The result is given for a = 20, 10, 5, and 1 fm, respectively. One can clearly see that a pronounced
structure appears only for the two larger values while, for example, for a = 1 fm the amplitude shows only a very small
kink that cannot generate any structure in data. Neglecting the effect of F(s), the value of a can be translated directly
into the location of the corresponding pole below the threshold on the second sheet: One finds E = −Ev = −1/(2µa2).
Using 2µ = MD = 1865 MeV for illustration, one finds Ev ≈ 0.05, 0.2, 1, and 20 MeV for a = 20, 10, 5, and 1 fm,
respectively. Thus, the presence of a pole on the unphysical sheet very close to the threshold is necessary to have a
pronounced cusp effect. Since a pole is to be identified with a state, a pronounced cusp in the data is also a signature
of a near-threshold state.

In view of the reasoning of the previous paragraph the claim of Refs. [303, 332–338] that various near-threshold
states are simply cusp effects without any nearby pole does not look justified. However, in all these works production
reactions were studied with final states different from those which generate the cusps [for example, the Zc(3900) is
claimed to be a DD̄∗ cusp, but studied only in the πJ/ψ final state in Ref. [338]] — thus in this case the transition to
the final state is independent of the interaction in the nearby channel. It was first pointed out in Ref. [339] that the
observable most sensitive to the pole structure of the S -matrix is the final state that matches the nearby threshold. This
transition (up to possible contributions from left-hand cuts) is proportional to the T -matrix in that channel. As argued
above, however, a pronounced cusp in the T -matrix occurs only if there is a nearby pole. Based on this, the authors of
Ref. [339] argue that at least Zc(3900), Zc(4020), Zb(10610), Zb(10650), and χc1(3872) aka X(3872) should exist as
states since they are all connected to signals in the nearby channels.5 The statements of Ref. [339] were criticised in
Ref. [340]. However, in the latter work, the signal in the nearby channel is not generated by the cusp itself, but by the
vertex form factor, while the structures in the other channels are still assumed to be driven by the cusp. Moreover, if
this explanation were correct it would imply that there should be an enhancement at every threshold, since the vertex
factors should be universal.

In some cases there should be a triangle mechanism at work that can in principle mimic a resonance structure (for
a recent discussion of the issue see, for example, Refs. [341, 342]). However, it is shown in Refs. [341, 343] for the
case of the Zc(3900) that the triangle singularity alone cannot accommodate the data available at various energies.

Another proposal for the origin of the XYZ structures without nearby poles is that they emerge as interfer-
ence effects of various nearby quarkonia. For example, in Ref. [203] it is argued that an interference of the quark
states ψ(4160) and ψ(4415) together with a non-resonant background and only one additional resonance located at
4220 MeV can explain all available data for e+e− → π+π−J/ψ, π+π−hc, and π+D0D∗−. It is even shown that already
without this additional resonance a reasonable fit to the data can be achieved. However, this description comes at

4For a detailed discussion of the connection of effective range parameters and pole locations we refer to Ref. [331].
5 The logic of the presentation of Ref. [339] is somewhat different: It is shown there that, as soon as one fits the data in the nearby channel with

a one-loop diagram, the size of the interaction in that channel calls for a resummation, which then necessarily generates a pole.
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the price that the coupling of the photon to the ππJ/ψ channel is smaller than that to the ππhc channel although
the latter is, contrary to the former, forbidden by spin symmetry. Moreover, in all channels studied a fine tuning of
the non–resonant terms vs. the resonant contributions is necessary in order to diminish the appearance of structures
near the resonance positions. In this sense the results of Ref. [203] appear not to be a very natural explanation. In
Ref. [344] the Belle and BaBar data for e+e− → π+π−J/ψ in the mass range from 3.8 to 4.7 GeV are also explained as
an interference of charmonium states with some very broad structure. However, the resulting line shape appears to be
inconsistent with the new high-accuracy data by BESIII (see Fig. 22). Moreover, it is unclear how the ππhc final state
can be understood within this picture.

From here on we will assume that at least most of the structures established in the last fifteen years correspond,
indeed, to states. We will, therefore, discuss the theoretical implications of their existence in some depth.

4.2. The quark model

The quark model lies at the basis of the foundation of QCD. It allows one to identify hadrons as compound objects
consisting of quarks and antiquarks and provides a framework to describe their dynamics inside hadrons employing
the rich and well-developed apparatus of quantum mechanics. In particular, this framework is given by potential
models that capture different aspects of this dynamics. Nowadays, the quark model has been replaced in many aspects
by more rigorous treatments following directly from QCD. These are effective field theories of QCD, which we will
discuss in Sec. 4.4, and lattice QCD, which we will present in Sec. 4.5. Nevertheless, the quark model is still essential
for (i) classifying hadrons and (ii) describing some features of near- and above-open-flavor-threshold states, where
more rigorous alternatives are missing. An important disclaimer is in order here. The presentation of the material
in this subsection pretends neither to be chronological nor comprehensive. An interested reader is advised to check
dedicated review papers on the quark model which are supposed to meet these criteria, for example the review [345].
On the contrary, as it has just been stated, in this review, the quark model is only used for classification purposes as
well as a benchmark for the properties of hadrons containing heavy quarks, especially those regarded as candidates to
exotic states. For this reason, the presentation of the basic features of the quark model contained in this subsection is
rather schematic. When its predictions are exemplified, versions of the model which appear to be most recent, rather
well-developed, and provide a unified description for both charmonium and bottomonium spectrum are preferred
among many others. As such representative examples we choose (i) a relativistic potential model augmented with a
heavy-light meson pair creation mechanism [346, 347] and (ii) a relativistic quasipotential model of Refs. [48, 348–
350]. Obviously, for charmonium and especially for bottomonium systems, relativistic effects are supposed to provide
only little corrections, so using the relativistic form of the dynamics may be justified by a closer connection with the
light-quark sector where the same models may provide a reasonable description of the properties of hadrons.

• Potential models and classification

The classification of mesons in terms of bound states of a constituent (or valence) quark and antiquark, follows
the same patterns as for atoms. Baryons are understood as bound states of three quarks. In this review, following the
commonly accepted wisdom, we identify as exotic those hadrons which do not fit into the quark model classification
of mesons and baryons. Such exotic hadrons either involve valence gluons (these are glueballs, which are bound
states made of gluons only, or hybrids, which are bound states of quarks and gluons) or are made from more than
three valence quarks (these are multiquark states). Nevertheless, exotic hadrons can also have the quantum numbers
of ordinary hadrons and can, therefore, mix with the latter.

The quark model describes the interaction of the constituent quarks in terms of potentials which are usually
phenomenologically motivated, but may also be inferred from lattice QCD computations. This description works fairly
well even for light quarks (with the exception of the would-be Goldstone bosons of the chiral symmetry breaking, in
primis the pions), but it is only for heavy quarks that potential models can be justified from first principles. We will
show this rigorously in Sec. 4.4.3. The physical reason is however clear: the interaction between constituents may
be described by a potential, i.e., an instantaneous interaction, only if the typical time scale is much larger than the
average distance between the constituents. This happens if the typical energy of the constituents is much smaller than
their relative momentum, i.e., if the quarks move non relativistically. For the latter to be true their masses should be
much larger than any other scale in the system, in particular, ΛQCD, that qualifies the quarks as heavy. The heavy
quark masses, mh, being much larger than any other scale justifies organizing the potential as an expansion in 1/mh.
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In this section, we will restrict our discussion of the quark model only to quark–antiquark mesons (or quarkonia).
Then a typical potential-model Hamiltonian for a quark–antiquark system has the form

H0 = T + V, (3)

where T is the kinetic energy of the constituents, and V is the potential. For heavy quarks the kinetic energy can be
non relativistically expanded but it is sometimes treated exactly, see, for instance, Ref. [47]. The potential is usually
also expanded in powers of 1/mh. If relativistic corrections are also treated exactly in V one speaks of a relativistic
quark model, examples of which will be discussed later in this section. In general, potential quark models reduce the
study of quark bound states to a quantum mechanical problem with the entire QCD dynamics encoded in the potential.
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Figure 70: The static quark-antiquark energy from quenched lattice QCD for different couplings β = 3/(2παs) as a function of the quark-antiquark
distance r. The lattice scale is r0 ≈ 0.5 fm. The red solid line corresponds to the Cornell potential of Eq. (4). Adapted from [351].

In the meson case, the potential V is a function of the distance r between the quark and the antiquark, their masses,
spin, momenta and angular momenta. If it is organized as an expansion in the inverse of the masses, mh, the leading-
order term is the static potential, V (0), which is only a function of r. At short distances, r � 1/ΛQCD, asymptotic
freedom constrains the potential to be Coulombic. At large distances, r � 1/ΛQCD, the potential is confining. This
is confirmed by lattice simulations of the static quark-antiquark energy, see Fig. 70; for a more recent determination
in 2+1 flavor lattice QCD see, for instance, Ref. [352]. Lattice simulations also indicate that the confining part of the
static potential grows linearly with the distance r. A simple parameterization of the static potential consists, then, in
the sum of a Coulombic and a linear potential,

V (0)(r) = −
κ

r
+ σr + C. (4)

This parameterization goes under the name of Cornell potential [353]. The parameter κ would be 4αs/3 plus higher-
order corrections at very short distances, if the linear term was subtracted from the lattice data; the coefficient 4/3 is the
Casimir of the fundamental SU(3) representation and the coupling αs is the strong coupling of QCD. The parameter
σ, whose typical value varies in the range 0.16-0.2 GeV2, is known as the string tension. It may be understood as
a constant force that prevents color charges from separating. The emergence of a string tension at long distances is
suggestive of a description of the long-range interaction between heavy quark-antiquark pairs in terms of the effective
string theory [354]. The constant C is a normalization constant of the dimension of an energy; as we will discuss later
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in the section, it may also serve to mimic the effect of hadronic loops. These parameters can be determined from fits
to lattice QCD data, see e.g. Fig. 70, as well as from phenomenological approaches.

At higher orders in the 1/mh expansion, the potential V exhibits also spin- and momentum-dependent terms.
Like in Eq. (4) for the static potential, also higher-order potentials in the 1/mh expansion may be parameterized
by summing a short distance part with a long distance confining one. The short-distance part may be computed in
perturbation theory — see Eqs. (68)-(70) below for the leading-order expressions. The long-distance part may be
derived from the effective string theory, see, for instance, Ref. [355]. Spin-dependent terms show up at order 1/m2

h.
In the quark model this just reflects the smallness of the fine and hyperfine splittings. We will see in Sec. 4.4 that, in
the framework of non relativistic effective field theories, the suppression in 1/mh of the spin-dependent potentials is
a consequence of the heavy quark spin symmetry. The first derivation of the spin-dependent potentials goes back to
Refs. [356–358] and played a crucial role in establishing the nature of the confining interaction in QCD. Finally, we
remark that kinetic energy and potential in the Hamiltonian (3) depend on the heavy quark masses. In the quark model,
masses are just free parameters like σ and κ. They are sometimes called constituent masses. Their values are related
to the constant C and fixed through fits to the data (typically, to the mass spectrum). If the Hamiltonian is derived
and defined in the context of the effective field theory of Sec. 4.4.3, then the mass acquires a precise meaning. If no
constant is added/subtracted from the static potential, it is the pole mass, whereas different constants define masses in
different subtraction schemes, see Sec. 4.4.1.

A review of the determination of the potential in lattice QCD from the year 2000 is given in Ref. [351]. More
recent determinations can be found, for example, in Refs. [352, 359–361]. We discuss these lattice results, along with
analogous results for the quark-quark potential and the quark-antiquark potential in the presence of a gluonic excita-
tion, later in this review — see Secs. 4.4.3, 4.4.4 and 4.5. The potential may also be computed through models of the
QCD low-energy dynamics and the agreement/disagreement of the model predictions with data or lattice determina-
tions will then provide useful insight in the QCD low-energy dynamics. Most of the models share the basic features
of the Cornell model discussed above. In the short range, they agree with perturbative QCD, as a result of asymptotic
freedom, and, in the long range, they agree with the expectations of the effective string theory. In the intermediate
range they show different behaviours. Examples of model determinations of the quarkonium potential can be found
in Refs. [362–367].

Finally, we add a few comments on the quantum numbers of quark-antiquark states. In practical applications, the
Hamiltonian of the quark model is diagonalized in the JPC basis, where J is the total angular momentum, J = L + S,
L the total orbital angular momentum, S the total spin, while P = (−1)L+1 and C = (−1)L+S are the spatial and charge
parity, respectively, of the corresponding quark-antiquark state. While the Hamiltonian commutes with J, it does not
commute neither with S nor with L separately, that is, generally speaking, neither S nor L are good quantum numbers
for describing a quark-antiquark system. The same is true also for atomic systems.

The case J = L is trivial, as the angular wave function is simply given by the spherical harmonic YJM(n) or by the
spherical vector YJLM(n) for a spin-singlet [P = (−1)J+1, C = (−1)J] or a spin-triplet [P = (−1)J+1, C = (−1)J+1],
respectively. Here M is the magnetic quantum number and n is the unit vector in the direction of the radius r or
momentum p, depending on whether the eigenstate problem is formulated in coordinate or momentum space. Details
of the formalism of the spherical harmonics and vectors can be found, for instance, in the book [368].

The case L = J ± 1 [P = (−1)J , C = (−1)J] is more involved (with the obvious exception of the 0++ scalar meson
case, where J = 0 and L = 1). The reason is that, because of the spin-dependent potential, the wave function mixes
terms proportional to YJ(J−1)M(n) and YJ(J+1)M(n). For example, a vector state 1−− is a mixture of 3S 1 and 3D1 wave
functions, with the coefficients which depend on the dynamics. It is commonly accepted, however, that some quarko-
nium vector states are predominantly 3S 1 states [for example, ψ(3686) = ψ(2S )], while others are predominantly
3D1 states [for example, ψ(3770)]. Sometimes the relative coefficient between the two wave functions can be fixed
from additional symmetry-based arguments. For example, if chiral symmetry is effectively restored (i.e., becomes
manifest) in the spectrum of highly excited quarkonia [369, 370], then the latter fills approximate multiplets of the
SU(2)L × SU(2)R chiral group. As a consequence, there must exist two types of vectors,

|q̄γiq〉 =

√
2
3
|3S 1〉 +

√
1
3
|3D1〉 , (5)

|q̄σ0iq〉 =

√
1
3
|3S 1〉 −

√
2
3
|3D1〉 , (6)
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where the interpolating currents are written in the kets on the left-hand side, and the mixing coefficients between
the states on the right-hand side are completely fixed by chiral symmetry.6 Here q is a generic quark field, σµν =

(i/4)[γµγν] and the γ’s are the Dirac matrices. The corresponding chiral basis for all quantum numbers is built in
Ref. [372].

S -D mixing takes place not only between quark-antiquark states with the same radial quantum numbers, but also
between states with different ones [373]. Moreover, since states with similar masses mix more strongly it may happen
that higher radially excited S -wave states play an important role in the mixing with D-states that are heavy due to the
large orbital angular momentum. There exist claims in the literature that such a mixing may allow, for instance, to get
more realistic values of the leptonic widths of vector charmonium and bottomonium states and even to treat some Y
states [in particular, Y(4230) and Y(4360)] as generic c̄c quarkonia — see Refs. [374–377] and references therein. It
is important to notice, however, that the underlying mechanism for this mixing involves creation of heavy-light meson
pairs, and, as such, lies beyond the scope of the potential models discussed so far. The effect of hadronic loops and
above-threshold states on the quarkonium spectrum will be discussed below. Besides that, although the suggested
mixing mechanism is interesting by itself, its reliable implementation requires, inter alia, a better understanding of
the mixing patterns between states with different angular momenta within the quark model scheme.

• Coupling to an open-flavor threshold

The quark model discussed above relies upon the assumption that only the heavy constituent quark and antiquark
of the quarkonium are relevant degrees of freedom at scales comparable with the typical momentum transfer and
binding energy inside the bound state. This is not the case anymore, however, when the quark-antiquark distance
becomes so large that the energy stored in the string formed between the heavy quark-antiquark pair exceeds twice
the mass of the lightest heavy-light, (Q̄q), meson (σr & 2MQ̄q, where Q and q denote the heavy and the light quarks,
respectively). At this distance it is energetically favorable for the string to break, which means that the heavy quark-
antiquark pair decays strongly as (Q̄Q)→ (Q̄q)+(q̄Q). The open-flavor mesons created in this way are clearly degrees
of freedom not accounted for by the naive potential models discussed so far.

The phenomenon of the string breaking is sometimes incorporated effectively into potential models through the
flattening of the static quark-antiquark potential at relatively large quark-antiquark distances [378–381]. Moreover,
the constant parameter C in Eq. (4) can be related to the real part of the hadronic loops. If in this adaptation of the
Cornell potential the constant C is taken as a universal parameter of the model, the accuracy of predictions appears
to be rather low. Some attempts to relate the constant C with the light-quark content of the meson were made in
Ref. [382], while in Ref. [383] this parameter was directly related to the quark selfenergies and evaluated using the
field correlator method [366].

The effects of hadronic loops were studied in many theoretical works — see, for example, Refs. [49, 353, 373,
384–416] to mention some. These studies were triggered by the discovery of the narrow charm-strange mesons
D∗s0(2317) [417] and Ds1(2460) [418], which appear to have much lower (∼ 100 MeV) masses than predicted by
quark models. Such a discrepancy was explained by a strong coupling of these states to the DK [400, 419] and D∗K
channel [400, 420], respectively. Thus, one has to proceed beyond the scope of the simple constituent quark, potential
model and to treat open-flavor decays properly. Sometimes, this is described as “unquenching” the quark model.

A systematic approach to hadronic-loop effects on the spectrum of quark-antiquark states is developed in Ref. [421]
and a number of loop theorems are formulated and proved there. In particular, to incorporate hadronic-loop effects
in the quark model a physical hadron is modeled as a bare valence state |A〉 augmented by two-hadron continuum
components, |BC〉,

|Ψ〉 = |A〉 +
∑
{BC}

ψBC|BC〉 , (8)

6 Notice that, since the photon mediates electromagnetic interactions described by a vector current, the S -D wave function decomposition of a
photoproduced fermion-antifermion pair should be given by Eq. (5). Indeed, as one can readily verify, in the ultrarelativistic limit, the differential
cross section of e+e− annihilation into a pair of fermions shows an angular dependence consistent with the decomposition (5) [371]:

dσ
dΩ
∝ 1 + cos2 θ =

16π
3

∣∣∣∣∣∣∣
√

2
3

Y101(n) +

√
1
3

Y121(n)

∣∣∣∣∣∣∣
2

. (7)
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and it is assumed that the Hamiltonian consists of a valence Hamiltonian H0 [the quark model Hamiltonian (3)] and
an interaction term HI that couples the valence and continuum sectors,

H = H0 + HI . (9)

The shift in the hadron A mass due to its coupling to the BC continuum channels can be evaluated using the second-
order quantum-mechanical perturbation theory formula written in the rest frame of the decaying particle A,

∆M(BC)
A =

∫
d3 p

|〈BC|HI |A〉|2

MA − EBC + i0
, EBC =

√
p2 + M2

B +

√
p2 + M2

C , (10)

where p = pB = −pC and a particular microscopic model needs to be invoked to provide a form factor which regulates
the integral.

If MA > MB + MC, then ∆M(BC)
A acquires an imaginary part which is trivially related to the partial decay width,

Γ(A→ BC) = −2Im(∆M(BC)
A ). (11)

The total hadronic shift and the total decay width for a given meson A are given by the sum over all open-flavor
channels {BC},

∆MA =
∑
{BC}

∆M(BC)
A , ΓA =

∑
{BC}

Γ(A→ BC) . (12)

In order to proceed, one has to solve the eigenstate problem for the quark model Hamiltonian H0 and to devise
a suitable mechanism for the strong decays described by the term HI . It was suggested long ago [422–425] that
such a mechanism could be provided by the creation from the vacuum of light-quark pairs with vacuum quantum
numbers JPC = 0++, that is, 3P0 pairs. For this reason, this model is known nowadays as the 3P0 model.7 See also
Refs. [47, 429–434] for further details. Since a quark-antiquark pair is created by the operator b†d† (here b and d
are the quark and antiquark annihilation operators), the 3P0 model can be formulated with the help of the interaction
Hamiltonian (see, for example, Refs. [434, 435])

HI = g
∫

d3x ψ̄ψ, (13)

where g, or, equivalently, the dimensionless quantity γq = g/(2mq), is a free parameter of the model. A graphical
representation of the quark-pair creation is in Fig. 71. The values of γq typically lie in the range 0.3-0.5 depending on
the light-quark flavor and on the values taken by other parameters of the model — see, for example, Refs. [405, 436].

Figure 71: Graphical representation of the (qq̄) pair creation mechanism. Adapted from Ref. [437].

For states {A} belonging to a given {n, L} multiplet, the following three theorems about hadronic loops hold [421]:

7 An alternative approach, based on the 1S 0 pair creation, is also known in the literature — see, for example, Refs. [426, 427]. However, this
model is not supported by experimental data [428].
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1. The total mass shifts [see Eq. (12)] are equal.
2. The total decay widths [see Eq. (12)] are equal.
3. The mixing amplitude between any two valence basis states i and f vanishes if Li , L f or S i , S f .

The above conclusions hold if all members of the (QQ̄) multiplet have equal masses and the heavy-light mesons in the
loops also have identical masses. In addition, the final-state interaction in the continuum channels is neglected. Al-
though in reality these conditions cannot be met exactly, the results of numerical calculations performed in Ref. [421]
show that the claims of the theorems are fulfilled with a quite high accuracy in the spectrum of charmonium. More-
over, those numerical calculations also show that the total hadronic shifts for low-lying c̄c states are quite large, of the
order of 400-500 MeV. Somewhat lower shifts, of the order of 200 MeV, have been obtained for the same charmonia in
a similar approach in Ref. [405]. The conclusion drawn by the authors of Ref. [421] is that, although hadronic-loop ef-
fects may be largely renormalized away, their accurate description calls for further developments in the understanding
of the valence-continuum coupling.

As a representative example of a typical quarkonium spectrum calculation in the framework of a quark model
coupled to the open-flavor threshold, we present the results of Refs. [346, 347]. In those references, the authors
use a Hamiltonian H0 with relativistic kinetic energies and a Cornell-type potential that includes a static and a
spin-dependent part (no spin-independent part, however, beyond the static potential). Moreover, they include quark-
antiquark pair creation through the 3P0 model described above — see Eq. (13). In addition, the creation point of the
light-quark pair is smeared with a form factor of the size rq, which takes values in the range 0.25-0.35 fm [346, 394–
396, 438, 439]. Further details of the model, as well as the values of the parameters used in the actual calculations,
can be found in Refs. [346, 347], while here we only quote the results obtained for the charmonium and bottomonium
mass spectra — see Table 7.

We have just seen that unquenching the quark model reveals new effects related to hadronic loops. In particular,
if a quarkonium state lies above an open-flavor threshold, not only its mass is shifted, as a result of its coupling to
the open-flavor channel, but, in addition, the bound-state pole moves away from the real axis into the complex plane
and the mass acquires an imaginary part, conventionally identified with the width of the state. The mass (energy)
distribution that describes such a state is the famous BW distribution. To arrive at it let us parametrize the S -matrix
element for the elastic scattering process (Q̄q) + (q̄Q)→ (Q̄q) + (q̄Q) as

S = 1 + 2iA. (14)

Then the unitary condition for the amplitude A,

AA† =
1
2i

(A − A†) , (15)

is fulfilled automatically for
A = K(1 − iK)−1 , (16)

if the quantity K is real (in case of multichannel dynamics the corresponding K-matrix must be Hermitian, K† = K).
If the scattering (Q̄q) + (q̄Q)→ (Q̄q) + (q̄Q) proceeds through the formation of the state (Q̄Q) of mass M then

K = G(s)
1

M2 − s
G(s) =

Γ(s)
√

s
M2 − s

, Γ(s) =
G2(s)
√

s
, (17)

which gives the amplitude

A =
Γ(s)
√

s
M2 − s − iΓ(s)

√
s

= G(s)
1

M2 − s − Σ(s)
G(s) . (18)

The amplitude (18) describes all possible rescatterings (Q̄q)(q̄Q) → (Q̄Q) → (Q̄q)(q̄Q) → (Q̄Q) . . . in the inter-
mediate state that result in the appearance of the selfenergy (hadronic loop) operator Σ(s) in the denominator. The
selfenergy modifies the propagator of the bare (Q̄Q) state. Since the amplitude is an analytic function of s, the operator
Σ(s) is defined both above and below the corresponding open-flavor threshold (Q̄q)(q̄Q), and, therefore, it contributes
in general to both the real and imaginary parts of the denominator. Therefore, indeed, the bare pole of the amplitude,
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State JPC DD̄ D̄D∗ D̄∗D∗ DsD̄s DsD̄∗s D∗sD̄∗s ηcηc ηc J/ψ J/ψJ/ψ Σ(M2
0) M0 M Mexp.

DD̄∗ D̄sD∗s

ηc(11S 0) 0−+ – -34 -31 – -8 -8 – – -2 -83 3062 2979 2984
J/ψ(13S 1) 1−− -8 -27 -41 -2 -6 -10 – -2 – -96 3233 3137 3097
ηc(21S 0) 0−+ – -52 -41 – -9 -8 – – -1 -111 3699 3588 3638
ψ(23S 1) 1−− -18 -42 -54 -2 -7 -10 – -1 – -134 3774 3640 3686
hc(11P1) 1+− – -59 -48 – -11 -10 – -2 – -130 3631 3501 3525
χc0(13P0) 0++ -31 – -72 -4 – -15 0 – -3 -125 3555 3430 3415
χc1(13P1) 1++ – -54 -53 – -9 -11 – – -2 -129 3623 3494 3511
χc2(13P2) 2++ -17 -40 -57 -3 -8 -10 0 – -2 -137 3664 3527 3556
hc(21P1) 1+− – -55 -76 – -12 -8 – -1 – -152 4029 3877 –
χc0(23P0) 0++ -23 – -86 -1 – -13 0 – -1 -124 3987 3863 3860
χc1(23P1) 1++ – -30 -66 – -11 -9 – – -1 -117 4025 3908 3872
χc2(23P2) 2++ -2 -42 -54 -4 -8 -10 0 – -1 -121 4053 3932 3927
ηc2(11D2) 2−+ – -99 -62 – -12 -10 – – -1 -184 3925 3741 –

ψ(3770)(13D1) 1−− -11 -40 -84 -4 -2 -16 – 0 – -157 3907 3750 3773
ψ2(3823)(13D2) 2−− – -106 -61 – -11 -11 – -1 – -190 3926 3736 3823
ψ3(3842)(13D3) 3−− -25 -49 -88 -4 -8 -10 – -1 – -185 3936 3751 3842

State JPC BB̄ BB̄∗ B∗B̄∗ BsB̄s BsB̄∗s B∗s B̄∗s BcB̄c BcB̄∗c B∗c B̄∗c ηbηb ηbΥ ΥΥ Σ(M2
0) M0 M Mexp.

B̄B∗ B̄sB∗s B̄cB∗c

ηb(11S 0) 0−+ – -26 -26 – -5 -5 – -1 -1 – – 0 -64 9455 9391 9399
Υ(13S 1) 1−− -5 -19 -32 -1 -4 -7 0 0 -1 – 0 – -69 9558 9489 9460
ηb(21S 0) 0−+ – -43 -41 – -8 -7 – -1 -1 – – 0 -101 10081 9980 9999
Υ(23S 1) 1−− -8 -31 -51 -2 -6 -9 0 0 -1 – 0 – -108 10130 10022 10023
ηb(31S 0) 0−+ – -59 -52 – -8 -8 – -1 -1 – – 0 -129 10467 10338 –
Υ(33S 1) 1−− -14 -45 -68 -2 -6 -10 0 0 -1 – 0 – -146 10504 10358 10355
hb(11P1) 1+− – -49 -47 – -9 -8 – -1 -1 – 0 – -115 10000 9885 9899
χb0(13P0) 0++ -22 – -69 -3 – -13 0 – -1 0 – 0 -108 9957 9849 9859
χb1(13P1) 1++ – -46 -49 – -8 -9 – -1 -1 – – 0 -114 9993 9879 9893
χb2(13P2) 2++ -11 -32 -55 -2 -6 -9 0 -1 -1 0 – 0 -117 10017 9900 9912
hb(21P1) 1+− – -66 -59 – -10 -9 – -1 -1 – 0 – -146 10393 10247 10269
χb0(23P0) 0++ -33 – -85 -4 – -14 0 – -1 0 – 0 -137 10363 10226 10233
χb1(23P1) 1++ – -63 -60 – -9 -10 – -1 -1 – – 0 -144 10388 10244 10255
χb2(23P2) 2++ -16 -42 -72 -2 -6 -10 0 0 -1 0 – 0 -149 10406 10257 10269
hb(31P1) 1+− – -18 -73 – -11 -10 – -1 -1 – 0 – -114 10705 10591 –
χb0(33P0) 0++ -4 – -160 -6 – -15 0 – -1 0 – 0 -186 10681 10495 –
χb1(33P1) 1++ – -25 -74 – -11 -10 – 0 -1 – – 0 -121 10701 10580 10512
χb2(33P2) 2++ -19 -16 -79 -3 -8 -12 0 0 -1 0 – 0 -138 10716 10578 –
Υ2(11D2) 2−+ – -72 -66 – -11 -10 – -1 -1 – – 0 -161 10283 10122 –
Υ(13D1) 1−− -24 -22 -90 -3 -3 -16 0 0 -1 – 0 – -159 10271 10112 –
Υ2(13D2) 2−− – -70 -68 – -10 -11 – -1 -1 – 0 – -161 10282 10121 10164
Υ3(13D3) 3−− -18 -43 -78 -3 -8 -11 0 -1 -1 – 0 – -163 10290 10127 –

Table 7: Selfenergies due to coupling to the meson-meson continuum (meson loops) (in MeV) for various charmonium and bottomonium states
as evaluated in Refs. [346, 347]. The masses M0 are the quarkonium masses without hadronic-loop effects, i.e., the quarkonium masses computed
from the valence Hamiltonian H0. The masses M = M0 + Σ(M2

0 ) are the final masses including hadronic-loop effects. The masses Mexp. are the
experimental masses from Ref. [6].
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sbare = M2, moves from its original location both along the real axis (mass shift) and the imaginary axis, that is, the
pole position acquires also an imaginary part — the width.

In Eq. (18) we recognise the relativistic form of the BW distribution for an isolated resonance. If the form factor
G(s) in Eq. (17) weakly depends on s for s ≈ M2 (G(s) ≈ G(M2) ≡ g) and Γ ≡ Γ(M2) = g2/

√
M � M, then the

amplitude (18) has a pole at

spole =

(
M −

i
2

Γ

)2

≈ M2 − iMΓ . (19)

Therefore, the larger the coupling g of the quarkonium state to the continuum channel, the larger is its width and,
consequently, the more the corresponding pole in the amplitude moves away from the real axis. Nevertheless, the
single-resonance amplitude (18) is unitary by construction. Multiresonance systems, instead, have to be treated with
care, since unitarisation effects may play an important and sometimes quite unexpected role. In particular, it has been
argued for a long time that, when building quark models with coupled channels, unitarisation cannot be neglected,
and may be even responsible for the appearance of extra, dynamically generated resonances — see, for example,
Refs. [387, 437, 440–447] and references therein.

In Ref. [437], the effects of unitarisation have been studied in a simple toy model in which a scalar field ϕ [viewed
as a (qQ̄) meson] interacts with a set of scalar quark-antiquark fields Rn (n ∈ {1, . . . ,N}) associated with the n-th radial
excitations of a (QQ̄) system. The number of excitations has been assumed to be large, N � 1. The fields ϕ and ϕ̄ can
be produced from Rn through some strong open-flavor decay mechanism controlled by a coupling g. The behaviour
of the poles as g is varied in a wide range can be summarized as follows:

• For small values of the coupling g, unitarisation effects are negligibly small, so that all poles are independent
of each other, and they deviate only slightly from their respective positions, s(0)

n = M2
n , found for g = 0. Their

behaviour complies, therefore, with the one described by Eq. (19).

• For growing values of the coupling g, as soon as the selfenergy due to the loop operator becomes as large as
the level spacing [|Σn| ' M2(Rn+1) − M2(Rn)], unitarisation effects become important and cannot be treated
perturbatively anymore. In particular, for most states the pole trajectories bend and their widths decrease. A
similar observation that quark states may become narrower as the coupling to the continuum grows was made
in Ref. [443]. Such a nontrivial behaviour disproves an old prejudice that, because of the large phase space
available, the states high up in the spectrum acquire large widths and, therefore, cannot be observed. However,
a large width inevitably implies strong unitarisation effects, which, as a back reaction, tame it.

• At least one state possesses a pole trajectory that spans a wide (compared to the level spacing) range and
acquires contributions from multiple bare poles. This behaviour has been interpreted in Ref. [437] as a sort of
collective phenomenon.

The conclusion is that unitarisation effects may substantially affect the properties of hadronic states, such as the
real and imaginary parts of the corresponding poles in the complex plane (conventionally interpreted as the mass and
the width of the state), and, for strongly-coupled systems, result in some quite unexpected behaviour of the system,
such as a decrease of the width with the increase of the coupling and a sort of collective phenomenon involving
multiple poles. Such effects may manifest themselves in the line shapes of the hadronic resonances, which can depart
from the simple symmetric BW form.

• Quasipotential model

In relativistic quark models, classes of relativistic corrections are included in the potential. The inclusion is not
systematic and may miss some equally important corrections, nevertheless, the aim of these models is to capture some
features of the relativistic dynamics. Hence, one possible use of relativistic quark models is to provide a checking
ground for the convergence of the non relativistic expansion. This is particularly relevant for not so heavy quarks, like
the charm quark.

Among the relativistic quark models, in the following we will consider the quasipotential approach of Refs. [348,
349]. In this approach a meson is described as a bound state of a quark of mass m1 and an antiquark of mass m2 with
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the wave function satisfying a quasipotential equation [448] of the Schrödinger type [449],(
b2(M)
2µR

−
p2

2µR

)
ΨM(p) =

∫
d3q

(2π)3 V(p, q; M) ΨM(q) , (20)

where

µR =
E1E2

E1 + E2
=

M4 − (m2
1 − m2

2)2

4M3 , E1 =
M2 − m2

2 + m2
1

2M
, E2 =

M2 − m2
1 + m2

2

2M
, M = E1 + E2 , (21)

and the c.m. relative momentum squared on mass shell reads

b2(M) =
[M2 − (m1 + m2)2][M2 − (m1 − m2)2]

4M2 . (22)

The kernel V(p, q; M) in Eq. (20) is a quasipotential operator that describes the interaction between the quark and the
antiquark,

V(p, q; M) = ū1(p)ū2(−p)V(p, q; M)u1(q)u2(−q) , (23)

where the u’s are Dirac spinors, and the interaction,

V(p, q; M) = −
16π

3
αsDµν(k)γµ1γ

ν
2 + VV

conf(k)Γµ1Γ2;µ + VS
conf(k) , k = p− q , (24)

consists of a gluon exchange and a confining term [somehow providing a Lorentz-covariant version of the Cornell
potential (4)]. The gluon propagator in Coulomb gauge reads

D00(k) =
1
k2 , Di j(k) =

1
k2

(
δi j −

kik j

k2

)
, D0i = Di0 = 0 , (25)

whereas the confining term consists of a scalar and a vector part:

VV
conf(r) = (1 − ε)Ar + B , VS

conf(r) = εAr , Vconf(r) = VS
conf(r) + VV

conf(r) = Ar + B . (26)

Finally, the effective long-range vector vertex is given by

Γµ(k) = γµ +
iκ
2m

σµνkν , (27)

where κ is taken as a constant and is a parameter of the model.
Expressions of the quasipotential for heavy quarkonia, expanded non relativistically (i.e., in the inverse of the

heavy quark masses and for small heavy quark momenta) without and with retardation corrections to the confining
potential, can be found in Refs. [348] and [349], respectively. The spin-dependent interaction reduces in this way
to the spin-dependent potential of the non relativistic quark model. In particular, it agrees with the Cornell-type
parameterization of Ref. [356].

The model is completely fixed by setting

A = 0.18 GeV2, B = −0.16 GeV, ε = −1, κ = −1, mb = 4.88 GeV, mc = 1.55 GeV , (28)

where A can be identified with the string tension in the Cornell potential and mb and mc are the bottom and charm
mass parameters, respectively. Predictions of the model for the mass spectrum of c̄c and b̄b quarkonia are collected in
Table 8.

• Beyond the quark model: exotic states and the χc1(3872) aka X(3872)

It is instructive to put the charmonium states predicted by the quark model in a single plot (for definiteness we
use the masses listed in Table 8; using the values from Table 7 would result in a quite similar plot) — see Fig. 72.
In addition, a few observed vector states not present in the table are shown in red. It is clearly seen from Table 8
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n 2S +1LJ JPC c̄c state Theory Exp b̄b state Theory Exp
1 1S 0 0−+ ηc(1S ) 2981 2983.9±0.5 ηb(1S ) 9398 9399.0±2.3
2 1S 0 0−+ ηc(2S ) 3635 3637.6±1.2 ηb(2S ) 9990 9999±4
1 3S 1 1−− J/ψ(1S ) 3096 3096.900±0.006 Υ(1S ) 9460 9460.30±0.26
2 3S 1 1−− ψ(2S ) 3685 3687.097±0.025 Υ(2S ) 10023 10023.26±0.31
3 3S 1 1−− ψ(4040) 4039 4039±1 Υ(3S ) 10355 10355.2±0.5
4 3S 1 1−− ψ(4415) 4427 4421±4 Υ(4S ) 10586 10579.4±1.2
5 3S 1 1−− 4837 Υ(10860) 10869 10889.9+3.2

−2.6
6 3S 1 1−− 5167 Υ(11020) 11088 10992.9+10.0

−3.1
1 3P0 0++ χc0(1P) 3413 3414.71±0.30 χb0(1P) 9859 9859.44±0.42±0.31
2 3P0 0++ χc0(2P) 3870 3862+50

−35(∗) χb0(2P) 10233 10232.5±0.4±0.5
1 3P1 1++ χc1(1P) 3511 3510.67±0.05 χb1(1P) 9892 9892.78±0.26±0.31
2 3P1 1++ χc1(2P) 3906 3871.69±0.17(∗∗) χb1(2P) 10255 10255.46±0.22±0.50
3 3P1 1++ χc1(3P) 4319 χb1(3P) 10541 10512.1±2.3
1 3P2 2++ χc2(1P) 3555 3556.17±0.07 χb2(1P) 9912 9912.21±0.26±0.31
2 3P2 2++ χc2(2P) 3949 3927.2±2.6 χb2(2P) 10268 10268.65±0.22±0.50
1 1P1 1+− hc(1P) 3525 3525.38±0.11 hb(1P) 9900 9899.3±0.8
2 1P1 1+− hc(2P) 3926 hb(2P) 10260 10259.8±1.2
1 3D1 1−− ψ(3770) 3783 3773.13±0.35 10154
2 3D1 1−− ψ(4160) 4150 4191±5 10435
1 3D2 2−− ψ2(3823) 3795 3822.2±1.2 Υ2(1D) 10161 10163.7±1.4

Table 8: Charmonium and bottomonium mass spectra (in MeV) obtained in Ref. [48] and updated in Ref. [350] in the framework of the relativistic
quark model [348, 349]. Predictions of the model are compared with the experimental data from the PDG [6]. Only states with well established
quantum numbers are considered, with the only exception made for the charmonium χc0(2P) state (marked with an asterisk) reported recently
by the Belle Collaboration [134], which fits well into the quark model scheme. The charmonium χc1(2P) state (marked with a double asterisk)
is identified with the X(3872). However, for this state the effect of the coupling to the DD̄∗ threshold would be very large and result in a shift
downwards of the mass of the state, see discussion in the following paragraphs. The effects of the coupling to open-flavor thresholds have not been
included in the results of the table. Further predictions for other cc̄ and bb̄ quarkonia can be found in Refs. [48, 350].

that, while most of the charmonium states are well described by the quark model, still there are some (shown in
red and named X’s and Y’s) that do not fit into the quark model scheme. Furthermore, the charged charmonium
and bottomonium states observed experimentally cannot fit into the QQ̄ scheme as a matter of principle, since their
minimal quark content is four quarks. As detailed in Sec. 3.2, charged states are the Zc(3900)±, Zc(4020)±, and
Zc(4430)± in the charmonium spectrum, and the Zb(10610)± and Zb(10650)± in the bottomonium spectrum. Other
additional states claimed in the literature, but not yet confirmed, have been discussed in Sec. 3. All these states are
exotic states with respect to the quark model.

We conclude by adding a few comments on the spectral identification of the state X(3872), which is the first and
best known of the possible charmonium-like exotica. Since the properties of this state were discussed in detail in
Sec. 3.1.1, we only mention here that it was observed by the Belle Collaboration in 2003 [5] and that its quantum
numbers, JPC = 1++, were unambiguously determined by the LHCb Collaboration only 10 years later, in 2013 [37,
58]. The most up-to-date value of its mass given by the PDG [6] is quoted in the last column of Table 9.

Reference [47] [346] [405] [350] [450] [6]
Mass, MeV 3960 3908 3990 3906 3954 3871.69 ± 0.17

Table 9: Predictions of some quark models for the mass of the genuine χc1(2P) (or χ′c1) charmonium. The last column contains the experimental
mass of the exotic charmonium-like state χc1(3872) aka X(3872).

From the point of view of the quark model, the best cc̄ candidate for the X(3872) is the radially excited χc1(2P)
charmonium, since it possesses the right quantum numbers and lies nearby. However, such an identification meets
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Figure 72: The spectrum of states in the cc̄ sector as of July 2019 (see the caption of Fig.1 for the notations and further details). The red lines
show exotic candidates with established quantum numbers and discussed in this review. The blue lines correspond to the experimental charmonium
spectrum listed in Table 8. In each JPC channel the thick black line indicates the lowest threshold energy where a pair of narrow resonances can
couple to the given quantum number in an S wave. Note that the parity of the channels that contain the ground-state D and D∗ in S wave can only
be positive, while by replacing one of the mesons by either a D1 or a D2 gives a negative parity. Higher partial waves change the parity by the
additional factor (−1)L, with L being the angular momentum in the pair.

certain problems. In particular, the quark model is unable to explain the low mass of the X. Indeed, predictions of
quark models for this state — see, for example, those collected in Table 9 — are in the range 3900-4000 MeV, that is,
from a few dozen to more than a hundred MeV higher than needed. Furthermore, it is clearly seen from Fig. 72 that
the mass of the X(3872) is extremely close (within just 1 MeV!) to the neutral DD̄∗ threshold — a fact that cannot
be explained by the quark model other than by an accident. Such a proximity to an open-flavor threshold implies
that this threshold strongly impacts the properties of the state, and that coupled channel effects need to be taken into
account — see, for example, Refs. [405, 450]. In particular, it is shown in Ref. [405] that coupling of the bare 23P1
charmonium state to the DD̄∗ channel generates, together with a quarkonium of mass 3990 MeV (see Table 9), a very
shallow virtual state at the DD̄∗ threshold. This virtual state has a very small admixture of cc̄ charmonium in the wave
function and is suggested to be identified with the X(3872). In Ref. [450] the peak at the neutral DD̄∗ threshold is
argued to be due to a BW resonance shifted by channel coupling from its original position of 3954 MeV (see Table 9).

In order for the X(3872) to be unambiguously identified with or distinguished from the χc1(2P) on spectroscopic
grounds, an interesting observation was made in Ref. [451]. The spin-dependent potential induces a splitting within
spin-triplet states of the same radial excitation n and angular momentum L. The center-of-gravity mass of these states
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is defined as

Mc.o.g.
n3LJ

=
1

3(2L + 1)

(
(2L − 1)M(n3LJ=L−1) + (2L + 1)M(n3LJ=L) + (2L + 3)M(n3LJ=L+1)

)
. (29)

It is well known [452] that the hyperfine splitting between the mass of the spin-singlet heavy quarkonium state h
(JPC = 1+−) and the centre-of-gravity mass of the corresponding spin triplet χ (JPC = J++, J = 0, 1, 2),

∆n,1 = Mn1P1 − Mc.o.g.
n3PJ

, (30)

is very small both in the charm and bottom sector. Indeed, the experimental values read [6]

∆1,1(cc̄) = 0.08(13) MeV , ∆1,1(bb̄) = −0.57(88) MeV , ∆2,1(bb̄) = −0.44(1.31) MeV . (31)

Thus, it was suggested in Ref. [451] that the splitting ∆n,L could be used as a benchmark for the quark content
of hadronic states. A large ∆n,L would signal that at least one state in the quartet contains a significant non-QQ̄
component and, therefore, should be regarded as an exotic state. In particular, the experimental measure of the mass
of the hc(2P) would allow to test the entire charmonium 2P quartet against the identification of the X(3872) with the
χc1(2P), under the assumption that χc0(2P) and χc2(2P) have been identified correctly.

4.3. Phenomenological approaches to exotic hadrons
In this section various phenomenological approaches are discussed, which are often used in the literature to classify

mesons, including candidates for exotic states. As mentioned above, we define the latter to be states which demonstrate
properties at odds with the predictions of the simplest quark model describing mesons as bound states of a quark and
an antiquark. Amongst the exotic states there are some that carry quantum numbers that are incompatible with the
simple quark model — for example, the isovector quarkonium-like states introduced in Secs. 3.2.1, 3.2.2 and 3.2.3 —
and others that have quantum numbers allowed for a quark-antiquark state, but show properties at odds with the quark
model predictions. Here the most famous example is the χc1(3872) aka X(3872) introduced in Sec. 3.1.1.

Amongst the scenarios relevant for exotic states in the spectrum of heavy quarks, that is those containing a heavy
QQ̄ pair, one may distinguish states with an active gluonic degree of freedom (hybrid mesons) and multiquark config-
urations that are distinguished on the basis of their internal quark clustering — a graphical representation of the most
common scenarios for exotics is shown in Fig. 73. It is fair to note here that Gell-Mann proposed the existence of
multiquark states already in 1964, when introducing his famous classification model for mesons and baryons [4].

4.3.1. Hybrids
Due to its non-Abelian nature, QCD allows for more colorless hadrons than just quark-antiquark mesons and

three-quark baryons. Of relevance for the present review are quarkonium hybrids or simply hybrids, which constitute
the subject of the present section, and multi-quarks, which will be discussed in the next sections. With the word
“hybrid” we identify conventionally quark-antiquark mesons with excited gluonic degrees of freedom. Gluons bring
a new type of excitation to the system, in addition to the rotational and radial motion of the quarks in ordinary (QQ̄)
systems discussed in the previous section.

Predictions for various properties of hybrids with heavy quarks found in the vast literature on the subject rely on
different approaches. In particular, the interested reader can find predictions from the flux-tube model in Ref. [453,
454], from the Coulomb-gauge QCD approach in Refs. [455–457], from a constituent gluon model for gluelumps
(short-distance hybrids) in Ref. [458], from the constituent gluon model in Refs. [459, 460] — see also the discussion
below — and from the QCD string model in Refs. [461–466]. An effective field theory description based on non-
relativistic effective field theories has also been developed. This is the Born–Oppenheimer effective field theory of
Refs. [192, 193, 467–472] discussed in more detail in Sec. 4.4.4, An independent source of information about the
masses and splittings of hybrids comes from lattice QCD calculations [130, 131, 473–477].

Models differ substantially in the way they describe hybrids. For example, in the flux tube model [478], hybrids
are described as phonon-type excitations, while in the constituent gluon model [459, 460] they carry both color and
spin. Nevertheless, there is some consensus about few basic facts.

In addition, the excitation of the gluonic degrees of freedom contributes at least with approximately 1 GeV to
the mass of the system, so that the mass of the ground-state hybrid can be roughly estimated to be 2mh + 1 GeV,
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Figure 73: Graphic illustration of the most common proposals for the structure of exotic states. Details are given in the text.

where mh is the mass of the heavy quark. This gives about 4 GeV for the mass of the lowest charmonium hybrid and
11 GeV for the one of the lowest bottomonium hybrid. Results obtained by different theoretical approaches, as well
as determinations from lattice QCD (mostly in the quenched approximation, but Ref. [131] is a 2+1 flavor dynamical
lattice simulation, with a pion mass of about 240 MeV, discussed in Sec. 4.5.1) for the lowest charmonium hybrid
are collected in Table 10. We see that, indeed, all predictions are generally consistent with each other and with the
simple estimate made above for what concerns the value of the mass of the lowest-lying hybrid. The situation for
bottomonium hybrids looks similar. Indeed, the most recent calculations place the mass of the lowest bottomonium
hybrid around 11 GeV, also in agreement with the simple estimate made above — see Refs. [192, 466, 468] for more
details.

Clearly, as the table shows, there are also considerable differences between the different approaches. First, not all
of them identify the same hybrid state as the lowest-lying one. Moreover, also the (approximate) degeneracy pattern
of the different hybrid multiplets differ. These disagreements may serve to select among different approaches.

Model Reference Quantum numbers Mass, GeV
Flux-tube [454] — 4.1 − 4.2
Gluelump [458] 2++ 4.12

QCD string [479] 1−+ 4.2 ± 0.2
[465, 466] 1−−, (0, 1, 2)−+ 4.3 − 4.5

BOEFT [192] 1−−, (0, 1, 2)−+ 4.15 ± 0.15
Lattice [131, 473] 1−+ 4.3 − 4.4

[131, 474, 475] 0−+ 4.3 − 4.4

Table 10: Predictions of various models, effective field theory and lattice QCD for the mass of the lowest charmonium hybrid. BOEFT stands for
the Born–Oppenheimer effective field theory discussed in Sec. 4.4.4.
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• Constituent gluons and potential models

The quark model may be extended to describe hybrids by allowing, besides constituent quarks and antiquarks,
also constituent gluons. In the simplest realisation, the hybrid is a quark-antiquark pair augmented by a single gluonic
excitation. The constituent gluon plays the role of an additional gluonic degree of freedom that binds with the heavy
quark-antiquark pair to form the hybrid. It can be given an effective mass of about 1 GeV. As was stated above, this
is the typical energy gap between the heavy quark-antiquark levels and their first gluonic excitations. Because in this
picture the gluon, like the other constituents, is a massive mode, it is possible to describe the interaction among the
constituents in terms of a potential and expand it in the inverse of the masses. The valence gluon, located at rg, is
connected to the quark, located at rQ, and the antiquark, located at rQ̄, by two strings with the same string tension
σ as in the quark-antiquark potential of Eq. (4). Then, for a hybrid in the constituent gluon picture, the long-range,
confining, static potential is

Vconf[QQ̄g] = σ|rQ − rg| + σ|rQ̄ − rg| , (32)

and the leading-order short-range static potential reads

VCoul[QQ̄g] = −
3αs

2|rQ − rg|
−

3αs

2|rQ̄ − rg|
+

αs

6|rQ − rQ̄|
. (33)

Note that at leading order the short-range potential is just the sum of three two-body Coulomb potentials in the suitable
SU(3) color representation of the interacting pair: the gluon-heavy-quark pair in the fundamental representation,
the gluon-heavy-antiquark pair in the complex conjugate of the fundamental representation, and the heavy quark-
antiquark pair in the octet representation. The different factors in front of the Coulomb potentials are due to the
different representations; the octet potential is repulsive, hence at short distances the hybrid is kept together by the
bindings of the quark and antiquark with the constituent gluon alone. At higher orders in the inverse of the masses,
one may establish also Cornell-like potentials similar to the static potential. In particular, one gets a spin-dependent
potential of the same form as the spin-dependent potential for ordinary quarkonia — see, for example, Ref. [465]. As
we will see in Sec. 4.4.4 — and, in particular, with Eq. (75) — the naive constituent gluon potential model misses,
however, even the leading, only 1/mh suppressed, spin-dependent potential in the hybrid system. This happens because
this potential has no analog in ordinary quarkonium. As a consequence, the spin symmetry is broken more strongly in
hybrids than in quarkonia.

The spatial and charge-conjugation parity of a hybrid read

P = (−1)L+K , C = (−1)L+S +1 , (34)

for a chromomagnetic gluon (Lg = K), and

P = (−1)L+K+1, C = (−1)L+S +1 , (35)

for a chromoelectric gluon (Lg = K ± 1), where Lg is the relative angular momentum between the heavy quark-
antiquark pair and the gluon, K is the total angular momentum of the gluon, L is the orbital angular momentum of
the quark-antiquark pair, and S is the spin of the quark-antiquark pair. Hybrids with a chromoelectric gluon couple
strongly to pairs of S -wave heavy-light mesons and, as a result, they become very broad and cannot be observed as
resonances [460]. In the following, we will stick, therefore, to hybrids with a chromomagnetic gluon.

For hybrids with a chromomagnetic gluon (that is, a 1+− gluon), if the heavy quark-antiquark pair is in an S -wave
spin-singlet state (S = L = 0) and Lg = K = 1, then, according to Eq. (34), the quantum numbers are 1−−, that
is, the hybrid is a vector state. If, on the contrary, the QQ̄ pair is in an S -wave spin-triplet state, then the hybrid
may have the quantum numbers JPC = J−+ with J = 0, 1, 2; hence the quantum numbers include the exotic 1−+.
These states constitute the so-called H1 multiplet and are (approximately) degenerate — see Table 12. This pattern
of (approximate) degeneracies has been confirmed by model calculations, effective field theory analyses, and lattice
simulations. Similarly, the binding of a chromomagnetic gluon with a P-wave heavy quark-antiquark pair (L = 1)
with the quantum numbers {1+−, (0, 1, 2)++} (corresponding to different spin states) gives hybrids with the quantum
numbers of the H2 ∪ H3 ∪ H4 multiplets — see Table 12. This (approximate) degeneracy pattern is specific of the
constituent gluon picture [192, 469]. Different (approximate) degeneracy patterns show up in different approaches. We
will discuss the degeneracy pattern emerging in the Born–Oppenheimer effective field theory approach in Sec. 4.4.4.
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Due to the symmetry of the wave function, it was found that a selection rule exists that suppresses the decay of the
vector hybrid with a chromomagnetic gluon into a pair of S -wave heavy-light mesons in the final state [188, 460, 480,
481]. Similarly to the case of ordinary quarkonia, but in the constituent gluon model, the relative strength of the strong
decays of hybrids into one S -wave and one P-wave heavy-light meson has been estimated in the heavy-quark limit
and the corresponding spin-recoupling coefficients have been computed [465]. Although the heavy-quark symmetry
is not exact for the c and b quarks and, therefore, its predictions cannot be treated as exact results, nevertheless these
recoupling coefficients set a particular pattern for the open-flavor decays of the hybrids. Transitions from hybrids to
quarkonia have been considered in non-relativistic effective field theories that by construction implement the heavy
quark symmetry [193]; these transitions will be reviewed in Sec. 4.4.4.

A comment on the P-wave positive-parity DJ (BJ) mesons is in order here. In the strict heavy-quark limit, the
quadruplet of such P-wave heavy-light mesons turns to a pair of doubly degenerate states, P j, with j = 1/2 or j = 3/2
being the light quark total angular momentum. Since the P1/2 and P3/2 mesons decay via pion emission to lower-lying
heavy-light mesons in the S -wave and in the D-wave, respectively, the P1/2 mesons appear to be much broader than
the P3/2 ones. This makes it hardly feasible to identify experimentally either of the two P1/2 quadruplet members
(D0 and D1 in the c-sector and B0 and B1 in the b-sector) in the final state, while this is possible for the other two
members of the P-wave quadruplet (D1 and D2 in the c-sector and B1 and B2 in the b-sector). Then, since the most
prominent decay channels of the D1(2420) and D2(2460) are the D(∗)π modes, the open-flavor decays of the vector
charmonium hybrid should be saturated by D∗D̄(∗)π final states. The situation with bottomonium hybrids is similar.
At this point, it is instructive to compare the production of a heavy-light meson from the P3/2 doublet accompanied by
an S -wave meson in the decays of ordinary quarkonia and hybrids. Such a production is only possible if the produced
light-quark pair has total angular momentum equal to 1. This condition cannot be fulfilled in the vector quarkonium
decay, as in this case jqq̄ = 0. Therefore, the amplitude for the quarkonium decay into such a final state vanishes
in the strict heavy-quark limit [353, 482]. Instead, open-flavor decays of (QQ̄g) hybrids proceed through the gluon
conversion into a light quark-antiquark pair, which, therefore, carries the angular momentum of a vector, jqq̄ = 1. This
implies that there is no suppression of the amplitude for the vector hybrid decay into one S -wave and one P3/2-wave
open-flavor meson.

The heavy-quark limit is not exact in QCD. Beyond this limit, one needs to take into account corrections controlled
by the ratio ΛQCD/mh, which may be sizeable in the charm sector. In particular, the physical P-wave heavy-light
mesons come not as pure P1/2 and P3/2 states, but as mixtures governed by a mixing angle θ. The probability of the
decay of an ordinary quarkonium into a final state containing one S -wave and one narrow P-wave open-flavor meson
is proportional to sin2 θ, while the same probability for the hybrid is proportional to cos2 θ. The heavy-quark selection
rule manifests itself in the data if θ � 1. Recent estimates of the mixing angle θ in the charm and bottom systems can
be found, for instance, in Ref. [466]. They show that, at least in the bottomonium sector, the heavy-quark selection
rule may indeed allow one to distinguish hybrids from conventional quarkonia.

The heavy quark-antiquark pair (QQ̄) in a hybrid is dominantly in a color-octet state, while in an ordinary quarko-
nium it is dominantly in a color-singlet state. This observation leads to one more prediction for the decays of hybrids:
since the color-octet quark-antiquark pair cannot annihilate into a photon, which would eventually convert into a lep-
ton pair, the leptonic width of hybrids has to be small and, in particular, hybrids should not be seen as an enhancement
in the R-ratio scan.

For what concerns hidden-flavor decays of hybrids, they can happen according to the following scheme:

(QQ̄)8g
↗

↘

(QQ̄)1(gg)→ (QQ̄) + light hadrons

(ng)→ light hadrons, n > 2
, (36)

that is, the quark-antiquark pair inside the hybrid, either converts from the color-octet state into a color-singlet one
by emitting a gluon, g, or it annihilates completely into gluons. Then the gluons convert into light hadrons. In the
former case, the hybrids hidden-flavor decays populate final states with hidden flavor, which may provide a clear
experimental signal [483]. In the latter case, final states not containing heavy quarks are enhanced [484]. See also
Ref. [485] for further details on the experimental signatures and search strategies for charmonium hybrids in B-meson
decays. Various estimates of the hybrid production probability in such decays can be found in Refs. [485, 486]. In
particular, it is argued that the hybrid production probability is ≈ 10−3-10−2, which lies in the same ballpark as the
production probability of conventional quarkonia.
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• The ψ(4230) aka Y(4230)

Among the exotic XYZ states the most prominent candidate for a hybrid is the Y(4230) [the literature often refers
to ψ(4260) aka Y(4260), however, the most recent BESIII data shows that the mass of the state needs to be lower —
compare the discussion in Sec. 3.1.2], as it shows some features expected for a charmonium hybrid. To begin with, it
has a mass [6],

M = (4230 ± 8) MeV , (37)

close to the theoretical predictions discussed above — see Table 10 and the discussion in Sec. 4.4.4, in particular
Fig. 89 — and, what is more important, there are indications that it has a decay pattern that is not typical of con-
ventional quarkonia but specific of hybrids. Indeed, the ratio R = σ(e+e− → hadrons)/σ(e+e− → µ+µ−) has a dip
in the energy region around the mass 4230 MeV. Besides, measurements of the electronic width of the Y(4230) give
small values [6] in agreement with the expectations for hybrids. Furthermore, one can see a pronounced dip in the
cross sections of the e+e− annihilation into open-charm final states — see, for example, Fig. 74 for the most recent
data from the Belle Collaboration [487]. Also, the expectation, discussed above, that the open-flavor decays of the
charmonium hybrid should populate the three-body D∗D̄(∗)π final states is in line with the recent BESIII data — see
Fig. 26. Thus, the Y(4230) could be a hybrid charmonium with a spin 1 [187, 192] or spin 0 [188, 465] cc̄ core, or a
mixture of both.
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Figure 74: Recent results from the Belle Collaboration [487] on the e+e− annihilation into the DD̄∗ (a) and D∗D̄∗ (b) final states via ISR using a
951 fb−1 data sample.

It should be mentioned, however, that there exist alternative explanations for the established properties of the
Y(4230). In particular, nontrivial structures in the shape of the inclusive and exclusive cross section can be explained
by unitarisation effects — see, for example, Ref. [488]. Also, the proximity of the Y(4230) mass to the DD̄1 threshold
hints to a large admixture of the molecular component in the wave function. Then, the experimentally observed
enhancement in the three-body final state DD̄∗π just above the c.m. energy of 4.2 GeV — see Fig. 26 — is naturally
explained by the dominating decay chain for the molecule, Y(4230) → DD̄1 → DD̄∗π. A detailed discussion of the
experimental situation is given in Sec. 3.1.2, and further details of the molecular model for the Y(4230) are collected in
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Sec. 4.3.4. Finally, it is possible that a realistic picture of the Y(4230) might require that both hybrid and quarkonium
(short-range), and molecular (long-range) components coexist in the wave function.

4.3.2. Hadroquarkonium
Triggered by the experimental fact that all the candidates for heavy exotic states were discovered in final states that

contain a quarkonium and light quarks, in Ref. [489] it was proposed that those states could be viewed as a compact
quarkonium core surrounded by an excited light-quark cloud. Later the idea was worked out in depth in Ref. [190].
This structure naturally explains that in the decay the compact core simply stays intact while the light-quark cloud
gets radiated off in terms of multipion states. The core and the cloud are held together by the QCD analogue of the
Van der Waals force known from molecular physics (for recent studies, see [490, 491]). In Ref. [190] this picture
is applied to the ψ(4260) aka Y(4260) 8, ψ(4360) aka Y(4360), ψ(4660) aka Y(4660) and Zc(4430). In Ref. [492]
the hadrocharmonium picture is contrasted with the molecular picture for the Zc(3900). This mechanism provides a
natural explanation why states like Y(4260) do not decay to D(∗)D̄(∗) as the lower-lying vector states. Note that only
the latter decay pattern is in line with the predictions from the quark model. The hadroquarkonium picture makes
distinct predictions for both decay patterns and spin-partner states. Because of the heavy-quark symmetry, states with
the same light-quark cloud, but the heavy-quark spin coupled differently, should be degenerate, up to terms suppressed
by powers of ΛQCD/mh � 1, where mh denotes either the charm or the bottom mass. This also implies that the spin of
the heavy quarks is conserved in decays. For a more detailed discussion of the heavy-quark symmetry as well as the
symmetry breaking terms we refer to Sec. 4.4.1.

The effective Hamiltonian underlying the concept of hadroquarkonium is given by the leading term of the QCD
multipole expansion:

Heff = −
1
2
α(Q̄Q)Ea

i Ea
i , (38)

where ~Ea is the chromoelectric field with color index a and α(Q̄Q) is the chromo-electric polarizability of the Q̄Q state.
One may write

α(Q̄Q) =
1

16
〈(Q̄Q)|ξariGriξ

a|(Q̄Q)〉 , (39)

where ξa denotes the difference of the color generators acting on the quark and the antiquark, and ri denotes their rela-
tive position. The Green’s function G describes the propagation of the heavy quark pair in the color octet. As pointed
out in Ref. [190] this structure suggests that the most likely hadroquarkonia should emerge for higher charmonium
resonances such as ψ(2S ) and χcJ in conjunction with some excited hight quark cloud.

To investigate the phenomenological implications of the Hamiltonian quoted above, we start with discussing the
properties of Zc(3900) that would emerge if this state were a hadrocharmonium, in particular a J/ψ core surrounded
by a light-quark cloud. Here we largely follow Ref. [492]. In this picture the Zc(4430) seen in the ψ(2S )π final state
can be viewed as a radial excitation of the Zc(3900) in the same way as the ψ(2S ) is the first excited state of the J/ψ.
Spin interactions scale with the inverse of the heavy-quark mass such that the spin of heavy quarks is conserved at
least in the limit of infinitely heavy quarks. For the system at hand this implies that the Zc(3900) should be found only
in final states with heavy-quark spin equal to 1. This is in conflict with the presence of a Zc(3900) signal in the πhc

final state, see inset in the left panel of Fig. 55. Moreover, in this picture one should expect the decay of the Zc(3900)
into open-flavor two-meson states to be suppressed compared to the decay into πJ/ψ. However, this is also not the
case. Thus, one needs to conclude that the Zc(3900) does not qualify as a state with a dominant πJ/ψ component.

The second example we want to discuss is the Y(4260) and Y(4360). Originally they were proposed to be
hadrocharmonium states with a scalar-isoscalar cloud and a J/ψ and ψ(2S ) core, respectively [190], since they were
observed in the corresponding cc̄2π final states. A model calculation performed in Ref. [494], where a state near the
mass of the Y(4260) emerges from non-perturbative f0(980)J/ψ interactions9 supports this picture. However, recently
the two states were also seen in the ππhc final state with a comparable rate [159] (c.f. Fig. 23), which would imply a
significant amount of spin-symmetry violation if the picture mentioned above were right. To explain the simultaneous

8Although there is now striking evidence that the Y(4260) is to be identified with the Y(4230), in this paragraph we stick to the old mass value
to keep closer contact to the connected publications.

9In this work, the system is treated as a three-body system with the ππ − KK̄ system interacting with the J/ψ.
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Figure 75: Family of spin partners of the ψ(4260) aka Y(4260) and ψ(4360) aka Y(4360) that should exist [493], if both states qualify as mixed
hadrocharmonia as proposed in Ref. [191]. The short dashed lines show the seed states and the (green) long dashed lines show the masses used as
input. The (blue) solid lines then show the predictions that emerge from imposing spin symmetry.

observation of Y(4260) and Y(4360) in final states with heavy-quark spin equal to 1 and 0, in Ref. [191] it was pro-
posed that both states are mixed hadrochamonia from two different seeds: One that contains a JPC = 1−− charmonium
core [to be identified with J/ψ or ψ(2S ) or a mixture thereof with the latter being prominent] surrounded by a 0++

light-quark cloud and one that contains a 1+− charmonium core [to be identified with hc(1P)] surrounded by a 0−+

light-quark cloud. In Ref. [191] it is shown that such an assignment allows one to at least qualitatively describe the
data in the ππJ/ψ, the ππψ(2S ) as well as the ππhc final states, if the seed states are located at 4.30 and 4.32 GeV, re-
spectively. While this mass difference is quite small, it is stressed in Ref. [191] that there is nothing that prohibits such
a near degeneracy. In Ref. [493] it was pointed out that the mixing scheme just described allows one to predict four
spin-partner states of Y(4260) and Y(4360): One simply has to replace the cores of the seed states by their respective
spin-partner states. Accordingly, ψ(2S ) needs to be replaced by ηc(2S ) giving rise to a state with ηc quantum numbers
when being paired with the 0++ cloud and hc needs to be replaced by the triplet of {χc0, χc1, χc2} giving rise to states
with quantum numbers of ηc, ηc1 and ηc2. Naturally, the two ηc states will mix in the same way as their vector partners.
The pattern that emerges is shown in Fig. 75. As a special feature, the scheme predicts with ηc(4140) a relatively light
ηc state that should not decay to D∗D̄ but predominantly ππηc and ππχc0. This highly nontrivial prediction awaits its
experimental confirmation or refutation. Note that in the molecular as well as in the compact tetraquark picture the
lightest 0−+ state is located in mass above the Y(4260) as will be explained in detail in Secs. 4.3.3 and 4.3.4.

The Y(4660) with quantum numbers 1−− is seen in the ππψ(2S ) final state and is therefore a candidate for a
hadrocharmonium with a 0++ light-quark cloud surrounding a ψ(2S ) core [190]. In addition, the mass of the Y(4660)
is very close to the threshold for the production of f0(980)ψ(2S ) which led the authors of Ref. [209] to propose that
the state is a ψ(2S )− f0(980) molecular state — note that in all previous cases the quarkonium–light-quark resonance
threshold was far below the mass of the state such that in those cases a molecular assignment cannot be applied. The
implications of spin symmetry are the same as before: If the Y(4660) has a prominent f0(980)ψ(2S ) substructure,
there should exist a spin partner, Yη, with similar properties as the Y(4660) and f0(980)ηc(2S ) as a prominent compo-
nent [210] — this should be true in both pictures if we call the state a molecule or a hadrocharmonium, however, so far
experimental searches for this state were not successful — see the discussion in Sec. 3.1. Note that the enhancement
seen in ΛcΛ̄c at 4630 MeV is consistent with originating from the Y(4660) [207, 208, 495].

Very recently, Ref. [287] proposed that the two charged states Zc(4100) and Zc(4200) claimed in Refs. [262]
and [261], respectively, are hadrocharmonia (the experimental evidence is shown and discussed in Sec. 3.2.2). The
analysis presented in this work is very similar to the one discussed in the previous paragraph, only that here at least
evidence for the pair of spin-partner states is already found: The Zc(4100) is proposed to be a hadrocharmonium with
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an ηc core and the Zc(4200) to have a J/ψ core — both with a light-quark cloud with pion quantum numbers. A typical
prediction that emerges from this assignment is for the productions (around the same invariant mass as the resonances)

Γ[B0 → Zc(4100)−K+]
Γ[B0 → Zc(4200)−K+]

≈
Γ[B0 → ηcπ

−K+]
Γ[B0 → J/ψπ−K+]

∣∣∣∣∣∣
M(cc̄π)≈M(Zc)

(40)

and for the decays
Γ[Zc(4100)→ ηc(2S )π] ' Γ[Zc(4200)→ ψ(2S )π] , (41)

up to spin-symmetry-violating corrections. If this prediction were confirmed experimentally, it would provide strong
evidence for the mentioned hadrocharmonium assignment of both Zc(4100) and Zc(4200).

4.3.3. Compact tetraquarks
Sometimes the term tetraquark is used generically for all states containing four constituent quarks irrespective of

their clustering. In the older literature multi-quark states containing diquarks (a quark–quark pair) and anti-diquarks
(an antiquark–antiquark pair), as subclusters were sometimes called “diquonium” [8, 9]. However, in line with the
recent literature on the XYZ states, in this review, we use the term “compact tetraquark” to refer to multiquark states
that show this kind of clustering. It should be stressed that so far no mechanism is identified in QCD that would
lead to such clusters — this issue is discussed a little more in the following paragraph; for a more general discussion
of four-quark states we refer to Ref. [11] and references therein. The first microscopic model working with diquark
degrees of freedom was presented by Jaffe in 1976 [496] at that time focussing on light quarks. For a pedagogical
introduction to the subject of diquark clustering we refer to Ref. [497] and for a recent book see Ref. [498]. Heavy-
light diquarks were first discussed in Ref. [285]. A comprehensive discussion of further developments of these ideas
and their application to the spectrum of the XYZ states can be found in a recent review [499]. In this review we will
focus on the results that were later developed on the basis of this work. Results for compact tetraquarks obtained in
the quasipotential quark model described in Sec. 4.2 can be found in Refs. [107, 500–503].

A pair of quarks can be either in the [3̄] or in the [6] representation of the color group. There is phenomenological
evidence that the former configuration is more tightly bound — for example, the one-gluon exchange is attractive
in the [3̄] but repulsive in the [6]. Accordingly, the latter is neglected in many works, although the [6] may play an
important role considering the findings of, e.g., Refs. [504, 505] for multiheavy systems, which put into question the
emergence of compact diquarks as building blocks of compact hadrons.

Usually it is found that the spin-zero diquarks are more tightly bound in both the light-quark sector [496]10 as well
as in the heavy-quark sector [508]. In the latter case the two spin configurations form a spin doublet in analogy to,
e.g., D and D∗ or B and B∗. It is therefore reasonable that the mass difference between spin-1 and spin-0 cq-diquarks,
where c (q) denotes the charm (a light) quark, is within 120 MeV [189], fixed to the mass difference of Zc(3900) and
Zc(4020), found to be of the order of the D-D∗ mass difference. In Ref. [189] it is argued that this phenomenology
follows from the condition that the spin-spin interaction is operative predominantly inside the diquarks (driving the
mentioned mass difference) and not between the light quarks as assumed originally [285]. For this to happen it appears
necessary that the diquark and the antidiquark do not come too close. Therefore in Ref. [509] an idea put forward
in Ref. [497] was adapted to quarkonium-like states, namely that they are sitting in distinct wells of a double-well
potential as shown in Fig. 76. The emerging structure is characterized by two length scales, the diquark radius, RQq, as
well as the tetraquark radius, R4q. In Ref. [509] it is claimed that a sensible phenomenology emerges when RQq � R4q

— as possible values RQq ∼ 0.7 fm and R4q ∼ 2 fm are advocated. Besides providing a reason for the hierarchy
of the spin interactions, the potential of Fig. 76 can also provide a reason why exotics typically prefer to decay into
pairs of open-flavor mesons instead of a quarkonium and a light meson as will be discussed in a little more detail
below. So far, however, no mechanism was proposed that could explain the emergence of a potential of the type of
Fig. 76. Its existence emerges as a phenomenological necessity to justify the diquark picture. An alternative approach
trying to justify the emergence of compact diquark building blocks in compact tetraquarks was proposed in Ref. [510]
and applied in Refs. [202]. However, since the emerging phenomenology of the two approaches is similar, we are
reviewing here the research focussed around the work [509] by Maiani et al.

10Nevertheless also the spin-1 diquarks are found to contribute considerably, e.g., to the binding of light baryons [506, 507].

88



Qq

QqQq

R

R

4q

Figure 76: Proposed potential between a diquark and an antidiquark forming a compact tetraquark [509]. Here RQq denotes the size of the diquark
while R4q stands for the size of the whole tetraquark.

The assumption that the spin-spin interactions are active only within the diquarks and not between the light quarks
influences significantly the decays of compact tetraquarks. In particular, since the heavy-quark spins within the
compact tetraquarks turn out not to be correlated with each other, decays into both spin-1 and spin-0 quarkonia are
allowed [189] — in line with observations. The same mechanism is at work in the molecular model described in the
next section.

Furthermore it turns out that a spin-tensor force needs to be included into the Hamiltonian to avoid the appearance
of the light high-spin states found in Ref. [493]. The Hamiltonian then reads [508]:

2mQ +
BQ
2

L2 + 2aY L · S +
bY

4
S 12 + 2κQq

(
Sq · SQ + Sq̄ · SQ̄

)
, (42)

where S 12 is the tensor operator S 12/4 = 3(S1 · r̂)(S2 · r̂)− (S1 ·S2), S = S1 +S2, with S1 and S2 the spins of the diquark
and the antidiquark, respectively, r̂ = r/r is a unit vector pointing along the radius vector, Q is the heavy quark flavor
and q the light quark one. The tensor operator gives a nonvanishing contribution only for states with S 2 = S 1 = 1.
Moreover, the terms that contain the angular momentum operator contribute only for L , 0.

The parameters in Eq. (42) are fitted to the data. To do so, one has to establish which observed exotic candidate
(see Sec. 3) should be identified with which compact tetraquark. The positive-parity compact tetraquarks that emerge
from the picture sketched above are discussed in some depth in Ref. [189]. In particular, using the mass difference of
Zc(3900) and Zc(4020) as input allows the authors to fix κQq = 67 MeV. In this paper, also states with 0++ and 2++ are
predicted, however, those are almost 100 MeV away from the states observed with these quantum numbers.

Very interesting are the negative-parity states. In the compact tetraquark model those arise from two diquarks in
a P-wave that have their constituents in a relative S -wave. Since the diquarks have either spin 1 or spin 0, in total
four ground states are possible with JPC = 1−−, namely [0, 0]0, [1, 0]1, [1, 1]0, and [1, 1]2, where the diquark spins are
given in the bracket and the subscript denotes the total spin that resulted from their coupling. Note that [1, 1]1 would
produce the wrong C-parity. The preferred assignments of Ref. [508] for those four states are11 Y(4220), Y(4330),
Y(4390), and Y(4660) 12, since this pattern is consistent with the spin-spin interaction determined in the even-parity
sector as well as an analysis of Ωc states [508]. This is in contrast with the analysis of Ref. [189], where the Y(4008) is
taken as a genuine structure, which is not confirmed by the recent BESIII data, although the existence of a very broad
state below 4.2 GeV can not be excluded (see Sec. 3.1.2). As will be explained below, the hadronic-molecule picture
for the negative-parity states allows for only three ground states — thus a proper mapping of the singularity structure
of the S –matrix should allow us to eventually decide how QCD structures its non-QQ̄ heavy mesons. Moreover, since
now all parameters of Eq. (42) are fixed, it is straightforward to make predictions for negative-parity states with J , 1.
The resulting spectrum is shown in Fig. 77. Clearly, Eq. (42) leads to a very rich and specific spectrum that contains

11We use here the names currently adopted by the Particle Data Group instead of those quoted in the original experimental works and in
Ref. [508].

12As in the previous section also here we stick to the mass values used in the original publication although there is evidence that Y(4330) and
Y(4390) could be realisations of Y(4360).
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Figure 77: Spectrum of negative-parity compact tetraquarks according to the preferred solution of Ref. [508]. Note that 0−− and 1−+ are exotic
quantum numbers that cannot be generated for QQ̄ states.

both quantum numbers that are allowed in the quark model and those that are not, like 0−− or 1−+. This spectrum will
be compared to what is expected for molecular states in the next section.

The compact tetraquark model is also capable of explaining some unexpected decay chains. For example, in
the coupling scheme outlined above both the Y(4360) as well as X(3872) have the same heavy-quark spin structure
∼ (s̄ = 0, s = 1) + (s̄ = 1, s = 0), where s̄ and s denote the spin of the antidiquark and the diquark, respectively, and
thus a transition Y(4360) → γX(3872) appears naturally as electric dipole transition [508]. On the other hand, this
structure implies that the Y(4360) has purely heavy-quark spin 1 and as such should not appear in the ππhc final state.
Present data does not yet allow one to decide how many states there are in the mass region 4200 − 4400 MeV with
quantum numbers 1−− (see Sec. 3.1.2), however, upcoming data with improved statistics should eventually allow one
to conclude whether the pattern presented is realised in nature.

Before closing this section, a few comments should be made about the decays of the compact tetraquarks. As
outlined above, the candidates for exotic states typically decay to both open-flavor channels as well as hidden-flavor
channels — e.g. X(3872) is seen in D0D̄∗0 and amongst others in ππJ/ψ, 3πJ/ψ, Zc(3900) is seen in DD̄∗ as well as
in πJ/ψ, Y(4230) is seen in DD̄∗π as well as in ππJ/ψ, Zb(10610) is seen in BB̄∗ as well as in πΥ(nS ), and πhb(mP)
and Zb(10650) is seen in B∗B̄∗ as well as in πΥ(nS ) and πhb(mP). Common to all these examples is that, although
the open-flavor channels have a lot less phase space available, still the states decay predominantly into those. This is
commonly taken as a strong indication for a molecular nature of these states, however, it may also be understood from
the proposed diquark–antidiquark potential shown in Fig. 76, in which case a constituent of a diquark must tunnel
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through the barrier to enable the decay. Since the tunnelling for heavy quarks is exponentially suppressed compared
to that of the light quarks, the pattern described appears naturally [509].

In Ref. [511] it was found from an analysis of the ππ spectra from e+e− → π+π−J/ψ in the 4260 MeV mass
range, that the source of the pion pair must contain a sizeable flavor-octet component. This observation is in line
with a prominent molecular or compact tetraquark interpretation of the vector states in this mass range but poses a
problem for their conventional cc̄ or hybrid interpretation. The results of Ref. [511] could be confirmed if data became
available also for e+e− → KK̄J/ψ.

An interesting ansatz to study compact tetraquarks is via the large Nc expansion first introduced by ’t Hooft [512].
Under the assumptions that confinement survives the large Nc limit and that the strong coupling constant scales as
1/
√

Nc which provides a smooth limit for Nc → ∞, rigorous conclusions about features of the QCD spectrum become
accessible — e.g. in this limit there is an infinite tower of stable quark-antiquark pairs generated from an infinite
sum of planar QCD diagrams. Until a few years ago there was the belief that all configurations that contain four or
more quarks and survive the large Nc limit are just given by noninteracting multimeson states [513]. However, in
2013 this was questioned in Ref. [514]: There it was argued that i f there are compact tetraquark poles present in the
connected piece of the amplitude, they will also survive the large Nc limit, in particular with a width that decreases
as Nc increases. This work initiated a series of publications — see, e.g., Refs. [515, 516]. In all those works the
focus is still on planar diagrams. In contrast to this, Refs. [517, 518] argue that non–planar diagrams should be
favored for providing the origin of very narrow compact tetraquarks. A recent critical reflection on the subject is in
Refs. [519–521].

Recently the interest into QQq̄q̄ tetraquarks, first studied in Ref. [504], has revived. There exist now studies from
QCD sum rules [522] (see also Sec. 4.3.5), lattice QCD [523–525] (see also Sec. 4.5) as well as phenomenology [526–
529]. Especially the last works employ the observation of doubly-heavy baryons to make predictions for doubly-heavy
tetraquarks. The connection between these systems might be most compactly illustrated by the mass formula [529]

m(QQq̄q̄) − m(QQq) ≈ m(Q̄q̄q̄) − m(Q̄q) , (43)

which is based on the quark-diquark symmetry, see also Sec. 4.4.1. This symmetry is realized in nature, if heavy
diquarks form compact substructures in hadrons, for this would allow one to perform a systematic expansion in
rQQ/rqq, where rqq denotes the size of the light-quark cloud that may be estimated as 1/ΛQCD. If rQQ/rqq is a small
parameter, one may safely assume the QQ diquark to be in a color–antitriplet configuration, since for heavy quarks
the QQ interaction should be largely governed by the one-gluon exchange, which is attractive only in this channel.
Then Eq. (43) follows naturally. After the recent observation of the first doubly-heavy baryon [530], Eq. (43) might
be also used the other way around to argue that if this (approximate) equality is not realized in nature, then QCD
does not favor doubly-heavy compact diquarks. Therefore the experimental search for tetraquark structures should
be performed with high priority at, e.g. Belle II and LHCb. In the bottomonium sector, the studies mentioned above
find typically a deeply bound bbūd̄ system with JP = 1+ 100-200 MeV below the B−B∗0 threshold. The issue of
multiquarks with two heavy quarks (in contrast to a heavy quark and its antiquark) is picked up again in Sec. 4.4.1
from the effective field theory perspective.

4.3.4. Hadronic molecules
Hadronic molecules are compound states of two hadrons. For a recent review on the subject we refer to Ref. [531].

The concept is nothing else but a generalisation of nuclei to systems of mesons. Accordingly one may derive some
properties to be expected for hadronic molecules from those of light nuclei — because of this we start this section
with a short review of few-nucleon systems.

It is widely accepted that nuclei are bound states of protons and neutrons. The lightest nucleus is the deuteron
with a binding energy of Eb(deuteron) = 2.22 MeV, where Eb(X) = m1 + m2 − MX , with mi and MX denoting the
masses of the constituents and the mass of the state X, respectively. An important quantity for hadronic molecules is
the so-called binding momentum,

γ =
√

2µEb, µ = m1m2/(m1 + m2), (44)

which defines the size of the molecule since the large distance behaviour of a molecular state scales as exp(−γr). At
the same time γ is a measure of the typical momentum within the bound state. In the case of the deuteron one finds
γ = 45.7 MeV. In other nuclear systems the corresponding number can be as small as 13 MeV — the Λ separation
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energy of hypertriton is only Eb = 130 keV — and as large as the almost 200 MeV that is necessary to kick a single
nucleon our of 4He. Accordingly we should expect a similar range of binding momenta also for bound states of two
mesons.

It should be noted, however, that while the analogy between nuclei and mesonic molecules is apparent within,
e.g., potential models, it does not survive the large Nc limit: While nuclei should continue to exist in the large Nc

limit [513], since a baryon contains Nc quarks and this adds to the multiplicity of the possible diagrams, mesonic
molecules will most probably not [532].

In general, the internucleon interaction is the strongest in the S -waves, since S -waves do not have a centrifugal
barrier (see, for example, the discussion in the beginning of section 4). Indeed, the deepest nuclear bound states that
appear (if allowed by the Pauli principle) are S -wave ones. Therefore, in this section we will mainly focus on mesonic
systems in the S -wave. However, also P-wave bound states are possible. For example13: 6Li is located 1.47 MeV
below the deuteron-4He threshold. It may thus be viewed as a deuteron-4He bound state. The first negative-parity
excitation of 6Li is located 18 MeV above the ground state [533] — a number of the order of the energy difference
between different nuclear shells. Having this said, it is certainly not straightforward to learn something about possible
P-wave states in mesonic systems from their appearance in nuclei. We come back to the proposed P-wave hadronic
molecules in the XYZ-family near the end of this section.

That heavy mesons should form bound states was proposed in Ref. [534] already in 1976. The assumed binding
mechanism was the exchange of vector mesons. Later, in Ref. [535] similar conclusions were drawn from calculations
using one-pion exchange for the potential. In particular, both calculations predicted that, for example, the DD̄∗ system,
where the X(3872) was found in 2003, should bind.

The role of one-pion exchange to molecular binding is widely discussed in the literature. It was argued in
Ref. [536] that the pion cut, if kinematically accessible, should be kept in the calculations. This issue is further
elaborated in Ref. [537]. In Ref. [538], it is stressed that the one-pion exchange is well defined only when being
accompanied with a local counterterm. Thus it is fair to state that at present little is known about the binding potential
of hadronic molecules, if they exist14. However, as it will become clear below, many statements can already be made
without detailed knowledge of the potential.

There is an intense discussion in the literature whether a bound state as shallow as the X(3872) could be produced
copiously in reactions with a large momentum transfer. One can find works that conclude from the observed rates that
the X(3872) cannot be a shallow bound state [536, 539–541], while others argue that as soon as final-state interactions
are taken into account and proper momentum ranges are considered, there is no contradiction between a molecular
nature of the X(3872) and its production rates [542–547]. In this review we only state that at present there is no full
understanding of the production rates of shallow molecular states.

Implications of the molecular scenario are contrasted with different quark model approaches in Ref. [548].

• The Weinberg criterion and its implications

In order to discuss the implications of the molecular nature for a given state, we first need to define the notion of
a molecule. The most popular definition goes back to Weinberg who set up a scheme that allowed him to quantify
the molecular component of the deuteron [549]. In particular, in his work Weinberg showed that the residue of a
bound-state pole located close to a threshold could be written as15, using the notation of Ref. [531],

g2
eff

4π
= 4M2

(
γ

µ

)
(1 − λ2), (45)

where λ2 denotes the probability to find a non-molecular component in the bound-state wave function, µ is the reduced
mass of the nearby two-hadron channel, and M is the mass of the bound state. Weinberg also showed that λ2 could
be identified with the wave function renormalisation constant. In particular, the effective coupling of the bound state
to the continuum gets maximal when the state is a pure molecule (λ2 = 0). Since, for a shallow bound state, the

13C.H. is grateful to Andreas Nogga for providing him with valuable information on nuclear level schemes.
14Note that there are indications that one-pion exchange leaves some imprint in the line shapes of the Zb states [300] as is detailed below.
15A simple straightforward derivation of this relation in a somewhat less general form was obtained eralier by L. Landau [550].
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Figure 78: Illustration of the strong decay of a hadronic molecule, composed of two hadrons h1 and h2, into f1 and f2. The vertex for the transition
of the molecule into its constituents is denoted by Γ, the corresponding wave function by Ψ, and the annihilation potential by A. Solid lines denote
the propagation of the h1, h2 and the intermediate hadron hx, whereas the double line and the dashed line denote the decay products f1 and f2.

low-energy scattering amplitude parameterised, for example, in terms of the scattering length and the effective range
can be expressed in terms of geff , this coupling can be regarded an observable.

It is important to keep in mind, when it comes to identifying hadronic molecules, that only those observables are
useful that are sensitive to the effective coupling defined in Eq. (45). If, for example, a reaction is sensitive to the
short-ranged part of the wave function, no statement about the molecular admixture of the given state is possible. This
observation, relevant for both the production of X(3872) in large momentum transfer reactions as well as its radiative
decays, will be discussed in more detail in Sec. 4.4.5.

Equation (45) acquires corrections of the order of (γ/β), where β is the mass scale of either the next higher
channel or the inverse of the range of forces. Accordingly, the value of geff can only be used for shallow bound states.
However, starting from Eq. (45) it appears justified to assume that a state with λ2 → 0 is characterised by a large
effective coupling to the two-hadron channel that forms the molecule. As will be illustrated below, the prominence
of these two-hadron channels has important phenomenological implications, even in cases where the quantitative
connection of Eq. (45) is lost because of a too large binding momentum γ. Weinberg’s argument was generalised to
resonances in Refs. [551, 552]. Coupled channels are discussed in Ref. [553]. Some related ideas for inferring that a
resonance in coupled-channel scattering is dominated by molecular configurations, based on the presence and position
of poles on unphysical sheets, are discussed in Refs. [554–556].

The observation that in a molecular state the coupling to its constituents gets large has direct implications on how
decays of molecules are calculated: The most natural decay chain runs via its constituents. Accordingly, it appears
natural to calculate these decays in analogy to those of the positronium via a factorisation into the wave function at
the origin times an on-shell annihilation amplitude. However, this ansatz is in general not justified [557] and a careful
study of the scales involved appears to be necessary. Those are illustrated in Fig. 78: The length scale of the decay
vertex is typically controlled by the mass of the lightest exchange meson that contributes to the molecular binding —
thus we have rΓ ∼ 1/β — and the size of the wave function is controlled by the binding momentum, as was explained
above, rε ∼ 1/γ. The length scale rA is controlled by either the cut f2hxh1 or the cut f1hxh2. For example, the former
may be written as

rA ∼
1

M − E f2 − Ehx − Eh1

=
1

E f1 − Ehx − Eh1

,

where M denotes the mass of the molecular state and En denotes the energy of the state n. The aforementioned
factorisation of the decay amplitude is justified only if rA � rε and rA � rΓ. Such a hierarchy of scales holds, for
example, for the positronium, where rΓ ∼ rε ∼ 1/(αQEDme) and E f1 ' Ehx ' Eh1 ' me, such that rA/rε ' αQED, where
αQED = 1/137 is the electromagnetic fine structure constant. However, if the decay f1 → hxh1 is (nearly) allowed
kinematically, rA can become very large. In fact, by assumption we have a large rε since we study shallow bound
states, and therefore rA ' rε can even imply the proximity of a so-called triangle or Landau singularity [558] which
can lead to a significant enhancement of the transition rates. We come back to this discussion in section 4.4.3. In a
possible decay X(3872) → π0χcJ which is of direct relevance for this review, the factorisation method is contrasted
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with the full evaluation of the hadronic loop in Ref. [88]. The role of the triangle singularities in the decays of heavy
quarkonium-like states is discussed in Ref. [341].

• General considerations

Before discussing examples of molecular candidates and some model descriptions for the XYZ-states, some gen-
eral remarks are in order. First of all, it should be stressed that relatively narrow, shallow molecular states can only
be formed from similarly narrow constituents, since the width of the molecular state is strongly correlated with the
width of the constituents [559]. Stated differently, the constituents must be sufficiently long-living to allow the molec-
ular state to form [560]. Focusing on states containing a cc̄ pair and no strange quarks, this implies that only the
ground-state spin doublet {D,D∗}, with the quantum numbers 0− and 1−, respectively, and the excited spin doublet
{D1,D2}, with the quantum numbers 1+ and 2+, respectively, are of interest. The latter pair has a light quark with
jP
l = 3/2− that allows for a decay into D(∗)π in the D wave only, which is the reason for their narrow widths of the

order of 30 MeV. The other low-lying pair with positive parity, {D0,D1} with quantum numbers 0+ and 1+, can decay
to Dπ in the S -wave, which explains their large widths of the order of 300 MeV. This width is too broad to allow
{D0,D1} to form molecular states. Accordingly we expect that molecular states with positive parity are significantly
lighter than those with negative parity. The lightest negative-parity molecule can only be a D1D̄ bound state with
quantum numbers JP = 1−. The nominal D1D̄ threshold is at 2420 + 1866 = 4286 MeV and indeed, the lowest in
mass candidate for an exotic vector state is Y(4230), located only 50 MeV below this threshold — this connection
was exploited for the first time in Ref. [185]. An additional consequence of assuming a molecular structure for the
negative-parity exotic candidates is that the lightest exotic pseudoscalar needs to be heavier than the lightest vector by
about the mass difference MD∗ −MD = 140 MeV, since J = 0 can only be formed from D1D̄∗ and not from D1D̄. The
resulting pattern of relevant thresholds is illustrated in Fig. 72. This figure clearly shows that, while all states below
the lowest S -wave threshold for a the given quantum number show properties in line with the quark model, most of
the exotic candidates occur close to or above the threshold.

The width of a constituent not only provides a natural scale for the width of the molecular state but it also has
an impact on the line shapes of the molecule. Consider a decay chain of the resonance R containing an unstable
constituent A, R → AB → [cd]B, and study the line shape in the channel cdB. The effect of the finite width of a
molecular constituent on the resulting line shapes is exemplified in Fig. 79, where different line shapes are plotted for
a pole located on the real axis 0.5 MeV below the AB threshold on the first (left panel) or second (right panel) sheet.
The plots are generated for an additional width of 1.5 MeV, due to other decay channels of the resonance, employing
the expressions of Ref. [561], which are applicable to narrow states (the formalism was generalised to allow for larger
widths in Ref. [562]). The width assumed for the state A is 0, 0.1, and 1 MeV for the solid, dotted and dashed line,
in order. A pole on the unphysical sheet can in general only show up as a structure at the nominal AB threshold or
above. However, a pole on the physical sheet generates in addition to the AB continuum a structure in the data near
the pole location, if sufficient strength from the finite width of the resonance A leaks there. In the inelastic channels,
a pole on the physical AB sheet leads to a structure near the pole location, while a pole on the unphysical sheet gives
also in this case a signal only at the nominal AB threshold.

The mass parameters of all Z states extracted in the experimental papers are above the corresponding contin-
uum thresholds. However, this may in part be a consequence of parameter extractions using symmetric and energy-
independent BW functions. For example, in Ref. [563] it was shown that the data existing at the time for the Zb

states were consistent with them being bound states. The more refined study of Ref. [299] identifies both states as
virtual states. The inclusion of pion exchange non-perturbatively in the analysis leaves the pole of the Zb(10610)
untouched within errors, while the pole related to the Zb(10650) might even be located slightly above the thresh-
old [300]. Recent theoretical studies for the pole location of the Zc(3900) find that current data are also consistent
with an above-threshold resonance [564] or a virtual state [565], however, in both cases the pole location is not well
constrained.

• Remarks on the role of the heavy-quark spin

Four of the established charged states in the charmonium sector are prime candidates for hadronic molecules
as was quickly recognised by many authors [110, 185, 566–569]. Indeed, they are located very close to S -wave
thresholds of narrow resonances: The Zc(3900) lies at the D∗D̄ threshold, the Zc(4020) is close to the D∗D̄∗ one, the
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Figure 79: Line shapes for a quasibound (left panel) and virtual state (right panel) for different widths of one of the constituents: 0, 0.1, and 1 MeV
as the dotted, solid, and dashed line in order. The mass of the state is 0.5 MeV below the threshold and an inelastic width of 1.5 MeV is added into
the resonance propagator.

Zb(10610) and Zb(10650) reside near the B∗B̄ and B∗B̄∗ thresholds, respectively. For the Zb states it is intriguing that
they both are seen in three πΥ and two πhb channels with a very similar strength in the two-pion transitions from the
Υ(10860) bottomonium, although the initial state as well as the Υ’s in the final states have a heavy-quark spin of 1
while the hb’s has a heavy-quark spin 0. This fact appears to be very unexpected since in heavy-quark systems the spin
of the heavy quarks should be conserved given that spin-dependent interactions are suppressed as (ΛQCD/mh), where
mh denotes the heavy-quark mass (see Sec. 4.4.1). In addition, the interference patterns between the Zb(10610) and
Zb(10650) appear to be different in the two types of channels: While in the former there appears to be a destructive
interference between the two structures, it is constructive in the latter. Both features find a natural explanation if
Zb(10610) and Zb(10650) are assumed to be B∗B̄ and B∗B̄∗ molecular states [566], for then one finds

Zb(10610) ∼ B∗B̄ − BB̄∗ =
1
√

2

(
0−b̄b ⊗ 1−q̄q − 1−b̄b ⊗ 0−q̄q

)
,

Zb(10650) ∼ B∗B̄∗ =
1
√

2

(
0−b̄b ⊗ 1−q̄q + 1−b̄b ⊗ 0−q̄q

)
. (46)

For both states the first and second term in parentheses provide the coupling to the final state that contains hb and Υ,
respectively. An additional support for the molecular interpretation of all four Z’s comes from the fact that they all
decay, with a branching fraction larger than 80%, into the nearby open-flavor channel despite a very small phase space
available in these decays while the phase space is wide open for their hidden-flavor channels. For a comparison of a
molecular versus hadrocharmonium interpretation of the Zc(3900) we refer to Ref. [492].

If one admits that the charged states are good candidates for isovector hadronic molecules, it appears natural that
there are also isoscalar hadronic molecules. Indeed, let us assume that the binding potential is provided by meson
exchanges and that amongst those the most prominent one is an isovector meson exchange (this is an established
picture for two-nucleon systems with the exchanged particle being the pion). For the exchange of such an isovector
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particle between two isospin doublets the ratio of isospin factors of the isoscalar to the isovector channel is -3. An
additional minus sign appears when switching the C-parity (clearly, for isovector states the C-parity is defined only for
the neutral component). In particular, the picture just drawn would be consistent with a prominent isovector exchange
potential if molecular states existed simultaneously in the D∗D̄ system with I = 0 and JPC = 1++, and with I = 1
and JPC = 1+−. Furthermore, in this scenario there should not be any isovector (isoscalar) 1++ (1+−) states. This
naive pattern is in line with experimental observations. This is clearly different from the compact tetraquark picture,
where each isoscalar state should be accompanied by its nearly degenerate isovector partner. However, this reasoning
does not include that, e.g., pion exchange naturally provides large S -wave to D-wave transitions via its tensor force
— as soon as those are included one-pion exchange can provide binding also in, e.g., isovector 1++ channels (see
Refs. [570, 571] and the discussion in Sec. 4.4.5). In addition, the channel coupling driven by the tensor force of the
one pion exchange also generates a transition of the Zb(10650) to the BB̄∗ channel, which, however, is not seen in
the data. It is shown in Ref. [300] that this transition is largely absorbed into a formally subleading counter term that
needs to be promoted to leading order to render the calculation cut–off independent — this is discussed in some detail
in Sec. 4.4.5.

The feature described above for the Zb states, namely that molecules in the intermediate states evade the rule that
the heavy-quark spin remains unchanged in a hadronic transition, is quite general. For example, in Ref. [482] the
following decompositions of the above mentioned two-hadron states with the quantum numbers 1−− are given as

(D1D̄ − D̄1D) :
1

2
√

2
ψ11 +

√
5

2
√

2
ψ12 +

1
2
ψ01, (47)

(D1D̄∗ − D̄1D∗) :
3
4
ψ11 −

√
5

4
ψ12 +

1

2
√

2
ψ01, (48)

(D1D̄ − D̄1D) :

√
5

4
ψ11 +

1
4
ψ12 −

√
5

2
√

2
ψ01, (49)

where ψ1J = 1−−
QQ̄
⊗ J++

qq̄ and ψ01 = 0−+
QQ̄
⊗ 1+−

qq̄ , where as before Q (q) denotes a heavy (light) quark. Accordingly, if
there exist resonances generated as two-hadron states in these channels, one should expect a similar population for
the final states with the total heavy-quark spin equal to 0 or 1. And indeed, in the mass range covered by the three
corresponding thresholds, where at least three vector states16, Y(4230), Y(4360) and ψ(4415), coexist, one finds the
e+e− → ππhc cross section of the order of 60 pb and the e+e− → ππJ/ψ cross section of the order of 80 pb — cf.
Figs. 22 and 23. It should be stressed that those total cross sections have only a very small contribution from the Zc

states. Stated differently, the invariant mass spectrum that shows the Zc states in the πhc final state (cf. Fig. 55) shows
also a strong non-resonant contribution. This is in contrast to the data on the Zb’s in the πhb channels where the signal
is resonant only which in the molecular picture is understood as a consequence of the large mass gap between the
Υ(10860) and the first relevant two heavy-hadron S-wave threshold, B1B̄ at 11004 MeV.

Since in QCD the spin of the heavy quarks decouples from the interaction up to corrections of the order of
ΛQCD/mh, one can also predict spin partner states for hadronic molecules. It was stressed in Ref. [493] that the pattern
of spin-symmetry breaking is very different between different models for the XYZ states. For example, to leading
order in the 1/mb expansion the Zb-states and their spin partners form two multiplets: One doublet which contains the
JPC = 1+− state Zb(10650) and a 0++, called W ′b0, and one quartet, which contains the JPC = 1+− state Zb(10610) as
well as the 0++ , 1++, and 2++ states called Wb0, Wb1, and Wb2, respectively [567, 570, 572]. If one allows for spin-
symmetry violation, whose leading effect for hadronic molecules is in this case driven by the B∗-B mass difference,
the members of the multiplets follow the splitting of the thresholds — see Fig. 80. As soon as one–pion exchange is
included, many additional partial waves need to be included in the calculation [573] since the tensor force provides
strong S -D transitions. As a result of this, the spin-2 state acquires a width from the now allowed transition from
B∗B̄∗(S -wave) → BB̄(∗)(D-wave). Because of this additional transition there also appears a sizeable mass shift once
pions are included. It was shown in Ref. [570] that the spectrum of spin partner states is very sensitive to the input
masses used for the Zb states. A more refined study using as input the masses determined directly from a fit to the Zb

16Some analyses claim that even more are needed — see chapter 3.1.
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Figure 80: Sketch of the mass spectrum of Zb(10610) and Zb(10650) and their spin partner states in the spin-symmetric limit (left) and when the
B∗-B mass splitting is included (right). In the latter case calculations with (marked by π) and without one-pion exchange (marked by π/) in the
potential are compared as detailed in the text. The results underlying the figure are from Ref. [570] based on the input masses for the Zb states from
Ref. [563].

line shapes is presented in Ref. [300] and will be discussed in more detail in Sec. 4.4.5. Moreover, the impact of the
pions on the pole positions and the line shapes is important also for the spin partner states — in particular, while both
Zb’s and their siblings WbJ appear to be virtual states in the pionless theory, in the full EFT, including pions, most of
these states turn to above-threshold resonances — see Ref. [571] for details.

A similar pattern of spin partner states is expected to also emerge in case of the isoscalar states in both the charm
and the bottom sector. Thus, if the molecular picture is correct, then, in the strict spin-symmetry limit, the 1++ state
X(3872) should be a member of a multiplet together with one 1−+, one 0++, and one 2++ state. In addition, in this limit
there could be a second multiplet with a 1−+ state and another 0++ state [574]. As mentioned above, the leading spin-
symmetry-violating effect comes from the mass difference of the ground-state pseudoscalar and vector states, such
that the interactions may be assumed spin symmetric. Still, to constrain all masses of the members of those multiplets,
at least two states are needed as input. In Ref. [574] the masses of the X(3872) and of the X(3915), assumed to be a
scalar D∗D̄∗ molecular state, were employed, and, based on this, using a model with contact interactions only, in total
four additional states were predicted. Note that an uncertainty estimate of these predictions is in general very difficult,
since the X(3915) is located 100 MeV below the relevant threshold and corrections to the pure contact interactions
should be expected. However, it is interesting to observe that the spin partner of the X(3872) with JPC = 2++ is
generated from an interaction identical to that of the X(3872) — thus, the small binding energy of this state with
respect to the neutral DD̄∗ threshold should directly translate to a small binding energy of the spin-2 state with respect
to the D∗D̄∗ threshold. This observation was confirmed by the explicit numerical calculations of Ref. [574]. Once
one-pion exchange is included, transitions from the D∗D̄∗ S -wave with spin 2 to the DD̄ D-wave become possible
which can lead to widths of a few MeV [575] to tens of MeV [573].

It is interesting to note that Refs. [574, 576, 577] all find a resonance with a mass about 3700 MeV that couples
to DD̄ strongly and is interpreted as a DD̄ molecular state. Various reactions are proposed to look for this state, e.g.
e+e− → J/ψDD̄ [578] and radiative decays of heavier vector states [579]. While there are indications that this state
might have left traces in the data, so far the analyses are not fully conclusive.

An SU(3)-flavor generalisation of the research of Ref. [574] is provided in Ref. [577]. Here the authors constrain
the parameters by also investigating the decays of X(3872) into ρJ/ψ and ωJ/ψ, which constrains the isovector inter-
action, and propose that X(4140) is a 0++ state (at the time of this work the Zc states were not yet found). From this
input they find that there should neither be a 1++ nor a 2++ isoscalar state with hidden strangeness. However, since
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now the X(4140) is established to be a 1++ state, this analysis should be redone. In contrast to Ref. [577], Ref. [580]
finds a 2++ D∗sD̄∗s bound state at 4160 MeV, based on a similar construction but using vector-meson exchanges for the
potential. Here more data, especially for states with different quantum numbers are needed before a clear theoretical
understanding can emerge.

• χc1(3872) aka X(3872) from a molecular perspective

The probably most prominent example of a molecular state is the X(3872), not only because its existence was
predicted already in Refs. [534, 535] but also because its mass is incredibly close to the D0D̄0 ∗ threshold. For a
review with focus on the X(3872) as a molecular state see Ref. [581]. Originally, the X(3872) was claimed to be
(predominantly) a bound state of D0D̄0∗ [582, 583], which translates to an equal admixture of an isospin-1 and an
isospin-0 component. However, this is at odds with experiments. From the first glance one might think that this
is in line with the experimental observation that it decays at near equal rates into the ρ0J/ψ and ωJ/ψ final states
(see section 3.1.1), the former having isospin 1, the latter isospin 0. However, this can only be understood, if the
X(3872) is predominantly an isoscalar state, since the formal ρ0J/ψ threshold is located below the mass of the X
while that of the ωJ/ψ channel is 7 MeV above, which is almost as large as the width of the ω. Thus, the decay
into the latter channel is heavily suppressed kinematically compared to that into the former, especially in light of the
large width of the ρ0 of the order of 150 MeV. Thus, had the X(3872) been to 50% an isovector state it would have
almost exclusively decayed into ρ0J/ψ. Moreover, it was shown in Ref. [584], and more recently in Ref. [585], that
one can understand the apparent isospin violation in the X(3872) decay quantitatively, if one considers in the decay
the large isospin violation provided by the meson loops induced by a large coupling of the molecular state to the
two–meson continuum according to Eq. (45): Meson loops in a relative S -wave show a strong mass dependence in
form of a pronounced cusp structure exactly at the two–meson threshold, if there is a pole nearby (see Sec. 4.1). In
isospin-violating transitions the loops in the neutral and the charged channel enter with a relative minus sign and equal
coupling strength. Thus, if the masses of the meson pair in the two channels are equal, they cancel exactly as required
by isospin symmetry. However, in reality the D±D∗∓ threshold is located 8 MeV above the D0D̄∗0 threshold, which
results in an enhanced isospin violation. A second argument in favor of a predominant isoscalar nature of the X(3872)
is given in Ref. [88], where it is shown that if there had been a sizeable I = 1 component in the wave function, then
the X(3872) should have copiously decayed into the π0χcJ channels — with the partial widths larger than the current
upper limit of the X(3872) total width. Finally, in Ref. [586] it is shown that a charged component in the X(3872) is
necessary to get a quantitative understanding of its radiative decays.

At present it is not known on which sheet the pole of the X(3872) is located: It might be a shallow bound state
(similar to the deuteron and hypertriton mentioned at the beginning of this chapter), which would imply a pole on the
physical sheet, or a virtual state like the two-neutron state (or isovector nucleon-nucleon state), which would imply
a pole on the unphysical sheet. It is generally believed that the latter scenario unambiguously points at a two-meson
nature of the corresponding state. Unfortunately, an analysis of the currently existing data showed consistency with
both scenarios [412, 561]. The latter reference stressed that in case of a bound state it is necessary to consider the
width of the D∗ meson and also provided analytic expressions for the resulting line shapes that can be used for narrow
constituents. Since the width estimated for the neutral D∗ is of the order of 0.1 MeV and the X(3872) binding energy
is 0.2 MeV or lower, one expects a structure below the D0D̄∗0 threshold in the D0D̄−π+ channel, if the X(3872) is a
bound state. This structure should be absent if the X(3872) were a virtual state (cf. Fig. 79 and the corresponding
discussion). If the transition rate pp̄ → X(3872) is large enough, there is hope that the PANDA experiment planned
at the FAIR facility (see Sec. 5.1) could provide a direct measurement of this line shape. An alternative method to
get high accuracy information of the pole location of X(3872) has been provided recently based on the interplay of a
triangle singularity and the corresponding pole [106] — this idea is discussed in more detail in Sec. 4.4.5.

• ψ(4230) aka Y(4230) as hadronic molecule

Next we come back to the Y(4260) and list some more properties that point at a D1D̄ molecular nature of this
state. The reasoning is based on the fact that a state that has a nearby two-hadron channel as its prominent molecular
component will couple to it strongly. Accordingly, it appears natural in the molecular scenario for the Y(4260) that the
nominal D1D̄ threshold leaves an imprint, for example, on its line shapes. This is shown in Fig. 81. In all panels the
red solid line denotes the results of the full model of Ref. [154]. All model parameters were fixed in 2013 to the spectra
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Figure 81: Lineshapes of the ψ(4230) aka Y(4230) in the ππJ/ψ channel (upper panel) and the DD̄∗π channel (lower panel). The left column
shows the data available before 2014 from Belle [170] (lower panel) and [25] (upper panel) and the right column shows the very recent data from
BESIII [73, 165]. In all panels the red lines show the results of the full model of Ref. [154] with its parameters fixed in 2013.

Figure 82: Triangle mechanisms driving both Y(4230)→ πZc(3900) and Y(4230)→ γX(3872) decay in the molecular picture.

and angular distributions existing at that time. The results for the ππJ/ψ channel clearly show that the molecular model
naturally generates asymmetric line shapes from just a single state. In contrast to this, the experimental analysis of
the new data (upper right panel) generate the asymmetry from two BW resonances — see the discussion in Sec. 3.1
above. One conclusion from the molecular picture is that the structure known as Y(4260) should be identified with
the Y(4230). We will use this name in the rest of this section.

Since the natural decay of a molecular state is into its constituents, and the strongest decay channel of the D1(2420)
is D∗π, a D1D̄ molecular state must leave a strong imprint in the D̄D∗π final state. At the time when the model
parameters of Ref. [154] were fixed, no high quality data in this channel were available and the results shown in the
lower right panel of Fig. 81 came as a prediction. Also this calculation contains only one state — still the data and the
calculation contain in addition to the peak of the Y(4230) a second structure above the nominal D1D̄ threshold located
at 4280 MeV — here a similarity of the red curve and the typical line shapes for molecules with unstable constituents
shown in Fig. 79 should be emphasized. The missing strength to account for the data above 4350 MeV might come
from the ψ(4415) or D2D̄∗ channel missing in the model.

A D1D̄ molecular nature for the Y(4230) also predicts peculiar decay patterns of this state. For example, it
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was stressed in Ref. [185] that within this scenario it appears natural that the Zc(3900) envisioned as DD̄∗ bound
state gets excited in the Y(4230) decay, since the prime decay channel of the D1(2420) is πD∗ and, accordingly, the
triangle mechanism shown in the left half of Fig. 82 provides an efficient source of low-energy D∗D̄ pairs leading to
a copious production of the related isovector molecular state. Moreover, the quark model predicts that the D1(2420)
also decays into D∗γ — thus, the very same triangle mechanism, shown in the right panel of Fig. 82, should again
provide D∗D̄ pairs, however, now with the opposite C-parity since π0 and γ have C = + and C = −, respectively.
Accordingly, if the above explanation for the observation of the Zc(3900) in the decay Y(4230) → πZc(3900) is
correct, necessarily X(3872) must also be produced in the Y(4230) → γX(3872) reaction [70]. This prediction was
confirmed experimentally shortly after its publication — see Fig. 11.

As already mentioned above, the findings of Ref. [511], where the ππ spectra from e+e− → π+π−J/ψ in the
4260 MeV mass range were studied, that the source contains a sizeable flavor-octet component, are fully in line with
a molecular as well as compact tetraquark interpretation of those states.

• Closing remarks on hadronic molecules

So far in this section we have focused on general properties of molecular states. To go beyond this and predict, for
example, partner states that should exist given the symmetries of QCD, dynamical equations need to be solved. Those
need as input phenomenological models like meson exchange models — see, for example, Refs. [201, 587–591]; many
additional references are also provided in the review articles [84, 592]. Alternatively, one can construct the scattering
potentials in an effective field theory framework. The latter method will be detailed in Sec. 4.4.5 below. Sometimes
flavor SU(4) is used to constrain scattering potentials — see, for example, Refs. [568, 569, 580] — however, it should
be stressed that such studies necessarily come with uncontrolled systematic uncertainties, since flavor SU(4) is not a
symmetry of QCD (cf. chapter 16.4. of Ref. [593]). Note that some studies constructed on the basis of flavor SU(4)
are in fact only sensitive to the flavor SU(3) subgroup and as such show a connection to QCD symmetries — see, e.g.,
the discussion in Sec. IIA of Ref. [594], where it is argued that in practice what is often employed is only the well
established SU(2) symmetry.

From the molecular perspective, the Zc(4430) is the most problematic, since it is not close to any S -wave thresh-
old17 — see Fig. 72. The Zc(4430) could be a signature of the triangle singularity as originally proposed in Ref. [595].
If this were a proper explanation of these resonances, there should be no signal of the Zc(4430) in the D∗D̄ chan-
nel, according to Schmid’s theorem (see Sec. 4.4.5 for a more detailed discussion), which could be tested exper-
imentally. A different set of triangle diagrams to explain both the Zc(4200) and the Zc(4430) was proposed in
Ref. [596]. Here the latter (former) state emerges from the triangle B̄0 → K̄∗(892)Y(4260)→ [K−π+]Y(4260)→ π+ψ
(B̄0 → K̄∗2(1430)ψ(3770)→ [K−π+]ψ(3770)→ π+ψ), where the ψ in the final state could be either J/ψ or ψ(2S ). For
these transitions to be prominent there should be significant rates observable experimentally for B̄0 → K̄∗(892)Y(4260)
and B̄0 → K̄∗2(1430)ψ(3770), respectively, making also this prediction testable experimentally.

Since a state like Zc(4430) cannot be an S -wave bound state of a pair of ground-state mesons, Ref. [597] employs
a one-pion exchange model to test the hypothesis whether this state could be a molecule of the D∗D̄(2S ) − D∗(2S )D̄
system with the relevant thresholds assumed at 4509 MeV and 4590 MeV, respectively. The authors conclude that
with their standard parameters they cannot get an isovector bound state in this system, however, they find significantly
more deeply bound isoscalar states. If the pion coupling in the model is increased to a strength sufficient to get the
Zc(4430) as a bound state, the isoscalar partner states appear to be at least 100 MeV more bound. Those states have
not been seen experimentally.

Alternatively, also employing a one-pion exchange model, in Ref. [201] the Zc(4430) is proposed to be a P-wave
D̄1(2420)D∗ resonance. In the same work Y(4390) is explained as its isoscalar S -wave partner. In this calculation
the excitation from the S - to the P-wave costs about 40 MeV. If this picture is correct, there should be a signature of
the Zc(4430) in the D∗D̄π channel — a prediction that can be tested experimentally. Another candidate for a P-wave
bound state, this time in the D∗D̄∗ channel, could be the Zc(4100) if it has negative parity [286].

To summarise, the molecular model provides natural explanations for various observables, such as the masses, line
shapes, and decay patterns, of various candidate exotic states. Based on the arguments presented above, for example,

17This state is located basically at the D2D̄∗ threshold, but here an S -wave calls for a negative parity at odds with the quantum numbers of the
Zc(4430) determined by LHCb [38].
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X(3872), Zc(3900), Zc(4020), Y(4230), and Y(4360) in the charmonium sector, and Zb(10610) and Zb(10650) in the
bottomonium sector are good candidates for states having a prominent molecular component. However, it should not
remain unmentioned that also the molecular picture suffers from a few unresolved issues:

• At present it does not explain the relative strengths of the Zc(3900) and Zc(4020) at the various beam energies
in the πhc and πJ/ψ final states. While the anticipated production mechanism via a triangle might play an
important role here as proposed in Refs. [185, 341], full understanding of all available data is still lacking.

• The state Zc(4430) is not located close to any S -wave threshold and thus calls for an alternative explanation.
It is our understanding that so far no convincing explanation for this state in a two-hadron scenario has been
provided.

• In addition, the interplay of the molecular states with compact quark states (QQ̄ quarkonia, QQ̄g hybrids and
so on) is not understood yet, although some efforts have already been taken in this direction [598].

4.3.5. Sum rules
Another non-perturbative approach often applied to both generic and exotic hadrons is the QCD sum rules

method [599, 600]. A thorough description of the method and a comprehensive list of references on the subject can
be found in the recent review [601], which is specifically devoted to the sum rules approach to exotic XYZ hadrons.

The cornerstone of the method is the quark–hadron duality conjecture, which allows one to relate observables for
hadronic states with the properties of the non-perturbative QCD vacuum encoded in various local condensates. To this
end one considers a correlation function of currents with the quantum numbers of the studied resonance and evaluates
it in terms of local condensates of different dimensions using the operator product expansion. For example, for the
two-point correlation function one has

Π(Q2) = i
∫

d4x eiqx 〈0|T [ j(x) j†(0)]|0〉 = Πpert(Q2) + C3(Q2)〈q̄q〉 + C4(Q2)〈g2Tr(FµνFµν)〉 + . . . , (50)

where j(x) is an interpolating current, Q2 = −q2, Πpert(Q2) is the perturbative contribution to the correlation function,
and 〈q̄q〉, 〈g2Tr(FµνFµν))〉 and so on are the quark, gluon and so on local condensates characterising the QCD vacuum.
Where to truncate the series in the right-hand side of Eq. (50) depends also on the resonance under study — typically
the quark and the gluon condensates are sufficient to describe generic quarkonia, while one has to include higher-order
condensates to provide a good convergence of the series for exotic states. The values of the condensates are assumed to
be known and taken as input parameters. For example, the chiral condensate 〈q̄q〉 is related with the light quark masses
and the pion decay constant fπ through the Gell-Mann–Oakes–Renner relation [602]. One can also extract them from
lattice QCD calculations of the same correlation functions in Euclidean spacetime — for recent determinations of the
gluon condensate see Refs. [603, 604]. Finally, the numerical values of the condensates can be extracted from the sum
rules applied to hadronic states with well established properties, such as the masses and the decay widths. It has to be
remarked, however, that only a few low-dimension condensates are known and that additional assumptions need to be
invoked to treat higher-dimension condensates. In particular, a factorisation hypothesis is usually employed, which
implies that higher-dimension condensates are reduced to suitable powers of the lower-dimension ones. This results
in a further error, difficult to assess precisely, that contributes to the overall uncertainty of the method. The Wilson
coefficients Cd(Q2) of the expansion (50) can be expressed in terms of particular sets of Feynman diagrams and, as
such, can be computed straightforwardly in perturbative QCD. Finally, the correlator Π(Q2) can be represented as a
dispersive integral,

Π(Q2) =

∫ ∞

smin

ds
ρ(s)

s − Q2 , ρ(s) =
1
π

Im[Π(s)] . (51)

This completes the first stage of the calculation based directly on QCD, and which involves only its fundamental
degrees of freedom, i.e., quarks and gluons.

Alternatively, according to the quark–hadron duality conjecture, the correlation function (50) can be evaluated
in terms of low-energy effective degrees of freedom, i.e., hadrons. In particular, this amounts to constructing the
spectral density ρ(s) as a suitable function that depends on the masses, coupling constants, and other parameters of the
physical hadronic states. Generically, all hadronic states h, for which the matrix element does not vanish, contribute
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to 〈h| j(0)|0〉 and, therefore, to the spectral density ρ. However, the contribution of high-lying broad hadronic states is
usually taken into account effectively through a smooth continuum function added to the sharp contributions from the
low-lying narrow states. This smooth function is expected to vanish below a certain threshold s0.

To improve the convergence of the operator product expansion series by suppressing higher-order contributions,
it is common to follow the original works [599, 600] and to employ a Borel transformation depending on a parameter
M called the Borel mass. The typical value of this parameter is set by the mass scale of the hadronic system under
study. The results can be regarded as reliable only if they are robust with respect to a variation of the parameter
M in a sufficiently wide range — called the Borel window. Choosing a Borel parameter that is too small amounts
to truncating the operator product expansion series before accounting for all contributions necessary to describe the
hadronic system with enough precision. On the other hand, too large values of M would allow the poorly controlled
continuum to contribute. Thus, the appropriate choice of the Borel parameter is a crucial point in the approach.
Furthermore, consistency requires the lower bound of the continuum contribution s0 to depend on the value of the
Borel parameter M [605]. Indeed, it was noticed a long time ago that choosing a constant threshold s0 results in an
insufficient accuracy of the calculation [606].

Studying exotic hadronic states in the sum rules approach is more difficult than considering just generic quarkonia.
On the one hand, as was mentioned above, the operator product expansion series has to be truncated at higher orders
to provide a sufficient level of convergence. This implies that higher-order condensates need to be retained in the
series. The evaluation of such higher-order condensates requires additional approximations, such as the factorisation
assumption. For example, the quartic quark condensate is expressed as 〈q̄qq̄q〉 = ρ〈q̄q〉2, where the coefficient ρ is
expected to be of order one. However, choosing the best value of ρ and estimating the corresponding uncertainty
requires further theoretical assumptions. On the other hand, the interpolating current j(x) entering the correlation
function needs to be constructed in such a way that it overlaps with all relevant, ordinary and exotic, components of
the hadronic state, hence, not only quark-antiquark components, but also hybrid, molecular, and compact tetraquark
ones. The mixing angles between the different components in the interpolating current are additional parameters.

state structure JPC

χc1(3872) aka X(3872) mixed χc1 − DD̄∗ 1++

Zc(3900)+ DD̄∗ 1+−

X(3940) mixed χc0 − D∗D̄∗ 0++

Zc(4020)+ D∗D̄∗ 1+− or 2++

Zc(4100)+ D∗0D̄∗0 0++

X(4160) D∗sD̄∗s 2++

Zc(4200)+ [cs][c̄s̄] 1+

X(4250)+ DD̄1 1−

ψ(4260) aka Y(4260) mixed J/ψ − [cq][c̄q̄] 1−−

ψ(4360) aka Y(4360) [cq][c̄q̄] 1−−

ψ(4660) aka Y(4660) [cs][c̄s̄] 1−−

Table 11: Structures and quantum numbers of several charmonium-like states obtained within the sum rules approach (adapted from Ref. [601]).
Only those states that appear in the listings of the PDG with the assumed or unknown quantum numbers are kept and listed using their official
names.

The sum rule approach can be used not only to calculate masses but also to study three–point functions like for
magnetic moments. For the evaluation of magnetic moments of the Z(3900) state see, e.g., Refs. [327, 328].

To summarize, the sum rules approach to exotic hadrons is a strong analytical tool aimed at relating the proper-
ties of the hadronic states under study directly with intrinsic features of the QCD vacuum encoded in various local
condensates. Shortcomings of this approach are the necessity of additional assumptions and approximations that can
make systematic improvements and reliable uncertainty estimates difficult, especially for exotic near-threshold states.
Predictions of the sum rules for the structures and quantum numbers of XYZ states in the charmonium spectrum are
collected in Table 11, taken from the recent review [601]. There the interested reader can find further details of the
method and its application to exotic hadrons. Results from sum rules for charmonium and bottomonium hybrids have
been briefly summarized also in Sec. 4.4.4. For recent developments on the foundation of sum rules for compact
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tetraquarks and their specific differences with respect to sum rules for ordinary quarkonia we refer to Ref. [607].

4.4. Effective field theories for QCD

In a physical system, the long-distance (or low-energy) dynamics usually does not depend on the details of the
physics at short distances (or high energies). For example, the details of atomic physics are irrelevant to describe
planetary motion; the only feature of the nucleus relevant to chemistry is its charge. Effective field theories (EFTs)
are a theoretical tool that allows to put this generic observation into a rigorous framework. In particular, under some
conditions, EFTs are able to describe systems characterized by several energy scales just in terms of a few relevant
degrees of freedom. This description is improvable in a systematic way. It has, however, a limited, but well defined,
range of applicability.

A necessary condition for the construction of an effective field theory is the existence of a hierarchy amongst the
energy scales of the system. For instance, in the case of a system with two scales, Λ and Q, we can construct an EFT if
Λ � Q. The effective field theory Lagrangian is then organized as an expansion in Q/Λ. Each term in the expansion
is made of the fields describing the system at the low-energy scale Q, also called effective degrees of freedom. It
can be any term as long as it is consistent with the symmetry principles. In turn, the resulting scattering matrix will
be the most general one consistent with analyticity, perturbative unitarity, cluster decomposition and the symmetry
principles [608].

Analytic terms in the expansion parameter Q/Λ are accounted for by the operators of the EFT. Non-analytic
terms, carrying the contributions of the high-energy modes in the original, fundamental theory, which are no longer
dynamical in the EFT, are encoded in the parameters multiplying the EFT operators. These parameters are the Wilson
coefficients of the EFT, also called low-energy constants in hadronic EFTs like Chiral Perturbation Theory. Hence,
EFTs automatically factorize, for any observable, high-energy from low-energy contributions. The Wilson coefficients
of the EFT Lagrangian are fixed by matching to the fundamental theory, i.e. by requiring the EFT and the fundamental
theory to describe the same physics (observables, Green functions, scattering matrices, ...) at any given order of the
expansion parameter Q/Λ. Alternatively they can also be fixed from data. In case of hadronic EFTs they are fixed
either from experimental data or from matching to results from lattice QCD.

To allow for controlled calculations based on the effective Lagrangian, operators, as well as the quantum correc-
tions, are organized according to their expected importance. Operators in the Lagrangian are counted in powers of
the small expansion parameter Q/Λ, whereas quantum corrections are either computed exactly or counted in powers
of the coupling constant. EFTs are, in general, non-renormalizable, however, they are at each order in the expansion
parameter. This leads eventually to finite results, whose different terms scale according to the power counting. The
power counting may or may not be obvious. Nevertheless, once a power counting has been established, effective field
theories prove to be very useful, sometimes the only tool, to compute in a systematic and rigorous fashion observables
in multiscale systems.

One of the strengths of EFTs is that they enjoy at leading order a larger symmetry than the fundamental theory,
as a consequence of the fact that some of the original degrees of freedom have been integrated out. For example, the
heavy-quark symmetry of the Heavy Quark Effective Theory (see Sec. 4.4.1) is a hidden, approximate symmetry of
the physical system that is made manifest by the EFT at leading order. Although higher-order terms in the EFT restore
the symmetry of the full theory, having a more symmetric zeroth-order solution contributes to the predictive power of
the EFT by reducing the number of its low-energy parameters.

The fundamental theory for hadronic physics is QCD. Its Lagrangian density reads (for simplicity gauge fixing,
ghost fields and a possible θ-term are omitted) [1]

LQCD =

n f∑
i=1

q̄i

(
iγµDµ − mi

)
qi −

1
4

Fa
µνF

µν a , (52)

where the quark fields are denoted by qi, the sum runs over the n f quark flavors, mi are the quark masses, the covariant
derivative is Dµ = ∂µ − igAµ, with Aµ = Aµ aT a the gluon fields and T a the SU(3) generators, Fa

µν is the field strength
tensor, and g is the gauge coupling, related to the strong coupling via αs = g2/(4π). Of particular relevance in hadronic
physics are the EFTs that can be constructed from QCD in the limit of small and large quark masses.
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For light quarks we can expand the QCD Lagrangian for small masses and write at leading order

LQCD =

n∑̀
i=1

q̄i L
(
i/∂ + g /AaT a) qi L + q̄i R

(
i/∂ + g /AaT a) qi R −

1
4

Fa
µνF

µν a, (53)

where qi R (qi L) are the right- (left-) handed components of the n` light-quark fields. In this limit, the Lagrangian is
U(1)V ×SU(n`)V ×U(1)A ×SU(n`)A invariant (V stands for vector, A for axial vector). However, the SU(n`)V×SU(n`)A

symmetry is spontaneously broken to SU(n`)V , which has as a consequence that, at low energies, the effective degrees
of freedom of QCD are the Goldstone bosons that emerge from the symmetry breaking rather than quarks and gluons.
The effective field theory that describes QCD at low energies is called Chiral Perturbation Theory (ChPT) [609, 610].
Its effective degrees of freedom are the Goldstone bosons of the spontaneously broken SU(n`)A symmetry. For n` = 2
these are pions. The exploited hierarchy of scales is Λχ � Mπ, where Mπ is the pion mass and Λχ ∼ 4π fπ ∼ 1 GeV
is the hadronic scale associated with the spontaneous breaking of the chiral symmetry; fπ is the pion decay constant.
Hence ChPT is constructed as a perturbative expansion in powers of Mπ/Λχ. Because ChPT is an EFT for degrees
of freedom that live below the hadronic scale, its matching to QCD is non-perturbative. Chiral Perturbation Theory
plays a crucial role in describing nuclei and hadronic molecules, see Refs. [611] and [531] and references therein. We
will discuss it in this context in Sec. 4.4.5.

For hadrons made of one heavy quark, like heavy-light mesons and baryons, the proper EFT is called Heavy Quark
Effective Theory (HQET). It exploits the hierarchy of scales mh � ΛQCD, where mh is the heavy quark mass and ΛQCD
is the typical, hadronic scale, of the same order as Λχ, relevant for these systems. The condition mh � ΛQCD is fulfilled
by the charm, bottom, and top quarks.18 In a sense, the HQET describes QCD in the opposite limit of ChPT, however,
the HQET is not the large mass limit of QCD. We will discuss the HQET in the following Sec. 4.4.1. If we consider
systems made of more than one heavy quark, like quarkonia or quarkonium-like states or doubly-heavy baryons, then
more scales become relevant. These are the scales of the heavy-quark-heavy-(anti)quark interaction, i.e., the typical
momentum transfer, mhv, and the typical binding energy mhv2, where v is the relative velocity of the heavy quarks.
At each of these scales one can construct an EFT, specifically, NRQCD at the scale mhv, which will be discussed in
Sec. 4.4.2, and potential NRQCD (pNRQCD) at the scale mhv2, which will be discussed in Sec. 4.4.3. The version of
pNRQCD suited to deal with systems made of two or more heavy quarks bound with some light degrees of freedom,
like light quarks or gluons, is called Born–Oppenheimer EFT and will be presented in Sec. 4.4.4. Finally, effective
field theories at the hadron level are described in Sec. 4.4.5.

4.4.1. Heavy Quark Effective Field Theory
The HQET is the EFT suited to describe hadrons made of one heavy particle and light degrees of freedom, also

called heavy-light hadrons [612–615] (for an early review see, for instance, Ref. [616], for a textbook see Ref. [617]).
The heavy particle was originally designated to be a heavy quark. However, under some circumstances, it can be also
a composite particle made by more than one heavy quark; this is the case when the internal modes of the composite
heavy particle may be ignored. The light degrees of freedom are made by quarks and gluons. Among the light quarks
we may distinguish between valence quarks and sea quarks, where the first ones are those that establish, together with
the heavy degrees of freedom, the quantum numbers of the heavy-light hadron.

The HQET exploits the hierarchy mh � ΛQCD that characterizes heavy-light hadrons made by a heavy quark of
mass mh. High-energy degrees of freedom that live at the energy scale mh are integrated out from QCD. The resulting
EFT is made of low-energy degrees of freedom living at the scale ΛQCD. These are the low-energy modes of the
heavy quark (antiquark), described by a Pauli spinor ψ (χ) that annihilates (creates) the heavy quark (antiquark), and
low-energy gluons and light quarks. The HQET is constructed as an expansion in 1/mh: the heavy quark expansion.
Matrix elements of operators of dimension d are of order Λd

QCD, hence the higher the dimension of the operator the
higher the suppression in ΛQCD/mh. In the rest frame of the heavy-light hadron, the HQET Lagrangian density for a

18 Top quarks will not play any role in the following, as this review focuses on hadrons and the top quark has no time to form any before decaying
weakly into a b quark.
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heavy quark reads up to order 1/m2
h (the HQET Lagrangian including 1/m4

h terms has been derived in Refs. [618, 619])

LHQET =ψ†
{

iD0 +
D2

2mh
− cF

σ · gB
2mh

− cD

[
D·, gE

]
8m2

h

− icS
σ ·

[
D×, gE

]
8m2

h

}
ψ

−
1
4

Fa
µνF

a µν +
d2

m2
h

Fa
µνD

2Fa µν −
d3

m2
h

g fabcFa
µνF

b
µαFc

να +

n∑̀
`=1

q̄`
(
iγµDµ − m`

)
q`, (54)

where [D·, gE] = D · gE − gE · D and [D×, gE] = D × gE − gE × D, Ei = F i0 is the chromoelectric field,
Bi = −εi jkF jk/2 the chromomagnetic one with the totally antisymmetric tensor εi jk (ε123 = 1), and σ are the Pauli
matrices. The fields q` stand for n` light-quark fields, i.e., the mass m` is much smaller than ΛQCD and may be set to
zero in many applications. On the other hand, mh has to be understood as the heavy quark pole mass, hence not the
mass in the QCD Lagrangian. The coefficients cF , cD, cS , d2, and d3 are Wilson coefficients of the EFT. They encode
the contributions of the high-energy modes that have been integrated out from QCD. Since the high-energy scale, mh,
is larger than ΛQCD, the Wilson coefficients may be computed in perturbation theory and organized as an expansion in
αs (at a typical scale of order mh). The coefficients cF , cD, and cS are 1 at leading order, while the perturbative series
of the coefficients d2 and d3 starts at order αs. The one-loop expression of the coefficients may be found in Ref. [620].
Some of the coefficients are known far beyond one loop. For instance, the Fermi coefficient cF , which plays a crucial
role in the spin splittings, is known up to three loops [621]. Not all the coefficients are independent. For instance,
Poincaré invariance of QCD relates cF and the spin-orbit coefficient cS : cS = 2cF − 1 [620, 622, 623]. This relation
is exact. The HQET Lagrangian for a heavy antiquark may be obtained from Eq. (54) by charge conjugation. In
Eq. (54) we have not considered 1/m2

h suppressed operators involving light quarks, since their impact is negligible in
most hadronic observables. They have been considered first in Ref. [624]; for a recent calculation see Ref. [625].

The impact of the HQET on the physics involving heavy-light hadrons and, in particular, their weak decays has
been enormous. The reason is that the leading-order HQET Lagrangian (LHQET = ψ†iD0ψ − Fa

µνF
a µν/4) makes

manifest a hidden symmetry of heavy-light hadrons. This symmetry is the heavy-quark symmetry and stands for
invariance with respect to the heavy-quark flavor and spin. Moreover, the leading-order HQET Lagrangian is exactly
renormalizable. Higher-order operators in Eq. (54) break this symmetry (and exact renormalizability), however, they
do it in a controlled, perturbative way. Hence, observables computed up to some order in the HQET expansion depend
on fewer and more universal non-perturbative matrix elements than they would in a full QCD calculation. This makes
the heavy quark expansion more predictive than a full QCD calculation. We will mention in the following a few
implications of the heavy quark expansion for the spectrum of heavy-light hadrons.

Heavy-light meson masses, expressed in the HQET as an expansion up to order 1/mh in the inverse of the heavy
quark mass [626], read

MH(∗) = mh + Λ̄ +
µ2
π

2mh
− dH(∗)

µ2
G(mh)
2mh

+ O(1/m2
h), (55)

where MH(∗) is the spin singlet (triplet) meson mass, mh the heavy quark pole mass, Λ̄ the binding energy in the static
limit, of order ΛQCD, µ2

π/2mh the kinetic energy of the heavy quark (µ2
π is the matrix element of ψ†D2ψ), of order

Λ2
QCD/mh, dH(∗) is 1 for H and −1/3 for H∗, and dH(∗)µ2

G(mh)/2mh is the matrix element of cF ψ
†σ ·gB/(2mh)ψ, of order

Λ2
QCD/mh. The heavy quark symmetry manifests itself through the universality of the leading term MH(∗) − mh ≈ Λ̄,

as well as of the matrix elements µ2
π and µ2

G(mh)/cF(mh), which depend neither on the heavy quark flavor nor on the
heavy quark spin. The flavor dependence of µ2

G(mh) comes entirely from the Wilson coefficient cF , which depends on
mh through the running of the strong coupling.

A primary use of Eq. (55) is to determine the heavy quark masses from the (measured) meson masses. Since the
relation between the MS mass (or any ultraviolet mass) and the pole mass is given by a poorly convergent perturbative
series (at present, this relation is known up to four loops [627, 628]) 19, an intermediate step is necessary. This consists
in rewriting Eq. (55) in a scheme that preserves the power counting of the EFT, which excludes a direct use of the MS
scheme, and defines a mass that is related to the MS mass through a convergent perturbative series. There are many
possibilities for such a scheme [630–635]. The approach favored by the recent lattice determination of Ref. [636]

19For model-dependent estimates of the five- and six- loop contributions see, for instance, Ref. [629].
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is the minimal renormalon subtraction (MRS) scheme [635]. The obtained heavy quark masses from the Ds and Bs

masses read

mc = 1273(4)stat(1)syst(10)αs (0) fπ,PDG MeV = 1273(10) MeV, (56)
mb = 4201(12)stat(1)syst(8)αs (1) fπ,PDG MeV = 4201(14) MeV, (57)

where mh is the MS mass of the quark h at the scale of its MS mass, and the uncertainties are statistical, systematic,
due to uncertainties in αs and in the pion decay constant fπ from the PDG used to set the lattice scale.

The quantities Λ̄, µ2
π and µ2

G(mh) are non-perturbative. The lattice determination of Ref. [636] finds

Λ̄MRS = 555(25)stat(8)syst(16)αs (1) fπ,PDG MeV, (58)

µ2
π = 0.05(16)stat(13)syst(06)αs (00) fπ,PDG GeV2, (59)

µ2
G(mb) = 0.38(01)stat(01)syst(00)αs (00) fπ,PDG GeV2, (60)

where Λ̄ is in the MRS scheme and the quantity µ2
G has been evaluated for the b quark. At higher orders in the 1/mh

expansion, more matrix elements have to be determined, a fact that increasingly limits the predictive power of the
HQET.

Clearly, Eq. (55) can be immediately extended to heavy-light baryons. What will change is the explicit value
of the non-perturbative matrix elements, as the light degrees of freedom are different from the mesonic case. More
interesting, from a conceptual point of view, is the case of doubly-heavy baryons. These systems are characterized
by more energy scales than heavy-light hadrons. One of these scales is the inverse of the typical distance between
the two heavy quarks. If it is much larger than ΛQCD, a case more likely to be realized by doubly bottomed baryons
than by doubly charmed baryons, then one can integrate out this scale. At the low-energy scale of the resulting EFT,
one does not resolve the two heavy quarks anymore and the resulting EFT is just the HQET (for the heavy antiquark)
with the role of the heavy antiquark given to an effective heavy diquark field with the same quantum numbers [637–
646]. This is an appealing picture with predictive power, as it links the doubly-heavy baryon observables to the
much better known heavy-light meson ones. Nevertheless, it has been also challenged by lattice data that, at least
in the doubly charmed baryon spectrum, do not seem to fully support the diquark picture [647]. It is anyway clear
that for any doubly-heavy baryon, and even more so for doubly charmed baryons, the heavy quark-quark dynamics
provides a contribution that cannot be entirely neglected and that a diquark picture is theoretically justified only if the
typical heavy quark distance is much smaller than 1/ΛQCD. Doubly charmed baryons have attracted more attention
since the LHCb discovery of a resonance in the Λ+

c K−π+π− mass spectrum at a mass of (3621.40 ± 0.78) MeV that
is consistent with a Ξ++

cc baryon [530, 648]. Earlier observations by the SELEX experiment remained unconfirmed
by other experiments [649, 650] and show a huge isospin violation difficult to understand from an EFT point of
view [651].

The heavy quark symmetry may be also applied to link doubly-heavy tetraquarks (tetraquarks made of two heavy
quarks and two light anti-quarks) with heavy-light baryons sharing the same light-quark content [529, 643]. Even
more relevant now that we have an experimental determination of a doubly-heavy baryon. In Ref. [529], using the
mass formula in Eq. (55) and experimental input for heavy-light baryon and meson masses, the authors show evidence,
at least from the HQET, that there are doubly bottomed tetraquark states bbūd̄, bbūs̄, and bbd̄s̄ that are stable against
strong decays (these are states for which the decays into two heavy-light meson pairs, and a doubly-heavy baryon
and a light antibaryon turn out to be kinematically forbidden), while the doubly charmed tetraquark ccq̄`q̄`′ , mixed
tetraquark bcq̄`q̄`′ , and heavier doubly bottomed tetraquark states dissociate into pairs of heavy-light mesons. The
existence of a stable doubly bottomed I = 0 tetraquark has been predicted by the quark model of Ref. [528], the lattice
QCD calculations in Refs. [524, 525], and it is supported by the arguments of Ref. [525]. In Ref. [643] it has been
pointed out that if the mass of this stable tetraquark is smaller than 10405 MeV (this is the case for the prediction in
Ref. [528]), then the lowest-lying doubly bottomed tetraquark with quantum numbers JP = 1+ and I = 1 would also
likely be stable against strong decays.

4.4.2. Non Relativistic QCD
Systems made of two or more non-relativistic particles, like two heavy quarks or a heavy quark and a heavy

antiquark, are characterized by more energy scales than systems where just one particle is non-relativistic. These
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Figure 83: Left: Typical energy scales entangled in a quarkonium annihilation. Right: Hierarchy of energy scales and corresponding EFTs.

energy scales are the inverse radius (or radii) defining the size of the heavy particle system and the energy of the
excitations of the heavy particle system. In the case of heavy quarks of mass mh, the inverse size of the heavy quark
system is of order mhv and the energy of its excitations is of order mhv2, where v � 1 is the velocity of the heavy
quark relative to the c.m. frame (for simplicity, we do not distinguish here between heavy quarks of different flavor).
This is analogous to what happens in the hydrogen atom, whose inverse Bohr radius is meα and whose energy levels
are of order meα

2, me being the mass of the electron and α the fine structure constant. The fine structure constant
also provides the relative velocity of the electron in the atom. In QCD, the velocity v of the heavy quark may (for
weakly-coupled bound states) or may not (for strongly-coupled bound states) be proportional to the strong coupling αs.
Regardless of this, the relative velocity of the heavy quark is much smaller than the velocity of light, and may serve
to hierarchically order the non-relativistic energy scales:

mh � mhv � mhv2. (61)

The non-relativistic energy scales are also correlated. The tower of hierarchically ordered energy scales in Eq. (61)
calls for the construction of a tower of non-relativistic EFTs [652], see Fig. 83. In the last twenty years, the develop-
ment of non-relativistic EFTs of QCD has been the major theoretical breakthrough in the description of quarkonium
and quarkonium-like systems [12–14]. For a more historical perspective, see Ref. [653].

The EFT that follows from QCD by integrating out the energy scale of the heavy quark mass, mh, which is
the largest scale in Eq. (61), and that is suited to describe systems made of heavy quarks and heavy antiquarks, is
NRQCD [654], see Fig. 84. Although the Lagrangian of the theory is identical to the one of the HQET in the
two-fermion and gauge sectors, nevertheless the power counting is different. One consequence of this is that the
leading-order NRQCD Lagrangian includes the kinetic energy operators, ψ†∇2/(2mh)ψ − χ†∇2/(2mh)χ. Therefore,
differently from the HQET leading-order Lagrangian, it is not renormalizable.

Because of this seeming difficulty, NRQCD has been used first for lattice QCD calculations involving heavy
quarks [655, 656]. The advantage there is that, once the heavy quark mass has been integrated out, the lattice spacing,
a, is no more constrained to be smaller than 1/mh, which would amount to requiring a very fine lattice if the quark is
very heavy. In lattice NRQCD the constraint is relaxed to a < 1/(mhv). Since at the same time the lattice size has to
be large enough to include distances of the order of 1/ΛQCD for quenched calculations and 1/Mπ for full calculations,
simulations with very heavy quarks in full QCD are so far beyond reach for the required computational effort. Indeed,
still nowadays, lattice NRQCD is the only way to compute non-perturbatively observables involving bottom quarks in
full QCD (see, for instance, Refs. [657–661]).

Only after the development of the HQET, NRQCD has been systematically used for analytical calculations of
quarkonium observables. In particular, NRQCD is well suited to describe heavy quark-antiquark annihilation pro-
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Figure 84: Schematic matching of NRQCD; c is a Wilson coefficient of NRQCD, µ is the infrared renormalization scale of NRQCD.

cesses. These happen at the energy scale mh, which is exactly the energy scale that has been integrated out from QCD.
At the low-energy resolution of NRQCD no annihilation is possible and the number of heavy degrees of freedom is
conserved. All the information about the annihilation goes instead into the (imaginary part) of the four-fermion Wilson
coefficients of NRQCD, which may be computed in perturbative QCD, while the low-energy dynamics of the heavy
quark-antiquark bound state is factorized into the matrix elements of the NRQCD operators. Processes involving
heavy quark-antiquark annihilations are quarkonium decays [662, 663] and productions [663]. The large amount of
data about quarkonium production in hadron and lepton colliders, together with the predictive power of NRQCD and
its success in most of the predictions, has established NRQCD as a standard tool for studying quarkonium annihilation
processes [12–14].

One novel feature of NRQCD with respect to the HQET is the presence of four-fermion operators in the La-
grangian. These are essential to describe annihilation processes, but also, more generally, to describe correctly the
short-distance interaction between the heavy particles. Because also four-fermion operators projecting on color octet
quark-antiquark states are possible, NRQCD naturally allows for production and decay of quark-antiquark states in
a color octet configuration. Quark-antiquark states in a color octet configuration constitute a suppressed, in v, com-
ponent of the Fock state describing a physical quarkonium. Four-fermion color octet matrix elements are necessary
in the quarkonium phenomenology [12–14]. They are also necessary to cancel infrared divergences in quarkonium
decay and production observables and provide eventually finite, physical results [662, 663]. It should be noted, how-
ever, that the NRQCD factorization has been rigorously proved only for quarkonium decay but not yet for quarkonium
production (for progress in this direction see Refs. [664–668]). This unsolved issue may be related with the persisting
difficulty in reconciling quarkonium polarization data with naive NRQCD expectations.

A last breakthrough in establishing NRQCD as a valuable tool for analytical calculations came when it was
shown that the computation of the Wilson coefficients of NRQCD in dimensional regularization requires expanding
in the heavy quark mass to avoid integrating over the high momentum region. The result is that, even if the power
countings of NRQCD and the HQET are different, the matching to QCD proceeds in the same way, leading to the
same Lagrangian in the two-fermion and gauge sectors [620].

The NRQCD Lagrangian density for systems made of a heavy quark and a heavy antiquark of equal masses mh up
to order 1/m2

h, and including the 1/m3
h kinetic operator, is given by

LNRQCD =ψ†
{

iD0 +
D2

2mh
+

D4

8m3
h

− cF
σ · gB
2mh

− cD

[
D·, gE

]
8m2

h

− icS
σ ·

[
D×, gE

]
8m2

h

}
ψ

+ χ†
{

iD0 −
D2

2mh
−

D4

8m3
h

+ cF
σ · gB
2mh

− cD

[
D·, gE

]
8m2

h

− icS
σ ·

[
D×, gE

]
8m2

h

}
χ

+
f1(1S 0)

m2
h

ψ†χχ†ψ +
f1(3S 1)

m2
h

ψ†σχ · χ†σψ +
f8(1S 0)

m2
h

ψ†Taχχ†Taψ +
f8(3S 1)

m2
h

ψ†Taσχ · χ†Taσψ

−
1
4

Fa
µνF

a µν +
d2

m2
h

Fa
µνD

2Fa µν −
d3

m2
h

g fabcFa
µνF

b
µαFc

να +

n∑̀
`=1

q̄`
(
iγµDµ − m`

)
q`, (62)

where, as in the HQET case, mh has to be understood as the pole mass. The first line of Eq. (62) is the two-fermion part
of the NRQCD Lagrangian. As discussed above, it coincides, both in the operators and in the Wilson coefficients, with
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the two-fermion part of the HQET Lagrangian shown in Eq. (54). The second line of Eq. (62) is the two-antifermion
part of the NRQCD Lagrangian and it is the charge conjugated of the two-fermion part. The two-(anti)fermion sector
of the HQET/NRQCD Lagrangian is known up to terms of order 1/m4

h [618, 619]. The third line of Eq. (62) is made
of all possible four-fermion operators of dimension 6. The corresponding Wilson coefficients are f1(1S 0), f1(3S 1),
f8(1S 0), and f8(3S 1). The operator associated to the first (second) Wilson coefficient projects on a heavy quark-
antiquark pair in a color singlet configuration with quantum numbers 1S 0 (3S 1), whereas the operator associated to the
third (fourth) Wilson coefficient projects on a heavy quark-antiquark pair in a color octet configuration with quantum
numbers 1S 0 (3S 1). The four-fermion Wilson coefficients have been computed in Refs. [663, 669]. They have a real
part that starts at order αs for f8(3S 1) and at order α2

s for the other coefficients, and they have also an imaginary part,
coming from one loop or higher annihilation diagrams, which is of order α2

s for Im f1(1S 0), Im f8(1S 0), and Im f8(3S 1),
and of order α3

s for Im f1(3S 1). A list of imaginary parts of four-fermion Wilson coefficients in NRQCD and related
bibliography can be found in Ref. [670]. The four-fermion sector of the NRQCD Lagrangian has been derived up
to order 1/m4

h (complete) and orders 1/m5
h and 1/m6

h (partial) in Refs. [671–673]. Like for the Wilson coefficients
in the two-fermion sector, also the Wilson coefficients in the four-fermion sector are not all independent, but some
of them are related by Poincaré invariance [672, 673]. Sometimes it may be useful to isolate the electromagnetic
component of the four-fermion operator and of its corresponding Wilson coefficient. This is the case when computing
electromagnetic decay widths and photoproduction cross sections in NRQCD. The electromagnetic operators are
obtained by projecting on an intermediate QCD vacuum state, |0〉, e.g., ψ†χχ†ψ → ψ†χ |0〉〈0| χ†ψ. Finally, the fourth
line of Eq. (62) contains the gauge sector of the EFT and the light quark Lagrangian. It coincides with the equivalent
second line of the HQET Lagrangian in Eq. (54). As in the HQET case, in Eq. (62) we have not considered 1/m2

h
suppressed operators involving light quarks (either with two light quark and two heavy quark fields or with four light
quark fields, see Ref. [652]).

Differently from the HQET, the power counting of NRQCD is not unique. The reason is that, while the HQET
is a one-scale theory, its only dynamical scale being ΛQCD, NRQCD is a multiscale theory. The dynamical scales
of NRQCD are, at least, mhv, mhv2, and ΛQCD. In more complicated settings, even more scales can be relevant.
Hence, one can imagine different power countings, some more conservative, like assuming that the matrix elements
scale according to the largest dynamical scale, i.e., mhv, see, e.g., Ref. [674], some less conservative or closer to a
perturbative counting, see, e.g., Ref. [663]. What all the power countings have in common is that the kinetic energy
scales like the binding energy and that therefore ψ†i∂0ψ is of the same order as ψ†∇2/(2mh)ψ, and analogously for
the antiquark. This follows from the virial theorem and is an unavoidable consequence of the dynamics of a non-
relativistic bound state. Therefore, the leading-order NRQCD Lagrangian reads LNRQCD = ψ†{iD0 + ∇2/(2mh)}ψ +

χ†{iD0−∇
2/(2mh)}χ−Fa

µνF
a µν/4, which is different from the leading-order HQET Lagrangian for a heavy quark and a

heavy antiquark. In particular, the leading-order NRQCD Lagrangian violates the heavy-quark flavor symmetry, which
means, for instance, that the bottomonium binding energy is different, even at leading order, from the charmonium
one. In the power counting of Ref. [663] one further assumes: D0 ∼ mhv2 (when acting on ψ or χ), D ∼ mhv (when
acting on ψ or χ), gE ∼ m2

hv3, and gB ∼ m2
hv4. A consequence is that the heavy-quark spin symmetry is a symmetry of

the leading-order NRQCD Lagrangian. Because of the mentioned counting, we have added the operator ψ†D4/(8m3
h)ψ

and its charge conjugated to the Lagrangian in Eq. (62). Indeed, this operator is of the same order as the operators on
its right. Matrix elements of octet operators on quarkonium states are further suppressed by the fact that they project
on a subleading component of the quarkonium state, the one made of a heavy quark-antiquark pair in a color octet
configuration and gluons. The amount of suppression depends again on the adopted power counting.

4.4.3. Potential Non-Relativistic QCD
NRQCD is well suited to describe quarkonium annihilation. However, it is still a complicated theory to describe

the quarkonium spectrum (masses, transitions, widths, ...). In this context it is only used in lattice calculations. The
reason is that the non-relativistic bound state involves scales, mhv, mhv2, and ΛQCD, that are still dynamical and
entangled in NRQCD (as an illustration, see the non-annihilation part of the diagram on the left of Fig. 83). A
consequence of this is that, although the equations of motion that follow from the NRQCD Lagrangian as shown in
Eq. (62) resemble a Schrödinger equation for non-relativistic bound states, they are not quite that. They involve gauge
fields and do not supply a field theoretical definition and derivation of the potential that would appear in a Schrödinger
equation. Nevertheless, we expect that, in some non-relativistic limit, a Schrödinger equation describing the quantum
mechanics of the non-relativistic bound state should emerge from field theory, since field theory may be understood
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as an extension of quantum mechanics that includes relativistic and radiative corrections. In particular, in the case
of quarkonium, the Schrödinger equation describing the bound state should be the non-Abelian equivalent of the one
describing positronium. Another consequence is that, as already remarked in the previous section, the power counting
of NRQCD is not unique.

Since the scales mhv and mhv2 are hierarchically ordered, they may be disentangled by systematically integrating
out modes associated with scales larger than the smallest scale, mhv2, and matching to a lower energy EFT, where only
degrees of freedom resolved at distances of order 1/(mhv2) are left dynamical [652]. This EFT is pNRQCD [675, 676].
Because the scale mhv has been integrated out, the power counting of pNRQCD is less ambiguous than the one of
NRQCD. In situations where we can neglect the hadronic scale ΛQCD, the power counting of pNRQCD is indeed
unique, as its only dynamical scale is mhv2. Having integrated out the scale mhv, which is the scale of the inverse of
the distance r between the heavy quark and antiquark in any matrix element of quarkonium wave functions, implies
that pNRQCD is constructed as an expansion in r. This is analogous to how the HQET and NRQCD are constructed.
There, having integrated out the heavy quark mass, mh, the EFTs are organized as expansions in 1/mh, with the Wilson
coefficients encoding the non-analytic contributions, typically under the form of logarithms of mh. Here, having
integrated out the dynamical scale mhv, pNRQCD is organized as an expansion in r, with the Wilson coefficients
encoding non-analytic contributions in r. Some of the Wilson coefficients of pNRQCD may be identified with the
potentials in the Schrödinger equation of quarkonium.

The specific form of pNRQCD depends on the scale ΛQCD. If ΛQCD . mhv2, then one deals with weakly-coupled
bound states and the EFT is called weakly-coupled pNRQCD. At distances of the order of or smaller than 1/(mhv2),
one may still resolve colored degrees of freedom (gluons, quarks, and antiquarks), as color confinement has not
yet set in. Hence gluons, quarks, and antiquarks are the degrees of freedom of weakly-coupled pNRQCD. Weakly-
coupled pNRQCD is well suited to describe tightly bound quarkonia, like the bottomonium and (to a less extent)
charmonium ground states, the Bc ground state, and threshold effects in tt̄ production. If ΛQCD & mhv2, then one deals
with strongly-coupled bound states and the EFT is called strongly-coupled pNRQCD. At distances of the order of
1/(mhv2), confinement has set in and the only available degrees of freedom are color singlets. These are, in principle,
all, ordinary and exotic, heavy and light, hadrons that we might have in the spectrum. Strongly-coupled pNRQCD is
suited to describe higher states in the bottomonium and charmonium spectra, as well as quarkonium exotica. If mhv �
ΛQCD � mhv2, the matching to pNRQCD may be done in two steps, first integrating out (perturbatively) mhv then
(non-perturbatively) ΛQCD. The advantage is that contributions coming from these two scales will be automatically
factorized in the pNRQCD observables.

Figure 85: Schematic matching of pNRQCD; V is a Wilson coefficient of pNRQCD, µ and µ′ are the ultraviolet and infrared renormalization scales
of pNRQCD, respectively. In the pNRQCD Feynman diagrams a single line stands for a singlet propagator, a double line for an octet propagator,
curly lines for ultrasoft gluons, and a circle with a cross for a chromoelectric dipole interaction.

• Weakly-coupled pNRQCD

The degrees of freedom of weakly-coupled pNRQCD are heavy quarks and antiquarks of momentum mhv and
energy mhv2, gluons of momentum and energy mhv2 (sometimes called ultrasoft gluons), and light quarks of momen-
tum and energy mhv2. Weakly-coupled pNRQCD follows from integrating out gluons of energy or momentum mhv

110



(sometimes called soft gluons) from NRQCD. Because at the scale mhv2 we cannot resolve the single heavy quark and
antiquark, it may be useful to cast heavy quark and antiquark fields into bilocal fields that depend on time, t, the c.m.
coordinate R and the relative coordinate r. We call singlet, S, the color singlet component of the quark and antiquark
field and octet, O, its color octet component, normalized as S = 13×3S/

√
3 and O =

√
2OaT a. The distance r typically

scales like 1/(mhv), while the c.m. coordinate, R, and the time, t, typically scale like 1/(mhv2), as the quark-antiquark
pair may only recoil against ultrasoft gluons. To ensure that gluons are ultrasoft in the pNRQCD Lagrangian, gauge
fields are multipole expanded in r. Hence gauge fields in the pNRQCD Lagrangian only depend on time and the c.m.
coordinate. The matching of pNRQCD to NRQCD is schematically illustrated in Fig. 85. The pNRQCD Lagrangian
is organized as a double expansion in 1/mh and r. At order r in the multipole expansion and at leading order in 1/mh,
the weakly-coupled pNRQCD Lagrangian density has the form [675, 676]

Lweak
pNRQCD =

∫
d3r Tr

{
S†(i∂0 − hs)S + O†(iD0O − ho)O

}
− VATr

{
O†r · gE S + S†r · gE O

}
−

VB

2
Tr

{
O†r · gE O + O†Or · gE

}
−

1
4

Fa
µνF

µν a +

n∑̀
`=1

q̄`
(
iγµDµ − m`

)
q`, (63)

where (now writing also 1/mh, 1/m2
h, and 1/m3

h terms in the kinetic energy and potentials)

hs =
p2

mh
+

P2

4mh
−

p4

4m3
h

+ · · · + Vs, ho =
p2

mh
+

P2

4mh
−

p4

4m3
h

+ · · · + Vo, (64)

iD0O = i∂0O + g[A0(R, t),O], P = −iDR is the c.m. momentum, p = −i∇r is the relative momentum, and hs and ho

may be interpreted as the Hamiltonian for the color singlet and color octet heavy quark-antiquark fields. The dots in
Eq. (64) stand for higher-order kinetic energy terms. The trace in Eq. (63) is understood both in spin and in color.

The quantities Vs, Vo, VA, and VB are Wilson coefficients of pNRQCD. They encode contributions from the soft
gluons that have been integrated out from NRQCD. Because under the hierarchy of weakly-coupled pNRQCD the soft
scale, mhv, is larger than ΛQCD, the Wilson coefficients may be computed in perturbation theory, order by order in αs.
The Wilson coefficients are, in general, functions of r, as well as of the spin and momentum. At leading order, VA and
VB are 1; they get possible first corrections at order α2

s [677]. The Wilson coefficients Vs and Vo may be identified with
the color singlet and octet potentials, respectively. Indeed, at leading order V (0)

s = −4αs/(3r) and V (0)
o = αs/(6r), which

are the Coulomb potentials in the color SU(3) fundamental and adjoint representation, respectively. The potentials Vs

and Vo contain, however, also momentum- and spin-dependent corrections. To isolate the different corrections, it is
useful to expand the potentials in powers of 1/mh. For the singlet case (the octet case is analogous) we can write up
to order 1/m2

h:

Vs = V (0)
s (r) +

V (1)
s (r)
mh

+
V (2)

SI

m2
h

+
V (2)

SD

m2
h

, (65)

where, at order 1/m2
h we have distinguished between spin-independent (SI) and spin-dependent (SD) terms. In turn,

they can be organized as

V (2)
SI = V (2)

r (r) +
1
4

V (2)
p2,CM(r)P2 + V (2)

L2,CM(r) (r × P)2 +
1
2

{
V (2)

p2 (r), p2
}

+ V (2)
L2 (r) L2 , (66)

V (2)
SD =

1
2

V (2)
LS ,CM(r) (r × P) · (S1 − S2) + V (2)

LS (r) L · S + V (2)
S 2 (r) S2 + V (2)

S 12
(r) S 12 , (67)

where S = S1 + S2 = (σ1 + σ2)/2 is the total spin (Si = σi/2 is the spin of the particle i), L = r × p is the relative
orbital angular momentum, and S 12 = 3(r̂ ·σ1)(r̂ ·σ2)−σ1 ·σ2; { , } stands for the anticommutator. The potential V (0)

s
is the static potential, the potential proportional to V (2)

LS may be identified with the spin-orbit potential, the potential
proportional to V (2)

S 2 with the spin-spin potential and the potential proportional to V (2)
S 12

with the spin tensor potential.
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The above potentials read at leading (non-vanishing) order in perturbation theory (see, e.g., Ref. [652]):

V (1)(r) = −
2α2

s

r2 , (68)

V (2)
r (r) =

4π
3
αsδ

(3)(r ) , V (2)
p2 (r) = −

4αs

3r
, V (2)

L2 (r) =
2αs

3r3 , (69)

V (2)
LS (r) =

2αs

r3 , V (2)
S 2 (r) =

16παs

9
δ(3)(r ) , V (2)

S 12
(r) =

αs

3r3 . (70)

Beyond leading order, the static potential is known up to three-loop accuracy [678–680], and also subleading loga-
rithms, showing up at four loops, have been computed [681]; the 1/mh potential is known up to order α3

s [682] and
1/m2

h potentials up to order α2
s (these potentials have a long history, see Ref. [683] and references therein). We have

assumed that the heavy quark and antiquark have equal masses; for the case of a quark and an antiquark of different
masses, we refer, for instance, to Refs. [623, 652, 684, 685]. The Wilson coefficients of pNRQCD inherit the Wilson
coefficients of NRQCD. Hence, some of the couplings appearing in the expansion of the Wilson coefficients are natu-
rally computed at the scale of NRQCD, mh, while others, encoding the soft gluons, are naturally computed at the soft
scale, mhv. In weakly-coupled pNRQCD, because the leading potential is the Coulomb potential, the Bohr radius is
proportional to 1/(mhαs) and v ∼ αs. Finally, like in any non relativistic EFT, also the Wilson coefficients of pNRQCD
are related through constraints imposed by the relativistic invariance of the underlaying fundamental theory, QCD.
These constraints fix, for instance, the coefficients of the kinetic terms appearing in Eq. (64) to be the ones coming
from expanding the relativistic kinetic energies of a free quark and antiquark. Relations have been also found relating
the potentials, e.g., VLS ,CM = −V (0)′

s /(2r) (where V ′ = dV/dr), VL2,CM + r V (0)′
s /2 = 0, Vp2,CM + VL2,CM + V (0)

s /2 = 0
and many others [357, 358, 623, 673, 684]. These relations are exact, i.e., valid at any order in perturbation theory
and, when applicable, also non-perturbatively.

From Eq. (63) we see that the relative coordinate r plays the role of a continuous parameter labeling different
fields. The dynamical coordinates of the Lagrangian density are the time t and the coordinate R, which, in the case of
the fields S and O, is the c.m. coordinate. Having written the Lagrangian in terms of singlet and octet fields has made
each term in Eq. (63) explicitly gauge invariant.

The power counting of pNRQCD is straightforward. We have already mentioned that r ∼ 1/(mhv) and t, R ∼
1/(mhv2). Momenta scale like p ∼ mhv and P ∼ mhv2. Gluon fields and light quark fields are ultrasoft and scale like
mhv2 or ΛQCD to their dimension. The leading-order Hamiltonian, p2/mh + V (0)

s , scales like mhv2 (and analogously in
the octet case), which is the order of the Bohr levels. The potentials listed in Eqs. (68)-(70) scale like mhv4. The first
correction to a pure potential picture of the quarkonium interaction comes from the chromoelectric dipole interaction
terms in the second line of Eq. (63). These operators are of order g(mhv2)2/(mhv) ∼ gmhv3. However, in order to
project on singlet states the chromoelectric dipole interaction may enter only in loops (see the diagram in the right-
hand side of Fig. 85). Such a loop diagram is of order g2(mhv2)3/(mhv)2 ∼ g2mhv4. The coupling g2 is computed at the
ultrasoft scale. Hence, if ΛQCD � mhv2, the coupling is perturbative and the chromoelectric dipole loop diagram is
suppressed with respect to the contributions coming from the potentials in Eqs. (68)-(70). Elsewhere, if ΛQCD ∼ mhv2,
it is of the same order.

At leading order in the multipole expansion, the equation of motion for the singlet field reads

i∂0S = hsS, (71)

which is the Schrödinger equation that in quantum mechanics describes the evolution of a non-relativistic bound state.
Potential NRQCD provides therefore a QCD foundation of the potential picture underlaying many phenomenological
quark models, a rigorous QCD definition and derivation of the potentials and a range of validity for the Schrödinger
equation itself (for the somehow paradoxical history that has led from the Lorentz covariant formulation of the bound
state problem to the field theoretical foundation of the Schrödinger equation, see Ref. [653]). As we have seen, ultra-
soft gluons start contributing, and therefore correcting the potential picture, for the spectrum, at order mhv4 or mhv5,
in dependence of ΛQCD. The potentials are Wilson coefficients of an EFT, they are regularized, undergo renormal-
ization and satisfy renormalization group equations that allow to resum potentially large logarithms in their expres-
sions [677, 678, 686–692]. The proper renormalization of the potentials, highly non-trivial, as it has to account for
correlated renormalization scales originating in NRQCD and pNRQCD, guarantees, however, that the final physical
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results are finite and scheme independent at any order in the expansion parameters of the EFT. This is not the case for
phenomenological models.

Weakly-coupled pNRQCD requires the condition ΛQCD . mhv2 to be fulfilled. This condition is realized if the
size of the quarkonium is smaller and the revolution time not larger than the typical size of a heavy-light hadron.
Examples are the bottomonium ground state, the ground state of the Bc system, and, to a somewhat lesser extent,
the charmonium ground state, and the first bottomonium excited states. We recall that in a Coulombic system the
size is proportional to the inverse of the mass and to the principal quantum number. The precise dependence on the
latter follows from the precise definition of the size. A review on applications of weakly-coupled pNRQCD to several
tightly bound quarkonia can be found in Ref. [693]. Weak-coupling determinations of the bottomonium ground state
masses are typically used to extract the charm and bottom masses [633, 694–702]. Hence, they provide alternative
observables for the extraction of the heavy quark masses to the heavy-light meson masses discussed in Sec. 4.4.1.
The results are consistent with the ones presented in Sec. 4.4.1, but with some different systematics, although they
face some similar issues, like the use of a proper subtraction scheme for the mass. Nowadays the precision is N3LO,
the determination of the bottom mass includes the effects due to a finite charm mass, and the observables used are
not only the masses of the vector states, Υ(1S ) and J/ψ, but also the masses of the pseudoscalar states, ηb following
the BaBar discovery [703] and ηc, and the Bc ground state following the CDF discovery [704] and the latest LHCb
precise measurements [705–708]. In Ref. [701] the bottom and charm masses have been extracted from a global fit
up to n = 3 bottomonium states. On the other hand, once the heavy quark masses have been established on one set of
spectroscopy observables, they can be used for others like the Bc mass or the Bc spectrum (see Ref. [709] for an early
reference and Ref. [685] for a status of the art calculation at N3LO). Fine and hyperfine splittings of charmonium
and bottomonium have been computed perturbatively in Refs. [710, 711] and at to NLL accuracy in Ref. [712],
similarly for the B∗c-Bc hyperfine splitting in Ref. [713]. After an effort that lasted more than one decade the whole
perturbative heavy quarkonium spectrum has been computed at N3LO [687, 714–719]. Recently, this result has been
further improved reaching N3LL accuracy up to a missing contribution of the two-loop soft running [691, 692]. The
N3LL order represents the presently achievable precision of these calculations. Going beyond this precision will
require a major computational effort, like the four-loop determination of the static potential, that appears beyond near
reach. Electromagnetic decays of the bottomonium lowest levels have been computed including N2LL corrections in
Refs. [720, 721]. A different power counting that includes at leading order the exact static potential has been used
for these quantities in Ref. [722]. Corrections to the wave function and leptonic decay width of the Υ(1S ) at N3LO
have been computed in Refs. [723, 724]. Non-perturbative corrections in the form of condensates have been included
in Refs. [725, 726]. Radiative quarkonium decays have been analyzed in Refs. [727–732]. Radiative and inclusive
decays of the Υ(1S ) may also serve as a determination of αs at the bottom mass scale [733]. Radiative transitions, M1
and E1, at relative order v2 in the velocity expansion have been computed in various power countings in Refs. [734–
737]. Noteworthy, pNRQCD may explain the tiny Υ(2S ) → γ ηb(1S ) branching fraction measured by BaBar [738].
Finally, the photon line shape in the radiative transition J/ψ→ γ ηc(1S ) has been studied in Ref. [739].

• Strongly-coupled pNRQCD

When the hierarchy of scales is ΛQCD � mhv2, then the theory enters the strong-coupling regime. Such a regime
may be appropriate to describe higher quarkonium states, and quarkonium exotica. Strongly-coupled pNRQCD is
obtained by integrating out the hadronic scale ΛQCD, which means that all colored degrees of freedom are absent [652,
674, 740–743]. Such an EFT may be constructed, in principle, for any hadron made of a heavy quark-antiquark pair,
hence for both ordinary quarkonia and exotic states where the heavy quark-antiquark pair binds with valence light
quarks or gluons.

Let us consider in this section the simplest case of strongly-coupled pNRQCD for ordinary quarkonia. Lattice
QCD shows evidence that the quarkonium static energy is separated by a gap of order ΛQCD from the energies of
the gluonic excitations between the static quark-antiquark pair, see Fig. 86. If this condition is also fulfilled by the
binding energies, i.e., if the binding energies of the states that can be constructed out of the quarkonium static energy
are separated by a gap of order ΛQCD from the binding energies of the states that can be constructed out of the static
energies of the gluonic excitations, and from open-flavor states, then one can integrate out all these latter higher energy
states. The resulting EFT is just made of a quark-antiquark color singlet field, whose modes are the quarkonium states,
and light hadrons. The coupling of quarkonia with light hadrons has been considered in the framework of pNRQCD in
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Figure 86: The quarkonium static energy (labeled Σ+
g ) vs the energy of the first gluonic excitation between a static quark-antiquark pair (labeled

Πu) as a function of the distance between the quark and the antiquark. The quenched (green) and two-flavor (blue) lattice data are from [744]. The
unit r0 is about 0.5 fm.

Ref. [745]. It impacts very mildly spectral properties (masses, widths) of quarkonia that lie well below the open-flavor
threshold. If such quarkonia are our main concern, then we may neglect their coupling with light hadrons; under these
circumstances the pNRQCD Lagrangian density assumes the particularly simple form:

L
strong
pNRQCD =

∫
d3r Tr

{
S† (i∂0 − hS ) S

}
. (72)

The Hamiltonian, hS , has the same form, given by Eqs. (64)-(67), as in weakly-coupled pNRQCD. The equation of
motion is the Schrödinger equation (71), which provides a field theoretical foundation of potential models also in the
strong-coupling regime. It also allows us to go systematically beyond the potential picture by including couplings
with light degrees of freedom.

All the complications of the non-perturbative dynamics are encoded in the potentials, which at order 1/mh is V (1)
s

and at order 1/m2
h are the spin-independent and spin-dependent terms identified in Eqs. (66) and (67). The crucial

points about the EFT treatment that distinguish it from phenomenological potential models can be summarized as
follows. (i) The potentials can be written as the products of Wilson coefficients, factorizing contributions from the
high-energy scale, mh, and low-energy matrix elements, encoding contributions coming from the scales mhv and ΛQCD.
The exact expressions follow from matching pNRQCD with its high-energy completion, which is NRQCD. (ii) The
high-energy Wilson coefficients of pNRQCD are inherited from NRQCD. These are the Wilson coefficients listed
up to order 1/m2

h in the NRQCD Lagrangian (62). As we discussed there, they are known expansions in the strong
coupling (up to the computed orders). Because the NRQCD Wilson coefficients have a real part and an imaginary
part, also the pNRQCD potentials develop a real part, responsible for the quarkonium binding, and an imaginary part,
responsible for the quarkonium annihilation. At higher orders, also contributions coming from the scale

√
mhΛQCD

may become relevant; these contributions can be computed in perturbation theory as
√

mhΛQCD � ΛQCD [743].
(iii) The low-energy matrix elements are non-perturbative. Their field-theoretical expressions, relevant for potentials
up to order 1/m2

h, are known. The static potential is equal to lim
T→∞

i ln W/T , where W is the expectation value of a

rectangular Wilson loop of spatial extension r and temporal extension T [746–749]. Similarly, the low-energy real
parts of the other potentials can be expressed in terms of Wilson loops and field insertions on them [356, 740, 741].
These Wilson loops may be computed in weak-coupling QCD giving back the weak-coupling potentials listed in
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Eqs. (68)-(70) [750]. More relevant from the phenomenological point of view is, however, their numerical non-
perturbative determination via lattice QCD. Indeed, the computation of these potentials has a long history that begins
with the inception of lattice QCD. Their most recent determinations can be found in Refs. [359–361]. One should
remark that lattice calculations of the quarkonium potentials have not included so far 1/m2

h momentum- and spin-
independent potentials, and have been limited to the pure SU(3) gauge theory. Potentials that have not been computed
on the lattice may be estimated in the long distance using the effective string theory, which has also proved to be
very successful in interpreting the existing long-distance data [355, 750–752]. The low-energy contributions to the
imaginary parts of the potential are matrix elements of the NRQCD four-fermion operators. Hence they are local
terms proportional to δ3(r) or derivatives of it. Non-perturbative contributions are encoded into constants that may
be expressed in terms of momenta of correlators of chromoelectric and/or chromomagnetic fields [674, 742]. They
may be fixed on data or computed with lattice QCD, but lattice calculations have not been intensively pursued, so
far, for these quantities. (iv) Finally, because pNRQCD retains the correct ultraviolet behaviour of the low-energy
EFT, it is renormalizable order by order in the expansion parameters in both its weak-coupling and strong-coupling
versions. In particular, quantum-mechanical perturbation theory can be implemented at any order without incurring
into uncanceled divergences.

Applications of strongly-coupled pNRQCD have been limited so far to the computation of quarkonium decay
widths, in particular for charmonium and bottomonium P-waves [12, 674, 742, 743]. The advantage with respect to
the NRQCD approach is that, while the NRQCD four-fermion matrix elements depend on the quarkonium state, their
pNRQCD expression factorizes all the quarkonium dependence into the wave function at the origin (or its derivatives)
squared. The wave function at the origin squared gets multiplied by momenta of correlators of field-strength tensors,
F, that are universal, quarkonium independent, constants. Schematically, one obtains for the expression of a generic

NRQCD four-fermion matrix element in pNRQCD that 〈4-fermion〉 ∼ |wave-function(0)|2×
∫

dt 〈F(t) · · · F(0)〉. This

leads to a significant reduction in the number of non-perturbative parameters and allows to use information gained in
the charmonium sector to make predictions in the bottomonium one. Electroproduction of quarkonium may be treated
in pNRQCD in the same way. Hadroproduction, instead, has not been formulated yet in the pNRQCD language, owing
in part to the difficulty to state and prove rigorously the NRQCD factorization theorem in that context, see discussion
and references in the previous section. Finally, very recently pNRQCD conbined with the multipole expansion has
been used to compute quarkonium hadronic transitions [753].

• pNRQCD for systems other than quarkonia

Weakly-coupled pNRQCD, strongly-coupled pNRQCD or a mixture of the two can be used to describe systems
with three valence quarks, two of them heavy [639, 640, 646, 754, 755]. The key observation is that the non-relativistic
hierarchy of scales given in Eq. (61), where v is the relative heavy-quark velocity, is preserved. This allows one to
systematically integrate out these scales to describe eventually the baryon with a suitable EFT. If the heavy quark-
quark distance is of the order of 1/ΛQCD, then the valence light-quark affects the quark-quark potential. Elsewhere, if
the heavy quark-quark distance is smaller than 1/ΛQCD, then we may disentangle the quark-quark dynamics, described
by a perturbative quark-quark potential, from the coupling of the heavy-quark pair with the light quark. Since in this
last case, the light quark sees the heavy-quark pair as a pointlike particle, its interaction with the heavy-quark pair
is described by the HQET. Processes involving light hadrons in final or intermediate states may be described in the
framework of the heavy-baryon chiral effective theory [756]. Similarly, one can devise EFTs for describing low-
energy modes of baryons made of three heavy quarks. These states have not been discovered yet in experiments, but
they offer a unique tool to study confinement and the transition region from the Coulomb regime to the confined one in
a non-trivial geometrical setting [754]. These issues are already addressed by lattice computations of the three-quark
static potential [757–759]. Higher-order potentials in the 1/mh expansion have been defined in terms of Wilson loops
and field insertions on them, as in the quarkonium case, and may be eventually computed on the lattice providing, for
instance, first principle determinations of the heavy baryon fine and hyperfine splittings [754].

Possible bound states made of two quarkonia or of a quarkonium and a nucleon (hadroquarkonium, see Sec. 4.3.2)
may be characterized by even lower energy scales than those characterizing the binding in quarkonia or baryons made
of at least two heavy quarks. These lower energy scales are those associated with the pion exchanges responsible
for the long-range interaction. One can treat these systems in an EFT framework by starting from the pNRQCD
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description of the quarkonium and the heavy-baryon chiral effective theory description of the nucleon. The long-
range pion exchange interaction sets the scale of the typical size of the system to be of the order of 1/Mπ, i.e., much
larger than the size of the quarkonium and even larger than its typical time scale, which is of the order of the inverse
of the binding energy. Once modes associated with the quarkonium binding energy and Mπ have been integrated
out, the quarkonium-quarkonium or the quarkonium-nucleon interaction is described by a potential that, in this way,
has been systematically computed from QCD. The coupling of quarkonium with the pions is encoded in a Wilson
coefficient that may be identified with the quarkonium chromoelectric polarizability. In the quarkonium-quarkonium
system, the lowest energy EFT describing modes of energy and momentum of order m2

π/(2mh) is called van der Waals
EFT (WEFT) [490, 745]. The resulting potential is, in fact, the van der Waals potential. In the quarkonium-nucleon
system, the lowest energy EFT describing modes of energy and momentum of order M2

π/(2Λχ) has been dubbed
potential quarkonium-nucleon EFT (pQNEFT) [491]. Interest in these systems has been renewed recently after the
discovery by the LHCb Collaboration of the pentaquark states Pc(4380)+ and Pc(4450)+, with valence quark content
P+

c = c̄cuud, as intermediate resonant states in the weak decay process Λ0
b → J/ψK−p [36, 305], see Sec. 3.3.2.

In the next section, we will deal with higher excitations of a heavy quark-antiquark pair due to gluons (hybrids)
and, on a more qualitative level, due to light quark pairs (generic tetraquarks, not assuming any kind of clustering).
The framework will be that one of strongly-coupled pNRQCD. The specific application of strongly-coupled pNRQCD
to these systems will require some extra assumptions that allow for further expansions in the EFT and, therefore, in
the observables. In the case of molecular physics (i.e., QED), the leading-order term in the expansion corresponds
to the Born–Oppenheimer approximation. Although this is no more the case in QCD, we will nevertheless call the
resulting EFT, the Born–Oppenheimer effective field theory (BOEFT).

4.4.4. Born–Oppenheimer EFT
In the previous section, we have studied strongly-coupled quarkonia under the assumption that the quarkonium

energy levels develop a mass gap of order ΛQCD with respect to the spectrum of quarkonium hybrids, quarkonium plus
glueballs and other exotic states. This assumption allows one to integrate out all degrees of freedom with the exception
of the heavy quark-antiquark pair and cast their contribution into a potential. We may call this the Born–Oppenheimer
assumption. If we extend it to hybrid (tetraquark) heavy quarkonium states, we may picture each hybrid (tetraquark)
state as being a vibrational mode of a heavy quark-antiquark pair inside a potential. The hybrid (tetraquark) potential
may be identified with the energy of a gluonic (light-quark pair) excitation between the heavy quark-antiquark pair
with given quantum numbers. Ideally, gluonic (light-quark pair) excitations are separated from each other by a gap of
order ΛQCD, while vibrational modes of a heavy quark-antiquark pair inside a given potential have a typical energy of
order mhv2, which is assumed to be much smaller than ΛQCD. An illustration of the distribution of vibrational modes
for the different quarkonium and hybrid (or tetraquark) potentials, under the above assumptions, is shown in Fig. 87.
A Born–Oppenheimer picture to describe quarkonium hybrids has been suggested in Refs. [192, 469, 476]. An EFT
for quarkonium hybrids in the framework of strongly-coupled pNRQCD under the Born–Oppenheimer assumption
has been developed in Ref. [470] under the name of Born–Oppenheimer EFT (BOEFT). A similar approach is in
Refs. [193, 471]. An extension to include excitations due to light quarks, i.e., tetraquarks, has been suggested in
Refs. [467, 760], and more explicitly worked out in Refs. [467–469, 761]. For recent related work see Ref. [762].

• Hybrids

Hybrid potentials have been computed in the pure SU(3)-color gauge theory on the lattice for almost three
decades [763–768]. The lowest static hybrid energy has been shown in Fig. 86 together with the heavy quark-antiquark
static energy. Higher static hybrid energies are shown in Fig. 88. The gluonic static energies, EΓ, are classified ac-
cording to representations of the symmetry group D∞ h, which is the symmetry group of diatomic molecules. They are
labeled Λσ

η . The quantum number Λ is equal to |λ|, where λ are the eigenvalues of r̂ · K, i.e., the angular momentum
of the gluons, K, projected on the unit vector, r̂, along the heavy-quark-antiquark axis. Λ may assume the values
0, 1, 2, . . . ; these numbers are usually indicated with capital greek letters: Λ = Σ,Π,∆, . . . . The quantum number η is
the CP eigenvalue (+1 ≡ g and −1 ≡ u), and σ is the eigenvalue of reflection with respect to a plane passing through
the heavy quark-antiquark axis. The quantum number σ is relevant only for Σ states. The lowest state, with quantum
numbers Σ+

g , describes a static quark-antiquark pair in the color singlet representation. In general, there is more than
one state for each irreducible representation of D∞ h: higher states are denoted by primes, e.g., Πu, Π′u, Π′′u , . . . . In
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Figure 87: Schematic distribution of the hybrid or tetraquark energy levels in the Born–Oppenheimer picture.

the long range, the ordering of the hybrid static energies may be understood in terms of the effective string theory, see
discussion in Ref. [766]. In the limit r → 0, the group D∞ h becomes the more symmetric group O(3)×C. This means
that several different Λσ

η representations reduce to the same JPC representation in that limit and the corresponding
static energies become degenerate [765]. Hybrid states in the r → 0 limit are often called gluelumps. In particular,
the gluelump multiplets (Σ−u , Πu), (Σ+′

g , Πg), (Σ−g , Π′g, ∆g), (Σ+
u , Π′u, ∆u) are degenerate. Finally, in the very short

range, rΛQCD � 1, all hybrid potentials behave like the Coulomb color-octet potential, which is the short-distance
component of the potential between a static quark-antiquark pair in the adjoint representation. The symmetry O(3)×C
is made manifest in pNRQCD. Hence pNRQCD is the suitable EFT framework for studying hybrids in the short
range [676].

Figure 88 shows that close to their minimum the hybrid potentials tend, indeed, to cluster into the gluelump
multiplets, i.e., according to the short-distance symmetry group O(3)×C. Hence, assuming that the physical hybrid
states live close to their potential minimum, the simplified Born–Oppenheimer picture of Fig. 87 has to be modified by
replacing single potentials with multiplets of nearly degenerate potentials. Because of the near degeneracy, vibrational
modes associated to these potentials may have a significant mixing. Different multiplets are separated by a mass gap
of order ΛQCD.

Let us consider, in the following, hybrids that are vibrational modes of the lowest-lying static energies. According
to Fig. 88, these are the static energies with quantum numbers Πu and Σ−u . In the r → 0 limit Πu and Σ−u are degenerate
and correspond to a gluonic operator with quantum numbers 1+−. The Born–Oppenheimer EFT Lagrangian density
describing hybrids that are vibrational modes of the static potentials Πu and Σ−u is a generalization of the Lagrangian
for strongly-coupled pNRQCD, Eq. (72), for nearly degenerate states. It reads [192, 470]:

LBOEFT for 1+− =

∫
d3r

∑
λλ′

Tr
{

Ψ
†

1+−λ

(
i∂0 − V1+−λλ′ (r) + r̂i†

λ

∇2
r

mh
r̂i
λ′

)
Ψ1+−λ′

}
. (73)

An equivalent Lagrangian is in Ref. [193]. The quantum number λ (and λ′) may assume the values ±1 and 0. The
projectors to the eigenstates of the angular momentum of the gluons along the heavy-quark-antiquark axis are r̂i

0 = r̂i

and r̂i
±1 = ∓

(
θ̂i ± iφ̂i

)
/
√

2, where r̂ = (sin θ cos φ, sin θ sin φ , cos θ), θ̂ = (cos θ cos φ, cos θ sin φ ,− sin θ) and φ̂ =

(− sin φ, cos φ , 0). The fields Ψ1+−λ depend on time, the c.m. coordinate R, and the relative coordinate r. The modes
of the fields Ψ1+−λ are the hybrid eigenstates that may be built out of the hybrid potentials V1+−λλ′ . The hybrid potentials
may be organized, like the quarkonium potentials, as an expansion in the inverse of the heavy quark mass, 1/mh. The
static potential, V (0)

1+−λλ′ = δλλ′V
(0)
1+−λ, coincides with the hybrid static energy: V (0)

1+−0 = EΣ−u and V (0)
1+−±1 = EΠu . For

what concerns hybrid potentials of higher order in 1/mh, there are no available lattice determinations. In the absence
of them, these potentials have been modeled either using the short-distance multipole expansion [472], or both the
short-distance multipole expansion and the long-range effective string theory [193, 471].
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Figure 88: Hybrid static energies in the lattice units as and at from the quenched lattice simulations of Ref. [766] at the lattice coupling β = 2.5.

The term r̂i†
λ (∇2

r/mh)r̂i
λ′ in the Lagrangian (73) can be split into a kinetic operator acting on the heavy quark-

antiquark field and a nonadiabatic coupling: r̂i†
λ (∇2

r/mh)r̂i
λ′ = δλλ′ ∇

2
r/mh + Cnad

1+−λλ′ , with Cnad
1+−λλ′ = r̂i†

λ [∇2
r/mh, r̂i

λ′ ]
being the nonadiabatic coupling. Concerning the size of the different terms appearing in the Lagrangian (73), the
temporal derivative, the kinetic term and the leading-order (static) potential (up to a constant shift) are of order mhv2.
As discussed in Ref. [470], this is also the size of the nonadiabatic coupling. For diatomic molecules the counting is
different, essentially because the size of the electron cloud and the distance of the two atoms are in the molecule of the
same order, while for hybrids the distance of the heavy quark-antiquark pair is of order 1/(mhv), i.e., smaller than the
size of the hadron, which is of order ΛQCD. As a consequence the adiabatic coupling may be treated as a perturbation
in diatomic molecules, while it contributes at leading order to heavy quarkonium hybrids. Another consequence is
that, since in diatomic molecules there is no special hierarchy between these two lengths, there is neither a special
symmetry at short distances nor a corresponding degeneracy pattern, which are instead typical, as we have seen, of
heavy quarkonium hybrids.

The leading-order equations of motion for the fields Ψ
†

1+−λ that follow from the Lagrangian (73) are a set of coupled
Schrödinger equations [192]

i∂0Ψ1+−λ =

(−∇2
r

mh
+ V (0)

1+−λ

)
δλλ′ −

∑
λ′

Cnad
1+−λλ′

 Ψκλ′ , (74)

which generalize Eq. (71). By solving them we obtain the eigenvalues EN that give the masses MN of the states
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Multiplet T JPC(S = 0) JPC(S = 1) EΓ

H1 1 1−− (0, 1, 2)−+ EΣ−u , EΠu

H2 1 1++ (0, 1, 2)+− EΠu

H3 0 0++ 1+− EΣ−u

H4 2 2++ (1, 2, 3)+− EΣ−u , EΠu

Table 12: Lowest-lying quarkonium hybrid multiplets. The number labeling H reflects the order in which the state appears in the spectrum from
lower to higher masses. S is the total spin of the quark-antiquark pair, and T is the sum of the orbital angular momentum of the quark-antiquark
pair and the gluonic angular momentum. Note that the T = 0 state is not the lowest mass state [192].

H1(T=1,P=-1)

H2(T=1,P=+1)

H3(T=0,P=+1)

H4(T=2,P=+1)

H1'(T=1,P=-1, excited)

DD Threshold

DsDs Threshold
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Figure 89: Mass spectrum of neutral exotic charmonium states obtained by solving Eqs. (74) according to Ref. [192]. The experimental states
of Sec. 3.1 that have matching quantum numbers are plotted in solid blue lines. The spin-symmetry multiplets are labeled H1 (T = 1, negative
parity), H2 (T = 1, positive parity), H3 (T = 0, positive parity), H4 (T = 2, positive parity), and H′1 (first radially excited state with T = 1 and
negative parity). The multiplets have been plotted with error bands corresponding to a gluelump mass uncertainty of 0.15 GeV. Figure updated
from Refs. [192, 470].

as MN = 2mh + EN . Keeping in the Eqs. (74) only the heavy quark-antiquark kinetic energy and the hybrid static
energies, EΣ−u and EΠu , amounts to the Born–Oppenheimer approximation. Keeping only the diagonal terms amounts
to the adiabatic approximation. As we argued above, the exact leading-order equations include both diagonal and
off-diagonal terms of the so-called non-adiabatic coupling, as both diagonal and off-diagonal terms contribute at the
same order to the energy levels of heavy quarkonium hybrids.

The coupled Schrödinger equations (74) mix states with the same parity. A physical consequence of this mixing
is the so-called Λ-doubling, i.e., the lifting of degeneracy between states with opposite parity. The effect is also
present in molecular physics, however, there Λ-doubling is a subleading effect, while it is a leading-order effect in the
spectrum of quarkonium hybrids. The eigenstates of the Eqs. (74) are organized in the multiplets shown in Table 12.
In the adiabatic approximation the multiplets H1 and H2 would be degenerate [467–469]. The solution of the full set
of equations (74) is the spectrum shown in Fig. 89. The spectrum has been computed using for the charm quark the
mass in the renormalon subtraction (RS) scheme mc RS = 1.477(40) GeV [633, 767] (for more details about masses
in renormalon subtraction schemes see also Sec. 4.4.1). The gluelump masses, which enter in the normalization of
the hybrid potentials, have been computed in the same scheme and assigned an uncertainty of ±0.15 GeV, which is
the largest source of uncertainty in the hybrid masses [767]. Figure 89 clearly shows Λ-doubling, as the degeneracy
between the H1 and H2 multiplets is lifted. The experimental states plotted in Fig. 89 are neutral isoscalar states in the
charmonium sector taken from Sec. 3.1 with matching JPC quantum numbers. The figure does not imply that all these
states should be identified with hybrids. A critical analysis of their properties and different possible interpretations
have been extensively presented in Sec. 3.1, and in Secs. 4.3.2, 4.3.3 and 4.3.4. Promising candidates for charmonium
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hybrids or for states with a large hybrid component are the Y(4230) and Y(4390) because of their significant width
into π+π−hc. In the hybrid picture this decay does not need spin flipping of the heavy quark-antiquark pair, which is
in a spin zero state. Spin-flipping terms are suppressed in the heavy quark limit. Nevertheless, it has been pointed out
in Ref. [193] that mixing with spin one quarkonium states happens already at order 1/mh (see below). This possibly
large mixing may allow for significant widths also into final states with spin one quarkonia, in particular π+π−J/ψ. In
Ref. [192] a similar study as the one summarized in Fig. 89 has been done for hybrids in the bottomonium [(bc̄)] sector:
H1 multiplets get a mass of (10.79 ± 0.15) GeV [(7.48 ± 0.15) GeV], H2 multiplets a mass of (10.84 ± 0.15) GeV
[(7.58 ± 0.15) GeV], H3 multiplets a mass of (11.06 ± 0.15) GeV [(7.85 ± 0.15) GeV], H4 multiplets a mass of
(10.90±0.15) GeV [(7.65±0.15) GeV], and H′1 multiplets a mass of (10.98±0.15) GeV [(7.76±0.15) GeV]. The RS
bottom mass has been fixed at mb RS = 4.863(55) GeV. From the experimental side, candidate states of bottomonium
hybrids in the H1 or H′1 multiplets are the Υ(10860) [1−−], with a mass of MΥ(10860) = (10891.1 ± 3.2+0.6

−1.7) MeV and
the Υ(11020) [1−−], with a mass of MΥ(11020) = (10987.5+6.4

−2.5
+9.0
−2.1) MeV [296], see Sec. 3.2.3. To these we can add the

recently observed signal by Belle with a mass of MΥ(10750) = (10752.7 ± 5.9 +0.7
−1.1) MeV, which may also qualify as an

H1 multiplet bottomonium hybrid candidate [7].
The charmonium hybrid spectrum has been recently computed by the Hadron Spectrum Collaboration using dy-

namical lattice QCD simulations: in Ref. [130] using anisotropic lattices with 2+1 flavors at a pion mass of 396 MeV,
and in Ref. [131] in an improved setting at a pion mass of 236 MeV, see Fig. 96. Lattice data are consistent with
the computations reported in Fig. 89, although the quoted lattice errors are somewhat smaller but these are only the
statistical uncertainties — see Sec. 4.5.1 for a discussion of these lattice results and potential systematic uncertainties.
In the case of the H1 multiplet the smaller errors make the data sensitive to the spin splittings of the states inside the
multiplet. The spin splittings provide relevant information on the heavy quarkonium hybrid spin interaction, as we
will discuss at the end of this section. The bottomonium hybrid spectrum has been studied, so far, only on quenched
lattices: in Ref. [476] using anisotropic lattices and treating the bottom-antibottom pair non relativistically in the
framework of lattice NRQCD, and in Ref. [477] using anisotropic lattices and treating the bottom-antibottom pair
fully relativistically. At the present state of our knowledge the results of Ref. [476] appear consistent with the mass
values of the bottomonium hybrid multiplets reported above from Ref. [192], while those of Ref. [477] show some
major discrepancies. We refer to Ref. [192] for a discussion.

The bottomonium and charmonium hybrid spectrum has been studied in the framework of QCD sum rules in
Ref. [769] and the bc̄ hybrid spectrum in Ref. [770]. Using hybrid operators and computing correlation functions
and spectral functions up to dimension-six condensates, the sum rules stabilize and provide mass predictions. The
masses for the H1 hybrids are between 3.4 GeV and 4 GeV in the charmonium sector, between 9.7 GeV and 9.9 GeV
in the bottomonium sector, and between 6.8 GeV and 7.2 GeV for the cb̄ hybrids. Hence, for this multiplet they are
somewhat smaller than in the analysis of Ref. [192]. The other multiplets are consistent with Ref. [192], although the
1++ state of the charmonium H2 multiplet and the H3 multiplet tend to be heavier. Similar observations also hold for
the 1+ state of the bc̄ H2 multiplet and the H3 multiplet, while the bottomonium 0+− hybrid state of the H2 multiplet
tends to be lighter.

As remarked above, the lattice data of Ref. [131] are sensitive to the charmonium hybrid spin splittings (but it
is important to remember that these data suffer from systematic uncertainties). In Ref. [472], this information has
been used to constrain the heavy quarkonium hybrid spin-dependent potential. The heavy quarkonium hybrid spin-
dependent potential may be organized, like in the quarkonium case, as an expansion in 1/mh, see Eqs. (65) and (67).
Differently from the quarkonium case, the hybrid potential gets a first contribution already at order 1/mh [193]. For the
implications of this term to the spin splittings see Ref. [471]; heavy quarkonium hybrid spin splittings in the Born–
Oppenheimer framework with NRQCD have been also analyzed in Ref. [771]. The 1/mh potential is the leading
contribution to the spin-dependent potential. It stems from the expectation value of the chromomagnetic operator,
cFψ

†σ·B/(2mh)ψ+charge conjugation, on the hybrid state (the operator appears in the NRQCD Lagrangian (62), and,
in the framework of pNRQCD, among the operators listed in Ref. [623]). It is of order Λ2

QCD/mh. The same operator
does not contribute at leading order to matrix elements of quarkonium states as its projection on quark-antiquark color
singlet states vanishes. Hence, spin splittings are remarkably less suppressed in heavy quarkonium hybrids than in
heavy quarkonia. For the lowest-lying hybrid excitations of a gluonic operator with quantum numbers 1+−, the 1/mh

spin-dependent potential takes the form

V (1)
1+−λλ′ SD(r) = VS K(r)

(
r̂i†
λ Ki jr̂ j

λ′

)
· S + VS K b(r)

[(
r · r̂†λ

) (
riKi jr̂ j

λ′

)
· S +

(
riKi jr̂ j†

λ

)
· S (r · r̂λ′ )

]
, (75)
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Figure 90: Spectrum of the four lowest-lying charmonium hybrid multiplets. The lattice results from Ref. [131] with mπ ≈ 240 MeV are the most
right (purple) boxes for each quantum number. The perturbative contributions to the spin-dependent operators added to the spin average of the
lattice results (red dashed lines) are the most left (green) boxes. The central (blue) boxes for each quantum number are the full results from the
spin-dependent operators including perturbative and non-perturbative contributions. The unknown non-perturbative matrix elements are fitted to
reproduce the lattice data. Figure from Ref. [472].

where
(
Ki j

)k
= iε ik j is the angular momentum operator of the spin one gluons. Also the 1/m2

h spin-dependent potential
presents some new structures with respect to the corresponding quarkonium potential (67):

V (2)
1+−λλ′ SD(r) = V (2)

LS a(r)
(
r̂i†
λ L r̂i

λ′

)
· S + V (2)

LS b(r)r̂i†
λ

(
LiS j + S iL j

)
r̂ j
λ′

+ V (2)
S 2 (r)S2δλλ′ + V (2)

S 12 a(r)S 12δλλ′ + V (2)
S 12 b(r)r̂i†

λ r̂ j
λ′

(
S i

1S j
2 + S i

2S j
1

)
, (76)

where L is the orbital angular momentum of the heavy-quark-antiquark pair, and the spin operators are defined as
after Eq. (67). The terms proportional to V (2)

LS a(r), V (2)
S 2 (r), and V (2)

S 12 a(r) are present also in the quarkonium case. The
leading-order perturbative expressions of V (2)

LS a(r), V (2)
S 2 (r), and V (2)

S 12 a(r) follow from the perturbative expressions of
the corresponding quarkonium potentials in Eq. (70) after replacing an overall factor −4/3 by 1/6, which is the same
change that relates the Coulomb potential in the SU(3) fundamental representation with the Coulomb potential in
the SU(3) adjoint representation. The functions V (2)

LS a(r), V (2)
S 2 (r), and V (2)

S 12 a(r) also get non-perturbative contributions.
Non-perturbative contributions are particularly important for VS K(r), VS K b(r), V (2)

LS b(r), and V (2)
S 12 b(r), since these terms

vanish at leading order in perturbation theory.
In Fig. 90, for each multiplet, the charmonium hybrid spin splittings computed in lattice QCD (purple, right boxes)

are compared with leading-order perturbation theory (green, left boxes) and with a fit that allows for non-perturbative

121



10.70

10.72

10.74

10.76

10.78

10.80

10.82

10.84

1
--
 (

1
P1) 0

-+
 (

3
P0) 1

-+
 (

3
P1) 2

-+
 (

3
P2)

H1 multiplet

M
a
s
s
 (

G
e
V

)

spin average (10.790 GeV)
perturbative

total

10.80

10.82

10.84

10.86

1
++

 (
1
P1) 0

+-
 (

3
P0) 1

+-
 (

3
P1) 2

+-
 (

3
P2)

H2 multiplet

M
a
s
s
 (

G
e
V

)

spin average (10.840 GeV)
perturbative

total

11.00

11.02

11.04

11.06

11.08

11.10

0
++

 (
1
S0) 1

+-
 (

3
S1)

H3 multiplet

M
a
s
s
 (

G
e
V

)

spin average (11.060 GeV)
perturbative

total

10.84

10.86

10.88

10.90

10.92

10.94

2
++

 (
1
D2) 1

+-
 (

3
D1) 2

+-
 (

3
D2) 3

+-
 (

3
D3)

H4 multiplet

M
a
s
s
 (

G
e
V

)

spin average (10.900 GeV)
perturbative

total

Figure 91: Spectrum of the four lowest-lying bottomonium hybrid multiplets computed by adding the spin-dependent contributions to the spectrum
obtained in Ref. [192]. The non-perturbative contributions are determined from the fit of the charmonium hybrid spectrum of Ref. [131], see
Fig. 90. The average mass for each multiplet is displayed as a red dashed line. The results with only the perturbative contributions included and
the full results with perturbative and non-perturbative contributions included are shown for each quantum number by the left (green) and the right
(blue) boxes, respectively. Figure from Ref. [472].

contributions to the potentials listed in Eqs. (75) and (76) (blue, central boxes). We see that the pattern of splittings
induced by the perturbative contributions alone is opposite to the data. It is also opposite to the quarkonium case, as the
signs of all spin-dependent potentials is reversed at leading order. Hence, non-perturbative contributions are crucial
to bring the splittings in agreement with lattice data, consistently with the fact that the non-perturbative contribution
proportional to VS K(r) is the dominant spin-dependent potential for hybrids. In Ref. [472], the fitted contributions
turn out to scale, in powers of ΛQCD, as expected by the power counting of the EFT. If the non-perturbative potentials
may be organized according to the multipole expansion, then information gained from the charmonium hybrid spin
splittings can be used to predict, for each multiplet, the bottomonium hybrid spin splittings. The predictions are shown
in Fig. 91. We see again that the characteristic pattern of spin splittings induced by the perturbative contributions
(green, left boxes) is reversed by the full result that includes the non-perturbative contributions (blue, right boxes).

A full theoretical description of hybrids, which may eventually lead to a certain identification of some of the X and
Y quarkonium states, requires also the study of their decay properties. An early study is Ref. [188] that explains the
apparent suppression of the decay Y(4260)→ D(∗)D̄(∗) with respect to the decay Y(4260)→ π+π−J/ψ by interpreting
the Y(4260) (now Y(4230)) as a charmonium hybrid state with a magnetic constituent gluon, see Sec. 3.1.2. A relation
of this model with the Born–Oppenheimer picture was first suggested in Refs. [452, 772]. Later it was worked out
in Ref. [192], see Fig. 89 and the possible H1 assignment of the Y(4230). More recently, heavy quarkonium hybrid
inclusive transitions into quarkonia have been studied in the BOEFT framework in Ref. [193]. The outcome of
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nLT → n′L′ ∆E (MeV) Γ (MeV)
cc̄ sector

1P0 → 2S 808 7.5(7.4)
2(S/D)1 → 1P 861 22(19)
4(S/D)1 → 1P 1224 23(15)

bb̄ sector
1P0 → 1S 1569 44(23)
1P0 → 2S 1002 15(9)
2P0 → 2S 1290 2.9(1.3)
2P0 → 3S 943 15(12)
4P0 → 1S 2337 53(25)
4P0 → 2S 1770 18(7)
4P0 → 3S 1423 7.4(4.1)

2(S/D)1 → 1P 977 17(8)
3(S/D)1 → 1P 1176 29(14)
3(S/D)1 → 2P 818 5(3)
4(S/D)1 → 2P 891 33(25)
5(S/D)1 → 1P 1376 18(7)
5(S/D)1 → 2P 1018 14(8)

Table 13: Decay widths for charmonium (above) and bottomonium (below) hybrids to lower-lying charmonia and bottomonia, respectively. n and
n′ are principal quantum numbers, L(L + 1) and L′(L′ + 1) are eigenvalues of L2, where L is the orbital angular momentum of the heavy quarks,
and T (T + 1) are eigenvalues of (L + K)2, where K is the angular momentum of the gluons. ∆E is the energy difference between the hybrid and the
quarkonium state. Mixing with quarkonia has been neglected. The hybrid states P0 belong to the H3 multiplet of Table 12 and the states (S/D)1 to
the H1 multiplet. Table taken from Ref. [193].

that study is summarized in Table 13. The transition widths range from a few MeV to about 50 MeV. Moreover,
in Ref. [193] it was emphasized that the same NRQCD operator responsible for the appearance of the 1/mh spin-
dependent potential (75) is also responsible for the appearance of a mixing potential between hybrids and ordinary
quarkonia at order 1/mh. The mixing potential mixes spin 0 (1) hybrids with spin 1 (0) quarkonia and may explain,
in dependence of the strength of the mixing, which is of order Λ2

QCD/mh and non-perturbative, why some hybrid
candidates appear to decay both into π+π−J/ψ and π+π−hc. This could be the case of the Y(4230), which, according
to Ref. [193], has a potentially large mixing with the ordinary charmonium 2D, 1−−, state. Finally, selection rules for
hadronic transitions of X, Y and Z mesons have been derived in Ref. [468]

• Tetraquarks

The BOEFT Lagrangian density in the isospin I = 1 sector, relevant for tetraquarks, may be constructed fol-
lowing the same line of reasoning that leads to the BOEFT for hybrids and to the heavy-hadron chiral effective
Lagrangian [773]. Its form is very similar to the BOEFT Lagrangian for hybrids given in Eq. (73), but the isovector
fields are 2 × 2 matrices:

Zκ = Zi
κσ

i =

(
Z0
κ

√
2Z+

κ√
2Z−κ −Z0

κ

)
, (77)
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Figure 92: Topologies contributing at the leading one-loop level to the scattering of two heavy particles: the ladder diagram (a), the crossed box
(b), the triangle (c), the football (d), the pion tadpole (e) and the vertex correction (f).

where σi are the isospin Pauli matrices. The BOEFT Lagrangian density in the I = 1 sector has the form [761]:

LBOEFT for I=1 =

∫
d3r Tr

{
Z†0+−

(
iD0 − V tetra

Σ+
g

(r) +
∇2

r

mh

)
Z0+−

}
+

∫
d3r

∑
λλ′

Tr
{

Z†1+−λ

(
iD0 − V tetra

1+−λλ′ (r) + r̂i†
λ

∇2
r

mh
r̂i
λ′

)
Z1+−λ′

}
+

∫
d3r

∑
λλ′

Tr
{

Z†1−−λ

(
iD0 − V tetra

1−−λλ′ (r) + r̂i†
λ

∇2
r

mh
r̂i
λ′

)
Z1−−λ′

}
+ ... , (78)

where the dots stand for terms involing higher orbital momentum and possibly mixing between states. The fields
Z1+−λ, Z1−−λ, and Z0+− depend on time, the c.m. coordinate R and the relative coordinate r. The trace is also over the
isospin indices. The covariant derivative for the I = 1 fields reads DµZκ = ∂µ + [Γµ, Zκ] with Γµ =

(
u†∂µu + u∂µu†

)
/2

and u = exp[iπiσi/(2 fπ)]. The pion fields, πi, depend on t and R. The direct use of the effective Lagrangian (78)
is limited by the fact that the potentials have not, even in their static limit, been measured on the lattice. For recent
studies in this direction we refer to Sec. 4.5.3. Hence, the situation is different from the hybrid case, where static
hybrid energies are known since long time. In particular, an analysis of the type performed for heavy quarkonium
hybrids in the previous paragraphs is at the moment not possible for quarkonium tetraquarks. In Refs. [467, 469], to
circumvent this difficulty, it was assumed that the tetraquark static energies have the same shape as the hybrid ones.
In this way, it became possible for the authors to provide preliminary mass estimates and to make predictions on the
ordering of the tetraquark spectrum. Clearly, the lattice computation of the tetraquark static energies would provide a
major input for studies based on the Born–Oppenheimer picture.

4.4.5. Effective field theories at the hadron level
Effective field theories for few-hadron systems can be constructed along the lines of the analogous effective field

theories for few-nucleon systems — see Ref. [611] for a comprehensive review of the subject. Here we will focus on
the treatment of few-hadron bound systems. On the one hand, the formalism must be formulated non-perturbatively.
But, on the other hand, in an effective field theory one needs to identify a proper expansion parameter in such a
way that the results can be improved systematically by going to higher orders in this expansion. It was Weinberg
in 1990 who argued that those seemingly contradictory requirements can be brought together, if one performs an
expansion not of the full amplitude but only of the scattering potential which then should be resummed by some wave
equations [774]. The argument is based on the following observation: Assume the scattering of two heavy particles
interacting via the exchange of a light meson. As illustrated in Fig. 92, at the leading one-loop level the scattering
potential contains six contributions: the ladder, the crossed box, the triangle, the football, the pion tadpole and the
vertex correction. Clearly, the diagrams (a), (b) and (f) scale equally with respect to the coupling constants, however,
a detailed analysis reveals that the ladder diagram scales with an additional factor π(2µ/p) compared to the other two,
where µ denotes the reduced mass of the two heavy particles and p is the typical momentum of the two-hadron state.
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This kind of kinematic enhancement is also absent in diagrams (c), (d) and (e). The enhancement factor comes from
the two-hadron cut, which is present only in diagrams that have a time slice that cuts only two heavy hadron lines
(in the language of few-body physics these kinds of diagrams are called two–body reducible). Thus, for momenta
small compared to the masses of the two hadrons, the ladder diagram is enhanced compared to all the other one-loop
diagrams. This remains true at higher orders in perturbation theory and thus justifies a resummation of at least part
of the potential constructed to a given order in perturbation theory, where “potential” means all contributions that are
two-hadron irreducible. In contrast to Weinberg’s scheme, it was argued in Refs. [775, 776] that instead of the potential
the full amplitude should be analyzed under the assumption that there is a pole present very near threshold. Within
this scheme only a momentum-independent counterterm needs to be resummed while pion exchange is perturbative.
However, in Ref. [777] it was shown that, as soon as the tensor force of the one-pion exchange contributes, the
expansion that results from the scheme of Refs. [775, 776] does not converge at least for the two-nucleon system in
the deuteron channel.

As in case of studies of the few-nucleon system, also for the interactions of heavy mesons both schools co-
exist: While some authors propose that only contact terms need to be resummed and one-pion exchange should
be treated perturbatively [110, 574, 577, 778–780], others call for a resummation of both contact terms and pion
exchange [300, 537, 570, 573, 781]. For example, in Ref. [779] it is argued that the tensor force of the pion should
be reduced significantly here compared to the two-nucleon system as a result of a smaller effective pion mass and
a smaller coupling that invalidate the argument of Ref. [777]. However, in Ref. [300] it is shown that the fit to the
line shapes of Zb(10610) and Zb(10650), especially in the lower elastic channel, improves once the tensor force of the
pion is included, pointing at the need for a non-perturbative inclusion of the pion exchange — see Fig. 93 — and thus
calling for an application of Weinberg’s counting also in heavy meson systems. This work will be discussed in a little
more detail below. From now on we only investigate two–hadron molecular states. The possible interplay of scales in
meson containing three hadrons is discussed in Ref. [782] on the example for the Y(4660).

The leading-order piece of the HQET Lagrangian shown in Eq. (54) is independent of the heavy-quark flavor.
This is at the origin of the heavy-quark flavor symmetry, which is routinely employed to relate features from the
c-quark sector to the b-quark sector, as long as there is only a single heavy quark involved. However, when it comes
to doubly-heavy systems the flavor symmetry is no more a symmetry of the leading-order Lagrangian, since both the
potential and the kinetic energy of the heavy particle are of the same order. See the discussion at the end of Sec. 4.4.2
for NRQCD, but the same reasoning applies to pNRQCD. It should be remarked, however, that, differently from
(p)NRQCD, where the potential seen by the two heavy quarks is known at short distances and may be computed in
perturbation theory, in the hadronic EFT this is not the case: The short distance interaction always contains counter
terms at leading order. Hence, if one wants to construct an EFT that connects the c-quark with the b-quark sector,
the scaling of these counter terms with the hadron mass, M, must be either derived or imposed. Clearly, different
assumptions lead to different results: In Refs. [110, 783] the binding energy of the heavier systems is found larger
than that of the lighter systems; the opposite is the case in Ref. [778], reflecting the fact that the former work assumes
that the scattering potential of the two heavy-meson system is independent of the heavy meson-mass M, whereas the
latter derives a 1/M scaling based on a renormalisation group argument. The role of the heavy flavor symmetry in the
hadronic EFT was first studied systematically in Ref. [112], with the conclusion that no common effective field theory
can be defined for bottomed and charmed molecular systems simultaneously, since the heavy meson mass cannot be
removed consistently from the formalism. As we have remarked, this is the same situation that we face in (p)NRQCD
for bottomonia and charmonia. On the other hand, as in case of (p)NRQCD, the heavy-particle spin symmetry holds
at leading order also in any EFT for two–hadron systems.

The power counting to treat the heavy two-hadron systems is based on a velocity counting in a non relativistic
scheme. The typical velocity for some intermediate state is estimated via

v ∼
√
|M − M1 − M2|/µ, (79)

where M denotes the total energy of the intermediate state that couples to the two mesons with masses M1 and M2;
their reduced mass is denoted by µ. It may either be formulated based on a four-dimensional formalism or a three-
dimensional formalism related to time-ordered perturbation theory (for a comparison of the two schemes we refer to
Appendix E of Ref. [784]). For example, in the former scheme the integral measure counts as v5, a heavy meson
propagator as 1/v2 and a pion exchange (as long as one studies the scattering of two ground-state open-flavor mesons
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Figure 93: Results for the line shapes of the Zb states reported in Ref. [300]: The red solid line (blue dotted line) is based on a calculation that
includes one-pion exchange as well as contact interactions (only contact interactions).

off each other20) or a momentum-independent counter term as vL, where L denotes the partial wave. In the latter case,
the integral measure counts as v3 and a time slice that cuts only heavy mesons counts as 1/v2. Pion exchange and
contact terms are counted as in the four-dimensional formalism the same way. Accordingly, a meson bubble scales as
v(2L+1) in both schemes. This shows that loops are most important for S -waves (L = 0), however, there is no parametric
enhancement of the loops calling for their resummation (This statement is not in conflict with the observation made
at the beginning of this section, namely that two–hadron reducible diagrams are parametrically enhanced compared
to the irreducible ones). This is completely analogous to the situation in the two–nucleon system and we refer to
Ref. [611] for a detailed discussion. What is generally done to arrive at a formalism where the heavy meson loops are
resummed to all orders is to argue that the coupling constants that multiply each loop are sufficiently large to call for
this or to simply impose it, since a resummation is necessary to generate bound states (see, e.g., Refs. [775, 776, 779]),

The same construction can also be applied to decays. Since for a molecular state its coupling to the molecule-
forming channel is large, two-hadron loops always appear at leading order. However, whether a given decay is
sensitive to the long-range part of the wave function, which contains the information on the molecular component, as

20Here the 1/v2 enhancement from the propagator gets balanced by the factor v2 in the numerator since pions couple to heavy mesons in the
P-wave.
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Figure 94: Diagrams contributing to various Zb and Z′b decays at leading (a,e) and subleading order (b,c,d,f,g). Thick (thin) solid lines denote the
propagation of doubly (singly) heavy states, dashed lines show pions and wavy lines photons.

explained in Sec. 4.3.4, depends on the quantum numbers involved. As an example, we present here the reasoning of
Ref. [785] where the decays of the Zb states were investigated from an effective field theory point of view based on
the non relativistic effective field theory introduced in Refs. [786, 787]. The relevant diagrams that appear at leading
order as well as some subleading diagrams are displayed in Fig. 94.

We start with the radiative decays. Since the Zb states carry the quantum numbers 1+− and the photon is a vector
with JPC = 1−−, the quarkonium in the final state needs to have C = + and P = (−1)L+1, where L denotes the angular
momentum between the outgoing quarkonium and the photon. To reach an allowed quark model bottomonium in the
final state, the decay must happen in a P-wave (L = 1) and the final state should contain a χbJ state. The latter couples
to a pair of B-mesons in an S -wave and, accordingly, all vertices inside the loop are S -wave ones. Then all decays
must scale with the photon momentum q.21 Adapting the rules outlined in the previous paragraph (we now use the
four-dimensional counting only, although the two schemes naturally continue to give the same scaling) we find for
diagram (a):

v5 (1/v2)3q = q/v. (80)

It is shown in Ref. [788] (see also Ref. [531]) that the proper scale used for v in the triangle topology away from the
Landau singularity (discussed in more detail at the end of this section) is the average of the two velocities appearing.
Since the velocity of the B-meson pair right in front of the χbJ(mP)-state [from Eq. (79) we find vχ = 0.12, 0.26, 0.37
for m = 3, 2, 1, respectively] is much larger than the one right after the Zb decay (vz ∼ 0.02) due to the proximity
of the Zb states to the threshold, one may safely choose v ∼ vχ in Eq. (80). Note that as soon as one takes vχ as the
hard scale of the problem, a different power counting arises and the same factorisation theorem used for positronium
decays may also be applied here — the two choices (vχ as hard or soft scale) are contrasted on the example of pionic
decays of X(3872) in Ref. [88]. See also the discussion in Sec. 4.3.4.

For diagram (b) one finds
v5

z (1/v2
z )2 q = qvz. (81)

Thus diagram (a) is enhanced compared to diagram (b) by about one order of magnitude. Gauge invariance demands
diagrams (c) and (d) to appear at the same order. For this diagram we find (the rules applied here are a simplified
version of what is presented in Ref. [785] that, however, does not change the conclusions)

v5
z (1/v2

z )2 qvχ/v2
χ v5

χ (1/v2
χ)2 = qvz, (82)

where we used that the pion momentum is controlled by the larger one of the two-loop momenta. Thus diagrams (c)
and (d) are equally suppressed as diagram (b). Accordingly, diagram (a) allows one to estimate the decay rate with a
10% accuracy at the amplitude level, which translates to a 20% accuracy for the branching fraction.

21In Ref. [785] the photon energy was used, which is equivalent since the photon is on shell.
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We now turn to the pionic decays of the Zb states shown in the second line of Fig. 94. Parity conservation demands
that the decay to the hb states, which couple to the B-pairs in an S -wave, happens in a P-wave, while the decay to the
Υ states, which couple in a P-wave to the B-meson pairs, happens in an S -wave. Accordingly, we estimate that

v5 (1/v2)3q = q/v. (83)

for the hb decays, where v ∼ vh ∼ vχ in line with the discussion above, and

v5 (1/v2)3v = 1. (84)

for the Υ decays, where q denotes the outgoing pion momentum. Moreover, the latter loop is divergent while the
former is convergent. Thus, there must be a counter term at leading order to render the calculation of the Υ-decays
well defined, while there is no leading order counterterm for the hb decays.

To estimate the diagram in Fig. 94(g) we need to use that the pion rescattering vertex scales with the pion energy
(Eπ) — an insight that may be adapted from effective field theory studies of the reaction NN → NNπ [789] (for a
recent review see Ref. [790]). Thus we find for this diagram with an hb in the final state

v5
z (1/v2

z )2 (Eπ/Λχ)q/v2
h v5

h (1/v2
h)2 = q2/(Λχ)vz/vh, (85)

where we introduced the typical hadronic scale Λχ ∼ 1 GeV to render the units equal and identified the pion energy
with the pion momentum, since both are of the same order of magnitude. For the decay to the ground state hb the
pion momentum can be of the order of Λχ, however, the remaining factors are sufficient to provide a suppression of
diagram (g) by more than one order of magnitude. For the Υ in the final state the analogous estimate gives

v5
z (1/v2

z )2 qvh/v2
h v5

h (1/v2
h)2vh = qvzvh. (86)

Thus also for the Υ final states the higher loop diagrams are suppressed. In Ref. [785] even higher loop diagrams are
shown to be suppressed. Thus we may conclude that the effective field theory described here allows one to calculate
the decays of the Zb states to γχbJ and πhbJ in a controlled way (with a 10% uncertainty in the amplitude); these
transitions are dominated by the light degrees of freedom and are, therefore, sensitive to the molecular component of
the Zb states. The same reasoning allows one to show that under certain conditions heavy meson loops can provide
very prominent contributions in the transitions of regular heavy quarkonia [787, 791, 792]. In contrast to this, the
decays to the πΥ final states acquire short-range contributions already at leading order. In this case, it is not possible
to make quantitative predictions for the transitions within the molecular picture. An analogous reasoning allows one
to conclude that the transitions X(3872) → γJ/ψ and X(3872) → γψ(2S ) are sensitive to the short-range part of the
X wave function and may not be used to draw conclusions on the molecular nature of the X(3872) [85] — contrary to
the claims of Refs. [83] where a particular model was employed to estimate the rates.

In Ref. [300] the line shapes of the Zb states are studied within the effective field theory formalism sketched above.
At the first stage, only the naive leading order diagrams were considered: Momentum independent counter terms as
well as the one pion exchange. Note that, since the pion exchange with its sizeable tensor force can connect S - to
D-waves, the basis needs to be enlarged compared to the inclusion of only S -waves commonly kept when studying
heavy meson molecules. The typical momentum in the B∗B̄ channel for the energies near the B∗B̄∗ threshold is
ptyp ∼

√
MBδ ∼ 500 MeV, where δ = MB∗ − MB ≈ 45 MeV. This implies, since ptyp/Mπ > 1, that there is no

suppression of higher partial waves. Moreover, the coupling to D-waves induces a sizeable regularisation scheme
dependence — cf. first row of Fig. 95, where the scheme dependence is illustrated by the variation of a sharp cut-off

employed to render the loop diagrams finite; for each value of the cut-off a refit to the data was performed, which is
nothing but a numerical implementation of the renormalisation program. In a properly renormalised EFT the contact
terms should be capable of absorbing the cut-off dependence. For the system at hand this appears possible only once a
counter term that connects S - to D-waves is promoted to leading order as can be seen from the second row in Fig. 95.22

It should be stressed, however, that not all pion effects were absorbed into the promoted counter term: Not only does

22For the nucleon–nucleon system a formal argument for the need to promote certain counter terms to lower order in the presence of the tensor
force is provided in Ref. [793].
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Figure 95: The fitted line shapes for a calculation employing only the formal leading order potential (upper line) and when the S -D counter term
is added (lower line) in the elastic BB̄∗ and inelastic πhb(2P) channels with sharp cut-offs 800 MeV (black long-dashed), 1000 MeV (blue dashed),
and 1200 MeV (green dot-dashed), respectively. The experimental data are from Refs. [284, 295].

JPC State Threshold Im pin Im pBB̄ Im pBB̄∗ Im pB∗ B̄∗ Epole w.r.t. threshold (MeV) Residue at Epole

1+− Zb BB̄∗ + − + (−0.9 ± 0.4) + i(1.0 ± 0.3) (−1.4 ± 0.2) + i(0.5 ± 0.1)
1+− Z′b B∗B̄∗ + + − (−0.8 ± 0.5) + i(1.3 ± 0.4) (−1.4 ± 0.3) + i(0.7 ± 0.1)
0++ Wb0 BB̄ + − + (−1.0 ± 0.6) + i(1.0 ± 0.3) (−1.4 ± 0.3) + i(0.5 ± 0.1)
0++ W ′b0 B∗B̄∗ + + − (−1.2 ± 0.6) + i(0.9 ± 0.3) (−1.4 ± 0.3) + i(0.4 ± 0.1)
1++ Wb1 BB̄∗ + − (−0.3 ± 0.6) + i(1.6 ± 0.8) (−1.3 ± 0.4) + i(0.9 ± 0.1)
2++ Wb2 B∗B̄∗ + − (0.4 ± 0.6) + i(1.9 ± 0.9) (−1.2 ± 0.4) + i(1.3 ± 0.2)

Table 14: The pole positions and the residues g2, normalized according to Eq. (87), in various S -wave B(∗) B̄(∗) channels for a potential with
contact terms only. The energy Epole is given relative to the nearest open-bottom threshold quoted in the third column. The Riemann Sheet (RS) is
defined by the signs of the imaginary parts of the corresponding momenta (quoted in the columns 4-7); a missing sign indicates that this channel is
uncoupled. Uncertainties correspond to a 1σ deviation in the parameters allowed by the fit to the data in the channels with JPC = 1+− where the
Z(′)

b states reside [300]. The poles are calculated for the cutoff Λ = 1 GeV.

the inclusion of the one pion exchange improve the fit quality (compare red solid and blue dotted lines in Fig. 93), the
convergence of the approach is improved as well: If momentum-dependent counter terms that connect S -to-S -waves
are included in addition, fitting without one-pion exchange calls for those formally subleading terms to be larger than
the leading ones. On the contrary, as soon as one pion exchange is included in the calculation, these additional terms
provide a perturbative correction only.
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JPC State Threshold Im pin Im pBB̄ Im pBB̄∗ Im pB∗ B̄∗ Epole w.r.t. threshold [MeV] Residue at Epole

1+− Zb BB̄∗ − − + (−1.3 ± 0.2) − i(0.6 ± 0.1) (−0.6 ± 0.1) − i(0.1 ± 0.1)
1+− Z′b B∗B̄∗ − − − (2.1 ± 2.2) − i(12.9 ± 2.4) (0.8 ± 0.1) − i(0.4 ± 0.2)
0++ Wb0 BB̄ + − + (−8.5 ± 2.8) + i(1.5 ± 0.2) (−2.0 ± 0.7) − i(0.1 ± 0.3)
0++ W ′b0 B∗B̄∗ − − − (−1.2 ± 0.1) − i(0.7 ± 0.3) (−0.4 ± 0.1) − i(0.2 ± 0.1)
1++ Wb1 BB̄∗ − − + (25.0 ± 2.6) − i(20.5 ± 3.3) (0.9 ± 0.1) − i(0.4 ± 0.2)
2++ Wb2 B∗B̄∗ − − − − (4.0 ± 2.1) − i(10.4 ± 1.5) (0.4 ± 0.1) − i(0.2 ± 0.1)

Table 15: The same as in Table 14 but with pion exchange included.

The pole locations and residues that emerge from the described study of the Zb states, as well as their spin partners
WbJ , are presented in Tab. 14 for a potential with contact terms only and in Tab. 15 for the fully renormalised potential
including one pion exchange [571] — note that for the WbJ states partial waves up to G-waves need to be included
in order to render the potential consistent with the heavy quark spin symmetry [573]. In all cases, to reduce the
complexity of the problem when extracting the poles and residues, the inelastic channels are lumped into a single
effective channel. The sign convention of the energies is such that negative (positive) energies refer to below (above)
threshold poles. Moreover, a negative (positive) imaginary part of a pole-momentum for a given channel refers to
the unphysical (physical) sheet. Thus, in all cases the poles extracted from the analysis appear on the unphysical
sheet very close to the threshold and the data are consistent with only a single near-threshold pole in line with a
molecular interpretation for the states. Since all poles are on the unphysical sheets, the Weinberg criterion to measure
the molecular admixture cannot be applied to the residues provided in the tables. However, we may still use Eq. (45)
to estimate the order of magnitude of the residues one would expect for molecular states in the BB̄ system bound
by, say, 1 MeV only. The residues in the tables were extracted from the diagonal elements of the theoretical B(∗)B̄(∗)

scattering amplitudes using the definition

Tαα(M) =
g2
α

2M(M − MR)
, (87)

in combination with a non relativistic normalisation of the fields. Thus g2
eff

defined in Eq. (45) needs to be divided by
a factor (2M1)(2M2) to match this normalisation, and we get

g2
eff

4M1M2

∣∣∣∣∣∣
Eb=1 MeV

∼ 0.7 .

In light of this number we should regard all residues listed in Tab. 14 and Tab. 15 as large and in this sense providing
further evidence for a molecular interpretation of the Zb states.

One feature, however, is special: When the pion exchange is included some states appear as above-threshold
poles with a small imaginary part. This was commonly believed to be a signature for compact states, however, the
proximity of the left–hand singularity from the pion exchange, which introduces an additional small scale, seems to
be responsible for this finding. Here more research appears to be necessary — especially since all poles but that of
the Wb2 move below threshold in the formalism without one pion exchange and the latter pole moves below threshold
as well as soon as the inelastic channels are switched off.

The effective field theory outlined in the chapter is based on the most general Lagrangian compatible with the
QCD symmetries. As such, a priori it does not involve any assumption about the nature of the states that emerge once
the dynamical equations are solved. However, an assumption enters as soon as the power counting is employed. As
argued in the beginning of this section, the scheme is built on the assumption that the two-hadron relative momentum
is the smallest scale of the problem. Then ladder diagrams are enhanced and a potential picture is justified. According
to Weinberg’s criterion we call states that emerge from the presence of the two-hadron cut hadronic molecules (see
the discussion in Sec. 4.3.4). If there were an s-channel pole in the system (that could be generated from a nearby
tetraquark state, for example), it would appear as a pole of the kind 1/(s − s0). Employing a momentum/energy
expansion of the counter terms means that those pole terms are effectively expanded in s/s0. Thus, the effective field
theory would signal a close by bare pole by a nonconvergence of the expansion of the contact terms. The analysis of,
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e.g., the Zb states presented in Ref. [300] shows that the currently existing data are consistent with the assumed power
counting as soon as a properly renormalised one pion exchange is included in the formalism. It is therefore fair to
say that the data are consistent with a molecular nature of the states. However, once the one pion exchange is omitted
from the study, the expansion of contact terms seems to converge badly. Better data are necessary in order to allow
one to draw more sound conclusions from the Zb line shapes. In particular, data for the line shapes of the spin partner
states would be extremely valuable. Theoretical predictions for these observables within the hadronic effective field
theory outlined in this section are provided in Ref. [571].

It is important to note that under special kinematic circumstances the triangle diagrams shown in the first column
of Fig. 94 may get enhanced significantly by the so-called triangle, or Landau, singularity [558]. For a detailed
discussion we refer to Refs. [342, 531, 794, 795]. These logarithmic singularities can play an important role, whenever
all intermediate states in the triangle can go (near) on-shell simultaneously and additional kinematic conditions are
met. It should be stressed, however, that in many cases the inverse of the average velocity (see above) is a good
approximation to the triangle diagram [531]. Triangle singularities might play an important role in different decays of
vector mesons [341, 342, 796], and might explain the signal of the Zc(4430) [595, 797, 798] or the narrow pentaquark
signal [799, 800]. In this context it is important to observe that the triangle singularities appear only under very
special kinematic conditions. In particular, if a state is seen, e.g., from very different initial states or energies, one
can assume that the triangle singularities are not operative for all of them. Moreover, when studying a three–body
final state containing a particle pair that emerged from an elastic rescattering form a particle pair in the triangle, no
logarithmic singularity can be present according to Schmid’s theorem [801, 802] — in other words: Even when a
triangle singularity is responsible for a structure that was interpreted as a resonance in some inelastic channels, in the
corresponding elastic channel there should not be any signal. On the other hand: If there were a pole present it should
naturally show up in all channels to which it can couple according to the selection rules. This feature can clearly be
tested experimentally.

In Ref. [106] it was proposed to exploit the interplay of the triangle singularity in D∗D̄∗ → γX(3872) (with a very
low energy initial state as could be studied at LHCb) and the X(3872) pole for a very high accuracy mass determination
of the X(3872). In this reference, it is shown that the resulting line shape is very sensitive to the relative location of
the logarithmic Landau singularity and the pole.

4.5. Lattice QCD

Lattice QCD is a method which enables first-principles systematically-improvable calculations in QCD. The the-
ory is discretised onto a four-dimensional spacetime lattice, a grid of points, of finite volume and quantities of interest
are extracted from Euclidean (imaginary-time) correlation functions which are computed numerically using Monte-
Carlo methods. For spectroscopy, the energy eigenstates of QCD in a finite volume follow from computations of
two-point correlation functions, 〈Oi(t)O

†

j (0)〉, where Oi(t) is an interpolating operator at discrete time t with appropri-
ate quantum numbers. The effect of working on a discrete lattice can be accounted for by performing calculations with
a number of different lattice spacings and extrapolating to the continuum limit and, similarly, the effect of working in
a finite volume can be taken into account by performing calculations with a number of different lattice volumes. His-
torically, calculations with light (up and down) quarks having their physical mass were too computationally expensive
– unphysically-heavy light quarks were used, giving an unphysically-large π mass, Mπ, and a ‘chiral’ extrapolation to
physical Mπ was performed. More recently, it has become feasible to calculate some quantities using physical-mass,
or very close to physical-mass, light quarks.

Calculations of the masses of the lower-lying hadrons in each flavour sector which are stable within QCD, i.e.,
below the relevant thresholds for strong-decay, are now very mature and give precise results with the various system-
atic uncertainties quantified. See Refs. [803–817] for some recent work in the charmonium and bottomonium sectors.
Computations have begun to include the effects of isospin breaking (different masses for the up and down quarks) and
QED, for now mainly in the light-hadron sector, e.g., Refs. [818–829].

However, most hadrons are not stable in QCD but instead are resonances that decay to final states containing
two or more lighter hadrons. In particular, the various charmonium and bottomonium-like X,Y,Z states that are the
subjects of this report are resonances or have masses very close to threshold. These phenomena are more challenging
to study in lattice QCD because it is not possible to compute scattering amplitudes or the properties of resonances
directly from finite-volume Euclidean correlation functions – asymptotic states can not be defined in finite volume
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and, in contrast to an infinite volume, the spectrum above threshold is discrete with allowed momenta quantised by
the boundary conditions.

Nevertheless, infinite-volume scattering amplitudes can be determined indirectly from a relation between them
and the discrete spectrum of finite-volume energy eigenstates. For elastic scattering, each energy level, Ecm, gives the
scattering phase shift at that energy, δ(Ecm). When more than one scattering channel or partial wave is relevant, each
energy provides a constraint on the scattering amplitudes at that energy. Once the scattering amplitudes have been
determined, analytically continuing to complex Ecm, their singularity content can be investigated and so the resonance
and bound-state content inferred (including the mass and width of any resonance and its coupling to various hadron-
hadron channels). This method was originally introduced by Lüscher, Refs. [830–833], and has subsequently been
generalised by many others – it is now applicable to hadron-hadron scattering with arbitrary spin, arbitrary overall
momentum with respect to the lattice, and with any number of coupled two-hadron scattering channels, Refs. [834–
857]. Work is advancing to extend the approach to channels with three or more hadrons, see Refs. [858–877]. A
related approach for connecting finite-volume lattice QCD calculations to infinite-volume scattering amplitudes, based
on the same underlying ideas, is to consider an effective Hamiltonian describing hadron-hadron interactions in a finite
volume, such as unitarised chiral perturbation theory, see e.g. Refs. [843, 844, 848, 878–885]. Other approaches
include using an optical potential, Ref. [886], the histogram method in which a probability distribution connected
to the cross section is computed, Refs. [887, 888], and a method, advocated by HAL QCD, where a non-relativistic
hadron-hadron potential is computed from the Bethe–Salpeter wavefunction, Refs. [889–901]. Ref. [902] provides a
more detailed review of the “Lüscher method” and applications, and discusses some of the other approaches.

To robustly determine scattering amplitudes using the Lüscher method, many finite-volume energies must be
extracted across the energy range being considered. The reduced symmetry of the spatial lattice volume, usually a
cubic or rectangular box, compared to the infinite-volume continuum, means that partial waves of different J can ‘mix’
and appear in the same spectrum – sufficient energies must be extracted across a number of different quantum-number
channels in order to disentangle them. Achieving the required constraint generally necessitates the computation of
many energies in a number of lattice volumes, for systems moving with respect to the lattice, and/or using “twisted
boundary conditions” on the quark fields – these all modify the quantisation of momentum and so provide additional
Ecm, which give extra constraints. Furthermore, this approach neglects corrections that are exponentially suppressed
in the spatial extent L, ∼ e−MπL, and so requires a large enough volume, LMπ � 1, for these to be negligible. In
recent years, computational power and algorithms have advanced sufficiently to allow applications of this method to
meaningfull computations of hadron-hadron scattering. However, it must be kept in mind that, unlike the lattice QCD
studies of stable hadrons mentioned above, these investigations do not generally have quantitative control over all the
systematic uncertainties (for example, those arising from working at a finite lattice spacing or with unphysically-heavy
light quarks).

As discussed in Ref. [902], a number of light-hadron scattering channels have been studied in detail: many energy
levels are extracted, the scattering amplitudes are robustly determined and the resonant content is inferred. For exam-
ple, the ρ resonance in isospin-1 ππ scattering has been studied by a number of groups for various light-quark masses
and lattice spacings, Refs. [903–918].

Lattice QCD calculations in the charmonium, bottomonium and related exotic-flavor sectors are, however, less
advanced. We will discuss calculations with three levels of sophistication. The first class of calculations neglect
the fact that hadrons above threshold are unstable and determine the energy eigenstates using solely fermion-bilinear
operators (with a structure resembling a single meson) – the full finite-volume spectrum, which includes multihadron
levels, is not extracted. As discussed in Refs. [130, 902, 919], these results should only be considered a guide to
the pattern of narrow resonances, and the precise resonance mass and other properties can not be obtained. It is also
unclear whether these calculations are sensitive to broad resonances and resonances where coupled-channel effects
are important.

The second class of calculations include operators with relevant meson-meson-like structures and extract the
finite-volume spectrum in the energy region considered (though they may neglect some potentially relevant meson-
meson channels). However, these do not have enough constraints to robustly determine scattering amplitudes using
the Lüscher method and are often limited to looking for the presence of extra levels in the spectrum compared to
the spectrum if there were no meson-meson interactions. This is likely to give a reasonable guide to the presence of
a narrow resonance in elastic scattering, but it is less clear for broader resonances and coupled-channel scattering,
see Ref. [902]. The third class of calculations extract the complete finite-volume spectrum in the energy region
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Figure 96: From Ref. [131]. Charmonium spectrum labeled by JPC from a lattice calculation with Mπ ≈ 240 MeV where the unstable nature of
states above threshold has been neglected. Green, red and blue boxes represent the computed masses and one-sigma statistical uncertainties, with
red and blue boxes highlighting states identified as hybrid mesons; black boxes are experimental values. Some of the lower thresholds are shown
as dashed lines on the right of the figure (green are using computed masses and black are using experimental masses).

considered and have enough constraints to determine the scattering amplitudes and hence the resonance content. Only
these should be considered rigorous but the other less sophisticated calculations may provide useful qualitative guides.

We now discuss lattice QCD calculations of charmonia and related exotic-flavor hadrons before moving to bot-
tomonia and then investigations using the potential between two infinitely-heavy (static) quarks. Unless otherwise
stated, all the computations are performed for a single lattice spacing and have dynamical up, down, and strange
quarks, i.e. they include the effects of these quarks in the sea, and the two light (up and down) quarks are degenerate.
Some of the calculations have dynamical light quarks but quenched (not dynamical) strange quarks – this leads to
a non-unitary theory and an unknown systematic uncertainty. The use of quenched charm (or bottom) quarks is not
expected to have a significant effect far below cccc (or bbbb) threshold.

4.5.1. Charmonia and related flavour-exotic channels
Neglecting the fact that they are unstable, higher-lying charmonia have been studied in Refs. [130, 131, 920, 921].

The results presented in Refs. [130, 131], with Mπ ≈ 390 and 240 MeV, one lattice spacing and a few volumes,
include hybrid mesons with exotic and non-exotic quantum numbers – see Fig. 96 for the results with Mπ ≈ 240 MeV.
These suggest an interesting hybrid-meson phenomenology with the lightest hybrid multiplet being consistent with a
quark-antiquark pair in an S wave coupled to a JPC = 1+− gluonic excitation, and an energy scale of ∼ 1.2 - 1.3 GeV.
The results have been discussed in the context of Born–Oppenheimer effective field theory in Sec. 4.4.4. However, as
mentioned above, these spectra should only be considered a guide to the pattern of narrow resonances.

One challenge that lattice QCD investigations of charmonium resonances face is the large number of channels to
which such a resonance can potentially couple – all these channels need to be considered to reach robust conclusions.
Currently, calculations are mostly limited to extracting finite-volume spectra and looking for the presence of extra
levels, and they have generally been exploratory or inconclusive. More detailed computations are needed that extract
a larger number of finite-volume energy levels and allow scattering amplitudes to be determined and hence the state
content to be investigated robustly. All the following calculations neglect contributions where a charm quark and
a charm antiquark annihilate – these are OZI suppressed and so expected to be small (see also Ref. [922]). In the
NRQCD language of Sec. 4.4.2, quark-antiquark annihilation is described by four-fermion operators in the Lagrangian
density, Eq. (62). These operators are of dimension 6 or higher, and they are therefore suppressed by powers of the
quark mass in the power counting of the effective field theory.

In Refs. [923, 924] I = 0 JPC = 1++ DD̄∗, ωJ/ψ, σηc, σχc1 scattering is investigated, neglecting potential coupling
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Figure 97: From Ref. [927]. Charmonium spectrum in the JPC = 1−− channel from lattice calculations with Mπ ≈ 266 MeV (ensemble 1) and
Mπ ≈ 156 MeV (ensemble 2), compared to experimental results. Two different fit procedures have been used (fit i and fit ii) as described in
Ref. [927].

to some other channels. Interpolating operators with diquark-antidiquark structure are used in addition to those with
fermion-bilinear and meson-meson structures, though their inclusion is not found to have a significant impact on the
results. Computations are performed with Mπ ≈ 266 MeV and dynamical light quarks (quenched strange quarks). One
rather small volume, MπL ≈ 2.7, is employed with the system overall at rest leading to only a few energy levels being
determined. A bound state is found just below DD̄∗ threshold, a candidate for the X(3872). Refs. [781, 925, 926]
discuss how the binding energy of the X(3872) is expected to depend on the light quark mass. A study of c̄cs̄s (DsD̄∗s,
φJ/ψ) in Ref. [924], neglecting coupling to the other I = 0 channels, finds no sign of a bound state or resonance, so
no candidate for the X(4140).

Ref. [927] studied P-wave DD̄ (1−−) scattering and S -wave ωJ/ψ, DD̄ (0++) scattering, neglecting potential
couplings to other channels. Two small lattices are used: one with Mπ ≈ 266 MeV, MπL ≈ 2.7 and dynamical light
quarks, and the other with Mπ ≈ 156 MeV, MπL ≈ 2.3 and dynamical light and strange quarks, and a small number of
energy levels extracted. A 1−− resonance is found and possibly a ψ(3770) candidate as shown in Fig. 97. Assuming
elastic DD̄ scattering there is a suggestion of a narrow 0++ resonance slightly below 4 GeV – this does not appear to
be in particularly good agreement with the experimental data in Ref. [134].

Low-energy φ(s̄s) J/ψ scattering in S -wave and P-wave is investigated in Ref. [928] using a small volume, MπL ≈
2, with Mπ ≈ 156 MeV. Other open channels are neglected as are contibutions where any quark and antiquark
annihilate, leading to unquantified systematic uncertainties. Twisted boundary conditions are employed to extract a
number of energy levels and determine the phase shifts close to threshold. However, the twisted boundary conditions
are only applied to valence quarks, not sea quarks, leading to a non-unitary theory and another unknown systematic
uncertainty. The extracted S− and P-wave phase shifts are consistent with weak attraction and show no sign of a
resonance such as a candidate for the X(4140).

Moving to exotic-flavor channels, Ref. [929] investigates the doubly-charmed I = 0 channel (quark content ccq̄q̄
where q is an up or down quark) with JP = 0+, 1+, 2+ and the I = 1/2 channel (quark content ccq̄s̄) with JP =

0+, 1+, and the hidden-charm I = 1 channel (quark content cc̄qq̄) with IG JP = 1+1+, 1−0+, 1−1+. Calculations are
performed with Mπ ≈ 390 MeV on a single volume where MπL ≈ 3.8. Operators with both meson-meson and
diquark-antidiquark structures are used, though the latter are found not to be important in determining the spectrum.
In each channel studied, a number of energy levels are extracted and there is no sign of a bound state or narrow
resonance.

In Ref. [930] (an extension of Ref. [931]), the hidden-charm IG = 1+, JP = 1+ channel is studied consider-
ing DD̄∗, πJ/ψ, ρηc,D∗D̄∗, πψ(2S ), πψ(1D) scattering. A small lattice volume is used, MπL ≈ 2.7, with Mπ ≈ 266
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MeV and dynamical light quarks (quenched strange quarks). Interpolating operators with meson-meson structure are
employed along with a few having diquark-antidiquark structure. A number of energy levels are extracted – these
only give evidence for at most weak interactions and there is no sign of a bound state or narrow resonance [e.g. the
Zc(3900)+] up to ∼ 4.2 GeV. Ref. [932] considers different possible scenarios for the Zc(3900)+ (resonance or virtual
state) in comparison to these lattice results. A similar study of the IG = 1− JP = 1+ channel (DD̄∗, ρJ/ψ, πχc0, πχc1)
is presented in Refs. [923, 924]. A few energy levels are determined for the system overall at rest and no evidence for
a bound state or resonance is seen.

Ref. [933] investigates low-energy S -wave DD̄∗ scattering with IG = 1+, JP = 1+, neglecting possibly couplings
to other open channels. Computations are performed on three lattices with Mπ ≈ 300, 420, 485 MeV and MπL ≈ 3.3,
4.6, 5.3, respectively – these have dynamical light quarks (quenched strange quarks). Twisted boundary conditions are
used to extract a number of energy levels but the twisting is only applied to valence quarks, not sea quarks, leading to
a non-unitary theory and an unquantified systematic uncertainty. The phase shifts are found to correspond to weakly
repulsive scattering and the scattering length and effective range are determined. There is no sign of a bound state or
narrow resonance such as a Zc(3900)+ candidate.

The same setup, with the same limitations, is used in Ref. [934] to study low-energy S -wave D∗D̄∗ scattering with
IG = 1+, JP = 1+. Again, the interaction is found to be weakly repulsive, the scattering length and effective range
are extracted, and there is no evidence for a bound state or narrow resonance such as the Zc(4020)+. A similar study
of low-energy D∗D̄1 scattering in S -wave (JP = 0−) and P-wave (JP = 1+) with IG = 1+ is presented in Ref. [935],
relevant for, inter-alia, the Zc(4430)+. In this case, the results suggest an attractive interaction but a definite conclusion
on whether or not there is a bound state can not be reached.

The HAL QCD collaboration has pursued an alternative to the Lüscher approach in which lattice QCD is used
to compute correlation functions involving spatially-displaced interpolating operators. These are related to Nambu–
Bethe–Salpeter wave functions and in turn to non-relativistic potentials which are used in the Schrödinger equation,
see Refs. [889–901]. There has been a lot of discussion as to the reliability of the HAL QCD approach and how it is
employed. There is yet to be a successful demonstration of its application to the ρ resonance in I = 1 ππ scattering.
For a number of baryon-baryon channels, there appears to be a discrepancy between results obtained using this method
and results obtain using the Lüscher approach, though investigations using the latter method have their own limitations
– see Refs. [898–900, 902, 936] and references therein. In Ref. [937] the HAL QCD potentials for baryon-baryon
scattering are critically examined phenomenologically. It is found that especially in the ΩN and ΩΩ channels, where
one pion change is not forbidden in the scattering potential, the range of the potential reported by the HAL QCD
studies is at odds with phenomenological expectations.

Ref. [938] investigates the flavor-exotic ccūd̄ and csūd̄ channels. Reasonably large lattice volumes (MπL & 6)
with Mπ ≈ 410 MeV, 570 MeV, 700 MeV are used. The HAL QCD method is used to extract S -wave potentials for
DD, K̄D, DD∗, and K̄D∗, these potentials are fit and the corresponding Schrödinger equations are solved to compute
the phase shifts. The I = 0 channels are found to be attractive, particularly I = 0 JP = 1+ DD∗, i.e. ccūd̄, and become
more attractive as Mπ decreases. However, there is no evidence for a bound state or resonance. The I = 1 channels
are all found to be repulsive.

S -wave πJ/ψ, ρηc, D̄D∗ coupled-channel scattering with I = 1, JP = 1+ is studied in Ref. [939, 940] using the
same lattices as above. The HAL QCD method is employed and the diagonal potentials are found to be weak, but the
off-diagonal πJ/ψ – D̄D∗ and ρηc – D̄D∗ potentials are strong. The S -matrix is computed from these potentials and
poles are searched for: a pole is found on an unphysical sheet far below DD̄∗ threshold with a large imaginary part and
it is suggested that the Zc(3900)+ is a threshold cusp. These results are then used as an input to a phenomenological
study of the invariant mass spectra in Y(4230)→ ππJ/ψ and Y(4230)→ πDD̄∗.

Going beyond spectroscopy and studying transitions between mesons can provide a more stringent probe of their
structure. Ref. [177] performed a quenched calculation of radiative transition ampltidues involving some excited, high
spin and exotic charmonia, neglecting the unstable nature of states above threshold. One highlight was the radiative
decay of an exotic JPC = 1−+ hybrid meson, ηc1, which was found to have a significant partial width, Γ(ηc1 →

J/ψγ) ∼ 100 keV, supporting suggestions from models that the photocouplings between 1−+ hybrids and conventional
mesons should be large. A large decay amplitude for the decay of a 1−− hybrid to ηc was found, again in line with
phenomenological expectations. In addition, it was shown how the pattern of different multipole amplitudes in the
radiative decay of 2++ charmonia to J/ψ can distinguish P wave and F wave tensor mesons. As well as studying the
χc2 → J/ψγ transition, Ref. [941] performed a quenched calculation of the ηc2(2−+) → J/ψγ transition amplitudes,
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Figure 98: From Ref. [943]. Bottomonium spectrum labeled by JPC from a lattice calculation with Mπ ≈ 156 MeV. Black points with errorbars are
the lattice results with statistical uncertainties, and grey bands give an estimate of the combined systematic and statistical uncertainties. Red bands
are experimental masses.

finding a small partial width and determining the three multipole amplitudes. These investigations demonstrate the
feasibility of using lattice QCD to study transitions involving higher-lying charmonia and that such calculations can
provide phenomenologically-interesting results – calculations with dynamical quarks allowing for the unstable nature
of resonances are warranted.

In summary, there have been a number of lattice QCD studies of charmonium-like resonances and related scatter-
ing channels, but these all suffer from significant limitations. Candidates for conventional resonances and the X(3872)
have been seen. However, there is currently no clear evidence for a flavor-exotic hidden-charm or doubly-charmed
state from lattice QCD calculations, in contrast to the various experimental signals for charged charmonium-like
structures — see Sec. 3.2.

4.5.2. Bottomonia and related flavour-exotic channels
Some higher-lying S -, P-, D-, F- and G-wave bottomonia up to BB̄ threshold have been studied in Refs. [942, 943]

(along with B, Bs and Bc mesons). A single lattice volume was used with Mπ ≈ 156 MeV and NRQCD b quarks – the
results were found to be in reasonable agreement with experiment – see Fig. 98.

Ref. [524] investigates the possibility of JP = 1+ flavor-exotic I = 0 udb̄b̄ and I = 1/2 qsb̄b̄ systems. Three
different light-quark masses are considered corresponding to Mπ ≈ 164, 299 and 415 MeV, each on one volume
(MπL ≈ 6.1, 4.4, and 2.4, respectively), and NRQCD b quarks are employed. A small number of energy levels are
computed using local meson-meson and diquark-antidiquark interpolating operators. These give some evidence for
bound states for all three light-quark masses: (189 ± 10 ± 3) MeV below the BB∗ threshold for udb̄b̄ and (98 ± 7 ± 3)
MeV below the BsB∗ threshold for qsb̄b̄, though the robustness of the signal is not clear in all cases.

That investigation has recently been extended in Ref. [944], which studies JP = 1+ udb̄b̄′ (I = 0), udb̄′b̄′ (I = 0),
qsb̄b̄′ and qsb̄′b̄′ for Mπ ≈ 299 MeV, where the mass of the b′ quark ranges from 0.59 to 6.3 mb. Evidence for binding
is found in all cases and the dependence of the binding energy on mb′ is fit to phenomenologically-motivated forms.
Extrapolating to mb′ = mc appears to suggest that only udc̄b̄ has a possibility of being bound. The JP = 1+ I = 0 udc̄b̄
is then studied for all three Mπ – the ground state is found to be consistent with threshold for Mπ = 415 MeV and
bound for Mπ = 163 MeV and 299 MeV, with the binding energy estimated to be between 15 and 61 MeV. However,
as the authors point out, unaccounted-for finite-volume effects may be significant.

In Ref. [945] a number of J = 0, 1 double-bottom channels are studied with three different lattice spacings (a ≈
0.12, 0.09, 0.06 fm), each on a single volume, and with dynamical light, strange and charm quarks. The sea light-quark
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Figure 99: Left: Dependence of the binding energies in the JP = 1+ udb̄b̄ (I = 0), usb̄b̄ and ucb̄b̄ channels on the valence Mπ from Ref. [945] (the
light sea-quark mass is fixed). Right: Dependence of the binding energy in the JP = 1+ udb̄b̄ (I = 0) channel on Mπ from Ref. [946].

mass corresponds to Mπ ∼ 300 MeV, but a different action is used for the light valence quarks with a range of masses
corresponding to Mπ ≈ 153 to 689 MeV – this leads to a non-unitary theory and an unquantified systematic uncertainty.
Local meson-meson and diquark-antidiquark operators are employed and a small number of levels extracted, though
in some cases the quality of the signal is not that good. With JP = 1+, bound states are claimed in udb̄b̄ (I = 0) and
usb̄b̄ with respective masses 143 ± 34 MeV and 87 ± 32 MeV below BB∗ threshold – see left panel of Fig. 99. For
ucb̄b̄, scb̄b̄, udc̄c̄ (I = 0) and usc̄c̄, there is some suggestion of a close-to-threshold state but finite-volume effects may
be important. The binding energy shows a general trend to increase as the light-quark masses decrease. There is no
evidence for bound states with JP = 0+ for uub̄b̄ (I = 1), ssb̄b̄, ccb̄b̄, uuc̄c̄ (I = 1) and ssc̄c̄.

Very recently, Ref. [946] has reported on a more detailed investigation of the I = 0 JP = 1+ udb̄b̄ channel.23

Five different lattices are used with dynamical light and strange quarks, a range of lattice spacings (a ≈ 0.083 – 0.114
fm), volumes (MπL ≈ 3.9 to 5.8) and light-quark masses (Mπ ≈ 139 to 431 MeV); NRQCD b quarks are employed.
Operators with a meson-meson-like structure (BB∗ and B∗B∗ ) are used in addition to those with a local diquark-
antidiquark structure, and a couple of energy levels are extracted on each lattice. The Lüscher method was used to
determine the infinite-volume binding energy through a fit to an effective range expansion (though this was found to
be consistent with the finite-volume binding energy), giving a bound state 128 ± 24 ± 10 MeV below BB∗ threshold,
where the second error is an estimate of systematic uncertainties – see right panel of Fig. 99.

In an investigation of the bbb̄b̄ system, Ref. [948] uses four lattices with various light-quark masses (including one
lattice with physical-mass light quarks) and lattice spacings (a = 0.06 – 0.12 fm), and NRQCD b quarks. A number of
meson-meson and diquark-antidiquark operators are employed and no sign of a bound state is found with JPC = 0++,
1+−, 2++.

Turning briefly away from bottomonium-like systems, Ref. [249] investigates the exotic-flavor bottom-strange
I = 1 JP = 0+ b̄sd̄u channel relevant for the X(5568) (see Sec. 3.2.1). A number of Bsπ and BK̄ operators are
employed in a calculation on small volume, MπL ≈ 2.3, using dynamical light and strange quarks with Mπ ≈ 156
MeV. A few energy levels are extracted and the results are compared with the levels expected if a X(5568) were
present. No signs of strong Bsπ interactions are found and there is no evidence for a X(5568) candidate. Ref. [251]
comments on some implications for the X(5568) in light of these results.

To summarise, there have been few lattice QCD investigations of excited bottomonia. However, in contrast to the
charm sector, there appears to be evidence for a double-bottom JP = 1+ bound state in I = 0 udb̄b̄ and I = 1/2 qsb̄b̄,

23Some preliminary results from an early stage of this study appeared in Ref. [947] where, in addtion, b quarks with masses ranging from one to
five times the physical b-quark mass were considered.
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with the binding energy increasing if the light-quark mass decreases or mb increases. However, confirmation of some
of these results is required, and further work is needed to investigate a number of channels in more detail and assess
some of the systematics. In the next section we discuss lattice QCD calculations of the potential between two static
quarks – these support the presence of a JP = 1+ I = 0 udb̄b̄ bound state for large mb.

4.5.3. Static quark potentials
Refs. [949, 950] use lattice QCD to compute the potential between two infinitely-heavy static antiquarks Q̄ in

the presence of light quarks, fit to a phenomenologically-inspired form and then investigate whether a bound state
is present by solving the Schrödinger equation. These calculations have dynamical light quarks (quenched strange
quarks)24 and two small lattice volumes are used: one with Mπ ≈ 340 MeV, a ≈ 0.079 fm and MπL ≈ 3.3 for systems
involving qq and another with Mπ ≈ 352 MeV, a ≈ 0.042 fm and MπL ≈ 2.4 for systems involving ss or cc. They find
evidence for a JP = 1+ bound state in I = 0 qqQ̄Q̄, and evidence against a bound state in JP = 0+, 1+ or 2+ for I = 1
qqQ̄Q̄, ssQ̄Q̄ and ccQ̄Q̄.

In Ref. [523], this work is extended by performing calculations with multiple light-quark masses, corresponding
to Mπ ≈ 340 MeV, 480 MeV, and 650 MeV (MπL ≈ 3.3, 4.6, 6.3), and extrapolating to physical Mπ. Again, evidence
is found for a JP = 1+ I = 0 qqQ̄Q̄ bound state, with a mass 90+43

−36 MeV below threshold, and against a JP = 0+, 1+

or 2+ I = 1 qqQ̄Q̄ bound state. Ref. [525] makes an attempt to incorporate spin effects, computing static potentials
for various light-quark spin combinations, interpreting in terms of BB, BB∗ and B∗B∗ meson pairs, then using in
a coupled-channel Schrödinger equation. Following this procedure, evidence remains for a I = 0 JP = 1+ qqQ̄Q̄
bound state but the spin effects reduce the binding, giving a mass 59+30

−38 MeV below threshold. An extension in
Ref. [951] investigates the possibility of resonances using the emergent wave method, predicting a JP = 1− I = 0
qqQ̄Q̄ resonance but no I = 1 bound states or resonances.

An independent investigation presented in Ref. [952] employs a similar approach to calculate the static potential in
I = 0, 1 qqQ̄Q̄ for a range of spin and parity channels. One lattice volume is used with Mπ ≈ 380 MeV and MπL ≈ 6.
Results are consistent with those of Refs. [949, 950]: there is evidence for a I = 0 JP = 1+ bound state with a mass
50.0 ± 5.1 MeV below threshold.

As well as molecular mesons and tetraquarks, another proposed exotic multiquark structure is a hadroquarkonium
state which has a compact QQ̄ core along with a more diffuse distribution of light quarks — see Sec. 4.3.2. Ref. [953]
computes the static QQ̄ potential in the presence of a variety of light mesons and baryons, and compares with the
static potential in vacuum. One lattice volume is used with Mπ ≈ 223 MeV and MπL ≈ 4.6. A suggestion of weak
attraction, a shift in the potential . a few MeV, is found for QQ̄ with π, K, ρ, K∗, φ, N(1/2+), Ξ(1/2+), ∆(3/2+),
Ξ∗(3/2+), N(1/2−), Ξ(1/2−) or Ξ∗(3/2+). Applying the results to a phenomenological study of charmonia (where
the static approximation is not necessarely a good approximation), the energy shifts in the presence of a light hadron
are found to be ∼ -0.9 to -2.6 MeV for 1S charmonia, -1 to -6.5 MeV for 2S charmonia and -1 to -4.9 MeV for 1P
charmonia. Because the shifts are very small, the effects of having unphysical quark masses and working in a finite
volume may be significant – these need to be checked before definite conclusions can be drawn.

Lattice calculations of hybrid static potentials, i.e. the potential between a static quark and antiquark in the pres-
ence of a gluonic excitation, in pure SU(3) gauge theory (no dynamical quarks) have a long history, Refs. [476, 744,
763, 765–768, 954–957] – the results of these calculations and their phenomenological implication were discussed
above in Section 4.4.4. A related recent calculation of the color field density profiles of excited flux tubes between a
static quark and antiquark is presented in Ref. [958].

In summary, lattice QCD calculations of the potential between static quarks can provide an interesting window
on the physics of the strong interaction. They appear to support the existence of a bound state with JP = 1+ I = 0
qqQ̄Q̄ in line with the phenomenological findings outlined in Sec. 4.3.3. However, because the binding is sensitive to
the light- and heavy-quark masses and spin effects, calculations with physical-mass quarks and addressing the various
other systematics are necessary to draw stronger conclusions.

To conclude this section, Table 16 gives a summary of lattice studies where candidates for the X(3872) and flavour
exotics have been seen. In Sec. 5.3 we give an outlook on prospects for future lattice calculations.

24Because the twisted mass action is used for the quarks, isospin is broken and this has to be taken into account in the calculations.
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State Reference Approx. Mπ / MeV MπL Binding Energy / MeV

X(3872) I = 0 JPC = 1++ [923] 266 2.7 11 ± 7
[924] 266 2.7 8 ± 15 or 9 ± 8

udc̄b̄ I = 0 JP = 1+ [944] extrap. of 164, 299, 415 MeV 2.4, 4.4, 6.1 ∼ 15 – 61

udb̄b̄ I = 0 JP = 1+

[524] extrap. of 164, 299, 415 MeV 2.4, 4.4, 6.1 189 ± 10 ± 3
[945] extrap. of various valence quark masses various 143 ± 34
[946] extrap. of various (139 to 431 MeV) various 128 ± 24 ± 10

qsb̄b̄ I = 1/2 JP = 1+ [524] extrap. of 164, 299, 415 MeV 2.4, 4.4, 6.1 98 ± 7 ± 3
[945] extrap. of various valence quark masses various 87 ± 32

udQ̄Q̄ I = 0 JP = 1+

(static quark potentials)

[952] 380 6 50 ± 5
[949] 340 3.3 ∼ 30 – 57
[950] 340 3.3 90+46

−42 or 93+47
−43

[523] extrap. of 340, 480, 650 MeV 3.3, 4.6, 6.3 90+43
−36

[525] extrap. of 340, 480, 650 MeV 3.3, 4.6, 6.3 59+30
−38

Table 16: Summary of lattice studies where candidates for the X(3872) and flavour exotics have been seen, and the binding energy below the
relevant threshold. See the text for more details.

5. Summary and future prospects

With more and more experimental data available and the improvement of experimental techniques, a large number
of XYZ states have been reported in the charmonium and bottomonium sectors which have properties at odds with the
quark model description in terms of charm–anti-charm and bottom–anti-bottom systems, respectively. This suggests
the existence of new kinds of hadrons and, in this report, we referred to any state that does not appear to fit with the
expectations for an ordinary Q̄Q meson or qqq baryon as “exotic” or as an “exotic candidate”.

For many states, their unambiguous identification as exotics, and even more their classification in a specific class
of exotics, is still a matter of intense investigation both experimentally and theoretically. On one hand, experimental
investigations aim to complete the phenomenological description of these states. On the other hand, theoretical studies
aim to reduce the uncertainties in the computation of observables for ordinary quarkonia and exotics. A particular
challenge for theoretical studies is to properly account for the mixing of exotics with ordinary quarkonia, which may
play an important role for some states.

We have reported extensively on the latest experimental progress which in recent years has come mostly from
the Belle, BESIII, and LHCb experiments. This report contains a description of all exotic candidates that have been
observed up to the current date. On the theory side, only lattice QCD has the potential to perform full self-consistent
calculations from first principles. Currently, however, lattice QCD calculations of exotics adopt approximations and
have unquantified systematic uncertainties that reduce their reliability. Moreover, not all observables are currently
accessible in lattice QCD calculations. For these reasons, also other methods are employed to describe exotics. Ef-
fective field theories allow to perform calculations of exotic states with a clear connection to QCD. They are limited
by their specific ranges of applicability, and need to be supplemented by data or lattice QCD results. Nevertheless,
they are systematically improvable and progress is steady. In addition to these systematic approaches there are var-
ious phenomenological models investigating different aspects of exotic states. While uncertainty estimates for their
results are difficult if not impossible, phenomenological models can still provide valuable insights, in particular where
other methods have not been applied yet. In the report, we have presented in some detail these different theoretical
approaches.

To understand the existing XYZ states and finally understand the exotic hadrons, more efforts in both experiment
and theory are needed. In experiment, we need to obtain more accurate information on the XYZs, including lineshapes
and the resonance parameters for various the JPC quantum numbers, the production and decay modes and so on.
Whereas, on the theoretical side, we need improved calculations to more cleanly discriminate exotic hadrons from
conventional hadronic states. We close this report with a discussion of the experimental prospects before giving a
theoretical outlook.
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5.1. Ongoing and future experiments
It is expected that data samples accumulated at the B factory experiments (BaBar and Belle), τ-charm experiment

(BESIII), and hadron machine experiments (CDF, D0, LHCb, ATLAS, CMS) will continue to be used for the study
of the XYZ states. At the same time, the ongoing experiments will continue to accumulate more experimental data:
LHCb just started exploration of its full RUN1 and RUN2 data and is upgrading for more luminosity; BESIII will
continue its program with extended c.m. energy coverage and improved data taking strategy; the GlueX experiment
started data taking in 2017 with an expectation to reach a higher sensitivity for the search for pentaquarks and other
exotic mesons in photoproduction processes with more beam time available; Belle II has started its pioneering run
with the full detector in April 2019 and is expecting its target integrated luminosity of 50 ab−1 in a few years. Fur-
thermore, some new experiments are expected to join the effort of investigating the exotic hadrons in the future: the
PANDA experiment at Darmstadt, Germany, the super τ-charm factories STCF (HIEPA) in Hefei, China, and SCTF
in Novosibirsk, Russia. In this section, we give a brief description of future prospects at the ongoing and planned
experiments.

• The GlueX experiment

The GlueX experiment, studying light meson spectroscopy with an emphasis on the search for light hybrid states,
is the flagship experiment of the newly constructed Hall D at the Thomas Jefferson National Accelerator Facility
(JLab) [959]. The experiment exploits photoproduction from a fixed hydrogen target, using both linearly polarized
and unpolarized photons.

The GlueX detector is illustrated in Fig. 100. An electron beam of up to 12 GeV impinges on a thin diamond
radiator which produces a coherent bremsstrahlung photon beam with a substantial linear polarization in a narrow
energy range peaking at 9 GeV. With a collimator suppressing the incoherent bremsstrahlung spectrum, a linear
polarization of 40% is achieved in the coherent peak at 9 GeV. The scattered electrons are used to tag the energy of the
photon beam. The main detector, shown in Fig. 100, consists of a 2 T solenoid magnet with the central and forward
drift chamber for charged particles, a lead/scintillating fiber barrel calorimeter and lead-glass forward calorimeter for
neutral particles and electron detection, and a start counter and forward TOF wall for precision timing measurements.
The angular coverage of the detector is complete down to opening angles from the beam of about two degrees. Pions
are reconstructed for momenta down to 100 MeV and protons to 300 MeV with a resolution from 1% to 3%.

Figure 100: Schematic of the GlueX detector and the photon beam tagger [959].

The GlueX detector has been successfully commissioned and started its physics data taking in spring 2017. Based
on the accumulated data, the analysis of a variety of physics topics is already ongoing. For example, the cross section
of γp → J/ψp has been measured at 8.2 < Eγ < 11.8 GeV using about 25% of the total data accumulated by the
GlueX experiment from 2016 to date [322]. Although clear J/ψ signals were observed, no statistically significant
evidence was found for the pentaquark observed by LHCb.
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The observation of many well-known meson resonances as well as the first successful reconstruction of the J/ψ
demonstrates good prospects for a broad physics program with initial GlueX data. The mapping of the entire light
meson spectrum will be possible, with a precise measurement of the properties of known resonances and, ultimately,
the candidates for exotic mesons. The completion of the initial GlueX running is expected in 2019, after which several
upgrades are planned. A DIRC detector will be added in the forward region to improve pion and kaon separation [960].
This and a factor of five or more higher luminosity will allow to reach a higher sensitivity for the search for pentaquarks
and other exotic mesons.

• The BESIII experiment

Since its commissioning in 2008, the BESIII detector has been operating successfully for more than 10 years. The
end cap TOF system has been upgraded into a MRPC-based detector with improved particle identification capability.
A cylindrical gas electron multiplier (CGEM) based inner detector CGEM-IT is being constructed to replace the inner
MDC chamber with similar performance as the previous chamber.

The BEPCII has delivered more than 20 fb−1 integrated luminosity at different energy points in the last 10 years and
the peak luminosity keeps on improving every year. BESIII is planning to take more data above 4 GeV, 500 pb−1 per
point with a 10 MeV interval. The intervals were chosen to cover the possibility for studying narrow XYZ states. For
example, the e+e− → π+π−J/ψ cross section has shown rapid changes between 4.20 and 4.23 GeV. The cross sections
for other reactions are likely to have such rapidly changing features, which require fine energy scans. Figure 101
shows the data sets accumulated by BESIII, and possible future plan.
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Figure 101: The data sets accumulated by BESIII mainly for the study of XYZ states, where the data sets collected are shown in black, and those
considered in the near future for potential future measurements are shown in red.

To meet the requirement of the BESIII physics research, two aspects of the BEPCII upgrade have been considered:
one is to increase the maximum c.m. energy from 4.6 to 4.9 GeV, and the other is the top-up injection in collision
operation. The former will allow to fully cover the Y(4630) and Y(4660) resonances and a wide range of e+e− →
K+K−J/ψ production, which may be a key mode of searching for the Zcs state and might also provide deeper insights
for the Y(4660). The latter will increase the integrated luminosity by about 30% in the same period of data taking
time. These upgrades are in progress and are expected to be completed in 2019.

In addition, an even more ambitious upgrading plan of increasing the peak luminosity by a factor of 10 has been
proposed [961]. In this scheme, the Crab Waist collision with large Piwinski angle would be adopted together with
significant modification of the BEPCII parameters. At the same time, BEPCII is also investigating a possibility of
moderate improvement of the peak luminosity by increasing the number of bunches and the beam current, as well
as installing more radio frequency cavities. This latter scenario may need much less machine shutdown time to
accumulate similar amount of integrated luminosity in 5 to 10 years than the realisation of the Crab Waist scheme.
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• The Belle II experiment

The Belle II detector is the sole experiment at the SuperKEKB e+e− collider in Tsukuba, Japan. The goal of the
Belle II experiment, as a next generation flavor factory, is to search for new physics in the flavor sector at the intensity
frontier, and to improve the precision of measurements of Standard Model parameters. It started to record data in April
2018 and is in a unique position regarding bottomonium physics, and an experiment with full capability to explore
QCD phenomenology and study conventional/exotic states.

There are many experimental reasons that make Belle II perfectly suited to study exotic states: (1) Running
at the Υ(4S ) resonance produces a very clean sample of BB̄ pairs. The low background environment allows for
reconstruction of final states containing photons. (2) Due to low track multiplicities and detector occupancy, the
reconstruction efficiency of B−/D−mesons is high and the trigger bias is very low. (3) Since the initial state is known,
“missing mass” analyses can be performed to infer the existence of new particles via energy/momentum conservation
rather than demanding full reconstruction of their final states. This gives the opportunity to measure the absolute
branching fractions of the XYZ states. (4) Overcoming the statistical limitations of previous experiments, Belle II will
be in a unique position to perform, for example, searches for resonant states via ISR processes, studies of quarkonium-
like spectroscopy via bottomonium decays and bottomonium-like spectroscopy via hadronic and radiative transitions
among bottomonia, and studies of QCD bound states like the deuteron and di-baryons.

The SuperKEKB accelerator is an upgrade of the KEKB B-factory running in the region of the Υ resonances with
the beam energies of 7 GeV for the high energy ring and 4 GeV for the low energy ring. The target luminosity of
SuperKEKB is a factor of 40 larger than that of KEKB, i.e., 8 × 1035 cm−2s−1. To achieve such a high luminosity,
a nanobeam collision scheme is taken. The maximum c.m. energy in SuperKEKB is 11.24 GeV, just at the ΛbΛ̄b

threshold which makes the possibility of studying the Λb decays very uncertain.
The Belle II detector is a hermetic magnetic spectrometer including several substantially upgraded or new sub-

systems. The new vertex detector (VXD) consists of two subdetectors: a Pixel Vertex Detector and a double-sided
Silicon strip Vertex Detector. An improvement by a factor of 2 on the vertex resolution compared with the Belle vertex
detector is obtained with this strategy. The central tracking system is a large volume CDC surrounding the VXD. To
be able to operate at high event rates, the CDC has been modified with smaller cells. The particle identification system
includes the Time-Of-Propagation system in the barrel region and the Aerogel Ring Image Cherenkov detector in the
forward region to measure the time of propagation and the impact position of Cherenkov photons, the EMC based
on CsI(Tl) crystals to detect photons and identify electrons, the K-Long and Muon detector. A full discussion can be
found in the Technical Design Report [962].

The Belle II experiment started physics running with its full detector in March 2019. It is foreseen to run for 9
months/year with a three-month summer shutdown. It is planned to reach a peak luminosity of 8 × 1035 cm2s−1 by
2025 and continue running until 2027 to integrate more than 50 ab−1. The planned integrated luminosity is shown in
Fig. 102.

Figure 102: Plan of instantaneous and integrated luminosity at SuperKEKB.

In the near future, the study of XYZ particles will benefit a lot from the large data samples of the Belle II experiment

142



in many different ways [17], among which ISR can produce events in the same energy range covered by BESIII.
Figure 103 shows the effective luminosity distribution in the Belle and Belle II data samples. We can see that, 50 ab−1

of Belle II data correspond to 2,000–2,800 pb−1 data for every 10 MeV from 4–5 GeV, similar statistics will be
reached for modes like e+e− → π+π−J/ψ at Belle II and BESIII taking into account the fact that Belle II has lower
efficiency. Belle II has the advantage that data at different energies will be accumulated at the same time, making
the analysis much simpler than at BESIII where data are accumulated at many data points. Many ISR processes, like
e+e− → π+π−J/ψ, π+π−ψ(2S ), K+K−J/ψ, K+K−ψ(2S ), γX(3872), π+π−ψ2(1D), π+π−hc, π+π−hc(2P), ωχcJ , φχcJ ,
ηJ/ψ, η′J/ψ, ηψ(2S ), ηhc, (DD̄∗)±π∓, (D∗D̄∗)±π∓, Λ+

c Λ̄−c , Λ+
c Σ̄−c , can be done at Belle II to search for more production

and decay modes of known XYZ states or more new charmonium-like states.
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Figure 103: Effective luminosity at low energy in the Belle and Belle II Υ(4S ) data samples.

• The LHCb experiment

The LHCb experiment has demonstrated itself as an ideal laboratory for flavor physics studies. The LHCb upgrade
will fully exploit the flavor-physics opportunities of the high-luminosity large hadron collider (HL-LHC) to search for
physics beyond the Standard Model in an approach complementary to the energy frontier. The timelines of operation
and major shutdowns of the LHC, HL-LHC, and LHCb are illustrated in Fig. 104.

The LHCb Upgrade I is currently in progress and data taking will start in 2021 after the LHC Long Shutdown 2
(LS2). Consolidation of the LHCb Upgrade I detector is required during LS3. The preparatory work for the LHCb
Upgrade II will also be carried out at this time. These changes are referred to as Upgrade Ib. During the period of
LHCb Upgrade I, the detector will be operated with an instantaneous luminosity of 2×1033 cm−2s−1. A total integrated
luminosity of around 23 fb−1 is anticipated by the end of Run 3 and 50 fb−1 by the end of Run 4 of the LHC. LHCb
Upgrade II will be installed during LS4, which is expected to start data taking in 2031. At that time, the LHCb will
operate with an instantaneous luminosity of up to 2×1034 cm−2s−1, an order of magnitude above Upgrade I. LHCb will
accumulate a data sample corresponding to a minimum of 300 fb−1. To meet such a high instantaneous luminosity,
modest improvements of the Upgrade I and II detector will be performed during LS3 and LS4. New upgrades in some
subdetector components include a pixel detector, a vertex detector, the RICH system, and so on. They will improve
the intrinsic performance of the experiment in certain key areas. For more detail, we refer to Ref. [963].

The LHCb experiment has already strongly contributed to our understanding of the XYZ particles, e.g. via the de-
termination of the quantum numbers of the X(3872) [37, 58], and the observation of pentaquark candidates Pc(4380)+
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Figure 104: Timeline of accelerator and experiment operation of the LHC, HL-LHC, and LHCb over the decade 2021 to 2031 [963].

and Pc(4450)+ [36] [recently LHCb found that the Pc(4450)+ is composed of two narrow overlapping structures
Pc(4440)+ and Pc(4457)+ [307]]. The large data set collected in the Upgrade II era will boost the sensitivity of
searches for pentaquark multiplets and heavy exotic states with small production cross sections and low efficiency.
For examples: (1) the observation of radiative decays involving exotic baryons will provide a new insight into the
structure of the pentaquark candidates by performing an amplitude analysis of the Λb → J/ψpγK decay. The pro-
posed improved EMC is crucial for the feasibility of such a measurement in a high-luminosity environment. (2) The
neutral pentaquark candidates can be searched for in the Λ+

c D− system in the process Λ0
b → Λ+

c D−K̄∗0. Such process
suffers from the low detection efficiency and the small branching fractions of Λ+

c and D− decays. Such channel needs
very large data sets to compensate the low efficiency and small product branching fraction. (3) The pentaquark states
with strangeness can be searched for in the Ξ−b → J/ψΛK− process, which has been seen at LHCb using Run 1
data [964]. About 300 signal events were observed, thus no intermediate states were investigated. An increase of the
integrated luminosity by a factor of 100 would allow detailed amplitude analyses with a similar sensitivity as in the
pentaquark discovery channel.

The enhancements of the Upgrade I and II detector [963] together with the enormous sample sizes of Run 5 will
ensure that LHCb maintains its position in exotic hadron studies, and provide a unique access to studies involving the
production of B+

c , Λ0
b, and Ξb hadrons.

• The PANDA experiment

The PANDA (antiProton ANnihilation in DArmstadt) experiment under construction will be located at the FAIR
(Facility for Antiproton and Ion Research) complex in Darmstadt, Germany. It is dedicated to study hadron physics.
The FAIR accelerator complex will provide particle beams for four main experimental pillars, one of which is the
PANDA experiment. At FAIR, a new proton LINAC will preaccelerate protons to 70 MeV, and ultimately accelerate
them to about 30 GeV. The proton beam will hit a copper target acting as the antiproton production target. Magnetic
horns are then used to filter the antiprotons of 3.7 GeV, which are collected and cooled in the Collector Ring (CR), then
injected in the High Energy Storage Ring (HESR). Here, the antiprotons can be deaccelerated or further accelerated
to a range of 1.5 GeV and 15 GeV, which correspond to c.m. energies in the range of 2.2 GeV and 5.5 GeV. The full
setup is designed to provide an instantaneous peaking luminosity of 2 × 1032 cm−2s−1. The accumulated integrated
luminosity can reach 2 fb−1 in about five months.

The proposed PANDA detector with a 4π geometrical acceptance is shown in Fig. 105. It consists of the target
spectrometer surrounding the target area and the forward spectrometer for the detection of particles produced in the
forward direction. The Micro Vertex Detector (MVD), surrounding the target region, will provide precise vertex po-
sition measurements with resolution of about 50 µm perpendicular to and 100 µm along the beam axis. It consists
of silicon pixel and strip sensors. Tracking with a transverse momentum resolution better than 1% will be provided
by Gas Electro Multiplier (GEM) planes and a Straw Tube Tracker (STT) combined with the MVD and the field of
the 2 T solenoid magnet. Information from two Detection of Internally Reflected Cherenkov Light (DIRC) detectors
and a Time-Of-Flight detector system (TOF) will be utilized to perform particle identification (PID). The Electromag-
netic Calorimeter (EMC) will be used to detect photons. Muon PID will be provided by the muon detector system
surrounding the solenoid magnet.

The forward spectrometer, which consists of a forward tracking system (FTS) of three pairs of straw tube planes,
covers polar angles below 10 and 5 degrees in the horizontal and vertical planes, respectively. An Aerogel Ring
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Imaging Cherenkov Counter (ARICH) and a Forward TOF system (FTOF) will be used for PID and the Forward
Spectrometer Calorimeter (FSC) provides photon detection and electron/pion separation. A Forward Range System
(FRS) and the Luminosity Detector (LMD) complete the forward spectrometer.

Three different scenarios for the different phases of the accelerator completion are expected and summarized in
Table 17, where the momentum spreads dp/p, beam-energy resolutions dEcms, and integrated luminosities L (at
√

s = 3.872 GeV) are given for three different HESR operation modes: The High Luminosity (HL), High Resolution
(HR), and initial “Phase-1” (P1) [965].

HESR mode dp/p dEcms (keV) L [1/(day × nb)]
HL 1 × 10−4 167.8 13680
HR 2 × 10−5 33.6 1368
P1 5 × 10−5 83.9 1170

Table 17: Momentum spreads dp/p, beam-energy resolutions dEcms, and integrated luminosities L (at
√

s = 3.872 GeV) of the three different
HESR operation modes [965].

Figure 105: The proposed PANDA experimental setup [966].

For the PANDA experiment, a significant contribution to the study of the XYZ states will be the precise measure-
ment of the energy-dependent cross section of a specific process over a certain range of c.m. energies by adjusting the
beam momentum at high precision. This allows for the precise determination of some parameters for some XYZ states,
for example the natural width and line-shape measurements of very narrow resonances. Recently PANDA used the
X(3872) as an example to study the achievable sensitivities of measuring its width, since an absolute width measure-
ment is the key to understand the nature of the X(3872) and distinguish between the various theoretical models. For
such a narrow state with JPC = 1++, the PANDA experiment has a good ability to perform precise energy scans of the
resonance regions. Based on a comprehensive MC simulation study, the achievable sensitivities of measuring X(3872)
width are achieved by assuming 40 energy scan points and data-taking time period of two days per point [966]. The
outcome of the sensitivity study is very promising. For example, with an assumption of the BW shape of the X(3872)
and an input signal cross section of σ(pp̄ → X(3872)) = 50 nb, a 3σ precision on the measured X(3872) width
(Γmesa), ∆Γmesa/Γmesa better than 33%, is achieved for an assumed natural decay width larger than about Γ0 = 40, 80,
and 110 keV for HR, HL, and P1 running modes, respectively.
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• The Super-Charm-Tau and Super-Tau-Charm Factories

For a decade, the Budker Institute of Nuclear Physics in Novosibirsk has been developing plans for a Super-Charm-
Tau Factory (SCTF). SCTF is an e+e− collider complex for high-precision measurements between 2 and 6 GeV with
instantaneous luminosity up to 1035 cm−2s−1 and longitudinal polarization of the initial e− beam. The feasibility of
constructing a collider with such instantaneous luminosity is based on the Crab-Waist scheme of collisions with large
Piwinski angle experimentally tested at the φ-factory DAFNE in Frascati. The chosen collision scheme and machine
lattice provide luminosity from 0.7 to 2 × 1035 cm−2s−1 at beam energies from 1 to 3 GeV. Such a facility should be
a successor of the CLEO-c and BESIII experiments integrating their best features and increasing the useful yield of
BESIII by two orders of magnitude. Integrated luminosity of ∼ 10 ab−1 could be collected in 10 years. The energy
range covers rich physics from light quark mesons to the τ+τ− threshold, charm mesons, baryons, and exotic hadrons.

While SCTF cannot compete generally with Belle II and LHCb in the size of the data samples, the advantages of
SCTF are: (1) Threshold production of pairs of τ leptons and charmed hadrons; (2) Longitudinal polarization of initial
electrons facilitating searches for CP violation in decays of charm baryons and τ leptons; (3) Coherent production of
D0D̄0 mesons (measurement of phases); (4) Double tagging (measurement of absolute branching fractions).

More than 10 charmonium-(like) states discovered since 2003 remain unclassified; in other words, their origin is
still unclear. Detailed studies of their properties that could lead to their final classification demand huge data samples.
With such collected statistics coupled-channel analyses become possible, which result in a consistent set of resonance
parameters. Various production mechanisms of such states exist:

1. All ψ(Y) states with JPC = 1−− will be directly produced at
√

s = MY : ψ(4260/4230), ψ(4360), ψ(4660)
2. Charged Zc states can be produced by scanning the

√
s range and studying the J/ψππ, hcππ, D(∗)D̄(∗) final states

3. Neutral cc̄ states with other quantum numbers can be studied in the recoil to ππ, π0, η, ω final states
4. C = +1 states can be also produced in γγ collisions
5. For the SCTF with the maximal energy higher than 6 GeV, between 6 and 7 GeV double cc̄ production becomes

possible

To accomplish the physical program of experiments at the SCTF a universal magnetic detector should be designed
with the following features: (1) Digitizing electronics and a data acquisition system have to be capable of reading
out events with a data rate of 300-400 kHz and average event size of 30 kB; (2) High efficiency for soft tracks;
(3) Excellent momentum resolution for charged particles and good energy resolution for photons; (4) High-quality
particle identification; (5) Trigger is capable of selecting events and rejecting background at high detector occupancy.

The detector includes a standard set of subsystems shown in Fig. 106: Beryllium beam pipe, inner tracker (time
projection chamber with micropattern gaseous detectors, four-layer cylindrical GEM detector, stack of silicon strip
layers), main tracker (drift chamber with traditional hexagonal cells, low-mass drift chamber with cluster counting),
particle identification system (FARICH - Focusing aerogel-based ring imaging Cherenkov detector, ASHIPH - aerogel
shifter photomultiplier system), EMC (CsI crystal counters, LYSO, Liquid Xenon), thin superconducting solenoid
(thickness 0.1X0), iron yoke with a built-in muon system (scintillators, drift tubes).

It is believed that BEPCII will finish its mission in the next decade. After that, a super τ-charm factory, called High
Intensity Electron Positron Accelerator (HIEPA), is being proposed in China. It will be a next generation electron-
positron collider operating in the range of c.m. energies from 2 to 7 GeV with polarized electron beam in collision.
The design peak luminosity is (0.5 ∼ 1)× 1035 cm−2s−1 at

√
s = 4 GeV. The HIEPA detector is designed to consist of

a small-cell MDC with 48 layers, an EMC, a cylindrical RICH for particle identification, and a muon detector using
the muon telescope detector method. The SCTF and HIEPA share most of the common physics goals and interests –
the approval of either one of them (or even better both) will make a dedicated high precision study of the physics in
tau-charm energy region possible for another one to two decades.

5.2. Issues and opportunities in experiments
With the large data samples accumulated at the B factories, τ-charm facilities, and hadron machines, we have

achieved a lot in the study of the exotic states recently: new charged charmonium-like states Zc(3900) and Zc(4020)
were discovered; the spin-parity quantum numbers of the X(3872), Zc(3900), and Zc(4430) were determined; the
Y(4260) structure was found to be dominated by the Y(4230) with lower mass, narrower width, and more decay
modes; and so on. However, an understanding of these XYZ states is still primarily at the level of conjecture. In view
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Figure 106: Detector for Novosibirsk SCTF

of this situation, there is still a lot to learn with the existing and coming data samples to understand these states better.
We stress that the topics contained hereinafter are not meant to be comprehensive, but are offered as examples in the
hope that progress will be spurred in various directions.

• In the X sector:

– Search for more decay modes [including confirmation of X(3872) → γψ(2S )], measure precisely its
parameters and the absolute branching fractions for the X(3872).

– Measure the production cross section of e+e− → γX(3872) and π+π−ψ(1 3D2) [possibly also π+π−ψ(1 3D3)],
determine whether they are from resonance decays or continuum production.

– Study the other X states, such as X(3915) and X(4140), in e+e− annihilation and B decays.

– Confirm some marginal states, such as X(3940), X(4160), and X(4350).

– Perform PWA analyses as much as possible with improved parameterizations of the data to determine JP

values and measure resonant parameters.

– Search for flavor analog exotic states like the Xb [the bottomonium analog of the X(3872)].

– Search for a charmonium/bottomonium-like state with exotic JPC .

• In the Y sector:

– Measure more precisely the line shapes of more final states in e+e− annihilation, including open-charm
and charmonium final states.

– Try coupled-channel analysis with more information.

– Search for the Y states in B or other particle decays.

– Search for the Y states in more processes, such as Y → DsDs1(2536), DsDs2(2573), D∗sDs0(2317), etc.

– Search for the Y states in a higher mass region, such as above 4.7 GeV.

– Search for quantum number partners of the Y states.

• In the Z sector:

– Measure the Zc production cross section in e+e− annihilation, determine whether they are produced from
resonance decays or continuum production.
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– Search for Zc production in B or other particle decays.

– Determine the quantum numbers, measure the Argand plot of the resonant amplitude, and search for more
decay modes.

– Search for Zcs states decaying into K±J/ψ, D−s D∗0 + c.c., or D∗−s D0 + c.c.

– Search for more Zc states and possible partners containing strangeness.

– Study in more detail the Zb production from Υ(11020) which might highlight the role of the B1B̄ channel
in this transition.

• In the Pc sector:

– Measure additional reactions to investigate the Pc, such as the J/ψ photoproduction off a nucleon using
the γp→ J/ψp reaction.

– Confirm the Pc via other final states, for examples Λ0
b → ψ(2S )pK−, J/ψπ+π−pK−, χc1 pK−, and χc2 pK−.

– Search for the Pc states in B decays, baryon decays, quarkonium decays, and e+e− annihilation.

5.3. Issues and opportunities in theory
In this section, we briefly outline possible developments in the theoretical approaches discussed in the main body

of the review, and in particular in Sec. 4, that may improve our understanding of the exotic XYZ states. In general, we
regard it as crucial that, within each existing approach, as many observables as possible are evaluated, since different
features show up most prominently in different observables. In particular, different assumptions about the underlying
structure of the states lead to quite different predictions for the masses of states other than the ones used to fix the
parameters of a given scheme.

We start by considering phenomenological approaches. As emphasized in Sec. 4.2, the main virtue of the quark
model is that it allows a first classification of states and the computation of some observables by means of a simple
theoretical apparatus. The quark model has turned out to be quite useful in identifying possible exotic states close to
or above open heavy-flavor thresholds, where more rigorous alternatives are often absent. The very notion “exotic”
is based on the observation of whether or not the studied resonance fits into the quark-model scheme. It is natural
to expect that the quark model will continue to play a role in the identification of ordinary quarkonium states and,
climbing up in the spectra, of the XYZ states. For the identification of states, such as the XYZ, close to or above
open-flavor thresholds, its most important evolution should consist of incorporating more and more realistically the
effects due to the coupling of the heavy quark-antiquark pair with hadron pairs. The inclusion of these effects goes
under the generic name of unquenching the quark model. Unquenching the quark model is not without difficulties.
The reason is that the results are extremely sensitive to the details of the particular model framework and to the values
of the parameters used therein. Indeed, even small changes in the parameters may result in a sizeable shift in the
nodes of the wave functions of the mesons involved and, therefore, their overlap. This, in turn, may result in sizeable
changes of the mass shifts and decay widths of the hadrons under study. Besides this, as was stressed in Sec. 4.3, a
proper inclusion of strong thresholds does not reduce to just a modification of the quark-model potential, but requires
also an extension of the Fock space to multiparticle components and coupled channels. Multiparticle components
include hybrids, hadroquarkonia, tetraquarks, hadronic molecules, and others.

Hybrids may be described in the quark model by extending it to include constituent gluons, see Sec. 4.3.1. The
connection of the model parameters with QCD is however very feeble. This is more so for the constituent gluon than
it is in general for the quark model, as gluons are exactly massless in the QCD Lagrangian due to the gauge symmetry.
Hence, although it is reasonable to expect that the quark model with constituent gluons will continue to serve as a
reference in identifying hybrid state candidates, it will not, by its own definition, be improvable in a significant way.
Even for what concerns the classification of states, we have seen that the degeneracy patterns of higher multiplets may
be different in other approaches.

Hadroquarkonium and related research have been presented in Sec. 4.3.2. To deepen our understanding of the
hadroquarkonium dynamics it would be important to clarify under which circumstances the QCD van der Waals
forces generate binding and when not. For example, in certain cases spin symmetry can be employed to predict
additional, as yet unobserved states. Those predictions allow for a non-trivial test or falsifications of the approach as
detailed in Sec. 4.3.2.
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If there exist compact tetraquarks with compact diquarks in the color antitriplet configuration as building blocks,
as discussed in Sec. 4.3.3, the most striking problem is the abundance of predicted states that, at least at present,
vastly exceeds the number of observations. Although there are attempts to explain why compact tetraquarks with
masses near thresholds are produced more abundantly, further work is required. It would be very valuable if within
the compact tetraquark approach predictions for line shapes were also provided.

In analogy to the nucleon-nucleon system, the two most popular approaches to hadronic molecules are phe-
nomenological as well as EFT approaches. Phenomenological approaches have been presented in Sec. 4.3.4. The
form of the phenomenological potentials is typically deduced from various meson exchanges. Although such models
are rather attractive, since the potentials allow for a straightforward interpretation, they have serious shortcomings.
To begin with, the potentials constructed and used in these models need regularisation at short distances, which calls
for additional modelling. This results in significant differences from work to work, thus giving rise to different, some-
times controversial, predictions. Also, quantum-mechanical calculations employing a static potential inevitably ignore
multiparticle unitarity, which might play an important, sometimes crucial, role in some systems.

Despite some advantages, phenomenological approaches, and the quark model in particular, have some obvious
limitations. The most important one is that phenomenological models are not derived from QCD. Hence they may
miss relevant degrees of freedom and their parameters do not have a field-theoretical definition. As a result, even
in cases where phenomenological models catch the main physical features of the system under study, they are not
improvable in a systematic fashion. This is why crucial progress may be expected if phenomenological approaches
get embedded in or substituted by suitable effective field theories of QCD. The ones relevant for the XYZ states have
been extensively presented in Sec. 4.4. Effective field theories provide proper definitions of the potentials, couplings,
low-energy constants and matrix elements describing the systems of interest. They are supposed to include in their
description all relevant degrees of freedom, and are equipped by a power counting that allows, on one hand, to assess
the accuracy of each prediction and, on the other one, to systematically improve it.

States below threshold are well described by pNRQCD (see Sec. 4.4.3). Potentials can be computed at short
distances in perturbative QCD, and we have documented the progress made in this direction in the last years allowing
computations with (almost) N3LL accuracy. At large distances the effective string theory provides valuable analytical
tools. Nevertheless, the most straightforward way to compute the potentials from QCD is numerically via lattice
QCD. Despite many decades of work, still several improvements and even first-time calculations are possible in
this direction. The precision of the already computed potentials (spin- and momentum-dependent ones) should be
improved, as some of them do not match properly with short-distance expectations. Further, they should be computed
(ideally) in 2+1+1 flavor lattice simulations. For the time being only the static potential is available on dynamical
lattices. Finally, some potentials should be computed for the first time, in particular the 1/m2

h spin- and momentum-
independent ones, where mh is the heavy-quark mass. These are crucial to have eventually wave functions that include
consistently all leading relativistic corrections.

An effective field theory for hybrids and, still to be fully developed, for tetraquarks is the BOEFT reviewed in
Sec. 4.4.4. To be fully predictive, this EFT requires input from lattice QCD. Hybrid potentials have been com-
puted, also recently, but in the pure gauge theory. Full QCD lattice calculations are still missing. Even more urgent
than the calculation of the dynamical hybrid potentials is the calculation of the leading spin-dependent potential and
quarkonium-hybrid mixing potential. Both depend on the same 1/mh suppressed operator. Their determination would
allow a consistent determination of the fine structure of the hybrid spectrum and of mixing with quarkonium states of
different spin. The mixing of spin 0 (1) hybrids with spin 1 (0) quarkonium states may be crucial to identify those
hybrid candidate states that have been detected in both π+π−J/ψ and π+π−hc decay channels. Potentials in the isospin
1 (tetraquark) sector are even less known than in the hybrid sector. However, several groups are working in this direc-
tion and first results have appeared recently. These studies will allow, for the first time, to put on a solid ground the
dynamics of systems made of two heavy and two light quarks, also by highlighting possible analogies and symmetry
relations with hybrid systems.

As we mentioned above, hadronic molecules have been studied not only within phenomenological approaches
but also, more recently, with EFTs at the hadron level. In both cases, a Schrödinger or Schrödinger-like equation
is solved for a system of two hadrons connected by a potential. The differences are, however, in the choice of the
potential and in the regularisation of the equations. A detailed discussion of the EFT approach for hadronic molecules
and a comprehensive list of relevant references can be found in Sec. 4.4.5. Further theoretical developments of the
EFT approach for molecules should include a systematic improvement in the theoretical accuracy by considering
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higher orders in the EFT expansion, extension to the SU(3) flavor group for light quarks and tests of the accuracy
of the various approximate symmetries employed to construct the EFT potential. For example, systematic studies of
the breaking patterns of the heavy-quark spin symmetry appear to be very important especially for the charm-quark
sector. Moreover, since within the EFT the light-quark mass dependence is under control (see, e.g., Ref. [781]), it
should be possible to provide more predictions for the pole trajectories as a function of the light-quark masses. These
contain important information on the nature of the states [788] and can be compared to lattice QCD evaluations.

Other rigorous approaches to the physics of XYZ states are sum rules, briefly reviewed in Sec. 4.3.5 and direct
determinations by lattice QCD, discussed in Sec. 4.5. As we have seen, lattice QCD plays an important role in
providing the crucial non-perturbative input to EFTs. The combination of suitable EFTs with lattice QCD has the
potential to access all relevant observables. Nevertheless, lattice QCD alone may also provide direct determinations
of many observables.

In recent years there have been significant advances in first-principles lattice QCD calculations of excited hadrons,
near-threshold states and resonances. However, as summarised in Sec. 4.5, progress in studying resonances and
other phenomena relevant for the XYZs in the charmonium, bottomonium and related exotic flavor sectors has been
generally limited to extracting finite-volume energy levels rather than robustly determining infinite-volume scattering
amplitudes.

No clear sign of any charged charmonium- or bottomonium-like state has been seen in lattice calculations,
in contrast to the various experimental signals for such structures. A candidate for the X(3872) has been found,
Refs. [923, 924], but more detailed calculations are necessary. This is a case where precision lattice calculations will
be particularly difficult: the X(3872) is very close to threshold and isospin breaking effects are significant, so the
quark masses will need to be very precisely tuned and QED effects included — such effects have begun to be included
in some calculations as mentioned in Sec. 4.5. Furthermore, because the X(3872) is above three-hadron thresholds,
three-hadron scattering channels will need to be incorporated into the analysis.

As discussed in Sec. 4.5.2, there appears to be accumulating evidence for a double-bottom JP = 1+ bound state in
I = 0 udb̄b̄ and I = 1/2 qsb̄b̄, with the binding getting stronger as the light-quark mass decreases or the bottom-quark
mass increases. This is supported by calculations involving static quarks, Sec. 4.5.3, and phenomenological studies,
Sec. 4.3.3. Investigating similar exotic b̄b states is more challenging, but this is another area where we can expect
progress.

One useful probe that is available to lattice QCD calculations, and not possible in experiment, is to observe how
phenomena evolve as the quark masses are varied — this can provide insight into the structure of states and provide
a window on the underlying physics. For example, a conventional charmonium or bottomonium resonance would be
expected to vary little in mass as the light-quark mass changes, though the relative position of thresholds will change.
On the other hand, a state where compact tetraquark or meson-meson configurations are important would behave in
a very different way. As a concrete example of this in the light-meson sector, compare the behaviour of the σ and κ
resonances with the ρ resonance in unitarised chiral perturbation theory, Refs. [878, 967]. The fact that states predicted
in a simple model may become broad when analyzed more closely, and thus build the continuum, while others survive
as new hadrons, was pointed out already in Ref. [968].

One reason that progress has been slower here than in the light-meson sector is that many hadron-hadron channels
become kinematically open relatively close together in energy, including those involving hadrons with non-zero spin
— this leads to numerous finite-volume energy levels that must all be extracted and a number of coupled scattering
amplitudes that must be constrained simultaneously. Techniques to extract coupled-channel scattering amplitudes,
which have been demonstrated for light mesons, Refs. [909, 969–974], suggest that there are good prospects for
progress in the near future. Another issue is the presence of three-hadron thresholds relatively low in energy. To
date, no scattering amplitudes involving more than two hadrons have been extracted from lattice QCD calculations.
Recent computations of finite-volume energy levels involving three hadrons and developments in the formalism for
relating these to infinite-volume scattering amplitudes suggest that we can expect the first lattice determinations of
these in the not-too-distant future. However, it is likely to take longer to see realistic applications in the charmonium
and bottomonium sectors. These are areas where the challenges overlap with those encountered when analysing
experimental data, the techniques developed there may be useful and it may be fruitful to work together with the
amplitude analysis community.

Studying transitions enables more stringent probes of the structure of the XYZs, both theoretically and experi-
mentally, than is possible solely from spectroscopy. Following the first calculations of radiative transition amplitudes
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involving a resonance, ρ→ πγ, Refs. [975–977], this is another area where lattice QCD calculations can be expected
to make progress.

With the ongoing and planned experiments, and theoretical approaches being developed, there are good prospects
for increasing our understanding of the XYZ states and exotic hadrons in the near future.
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[328] U. Özdem, K. Azizi, Magnetic and quadrupole moments of the Zc(3900), Phys. Rev. D96 (2017) 074030. arXiv:1707.09612, doi:

10.1103/PhysRevD.96.074030.
[329] G.-J. Wang, R. Chen, L. Ma, X. Liu, S.-L. Zhu, Magnetic moments of the hidden-charm pentaquark states, Phys. Rev. D94 (2016) 094018.

arXiv:1605.01337, doi:10.1103/PhysRevD.94.094018.
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[346] J. Ferretti, G. Galatá, E. Santopinto, Interpretation of the X(3872) as a charmonium state plus an extra component due to the coupling to the

meson-meson continuum, Phys. Rev. C88 (2013) 015207. arXiv:1302.6857, doi:10.1103/PhysRevC.88.015207.
[347] J. Ferretti, E. Santopinto, Higher mass bottomonia, Phys. Rev. D90 (2014) 094022. arXiv:1306.2874, doi:10.1103/PhysRevD.90.

094022.
[348] V. O. Galkin, A. Yu. Mishurov, R. N. Faustov, Meson masses in the relativistic quark model, Sov. J. Nucl. Phys. 55 (1992) 1207, [Yad. Fiz.

55, 2175 (1992)].
[349] D. Ebert, R. N. Faustov, V. O. Galkin, Quark-antiquark potential with retardation and radiative contributions and the heavy quarkonium

mass spectra, Phys. Rev. D62 (2000) 034014. arXiv:hep-ph/9911283, doi:10.1103/PhysRevD.62.034014.
[350] D. Ebert, R. N. Faustov, V. O. Galkin, Spectroscopy and Regge trajectories of heavy quarkonia in the relativistic quark model, Phys. Atom.

Nucl. 76 (2013) 1554. doi:10.1134/S1063778813110057.
[351] G. S. Bali, QCD forces and heavy quark bound states, Phys. Rept. 343 (2001) 1. arXiv:hep-ph/0001312, doi:10.1016/

S0370-1573(00)00079-X.

161

http://arxiv.org/abs/1606.08912
https://doi.org/10.1103/PhysRevD.94.034002
http://arxiv.org/abs/1508.00888
https://doi.org/10.1103/PhysRevD.92.031502
http://arxiv.org/abs/1703.06928
https://doi.org/10.1088/1742-6596/876/1/012007
http://arxiv.org/abs/1905.10811
https://doi.org/10.1103/PhysRevLett.123.072001
https://doi.org/10.1103/PhysRevLett.35.1616
https://doi.org/10.1103/PhysRevLett.35.483
http://arxiv.org/abs/hep-ph/0010343
http://arxiv.org/abs/hep-ph/0010343
https://doi.org/10.1016/S0370-2693(00)01373-3
https://doi.org/10.1016/S0375-9474(99)85090-8
http://arxiv.org/abs/1712.05664
https://doi.org/10.1140/epjc/s10052-018-5794-0
http://arxiv.org/abs/1707.09612
https://doi.org/10.1103/PhysRevD.96.074030
https://doi.org/10.1103/PhysRevD.96.074030
http://arxiv.org/abs/1605.01337
https://doi.org/10.1103/PhysRevD.94.094018
http://arxiv.org/abs/1803.06831
https://doi.org/10.1140/epjc/s10052-018-5873-2
http://arxiv.org/abs/1407.7452
https://doi.org/10.1016/j.physletb.2014.11.011
https://doi.org/10.1016/j.physletb.2014.11.011
http://arxiv.org/abs/hep-ph/0406293
https://doi.org/10.1016/j.physletb.2004.07.047
https://doi.org/10.1016/j.physletb.2004.07.047
http://arxiv.org/abs/1105.5492
https://doi.org/10.1209/0295-5075/96/11002
https://doi.org/10.1209/0295-5075/96/11002
http://arxiv.org/abs/1106.3798
https://doi.org/10.1103/PhysRevD.84.094003
http://arxiv.org/abs/1106.5290
https://doi.org/10.1103/PhysRevD.84.034032
http://arxiv.org/abs/1108.4458
https://doi.org/10.1103/PhysRevD.84.074032
http://arxiv.org/abs/1304.5845
https://doi.org/10.1103/PhysRevD.88.036008
http://arxiv.org/abs/1409.3291
https://doi.org/10.1103/PhysRevD.91.034009
https://doi.org/10.1103/PhysRevD.91.034009
http://arxiv.org/abs/1411.5584
https://doi.org/10.1103/PhysRevD.91.051504
http://arxiv.org/abs/1504.07952
https://doi.org/10.1142/S0218301316420106
https://doi.org/10.1142/S0218301316420106
http://arxiv.org/abs/1305.1997
https://doi.org/10.1016/j.physletb.2013.06.049
http://arxiv.org/abs/1501.01691
https://doi.org/10.1016/j.physletb.2015.06.029
https://doi.org/10.1016/j.physletb.2015.06.029
http://arxiv.org/abs/1612.08159
https://doi.org/10.1140/epjc/s10052-018-5690-7
http://arxiv.org/abs/1005.1010
https://doi.org/10.1103/PhysRevLett.105.102001
http://arxiv.org/abs/1205.4326
http://arxiv.org/abs/1302.6857
https://doi.org/10.1103/PhysRevC.88.015207
http://arxiv.org/abs/1306.2874
https://doi.org/10.1103/PhysRevD.90.094022
https://doi.org/10.1103/PhysRevD.90.094022
http://arxiv.org/abs/hep-ph/9911283
https://doi.org/10.1103/PhysRevD.62.034014
https://doi.org/10.1134/S1063778813110057
http://arxiv.org/abs/hep-ph/0001312
https://doi.org/10.1016/S0370-1573(00)00079-X
https://doi.org/10.1016/S0370-1573(00)00079-X


[352] A. Bazavov, et al., Nonperturbative QCD simulations with 2+1 flavors of improved staggered quarks, Rev. Mod. Phys. 82 (2010) 1349.
arXiv:0903.3598, doi:10.1103/RevModPhys.82.1349.

[353] E. Eichten, K. Gottfried, T. Kinoshita, K. D. Lane, T.-M. Yan, Charmonium: The Model, Phys. Rev. D17 (1978) 3090, [Erratum: Phys. Rev.
D21 (1980) 313]. doi:10.1103/PhysRevD.17.3090,10.1103/physrevd.21.313.2.

[354] Y. Nambu, QCD and the string model, Phys. Lett. B80 (1979) 372. doi:10.1016/0370-2693(79)91193-6.
[355] N. Brambilla, M. Groher, H. E. Martinez, A. Vairo, Effective string theory and the long-range relativistic corrections to the quark-antiquark

potential, Phys. Rev. D90 (2014) 114032. arXiv:1407.7761, doi:10.1103/PhysRevD.90.114032.
[356] E. Eichten, F. Feinberg, Spin dependent forces in QCD, Phys. Rev. D23 (1981) 2724. doi:10.1103/PhysRevD.23.2724.
[357] D. Gromes, Spin Dependent Potentials in QCD and the Correct Long Range Spin Orbit Term, Z. Phys. C26 (1984) 401. doi:10.1007/

BF01452566.
[358] A. Barchielli, N. Brambilla, G. M. Prosperi, Relativistic corrections to the quark-antiquark potential and the quarkonium spectrum, Nuovo

Cim. A103 (1990) 59. doi:10.1007/BF02902620.
[359] Y. Koma, M. Koma, H. Wittig, Nonperturbative determination of the QCD potential at O(1/m), Phys. Rev. Lett. 97 (2006) 122003. arXiv:

hep-lat/0607009, doi:10.1103/PhysRevLett.97.122003.
[360] Y. Koma, M. Koma, Spin-dependent potentials from lattice QCD, Nucl. Phys. B769 (2007) 79. arXiv:hep-lat/0609078, doi:10.1016/

j.nuclphysb.2007.01.033.
[361] Y. Koma, M. Koma, H. Wittig, Relativistic corrections to the static potential at O(1/m) and O(1/m2), PoS LATTICE2007 (2007) 111.

arXiv:0711.2322, doi:10.22323/1.042.0111.
[362] Yu. A. Simonov, Nonperturbative dynamics of heavy quarkonia, Nucl. Phys. B324 (1989) 67. doi:10.1016/0550-3213(89)90181-8.
[363] N. Brambilla, A. Vairo, Heavy quarkonia: Wilson area law, stochastic vacuum model and dual QCD, Phys. Rev. D55 (1997) 3974. arXiv:

hep-ph/9606344, doi:10.1103/PhysRevD.55.3974.
[364] M. Baker, J. S. Ball, N. Brambilla, A. Vairo, Nonperturbative evaluation of a field correlator appearing in the heavy quarkonium system,

Phys. Lett. B389 (1996) 577. arXiv:hep-ph/9609233, doi:10.1016/S0370-2693(96)01297-X.
[365] N. Brambilla, A. Vairo, Quark confinement and the hadron spectrum, in: Strong interactions at low and intermediate energies. Proceedings,

13th Annual Hampton University Graduate Studies, HUGS’98, Newport News, USA, May 26-June 12, 1998, p. 151. arXiv:hep-ph/

9904330.
[366] A. Di Giacomo, H. G. Dosch, V. I. Shevchenko, Yu. A. Simonov, Field correlators in QCD: Theory and applications, Phys. Rept. 372 (2002)

319. arXiv:hep-ph/0007223, doi:10.1016/S0370-1573(02)00140-0.
[367] A. M. Badalian, A. V. Nefediev, Yu. A. Simonov, Spin-dependent interactions in quarkonia, Phys. Rev. D78 (2008) 114020. arXiv:

0811.2599, doi:10.1103/PhysRevD.78.114020.
[368] D. A. Varshalovich, A. N. Moskalev, V. K. Khersonsky, Quantum Theory of Angular Momentum: Irreducible Tensors, Spherical Harmonics,

Vector Coupling Coefficients, 3nj Symbols, World Scientific, Singapore, 1988.
[369] L. Ya. Glozman, Chiral multiplets of excited mesons, Phys. Lett. B587 (2004) 69. arXiv:hep-ph/0312354, doi:10.1016/j.physletb.

2004.02.066.
[370] L. Ya. Glozman, Restoration of chiral and U(1)A symmetries in excited hadrons, Phys. Rept. 444 (2007) 1. arXiv:hep-ph/0701081,

doi:10.1016/j.physrep.2007.04.001.
[371] L. Ya. Glozman, A. V. Nefediev, Chiral symmetry, the angular content of the vector current in QED and QCD, and the holographic description

of hadrons, Phys. Rev. D80 (2009) 057901. arXiv:0904.3067, doi:10.1103/PhysRevD.80.057901.
[372] L. Ya. Glozman, A. V. Nefediev, Chiral symmetry and the string description of excited hadrons, Phys. Rev. D76 (2007) 096004. arXiv:

0704.2673, doi:10.1103/PhysRevD.76.096004.
[373] K. Heikkila, S. Ono, N. A. Tornqvist, Heavy cc̄ and bb̄ quarkonium states and unitarity effects, Phys. Rev. D29 (1984) 110, [Erratum: Phys.

Rev. D29 (1984) 2136]. doi:10.1103/PhysRevD.29.2136,10.1103/PhysRevD.29.110.
[374] F. J. Llanes-Estrada, Y(4260) and possible charmonium assignment, Phys. Rev. D72 (2005) 031503. arXiv:hep-ph/0507035, doi:

10.1103/PhysRevD.72.031503.
[375] M. Shah, A. Parmar, P. C. Vinodkumar, Leptonic and digamma decay properties of S -wave quarkonia states, Phys. Rev. D86 (2012) 034015.

arXiv:1203.6184, doi:10.1103/PhysRevD.86.034015.
[376] A. M. Badalian, B. L. G. Bakker, Leptonic widths of high ψ-resonances in a unitary coupled-channel model, Phys. Rev. D96 (2017) 014030.

arXiv:1702.06374, doi:10.1103/PhysRevD.96.014030.
[377] H.-F. Fu, L. Jiang, Coupled-channel-induced S−D mixing of Charmonia and testing possible assignments for Y(4260) and Y(4360), Eur.

Phys. J. C79 (2019) 460. arXiv:1812.00179, doi:10.1140/epjc/s10052-019-6976-0.
[378] C. Bernard, T. Burch, C. E. DeTar, Z.-W. Fu, S. A. Gottlieb, E. Gregory, U. M. Heller, J. Osborn, R. L. Sugar, D. Toussaint, Static

hybrid quarkonium potential with improved staggered quarks, Nucl. Phys. Proc. Suppl. 119 (2003) 598. arXiv:hep-lat/0209051,
doi:10.1016/S0920-5632(03)01632-3.

[379] A. Duncan, E. Eichten, H. Thacker, String breaking in four-dimensional lattice QCD, Phys. Rev. D63 (2001) 111501. arXiv:hep-lat/

0011076, doi:10.1103/PhysRevD.63.111501.
[380] G. S. Bali, H. Neff, T. Duessel, T. Lippert, K. Schilling, Observation of string breaking in QCD, Phys. Rev. D71 (2005) 114513. arXiv:

hep-lat/0505012, doi:10.1103/PhysRevD.71.114513.
[381] A. M. Badalian, B. L. G. Bakker, Yu. A. Simonov, Light meson radial Regge trajectories, Phys. Rev. D66 (2002) 034026. arXiv:hep-ph/

0204088, doi:10.1103/PhysRevD.66.034026.
[382] Yu. S. Kalashnikova, A. V. Nefediev, Yu. A. Simonov, QCD string in light-light and heavy-light mesons, Phys. Rev. D64 (2001) 014037.

arXiv:hep-ph/0103274, doi:10.1103/PhysRevD.64.014037.
[383] Yu. A. Simonov, Nonperturbative corrections to the quark selfenergy, Phys. Lett. B515 (2001) 137. arXiv:hep-ph/0105141, doi:

10.1016/S0370-2693(01)00876-0.
[384] E. Eichten, K. Gottfried, T. Kinoshita, K. D. Lane, T.-M. Yan, Interplay of Confinement and Decay in the Spectrum of Charmonium, Phys.

Rev. Lett. 36 (1976) 500. doi:10.1103/PhysRevLett.36.500.

162

http://arxiv.org/abs/0903.3598
https://doi.org/10.1103/RevModPhys.82.1349
https://doi.org/10.1103/PhysRevD.17.3090, 10.1103/physrevd.21.313.2
https://doi.org/10.1016/0370-2693(79)91193-6
http://arxiv.org/abs/1407.7761
https://doi.org/10.1103/PhysRevD.90.114032
https://doi.org/10.1103/PhysRevD.23.2724
https://doi.org/10.1007/BF01452566
https://doi.org/10.1007/BF01452566
https://doi.org/10.1007/BF02902620
http://arxiv.org/abs/hep-lat/0607009
http://arxiv.org/abs/hep-lat/0607009
https://doi.org/10.1103/PhysRevLett.97.122003
http://arxiv.org/abs/hep-lat/0609078
https://doi.org/10.1016/j.nuclphysb.2007.01.033
https://doi.org/10.1016/j.nuclphysb.2007.01.033
http://arxiv.org/abs/0711.2322
https://doi.org/10.22323/1.042.0111
https://doi.org/10.1016/0550-3213(89)90181-8
http://arxiv.org/abs/hep-ph/9606344
http://arxiv.org/abs/hep-ph/9606344
https://doi.org/10.1103/PhysRevD.55.3974
http://arxiv.org/abs/hep-ph/9609233
https://doi.org/10.1016/S0370-2693(96)01297-X
http://arxiv.org/abs/hep-ph/9904330
http://arxiv.org/abs/hep-ph/9904330
http://arxiv.org/abs/hep-ph/0007223
https://doi.org/10.1016/S0370-1573(02)00140-0
http://arxiv.org/abs/0811.2599
http://arxiv.org/abs/0811.2599
https://doi.org/10.1103/PhysRevD.78.114020
http://arxiv.org/abs/hep-ph/0312354
https://doi.org/10.1016/j.physletb.2004.02.066
https://doi.org/10.1016/j.physletb.2004.02.066
http://arxiv.org/abs/hep-ph/0701081
https://doi.org/10.1016/j.physrep.2007.04.001
http://arxiv.org/abs/0904.3067
https://doi.org/10.1103/PhysRevD.80.057901
http://arxiv.org/abs/0704.2673
http://arxiv.org/abs/0704.2673
https://doi.org/10.1103/PhysRevD.76.096004
https://doi.org/10.1103/PhysRevD.29.2136, 10.1103/PhysRevD.29.110
http://arxiv.org/abs/hep-ph/0507035
https://doi.org/10.1103/PhysRevD.72.031503
https://doi.org/10.1103/PhysRevD.72.031503
http://arxiv.org/abs/1203.6184
https://doi.org/10.1103/PhysRevD.86.034015
http://arxiv.org/abs/1702.06374
https://doi.org/10.1103/PhysRevD.96.014030
http://arxiv.org/abs/1812.00179
https://doi.org/10.1140/epjc/s10052-019-6976-0
http://arxiv.org/abs/hep-lat/0209051
https://doi.org/10.1016/S0920-5632(03)01632-3
http://arxiv.org/abs/hep-lat/0011076
http://arxiv.org/abs/hep-lat/0011076
https://doi.org/10.1103/PhysRevD.63.111501
http://arxiv.org/abs/hep-lat/0505012
http://arxiv.org/abs/hep-lat/0505012
https://doi.org/10.1103/PhysRevD.71.114513
http://arxiv.org/abs/hep-ph/0204088
http://arxiv.org/abs/hep-ph/0204088
https://doi.org/10.1103/PhysRevD.66.034026
http://arxiv.org/abs/hep-ph/0103274
https://doi.org/10.1103/PhysRevD.64.014037
http://arxiv.org/abs/hep-ph/0105141
https://doi.org/10.1016/S0370-2693(01)00876-0
https://doi.org/10.1016/S0370-2693(01)00876-0
https://doi.org/10.1103/PhysRevLett.36.500


[385] E. Eichten, K. Gottfried, T. Kinoshita, K. D. Lane, T.-M. Yan, Effects of Coupling to Decay Channels in the Spectroscopy of the New
Resonances, preprint: CLNS-316, 1975.

[386] E. Eichten, K. Gottfried, T. Kinoshita, K. D. Lane, T.-M. Yan, Charmonium: Comparison with experiment, Phys. Rev. D21 (1980) 203.
doi:10.1103/PhysRevD.21.203.

[387] E. van Beveren, C. Dullemond, G. Rupp, Spectrum and strong decays of charmonium, Phys. Rev. D21 (1980) 772, [Erratum: Phys. Rev.
D22 (1980) 787]. doi:10.1103/PhysRevD.21.772,10.1103/physrevd.22.787.2.

[388] N. A. Tornqvist, The meson mass spectrum and unitarity, Annals Phys. 123 (1979) 1. doi:10.1016/0003-4916(79)90262-8.
[389] E. van Beveren, G. Rupp, T. A. Rijken, C. Dullemond, Radial spectra and hadronic decay widths of light and heavy mesons, Phys. Rev. D27

(1983) 1527. doi:10.1103/PhysRevD.27.1527.
[390] S. Ono, N. A. Tornqvist, Continuum mixing and coupled channel effects in cc̄ and bb̄ quarkonium, Z. Phys. C23 (1984) 59. doi:10.1007/

BF01558041.
[391] N. A. Tornqvist, P. Zenczykowski, Ground state baryon mass splittings from unitarity, Phys. Rev. D29 (1984) 2139. doi:10.1103/

PhysRevD.29.2139.
[392] P. Zenczykowski, Baryon spectroscopy: Symmetries, symmetry breaking and hadronic loops, Annals Phys. 169 (1986) 453. doi:10.1016/

0003-4916(86)90176-4.
[393] P. Geiger, N. Isgur, Quenched approximation in the quark model, Phys. Rev. D41 (1990) 1595. doi:10.1103/PhysRevD.41.1595.
[394] P. Geiger, N. Isgur, How the Okubo-Zweig-Iizuka rule evades large loop corrections, Phys. Rev. Lett. 67 (1991) 1066. doi:10.1103/

PhysRevLett.67.1066.
[395] P. Geiger, N. Isgur, Reconciling the OZI rule with strong pair creation, Phys. Rev. D44 (1991) 799. doi:10.1103/PhysRevD.44.799.
[396] P. Geiger, N. Isgur, When can hadronic loops scuttle the OZI rule?, Phys. Rev. D47 (1993) 5050. doi:10.1103/PhysRevD.47.5050.
[397] D. Morel, S. Capstick, Baryon meson loop effects on the spectrum of nonstrange baryonsarXiv:nucl-th/0204014.
[398] E. van Beveren, G. Rupp, Nonperturbative scalar meson resonances with open charm and beauty, in: CFIF Workshop on Time Asymmetric

Quantum Theory: The Theory of Resonances Lisbon, Portugal, July 23-26, 2003. arXiv:hep-ph/0312078.
[399] E. van Beveren, G. Rupp, Continuum bound states KL, D1(2420), Ds1(2536) and their partners KS , D1(2400), D∗sJ(2463), Eur. Phys. J. C32

(2004) 493. arXiv:hep-ph/0306051, doi:10.1140/epjc/s2003-01465-0.
[400] E. van Beveren, G. Rupp, Observed Ds(2317) and tentative D(2030) as the charmed cousins of the light scalar nonet, Phys. Rev. Lett. 91

(2003) 012003. arXiv:hep-ph/0305035, doi:10.1103/PhysRevLett.91.012003.
[401] E. van Beveren, G. Rupp, Multichannel calculation for D∗s vector states and the Ds(2632) resonance, Phys. Rev. Lett. 93 (2004) 202001.

arXiv:hep-ph/0407281, doi:10.1103/PhysRevLett.93.202001.
[402] E. van Beveren, G. Rupp, Classification of the scalar mesons: A strange pole expedition into charm and beauty territory, Mod. Phys. Lett.

A19 (2004) 1949. arXiv:hep-ph/0406242, doi:10.1142/S0217732304015208.
[403] D. S. Hwang, D.-W. Kim, Mass of D∗sJ(2317) and coupled channel effect, Phys. Lett. B601 (2004) 137. arXiv:hep-ph/0408154, doi:

10.1016/j.physletb.2004.09.040.
[404] C. Amsler, N. A. Tornqvist, Mesons beyond the naive quark model, Phys. Rept. 389 (2004) 61. doi:10.1016/j.physrep.2003.09.003.
[405] Yu. S. Kalashnikova, Coupled-channel model for charmonium levels and an option for X(3872), Phys. Rev. D72 (2005) 034010. arXiv:

hep-ph/0506270, doi:10.1103/PhysRevD.72.034010.
[406] E. S. Swanson, Unquenching the quark model and screened potentials, J. Phys. G31 (2005) 845. arXiv:hep-ph/0504097, doi:10.1088/

0954-3899/31/7/025.
[407] E. van Beveren, J. E. G. N. Costa, F. Kleefeld, G. Rupp, From the κ via the D∗s0(2317) to the χc0: Connecting light and heavy scalar mesons,

Phys. Rev. D74 (2006) 037501. arXiv:hep-ph/0509351, doi:10.1103/PhysRevD.74.037501.
[408] E. J. Eichten, K. Lane, C. Quigg, New states above charm threshold, Phys. Rev. D73 (2006) 014014, [Erratum: Phys.

Rev.D73,079903(2006)]. arXiv:hep-ph/0511179, doi:10.1103/PhysRevD.73.014014,10.1103/PhysRevD.73.079903.
[409] G. Rupp, E. van Beveren, Multichannel calculation of the very narrow D∗s0(2317) and the very broad D∗0(2300 − 2400), Eur. Phys. J. A31

(2007) 698. arXiv:hep-ph/0610188, doi:10.1140/epja/i2006-10269-3.
[410] E. van Beveren, G. Rupp, New BABAR state DsJ(2860) as the first radial excitation of the D∗s0(2317), Phys. Rev. Lett. 97 (2006) 202001.

arXiv:hep-ph/0606110, doi:10.1103/PhysRevLett.97.202001.
[411] E. van Beveren, G. Rupp, Is the Y(4260) just a coupled-channel signal?arXiv:hep-ph/0605317.
[412] C. Hanhart, Yu. S. Kalashnikova, A. E. Kudryavtsev, A. V. Nefediev, Reconciling the X(3872) with the near-threshold enhancement in the

D0D̄∗0 final state, Phys. Rev. D76 (2007) 034007. arXiv:0704.0605, doi:10.1103/PhysRevD.76.034007.
[413] Yu. S. Kalashnikova, X(3872) as a near-threshold state in the coupled-channel model for charmonia levels, AIP Conf. Proc. 892 (2007) 318.

doi:10.1063/1.2714405.
[414] M. R. Pennington, D. J. Wilson, Decay channels and charmonium mass-shifts, Phys. Rev. D76 (2007) 077502. arXiv:0704.3384, doi:

10.1103/PhysRevD.76.077502.
[415] Y. Lu, M. N. Anwar, B.-S. Zou, How large is the contribution of excited mesons in coupled-channel effects?, Phys. Rev. D95 (2017) 034018.

arXiv:1701.00692, doi:10.1103/PhysRevD.95.034018.
[416] Y. Lu, M. N. Anwar, B.-S. Zou, Coupled-Channel Effects for the Bottomonium with Realistic Wave Functions, Phys. Rev. D94 (2016)

034021. arXiv:1606.06927, doi:10.1103/PhysRevD.94.034021.
[417] B. Aubert, et al., Observation of a narrow meson decaying to D+

s π
0 at a mass of 2.32 GeV/c2, Phys. Rev. Lett. 90 (2003) 242001. arXiv:

hep-ex/0304021, doi:10.1103/PhysRevLett.90.242001.
[418] D. Besson, et al., Observation of a narrow resonance of mass 2.46 GeV/c2 decaying to D∗+s π0 and confirmation of the D∗sJ(2317) state, Phys.

Rev. D68 (2003) 032002, [Erratum: Phys. Rev. D75 (2007) 119908]. arXiv:hep-ex/0305100, doi:10.1103/PhysRevD.68.032002,
10.1103/PhysRevD.75.119908.

[419] S. Godfrey, R. Kokoski, Properties of P-wave mesons with one heavy quark, Phys. Rev. D43 (1991) 1679. doi:10.1103/PhysRevD.43.
1679.

[420] F. E. Close, E. S. Swanson, Dynamics and decay of heavy-light hadrons, Phys. Rev. D72 (2005) 094004. arXiv:hep-ph/0505206,

163

https://doi.org/10.1103/PhysRevD.21.203
https://doi.org/10.1103/PhysRevD.21.772, 10.1103/physrevd.22.787.2
https://doi.org/10.1016/0003-4916(79)90262-8
https://doi.org/10.1103/PhysRevD.27.1527
https://doi.org/10.1007/BF01558041
https://doi.org/10.1007/BF01558041
https://doi.org/10.1103/PhysRevD.29.2139
https://doi.org/10.1103/PhysRevD.29.2139
https://doi.org/10.1016/0003-4916(86)90176-4
https://doi.org/10.1016/0003-4916(86)90176-4
https://doi.org/10.1103/PhysRevD.41.1595
https://doi.org/10.1103/PhysRevLett.67.1066
https://doi.org/10.1103/PhysRevLett.67.1066
https://doi.org/10.1103/PhysRevD.44.799
https://doi.org/10.1103/PhysRevD.47.5050
http://arxiv.org/abs/nucl-th/0204014
http://arxiv.org/abs/hep-ph/0312078
http://arxiv.org/abs/hep-ph/0306051
https://doi.org/10.1140/epjc/s2003-01465-0
http://arxiv.org/abs/hep-ph/0305035
https://doi.org/10.1103/PhysRevLett.91.012003
http://arxiv.org/abs/hep-ph/0407281
https://doi.org/10.1103/PhysRevLett.93.202001
http://arxiv.org/abs/hep-ph/0406242
https://doi.org/10.1142/S0217732304015208
http://arxiv.org/abs/hep-ph/0408154
https://doi.org/10.1016/j.physletb.2004.09.040
https://doi.org/10.1016/j.physletb.2004.09.040
https://doi.org/10.1016/j.physrep.2003.09.003
http://arxiv.org/abs/hep-ph/0506270
http://arxiv.org/abs/hep-ph/0506270
https://doi.org/10.1103/PhysRevD.72.034010
http://arxiv.org/abs/hep-ph/0504097
https://doi.org/10.1088/0954-3899/31/7/025
https://doi.org/10.1088/0954-3899/31/7/025
http://arxiv.org/abs/hep-ph/0509351
https://doi.org/10.1103/PhysRevD.74.037501
http://arxiv.org/abs/hep-ph/0511179
https://doi.org/10.1103/PhysRevD.73.014014, 10.1103/PhysRevD.73.079903
http://arxiv.org/abs/hep-ph/0610188
https://doi.org/10.1140/epja/i2006-10269-3
http://arxiv.org/abs/hep-ph/0606110
https://doi.org/10.1103/PhysRevLett.97.202001
http://arxiv.org/abs/hep-ph/0605317
http://arxiv.org/abs/0704.0605
https://doi.org/10.1103/PhysRevD.76.034007
https://doi.org/10.1063/1.2714405
http://arxiv.org/abs/0704.3384
https://doi.org/10.1103/PhysRevD.76.077502
https://doi.org/10.1103/PhysRevD.76.077502
http://arxiv.org/abs/1701.00692
https://doi.org/10.1103/PhysRevD.95.034018
http://arxiv.org/abs/1606.06927
https://doi.org/10.1103/PhysRevD.94.034021
http://arxiv.org/abs/hep-ex/0304021
http://arxiv.org/abs/hep-ex/0304021
https://doi.org/10.1103/PhysRevLett.90.242001
http://arxiv.org/abs/hep-ex/0305100
https://doi.org/10.1103/PhysRevD.68.032002, 10.1103/PhysRevD.75.119908
https://doi.org/10.1103/PhysRevD.68.032002, 10.1103/PhysRevD.75.119908
https://doi.org/10.1103/PhysRevD.43.1679
https://doi.org/10.1103/PhysRevD.43.1679
http://arxiv.org/abs/hep-ph/0505206


doi:10.1103/PhysRevD.72.094004.
[421] T. Barnes, E. S. Swanson, Hadron loops: General theorems and application to charmonium, Phys. Rev. C77 (2008) 055206. arXiv:

0711.2080, doi:10.1103/PhysRevC.77.055206.
[422] L. Micu, Decay rates of meson resonances in a quark model, Nucl. Phys. B10 (1969) 521. doi:10.1016/0550-3213(69)90039-X.
[423] A. Le Yaouanc, L. Oliver, O. Pene, J. C. Raynal, Naive quark pair creation model of strong interaction vertices, Phys. Rev. D8 (1973) 2223.

doi:10.1103/PhysRevD.8.2223.
[424] A. Le Yaouanc, L. Oliver, O. Pene, J. C. Raynal, Naive quark pair creation model and baryon decays, Phys. Rev. D9 (1974) 1415. doi:

10.1103/PhysRevD.9.1415.
[425] A. Le Yaouanc, L. Oliver, O. Pene, J. C. Raynal, Resonant partial-wave amplitudes in πN → ππN according to the naive quark-pair-creation

model, Phys. Rev. D11 (1975) 1272. doi:10.1103/PhysRevD.11.1272.
[426] J. W. Alcock, M. J. Burfitt, W. N. Cottingham, A string breaking model of heavy meson decays, Z. Phys. C25 (1984) 161. doi:10.1007/

BF01557474.
[427] S. Kumano, V. R. Pandharipande, Decay of mesons in flux tube quark model, Phys. Rev. D38 (1988) 146. doi:10.1103/PhysRevD.38.

146.
[428] P. Geiger, E. S. Swanson, Distinguishing among strong decay models, Phys. Rev. D50 (1994) 6855. arXiv:hep-ph/9405238, doi:

10.1103/PhysRevD.50.6855.
[429] H. G. Blundell, S. Godfrey, ξ(2220) reexamined: Strong decays of the 13F2 and 13F4 ss̄ mesons, Phys. Rev. D53 (1996) 3700. arXiv:

hep-ph/9508264, doi:10.1103/PhysRevD.53.3700.
[430] A. Le Yaouanc, L. Oliver, O. Pene, J. C. Raynal, Strong decays of ψ′′(4.028) as a radial excitation of charmonium, Phys. Lett. 71B (1977)

397. doi:10.1016/0370-2693(77)90250-7.
[431] A. Le Yaouanc, L. Oliver, O. Pene, J. C. Raynal, Why is ψ′′(4.414) so narrow?, Phys. Lett. 72B (1977) 57. doi:10.1016/0370-2693(77)

90062-4.
[432] P. R. Page, Excited charmonium decays by flux tube breaking and the ψ′ anomaly at CDF, Nucl. Phys. B446 (1995) 189. arXiv:hep-ph/

9502204, doi:10.1016/0550-3213(95)00171-N.
[433] R. Kokoski, N. Isgur, Meson decays by flux tube breaking, Phys. Rev. D35 (1987) 907. doi:10.1103/PhysRevD.35.907.
[434] E. S. Ackleh, T. Barnes, E. S. Swanson, On the mechanism of open flavor strong decays, Phys. Rev. D54 (1996) 6811. arXiv:hep-ph/

9604355, doi:10.1103/PhysRevD.54.6811.
[435] T. Barnes, F. E. Close, P. R. Page, E. S. Swanson, Higher quarkonia, Phys. Rev. D55 (1997) 4157. arXiv:hep-ph/9609339, doi:

10.1103/PhysRevD.55.4157.
[436] J. Ferretti, G. Galata, E. Santopinto, A. Vassallo, Bottomonium self-energies due to the coupling to the meson-meson continuum, Phys. Rev.

C86 (2012) 015204. doi:10.1103/PhysRevC.86.015204.
[437] I. K. Hammer, C. Hanhart, A. V. Nefediev, Remarks on meson loop effects on quark models, Eur. Phys. J. A52 (2016) 330. arXiv:

1607.06971, doi:10.1140/epja/i2016-16330-8.
[438] B. Silvestre-Brac, C. Gignoux, Unitary effects in spin orbit splitting of P-wave baryons, Phys. Rev. D43 (1991) 3699. doi:10.1103/

PhysRevD.43.3699.
[439] P. Geiger, N. Isgur, Strange hadronic loops of the proton: A quark model calculation, Phys. Rev. D55 (1997) 299. arXiv:hep-ph/9610445,

doi:10.1103/PhysRevD.55.299.
[440] N. A. Tornqvist, M. Roos, Resurrection of the σ meson, Phys. Rev. Lett. 76 (1996) 1575. arXiv:hep-ph/9511210, doi:10.1103/

PhysRevLett.76.1575.
[441] M. Boglione, M. R. Pennington, Unquenching the scalar glueball, Phys. Rev. Lett. 79 (1997) 1998. arXiv:hep-ph/9703257, doi:

10.1103/PhysRevLett.79.1998.
[442] E. van Beveren, G. Rupp, Reconciling the light scalar mesons with Breit-Wigner resonances as well as the quark model, Int. J. Theor. Phys.

Group Theor. Nonlin. Opt. 11 (2006) 179. arXiv:hep-ph/0304105.
[443] E. van Beveren, D. V. Bugg, F. Kleefeld, G. Rupp, The nature of σ, κ, a0(980) and f0(980), Phys. Lett. B641 (2006) 265. arXiv:

hep-ph/0606022, doi:10.1016/j.physletb.2006.08.051.
[444] E. van Beveren, G. Rupp, Meson-meson interactions and Regge propagators, Annals Phys. 324 (2009) 1620. arXiv:0809.1149, doi:

10.1016/j.aop.2009.03.013.
[445] G. Rupp, E. van Beveren, S. Coito, No serious meson spectroscopy without scattering, Acta Phys. Polon. Supp. 8 (2015) 139. arXiv:

1502.05250, doi:10.5506/APhysPolBSupp.8.139.
[446] G. Rupp, S. Coito, E. van Beveren, Meson spectroscopy: too much excitement and too few excitations, Acta Phys. Polon. Supp. 5 (2012)

1007. arXiv:1209.1475, doi:10.5506/APhysPolBSupp.5.1007.
[447] T. Wolkanowski, F. Giacosa, D. H. Rischke, a0(980) revisited, Phys. Rev. D93 (2016) 014002. arXiv:1508.00372, doi:10.1103/

PhysRevD.93.014002.
[448] A. A. Logunov, A. N. Tavkhelidze, Quasioptical approach in quantum field theory, Nuovo Cim. 29 (1963) 380. doi:10.1007/BF02750359.
[449] A. P. Martynenko, R. N. Faustov, Relativistic reduced mass and quasipotential equation, Theor. Math. Phys. 64 (1985) 765, [Teor. Mat. Fiz.

64 (1985) 179]. doi:10.1007/BF01017955.
[450] I. V. Danilkin, Yu. A. Simonov, Dynamical origin and the pole structure of X(3872), Phys. Rev. Lett. 105 (2010) 102002. arXiv:1006.

0211, doi:10.1103/PhysRevLett.105.102002.
[451] R. F. Lebed, E. S. Swanson, Quarkonium h states as arbiters of exoticity, Phys. Rev. D96 (2017) 056015. arXiv:1705.03140, doi:

10.1103/PhysRevD.96.056015.
[452] A. Vairo, Quarkonia: a theoretical frame, in: 3rd International Workshop on Charm Physics (Charm 2009) Leimen, Germany, May 20-22,

2009. arXiv:0912.4422.
[453] F. E. Close, P. R. Page, The Production and decay of hybrid mesons by flux tube breaking, Nucl. Phys. B443 (1995) 233–254. arXiv:

hep-ph/9411301, doi:10.1016/0550-3213(95)00085-7.
[454] T. Barnes, F. E. Close, E. S. Swanson, Hybrid and conventional mesons in the flux tube model: Numerical studies and their phenomenological

164

https://doi.org/10.1103/PhysRevD.72.094004
http://arxiv.org/abs/0711.2080
http://arxiv.org/abs/0711.2080
https://doi.org/10.1103/PhysRevC.77.055206
https://doi.org/10.1016/0550-3213(69)90039-X
https://doi.org/10.1103/PhysRevD.8.2223
https://doi.org/10.1103/PhysRevD.9.1415
https://doi.org/10.1103/PhysRevD.9.1415
https://doi.org/10.1103/PhysRevD.11.1272
https://doi.org/10.1007/BF01557474
https://doi.org/10.1007/BF01557474
https://doi.org/10.1103/PhysRevD.38.146
https://doi.org/10.1103/PhysRevD.38.146
http://arxiv.org/abs/hep-ph/9405238
https://doi.org/10.1103/PhysRevD.50.6855
https://doi.org/10.1103/PhysRevD.50.6855
http://arxiv.org/abs/hep-ph/9508264
http://arxiv.org/abs/hep-ph/9508264
https://doi.org/10.1103/PhysRevD.53.3700
https://doi.org/10.1016/0370-2693(77)90250-7
https://doi.org/10.1016/0370-2693(77)90062-4
https://doi.org/10.1016/0370-2693(77)90062-4
http://arxiv.org/abs/hep-ph/9502204
http://arxiv.org/abs/hep-ph/9502204
https://doi.org/10.1016/0550-3213(95)00171-N
https://doi.org/10.1103/PhysRevD.35.907
http://arxiv.org/abs/hep-ph/9604355
http://arxiv.org/abs/hep-ph/9604355
https://doi.org/10.1103/PhysRevD.54.6811
http://arxiv.org/abs/hep-ph/9609339
https://doi.org/10.1103/PhysRevD.55.4157
https://doi.org/10.1103/PhysRevD.55.4157
https://doi.org/10.1103/PhysRevC.86.015204
http://arxiv.org/abs/1607.06971
http://arxiv.org/abs/1607.06971
https://doi.org/10.1140/epja/i2016-16330-8
https://doi.org/10.1103/PhysRevD.43.3699
https://doi.org/10.1103/PhysRevD.43.3699
http://arxiv.org/abs/hep-ph/9610445
https://doi.org/10.1103/PhysRevD.55.299
http://arxiv.org/abs/hep-ph/9511210
https://doi.org/10.1103/PhysRevLett.76.1575
https://doi.org/10.1103/PhysRevLett.76.1575
http://arxiv.org/abs/hep-ph/9703257
https://doi.org/10.1103/PhysRevLett.79.1998
https://doi.org/10.1103/PhysRevLett.79.1998
http://arxiv.org/abs/hep-ph/0304105
http://arxiv.org/abs/hep-ph/0606022
http://arxiv.org/abs/hep-ph/0606022
https://doi.org/10.1016/j.physletb.2006.08.051
http://arxiv.org/abs/0809.1149
https://doi.org/10.1016/j.aop.2009.03.013
https://doi.org/10.1016/j.aop.2009.03.013
http://arxiv.org/abs/1502.05250
http://arxiv.org/abs/1502.05250
https://doi.org/10.5506/APhysPolBSupp.8.139
http://arxiv.org/abs/1209.1475
https://doi.org/10.5506/APhysPolBSupp.5.1007
http://arxiv.org/abs/1508.00372
https://doi.org/10.1103/PhysRevD.93.014002
https://doi.org/10.1103/PhysRevD.93.014002
https://doi.org/10.1007/BF02750359
https://doi.org/10.1007/BF01017955
http://arxiv.org/abs/1006.0211
http://arxiv.org/abs/1006.0211
https://doi.org/10.1103/PhysRevLett.105.102002
http://arxiv.org/abs/1705.03140
https://doi.org/10.1103/PhysRevD.96.056015
https://doi.org/10.1103/PhysRevD.96.056015
http://arxiv.org/abs/0912.4422
http://arxiv.org/abs/hep-ph/9411301
http://arxiv.org/abs/hep-ph/9411301
https://doi.org/10.1016/0550-3213(95)00085-7


implications, Phys. Rev. D52 (1995) 5242. arXiv:hep-ph/9501405, doi:10.1103/PhysRevD.52.5242.
[455] S. R. Cotanch, F. J. Llanes-Estrada, Relativistic many body approach to exotic and charmed hybrid mesons, Nucl. Phys. A689 (2001) 481.

doi:10.1016/S0375-9474(01)00886-7.
[456] I. J. General, S. R. Cotanch, F. J. Llanes-Estrada, QCD Coulomb gauge approach to hybrid mesons, Eur. Phys. J. C51 (2007) 347. arXiv:

hep-ph/0609115, doi:10.1140/epjc/s10052-007-0298-3.
[457] F. J. Llanes-Estrada, S. R. Cotanch, Many body Coulomb gauge exotic and charmed hybrids, Phys. Lett. B504 (2001) 15. arXiv:hep-ph/

0008337, doi:10.1016/S0370-2693(01)00290-8.
[458] E. Abreu, P. Bicudo, Glueball and hybrid mass and decay with string tension below Casimir scaling, J. Phys. G34 (2007) 195207. arXiv:

hep-ph/0508281, doi:10.1088/0954-3899/34/2/003.
[459] D. Horn, J. Mandula, Model of mesons with constituent gluons, Phys. Rev. D17 (1978) 898. doi:10.1103/PhysRevD.17.898.
[460] F. Iddir, S. Safir, O. Pene, Do 1− cc̄g hybrid mesons exist, do they mix with charmonium?, Phys. Lett. B433 (1998) 125. arXiv:hep-ph/

9803470, doi:10.1016/S0370-2693(98)00603-0.
[461] Yu. A. Simonov, QCD and topics in hadron physics, in: QCD: Perturbative or nonperturbative? Proceedings, 17th Autumn School, Lisbon,

Portugal, September 29-October 4, 1999, p. 60. arXiv:hep-ph/9911237.
URL http://www.slac.stanford.edu/spires/find/books/www?cl=QCD161:A85:1999

[462] Yu. A. Simonov, Mixing of meson, hybrid, and glueball states, Phys. Atom. Nucl. 64 (2001) 1876, [Yad. Fiz.64 (2001) 1959]. arXiv:

hep-ph/0110033, doi:10.1134/1.1414936.
[463] Yu. S. Kalashnikova, D. S. Kuzmenko, Hybrid adiabatic potentials in the QCD string model, Phys. Atom. Nucl. 66 (2003) 955, [Yad. Fiz.

66 (2003) 988]. arXiv:hep-ph/0203128, doi:10.1134/1.1577918.
[464] F. Buisseret, V. Mathieu, C. Semay, B. Silvestre-Brac, Excited flux tube from qq̄g hybrid mesons, Eur. Phys. J. A32 (2007) 123. arXiv:

hep-ph/0703020, doi:10.1140/epja/i2007-10379-4.
[465] Yu. S. Kalashnikova, A. V. Nefediev, Spectra and decays of hybrid charmonia, Phys. Rev. D77 (2008) 054025. arXiv:0801.2036,

doi:10.1103/PhysRevD.77.054025.
[466] Yu. S. Kalashnikova, A. V. Nefediev, QCD string in excited heavy-light mesons and heavy-quark hybrids, Phys. Rev. D94 (2016) 114007.

arXiv:1611.10066, doi:10.1103/PhysRevD.94.114007.
[467] E. Braaten, How the Zc(3900) Reveals the Spectra of Quarkonium Hybrid and Tetraquarks, Phys. Rev. Lett. 111 (2013) 162003. arXiv:

1305.6905, doi:10.1103/PhysRevLett.111.162003.
[468] E. Braaten, C. Langmack, D. H. Smith, Selection Rules for Hadronic Transitions of XYZ Mesons, Phys. Rev. Lett. 112 (2014) 222001.

arXiv:1401.7351, doi:10.1103/PhysRevLett.112.222001.
[469] E. Braaten, C. Langmack, D. H. Smith, Born-Oppenheimer Approximation for the XYZ Mesons, Phys. Rev. D90 (2014) 014044. arXiv:

1402.0438, doi:10.1103/PhysRevD.90.014044.
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[490] N. Brambilla, V. Shtabovenko, J. Tarrús Castellà, A. Vairo, Effective field theories for van der Waals interactions, Phys. Rev. D95 (2017)

116004. arXiv:1704.03476, doi:10.1103/PhysRevD.95.116004.
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arXiv:1707.07666, doi:10.1103/PhysRevLett.119.202001.
[529] E. J. Eichten, C. Quigg, Heavy-quark symmetry implies stable heavy tetraquark mesons QiQ jq̄k q̄l, Phys. Rev. Lett. 119 (2017) 202002.

arXiv:1707.09575, doi:10.1103/PhysRevLett.119.202002.
[530] R. Aaij, et al., Observation of the doubly charmed baryon Ξ++

cc , Phys. Rev. Lett. 119 (2017) 112001. arXiv:1707.01621, doi:10.1103/
PhysRevLett.119.112001.

[531] F.-K. Guo, C. Hanhart, U.-G. Meißner, Q. Wang, Q. Zhao, B.-S. Zou, Hadronic molecules, Rev. Mod. Phys. 90 (2018) 015004. arXiv:

1705.00141, doi:10.1103/RevModPhys.90.015004.
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[880] M. Döring, J. Haidenbauer, U.-G. Meißner, A. Rusetsky, Dynamical coupled-channel approaches on a momentum lattice, Eur. Phys. J. A47
(2011) 163. arXiv:1108.0676, doi:10.1140/epja/i2011-11163-7.
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