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TOPOLOGICALLY ANOSOV PLANE HOMEOMORPHISMS.

GONZALO COUSILLAS, JORGE GROISMAN AND JULIANA XAVIER

ABSTRACT. This paper deals with classifying the dynamics of Topologically
Anosov plane homeomorphisms. We prove that a Topologically Anosov home-
omorphism f : R? — R? is conjugate to a homothety if it is the time one map
of a flow. We also obtain results for the cases when the nonwandering set of f
reduces to a fixed point, or if there exists an open, connected, simply connected
proper subset U such that U C Int(f(U)), and such that U,>of™(U) = R2. In
the general case, we prove a structure theorem for the a-limits of orbits with
empty w-limit (or the w-limits of orbits with empty a-limit), and we show that
any basin of attraction (or repulsion) must be unbounded.

1. INTRODUCTION

A homeomorphism f : M — M of the metric space to itself is called expansive
if there exists o > 0 such that given z,y € M,z # y, then d(f"(x), f"(y)) > « for
some n € Z. The number « is called the expansivity constant of f.

The study of expansive systems is both classic and fascinating. In Lewowicz’s
words [8], the fact that every point has a distinctive dynamical meaning implies
that a rich interaction between dynamics and topology is to be expected.

If § > 0, a d-pseudo-orbit for f is a sequence (zy,)nez such that d(f(xn), Tnt1) <
0 for all n € Z. If € > 0, we say that the orbit of z e-shadows a given pseudo-orbit
if d(zy, f"(x)) < € for all n € Z. Finally, we say that f has the shadowing property
if for each € > 0 there exists § > 0 such that every §-pseudo-orbit is e-shadowed by
an orbit of f. In other words, systems with the shadowing property are precisely
the ones in which “observational errors” do not introduce unexpected behavior, in
the sense that simulated orbits actually “follow” real orbits.

Anosov diffeomorphisms, the best known chaotic dynamical systems, are ex-
pansive and have the shadowing property. Moreover, expansive homeomorphisms
with the shadowing property on compact metric spaces are known to have spectral
decomposition in Smale’s sense ([1]).

On non-compact spaces however, it is well known that a dynamical system may
be expansive or have the shadowing property with respect to one metric, but not
with respect to another metric that induces the same topology. In [5] topological
definitions of expansiveness and shadowing are given that are equivalent to the
usual metric definitions for homeomorphisms on compact metric spaces, but are
independent of any change of compatible metric. In [4], the author applies these
definitions with the plane R? as the phase space and proves a fixed point theorem.
Following his spirit, we take these definitions and try to classify the dynamics with
the plane R? as the phase space.
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Let f:R? — R? be a continuous map and ¢ : R> = R a continuous and strictly
positive function. A §-pseudo-orbit for f is a sequence (r,)nen C R? such that
[|f(zn) — zpt1]] < 6(f(zp)). A §-pseudo-orbit (xy,)nen is €-shadowed by an orbit,
if there exists z € R? such that ||z, — f"(z)|| < €(x,) for all n € Z.

Throughout this paper f : R? — R? is a Topologically Anosov (T A) homeomor-
phism. That is:

e it is topologically expansive: there exists a continuous and strictly positive
function € : R?> — R such that for all z,y € R?, z # y there exists k € Z
satisfying ||f£(z) — FE()ll > e(F*(2));

e it satisfies the topological shadowing property: for all continuous and strictly
positive function € : R? — R there exists § : R?> — R a continuous and
strictly positive function such that every d-pseudo-orbit is e-shadowed by
an orbit.

As an example, a rigid translation is topologically expansive but does not satisfy
the topological shadowing property. An example of T'TA homeomorphism is any
homothety (see [4] for a proof), following the same ideas it can be seen that a reverse
homothety (by a reverse homothety we mean the map z +— 2z, z € C) is also a TA
homeomorphism. As being T'A is a conjugacy invariant, the whole conjugacy class of
homotheties and reverse homotheties belongs to the family of T'A homeomorphisms.
In this work we deal with the problem of classifying T'/A homeomorphisms. In
particular, are all TA homeomorphisms conjugate to a homothety or a reverse
homothety? We prove that this is the case if the homeomorphism is the time
one map of a flow defined by a C! vector field (Theorem 5). If there is a global
attracting fixed point xg (that is, f"(z) — zo for all x € R?), we prove that f
must be also conjugate to a homothety or a reverse homothety. What about an
expansive attractor? Is the Plykin attractor T'A7 We prove it is not, at least if its
basin of attraction is the whole plane. More generally, we prove that if there exists
an open, connected, simply connected proper subset U such that f(U) C Int(U),
and such that U,<of"(U) = R?, then K = N,>0f™(U) must be a single point.
Finally, we prove that if f € Homeo(R?) is TA, and Q(f) = {xo}, 0 € Fiz(f),
then f is conjugate to a homothety if f is orientation preserving , and conjugate to
a reverse homothety if f is orientation reversing.

2. THE ONE-DIMENSIONAL CASE

In this brief section we characterize Topologically Anosov homeomorphisms on

R.

Theorem 1. Let f be a Topologically Anosov homeomorphism on R. Then, f is
topologically conjugate to g where g(x) = £*5™ + xo, depending on whether f
preserves or reverses orientation.

Let us prove some useful lemmas.

Lemma 1. Let f : R — R be a Topologically Anosov homeomorphism. Then, there
exists a unique fized point for f.

Proof. If f reverses orientation, it is clear that Fiz(f) = {p}, for some p € R. If f
is orientation preserving, and fixed point free, then f is topologically conjugate to
a translation, which does not admit the shadowing property.
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Regarding uniqueness, suppose that x; < zo are fixed points and let g be the
restriction of f to [x1,22]. Then g is a metric expansive homeomorphism in a
compact interval, contradicting Bryant’s theorem in [3]. O

Proof. of Theorem 1.
By the previous lemma, Fiz(f) = {xo}. Without loss of generality, let us
consider the case ro = 0. We deal first with the orientation preserving case.
Consider h : R — R defined as follow:

e h(0)=0.

e Fix some point p € R™ and define h(p) = ¢ where q is an arbitrarily point of
R*. Let g1 : R — R and g2 : R — R defined as g1 (z) = 2z and ga(z) = /2.
Then, if f™(p) tends to oo define h(f™(p)) = g7'(h(p)), n € Z and if f™(p)
tends to 0 define h(f™(p)) = g5 (h(p)), n € Z.

e In the open interval (p, f(p)) define h as an arbitrary increasing homeomor-
phism.

e Finally, let = > 0 an arbitrary point. Then, z € [f*(p), f**1(p)] for some
k € Z. Thus we define h in z as h(z) = g¥(h(f~*(x))), i = 1,2, depending
on whether f™(p) tends to oo or to 0.

e The construction is the same for z € R™.

e We claim that 0 is a global repeller or attractor and then conjugate to
gi, © = 1,2 respectively. If not there exists, ¢ < 0 and p > 0 such that
d(g,p) < 8, f™(p) tends to oo, n — 400 and f™(g) tends to 0, n — +o0
(or viceversa). So, given an arbitrary ¢ > 0 consider a d-pseudo orbit (x,,)
defined as: x, = f"(q) for n <0, and z,, = f*1(p) for n > 1. It is clear
that there is not orbit that e-shadows (z,) for a convenient e. This proves
the claim.

If f reverses orientation, we know that f2 is an orientation preserving Topolog-
ically Anosov homeomorphism and then conjugate to a homothety. We also have
that Fiz(f?) = {0} (if not we have a contradiction with the expansivity of f2).
Thus, every point p € R verifies that f2(p) tends monotonously to oo or to 0 when
n tends to +oo. But this implies that f2"+!(p) tends monotonously to oo or to
0 when n tends to +00. So, we are able to define a conjugation between f and
g1(z) = —2x if 0 is a repeller (g2(x) = —x/2 if 0 is an attractor) in the same way
we did in the orientation preserving case. (I

3. NON ACCUMULATING FUTURE (OR PAST) ORBITS

Points with empty « or w-limits are specially important for the study of T'A
plane homeomorphisms. We explain why in this section.

Lemma 2. Let f € Homeo(R?). If w(z) = 0 there exists € : R* — R a continuous
positive map with the property that if y # x, then there exists n > 0 such that
[1f™(x) = f"()|| > e(f™(x)). In particular, if (xn)nez is a pseudo-orbit such that
Tn = f™(x) for all m > ng, then the only possible orbit that e-shadows (xn)nez is
that of x.

Proof. First note w(z) = 0 implies that there exists a family of pairwise disjoint
open sets (Up,)nen such that each U, is a neighborhood of f"(z). We claim that
there exists a family of open sets (V;,)nen such that for all n € N, V,, C Uy, Vj,
is a neighborhood of f"(z), and a continuous map h : U,V, — R? which is a
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homeomorphism onto its image such that hf|u,v, = Th, where T'(z,y) = (z+1,y)
for all (x,y) € R?. Take a homeomorphism h : Uy — B((0,0),1/3), and let Vo C Uy
be an open set containing « such that f(Vp) C U;. Define Uy := f(Vp) and extend
the homeomorphism h to U, as hlg, = Thf~'. Note that hfly, = Thly,. We

now define V; C U; such that f(V1) C Uy, let Uy = f(V1) and extend h to U, as
h|02 = Thf~!. Inductively, if & is defined on U; C U;, we extend h to U}-H CUip
as follows. We take V; C U; such that f(Vi) C Uit1 and let ﬁi+1 = f(Vi). We then
let hlg, , = Thf~'. Note that for all i, hf|v, = Thly,. This proves the claim.
Now take € : R? — R a continuous positive map verifying that for all n € N,
B((k,0),€((k,0))) € h(Vi) and also that if y # x, then there exists n > 0 such
that ||T"(z) — T"™(y)|| > &T™(z)). Finally, we define ¢ : R? — R such that
B(f™(x),e(f(x))) € h~*(B((k,0)),é((k,0))) and extend it to a continuous positive
map of R%. To check that this map satisfies the condition of the lemma, just notice
that if for some y, f"(y) € V,, for all n € N, then T"h(y) = h(f™(y)) and T does
not satisfy the topological shadowing property.. O

Lemma 3. Let f € Homeo(R?) be a TA homeomorphism. If a(x) = ), then
w(z) # 0.

Proof. If a(z) = w(z) = oo, by Lemma 2 there exists ¢ : R* — R a continuous
positive map with the property that if y # x, then there exists n > 0 such that
177(@) — ()| > e(/ (@) and [|f~"(x) — ()] > e(f " (x)). Take 5 : B2 —
R a continuous positive map as in the definition of shadowing, and consider the
following d-pseudo-orbit (2, )nez: n = f™(x) for all n < 0 ; z, = f™(y) for all
n >0, where y € B(x,d(x)). Then, the orbit of  must e-shadow this pseudo-orbit,
but this is impossible by the choice of the map e. O

For the remainder of this section f € Homeo(R?) is assumed to be TA and
20 € Fiz(f).

Lemma 4. If there exists z € R? such that a(z) = 0 and w(z) = {20}, then zq is
Lyapunov stable.

Proof. By Lemma 2 there exists £ : R?> — R a continuous positive map with the
property that if (z,)nez is a pseudo-orbit such that =, = f™(z) for all n < ny,
then the only possible orbit that £-shadows (2, )nez is that of z because a(z) = 0.
Given € > 0, take ng such that f"(z) ¢ B(zo,¢€) for all n < ng, and construct
¢ : R? — R a continuous positive map such that £(z¢) = € and £(f"(2)) = E(f"(2))
for all n < ng. Take § : R — R a continuous positive map, such that every o-
pseudo-orbit is ¢-shadowed by an orbit. It follows that y € B(zo,d(z0)) implies
f™(y) € B(zo0,¢€) for all n > 0 (otherwise there exists a d-pseudo-orbit that cannot
be &-shadowed). O

Lemma 5. If there exists x # zp such that a(x) = w(x) = {20}, then there exists
Yo # 2o and z such that yo € w(z).

Proof. Suppose that a(z) = w(x) = {20} and take € : R* — R a continuous positive
map such that the entire orbit of z is not contained in By = B(z0, €(20)). Modifying
the function e if necessary, we may assume that B(f™(z),e(f™(z))) N By = 0 for
all n such that f*(z) ¢ Bo. Take § : R? — R a continuous positive map as in
the definition of shadowing, and take positive integers IV, M big enough such that
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d(f~N(z), fM(x)) < min{6(z) : z € Bg}. Then, wy = 20, w;11 = f~Nti(x),i =
0,....,M+ N —1, wy = zo defines a periodic d-pseudo-orbit (wy)nez. Note that
if an orbit z, e-shadows this pseudo-orbit, it must visit infinitely many times any
B(f™(x),e(f™(x))) such that f™(z) ¢ By. Therefore, there exists yo # 2o such that
Yo € w(z). O

Lemma 6. If Q(f) = {20}, then there exists x € R? such that a(z) = 0 or
w(z) =0.

Proof. First note that as Q(f) = {20}, for all = the sets a(z) and w(x) are either
empty or the single point zy (as y € a(z) Uw(z) implies y € Q(f)).

We finish the proof by pointing out that if a(z) = {20}, then w(z) = () because
of the preceeding lemma. O

Lemma 7. If Q(f) # {20}, then there exists yo # zo0 and z such that yo € w(z).

Proof. Take x # zp € Q(f) and note that we may assume that z ¢ Fiz(f) (oth-
erwise we are done with the proof). Take o > 0 such that B(zo,«), B(z,«) and
B(f(x),a) are pairwise disjoint. Take ¢ : R?> — R a continuous positive map
such that €(z9) = e(x) = €(f(z)) = a and take § : R? — R a continuous pos-
itive map as in the definition of shadowing. Take 0 < 8 < d(x)/2 such that
f(B(z,8)) € B(f(z),0(f(2))/2). As x € Q(f), there exists y and n > 0 such that
both y and f™(y) belong to B(x,3). Then, f(y) belongs to B(f(z),d(f(x))/2).
Then construct the following periodic §-pseudo orbit: zg = x, 2; = fi(y) for all

i=1,...,n—1, x, = x = x¢. This pseudo-orbit must be e-shadowed by an orbit
z. Therefore, the orbit of z must visit infinitely many times B(z, «), and the result
follows. O

We obtain our first result:

Theorem 2. If Q(f) = {20}, then f is conjugate to a homothety or a reverse
homothety.

Proof. As was already pointed out, for all x the sets a(z) and w(z) are either empty
or the single point zg (as y € a(zr) Uw(z) implies y € Q(f)).

By Lemma 6 there exists x € R? such that a(z) = 0 or w(z) =0

Moreover, if a(z) = 0, then w(z) = {20} (indeed, Lemma 3 implies that w(z) #
0).
Finally, we claim that if there exists = such that a(z) = 0 (and therefore w(z) =
{z0}), then every z # zp verifies a(z) = 0 (and therefore w(z) = {20}). Indeed,
by Lemma 4, xg is Lyapunov stable, which implies that any z # 2y such that
a(z) = {2z} must verify also w(z) = {20}, which is impossible by Lemma 5. We
conclude that if there exists = such that a(x) = 0, then z is a global attractor, that
is, limy, 400 f™(2) = 2o for all z € R2.

If there is no z such that a(zx) = (), then a(x) = {20} for all z, and therefore
w(z) =0 for all z.

We have proven that zq is either a global attractor or a global repeller which is
asymptotically stable. The result now follow from Kerkjért6’s theorem ([6], [7], or
for a more modern approach [9]).

Corollary 1. If zy satisfies lim,, oo f"(2) = 2o for all z € R2, then f is conjugate
to a homothety or a reverse homothety.
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Proof. In this case, Q(f) = {20} and we are done by the previous theorem. O

We finish this section by describing the possible w- (or «)-limits of points with
non accumulating past (or future) orbits.

Lemma 8. If w(z) =0, then a(x) contains at most one periodic orbit.

Proof. By Lemma 2, there exists € : R2 — R a continuous positive map with the
property that if y # x, then there exists n € Z,n > 0 such that || f™(z) — f"(y)|| >
e(f™(x)). In particular, if (z,)nez is a pseudo-orbit such that z, = f"(x) for all
n > mg, then the only possible orbit that e-shadows (x, ), is that of z. Suppose
that a(z) contains two different periodic orbits z; and zo. Modifying the function
€ if necessary, we may assume that B(f™(2;), e(f™(2:))) N B(f™(2;),e(f™(25))) # 0
if and only if i = j and m = n. Take 6 : R> = R a continuous positive map, such
that every d-pseudo-orbit is e-shadowed by an orbit and take ni, no positive integers
such that f~"1(z) € B(z1,0(#1)) and f~"2(z) € B(z2,9(22)). Construct now two
S-pseudo orbits (21 )nez and (22 ),z as follows: x} = f(="17=")(z)) for all n < —ny;
xl = f(x) for all n > —nq; 22 = (727 (2y) for all n < —ng; 2 = () for all
n > —nsy. As noted above, then the only possible orbit that e-shadows any of these
pseudo-orbits is that of x. However, if the orbit of x e-shadows the pseudo-orbit
(x1)n, fM(x) € B(zl,e(zl)) for all n < —ny. This clearly implies that the orbit of
x cannot e-shadow the pseudo-orbit (z2),, a contradiction. O

‘We recall the classic Utz’s result that will be used in the next lemma:

Theorem 3. If K is compact and supports a future-expansive homeomorphism,
then it is finite.

Recall that a map is future expansive if there exists € > 0 such that x # y implies
there exists n > 0 such that d(f"(z), f*(y)) > e.

Lemma 9. Let K be compact and invariant, and suppose there exists a« > 0, C' > 0,
such that d(x,y) < o implies that there exists j > 0 such that d(f7(x), 7 (y)) > C.
Then, K is finite.

Proof. Note that if C' > «, we get that f|x is a-future expansive. If C' < o we get
that f|x is C-future expansive. In any case, K must be finite by Theorem 3. O

Lemma 10. Let K be a compact invariant set with expansivity constant C'. Suppose
that for all x € K there exists a neighborhood U of x, and z € U such that the orbit
of z C/2-shadows any pseudo-orbit (zn,)nez such that z, = f™(y),n < 0 for some
y €U and xy, = f(2),n > 0. Then, K is finite.

Proof. Take a finite cover of K with neighborhoods as in the hypothesis of the
lemma. Let ao > 0 be such that d(z,y) < «a, then = and y belong to one of the balls
of such cover. Then, if d(z,y) < «, both pseudo-orbits z, = f™(z),n < 0, and
Zn = f(2),n>0and y, = f"(y),n < 0, and y,, = f(2),n > 0 are C'/2-shadowed by
the orbit of z, and therefore d(f~"(z), f~"(y)) < C for all n > 0. By expansivity,
if d(z,y) < «, then there exists j > 0 such that d(f’(x), f?(y)) > C. We are done
by the previous lemma. O

Lemma 11. Ifw(z) =0, then a(z) is either unbounded or a single periodic orbit.
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Proof. Suppose that a(z) is bounded, so that it is a compact invariant set K. We
know that f|x is expansive: there exists C' > 0 such that x # y,x,y, € K implies
there exists n € Z such that d(f™(z), f*(y)) > C. We claim that K verifies the
hypothesis of the previous lemma.

Take € : R? — R as in Lemma 2, and modify it if necessary such that 2¢(z) < C
for all z € K.

Take § : R? — R as in the definition of topological shadowing, and for all z € K,
take U, = B(x,d(x)/2). Take ng such that f~"°(z) € U = U,, for some z € K. By
the choice of € : R? — R, the orbit of z C'/2-shadows any pseudo-orbit such that
zn = f(y),n < 0 for some y € U, z,, = f~"0"(2),n > 0. This proves the claim,
and therefore K is finite.

Now, by Lemma 8 K must be a single periodic orbit. O

4. TIME ONE MAPS
We recall the classical Poincaré-Bendixon’s theorem on S2:

Theorem 4. Let (fi)ier be a flow defined by a C'-vector field on the sphere S2.
Then, the a-limit and the w-limit of any orbit is either a singularity, a periodic
orbit, or a cycle of connections.

Recall that a connection between two singularities 1 and x2 (not necesarilly
different) is an orbit x such that a(x) = z; and w(z) = z2 (or a(z) = z2 and
w(z) = x1).

Throughout this section, we let f : R? — R? be a T A homeomorphism that is
the time one map of a flow. The orbit of a point « for the flow will be noted O(z).
Note that the flow extends to the sphere S? with a singularity at infinity. We say
that a connection between two singularities x1 and 9 is finite if x; # oo, i =1,2.

Our first goal is to prove:

Theorem 5. f is conjugate to a homothety.
Lemma 12. There are no periodic orbits or finite connections.

Proof. We claim that any of those phenomena violate the topological expansivity.
Indeed, take a continuous and strictly positive function e : R? — R such that for
all z,y € R? 2 # y there exists k € 7Z satisfying ||f*(x) — f*v)|| > e(f¥(x)).
Suppose that there is a finite connection. Then, there exists z,z1, 22 € R? such
that a(x) = 21 and w(z) = x2. Take N large enough such that |k| > N implies
f*(x) € B(x1,m/2) U B(x2,m/2), with m = min{e(z) : z € O(z)}. Note that
if y € O(z), enlarging N if necessary we may assume that |k| > N implies also
f(y) € B(x1,m/2) U B(z2,m/2). Now, take § > 0 such that d(z,y) < § implies
d(f™(x), f*(y)) < m for all |n| < N. Then, for all k € Z, ||f*(z) — f*(y)|| < m,
violating the expansivity condition. The proof for a periodic orbit is analogous and
left to the reader. O

The previous lemma implies that if there is a cycle of connections containing oo,
there exists x such that a(x) = oo, w(x) = xo with o a singularity, and there exists
y such that a(y) = zg,w(y) = oo.

Lemma 13. There are no cycles of connections.



8 GONZALO COUSILLAS, JORGE GROISMAN AND JULIANA XAVIER

Proof. We have already seen that there are no finite connections (Lemma 12). We
need to discard a cycle of connections containing co. By the remark preceeding
this lemma, there exists x such that a(z) = co,w(z) = x¢ with z¢ a singularity,
and there exists y such that a(y) = zo,w(y) = co. Now, by Lemma 2, one may
choose € : R? — R a continuous positive map with the property that if z # =,
then there exists n € Z,n < 0 such that ||f"(x) — f™(2)|| > e(f™(z)) (the only
orbit that e-past-shadows the orbit of x is the orbit of x itself). There exists k > 0
such that f*(y) ¢ B(zo, (o)) because w(y) = oo. Take § : R — R a continuous
positive map, such that every d-pseudo-orbit is e-shadowed by an orbit. We will
finish the proof constructing a d-pseudo-orbit (z,,)nez that is not e-shadowed by
any orbit. Let ng be such that for all n > ny f™(z) € B(xo,d(zo)) and such that
for all n < ng f™(y) € B(xg, 6(x0)). Define z,, = f(x) for all n < ng, Tpy4+1 = o,
Tng+2 = ™ (y), ©n = f(xn-1) for all n > ng + 2. Note that (z,)nez is a §-pseudo-
orbit that is not e-shadowed, because the choice of € implies that the only candidate
is the orbit of =, but f*(y) ¢ B(zo, e(x0)). O

It follows by the Poincaré-Bendixon’s theorem that both the o and w-limit of
any point are either empty or consist of a single fixed point. Moreover, if a(z) = 0,
then w(x) = zg, xy € Fiz(f) (and vice-versa).

Lemma 14. If there exists an orbit x such that w(x) # 0, then w(z) is Lyapunov
stable.

Proof. By the previous remark, we may assume that w(z) = zo (and therefore
a(x) = (). The result now follows from Lemma 4. O

Lemma 15. If there exists an orbit x such that w(x) # 0, then w(z) is a sink.

Proof. Note that topological expansivity implies that Fiz(f) is a discrete set. Take
a neighborhood U of w(z) such that U N Fiz(f) = w(x). By the previous lemma,
there exists a neighborhood V' C U of w(z) such that the w limit of any orbit in V
cannot be empty, and therefore must be w(x). The result follows. O

Remark 1. We have the analogous statement: If there exists an orbit x such that
a(z) # 0, then a(zx) is a source.

Lemma 16. If there exists an orbit x such that w(x) # 0, then f is topologically
conjugate to a homothety.

Proof. By the previous lemma, there exists an open and invariant set U such that
flu is conjugate to a homothety. Let us show that U = R2. Otherwise, take
x € OU. Note that the w limit of x must be empty, otherwise it would be a sink
by the previous lemma, contradicting that it belongs to OU. Also, the a limit of x
must be empty. Otherwise, it would be a source and therefore the « limit of some
point in U, contradicting that there are no connections. This contradicts Lemma
3. O

Remark 2. Analogously, if there exists an orbit x such that o(z) # 0, then f is
topologically conjugate to a homothety.

We are now ready to finish the proof of Theorem 5:

Proof. Note that by Lemma 3 and the remark following Lemma 13, there exists an
orbit x such that w(z) # 0, or there exists an orbit = such that a(z) # (. The
result now follows from the previous lemma and remark. (I
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5. ATTRACTOR AT INFINITY

Throughout this section we assume that infinity is a topological attractor; that is,
there exists an open simply connected proper subset U with compact closure, such
that U C Int(f(U)), and such that U,>of"(U) = R%. We denote K = Ny<of™(U).
Note that K is compact, invariant, connected and non-empty.

Lemma 17. There exists € : R — R a continuous positive map such that if y # x,
x,y ¢ K there exists n > 0 such that ||f™(x) — f*(y)|| > e(f™(x)). In particular,
if (Tn)nez is a pseudo-orbit such that x, = f™(x) for all n > ng, © ¢ K, then the
only possible orbit that e-shadows (T, )y is that of x.

Proof. Just note that f|p2\x is conjugate to z — Az, A > 1 on R?\(0,0). O
Lemma 18. K = {z¢}

Proof. We know that f|x is expansive: there exists C' > 0 such that © # y, z,y,€ K
implies there exists n € Z such that d(f"(z), f*(y)) > C. Take € : R? — R as in
the previous Lemma, and modify it if necessary such that 2¢(z) < C for all z € K.

Take § : R> — R as in the definition of topological shadowing, and for all z € K
take U = B(z,d(xz)/2). Note that the orbit of any z € U\K, C/2- shadows any
pseudo-orbit such that x, = f™(y),n <0, z, = f™(z),n > 0 for some y € U. So,
Lemma 10 implies that K must be finite and as it is connected, a single point. [J

As a corollary, we obtain:

Theorem 6. If there is an attractor at infinity, then f is conjugate to a homothety
or a reverse homothety.

6. THERE ARE NO BOUNDED BASINS

Suppose there exists an open connected, simply connected proper subset U with
compact closure such that U C Int(f(U)). We have seen in the previous section
that if f is TA and Up>of™(U) = R?, then f is conjugate to homothety. We show
in this section that U,>of"(U) must be unbounded.

Lemma 19. Let D C R? be an open topological disc with compact closure, and
f:D — D an a- expansive homeomorphism. Then, there exists x € D such that

d(f™(x),0D) < « for all n € Z.

Proof. Consider the quotient space X = D/dD. Then, X is homeomorphic to S2.
Moreover, we can define a metric on X by letting d([z], [y]) = dgz2(z,y) if z,y € D,
d([z], [y]) = 0 if x,y € 0D, d([z],[y]) = d(x,0D) if x € D, y € dD. Furthermore,

J + D — D factors over X, and therefore cannot be expansive (by the classic
Theorem in [8]). As f: D — D is a—expansive, the result follows. O

Theorem 7. Let f : R2 — R? be TA. Suppose there exists an open simply con-
nected proper subset U with compact closure such that U C Int(f(U)). Then,
Un>0f™(U) must be unbounded.

Proof. Let D = U,>of"™(U) and suppose that it is bounded. Then, D is an open
topological disc with compact closure, and f : D — D an a-expansive homeomor-
phism, with a = min{e(x) : € D}, where ¢ : R? — R is given by topological
expansivity. Of course, it is also o/-expansive for any o/ < a. Take o/ < d(0D, K),
where K = Ny, <o f™(U).



10 GONZALO COUSILLAS, JORGE GROISMAN AND JULIANA XAVIER

It follows from the previous lemma that there exists € D such that d(f"(x),0D) <
o/ for all n € Z. By the choice of o/,x ¢ K. This is a contradiction, because if n
is large enough, then f~"(z) lies outside the o/-neighborhood of 9D. d

REFERENCES

[1] N. Aoki, K. Hiraide. Topological Theory of Dynamical Systems. North-Holland Math.
Library 52, 1994.

[2] L.E.J. Brouwer. Beweis des ebenen Translationssatzes. Math. Ann. 72,37-54, 1912.

[3] B. F. Bryant. Unstable self-homeomorphisms of a compact space. Vanderbilt University
Thesis. 1954.

[4] G. Cousillas. A fized point theorem for topologically Anosov plane homeomorphisms.
Preprint. arXiv:1804.02244

[5] T. Das, K. Lee, D. Richeson, J. Wiseman. Spectral decomposition for topologically Anosov
homeomorphisms on mon-compact and non-metrizable spaces. Top. App. 160,149-158,
2013.

[6] B. Kerl;jérté’s. Sur le caractére topologique des representations conformes Acad. Sci.
Paris 198 (1934), 317320.

71 B. Kerkjérté’s . Topologische Charakterisierung der linearen Acta Litt. Acad. Sei. Szeged.
6 (1934), 235262.

[8] J. Lewowicz. Dindmica de los homeomorphismos expansivos Monografias del IMCA, 36,
(2003).

[9] A. Gasull, J. Groisman, F. Manosas. Linearization of Planar Homeomorphisms Top.
Met. Non. An. Vol. 48, No. 2 (2016).

INSTITUTO DE MATEMTICA Y ESTADSTICA “RAFAEL LAGUARDIA”, FACULTAD DE INGENIERIA,
UNIVERSIDAD DE LA REPUBLICA, MONTEVIDEO, URUGUAY.

E-mail address: gcousillas@fing.edu.uy

E-mail address: jorgeg@fing.edu..uy

E-mail address: jxavier@fing.edu.uy



