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PERIODS OF HOMEOMORPHISMS
ON CLOSED SURFACES

JUAN LUIS GARCIA GUIRAO! AND JAUME LLIBRE?

ABSTRACT. The goal of this paper is to show what information on the set
of periodic points of a homeomorphism on a closed surface can be obtained
using the action of this homeomorphism on the homological groups of the
closed surface.

1. INTRODUCTION

Here a closed surface means a connected compact surface with or without
boundary, orientable or not. More precisely, an orientable connected compact
surface without boundary of genus g > 0, M, is homeomorphic to the sphere if
g = 0, to the torus if g = 1, or to the connected sum of g copies of the torus if
g > 2. An orientable connected compact surface with boundary of genus g > 0,
My p, is homeomorphic to My minus a finite number b > 0 of open discs having
pairwise disjoint closure. In what follows M, o = M.

A non-orientable connected compact surface without boundary of genus g >
1, Ny, is homeomorphic to the real projective plane if g = 1, or to the connected
sum of g copies of the real projective plane if g > 1. A non—orientable connected
compact surface with boundary of genus g > 1, Ny, is homeomorphic to Ny
minus a finite number b > 0 of open discs having pairwise disjoint closure. In
what follows Ny = Ng.

Let f: X — X be a homeomorphism on a closed surface X. A point x € X
is periodic of period n if f*(x) = z and f¥(z) #x for k=1,...,n—1. We
denote by Per(f) the set of periods of all periodic points of f. The aim of the
present paper is to provide some information on Per(f). The statement of our
first result is.

Theorem 1. Let X be a closed surface and let f be a self-homeomorphism
into X. If X'= My, then the following statement hold.

(a) If(g9,b) € {(1,0),(0,2)} (i.e. the torus and the closed annulus respectively),

then there is no information on the set Per(f).
(b) If (g,b) = (0,0) (i.e. the 2—dimensional sphere), then Per(f)N{1,2} #
0

(c) I]; (g,0) = (0,1) (i.e. the 2—dimensional disc), then 1 € Per(f).
(d) If g >1 and b= 0, then Per(f)N{1,2,...,2g9} # 0.
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(e) If g>1 and b > 0, then Per(f)N{1,2,...,29 +b— 1} #0.
If X'= Ny, then the following statements hold.
(f) If (g,b) € {(2,0),(1,1)} (i.e. the Klein bottle and the Mdebius band
respectively), there is no information on the set Per(f).
(9) If (g,b) = (1,0) (i.e. the projective plane), then 1 €Per(f).

(h) If (g,b) does not satisfy the assumptions of statements (f) or (g), then
Per(f)N{1,2,...,9+b—1} #0.

The proof of Theorem 1 is done in section 2. The main tool for proving it
is a result due to Fuller [4].

The results of Theorem 1 restricted to the orientable closed surfaces without
boundary, i.e. for the closed surfaces My o, where already obtained by Franks
and Llibre in [3].

The objective of the rest of the paper is to improve the information provided
in Theorem 1 using as a main tool the Lefschetz fixed point theory. We shall
follow the ideas of Franks and Llibre in [3] when they improve the results of

Theorem 1 for the homeomorphisms of the closed surfaces My o, see Theorems
5 and 6.

Let A be an n x n complex matrix. A k x k principal submatriz of A is a
submatrix lying in the same set of k rows and columns, and a k X k principal
minor is the determinant of such a principal submatrix. There are (Z) different
k x k principal minors of A, and the sum of these is denoted by Ej(A). In
particular, F(A) is the trace of A, and E,,(A) is the determinant of A, denoted
by det(A).

It is well known that the characteristic polynomial of A is given by

det(tl — A) =" — By (A)t" L + Bo(A)t" 2 — ...+ (=1)"E,(A).
Our main result is state in the following theorem.

Theorem 2. Let f : X — X be a homeomorphism and let A be the integral
matriz of the isomorphism f« @ H1(X,Q) — H1(X,Q) induced by f on the
first homology group of X. If X is either My with b > 0, or Ny with b > 0,
then the following statements hold.
(a) If E1(A) # 1, then 1 € Per(f).
(b) If E1(A) =1 and Ey(A) # 0, then Per(f) N{1,2} # 0.
If X' = Mg, with b > 0, then the following statement hold.
(c¢) If2g+b—12>3, E1(A) =1, E2(A) =0 and k is the smallest integer
of the set {3,4,...,29 + b — 1} such that E(A) # 0, then Per(f) has a
periodic point of period a divisor of k.
If X'= Ny with b > 0, then the following statement hold.
(d) Ifg+b—12>3, E1(A) =1, E2(A) =0 and k is the smallest integer
of the set {3,4,...,g +b— 1} such that Ey(A) # 0, then Per(f) has a

periodic point of period a divisor of k.

Theorem 2 is proven in section 3.
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2. PROOF OF THEOREM 1

Let f be continuous self-map defined on M, or Ny, respectively. For a
closed surface, the homological groups with coefficients in Q are linear vector
spaces over Q. We recall the homological spaces of M, ; with coefficients in Q,
ie.

Hp(Mgp,Q) = Q@ " 0 Q,
where ng =1, n; =2gifb=0,n =29g+b—1ifb >0, no=1if b =0, and
ng = 0 if b > 0; and the induced linear maps fit, : Hy(My 4, Q) — Hy(Mg 5, Q)
by f on the homological group Hy(Mgp, Q) are fig = (1), fi2 = (d) where d
is the degree of the map f if b =0, fio =0if b > 0, and fi,; = A where A is
an my X n; integral matrix (see for additional details |6, 7]).

We recall that the homological groups of Ny, with coefficients in Q, i.e.

Hk(Ng,ba Q) = Q® 1k, ®Q7
where ng = 1, n1 = g+ b — 1 and no = 0; and the induced linear maps are
fxo = (1) and f,; = A where A is an n; x nj integral matrix (see again for
additional details [6, 7]).

The proof of Theorem 1 is a consequence of a general result from polyhedron
homeomorphisms proved in [4], see also Halpern [5] and Brown [1] for more
details on it.

Theorem 3 (Fuller’'s Theorem). Let f be a homeomorphism of a compact
polyhedron X into itself. If the Fuler characteristic of X is not zero, then f
has a periodic point with period not greater that the mazimum of » . 40 Br(X)
and Y 1 cpen Br(X), where By(X) denotes the k—th Betti number of X.

Proof of Theorem 1. Assume X = M ;. Since for a closed surface M, its ho-
mological groups with rational coefficients are Hy(Mgp, Q) = Q, H1 (Mg, Q) =
Q@ 29, @Q and HQ(Mg,b,Q> = Q ifb= 0, and H()(Mg,b,@) = Q, Hl(ngb,Q> =
Q@ 29tt=1 ¢ Q and Hy(Mgp,Q) = 0if b > 0, then its Euler characteristic
X(Mg,b) = B()(Mg’b) — Bl(Mg,b) -+ BQ(Mgb) is equal to 2 — 29 if b= 0, and
2—2g—bif b> 0, where By(My;) = dimg(Hy(Mgp, Q)).

Since
> Bp(Mgp) =2#0and > Bp(My,) =29 if b=0,
k even kodd
Z Bk gb =120 and ZBk gb =29+b—1 if b>0,
k even k odd

the orientable closed surfaces for which the Fuller’s Theorem does not provide
any information on the set of periods Per(f) are the ones having zero Euler
characteristic, i.e. when g =1 and b =0, and g = 0 and b = 2. Therefore
statement (a) is proved.

If (gv b) = (0’ 0) then maX{Zkeven Bk(Mgvb) = 2’ Zkodd Bk(Mgvb) = O} = 2’
then by Theorem 3 it follows that Per(f) N {1,2} # (. Hence statement (b)
follows.
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If (9,b) = (0,1) then max{}_; e, Br(Mygp) = 1,34 0aq Br(Mgp) = 0} = 1,
then by Theorem 3 it follows that 1 € Per(f). So statement (c) follows.

If g > 1 and b = 0 then max{}>7; .\ Bs(Mygp) = 2,35 0qq Br(Mgp) =
2g} = 2g, then by Theorem 3 it follows that Per(f)N{1,2,...,2g} # 0. Hence
statement (d) is proved.

If g > 1 and b > 0 then max{}; cpep Bs(Mygp) = 1,35 0qq Br(Mgp) =
2g} = 2g+b—1, then by Theorem 3 it follows that Per(f)Nn{1,2,...,29+b—1} #
(). Therefore statement (e) follows.

Assume X = Ny ;. Since for a closed surface N j its homological groups with
rational coefficients are Ho(Mgp, Q) = Q, H1 (Mg, Q) = Q@ 9+571 5 Q and
Hy(Myp, Q) = 0, then its Euler characteristic X' (Ngp) = Bo(Ngp) — B1(Ngp) +
By(Ngp) =2 — g — b, where By(Ng) = dimg(Hy(Ngp, Q)).

Since

> Bi(Mgp) =1#0and > Bp(Mgp) =g+b—1,

k even k odd
the non—orientable closed surfaces for which the Fuller’s Theorem does not
provide any information on the set of periods Per(f) are the ones having zero
Euler characteristic, i.e. when g =2 and b =0, and g = 1 and b = 1. Therefore
statement (f) is proved.

If (g,b) = (1,0) then max{) . .pen BxMgp) =1, oga Be(Mgp) =0} =1,
then by Theorem 3 it follows that 1 € Per(f). So statement (g) follows.

If (g,b) does not satisfy the assumptions of statements (f) or (g), then
max{} ;. coen Be(Mygp) = 1,3k oq0 Be(Mgp) = g +b—1} = g +b—1, then by
Theorem 3 it follows that Per(f) N {1,2,...,g+b— 1} # (). Hence statement
(h) is proved. O

3. PROOF OF THEOREMS 2

Let f : X — X be a continuous map and let X be either M ; or Ny ;. Then
the Lefschetz number of f is defined by

L(f) = trace(f.«0) — trace(fx1) + trace(fs2).

For continuous maps and in particular for homeomorphisms f defined on X
the Lefschetz fixed point theorem states (see for instance [1]).

Theorem 4. If L(f) # 0 then f has a fized point.

With the aim of studying the periodic points of f we shall use the Lefschetz
numbers of the iterates of f, i.e. L(f™). Note that if L(f™) # 0 then f™ has
a fixed point, and consequently f has a periodic point of period a divisor of
n. In order to study the whole sequence {L(f™)},>1 it is defined the formal
Lefschetz zeta function of f as

oo

(1) Z;(t) = exp (Z L(nfn)tn> .

n=1
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The Lefschetz zeta function is in fact a generating function for the sequence of
Lefschetz numbers n. In order to study the whole sequence {L(f™)}n>1.

For a continuous self-map of a closed surface the Lefschetz zeta function is
the rational function

B det(I —tf.)
Zp(t) = det(I — tfeo)det(I —tfua)’

see for more details Franks [2]. Then, for an orientation—preserving homeo-
morphism f : Mg, — Mg, we have

wﬁ{;;” if b= 0.
@) Z = det(I — tA)

where f.; = A. Note that f.o = (1) if b= 0, and f.o = (0) if b > 0.

For an orientation-reversing homeomorphism f : My, — Mg, we have

I—tA
®%ﬁf) ifb=0.
(3) Zy(t) = N
d“g:f” if b > 0.

Note that f.o = (—1) if b =0, and f.o = (0) if b > 0.

Finally, for a homeomorphism f : Ny, — Ng; we have

(4) 2y = )

Using the Lefschetz zeta function the orientation preserving and reversing
homeomorphisms on M o were studied in [3]. The results there obtained are
the following two theorems. Here we shall study the homeomorphisms on M,
with b > 0 and on Ny, with b > 0.

Theorem 5 (Theorem 4 of [3]). Let f : Mgo — Myo be an orientation—
preserving homeomorphism and let A be the 2g x 2g integral matriz of the
isomorphism f.1 : Hi(Mg,Q) — Hi1(Mg,Q) induced by f on the first ho-
mology group of Mg o. Then the following statements hold.

(a) If g =0, then 1 € Per(f).

(b) If g > 0 and E1(A) # 2, then 1 € Per(f).

(¢) If g > 0, E1(A) =2 and E3(A) # 1, then Per(f) Nn{1,2} # 0.

(d) If g =1, E1(A) = 2 and E2(A) = 1, then there is no information on
Per(f).

(e) If g > 1, E1(A) = 2, E2(A) = 1 and k is the smallest integer of the
set {3,4,...,2g} such that Ex(A) # 0, then f has a periodic point of
period a divisor of k.
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Theorem 6 (Theorem 3 of [3]). Let f : Myo — Myo be an orientation—
reversing homeomorphism and let A be the 2g X 2g integral matriz of the iso-
morphism fy1 @ Hi(Mg0,Q) — Hi(Mg o, Q) induced by f on the first homology
group of Mg o. Then the following statements hold.

If g >0, E1(A) =0 and E2(A) # —1, then Per(f) N{1,2} # 0.

If g=1, E1(A) =0 and E3(A) = —1, then there is no information on
Per(f).

(e) If g > 1, E1(A) = 0, E2(A) = 1 and k is the smallest integer of the
set {3,4,...,2g} such that Ep(A) # 0, then f has a periodic point of
period a divisor of k.

)
) If g >0 and E1(A) # 0, then 1 € Per(f).
)
)

Unfortunately we cannot distinguish using the Lefschetz zeta function the
orientation—preserving homeomorphisms from the orientation-reversing on M ;
when b > 0, see (2) and (3). They can be distinguished if b = 0, because then
they have different Lefschetz zeta functions, see again (2) and (3).

Proof of Theorem 2. Assume b > 0. Let f : My, — My, be a homeomor-
phism, and let A be the (2g + b — 1) x (29 + b — 1) integral matrix of the
isomorphism f, : H1(X,Q) — Hi(X,Q) induced by f on the first homology
group of X. Then, combining the expressions (1), (2) with b > 0, (3) with
b> 0 and (4) with b > 0 we obtain the following equalities

o0 L n

P} Tt” = log(Z¢(t))

B det(I —tA)
= log <l—t>

1 — B (A)t + By(A)? — ... + (—1)" B, (A)t™
log ( ! 2 11 >
= log(1 — E1(A)t + Ex(A)t2 — ...) —log(1 — t)

= (El(A)t+ <E2(A) - ElgA)Z) 2 — > - (t - t; - )

— (- Bi(A)t+ (; - El(2A)2 + E2<A)> 24+ 0(8).

Here m =2g+b—1if X =M, with b>0,or m = g+b—1if X=Ng; with
b > 0. Therefore we have

L(f)=1—Ei(A), and L(f?) =1— Ei(A)?+2Ey(A).

Hence, if E1(A) # 1 then L(f) # 0, and by Theorem 4 statement (a) follows.

If E1(A) = 1 and Ey(A) # 0, then L(f%) = 2F3(A) # 0, and again by
Theorem 4 we get that Per(f)N{1,2} # (. So statement (b) is proved.
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Assume now that X = M, with b > 0, 2g4+b—12> 3, E1(A) =1, E3(A) =0
and k is the smallest integer of the set {3,4,...,2g+b—1} such that Fx(A) # 0.
Therefore

i L(nfn)tn = log (1 — 4 (D B+ 1+ i_l)b1E2g+b1(A)t2g+bl>
n=1 _
= log (1 + (1) ER(A)" + .. + (1_1)tb_1E2g+b—1(A)t29+b—1>
= (=1)FER(A)tF + O(t"H).
Hence, L(f) = ... = L(f*') = 0 and L(f*) = (=1)*kE}(A) # 0. So, from

Theorem 4, it follows the statement (c).

Suppose that X = Ny, with 6 >0, g+b—1 > 3, E1(A) =1, E3(A) =0 and
k is the smallest integer of the set {3,4,...,g + b — 1} such that Ey(A) # 0.
Therefore

> L(f" 1—t+ (“1)"E(A)tF + . 4+ (=19 By (A)t9t0!
n=1 n 1-—t¢
DB (A)F 4+ 4 ()9 By (A)ehd
o (1 B o AP B (2
1-1¢
= (=DFEL(A)tF + Ot 1),
Again L(f) = ... = L(f*') = 0 and L(f*) = (—=1)*kE(A) # 0. Therefore,
from Theorem 4, it follows the statement (d). O
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