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Abstract: In this paper, several sandstone specimens are prepared and subjected to uniaxial compression and cyclic loading. For each specimen, the loading segment of 
the stress-strain curve was fitted, and the peak slope of this segment was taken as the elastic modulus of the specimen in that cycle. It is learned that, under cyclic loading, 
the elastic modulus of each specimen increased with the growing number of load cycles, and tended to be stable; meanwhile, strain hardening was observed on all specimens. 
Moreover, the specimens are similar in corresponding stress, although varied in corresponding strain. In the same cycle, the tangent modulus of the loading phase was 
smaller than that of the unloading phase under the same stress. Finally, the damage variables of sandstone specimens under cyclic loading were defined from the angle of 
energy, revealing that the damage variables had logarithmic growth with the load cycles in the later stage. 
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1 INTRODUCTION 
 

Recent years have seen a boom in the construction of 
underground works like mountain tunnels, subsea tunnels, 
metros and mines. These underground works have changed 
the original geo-stress state, and imposed cyclic loads on 
the surrounding rock. Therefore, many scholars have 
explored the deformation and damage features of rocks 
under cyclic loading [1-6]. 

Cyclic loading / unloading tests have shown that the 
rock specimen will undergo strain hardening or strain 
softening to different degrees, depending on the rock type, 
load magnitude, number of load cycles or unloading time. 
This phenomenon can be described by the variation in 
elastic modulus. In uniaxial loading tests, the elastic 
modulus is often measured by the slope of the stress-strain 
curve in the loading phase or that of the secant to the stress-
strain curve in the unloading phase [7]. Some scholars have 
obtained the elastic modulus through theoretical derivation 
[8], and verified the result through experiments and field 
applications [9-10]. For instance, Yan, [11] and Xia, [12] 
conducted a freeze-thaw cycle test and a cyclic uniaxial 
stress-temperature test on rocks, respectively, aiming to 
disclose the change law of elastic modulus. Through cyclic 
loading tests, Ge, [13] and Wang, [14] discovered that the 
rock is damaged in each cycle, whether it is hardened or 
softened under the strain, and will suffer from fatigue 
failure when the load level or load cycle reaches a certain 
threshold. 

The variable that characterizes rock damages is called 
the damage variable. Drawing on the hypothesis of strain 
equivalence, Lemaitre et al. [15] defined the rock damage 
with the difference in elastic modulus between the intact 
rock and the damaged rock: 
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where, E0 and Es are the elastic moduli of intact and 

damaged rocks, respectively. E0 and Es are the secant 
modulus of the stress-strain relationship curve. 

However, Xie et al. [16, 17] argued that this formula 
only applies to the description of elastic / brittle damages 
rather than that of elastic-plastic damages, and proposed a 

new method to identify elastic-plastic damages, which 
considers the effects of plastic deformation and damages.  

By this method, Liu et al. [18-19] examined the test 
methods for the damage variable of rocks with obvious 
vicious deformation, and concluded that the damage 
features can be accurately reflected by low-frequency 
cyclic loading / unloading test, which has a highly time-
sensitive elastic modulus. Zhou et al. [20] computed the 
damage variable based on the stress-strain curve, and 
obtained results that agree with the data of acoustic 
emission testing. Xu et al. [21] calculated the stress index 
of rock by Norton' s empirical formula and the seven-point 
method, and determined the damage variables at different 
time points, in the light of the theory of damage mechanics 
and the exponential relationship between stable and 
accelerated creeps. This relationship was proposed by 
Norton. 

Fan et al. [22] compared several definitions of 
effective modulus method, and recommended to measure 
the damage variable of rock by the secant modulus method 
with η - coefficient. Zhao et al. [23] redefined the damage 
variable as a relative concept, confirmed the linear positive 
relationship between the damage variable and plastic 
strain, and quantified the critical energy loss that leads to 
fatigue failure of rock. In fact, rock failure is essentially the 
loss of stability induced by energy evolution [24]. The 
mechanism of energy evolution during rock deformation 
and failure can be found in Reference [25]. 

In this paper, several sandstone specimens were 
subjected to uniaxial compression and cyclic loading, 
respectively. For each specimen, the loading segment of 
the stress-strain curve was fitted, and the peak tangent 
modulus was taken as the elastic modulus of the specimen. 
Based on the stress-strain curves, the damage variables of 
the sandstone specimens under cyclic loading were defined 
from the angle of energy. In addition, the damage variable 
of rock under cyclic loading was also defined from the 
perspective of energy. The research findings shed new light 
on the pre-deformation and damage features of sandstone 
specimens under cyclic loading. 
 
2 MATERIALS AND METHODS 
 

Before the tests, sandstone blocks were collected from 
the same coalface at the depth of −848 m in Gubei 
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Coalmine, Huainan, eastern China' s Anhui Province. 
These blocks were transported to our lab and processed 
into ø 50 × 100 mm standard specimens, through coring, 
cutting and polishing. Then, the surface moisture of the 
specimens was removed by filter papers, and assigned 
different numbers. Taking specimen 3-1 for example, the 
number 3 means the specimen was taken from the third 
sandstone block, and the number 1 is randomly assigned. 
After that, some specimens with obvious defects were 
discarded, while the qualified specimens were dried 
naturally, and stored in airtight containers for further use. 

Our tests were conducted on the RMT-150B rock 
mechanics test system of Anhui University of Science and 
Technology. Before the tests, the mean density of all 
specimens was measured to be 2,41 g/cm3. Next, three 
specimens were selected for the uniaxial compressive 
strength test. The results show that the mean uniaxial 
compressive strength of sandstone was 64,53 MPa. After 
that, 5 specimens were selected for the cyclic loading test. 
Firstly, the load was applied in the form of a sine wave 
(frequency: 0,02 Hz; amplitude: 80 kN): in each load cycle, 
the axial load was gradually increased from zero to 80 kN 
and then gradually unloaded to zero. After five load cycles, 
the load was increased linearly until the specimen failed. 
 
3 RESULTS ANALYSIS 
3.1 Pre-Peak Deformation Features 
 

The stress-strain curves of a specimen under uniaxial 
compression and cyclic load are shown in Fig. 1 and Fig. 

2, respectively. The specimen deformation under uniaxial 
compression can be divided into four phases [7]. Only the 
pre-peak phase is discussed in this paper. 

As shown in Fig. 1, the pre-peak segment (AD) of the 
stress-strain curve was shaped like a long and narrow S. 
Normally, the elastic modulus of the specimen can be 
measured by the slope of the approximately linear segment 
(BC). Because this segment is not strictly linear, an interval 
of the slope was obtained rather than a specific value. 

To solve the problem, the AD segment was subjected 
to polynomial fitting. The R-squared (R2) was above 
0,9999. The slope of the fitted curve was found to increase 
first and then decrease. Therefore, the tangent modulus 
must have a peak value. Here, the peak tangent modulus is 
taken as the elastic modulus of the specimen. 
 

Figure 1 Stress-strain curve under uniaxial compression

Table 1 Plastic strains, elastic moduli, and corresponding stresses and strains of each 

Specimen  Cycle 
Loading phase Unloading section 

Corresponding 
stress / MPa 

Corresponding 
Strain / ×10-3 

Elastic modulus / 
GPa 

Corresponding 
Stress / MPa 

Corresponding 
Strain / ×10-3 EM / GPa 

1-3 

1 37,07 4,61 16,10 41,81 5,02 36,97 
2 39,84 5,04 17,22 41,81 5,16 35,97 
3 37,50 5,02 18,32 41,76 5,26 36,04 
4 37,50 5,08 18,63 41,80 5,33 36,52 
5 37,41 5,13 19,10 41,82 5,37 38,84 

3-1 

1 35,54 3,84 17,71 41,63 4,20 34,10 
2 35,98 4,00 21,15 41,60 4,29 32,03 
3 34,60 3,99 21,55 41,61 4,34 32,53 
4 35,94 4,10 21,89 41,54 4,38 34,23 
5 35,93 4,16 21,83 41,56 4,43 35,04 

3-2 

1 34,62 4,67 15,71 41,63 5,13 34,69 
2 35,57 4,86 19,86 41,58 5,19 33,49 
3 35,59 4,93 20,50 41,59 5,24 35,23 
4 36,04 4,99 20,46 41,61 5,29 36,14 
5 37,30 5,01 20,55 41,60 5,33 37,88 

3-3 

1 33,49 4,58 13,01 41,60 5,49 30,39 
2 35,13 5,18 16,65 41,65 5,63 27,89 
3 35,58 5,35 16,95 41,67 5,74 27,70 
4 36,52 5,49 17,15 41,60 5,83 28,93 
5 35,97 5,54 17,58 41,73 5,89 29,30 

4-1 

1 37,60 3,37 21,65 41,55 3,57 34,55 
2 36,85 3,44 24,27 41,52 3,65 34,34 
3 38,99 3,59 25,29 41,54 3,70 35,54 
4 39,60 3,66 25,14 41,52 3,75 37,41 
5 37,59 3,62 25,34 41,62 3,79 38,69 

 
Then, the loading segment and unloading segment of 

the stress-strain curve under cyclic load were fitted by the 
same method. The fitting results show how the tangent 
modulus of each specimen varies in the loading and 
unloading phases of each load cycle. The peak tangent 
moduli of each specimen in the loading and unloading 
segments were taken as the elastic moduli of that specimen. 

Then, the stresses and strains at the point of the peak 
tangent moduli (hereinafter referred to as the 
corresponding stresses and strains) were obtained. The 
plastic strain of each specimen in each cycle was also 
measured. All these data are presented in Tab. 1 below. 
Note that Tab. 1 only lists the data on qualified specimens. 
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As mentioned before, the specimens with obvious defects 
were discarded after numbering and before the tests. 
 

Figure 2 Stress-strain curve under cyclic load 
 

It can be seen from Tab. 1 that the specimens differed 
in their corresponding strains in the loading phase of the 
same cycle. For example, this strain of specimen 4-1 
increased from 0,00337 in the initial cycle to 0,00362 in 
the final cycle, while that of specimen 3-3 increased from 
0,00458 to 0,00554. The two specimens had differences in 
strain level and increment. The differences can be 
attributed to the following factors: The large blocks from 
the coalface were already damaged under the disturbance 
of roadway excavation. Later, the blocks suffered from 
different degrees of injuries through transport, coring, 
cutting and polishing. That is why the specimens had 
differences, despite being collected at once. 

It can also be learned that, for the same specimen, the 
corresponding strain increased with the growing number of 
cycles. This is because new plastic strain is created in each 
cycle. 
 
3.2  Change Law of Elastic Modulus 
 

Fig. 3 shows the loading curves of a specimen in 
different cycles. It can be seen that the elastic modulus of 
the loading phase could be obtained when the stress was 
about to reach the peak load in the current cycle. For 
example, in loading curve 1, the tangent modulus gradually 
increased in the OA segment before slightly decreasing 
after point a, i.e. the tangent modulus peaked at point a. 
 

 
Figure 3 The loading curves of a specimen in different cycles 

 

For the same specimen, the corresponding stresses in 
different cycles were basically the same. Specimen 4-1 had 
the highest mean corresponding stress (38,12 MPa) 
through the five cycles, while Specimen 3-3 had the lowest 
corresponding stress (35,34 MPa). The mean 
corresponding stress of Specimen 3-3 stood at 36,55 MPa. 
Therefore, the specimens from the same type of rock are 
similar in corresponding stress, although varied in 
corresponding strain. 

For clarity, the relationship between elastic modulus of 
each specimen with cycle number was plotted (Fig. 4) 
based on the data in Tab. 1. As shown in Fig. 4, the 
specimens had some differences in elastic modulus, but the 
elastic modulus of each specimen increased with cycle 
number and tended to be stable. Meanwhile, the specimens 
were all hardened under strain. The most significant 
increase in elastic modulus was observed in cycle 2. Taking 
specimen 3-3 for example, the elastic modulus increased 
by 3,54 GPa from cycle 1 to cycle 2, and 4,57 GPa from 
cycle 1 to cycle 5; however, the elastic modulus increment 
from cycle 4 to cycle 5 was merely 0,43 GPa. 
 

Figure 4 Variation in elastic modulus with cycle number 
 

Figure 5 Variation in tangent modulus of loading and unloading phases 
 

On entering the unloading phase, the compacted 
specimens rebounded slowly with the lifting of the load 
head. As the load gradually declined, some closed cracks 
and fissures were reopened. The smaller the load, the more 
the reopening cracks and the greater the opening. In this 
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process, the rock particles and their gaps gradually returned 
to their original form, and the specimens went through an 
accelerated process of rebound deformation. Therefore, for 
the same dσ, dε1' must be smaller than dε2'. Thus, the 
tangent modulus gradually decreased (Fig. 5). In the same 
cycle, the tangent modulus of the loading phase was 
smaller than that of the unloading phase under the same 
stress, i.e. dε1 ＞ dε1' and dε2 ＞ dε2'. This is because the 
strain of the loading phase is smaller than that of the 
unloading phase in the same cycle. The strain difference 
between the loading and unloading phases is the plastic 
strain εp generated in that cycle. 

The corresponding stresses and the variation in elastic 
moduli of different specimens were analyzed below. 

Before loading, the sandstone specimens were 
damaged to different degrees, as evidenced by their 
differences in the development of cracks and fissures. 
Therefore, the specimens witnessed different levels of 
deformation with the growing axial load in the loading 
phase. 

When the load reached a certain level, most cracks and 
fissures were closed, and the specimens entered the near-
elastic phase. From then on, the specimen deformation was 
mainly caused by the deformation of rock particles and the 
shrinking gaps between them. With further closure of 
cracks and fissures, the tangent moduli of the specimens 
gradually reached the peak values in the loading phase. 

In the course of loading, the closure of original cracks 
occurred at the same time with the generation of new 
cracks, and the original cracks were closed faster than how 
the new cracks were generated. When most original cracks 
and fissures were closed, the number of new cracks and 
fissures started to grow. 

For the above specimens, the elastic moduli were 
obtained under 36,55 MPa. It is extremely difficult for the 
specimens to deform under this load level. In fact, this load 
level marks a turning point: more cracks were closed than 
generated before this point, but more cracks were 
generated than closed after that (i.e. the specimens were 
damaged more seriously). With the growing degree of 
damages, the tangent modulus of each specimen started to 
decrease until the load reached the preset level. 

Our sandstone specimens were unloaded from the 
level of 40 MPa, which brought a limited amount of new 
damages. In each new cycle, the few uncompressed cracks 
and fissures in the loading phase of the previous cycle, as 
well as the cracks and fissures recovered in the unloading 
phase, were further compressed, pushing up the elastic 
modulus of each specimen. 

New cracks were observed in the loading and 
unloading phases of all the subsequent cycles. However, 
the number of new cracks is much smaller than that of the 
cracks and fissures compacted in the first cycle. Therefore, 
the elastic modulus of cycle 2 was slightly higher than that 
of cycle 1, and similar to that of cycles 3, 4 and 5. 
 
3.3 Strain Damage Features 
 

The sandstone specimens were damaged in each cycle. 
The damage variable D should be introduced to assess the 
degree of damage. There are many ways to define this 
variable, such as defining it with the density change, the 

elastic modulus variation, the cycle number, the number of 
acoustic emissions or the gap change. The most common 
method is to measure this variable with the variation in 
elastic modulus. Of course, this approach needs to be 
modified properly according to the actual situation. 

In our tests, the specimens were unloaded before the 
peak of the stress-strain curves. As shown in Tab. 1, the 
elastic moduli of each specimen in the last four cycles were 
greater than the elastic modulus in the first cycle, indicating 
that Eq. (1) is not suitable for defining the damage variable 
D here. Since the specimen damage always increased with 
the cycle number, the author decided to define the damage 
variable D from the angle of energy. 

The loading and unloading phases are accompanied by 
the accumulation and release of energy. In Fig. 3, the area 
between the loading segment of the stress-strain curve and 
the ε axis can be defined as the density of input energy Wi; 
meanwhile, the area between the unloading segment of that 
curve and the ε axis can be regarded as the density of 
accumulated energy Ws. For the same type of rock, the Ws 
remains constant when the other conditions (e.g. loading / 
unloading rate and confining pressure) are the same, and 
only depends on the damage degree of the specimen. On 
this basis, the damage variable D can be defined as follows 
by the Ws of the rock in the loading phase under the same 
stress. 

In Fig. 3, the strain under the loading phase stress of σa 
in the first cycle is denoted as ε1. Then, a vertical line to the 
ε axis was drawn passing point b. The area between the 
loading segment, the line bp and the ε axis represents the 
accumulated energy Wsi of the specimen in cycle i under 
the stress of ε1: 
 

1
s 1

p
di iiW

ε

ε
σ ε−= ∫                                                                (2) 

 
where 1

p
iε −  is the plastic strain of the specimen in the first i 

− 1 cycles (εp0 = 0); σi is the stress of cycle i. Then, the 
damage variable D of the sandstone specimen can be 
defined as: 
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where W0 is the accumulated energy density of intact 
specimen. Here, the accumulated energy density of the 
specimen in cycle 1 is taken as W0. 
 

Table 2 The damage variables of each specimen in different cycles 
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Specimens  
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1 

Number of 
Cycle 

1 0 0 0 0 0 
2 0,3224 0,2321 0,2423 0,3260 0,2153 
3 0,3991 0,2834 0,2965 0,3866 0,2678 
4 0,4374 0,3216 0,3282 0,4310 0,3041 
5 0,4645 0,3576 0,3550 0,4609 0,3329 
6 0,4887 0,3845 0,3876 0,5004 0,3669 

 
As shown in Fig. 6, the damage variable computed by 

Eq. (3) of each sandstone specimen increased with cycle 
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number. The damage variables of specimens 1-3 and 3-3 
changed by similar degrees, and those of the other three 
specimens also had similar degrees of changes. The first 
two specimens had greater changes of damage variable 
than the latter three specimens. The five specimens bore 
high resemblance in how the damage variable changes: the 
damages in cycles 1 and 2 were much greater than those in 
subsequent cycles. A possible reason lies in the fact that the 
specimens suffered much greater irreversible plastic 
deformation in the initial cycle than the latter cycles (Tab. 
1). 
 

Figure 6 Variation in damage variable of each specimen with cycle number 
 

In fact, the loading phase curves constantly moved 
right with the growing number of cycles. This rightward 
motion signifies the generation of plastic strain in each 
cycle. Thus, the specimens must be damaged. 

According to Eq. (3), the damage variable has a direct 
correlation with Wsi. The continuous decrease in Wsi is the 
combined effect of several factors: (1) plastic strains are 
generated by the specimens in different cycles; (2) the 
loading segment of stress-strain curve has shape changes 
in different cycles; (3) the shape change hinges on the 
damage degree. Therefore, it is reasonable to use Wsi to 
capture the variation in specimen damages with cycle 
number. 

Of course, this definition method for the damage 
variable only reflects the damage degree of a rock 
specimen in the loading phase of a cycle when the axial 
strain reaches the fixed level of ε1. The results demonstrate 
the cumulative damages at a point of the specimen in the 
loading phase of each cycle, rather than the real-time 
damage. Despite this, our method can largely reflect the 
change law of damage degree of the specimen in cyclic 
loading / unloading. 

Fig. 7 shows how the mean damage variable changes 
with the cycle number. The relationship between the mean 
damage variable and cycle number can be fitted by (R2 = 
0,999): 
 

0 256 0 100 ln( 0 077)D , , N ,= + × +                                  (4) 
 

where N is the number of cycles. It can be seen from Fig. 7 
that the damage variables continued to increase in the last 
few cycles. If this trend continues, the damages will 
continue to accumulate in a few more cycles, such that the 

specimen can no longer withstand the level cyclic load but 
fail. 
 

Figure 7 The fitting curve of mean damage variables 
 
4 CONCLUSION 
 

(1) For each specimen, the loading segment of the 
stress-strain curve was fitted. The fitting results show that 
the tangent modulus must have a peak value in the loading 
phase. Thus, the peak tangent modulus was taken as the 
elastic modulus of the specimen. The specimens were 
similar in corresponding stress, although varied in 
corresponding strain. In the same cycle, the tangent 
modulus of the loading phase was smaller than that of the 
unloading phase under the same stress. 

(2) The elastic moduli of rock specimens increased 
with the growing number of cycles, and tended to be stable. 
The elastic modulus of cycle 2 was slightly higher than that 
of cycle 1, and similar to that of cycles 3, 4 and 5. In 
addition, the specimens were all hardened under strain. 

(3) Based on the stress-strain curves, the damage 
variables of the sandstone specimens under cyclic loading 
were defined from the angle of energy. This method 
successfully reflects the accumulation of specimen 
damages, and correctly fitted the relationship between 
mean damage variable and cycle number. 

Of course, there are several limitations of our research. 
First, the cyclic load level was set to 2 / 3 of the ultimate 
strength of sandstone. The test results may vary if the load 
level is adjusted, such as close to or above the ultimate 
strength. Second, Fig. 7 shows that the damage variable 
increases linearly with cycle number, but our tests only 
cover five load cycles. These limitations will be solved in 
the future research through loading / unloading tests with 
more cycles, aiming to disclose features of sandstone 
deformation and failure and the change law of our damage 
variable under more load cycles. 
 
5 EXPECTATION 
 

(1) The cyclic loading given in this test is about two 
thirds of the sandstone strength. If changing load 
amplitude, the different results may be obtained, e.g. 
making unloading at pre-peak or after-peak of sandstone 
strength, then to achieve the different conclusions from 
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above, therefore, it is necessary to conduct more tests for 
further study. 

(2) Fig. 6 shows that the damage variable increases 
linearly with number of cycle, but only 5 cycles are used in 
this paper. Therefore, in future, more cycles can be taken 
to make loading / unloading test for the test specimen, so 
as to explore the sandstone deformation failure features in 
more cycles and re-define the variation rule of damage 
variable. 
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