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A COMPARISON PRINCIPLE FOR RANDOM WALK ON
DYNAMICAL PERCOLATION

By JONATHAN HERMON AND PERLA SOUSI

Universities of British Columbia and Cambridge

We consider the model of random walk on dynamical percolation
introduced by Peres, Stauffer and Steif in [28]. We obtain compari-
son results for this model for hitting and mixing times and for the
spectral-gap and log-Sobolev constant with the corresponding quan-
tities for simple random walk on the underlying graph G, for general
graphs. When G is the torus Z<, we recover the results of Peres et al.
and we also extend them to the critical case. We also obtain bounds
in the cases where G is a transitive graph of moderate growth and
also when it is the hypercube.

1. Introduction. In this paper we consider the model of random walk
on a dynamically evolving environment introduced in [28]. Fix a base graph
G = (V,E) and let each edge e refresh at rate p to open with probability p
and closed with probability 1 — p independently of other edges and previous
states of the same edge. Let X be a continuous time random walk that
moves as follows: at rate 1 it chooses one of its neighbours uniformly at
random and only jumps there if the edge connecting the neighbour to its
current location is open. Otherwise it stays in place. We denote the state
of the full system at time ¢ by (Xy,7;), where X; € V and n; € {0,1}¥
with O representing a closed edge and 1 an open one. We refer to 7, as the
environment at time ¢. We emphasise that (X¢, 7¢)¢>0 is Markovian, while the
location of the walker (X;):>0 is not. One readily checks that 7y, = 7 X 7,
is the unique stationary distribution and that the process is reversible; here
7 is the degree biased distribution on V, ie. m(x) = deg(x)/(2|E|) for all
x and 7, is product measure of Ber(p) on the edges. Moreover, even if the
environment process {n;}+>0 is fixed, 7 is a stationary distribution for the
resulting time inhomogeneous Markov process (X¢)¢>0.

There has been a lot of interest recently in studying these processes.
The case where G = Z% was studied in [28, 27]. The subcritical regime
seems to be fully understood [28], while the supercritical case still poses
challenges. In [3], the authors established precise mixing time results for the
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non-backtracking random walk on a dynamic configuration model and in [30]
the authors studied the case where G is the complete graph. In this paper, we
study mixing and hitting times for random walk on dynamical percolation on
general graphs. We develop general machinery that allows for a comparison
of these quantities with the corresponding ones for simple random walk
(SRW) on the base graph G. Recall that the simple random walk (SRW)
on G = (V,E) is a Markov chain on V with transition probabilities given
by P(xz,y) = 1({z,y} € FE)/deg(z), where deg(x) is the degree of = (i.e. at
each step the walk picks a neighbour uniformly at random and jumps to it).
We emphasise that from now on, whenever we write SRW, we refer to simple
random walk on the (static) graph G, i.e. where all edges in E are present.
Below, we shall consider its continuous-time version with jump rate 1. We
note that our upper bounds on the hitting and mixing times hold for all
and all p € (0, 1] with no difference between the subcritical and supercritical
regimes. This is in sharp contrast to previous works.

Let P be a transition matrix with stationary distribution 7. We define
the total variation and L., mixing times as follows

tmix(¢) = min{t > 0: max | P! (z,-) — 7rHTV <e}

mix

to)(e) = min{t > 0: max | P'(x, ) — 7loor < €},
T

where the total variation and L., norms of a signed measure a are given
by llallrv = 3, la(z)| and ||alls,c = max, a(z)/c(z)|. We are primarily
interested in the total variation and L., mixing times of the full system and
we denote them by

fHull (€) = Al (.p) () and #full, (c0) (e) = #F0L, (,p), (20) (e).

mix mix mix mix

We denote the corresponding mixing times for the SRW on G by 58V (G, ¢)

mix
and tifgv (0) (G,¢e). We omit G when clear from context, and € when e = 1/4.

Let P, be the law of the full process, started from initial environment 7
and initial location x for the walk. We denote the corresponding expectation
by E;,. When p and p are not clear from context, we write IP’SC“ ol ) and

E;“ o ). We write P% ,, as a shorthand for the law of the full process at time

t, P%TY((Xt’nt) = ('? ))
We are also interested in hitting times by the full process of the form

full, (u,
hall _ full,(up)

hit = Uhit max Eep [T{y}X {071}E] ’

x,yeVne{0,1}¥

where for a set A C V x {0,1}F its hitting time Ta = inf{t : (X, ;) € A}
is defined to be the first time the process visits the set A. Our Theorem 1.1
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bounds tﬂﬁl in terms of the hitting times for the SRW which are denoted by
thit " (G) = maxgyey ESV(T, .

For functions f,g we will write f(n) < g(n) if there exists a constant
¢ > 0 such that f(n) < cg(n) for all n. We write f(n) = g(n) if g(n) < f(n).
Finally, we write f(n) =< g(n) if both f(n) < g(n) and f(n) = g(n). We
write =<,, <, and 2, when the implied constant depends on a.

Peres and Steif [29] asked whether tfllilil’(“ ) Zup |V]3, which is the natural

analog of the classical bound RV < |V|? (see e.g., [1, 22]). In the following

. full . .
theorem we give an upper bound on thuit (P) i1 terms of tﬁ&w. Using tﬁ}}w <

|V|? this answers affirmatively their question.

THEOREM 1.1 (Hitting time comparison with SRW).  For every u there
exists a positive constant ¢y such that for all graphs G and all p we have that

full, (p, €1 ,SRW
(1.1) bt (r) < 2L g -

Moreover, there exists a constant ca so that for all graphs G and all (u,p) €
(0,1] we have that

(1.2) tﬂﬂl’(u’p) < 02(u—1tfu11,(1,p) _i_tfuu,(,i,p)).

hit mix

full, (

mix

full,(u,p) <

“P) term in (1.2) in most cases satisfies t,

We believe the t

u‘ltfluiil’(l’p ) and can thus be removed from (1.2), see Remark 2 in Section 1.1.

The Dirichlet form associated to the transition matrix P (respectively,
generator L) is defined to be

Ep(f,1) = 5 3w (@) Pl y)(f(@) ~ F@)* =7 (T~ P)f - )

:Bﬂy

for all f : Q@ — R (respectively, E-(f,f) = %Zx7y7r(3:)£(w,y)(f(x) -
F)? =m(=Lf ).

For £ > 0 we denote the spectral profile
(1.3) A(e) = min{&(h,h) : h € R®, Varg(h) = 1, w(supp(h)) < e},

where supp(h) = {x € Q : h(z) # 0} is the support of h and Var,(h) =
E,[(h — E;h)?] is the variance w.r.t. .
For € > 0, the e-spectral-profile time is given by

i/e 945

(14) tspectral—proﬁle (5) = / (5A(5> )

47y
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where 7, = min, 7(x).

Goel et al. [13] showed that ¢(o° )( ) < tspectral—profile(€) (this refines the

le
: SRW
evolving sets bound of Morris and Peres [25]). Let Lepectral—profile P€ tspectral—profile

defined w.r.t. simple random walk. We recall a result of Kozma [21] that for

spectral profile ~ “mix

loglog |V|. However, there

are many families of graphs for which tspectral profile = tSRW (00) trsnfgv For

instance, this is the case for the hypercube and for vertex-transitive graphs
of moderate growth.

all (simple) finite graphs 5%

THEOREM 1.2 (Mixing time comparison with SRW).  There exists a pos-
itive constant ¢y such that for all graphs G and all (p,p) € (0,1]* we have
for all e € (0,1)

(15) tizili(mp)’(oo) (E) < C_l tsspi\:xral proﬁle( ) 6_1’ lOg (1 - p) ‘
p I

REMARK 1.3. We note that the term |log (1 — p)|/u is necessary, be-
cause the Lo, mixing time of the environment is at least of this order. How-
ever, if we were considering the total variation mixing time of the full system,
then we would get rid of this extra term. We explain this at the end of the
proof of this theorem in Section 6.

We recall that the spectral-gap of a reversible transition matrix P (resp.
generator L) is defined as the smallest positive eigenvalue of I — P (resp.
—L). Its inverse is called the relazation-time. We denote the relaxation-time

of the full process by tfun = tfun (P) and that of the SRW by trsgfw We recall
that generally for a contmuous time reversible Markov chain on a finite state
space ) with stationary distribution 7 the relaxation-time determines the
asymptotic exponential rate of convergence to equilibrium in the following
precise sense (cf., [22, Lemmas 20.5 and 20.11]) for all € € (0,1)

trei|10g 2] < tmix(2/2) < £ () < tyol| log(mse)|, where m, := min 7(x).
xTE

The inequality above together with Theorem 1.2 and the fact that

tspectral profile(€) =< |log(e) [t58W for e < 1/|V| imply the following corollary.

COROLLARY 1.4. Uniformly in (u,p) € (0,1) and in G = (V, E) we
have that for all k € N

Lol (up)(00) (1) (SRW 1 B
ktmix ’V|k ~ (Mp) rel log ‘V‘ + |10g(1 )‘

1 1
— (up) SR <W) + 2 log(1 — )
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REMARK 1.5. The following quenched statement follows easily from
Corollary 1.4:
Let t = t(p,p, C) := C(up)~15EW log |V'|. Define d(t, z, {ns}s>0) to be the
total variation distance from 7 of the walk co-ordinate X; at time ¢ of the
full process, given the environment {7s}s>0 and given Xo = x. Then for

some choice of universal constant C' > 0 for all (u,p) € (0,1] we have that

m;lx]?%“’p) (mi}xd(t,x, {ns}ts>0) > 1/]V|2> <1/|V].

Indeed, this follows by Markov’s inequality and a union bound over z.

Recall that the log-Sobolev constant of a continuous-time Markov chain
on a finite state space €2, with generator £ and stationary distribution = is
given by

Ec(h,h)

Fnts (A7) h? € [0, 00)® and non-constant},

crs = inf{
where Ent,(f) = E;[flog(f/Ex[|f]])] (with the convention that 0log0 = 0).

THEOREM 1.6. There exist positive constants c¢1 and cy so that for every
graph G and all values of (u,p) we have that

full, P i S T 1: g p

where T, above is defined to be minyecy w(v). Moreover, we have that

full, (1,p) L srw
trel < CQ—trel

Kp

lu:v
(v)’

REMARK 1.7.  We note that for a simple random walk if h,(u) :=

then
SRW . Sﬁ(hva hv) 1

< =
‘s =M Ent,(h2)  log(1/m)’

and hence if p is bounded away from 1, then the lower bound above for the

log-Sobolev constant of the full process becomes c;:,upcfgw.

Let G = (V, E) be an n-vertex connected graph. We say that G is vertez-
transitive if the action of its automorphism group on its vertices is transitive.
Denote the volume of a ball of radius 7 in G by V (r). Denote the diameter of
G by v = inf{r : V(r) > n}. Following Diaconis and Saloff-Coste [7] we say
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that G has (¢, a)-moderate growth if V(r) > en(r/~v)* for all r. Breuillard and
Tointon [6] proved that for Cayley graphs of fixed degree, this condition is
equivalent in some quantitative sense to the simpler condition that n < G~¢
for some «,8 > 0. Tessera and Tointon recently extended this result to
vertex-transitive graphs [31]. We note that Diaconis and Saloff-Coste [7]
proved that for vertex-transitive graphs of (c,a)-moderate growth and of

degree d

mix ~a,C 72 ga,c trel mix
Denote the percolation cluster of vertex x by K, and its edge boundary
by 0K,. We identify the cluster with the vertices lying in it, and denote the
cardinalities of K, and 0K, by |K;| and |0K |, respectively. We also denote
M, = mp(|0K,||K|?) < mp(d|K,|?) and N, = m,(|K,|) (by transitivity
these quantities are independent of x), where d is the degree and where
mp(f) = 22, mp(n) f(n) denotes expectation w.r.t. m, of f : {0, 1}¥ - R.

THEOREM 1.8 (Moderate growth vertex-transitive graphs, subcritical regime).
Let a,b,c € Ry. Let G = (V, E) be a connected vertex transitive graph of de-
gree d, (c, a)-moderate growth and diameter . Suppose that | log(1—p)| < ~2,
M, <b and N, <~/8. Then

full,(u,p),(00) _ —1,SRW _ full, (p,p)
7fmix ~a,b,c,d (/‘Lp) rel  —a,b,c trel .

full,(u,p),(oo) <

Moreover, even if p is not subcritical, we still have that t_;/ Sa,c,d

(1p)~ 55

We note that the condition |log(1 — p)| < 4?2 is very mild, and typically
follows from either of the two other conditions (provided b is much smaller
than n). In applications v > 1 and we think of b as a constant. In this case
the conditions N, < /8 and |log(1 — p)| < ~? follow from the condition
M, < b. A more refined statement, with an explicit dependence on b is given
in Lemma 7.1.

THEOREM 1.9 (Hypercube). Let G be the hypercube {0,1}¢. Then uni-
formly in (u,p) € (0,1]? we have that

1 1
b (1)) <~ 1166 d + = |log (1 — p) |.
up u

mix ~

It is conjectured [32, p. 59] that when p = ¢/d for ¢ > 1 the mixing time
of the SRW on the giant component is w.h.p. ©(d?), however no polynomial
in d upper bound is known for the static case.
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1.1. Remarks and open problems. (1) Comparison with previous re-
sults: We are able to extend the results of Peres, Stauffer and Steif [28§]
about Zfll to the more general setup of vertex-transitive graphs of moderate
growth via a simpler proof, while also eliminating the requirement that p
is subcritical. Our results for the supercritical case complement the results
on Peres, Sousi and Steif [27, 26]. When u is of order 1 our Theorem 1.8
provides better bounds, but their results are quenched and hence not di-
rectly comparable to ours (also, the main result from [27] required p to be
supercritical in a certain quantitative way, namely that the expected size of
the giant component is at least [V|/2). We note that we give the first bounds
about the mixing time in the critical case.

Biskup and Rodriguez [5] study continuous-time random walk on Z? for
d > 2 with random, symmetric jump rates which are time dependent, sta-
tionary, ergodic and bounded from above, but are not assumed to be positive.
Under mild assumptions on the environment (meant to eliminate the possi-
bility that a certain edge has rate 0 for a long period of time) they prove a
quenched invariance principle.

We consider a particular case of this model in remark (9) below, but do
so on general vertex-transitive graphs (we also do not require the weights
to be bounded). We consider the mixing time of the walk co-ordinate in
this model. The main difference is that while we consider the less general
(and simpler) case in which the rates of different edges are independent, we
provide an upper bound on the mixing time with an explicit dependence on
the update rate of the rates.

(2) Refining (1.2): It is quite possible that for all regular and all bounded
degree graphs one has that tbpectral profile thltw We strongly believe this
to be the case when G is a Cayley graph. Whenever this is the case, (1.2)

reads as
tfull,(u,p) 1,SRW

hit S (wp) ™ i
This follows from Theorem 1.2 and Remark 1.3. We note that this always
holds up to a log log |V| factor, as by Kozma [21] for all graphs #5F

<
spectral profile ~

£SEW(2) 160 10g |V], while £5(>9) < $SRW (22 Theorem 10.22)].
(3)Hitting times lower bound for subcrltlcal p: It is reasonable to ex-

pect that for p which is subcritical, say in the sense that the second moment

M of the size of a cluster is bounded, we have that tfun (p) > > (up) 1RV,

(Note that M is increasing in p. Hence the p~! term on the r.h.s. is meant to

capture the dependence on p for p close to 0. Namely, for such p we expect
f 11 1, -

that tyi P > (up) HERW)

(4) Heurlstics for the (1, p) dependence: The following heuristics explain
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the appearance of the terms p and p in our main results when the maximal
degree is bounded. Informally, when p is subcritical, viewing the walk when
it moves from one cluster to another gives a new random process with small
increments, which (as a discrete-time process) we expect in many cases to
have the same order mixing time as SRW. However, as we now explain,
the time between consecutive steps of this process is typically of order ﬁ.
Indeed, the walk co-ordinate of the full process is typically at a cluster C
of size O(1 ) Using the fact that the degree is bounded, it requires order
|C|#p Q( ;) time units until an edge adjacent to C becomes open.

(5) Dlrect comparison of mixing times: It is natural to wonder whether

stronger results of the form tfuu (1p) < < (up) 1BV =1 log |V | and tﬁﬂl (1:p),(20)

< (pp)~ tSRW (00 )+,u_1] log(1—p)| hold. Alas, it appears that small variants
of the examples from [10, 18, 15] can be used to show that this does not hold
in general. However, if GG is vertex-transitive we believe this should indeed
be the case with the implicit constant depending on the degree.

(6) Commute-times: It follows from our argument that for every z,y € V
the expected time it takes the walk component of the full process to reach

y from z and then return to z is at most O, (p™ ES™WV[T, ] + ESFWV[T,]) and

[ESRW[ ] ESRW'[ ]+tSRW

also at most O( spectral—profile

from 1.

(7) Extending Theorem 1.9 to self-products: The Cartesian product
G1 x Go = (V' E’) of two graphs G; = (V;, E;) is defined via V' :=Vj x V4
and

]) for p bounded away

E' = {{(v1,v2), (u1,u2)} : v1 = u; € V; and vous € Eso, or vice-versa}.

For a graph G = (V, E) we denote the n-fold self (Cartesian) product of
G with itself by Gen = (V", E(Ggn)). That is Ggn = Ggp-1) X G =
G X --- X (. Note that the n-dim hypercube is the n-fold self-product of the
complete graph on two vertices with itself. The proof of Theorem 1.9 can
easily be extended to show that uniformly in (u,p) € (0,1]?, for Gg, with
G = (V, E) we have that

1 1
b ep)ee) < plogn 4+ ~|log (1 —p)|.
wp Iz

In fact, this can be derived as an immediate corollary from either (1.5) (in
a similar fashion to the derivation of Theorem 1.9) or from Theorem 1.6.
(8) Allowing p > 1: We assume throughout that x4 € (0, 1]. Our analysis of
the case = 1 can be used almost verbatim to treat pu > 1, in which case
terms of the form % should be replaced by 1t
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(9) Random rates model: We now discuss a certain extension of our
results to a random walk on dynamical random rates model. Let v be some
law supported on R,. Consider the case that each edge e is updated at
rate u and when it is updated, it is assigned a random rate r. with law v
independently. Given that the current location of the walk co-ordintae is =z,
and that the current environment is 7, where 7(e) denotes the rate of the
edge e, the walk co-ordinate moves to vertex y at rate n(zy) for all zy € E.
Observe that the case that v is Bernoulli(p) gives rise to random walk on
dynamical percolation. Let X ~ v.

We consider the case that the base graph G = (V| F) is vertex-transitive
of degree d, that v(0) = 1 — p, that E[X] < co and that E[e*X/EXD] < p
for some a,b > 0. Let x(u) be the expected time until the walk co-ordinate
leaves the origin for the first time in the variant of the model in which
for each vertex v, at rate p all of the rates of the edges incident to v are
refreshed simultaneously, independently according to the law v. Let M :=

C'(a, b)@%, where C’(a, b) is a constant depending only on a, b, to be
determined later. (Note that M implicitly depends on v/(0).)

Our analysis of Theorem 1.2 can be extended to this model. With some
additional effort one can show that (for some appropriate C’(a,b) above)

the total variation mixing time of the walk co-ordinate is at most

C(a,b)d(M + p)r(p Vv M)tSRW
1 spectral—profile»

where C(a,b) depends only on (a,b), and where AV B := max{A, B}.

Moreover, if v has a finite support, this is also an upper bound on the
total variation mixing time of the full process, whereas the Lo mixing time
of the full process is at most

C(a,b)d(M + p)k(p Vv M) (SRW Cd|log ming., .o v(x)|
1 spectral—profile L :

(1.6)

This extension of Theorem 1.2 to the random rates model is not at all
straightforward. We provide the details in [20, §6.1].

QUESTION 1.10. Let G be an infinite connected vertex-transitive graph.
Assume that initially the environment is stationary. Let P;(o0,0) and Q(o,0)
be the return probability to the origin by the (continuous-time) SRW and by
the walk co-ordinate of the full process, respectively. Is it the case that for
some C = C(G,p, p) > 1 we have

Vt>0, &Poi(o,0) < Qi(o,0) < CPye(o0,0)?
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QUESTION 1.11.  What is the order of o (:p) for G = 74 when p is the

mix
critical probability p. for Bernoulli bond percolation on 7L 2

We believe that for all d the order of the mixing time when p = p. and
p = o(1) lies strictly between its values in the subcritical and supercritical
regimes (for the same p), and that it has a complicated dependence on p and
d. (It is possible that the dependence on d becomes simple once mean-field
behavior kicks in.) This might seem surprising at first glance due to the lack
of exceptional times (i.e. times at which an infinite cluster exists) for critical
dynamical percolation on Z¢ in high dimension [14]. We wish to express our
immense gratitude to Gabor Pete for relevant discussions.

The cover time ToRW(G) of a graph G = (V,E) is the first time by

which every vertex v € V has been visited by SRW on G. Let t58W(@G) :=

cov
nl(axs,ev E, [T58W(@)] be its worst case expectation. We can similarly define
/’117p

Teov ' (G) to be the first time by which every vertex v € V has been visited

by walk co-ordinate of the full process with parameters (u,p) (i.e. (v,n) has

been visited for some 7) and tg‘(f{,p )(G) = max(, ) Egg ”s )) 9;3” )(G).

QUESTION 1.12. Is it the case that there exist constants C(p) > 0 such
that for all finite graphs G we have that

e lpe0l, e < e ¢

We comment that if G = (H, E) is a Cayley graph of an Abelian group H,
then the auxiliary process from § 3 is reversible (see Remark 3.7). In [9] the
authors give a general comparison principle for cover times (of two reversible
Markov chains on the same state space, provided the effective resistances of
one chain are pairwise smaller than some constant multiple of those of the
other). Thus using our comparison of the transition probabilities between
the auxiliary chain and the SRW from Lemma 4.4 (together with Theorem
4.1 which relates this to a comparison of effective resistances), it follows

from [9] that tg’é(,p )(G) < %tCOV(G), by considering the cover time of G for
the auxiliary walk. We omit the details.

2. Overview of our approach. We believe that our approach may be
relevant for other models of random walks on evolving graphs, in situations
in which the mixing time of the environment is smaller than that of the
walk co-ordinate. We first explain why we may concentrate on the case that
p = 1. Let L, ) be the infinitesimal generator of the full process with edge
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probability p and update rate pu. One can readily see that if p; < pe then
the corresponding rates satisfy

Va, o' e Vo' € {0,137, Ly (@), (2, 0) < 2L, 0 ((2,n), (@', 7)).

Using this and some general theory we are able to transfer hitting time
estimates from ;o = 1 to ones for 4 < 1, at a cost of a p~! multiplicative
term and an additive term of order of tf;lﬂ(’(” ?) As for the mixing time, we
obtain an upper bound on the spectral-profile bound when g = 1 by a certain
comparison with SRW. Again, general theory allows us to then translate this
into a bound for general ;1 < 1 at a cost of a p~! multiplicative term.

Now consider the case that 4 = 1. As we now explain, we may also
consider the case that ny ~ m,. It is tempting to argue that it suffices
to wait until every edge is updated once, which takes order log |E| time
units, and then the environment is stationary. However, since the walk co-
ordinate is dependent on the environment some difficulties arise when trying
to formulate this. Using the fact that 4 = 1 we show that at some stopping
time slightly larger than the first time at which each edge is updated at least
once, the environment is stationary and is independent of the position of the
walk. This explains why when bounding hitting times we may assume that
o ~ Tp.

We define a sequence of increasing stopping times (w.r.t. an enlarged
filtration) (7; : @ € Z4) such that the following hold:

(1) ns ~ m, and is independent of X, for all 1.

(2) 70 =0 and ;41 — 7 are i.i.d. such that E [65”] < oo for some § > 0.

(3) Y; = X, is a Markov chain with the same stationary distribution as
SRW. We call each such 7; a regeneration time.

By construction, we will have for all ¢ € N that all of the edges examined
by the walk co-ordinate (i.e. that the walk co-ordinate attempted to cross)
at some time during (7;,_1,7;) have been refreshed since the last time in
(7i—1,7i) at which they were examined. This, along with the assumption
that ng ~ mp,, imply the crucial property (1) above.

While we do not believe the auxiliary chain (Y;);ez, to be reversible in
general, we show that 7 is its stationary distribution, and that the transition
matrix @ of its additive-symmetrization satisfies that Q(u,v) 2 5oz which
turns out to be sufficient in order to obtain a comparison of its hitting times
(more precisely, of its commute times) and of its spectral-profile with that
of SRW (at a price of an O(;;) factor). To turn these into upper bounds on
expected hitting times for (Y;);cz, (rather than for its additive symmetri-
sation) we use the fact that the commute times for the symmetrisation are
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always as large as they are for the original chain. As the chain (Y;);ez, is
constructed by viewing the chain (X;);cr, at a nice sequence of stopping
times, we then easily translate hitting time bounds for Y into ones for X
(for hitting times of the form T}, 1o 1y%).

For the mixing time, we derive a comparison of the spectral profile bound

zlglelé(&ﬁ)_proﬁle for the full process with parameters (1,p) with that of SRW
tSEW The comparison method is a standard method for compar-

spectral—profile*
ing analytic quantities that have an extremal characterization involving the

Dirichlet form, between two Markov chains. Despite the fact that the auxil-
iary chain may be non-reversible, using the comparison method we are able
to effortlessly compare the spectral-profiles of SRW with that of the auxil-
iary chain. We wish to use the auxiliary chain as a link to relate the SRW
with the full process.

A major obstacle in doing so is that the former has state space V', while
the latter V' x {0,1}V. Unfortunately, the comparison method requires the
two considered chains to have the same state space, or at least similar state
spaces (e.g., random walks on two quasi-isometric graphs might have dif-
ferent state spaces, but with more effort can still be compared). We are
unaware of any previous works establishing a comparison argument between
Markov chains with very different state spaces.

Our solution to this difficulty hinges on a probabilistic interpretation of
the spectral profile in terms of the rate of exponential decay of the tail of
hitting times starting from the stationary distribution of the chain, which
we review in Section 5. This interpretation allows us to use the the auxiliary
chain as a link between the full process and the SRW.

For each set A C V x {0,1}¥ we construct a certain set B C V such
that 7(B¢) S mpnp(A€) and show that the rate of exponential decay of
the tail of T4 for the full process can be controlled via that of Tz for the
aforementioned auxiliary chain Y. The set B is defined to be the set of all
vertices v € V such that {w € {0,1}¥ : (v,w) € A} has m, probability at
least 1/4. Let C' > 1 be some absolute constant. Let

Y4 = sup{a : E;[e"’P] < oo for all D C V such that 7(D°) < Crnp(A°)},

where the expectation is taken w.r.t. SRW. The connection of this quantity
to the spectral-profile of SRW is explained in Section 5. It follows from
this connection that to prove Theorem 1.2 it suffices to show that for some
absolute constant ¢ > 0 we have that Er,, [exp(cpyaTa)] < oo (recall that
we consider p = 1).

Let t = %lp. Loosely speaking, we show that for some choice of (C,C"),
for all 4 € N, the full process started from its stationary distribution has a
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regeneration time during the time interval [2it, (2¢ 4+ 1)t], with probability
bounded from below. Moreover, at each such regeneration time, with proba-
bility bounded from below, the full process is in A. Furthermore, this holds
even conditioned on the information gathered at the previous time intervals
[27t, (2] + 1)t], where for each such time interval we expose if there was a
regeneration time during it, and if there was one, we take the first one and
expose whether the walk is in A at that time.

(In the actual proof we do not restrict to one regeneration time per time
interval, although we could have done so; For technical reasons we make
several other small modifications in the proof to what is written above.)

This is achieved by treating the walk co-ordinate and the environment sep-
arately. For the walk co-ordinate we use the comparison method to compare
the auxiliary chain with the SRW. By comparing their spectral-profiles, and
applying a certain inductive argument (which we sketch below) we are able
to show that at each time interval [2it, (2i + 1)t] the chain has probability
bounded from below to visit B, even when conditioning on the information
exposed during the previous time intervals. This gives us a sequence of visits
to B at regeneration times by the walk co-ordinate, which are separated by
at least ¢ time units.

For the environment, note that by definition, at every visit of the walk
co-ordinate to B, if the environment is distributed according to m, and in-
dependent of the walk, the full process would have probability at least 1/4
of being in A. By property (1) above, the distribution of the environment
is indeed stationary at all regeneration times and in particular at the re-
generation times at which the walk visits B. However, (generally) if (Y;) is
a stationary Markov chain, and for each j, D; is an event which is deter-
mined by Y}, then given the values of the indicators of Di,...,D; we no
longer have that Y;11 has the same law as its unconditional law (i.e., its law
might differ from the invariant distribution). In particular, if at some of the
previous visits to B at regeneration times we expose if the full process is in
A, this affects the law of the environment at the current regeneration time,
making it no longer stationary. It turns out that the fact that we consider
a sequence of such visits which are separated by an amount of time units
which is larger than the relaxation-time of the environment allows us to
control such dependencies. We now review the general principle from which
this follows.

For a Markov chain (Wy)er , on a finite state space, reversible w.r.t. a
distribution 7, starting from its invariant distribution, if s is a large multiple
of its relaxation-time, then samples of the chain at times 0,s,2s,... are
uncorrelated (e.g. [22, §12.7]). In fact, if Dy, D1, Da,. .. is a sequence of sets
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such that inf{min{7(D;),7(D$)} : ¢ > 0} =: § > 0, then as we explain
below, using Lo considerations and an inductive argument, one can show
that if s > Cityelog(1/d) for some absolute constant Cy then a.s.

E[1w,ep; | (leSeD;. 1j<i)] >d/2.

Note that this statement is obvious is we replace Ctyelog(1/6) by the 6/2
mixing time. As two more complicated variants of this inductive argument
will be used in the proof of Theorem 1.2, we now give a sketch of the proof
of this fact, in order to emphasise the main idea behind the proof.

Let p be a distribution with ||pu — 7[[2,# < 6. Let & be the indicator of
Wis € D;. Then for all i and all ag, a1 ... € {0,1}, such that P,[E,] > 0 for
all ¢, where Ey = {¢; = a; for all j < ¢}, we have that

0 0
Pu[Wis S Dz‘ | Ei—l] € ﬁ'(Dl) — i,ﬁ'(Dl) + 5

This is proven by proving by induction that for all i € N

52 +1
min{7(D;), 7(D§)}?’

Y= |Pu(Wis € - | Ey)

54 <4

and that
IPu(Wiit1)s € Div1 | Bi)=7(Diy1)| < [[Pu(Wiignys € - | Bi)—7ll2,7 =: 0i < 6.
The induction step follows by combining the following simple observations
(in proving the induction step, first use (3) then (2) and then (1)):

(1) By the definition of the total-variation distance (||v — v/||Tv = maxp

|v(D) —v/(D)]), and the fact that 2||v — /||ty < ||v — V/||2,x, we have
Pu(Wiis1)s € Diga | Bi) — 7(Dit1)] < 30i-
(2) By the Poincaré inequality

pi < Tz‘eis/trel = 5CT2

(3) For any distribution v and any set D we have ||vp — #[j3. + 1 <

=73, +1

— b Where vp(b) == % is v conditioned on D (see (6.10)).

2
2 < ‘Qi—1+1
Hence by (1) Y7 < G Lo A0 To e
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To argue that at each time interval [2it, (2 + 1)t] the chain has probability
bounded from below to visit B, even when conditioning on the informa-
tion exposed during the previous time intervals, we use a more complicated
version of this inductive argument sketched below, in which % and the
spectral-profile bound on the decay of the Lo distance from equilibrium
play the roles of the relaxation-time and the Poincaré inequality above, re-

spectively.
Consider a sequence of visits to the set B by the walk co-ordinate of the
full process at regeneration times, say to vertices by, bo, .. ., at times that are

separated apart by ¢ > (5 time units, for some large absolute constant Cs.
At the i-th visit, if the environment is in D; := {w € {0,1}" : (b;, w) € A},
then the full process visits A at that time. Let & be the indicator of the
event that the environment is in D; at this time.

We start with a stationary environment, since we start from the sta-
tionary distribution on the full process, as we are seeking to show that
B, [€xp(cpyaTa)] < co. Since ¢ is large in terms of the relaxation-time of
the environment, which is O(1), in light of the above discussion it is intuitive
that &£1,&o, ... is approximately a sequence of independent Bernoulli trials.
Making this intuition precise turns out to be quite subtle, and is among
the main technical challenges in the proof of Theorem 1.2. Indeed, a major
obstacle is the fact that the sets Dy, D, ... are random and depend on the
walk co-ordinate, and thus also on the environment.

3. Auxiliary chain. Recall that G = (V, E) with V the set of vertices
and E the set of edges. We fix an ordering of the edges E = {ej, ea,...,e,}.

For every edge e; we create an infinite number of copies denoted e; 1, €; 2, . . ..
We emphasize that the copies will not be considered as edges of . We start
(Xo,m0) ~ 7 x mp,. For every time ¢ we now define a set of “infected edges”
R; as follows: Rg = @ and if R;_ = A and the exponential clock of X rings
at time ¢, we then add to R; the edge that X examines to cross at time ¢. If
this edge already exists in A, then we add its lowest numbered copy that is
not in A. We next assign an ordering to the edges in R; using the ordering
of the edges of E in the following way: assign label 1 to the edge (or copy)
contained in R; with the lowest label in the ordering of E. If both the edge
and some of its copies are contained in Ry, then we assign label 1 to the
edge and then we give the next label to the lowest numbered copy and so
on. If there are only copies of that edge, then assign label 1 to the lowest
numbered copy of this edge and label 2 to the second lowest numbered copy
and so on, until we exhaust all the copies of the edge. Then we continue in
the same way, by finding the second edge (or copy of it) from E with the
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second lowest label and assign to it the next label and so on. (We note that
any ordering of R; would work, but we choose to specify one to make the
construction clearer.)

When R;_ = A, then assign exponential clocks of rate u to the edges of
E that are not in A and we also generate an exponential clock of rate |A|pu.
When a clock of an edge in E'\ A rings, refresh the state of the edge to open
with probability p and closed with probability 1 — p. If the exponential clock
of rate |A|p rings at time ¢, choose an index from {1,...,|A|} uniformly at
random and remove the edge with this label from the set R;_ in order to
obtain the set R;. If the edge that was chosen to be removed was an edge of
E, then we also refresh its state.

With this construction (X,n) has the correct transition rates. This con-
struction also enables us to couple different systems by keeping their infected
sets of the same size. More specifically, suppose that (X1, n'),..., (X™, n™)
are such that at time O they are i.i.d. and distributed according to 7 x m,
and take Ré =d,...,Rj' = @. Then we couple them all together by using
the same exponential clocks of rate 1 for the walk components and in order
to remove edges from the sets Ri we use the same exponential clocks of
rate |R:_|u and choose the same uniform number from {1,..., Ri_}. For the
edges not in R!_, we assign independent exponential clocks to the different
systems. Finally, when a clock rings (either of the walk or of an edge of the
set R), the vertex to which the walk components jump or the new states of
the edges chosen are independent for the different systems. With this cou-
pling, indeed the sizes of the sets R! remain equal throughout for different
i’s.

We now want to consider the jump chain of the full process. This is defined
to be the full process (X, n) observed at the sequence of jump times, which
are the points of a Poisson process of parameter 1 + un.

The following lemma (whose proof follows immediately by induction on
k) shows that with the coupling described above the jump chains of the full
processes are independent at every discrete time step.

LEMMA 3.1.  Suppose that (XL, ni)ken, .-, (X7, 0 ) ken start indepen-
dently according to ™ x m, and suppose that an adversary prescribes in ad-
vance at which discrete time steps the X or the n coordinate will make a
gump (i.e. the jumps of all of the systems occur simultaneously, and either
i all of them, the walk co-ordinate attempts a move, or in all of them the
environment is updated). When the adversary chooses the n coordinate to
update, he also prescribes which edge is going to be updated in each system
(not necessarily the same edge!). At times at which the X coordinate is cho-
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sen, where the X coordinate jumps to is independent for the different chains.
At times when the environment is chosen, the states of the chosen edges are
also i.i.d. and become open with probability p and closed with probability
1 —p. Then for all k we have that (X}, n}),..., (X, ") are independent.

LEMMA 3.2. Consider a continuous time Markov chain with generator
Q=MD for X > 0. Let X',...,X™ be continuous time Markov chains
with generator @) which start from i.i.d. states distributed according to the
mwvariant distribution w. Suppose that their exponential clocks are coupled
in some way and at every discrete time step the jump chains (that evolve
according to the transition matriz P) are independent. Then for every t we

have
m

]P’(th =z,...,X{" = :cm) = Hw(xz)
i=1

Proof. Let N',..., N™ be the Poisson processes of rate \ associated to
each Markov chain X!, ..., X™ that are coupled as in the statement of the
lemma. Let Y!, ..., Y™ be the independent jump chains that start at time
0 independently according to w. Then we have

P(X} =z1,..., X" =)
= Y P =a1,. Y =2, N =k N = Eyy)

klv-"vkm
= Y P =a1,. Y =) PN =k, N = )
klv"vkm
= > w@) - w(@m) PN =k, N = ki) = (@) - (@)
klv"vkm
and this completes the proof. O

DEFINITION 3.3. We define the auxiliary chain Y starting from z( as
follows: start 79 ~ m, and Xo = xg. Set Ry = @ and for every ¢ consider the
set of infected edges R; as defined above. We define the regeneration times
by letting 79 = 0 and for every i > 0 we set

Tig1 = inf{t > 7+ S; : Ry = o},

where 7; 4+ .5; is the first time after time 7; that R; becomes nonempty. The
auxiliary chain is defined to be the discrete time chain given by Y; = X for
all 4.
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REMARK 3.4. Note that the (5;)’s are i.i.d. having the exponential dis-
tribution with parameter 1 and are independent of (X, );.

LeMMA 3.5.  We have that (17, — T—1)i>1 are i.i.d., have mean el/v and
have exponential tails. Moreover, the process (Xs,ns, Rs)s s positive recur-
rent.

Proof. The first claim follows from the fact that |R;| evolves as a birth
and death chain with transition rates ¢(i,7 4+ 1) =1 and ¢(i,7 — 1) = pi.

We now prove that the chain (X,n, R) is positive recurrent. It suffices
to prove that the state (z,7,@) with x € V and € {0,1}¥ is positive
recurrent. Let 7" be the first return time to (z,n, ). Consider the chain
Z;i = (X,,,nr,). This is clearly irreducible and positive recurrent, since it
takes values in a finite state space. Let Tz be the time it takes for Z to
return to (x,7n). Then Tz has exponential tails and we have

i —7i-1)1(Tz > 1)].

Using Cauchy-Schwarz and the exponential tails of both Tz and (7; — 7;_1)
proves the result. ]

LEMMA 3.6. The invariant distribution of Y is .

Proof. In order to prove this result, we let (X' n!),...,(X™,7™) be
m systems started independently from stationarity and coupled in the way
described above using the infected sets, so that at every time t they are
independent and their infected sets all have the same size |R;|. Then by
Lemmas 3.1 and 3.2 we get that (X}, n}),..., (X;",n") are independent at
every time ¢ and are distributed according to 7 x 7.

Fix z € V and define

1 m
EZ Xl—ac

Then E[S,,(t)] = m(z) and by the strong law of large numbers we get that
as m — 0o
S (t) — m(z) almost surely.

Using this and dominated convergence gives that as m — oo

ElSm@1(F:| =0)] | Efr(x)1(|R:] = 0)]
P(| R = 0) P(| R = 0)

E[Sm(t) | |Re| = 0] = = 7m(x).



RANDOM WALK ON DYNAMICAL PERCOLATION 19
Using that
E[Sm(t)L(|Ri| = 0)] = P(|Re| = 0) E[Si(?) | | Re| = 0]
and taking the limit as m — co we now obtain
(3.1) P(X} = 2,|R| = 0) = P(|Ry| = 0) ().

If we now take the limit as ¢+ — oo, then (X},n}, R;) will converge to its
invariant distribution p, which exists by Lemma 3.5. So we obtain

,u(x, {07 1}Ea @) = V(Q)ﬂ-(x)a

where v is the marginal for R of the invariant distribution pu.

In order to find the invariant distribution of Y we use the ergodic theorem.
First of all it is easy to see that Y is an irreducible Markov chain. Let b be
its invariant distribution. Then by the ergodic theorem we will have that
almost surely as n — oo

1 n
=3 1Y =) — b(x).
n“
=1
Using the ergodic theorem for (X, 7, R) we get that almost surely as t — oo
1/t B
n 1(Xs=z,Rs = 2)ds — u(x,{0,1}",9) = v(2)n(z).
0

Let N; = sup{i : ; < t} and let (S;) be i.i.d. exponential random variables
of parameter 1. Then

1 e 1 [t 1
- =) < = — — < - = 2)S,.
: ; (X, = 2)S; < t/o L(X, = 2, Ry — @) ds < t;uxn 2)8;

Using the above convergence this now implies that almost surely as ¢ — oo
Ny
Ny 1
TN z; 1(X,, =2)S; — v(2)r(z).

Since N is a renewal process with inter-arrival times having mean 1/v(2)
we get almost surely

Nt
1
N ; 1(X, =2)S; —»w(x) ast— occ.
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Now we notice that since N; can increase by 1 at every jump, we get that
the sequence a,, = n is a subsequence of (/V;);, and hence almost surely

1 n
— E (X, =x)S; —»7(z) asn— oo.
n

i=1

Now to conclude we write L(n) = ) " ; 1(X,, = x) and by relabelling 5;

1= i

using the independence between (X,); and (S;); we obtain almost surely

1 L
EZS,'—>7T(.Z‘) as n — oo.
i=1

Using the strong law of large numbers for the i.i.d. sequence (S;) and that
L(n) — oo as n — oo we finally get almost surely

L
ﬂ—>7r(a:) as n — oo.
n
This shows that b(z) = w(z) for all  and concludes the proof. O

REMARK 3.7. Consider a graph G = (V| E) with the property that for
all z,y € V there is an automorphism ¢ of G such that ¢(z) = y and
©(y) = z. Any Cayley graph of an Abelian group has this property. It is
not hard to verify that graphs with this property satisfy that the transition
matrix of the auxiliary chain is symmetric and hence reversible w.r.t. the
uniform distribution.

We end this section with a lemma on the holding probabilities for the
auxiliary chain that will be used later in the paper.

LEMMA 3.8. LetY be the auziliary chain with parameters u = 1 and
p € (0,1). Then for all x € V we have that Py (z,z) > 1 — 2e%p and
(1-p)/2 < Pax(z,2) <1 -5, where Pa is the transition matriz of Y.

Proof. The claim that (1 —p)/2 < Pyx(x,2) < 1 — p/2 follows by con-
sidering the case that the first edge to be examined by the walk after a
regeneration time is closed (respectively, open), and that this edge is then
refreshed before the walk attempts to make further jumps.

We now prove ming Py (7,2) > 1 — 2e?p. In fact, we show that a =
ming o, > 1 — 2e?p, where a is the probability that after a regeneration
time at x the walk does not leave = before the next regeneration time. We
first observe that after a regeneration time at x, until the walk co-ordinate
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leaves x for the first time, every edge it examines is open with probability
at most p. To see this, by the strong Markov property, we may consider
starting at time 0 from a stationary environment with the walk co-ordinate
at z. Finally, given that the edges e, ..., e were examined thus far, at times
t1 < --- <t and were all closed, the probability that ey is open at time
try1 > by is exactly p if epy1 € {e1,...,ex} and is p(1 — eli7tk+1) < p if
ep+1 =€ and ep1q ¢ {€i+1,..., ek}

We now consider a birth and death chain with an additional point added
to it. Its state space is Z4U{oo}. Its transition matrix @ is given by Q(0,1) =
1—p=1-Q(0,00), while for i € N we have Q(i,i — 1) = #1, Qli,i+1) =

(1-p)
i1

and Q(i,00) = 75 Finally, we set ()(co,00) = 1. It is easy to see that
a > PY(T) < Tx),

where T;," stands for the first return to 0 and T for the first hitting time
of oo for the chain with matrix (). We have that

(3.2) PE(Ty < Too) = (1= p)PP(Th < o).

Consider now a birth and death chain on Z. with transition matrix W(x,y) =
% Let IV be a geometric random variable of success probability p in-
dependent of the Markov chain W. Since the probability of jumping to co
for the Markov chain () is at most p at every step, we can lower bound
PlQ(TO < Tw) by the probability that the Markov chain W hits 0 starting

from 1 before time N, i.e.
PY(Ty < Two) > PV (Ty < N).

We now turn to lower bound P}V (7Ty < N). Since from now on we will only
be working with the chain W we drop the letter W from the notation. Let X
be the birth and death chain with matrix W. We let Z = Efio 1(X; =0).
Then

E:[Z] E:[Z]

(3.3) Pl(TO<N):P1(Z>O):EI[Z]Z>O] ~ EolZ)’

where for the last equality we used the memoryless property of N. Using
the independence of N and X and that W(0,1) = 1, we get

(3.4) 7] = iPl(Xi =0)(1—-p) ' and E[Z]=1+E[Z].
=1
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We notice that W (1,0) = 2%}7, and so P1(X; =0) =P (X;,-1=1) /(2 —p).
Therefore, this gives

E[Z] = %pzm(xi —1)(1-p)i = ﬁzpl(xgi —1)(1 - p)*.
=0 1=0

Solving the detailed balance equations it is straightforward to see that X
has an invariant distribution satisfying v(1) > e~2. Using that Py(Xg; = 1)
is decreasing as a function of i and converges to 2v(1) as i — 0o, we obtain

[\~

E.[Z] >

(1) = ;o 2v(1) 1
2= ;(1 o= P2—pP = 2pe

S

Substituting this bound and (3.4) into (3.3) we deduce

1
P(Tpy<N)>———>1—(22=1)p.
1(To )_262p+1—p_ (2 p
Substituting this into (3.2) we finally get a@ > 1 — 2e?p and this concludes
the proof. O

4. Comparison of hitting times. In this section we prove Theo-
rem 1.1. Before doing so, we review some results about hitting and commute
times.

Let (Yx)ken be an irreducible discrete time Markov chain on a finite state
space ) with transition matrix P and stationary distribution 7. For a € 2
we write

T,=inf{t>0:Y,=a} and T, =inf{t>1:Y;=a}.

For distinct states a,b €  we write Ty, for the commute time between a
and b (for the chain starting at a), i.e.

The = inf{t >Ty: Y, = a}.
We write P* for the time-reversal of P, i.e. it is the transition matrix given
by

m(2) P (x,y) = m(y) P(y, v).
Let A(A) be the smallest eigenvalue of @ 4, the generator of the chain killed

upon exiting A. Writing @) = (P — I) for some transition matrix P and
~ > 0 and using the Perron Frobenius Theorem we have that [1, Chapter 3]

(4.1)  MNA) =min{Eg(h,h) : h € R, ||h]|, = 1,supp(h) C A},
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where [|h[l2 = (Ex[|2[*])!/>.
We next recall Dirichlet’s principle for effective resistance. For a proof
see [1, Theorem 3.36].

THEOREM 4.1. Let Y be a reversible Markov chain on a finite state
space ) with transition matriz P and stationary distribution w. Then for all
a,b € Q) we have

1
- inf Ep(f, f).
EolTha]  fER®: fa)=1.f(5)=0, 0<f<1 p(f 1)

The following result is due to Doyle and Steiner [11] and was also redis-
covered by Gaudilliere and Landim [12]. We include its short proof for the
reader’s convenience.

LEMMA 4.2. Let Y be a Markov chain on a finite state space £ with

transition matrix P and stationary distribution 7. Let P* be its time reversal
and S = (P + P*)/2. Then for all a,b €  we have

Eg [Tba] < E(I; [Tba]

Proof. Let v(z) = Py(T, < Tp). Then using that v is harmonic off {a, b}
(and that W = 7(a)PY[Ty, < T;f], which can be derived using Wald’s
equation, by considering the number of returns of a before the first excursion

that visits b) we get

1 1
——— =E&p(v,v) = Eg(v,v) > =——,
Bpm,) Y TS 2 g
where the inequality follows from Theorem 4.1 applied to the reversible
matrix S using that v(b) =0 and v(a) = 1. O

The following is similar to [16, p. 12]. We give the proof for the sake of
completeness.

LEMMA 4.3.  There exists a positive constant ¢ so that for every reversible
Markov chain on a finite state space 2 with stationary distribution w, for
all A C Q we have that

max E;[Ta] < E;[T4] + ctmix-
e
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Proof. We start by recalling another notion of mixing introduced by
Aldous [2] in the continuous time case, and later studied in discrete time by
Lovész and Winkler [23]. We let

(42) tstop = maxinf{E,[T] : T' randomised stopping time
4.2 z
s.t. Py(X7 =y) = mw(y) for all y}.

Note that for every x there is a randomised stopping time that achieves the
infimum above (see [2] and [23]). Let =z € 2 and let T' be a stopping time
such that P (X7 € -) = 7(-) and E,[T] < tgop. Writing a4 = max{0,a} we
then get

EI [TA] S Em[T] + Ez[(TA - T)Jr} S tStOp + ET{'[TA])

where we have used E;[(T4 —T)4] < Eg[inf{t > T : X; € A} —T]| = E[T4].
The proof is now concluded using the result of Aldous [2] that there exists
a positive constant ¢ so that for all reversible chains tsop < Clmix. ]

LEMMA 4.4. Consider the auziliary chain Y from Definition 3.3 with
parameters p and p. Denote its transition matriz by Py Then for all
x,y such that {z,y} € E we have that

(k,p) -

P,

aux, (1,p) (l’, y) > PSRW (1‘, y)P and

1

1+ p

Paux,(u,p) (ZL‘, y) + Pa*ux,(u,p) (ZE, y)
2

> Psrw (2, 9)pq T

Proof. Start the environment at time O from its stationary distribution,
and the walk co-ordinate of the full process from x. Now consider the event
that the first attempt of a jump of the walk co-ordinate is to y, that the
edge {x,y} is open at that time, and that before the walk attempts to make
its second jump the edge {x,y} is refreshed. The probability of this event is
at least Psrw (2, y)prd;; and at most Py () (2 Y)-

Using the first inequality, the fact that the invariant distribution for the
auxiliary chain is the same as for the simple random walk on G by Lemma 3.6
and that the simple random walk is a reversible chain, we get that for all

{z,y} € E

Paux,(u,p) (SL’, y) + P:ux,(u,p) (l’, y)
2

> Pspw (z, y)Pm

and this concludes the proof. ]
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We are now ready to prove Theorem 1.1.

Proof of Theorem 1.1. Let Xy = x,79 = 1 and suppose that the in-
fection process R starts with all edges of G infected, i.e. |Ro| = |E|. Let T
be the first regeneration time, i.e. the first time that the size of R becomes
0. Then for all z,n using that |R;| evolves as a birth and death chain with
q(i,i+1)=1and q(i,i — 1) = pi we get that

(4.3) E[r] =, log |E|.

We now claim that 7, is distributed according to m, and is independent of
X;. Indeed, considering for every edge examined by the walk the last time
before 7 that this happened proves the claim, since edges that were not
examined are distributed according to Ber(p). Therefore we obtain that

W < Bl g B [Tae]

Consider the auxiliary chain with parameters p and p and denote its
transition matrix by Py (up) and let S = (Puux (up) + P;ux,(,u,,p)) /2 be its
additive symmetrisation. Let Psgw denote the transition matrix of the sim-
ple random walk on G.

Lemma 4.4 immediately implies that Eg(f, f) > %EPSRW(f7 f) for all

f € RV. This together with Theorem 4.1 gives that for all z,y € V

pﬁng’(M’p) [Tya] < EaScRW [Tya)-

Applying Lemma 4.2 we obtain that
R (1:P) [Tye] < RS- () [Tya).
We next let B
Tya; = inf {t > TyX{O,l}E . Xt = [I}} .

Let 7; be the i-th regeneration time. Then by Lemma 3.5 the variables
0; = 7; — Ti—1 are i.i.d. of mean el/r, Using the natural coupling of the full
process started from (d0,7,) with the auxiliary chain started from z, we

obtain
Tye

Tyw < g 03,
i=1
and hence using Wald’s identity

pﬁEgp’(”’p)[Txy] < el/uEgSCRW[Txy].
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This together with (4.3) and (4.4) now implies

full, (2, 1
e 7 St + log |
Using the fact that PR > |V|—1 we can absorb the log |E| term inside the
first term and this proves (1.1).

Next we prove (1.2). Let 2,y € V and n € {0,1}¥. By Lemma 4.3

. full, (i, A
(4.5) EP [Ty r0.0y2) < ct (hip) 4 glr) [Tiyyxg0,132]-

N mix Tfull,p

Recall [1, Ch. 3] that for a general reversible Markov chain on a finite state
space with stationary distribution 7, for every set A there exists a distribu-
tion w4, known as the quasi-stationary distribution of A, such that

(4.6) Ex[Ta]l <E,, [Ta] =1/XA) < mg?xEx[TA],

where A\(A) is the smallest eigenvalue of the generator of the chain killed
upon exiting A. Applying this to A = {y} x {0,1}¥ we have that

1
Egrm,p) T o] <
iy L {5} x{0,1}7] Ny (0} % {0, 115)
H2 2 full, (12,p)
= < —i i )
ul)‘(#z,p)({y} x {0, 1}E) U1 hit

where for the second inequality we used (4.1) together with the fact that if
p1 < 2, then

‘Cl((xvn)v (‘73/777/)) < %[’2((1"77)7 (l‘/anl))

with £; denoting the generator of the full process when the rate at which
the edges update is p;. This together with (4.5) concludes the proof. O

5. The spectral-profile. We now recall a couple of results from [13].
While some of the results below were originally stated in the case where the
infinitesimal generator L is of the form K — I, where [ is the identity matrix
and K is a transition matrix of a discrete-time Markov chain (possibly with
non-zero diagonal entries), they hold for general £ when the state space
is finite, as we can always write £ := ¢(K — I) for some ¢ > 0 and some
transition matrix K, possibly with positive diagonal entries. (Namely ¢ =
max(—L(z,z)) and K = L£/c+1.) (All the quantities considered below scale
linearly in c.)
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Consider an irreducible continuous-time Markov chain on a finite state
space €2 with infinitesimal generator £ and stationary distribution 7. Let
P; := e**. Recall that the time ¢ transition probabilities are given by P;(-, )
and that the corresponding rates are given by L(z,y) := limy_o h~1(Py(z,y)—
1(z = y)). Denote the infinitesimal generators of the time-reversal and
additive-symmetrization by L* and L% := 1(L + L*), respectively, where L£*
is the dual operator of £ in (L2(2), (-, )= ), whose rates are given explicitly
by 7(z)L*(z,y) := 7(y)L(y, z), where (f, g)» := Er[fg] is the inner-product
on R induced by 7 and E«[h] := Y, ., m(z)h(z) the stationary expectation
of h € R®. We say that £ (and the corresponding Markov chain) is reversible
if £ = L£*. One can readily check that 7 is stationary also for £* and that
L? is reversible w.r.t. 7, as (L*)* = L.

Recall that for € > 0 we denote the spectral profile

(5.1) A(e) = min{&(h, h) : h € R®, Varg(h) = 1, w(supp(h)) < e},

where supp(h) = {x € Q : h(z) # 0} is the support of h. We write A = A(1)
for the Poincaré constant. We recall that in the reversible setting A is equal
to the spectral gap. A related notion is

(5.2) Ao(e) = min{E(h,h) : h € RY, |h|l2 = 1, m(supp(h)) < €},

where for h € R, ||h|joo = maxgeq |h(z)| and [|h||, = (E[|h|P])Y/P are the
L and L, (p € [1,00)) norms respectively. By Cauchy-Schwarz

17]1F = Ih1(supp(r)T < [|A]l37 (supp(h),

and so 1 — m(supp(h)) < VT“II;"H(;L) < 1. Hence we get that

(5.3) (1 —¢e)A(e) < Ao(e) < A(e).

As we now explain, Ay has a probabilistic interpretation, which we shall
exploit later on. For each A C €2 we define £ 4 to be the generator of the chain
that is killed upon exiting A, whose rates are given explicitly by £4(u,v) =
L(u,v)1(u,v € A), and define A(A) to be the smallest eigenvalue of —L£% =
—3(La + £%). Under reversibility

(5.4)

A(A) = sup {c : maj(Ea[exp(cTAc)] < oo} = sup {c: Ex[exp(cTsc)] < oo} .
ac
Indeed, if B = sup{c : maxgzeq Eqlexp(cTac)] < oo} and C' = sup{c :

Er[exp(cT4c)] < oo}, then by definition C' > B, but as 7 has full support
we actually have that C'= B. Now, it is classical ([1, Ch. 4] or [4, §3]) that
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under reversibility the law of T'4c under initial distribution 7 is a mixture of
an atom at 0 of mass m(A°) and of exponential distributions whose minimal
parameter is exactly A(A). From which we easily get that \(A) = C.

Writing £ = ¢(P — I) for some transition matrix P and ¢ > 0 and using
the Perron-Frobenius Theorem (to argue that the minimum can be attained
by some non-negative h) we also have that (e.g. [1, Ch. 3])

AMA) = min{&E(h,h) : h € R, ||h||2 = 1, supp(h) C A}

(5.5) . 5

=min{&(h,h) : h € Ry, ||hl[2 = 1, supp(h) C A},
and so
(5.6) Ao(e) = min{\(A) : 7(A) < e}.

5.1. Decay of Lo distances via the spectral-profile and the Poincaré con-
stant. Recall that the L, norm (w.r.t. 7) of a signed measure o is defined
as

lo

pr = lo/xllp,  where (o/m)(z) = o(x)/m(x).

In particular, for a distribution v its Ly distance from 7 satisfies

lv = =[|3 - = llv/m — 13 = Varx(v/m).

Let vy = P!, := ve and uy = vy /7 = e'*" () (where veX(z) = >, V(W) Py, ),
while e*” f(2) = Z e (x,y) f(y)). For f € R, writing f; = e’“" f we have
g Vare(fe) = (L fo fo)m + (fos L7 fe)w = 2L e, fidm = —2E(fe, f2) (cL. [22, p.
284]) and so

d A
(5.7) EVarw(ut) = a\/arﬁ( (1)) = —2&(ug, uy).

By (5.1) we get € (ug, ur) > AVarg (ug) from which it follows that %Varﬂ(ut) <
—2A\Var,(ut), and so by Gronwall’s lemma

(5:8) lve = |3 < llv = 73 - exp(=22t).

This is the well-known Poincaré inequality. The ¢ L,-mizing time is defined

as
mix

+P) (e) = inf{t : max || P*(x,-) — 7|lpx < €}

It is standard (e.g. [13] or [22, Prop. 4.15]) that for reversible Markov chains,
for all z € Q2 and ¢ we have

(5.9) mas | S — 1 = max St — 1 and [Py -y, = B - L
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Thus tl(f:lox) (e2) = 2tf§i)x(5) for all € < (max, %96():10))1/2'
Theorem 1.1 in [13] asserts that

(510) Ve e (07 1/77*]7 tg;ox) (5) < tspectral—proﬁle(5)~

We shall use a variant of this where we want to bound the Lo mixing-time
starting from some initial distribution v for which we have a decent upper
bound on [[v — 7|2 x.

PROPOSITION 5.1 ([13] Lemma 2.1). For any (non-zero) u € RS we
have that
E(u,u)

Var () = 20 (4]lull}/ Varz (u)) .

We recall the proof from [13] for the reader’s convenience.

Proof. Let M = Var, ( > and B = {z: u(xr) > M}. The set B is

_u
VAl
non-empty by Holder’s inequality. Considering @ := (u — M)1p = (u— M)+
we now have &(u,u) > £(4,u). Also,

Vare() > Ex[(u— M)3] — (Exlu])* > [Jul3 — 2M lulls — [|ull
= Vary(u) — 2M ||uljy = $Vary(u).

Finally, 25;&22) > \‘;(;:Eg) > A (mw(supp(a))) > A(%), since by Markov’s

inequality 7(supp(a)) < l4db = \;;";:'('i). O

Recall that u; := v;/7 and vy :== PL. Using Proposition 5.1 and (5.7) it is
not difficult to verify the assertion of the following proposition, which refines
(5.8) and (5.10).

PROPOSITION 5.2 ([13] Theorem 1.1). For any initial distribution v we
have that
4/M ds

5.11 v — 7|3, <M, if tz/ —_
o1 =l Y-l OA()

In particular, for all 0 < 8 < 1 we have that

log(1/8)
A (4/Blv = 73,0))

(5.12) e = wll3 - < Bllv = wll . if t>
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We shall sometimes use the following simple variant of (5.12).
LEMMA 5.3. If [|v — 7|3, < M then for all 0 < § < 1 we have that

log(1/3)
A(4/(BM))

Proof. If [[v—n|3 . < BM this follows from the fact that P; is a contrac-
tion in Ly, i.e. |v—|3 , < [lv—7ll5 ., < BM.If |[v—7l3 . € (BM, M] then by

(5.13) vy — i3 < BM, if t>

;) BM _ log(1/8') _ _log(1/8') log(1/13)
(5.12) for ' = To—rls > fB, s = A/(@ lv—rlB.))  A@/(BA)) S R@/(5M))
we have ||y, — 7T||%,7T <Bv - 7T||%,7r = pM. -

5.2. A lower bound on Lo distances in terms of small sets probabilities.
Let P(2) be the collection of all distributions on 2. Let A C Q and ¢ € (0,1).
Let

Pas:={reP):v(A) >n(A)+ dr(A9)}.
Note that
Vas i=0ma+ (1 —0)m € Pag,

1
where 4 (a) := %

Pas} = 0. It is thus intuitive that for a convex distance function between
distributions, v4 s is the closest distribution to 7 in P4 s.

is m conditioned on A. Moreover, min{¢’ : vas €

PROPOSITION 5.4 ([17] Proposition 4.1). Let A C V. Denote vas =
0ma+ (1 = 98)m. Then

(5.14) Vi€ (0,1) min |v- |3 = lvas — ll3 - = 6°m(A) /m(A).
v Ab

The proof is an exercise in Lagrange multipliers (see [17] Proposition 4.1).

5.3. A mixing time bound for the p-tilted hypercube. We call the hyper-
cube {0, 1}? equipped with the product measure m, the p-tilted hypercube.
The natural dynamics associated with it is the one at which each co-ordinate
is updated at rate p and takes the value 1 with probability p and 0 with
probability 1 — p. This is precisely the evolution of the environment 7.

LEMMA 5.5. Denote by P, the time t transition kernel of the p-tilted
hypercube with update rate p for each co-ordinate. Let ov:=p A (1 —p). Let

t(0) = tpu(0) := ilog(dm). Then

Pys)(z,y)

(5.15) max —c

x,y€{0,1}4

SIED
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PROOF. By scaling we can assume p = 1. Denote the transition kernel
of a single co-ordinate by Q. Let v,(1) := p =: 1 — 1,(0). Then Q¢(a,a) =
e+ (1 —eYv(a) for a € {0,1}. Now

Ptxx HQt%,

i —« l—«
<
icia vo(@i) <1l <1+ acet ) op (d aet)

i€ld)

(using 1+ < e”). The proof is concluded using (5.9) by substituting ¢t = ¢(J)
above. n

6. Proof of Theorem 1.2.

DEFINITION 6.1. Let A C V x {0,1}¥. For every a € V we define
Env(a, A) = {n € {0,1}7 : (a,n) € A}.

For a € [0,1] we say that a € V is (A, «a)-environmentally friendly if
mp(Env(a, A)) > a. We denote the collection of (A, a)-environmentally friendly
vertices by A(a).

From now on we fix a set A C V x {0,1}F with man,(A) > 1 and

set B = A(%). For every b € B let En\v(b) C Env(b, A) be some set of
environments such that m,(Env(b)) € [1, 3]. Suppose that g ~ mp. Recall
from Definition 3.3 that (7;) is the sequence of regeneration times with 7p =
0. Let 7; := Tt 1x, ey =i) be the i-th regeneration time at which

the walk co-ordinate is in B. We now take a subsequence defined as follows:
o1 = 71 and inductively

oit1 = inf{7; : 7; > 0; + K},
where k is a constant to be determined later. Finally we let

T = inf {j Mo, € ETH\V(XU].)}.

LEMMA 6.2.  Letng ~ m,. Then n,, is independent of X5, and distributed
according to .

Proof. If an edge has not been examined by the walk during [0, 0],
then at time o) it is distributed according to Ber(p). For the edges that
were examined by the walk, considering the last time before time o; that
this happened we get that at time o; they are also distributed according to
Ber(p) independently over different edges and of the location of the walk. [
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LEMMA 6.3. If k in the definition of (o;) is taken sufficiently large, then
Vi e N, P(T=i|T>i) > 3.

Let Y be the auxiliary chain with parameters p = 1 and p € (0,1). We
take its continuous time version, i.e. we consider the continuous time chain
which stays at every vertex for an exponential time of parameter 1 and then
makes a jump according to Pauy. We write (P"™®),cr . for its transition
semigroup, i.e. P2 — es(Pauwc—1) and define for § > 0

(6.1)r(6) = inf {s SN max PIS(1y) <1 for all £ > s} .
RIS

LEMMA 6.4. There exists 6o € (0,1) such that for all p € (0,1) we have

(6.2) r(do) < %,

Proof. We write J; = P, We first note that max, ey Ji(z,y) is
non-increasing in ¢ and so 7(0) = inf{s € Ry : max, yev Jo(x,y) < 1 —0}.
Now, let s = 1/p and let T3 be the first time the continuous time auxiliary
chain jumps out of x. Then T is exponential of parameter 1 — Py« (x,z) < p
by Lemma 3.8. We then get

JS(.’E,.T) Z ]P)(Tl > S) = 6_8(1_Paux(x7$)) Z cl.

Let T5 be an exponential random variable independent of T} of parameter
maxy (1 — Paux(y,y)) < p. We then get

1—Js(z,2) > Pp(Th < 8, T > 8) > ¢

for a positive constant cp. Noting that Js(z,y) < 1 — Js(z,z) for = # y
concludes the proof. O

Below we write Agyy,(up)s Maux,(up) @0d Asrw for the spectral profile of
the full chain, the auxiliary chain with parameters (u,p) and the simple
random walk respectively. Note that A,y (,p) is defined with respect to the
generator P, () — 1. We write £, for the generator of the full process
with parameters (i, p). Finally, for A C V' x {0,1}F we write X, ,)(A) for
the smallest eigenvalue of the restriction of —£,,, to A, as in the paragraph
preceding (5.4).
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PROPOSITION 6.5. There exist positive constants M and L so that the
following holds. Let A C V x {0,1} be such that mpy,(A°) < 1/2, let
B = A(3) C V be as above, let & be as in Lemma 6.4 and (Ys)s>0 be
the continuous time chain with generator Py (1) — 1 with p € (0,1). There
exists a sequence of stopping times Ty < Ty < --- (w.r.t. the chain (Y5)s>0)

such that for all i we have Y, € B and T;/ {A M @) T+ 7‘(50)-‘ is

! aux,(l,p)(MTrfull,p
stochastically dominated by the law of 23‘21 Z;, where Z1, 23, ... are i.i.d.
Geometric random variables with mean at most L, where r(dp) is as in (6.1).

We defer the proofs of Lemma 6.3 and Proposition 6.5 until after the
proof of Theorem 1.2.

Proof of Theorem 1.2. To simplify notation we write r = r(dp).
The proof is mostly a formal exercise involving translating the assertion
of Proposition 6.5 concerning the rate of exponential decay of the tail of

] . M . . ~
T/ (z [Aaux,(l,p)(Mﬂfun,p(Ac)) + TD into one about the rate of exponential de

cay of the tail of o;/ (z { om0 e (A7) + r—‘ ) This is straightforward
in light of the fact that the spacings between the regeneration times are i.i.d.
with an exponentially decaying tail, and that each such spacing is at least
Kk w.p. at least e7". We now give the formal details.

Let t = ﬁ log (|E|(1 — a)/(alog2)), where a = p A (1 —p). Then it is not
hard to see that
2

¢ 2
(6.3) [P ) = Tratplomen, S =y

Indeed, let P, = Pt(“ P) and Q: = Qg“ ?) be the transition kernels for time ¢
of the full process and of the environment, respectively. The latter is simply
a continuous-time SRW on the p-tilted hypercube, and its 1- Ly mixing time
(i.e. 2 (¢) with ¢ = 1) is at most ¢ by Lemma 5.5. Thus felzm.em) <

mix Trall,p(T,)

Qa¢(n,n) < 2/min,ey 7(v) which shows (6.3).

T () min ey ()

Using (6.3) and (5.11) we get
4/e
(6.4) tfzﬂ;(uap),(oo) (62) <ot + 2/ d—5
2min, ey 7(v) 5Afu11,(,u,p) (5)

Let p1 < po. Then ‘Cﬂzm((x?n)’(ya 77/)) < %Em,p((%??)a(’yaﬁ/)) for all
(z,n), (y,n") € V x {0,1}¥. Using also (5.5), (5.1) and noting that both
L, pand Ly, , are reversible w.r.t. mg,, we obtain

1
(65) Afull,(,ug,p) (5) < M_jAfull,(uLp) (5>
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By combining (6.4) and (6.5) together with (5.3) and (5.6) we see that in
order to conclude the proof of Theorem 1.2 it suffices to consider 4 = 1 and
prove that for a positive constant M we have that for all A C V x {0,1}¥
with ﬂ'fuu,p(Ac) S 1/2

P 1

6.6 <
(6.6) M p)(A¢) — Aspw (Mg p(A%))

(the Lh.s. is defined w.r.t. the full process). We write A2 (P) for the spec-
tral profile of the auxiliary chain with parameters p and p.
By Lemma 4.4 we have that for all § > 0

p < 2
AauX,(LP)(&) - ASRW((S)'

Hence to conclude the proof of Theorem 1.2 it suffices to show that for A as
above

1 < 1
M) (A€) = Amws(Lr) (Mg p(A€))

(6.7)

Throughout the remainder of the section we fix 4 = 1. Our strategy for
proving (6.7) is to find a set B C V with 7(B¢) < mg,,(A°) and such that
the asymptotic rate of decay of the tail of T4 can be controlled via the time
spent in B by the auxiliary chain. Roughly speaking, we want to have a
set B such that every visit of the auxiliary chain to B is a visit of the full
process to A with some probability bounded away from 0. Here we are using
the fact that the auxiliary chain can be coupled with the full process by
viewing it along regeneration times.

We next claim that it suffices to prove that for M and r as in Proposition
6.5 there exists a positive constant ¢ such that

(6.8)

‘ ; c 1
320“”] <e' for some a st. — < + 7.

@ 7 A, (1,p) (M e p(A))

Ttull,p [e

Indeed, for (0;) and T as defined earlier
P, (Ta > 1) < Pr (0T16a8) > t) 4 Prgy, (T > [16at]) .

Now by Lemma 6.3 we have Pr,, (T > [16at]) < (7/8)16at] < =20t

and Pr. (01160 > t) < Ergarp [e3299 1601 )¢ =329 which by our assump-

tion is at most e 320tell6et] < 1-16at  Therefore, this would then imply

that E [e?T4] < 0o, and hence A ,)(A°) > a.

Tfull,p
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So we now turn to prove (6.8). Recall that 7; is the i-th regeneration time
as in Definition 3.3. We now consider the discrete time auxiliary chain Y.
Let Y be the continuous time version of Y, i.e. we let N be an independent
Poisson process of rate 1 and set 372 = Yn(). We set

M + 7’—‘
A, (1,p) (M Tgan (A€)) '

Hence, it suffices to show that by setting L to be sufficiently large there
exists a positive constant ¢ such that for all x > 1 and all i

i~

IP’(U,- > xLSSi) < ce 1070,

Let (7;) be the stopping times from Proposition 6.5. Recall that N(t) ~
Poisson(t) is the number of jumps the continuous-time version of the auxil-
iary chain makes by time ¢. Hence N(T;) is the number of jumps it makes
by the stopping time T;. We have generated the full process, the auxiliary
chain (Y;), and its continuous-time version Y; := Yjy(;) on the same probabil-
ity space (the auxiliary chain is generated by viewing the walk co-ordinate
of the full process at regenaration times, and the continuous-time version
of the auxiliary chain is generated from the auxiliary chain by using an in-
dependent rate one Poisson process (N(t) : t > 0)). Hence we can consider
p(i) := Tn(t,), Which is the time at which the N (7;)-th regeneration time of
the full process occurs. The walk co-ordinate of the full process at time p(i)
is Yr,. For all i we set Z; to be the time between p(i) and the first time after
p(7) that the walk X examines an edge. (Note Z; is an exponential variable
of parameter 1.) We also define

L
§=L(N(T}) ~N(Tj-1) 2 1,Z; 2 x) and  Jy=Y &
j=1

Note that the variables (;) are i.i.d. and since Tj; — Tj_; > 1 for all j and
the two events appearing in the definition of &; are independent, we get
that P(§; = 1) > (1—e!)e ". Using the definitions above we then have the
following inclusions for all z and ¢

{o; > aL?Si} C {p([xLi/4]) = xL>Si} U {Jrppim < i}
{p([xLi/4]) > xL>Si} C{N(T\zpia)) = xL*Si} U{r,1287 > wL>Si}
{N(T\zpija)) = xL?Si} C {Tzpija) > xL?Si/100} U {N(xL*Si/100) > zL*Si}.
(For instance, the first inclusion follows by noting that if J(j) > ¢ and
p(7) < t then we must have that oy < t. Indeed, if J(j) > ¢ then among
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Ty,...,T; there are at least £ that contribute +1 towards increasing the
index of ¢ - i.e. towards inf{k : o, > p(j)}. If moreover p(j) < ¢, then T} is
generated in the full process at some time which is smaller or equal to ¢.)

The proof is now concluded by taking L sufficiently large and using Propo-
sition 6.5 for the tails of the stopping times T;, the fact that J is the sum of
i.i.d. indicators with probability bounded away from 0, large deviations for
Poisson random variables and Lemma 3.5 for the tails of (7; — 7;,_1).

Using that tSEW (€) Z (log |V /e) for all € € (0,1) shows that we

spectral— proﬁle
can absorb the logarithmic terms (one of which is coming from the term

f24r/rinvev7r ) %dé, using min, w(v) > |V|72, while the other one from (6.4))
and this completes the proof. ]

REMARK 6.6. We now explain how to get rid of the log term in the
statement of Theorem 1.2 when considering total variation mixing. Let t =
210% and A be the event that all edges of G have been updated by time ¢.
Define vy = IP’fxm)(-M) and vo = Pfxm)(-|Ac). Then we have

Pirsy = B(A) P, + P(A°) P

(zm v2)

and hence, by convexity and Jensen’s inequality we obtain
t+
‘ Plam ”full,pHTV < P(AY) + [P}, — Truinpll2.meun -

Similarly to (6.3) we have that

1

2
Hyl — 7Tfull,p”2,7rfun,p < m

The rest of the proof is identical to the proof of Theorem 1.2.

LEMMA 6.7. Let w be a distribution of full support on a finite set Q. Let
J be an Q-valued random variable and A an event. Then
< IPUE) TR el

i = P(A)? |

(6.9) IP(J e -]A)—
In particular, if v is some distribution on Q and U is v conditioned on A C €,
then

2
S I =75, +1
(6.10) 7=l < = g — -1
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2
Proof. We have that ||P(J € ) — 77”5’7r +1 =3, n() (M) >

7(x)

2
Y. m(x) (W) . By the same reasoning ||P(J € - | A) — 7r||%77r +1=

2
o Saea i) (FLzzi0n)” -
Proof of Lemma 6.3. We need to show that
_ . )
P(nUi S EHV(XUZ-) ‘ T Z Z> 2 g

Let J; be the set of edges examined by the walk during the time interval
[0i—1,0i] and let E; = E'\ J;. Crucially, given (J;, E;), 1y, , and the whole
history (X} : t < 0;) we have that the law of 7,, can be described as follows:

(1) The different co-ordinates of 7,, are independent;

(2) For e € J; we have that 7,,(e) ~ Bernoulli(p);

(3) For e € E; we have that 7,,(e) ~ Bernoulli(p) with probability 1 —
e~(7i=%i-1) and otherwise 7, () = 7s,_, (¢). In other words, the restric-
tion of the environment to E; evolves during [o;_1, 0;] by updating each
edge at rate 1 to be either open w.p. p or closed w.p. 1 — p.

For any sequence (z;) with x; € B for all ¢ and all sequences (.S;) of subsets
of E, define A; = { Xy, = x1,...,Xs, =z, E1 = S1,..., E; = S;}. For every
subset of edges S we denote by 715 the Bernoulli(p) product measure on S.
By properties (1) and (2) above we then have

S.

i
2,mp

IP(1, € | T >4, A1) = mplly . = [Pno,ls, € - | T >0, A;) = m

where 7|g denotes the restriction of 1 on the set of edges S. For every
n € {0,1}% we now let

v () =P(os —0i1 € [ Ny ls =0, T >0, 4;) .

We note that under the conditioning above, the distribution of o; — 0;_1
does not depend on {1y, ,|s, = n}, since S; is the set of edges that the walk
does not examine during [0;_1, 0;]. Therefore, we get for all 7

vI()=Po; —oi1 €| T >0, 4;) = v4(4).

7

Using again that 5; is the set of edges that the walk does not examine during
[oi-1,0i] we get

(6.11)
wi(n) =P, |s, =n| T >1i,4) =Pno,_,|s, =n| T =1, A1) .
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Conditional on {T" > i} N A;, the distribution of 7,,|s, is that of a p-tilted
random walk on the hypercube {0,1}% started from 7,, ,|s, and run for
time o; — 0;_1. Let 77 be a continuous time p-tilted random walk on {0, 1},

Hence, putting all things together (and recalling that o; — 0,1 > Kk by
construction) we obtain

(6.12)
[PCrls, € 17 >0, 43) =755 s,
2
_ P(nols, =& | T > i, A;)
- Si(¢ ( A —1)
Ee{%;}si > () ' (€)
2
1 o0
= Z 7TSZ(«S)( - Z pi(n) P =& | o =mn) vs(dt) — 1
£c{0,1}5i ’ ' (¢) ne{0,1}5i /”
2
. P, (=€)
= Si(¢ ( e i(dt) — 1>
g{z} s [ g @
2
_ s (P (=) ) )
— ‘(&) . — 1) v(dt)
e (l ( we )
~ 2
[ sig(w_g (),
/’”” se{%;}si () ' (€) i

where we used Jensen’s inequality for the last bound. The spectral gap of
the chain 7 is 1, and hence using Poincaré’s inequality yields for all ¢

~ 2
> m© (w”) = [ e =) = =3

S 2,7rsi
£e(0,1)5 ™' (¢) ’
—2t 1|, Sill?
< e i =l i
Plugging this into (6.12) gives
; Si - Si
(6.13) |P(no,ls, € - | T >4, A;) — 7 2.nSi <e || — 2aSi

Using (6.11) and the fact that the Lo distance does not increase under
projections, we get

i — 3

2771_57; < H]P)(nm'fl S ‘ T= i’Ai_l) B FPHQ,ﬂ-p‘
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Lemma 6.7 (with (9, ,,P given T"> ¢ — 1 and A;,_1,{T > i} N A;_1) here
playing the roles of (J,P, A) from (6.9), respectively) gives that

(6.14)
Hp(ﬁm_l € ‘ T > iaAi—l) - Wp“gﬂrp
1 . 2
S PO Zi-1|T>i-1L4 ) POy € [T 2= 1, Aima) =l
+ ! S

(P(T#i—1]T>i—1,4;1))>

Setting 6;(-) = P(n,, € - | T > i, A;) so far we have shown that

2
10i-1 = pll5

(P(T#i—1|T>i—1,4;_1))°

1
(6.16) TeT £ TEi-LA)E &

(6.15) €16 = mll5., <

We next show that for all ¢

1
(6.17) 16 = 7ollo, < 5-

Since 79 ~ m,, Lemma 6.2 gives that conditional on X, we have that
Mo, ~ mp. Therefore, we get that (6.17) is true for ¢ = 1. Suppose it holds
for i — 1, we show that it also holds for i. By the definition of T" we have for
all ¢

P(T=i|T>i,A) :]}D(nai € Env(z;) ‘ T> i,Ai>

= Z P(%J& = 77|S¢7770i’5'f = 77‘55 T> Z7AZ)
neEnv(z;)
S¢ .
= Z ' (77|Sf) : P(%J&- = 77|Si | T >, 4),
neEnv(z;)

where in the last equality we used the i.i.d. property of the different co-
ordinates of 7,, and the fact that they are Ber(p) (properties (1) and (2)
from the beginning of the proof). Writing \; for the projection map from
{0,1}¥ — {0,1}" and noting that

m (Bov@)) = Y m (rlse) - 7 nls:)

neEnv(z;)
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we get

‘IP’(T =i|T>i,A) —mp (E/\rw(m))\

< > )

P(no,|s, =n|T >4, A;) 1‘

Si
nei (Fav(z)) ' (1)
< [POro,ls, €1 T 2 i, 4) = m ||, s
< H]P’(?]Ui € ’ T> ivAi) - 7TPH277TP )

where for the second inequality we used Cauchy Schwartz and for the third
one the fact that the Lo distance does not increase under projections. From
this it now follows that if

1

[Pl €| T2 -1 40)—ml, <L

then

’]P’(T —i 1| T>i—1,A)— WP(EAnv(xi,l))‘ <

col

Since Wp(m(aji,l)) < 1/2, the above implies that

P(T=i—1|T2i—1,4,)<

ool ot

We are now ready to show that if (6.17) holds for 7 — 1, then it also holds for
i. Indeed, substituting the above bound into (6.15) and using the induction
hypothesis ||0;—1 — 7TPH27rp < 1 give

(/8?1 V2 V56
=l << (e 1) < g

which by taking k sufficiently large can be made smaller than 1/8 and this
completes the inductive step and the proof of the lemma. ]

Proof of Proposition 6.5. First we claim that for all a we have that
(1—a)m(A()¢) < Tpannp(A°). Indeed, mn p(A) < T(A(er)) +am(A(a)€), and
hence e p(A¢) > (1 — a)m(A(a)®). Since B = A(1/4), this now gives that
m(B¢) < $manp(A°) < 2. By increasing M by a %—factor, we may replace
Teall,p(A€) in (6.7) as well as in the statement of Proposition 6.5 by m(B¢).

We write r = r(dg) with dp from Lemma 6.4 and we let & = min((d0/2),1/4).
To simplify notation we write A = Ay (1) Let £ € N to be chosen later.
We now define a sequence of times (t;) by setting for all j > 0

o log(4a2%) o) = log(4a~2) .
4= <A<16a—2ﬁ/||7r3c—w||%,ﬁ> Y )‘] <A<16a2~w<Bc>/w<B>> Y >
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where we write a V b for max(a,b) and 7p for m conditioned on D (i.e.,
mp(z) = T%—DE)GD). We will now construct a sequence of random sets
Dy, Dy, ... such that B¢ C D; for all ¢ and if & = 1(Y;, ¢ D;), then for
all ¢ almost surely

P& =1]8&0-.-,&i-1) > a.
This will imply the assertion of the proposition by setting

J
Ti:inf{tj:ka:i},
k=0
i.e. T; is the i-th time ¢; such that Y;, ¢ D;.
So now we turn to define the sets D;. We do this by induction. For ¢ = 0
we set Do = B€. For i > 1 we will define D; as a measurable function of
&0y -,&—1. Since 7(B¢) < 2/3 and Yy ~ 7, we immediately get that

B(T) = 0) = B¢y = 1) = n(B) >

W =

We note that if Yy ~ m, then given Yy ¢ B, we have that Yy ~ mpe and
similarly if Yy € B, then Yy ~ m5. We now consider the measures v;(-) =

Pr (Y, € ) for i = 0,1, where we set B? = B and B! = B¢. We now argue
that
m(B)
(6.18) 0 =7l v 11 = 7l < 0" T2
Indeed using (5.12) we obtain
m(B)
(6.19) I =73 < offlmpe —7l3, = Of”ﬂ(Bc)-

We now verify that also ||V0—7r||%’7r < a“:((gc). Clearly ||1/0—7TH%7r <|lmp—

%,w = 1((113;)). Hence it suffices to consider the case that 7;((BBC)) > af ;r((gc)). In

this case, using the fact that A(-) is non-increasing A(16a~2¢7(B¢)/m(B)) <
A4(4da™")/||mB — 7r||%77r) and so by (5.12) we get that

7|

1 1, 7(B° m(B)
2 — 7|3, < Zaf|rp — 7|3, = =aF "
620 o—rl, < ja'lnn =i}, = jo RO) <o L

as desired, where in the last inequality we have used the fact that 7(B¢) <
2/3 .
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From (6.18) together with Proposition 5.4 we get that v;(B¢) < w(B¢) +
a2 for i = 0,1. Fix i € {0,1}. Let D} be a set in

{D D) B¢: V,(D) > 50/2}

with minimal v; probability. By the definition of 7 and the fact that =(B¢) <
2/3 we have that for all ¢ = 0,1 and for x sufficiently large

vi(DY) e [5—20 <7T(BC) +a“/2) Vv <52° +1 —50>] C [%0 A %, (1 — %°> Vv Z] :

To see this, consider the cases v;(B€) < 0¢/2 and v;(B¢) > dp/2. In the
latter we may take Di = B¢, while in the former, by minimality v;(D}) <
d0/2 4+ max, v;(z) which is at most 1 — dp/2 as t; > r (using the definition
of r). We set D1 = DY of Yy € B® and Dy = Di of Y, € BL.

This concludes the construction of D;. We now proceed by induction. For
a € {0,1}* and j < i let a(j) € {0,1}7 be the first j co-ordinates of a.
Assume that for each a € {0,1}" we have defined sets Dj o) 5 Be for all
j < i such that v,, the law of Y}, given that for each j < i we have that

Vi € D}I(j ) iff the j-th co-ordinate of a is 1, satisfies that

(B) a2
vo(Df) € la,1 —a] and (v, — 7r||27T <af <7T(BC) + . a“Q) .

Note that we have already checked that this holds for our distributions v;
for i = 0,1. We now want to construct for each b € {0,1}**! a distribution
vy and the set D!, such that (DY) € [a,1—a] and |1y — 7[5, <

(:((gc)) + l‘fxﬁ) For a € {0,1}%, let e (respectively, V,Sl)) be the

measure v, conditioned on (D$)¢ (respectively, D¢). Then by Lemma 6.7
for j = 0,1 we get

2
. — +1
G) _ < HVG« 7r”2,7r < —2 . 2 1
R R o (e | P (02 D A
K—2 W(B) 05_2
=: M.
7(B°) + 1—ar—2

<«

Using 7(B¢) < 2/3 we see that M < W((B))( R o0 ) < 3;1(;)) -,

provided x > ko(«). Using this bound, we see that

log( 2,‘-@+2)

t
' K420
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For b € {0,1}'™! we now define v,(-) = P ,,,)(Y;, € ) with b;11 denoting
Vp(i

(%)
the i + 1-st coordinate of b (and b(7) its first i co-ordinates). Using (5.13)
this time we obtain that for sufficiently large

2 2k—2 m(B) o ?
I — 73, < @™ 2M < of (W(Bc) ).

In particular HVb—Tl'H%Jr < 3ar? :((lfc)) provided k is sufficiently large. Propo-

sition 5.4 gives that 1v,(B®) < m(B°) + /32" 2/2 < 1(B°) 4 o//* for
sufficiently large. In the same way as above when defining the set D! we
get that if « is sufficiently large, there exists some set Df 11 = B¢ such that
vy(DY +1) € [o,1 — a]. This completes the induction and the proof of the
proposition. ]

7. Applications: transitive graphs of moderate growth and the
hypercube. In this section we prove Theorems 1.8 and 1.9. Below we
identify a percolation cluster with the vertices lying in it. Recall that we
denote the cluster of vertex x by K, and its edge boundary by 0K,. Finally,
recall that we write M, = m,(|0K;||K;|*) and N, = mp(|K|).

LEMMA 7.1. Let c,a € R. There ezists a positive constant ¢ = c1(a, c)
such that the following holds. Let G = (V, E) be a connected vertex-transitive
graph of (c,a)-moderate growth and diameter . Suppose that N, < ~/4.
Then we have
(v — 4Np)2

tqu?(l"/vp) >
pp My

rel Za

Proof. Denote the cluster of z € V w.r.t. n by K. (n) and as usual we
identify it with the set of vertices lying in it.

Fix some o € V. Let f(2,1) = 1y 2vek.(n 96(v,0), where dg is
the graph distance w.r.t. G. For n € {0,1}¥ denote by 1° the environment
obtained from 7 by setting e to be open if it was not already open (i.e.
n(e) =1 and n°(e’) = n(e) for all ¢’ € E'\ {e}). Observe that the value of
f cannot change as a result of a jump in the random walk co-ordinate (as
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such a jump leaves the walk in the same percolation cluster). Thus

E(f. f) = > m(@)mp(n)up (f(z,n) — f(z, 1))

z€V,ne{0,1}F, ecdK(n)

<up Y @) Ko ()P

3:77776€<9KI (77)

=up Y, m(m)|Ee(n)]?

n:eeaKO (77)

=up Y m[Ly ¢ Ko 3 2)(|Ko| + Ky,

zy: {zy}cE

where the penultimate equality follows from transitivity, and the last one
from the fact that on {y ¢ K, > x} we have that |K§x’y}\ = |Ko| + | Ky
Observe that for all A C V with o, € Aand y ¢ A, given that K, = A we
have that | K| is distributed as the size of the percolation cluster of y (with
parameter p) on the induced graph on V'\ A, which by an obvious coupling
with 7, is stochastically dominated by the (unconditional) law of | K| under
mp. Thus for all such A we have that E [|K,|* | K, = A] < Eq [|K,|*], and

hence for all a > 0 we have that

(12) Enllly ¢ Ko2 )y | Kol < Ep (K07 = B llK,0)
Plugging (7.2) in (7.1) and summing over {z,y} € E yield

(7.3) E(f,f) < 4dupM,.

We conclude the proof by showing that Varq, (f) > cac(y — 4N,)2. It
is not hard to verify that

(14 Yo, |da(z.0) - pr fan)| < mKLl) = N,

Let (X,n) ~ 7 x m, and (Y,n’) ~ m x m, be independent. Define
A= {da(Y,0) <7/4, da(X,0) > 39/},

Since G is of moderate growth, there exists a positive constant b such that
P(A) > b. Finally, by the independence between X and 7 together with (7.4)
E[f(X,n) | A] > 3v/4 — N, and similarly we also have that E[f(Y,n) | A] <
v/4+ Np, which together yield that

2Varr,,, (f) = E[(f(X,n) — f(Y.1)’] = E[(f(X,n) — f(Y,n))*1(A)]
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> (P(A))? (ELf(X,n) | Al —E[f(Y,n) | A]))* > b2(y — 4N,)2/4,

where for the second inequality we used Jensen’s inequality and for the last
one we used the assumption that v > 4N,,. O

Proof of Theorem 1.8. Let P be the transition matrix of simple ran-
dom walk (SRW) on G. Diaconis and Saloff-Coste [7] showed that for a
Cayley graph G of (¢, a)-moderate growth we have

2724—20,—1 S tr t( )

N mix Nca'y

Using this, Lemma 7.1 and the assumptions on M, and N, we have

full, (1, I 9 1 grw
trl;] (1) za,b,c @’7 —a,c — el -

As proved in [19, Proposition 8.1] and previously noted in [24], for vertex-

transitive graphs of degree d and (c, a)-moderate growth one has that

SRW 472 This together with Theorem 1.2 yields

spectral—profile Na G

1 1 1
Nacd _'7 +_‘10g(1_ )|§ @72 = _tie}l{wv

Al (p) < full (). (00) <
mix
Hp

rel

where for the last inequality we used the assumption |log (1 —p)| < 2.
This completes the proof. O

Proof of Theorem 1.9. The proof follows from Theorem 1.2 together
with the upper bound on the spectral profile of simple random walk on the
hypercube (see [19, Section 7]). O

8. Log-Sobolev constant. Theorem 1.2 in [18] asserts that for every
Markov chain on a finite state space

LR IOg(l/g)CLS<1.

8.1 — —_—
(8.1) 17 — 66(1[?1/2} Ao(e) B

We note that the result in [18] is stated for the case that £ = P —I for some
transition matrix P, but as noted several times before, the general case can
be reduced to the case L = ¢(P — I) for some ¢ > 0, and the relevant
quantities scale linearly in c¢. We also note that the equivalence between
(8.1) and Theorem 1.2 in [18] relies on the general fact that if A = U]_, A;
and the sets A; are disjoint and satisfy L£(z,y) =0 for allz € A; and y € A,
for i # j, then (e.g. by (5.5))

(8.2) A(A) = min \(4;).
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As for every singleton z by (5.5) we have that A({z}) = —L(z, x) it follows
that

(8.3) crs < min —L(z,7)

@ log(1/m(x))’

Proof of Theorem 1.6. Let M be as in (6.6). Recall that Ag(e) and
A(g) are non-increasing in e. Thus by increasing M if necessary, we may
assume that M > 2. Using this again, as well as Ag(1/2) < A(1) < 2A0(1/2)
(this is used to treat & € (my/M,m.] U (557, 3); for the first inequality see
the proof of [13, Lemma 2.2], the second inequality follows from (5.3) by
monotonicity), by (6.6) together with (8.1), we have that

log(1/¢) . log(1/e) SRW
min ————— < in ———=x1/c .
'upse[m/M,l/Z] Agu“v(uvp) (e) = e€lm1/2] ASEW (¢) /ets
log(1/e) log(1/+) log (57
Ag‘lll,(ﬂvp) (e) ~ I :
Let 6 < 1/M and let B be such that 7y p(B) = 074 Then for all v € V
we have that

It is left to prove min.¢ (g r, /n)

< > ou m(w)my(Env(u, B))  mpa,(B) _s

T T

7p(Env(v, B))

Consider now the (reducible) Markov chain on Q := V x {0, 1}¥ in which
the walk co-ordinate cannot change, and the environment evolves in the
usual fashion by refreshing each edge at rate p (and declaring it to be open
with probability p and closed w.p. 1 — p). Note that it is reversible w.r.t.
Tall,p- Denote the corresponding generator by L' while that of the (usual)
full process with parameters (i, p) by £. Let N'(B) and A(B) be the minimal
Dirichlet eigenvalue of B w.r.t. £ (i.e., the minimal positive eigenvalue of

‘s, given by L5(a,b) :== L'(a,b)1(a,b € B)) and L, respectively. Then by
(5.5) we have that

N(B) = min{E¢(h,h) : h € RY, ||h|l2 = 1, supp(h) C B}

-
(8.4) , A
< min{&¢(h,h) : h € RY, ||h|l2 = 1, supp(h) C B} = A(B).

(The first equality holds even without irreducibility). Since w.r.t. £ the
sets ({v} x Env(v,B) : v € V) are disconnected (i.e. L' (a,b) = 0 for all
a € {v} x Env(v,B) and b € {u} x Env(v, B), for all v # u) and their union
is B, by (8.2) we have that

(8.5) N(B) = mvin N ({v} x Env(v, B)).
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As the evolution of the chain corresponding to £’ on each set of the form
{v} x {0,1}F is simply that of the rate u p-tilted hypercube, for every v we
have that

(86) )‘/({U} X EDV(U, B)) = )\p—tilted hypercube with rate M(EHV(’Uy B))

As m,(Env(v, B)) < §, by (8.1) we have that for all v (uniformly in p and p)

(87) >\p-tilted hypercube with rate #(EDV(U, B)) Z élog(1/5)7

where ¢ = ¢(p, p) is the log-Sobolev constant of the rate p p-tilted hypercube
(this is a dimension free quantity [8], but here the co-ordinates of the hy-
percube are labeled by the set E). Finally, combining (8.4)-(8.7) and using
the facts that me ,(B) = 07, and § < 1/M < 1/2 we see that

A(B) S ¢log(1/0)
log(1/mump(B)) ™ log(1/(0m.))

5 é/ log(l/ﬂ*)

> p(1 = 2min(p, 1 — p))
™ log(max(p, 1 — p)/ min(p, 1 - p))) log(7)’

where in the last inequality we have used

max(p, 1 — p)

¢ = p(l —2min(p,1 — p))/IOg(min(p 1—-p))

(e.g. [8], alternatively, this can be seen using the facts that (i) the log-
Sobolev constant scales linearly in g, (ii) for product chains it is the same as
the minimal log-Sobolev constant of a single co-ordinate [8], and (iii) the log-
Sobolev constant of a single co-ordinate can be approximated using (8.1)).
We note that for p = 1/2 this should be interpreted as (1 — 2min(p,1 —

p))/ log(meeion) — 1.

We now prove the result about ¢,,. Combining (6.5) and (6.6) we have
that

(119) ™ A up)(1/2) Z min Asrw (a) = (15) 7.

Finally, using the fact that for every reversible chain A(1/2) < 2/t,q [13,
Lemma 2.2] completes the proof. O
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