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Abstract: In this paper, we prove the existence of solutions of nonlinear boundary value problems of
arbitrary even order using the lower and upper solutions method. In particular, we point out the
fact that the existence of a pair of lower and upper solutions of a considered problem could imply
the existence of solution of another one with different boundary conditions. We consider Neumann,
Dirichlet, mixed and periodic boundary conditions.
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1. Introduction

In the literature, the existence of solutions for nonlinear boundary value problems has been widely
studied. This is due to the fact that almost all the physical phenomena, as well as many others in
economics, biology or chemistry, are modeled by this kind of problems.

Some standard techniques which are frequently used to prove the existence of solutions for these
problems are monotone iterative techniques (see [1-3]), lower and upper solutions method (see [4,5])
or fixed points theorems (see [1,6]). In all the aforementioned cases, the properties satisfied by the
related Green'’s function (and, in most of the cases, its constant sign) are the basic tool to prove the
existence results. This clearly justifies the necessity of doing a careful study of linear problems and,
in particular, of Green’s functions.

In a recent paper [7], we found some strong connections between Green’s functions of various
separated two point boundary value conditions and Green'’s functions of periodic problem. The key
idea developed in that reference is the fact that the expression of the Green’s function related to each
two-points case can be expressed as a linear combination of the Green’s function of periodic problems.

From those expressions relating various Green’s functions, we could obtain some comparison
results which ensure that, in some cases, the Green’s function related to an even-order linear equation
under some boundary conditions is bigger in every point than the Green’s function related to the same
equation under another type of conditions.

The particular case of the Hill’s equation has also been considered in [8,9].

We show in this paper how the previous study can be applied to solve nonlinear boundary value
problems. To do this, we use the relations found in [7,8] and apply the method of lower and upper
solutions.

The method of lower and upper solutions is a classical tool for proving the existence of solutions
of nonlinear boundary value problems. Roughly speaking, this method works as follows: the existence
of a well-ordered pair of lower and an upper solutions ensures the existence of a solution lying between
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them. This way, we have information not only about the existence of a solution for our boundary value
problem, but also about its location.

Some references that the reader may consult to find more information about this theory in a more
general framework are [5,10-15].

The novelty in our approach with respect to others presented in the literature is that we are able
to ensure the existence of solution of a problem by means of lower and upper solutions of another
problem with different boundary conditions. To the best of our knowledge, this approach is new in
the literature.

This paper is organized in the following way: First, Section 2 presents the set of problems and
boundary conditions that we consider throughout the remaining of the articl and also gives some
previous results. Section 3 includes the results proving the existence of solutions via lower and upper
solutions method. Section 4 provides an example in which we prove the existence of solutions of
the Dirichlet problem via lower and upper solutions of Neumann problem. Finally, in Section 5, we
introduce another approach to ensure the existence of solutions for a certain boundary value problem,
considering in this case an upper solution for other boundary conditions and some superlinear
condition on the nonlinearity at 4-c.

2. Preliminary results

Consider the 2n-order general linear operator
Lu(t) = u®) (1) + agy 1 () u® V() + -+ ay() ' (#) +ag(Hu(t), tel=[0,T),

withap: I - R, ap € L*(I), «a > 1,k=0,...,2n — 1.
We note that a particular case of previous operator is the very well-known Hill’s operator:

Lu(t)=u"(t) +ao(t)u(t), tel.

We work with the space
w2l (1) = {ue (1) Y e Ac(n)},

where AC(I) denotes the set of absolutely continuous functions on I. In particular, we consider
X C W?™1(I) a Banach space such that the following definition is satisfied.

Definition 1. Given a Banach space X, operator L is said to be nonresonant on X if and only if the
homogeneous equation
Lu(t)=0 a.e tel, ueX,

has only the trivial solution.

Example 1. Consider the periodic problem with constant coefficients, namely

u®(t)+Au(t) =0, tel0,T]
u®(0) = uld(T), i=0,...,2101.

It is not difficult to verify that, if n = 2k + 1 for some k = 0,1, .. ., the problem is nonresonant if and only
ifA # (Z’”T”)zn, m=0,1,..., and that, if n = 2k for some k = 0,1, ..., the problem is nonresonant if and
only if A # — (MT”)zn,m =0,1,....

It is very well known that, if ¢ € L!(I) and operator L is nonresonant on X, then the
nonhomogeneous problem
Lu(t)=0(t) aetel ueX,



Mathematics 2019, 7, 878 3 0f 20

has a unique solution given by
T
u(t) = (Lo () = / GIT|(t,s)c(s) ds, Viel,
0

where G[T| denotes the Green’s function related to operator L on X and it is uniquely determined.
We introduce now an auxiliary linear operator, whose coefficients are defined from the ones of
operator L as follows:

Lu(t) = u®D(t) + ag, 1 (£) V() + any o (£) =2 (£) 4+ - -+ ay (1) ' (8) +ao(t) u(t), te€]=10,2T],

where dyy and dyxy 1, k =0,...,1n — 1, are, respectively, the even and odd extensions of ay; and a1 to
J, that is,

e, el
oy (t) = { ay (2T —t), t € [T,2T),

and

21 —aye1 (2T — 1), te (T,2T).

We work with some problems related to operator L (and, consequently, defined on the interval
[0, T]) and some others related to operator L (and, consequently, defined on [0,2 T]). In the sequel,
we describe the different problems and boundary conditions we are dealing with:

e  Neumann problem on the interval [0, T7:

Lu(t)=0(t), ae tel,
u+(0) = yP+(T) =0, k=0,...,n — 1.

The Green'’s function related to this problem is denoted by Gy |[T].
e  Dirichlet problem on the interval [0, T:

Lu(t)=o0(t), a.e tel,
u®)(0) =u®)N(T)=0,k=0,...,n—1.

The Green'’s function related to this problem is denoted by Gp|[T].
e  Mixed problem 1 on the interval [0, T]:

Lu(t)=o0c(t), a.e tel,
u@+)(0) = u@)(T) =0, k=0,...,n—1.

The Green’s function related to this problem is denoted by Gy, [T].
e  Mixed problem 2 on the interval [0, T/:

Lu(t)=0(t), ae tel,
u@)(0) = u@+N(T)=0,k=0,...,n—1.

The Green'’s function related to this problem is denoted by G, [T].
e  Periodic problem on the interval [0,2 T]:

Lu(t)=c(t), a.e te],
u®0)=u®2T), k=0,...,2n — 1.
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The Green'’s function related to this problem is denoted by Gp[2T].
Neumann problem on the interval [0,2 T]:

Lu(t)=a(t), ae te],
{ u@k+1) (o ( ) 2k+1)(2T) =0,k=0,...,n—1.

The Green'’s function related to this problem is denoted by Gy[2T].
Dirichlet problem on the interval [0,2 T]:

Lu(t)=0d(t), ae te],
uR(0) =u®92T)=0,k=0,...,n—1.

The Green'’s function related to this problem is denoted by Gp [2T].

Now, we compile some results which compare the values that several Green'’s functions take

point by point. In [7], the following equalities have been proved:

GN[T](ts) + Gp[T](Ls) = 2Gpl2T](ts), V(ts)e€lx], 1)
GN[T](t,s) — Gp[T|(t,s) = 2Gp2T](2T —t,5), V(ts)€x L. @)

From previous equalities, the following results were deduced.

Corollary 1. ([7] Corollary 4)

1.
2.

IfGp[2T] > 0on J x J, then GN[T|(t,s) > |Gp[T|(t,s)| V (t,s) € I x L
IfGp[2T]) < 0on J x J, then GN[T|(t,s) < —|Gp[T|(t,s)| V (t,s) € I x L

Corollary 2. ([7] Corollary 5)

L=

IfGN[2T) > 00n | x |, then GN[T|(t,s) > |Gp, [T](t,5)] V (t,s) €I x L
IfGN[2T) < 00n | x |, then GN[T|(t,s) < —|Gpm, [T](t,s)] V (t,s) € Ix L
IfGp2T] < 0on ] x ], then Gy, [T](t,s) < —|Gp[T](t,s)| V (t,s) € Ix I
IfGp2T] > 0o0n ] x J, then G, [T](t,s) > |Gp[T](t,s)| V¥ (t,s) € I x L.

Previous results can be improved for the particular case of Hill’s equation.

Corollary 3. ([8] Corollary 4.10) Suppose that n = 1 and a; = 0.

1.
2.

IfGp[2T] > 0on J x |, then GN[T](t,s) > —Gp[T|(t,s) >0 V (t,s) € I x L.
IfGp[2T] < 0on J x J, then GN[T|(t,s) < Gp[T|(t,s) <0 V (t,s) € I x L.

Corollary 4. ([8] Corollary 4.13) Suppose that n = 1 and a; = 0.

1.
2.
3.

IfGN[2T] > 00n J x ], then GN[T(t,s) > =G, [T](t,5) >0 VY (t,s) € [ x .
IfGN[2T] < 00n ] x ], then GN[T](t,s) < G, [T](t,s) <0 V (t,5) €I x L.
IfGp[2T]) < 0on J x ], then Gy, [T](t,s) < Gp[T|(t,s) <0 V (t,s) € I x I

To finish with this preliminary section, we need to introduce a new differential operator.
For any A € R, consider operator L[A] defined from operator L in the following way

LA u(t) = u®(8) 4 azy 1 () D () + -+ ay () u' (8) + (ao(t) + A u(t), tel.  (3)

In particular, note that L = L[0]. When working with this operator, to stress the dependence of

the Green’s function on the parameter A, we denote by G[A, T] the Green'’s function related to L[A],
with the corresponding subscripts including the boundary conditions. Note that G[T| = G0, T|.
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3. Existence of Solutions of Nonlinear Problems

We show how to ensure the existence of solution of some nonlinear problems. To do this, following
the line of Cabada, Cid and Sanchez [16], we use the relations found in Corollaries 1 and 2 and the
method of lower and upper solutions.

In particular, we consider nonlinear problems that fulfill the following schedule

Lu(t) = f(t,u(t)), tel, uekX, 4)

with L nonresonant on the Banach space X.
It is clear that solutions of the previous problem correspond with the fixed points in X of the
following integral operator

Tu(t) = (L7 (F(u()) (1) = /OTc<t,s>f<s,u<s>> ds.

In particular, when the Banach space X is Xy, Xp, 1, Xpm,,r or Xpm,, T (Where these spaces denote
the subsets of W?"!(I), which include in each case the corresponding boundary conditions), we obtain,
respectively, the following nonlinear problems:

e  Neumann problem:

Lu(t) = f(tu(t)), tel, ueXnr, ®)
e  Dirichlet problem:

Lu(t) = f(t,u(t)), tel, ueXpr, (6)
e  Mixed problem 1:

Lu(t) = f(t,u(t)), tel, wueXm,T, (7)
e  Mixed problem 2:

Lu(t) = f(t,u(t)), tel, ueXm,; 8)

each of them with its corresponding equivalent integral operator. For the purpose of finding fixed
points of the integral operators, we use the following definitions.

Definition 2. We say that a function « € X is a lower solution of the problem in Equation (4) if
La(t) > f(t,a(t)) fora.etel

Analogously, a function p € X is said to be an upper solution of the problem in Equation (4) if

LB(t) < f(t,B(t)) fora.e tel

Previous definitions are adapted to each of the considered problems by simply changing X by
any of the suitable Banach spaces Xy 7, Xp, 1, Xpm,,T or Xpt,,7-

Before proving existence results for some of the problems, we introduce the conditions that are
used in the remainder of the paper.

First, we ask the nonlinearity f to satisfy the following property:

(Lg) The function f: I x R — R is a L!-Carathéodory function, that is,
- f(-,x) is measurable for all x € R.

- f(t,-) is continuous for a.e. f € I.
-  Forevery R > 0 there exists pg € L!(I) such that

[f(82)| < or(t),
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forallx € [-R,R]and a.e. t € I.
Moreover, given two continuous functions « and 5, we state the following conditions:

(L1) There exists some A € R such that fora.e. t € I and all x € [a(t), B(¢)], it holds that

f(ta(t) +Aa(t) > f(tx) +Ax > f(£B(E) + A B(H),

and
f(ta(t)) +Aalt) >0 > f(t,B(t) + AB(H).

(L) There exists some A € R such that fora.e. t € I 'and all x € [B(t), a(t)], it holds that

f(ta(t)) +Aa(t) > f(t,x) +Ax > f(t B(t) +AB(E),

and

f(ta(t)) +Aa(t) > 0= f(£B(E) + A B(H).

Now, we are in conditions to prove the existence results for the problem in Equation (6).

Theorem 1. Assume that condition (Lg) holds and let « and B be lower and upper solutions of the Neumann
problem in Equation (5), respectively, such that a(t) < B(t) for all t € 1. Moreover, assume that there exists
some A for which Gp[A,2T] <0on ] x J, Gp[A, T] < 0on I x I and (Ly) holds. Then, there exists a solution
u of the Dirichlet problem in Equation (6) such that

a(t) <u(t) < B(t), foralltel.

Proof. Let A be such that Gp[A,2T] < 0on ] x J, Gp[A, T] < 0on I x I and condition (L;) holds.
Consider the problem

LIAJu(t) = f(tu(t) +Au(t), tel, ueXpr ©)

with L[A] defined in Equation (3). It is clear that L[A] u(t) = Lu(t) + A u(t) and, as a consequence, the
solutions of the problem in Equation (9) coincide with the solutions of Equation (6). In addition, these
solutions correspond with fixed points of the following integral operator

Tolu(t) = [ GolATI(45) (F(s,u(s)) + Au(s)) ds (10)

We divide the proof into several steps:

Step 1: Tp[A]: C(I) — C(I) is a completely continuous operator:

This can be proved using standard techniques, taking into account that the Green’s function has
enough regularity (in particular, Gp[A, T] € C?"~2(I x I)).

Step 2: « < Tp[A]aand B > Tp[A] B.
From Corollary 1, we know that Gp[A,2T] < 0on ] x | implies that

GN[A, T)(t,s) < —|Gp[A, T)(t,s)|, forallt,s e I (11)

On the other hand, the fact that « € W' (I) and La(t) > f(t,a(t)) for a.e. t € I means that there
exists a nonnegative function g € L!(I), such that

La(t)+Aa(t) = f(t,a(t)) +Aa(t)+g(t), fora.e.tel
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Therefore, since & € Xy T, it holds that

T T
a(t) :/0 GNIA T)(ts) (f(s,a(s)) +Aa(s)) ds—l—/o GNIA, T)(t,s) g(s) ds.

From Equation (11), it is deduced that Gy[A, T] is nonpositive. Thus, Gy[A, T|(t,s) (s) is
nonpositive for a.e. ¢, s € I and thus the second integral in previous expression is less than or
equal to zero. Moreover, we also deduce from Equation (11) that Gy[A, T] < Gp[A, T]on I x L.
Therefore, taking into account that (from (L1)) f(s,a(s)) + Aa(s) > 0 fora.e. s € I, we obtain the
following inequalities for all t € I

T
#(0) < [ GNIATI(Ls) (fls,0(5) +Au(s)) ds
< /OT Gp[A TI(ts) (f(s,a(s)) +Aa(s)) ds = Tp[A] a(t).

Reasoning analogously with B, we conclude that § > Tp[A]B on I.
Step 3: Tp[A|([a, B]) C [&, B], where
[, Bl ={ueC(I): a(t) <u(t) <pB(t), forallt € I}.

We decompose operator Tp[A] as a composition of two operators. First, consider the Nemytskii
operator N[A]: C(I) — C(I) defined in the following way

N[Alu(t) = f(t,u(t)) +Au(t), fora.e.tel

On the other hand, consider operator K[A]: C(I) — C(I) defined as
T
KA o(f) = / Gp[A, T)(t,s) o(s) ds, forallt e L.
J0

It is clear that
Tp[A] = K[A] o N[A].
Moreover, let us see that operator K[A] is nonincreasing in [, B]. Indeed, take o1, 0» € C(I) such
that o (t) < 0»(t) for all t € I. Then, since Gp|A, T|] is nonpositive, it holds that
Gp[A, T|(t,s) 01(s) > Gp[A, T|(t,s) 0a(s), fora.e.t,sel

and therefore
T T
KA oy (t) = / GplA, T](t,5) o1(s) ds > / GplA, T|(t,5) 02(s) ds = K[A] on(t), forallte L.
0 0
Now, let u € [a, B]. From (L;), we have that

f(ta(t) +Aalt) = f(tult)) +Au(t) = f(£B(E) +AB(H)

and so

a(t) < Tp[Ma(t) < Tp[Au(t) < TplA] B(t) < B(t)

and we conclude that Tp[A] u € [a, B] for all u € [, B].

Step 4: Operator 7p|[A] has a fixed point in Xp .
Since the interval [, B] is a closed, convex, bounded and nonempty subset of the Banach space
X, operator Tp[A] is completely continuous and it holds that 7p[A]([«, B]) C [, B, then we are in the
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suitable conditions to apply Schauder’s fixed point Theorem ([17]) which ensures us the existence of a
fixed point of 7Tp[A] on [«, B]. Obviously, this fixed point satisfies Dirichlet boundary conditions and
therefore it is a solution of the problem in Equation (6). O

Remark 1. Note that the functions « and B considered in previous theorem are not required to belong to Xp T,
that is, they may not be lower and upper solutions of Dirichlet problem, that is, the equalities a2 (0) = 0,
w ) (T) =0, B (0) = 0, B)(T) = 0 may fail for some values of k.

In an analogous way, we can prove the following result when Gp[A,2 T| is nonnegative and
hypothesis (L;) holds.

Theorem 2. Assume that condition (Ly) holds and let a and B be lower and upper solutions of the Neumann
problem in Equation (5), respectively, such that a(t) > B(t) for all t € 1. Moreover, assume that there exists
some A for which Gp[A,2T] > 0on | x |, Gp[A, T] > 0on I x I and (Ly) holds. Then, there exists a solution
u of the Dirichlet problem in Equation (6) such that

B(t) <u(t) <a(t), foralltel.

Remark 2. We must note that when Gp[A, T has constant sign, there exist o and B, lower and upper solutions
of Dirichlet problem, respectively, and it is satisfied that

flta(t) +Aa(t) > f(t,x) +Ax > f(£B(E) + AB(H)

fora.e. t € Iand all x € [«(t), B(t)], then there exists a solution of the Dirichlet problem in Equation (6) (see
[16]). In this case, by adding the hypotheses on the sign of f(t,a(t)) + Aa(t) and f(t, B(t)) + A B(t), we can
ensure the existence of a solution for the problem in Equation (6) when we have lower and upper solutions of the
Neumann problem in Equation (5).

Now, using the inequalities in Corollary 2, we can obtain similar results to prove the existence of
solutions of Mixed 1 and Dirichlet problems.

Theorem 3. Assume that condition (Lg) holds and let a and B be lower and upper solutions of the problem in
Equation (5), respectively, such that a(t) < B(t) for all t € 1. Moreover, assume that there exists some A for
which GN[A,2T) < 0on | x ], Gp, [A, T) < 00n I x I and (Ly) holds. Then, there exists a solution u of the
Mixed 1 problem in Equation (7) such that

a(t) <u(t) < B(t), foralltel.

Theorem 4. Assume that condition (Lg) holds and let « and B be lower and upper solutions of the problem in
Equation (5), respectively, such that a(t) > B(t) for all t € 1. Moreover, assume that there exists some A for
which Gn[A,2T] > 00n ] x ], Gy, [A, T) > 0on I x I and (Ly) holds. Then, there exists a solution u of the
Mixed 1 problem in Equation (7) such that

B(t) <u(t) <a(t), foralltel

Theorem 5. Assume that condition (Lg) holds and let « and B be lower and upper solutions of the problem in
Equation (8), respectively, such that a(t) < B(t) for all t € 1. Moreover, assume that there exists some A for
which Gp[A,2T] <0on ] x J, Gp[A, T] < 0on I x Iand (Ly) holds. Then, there exists a solution u of the
Dirichlet problem in Equation (6) such that

a(t) <u(t) < B(t), foralltel.
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Theorem 6. Assume that condition (Lg) holds and let « and B be lower and upper solutions of the problem in
Equation (8), respectively, such that a(t) > B(t) for all t € 1. Moreover, assume that there exists some A for
which Gp[A,2T] > 0o0n ] x J, Gp[A, T] > 0on I x I and (Ly) holds. Then, there exists a solution u of the
Dirichlet problem in Equation (6) such that

B(t) <u(t) <a(t), foralltel.

3.1. Particular Case: Hill’s Equation

We briefly comment in this section some particularities which may occur when dealing with the
case n = 1 but are not true, in general, for any arbitrary #.

In particular, when considering Definition 2, for the general case it is required that both the lower
and the upper solution belong to the Banach spaces Xy 1, Xp 7, Xum,,T or Xp,, 1. For the case n =1,
it is possible to weaken these definitions by introducing some inequalities in the boundary conditions.

Apart from these generalizations with respect to the definitions of lower and upper solutions,
some details also need to be changed in the theorems of existence of solution whenn =1 and a; = 0.
In particular, as a consequence of ([8] Corollary 4.8), it holds that the constant sign of Gp[A,2T]
implies that Gp[A, T] is nonpositive, thus this hypothesis can be eliminated from Theorem 1. The
same way, the constant sign of Gy [A,2 T| implies that Gy, [A, T] is nonpositive and we can remove this
hypothesis from Theorem 3. Finally, the hypothesis that Gp[A, T| is nonpositive can also be eliminated
from Theorem 5, as it can be deduced from the constant sign of Gp[A, 2 T].

Furthermore, due to these relations between the constant sign of different Green’s functions,
Theorems 2, 4 and 6 do not make sense for the case n = 1 as their hypotheses are never fulfilled in
such case.

Finally, it must be pointed out that for the special case of considering Hill’s equation (n = 1
and a7 = 0), there exists a large number of explicit criteria to ensure the constant sign of the Green’s
functions. These criteria have been proved in [6,18-24] and are compiled in ([9] Sections 3.3.3 and
3.3.4). Obviously, using the aforementioned criteria, it would be possible to reformulate Theorems 1-6
in other terms involving explicit conditions over the coefficients of the equation.

4. An Example

We include in this section an example in which Theorem 1 can be applied.
Consider the following nonlinear Dirichlet problem on [0, 1]

mmﬂ+wg=ﬂ(1+mamwm0,temJL

10 (12)
u(0) =u(1l)=0, u"(0)=u"(1)=0.
Using [25], we can calculate the Green’s function related to the periodic problem on [0, 2]
u® () +u(t) =0, tel0,2], )
u(0) =u(1), w'(0) =u'(1), u”(0)=u"(1), u"(0) =u"(1),

which is nonnegative on [0, 2] x [0,2]. This function is represented in Figure 1.



10 of 20

Mathematics 2019, 7, 878

2.0
0.510

0.505
0.500
0.495

0.490

1.5

2.0
Figure 1. Green’s function related to the periodic problem in Equation (13).

The same way, using [25], we can calculate the Green’s function related to the homogeneous
(14)

Dirichlet problem
uB () +u(t) =0, telo,1],
u”(0) =u"(1) =0,

u(0) =u(1) =0,

which is also nonnegative on [0, 1] x [0,1]. This function is represented in Figure 2.

1.0

Figure 2. Green'’s function related to the Dirichlet problem in Equation (14).

Observe that, with the notation given in Theorem 2, we are choosing A = 0.
Now, we see that a(t) = 1 and B(t) = —1 are lower and upper solutions, respectively, of the

Neumann problem
u® (1) +u(t) =2 (11—0 + arctan(u(t))) , teo1],

W' (0)=u'(1)=0, u"(0)=u"(1)=0.
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Indeed,

aW () +a(t) =1>F ( —|—arctan(a(t))> = <110 + Z) t2, forallt € [0,1],

and

BUM) + () =—-1<£ (110 +arctan([3(t))) =— <—110 + Z) t2, forallt € [0,1],

g (0)=pg(1)=0 p"(0)=p"(1)=0.

Moreover, it holds that for x € [—1,1], arctan(x) € [=F, ] and so

1w\ 5 1 1 7\,
— — > | — > — — — .
<10+ 4>t > (10+arctan(x)>t > (10 4>t

Finally, we have that f(t,a(t)) = (11—0 + %) t2 > 0and f(t,B(t) = (% - %) t2 < 0 for all
t € [0,1]. Thus, hypothesis (L) is satisfied.

Therefore, we are in conditions to apply Theorem 2, which warrants the existence of a solution u
of the Dirichlet problem in Equation (12) such that

N

—1<u(t)<1, foralltel0,1].

Note that « and 8 are not lower and upper solutions of the Dirichlet problem, as they are defined
in Definition 2.

5. An Alternative Approach

In this section, we present another method to prove the existence of solution of the general
2nth-order problem, where the method of lower and upper solutions is combined with the
Krasnoselskii’s fixed point Theorem. We follow the line of Cabada and Cid [26], substituting the
hypothesis of the existence of an upper solution of the corresponding problem, by the existence of an
upper solution of a different problem.

We consider two subsections, the first one for the case when the Dirichlet Green’s function is
nonpositive, and the second one for the converse case.

5.1. Negative Case

We assume that there exists some A and some subinterval [a,b] C I for which the following
condition holds:

(Co) Gp[A,2T)(2T —t,s) <O0for (t,s) € I x I and Gp[A,2T](2T —¢t,s) < 0 for (£,s) € [a,b] x L.
In this case, from Equation (2), we have
Gp[A, T)(t,s) — GN[A, T(t,s) >0 Y (t5s) € [a,b] x L.
Therefore, we may define

mi= min {GplA T|(ts) — Gn[A, T](ts)} > O,
telab), sel

my = max {GolA, TI(t,s) ~ Gu [, TI(t,5))
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and

Let K be the following cone
Ky = {u € W(I); u(t) >0, Vtel, n}ir;] u(t) > 1 |u||oo}
tela,

Let us denote by < the partial ordering induced by the cone: x < y if and only if y — x € K. We
use the notation x < y fory — x € Ky \ {6}, where 6 denotes the zero element of the Banach space.
We use the following fixed point theorem due to Krasnoselskii.

Theorem 7. ([27] Theorem 13.D) Let N be a real Banach space with order cone K. Suppose that the operator
T: K — K is completely continuous and a cone expansion, that is, there exist 0 < r < R such that

Tx#x forallx €K, |x||=r

and
TxAx forallx €K, |x| =R

Then, T has a fixed point on K with r < ||x|| < R.
First, we prove the following preliminary result, which is the line of ([26] Theorem 2.1).

Lemma 1. Suppose that there exists A € R for which condition (Cy) is fulfilled and operator Tp[A], given in
Equation (10), is nondecreasing and completely continuous. Let

S ={x €Ky, Tp[A]x < x}

and suppose that:

(i) There exists p € int(Ky) such that TN[A|B < B, with

() = [ OxIATI(5) (£(5,x(5)) + Ax(s) ds

(ii)  There exists some R > 0 such that SN {x € Ky; ||x|| = R} = @.
(iii)  f(t,B(t)) + AB(t) <Ofora.e. t € I

Then, there exists x € Ko, x # 0 such that Tp[A]x = x.

Proof. Since B € int(Kj), there exists some r > 0 such that B(B,r) C Kj.
We distinguish two cases:

() There exists some x € Ky, with ||x||e = 7, such that Tp[A]x = x.

Since ||x||ec =7, then p —x € B(B,r) C Ky, which implies that x < B.

Consider the sequence {x, } defined in the following way:

{xo =,
xn = Tp[A]xp_1.
Since x < B and Tp[A] is nondecreasing, it occurs that

0<x=ux,=TH[Alx 2 TH[A]|B, VneNlN
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(IT)

Let us prove now that

To[Al B = Tn[A] B
Clearly, from (Cp) and Equation (2), for all ¢ € I, it holds that

T

TnIAB(t) = To[AB(t) = / (GN[A TI(ts) = Gp[A, TI(t5)) (f(s, B(s)) + A B(s)) ds = 0.

0

Moreover, forall t € I,

TUAIB() ~ ToBE) = [ (GuIATI(45) ~ Gold, TI(1:)) (£(5,B(5)) + AB(s)) ds
<y [ 1£(s,B(s)) + 1B ds,

which implies that

TR~ Tl Bl < m2 [ 1£(s,B(6)) +2B(5)| s

and, since

TRIB() ~ TolAJB() = [ (OnIATI(0,5) ~ GolA, T)(E,)) (s, B(s)) + A () ds
> m [ 17(5,B(5) +ABE) ds, Vi€ [aB],

we have that

min, {Tn[AB(E) = To[MB()} = Y2 [ TN[AB — TolABllo-

tefab

Therefore, it is fulfilled that
ToAlB =2 TNAIB =B
and so

0<x=2x, =ThAx THAB=B, Vnel

As a consequence, x, =< f for all n € N and this implies that ||x,||cc < ||B]/e and so the sequence
{x,} is bounded.

In addition, since Tp[A] is completely continuous, it holds that {7Tp[A]x,} = {x,} is relatively
compact and, consequently, there exists a subsequence {x,, } which converges to x*. Thus, since
Tp[A] is nondecreasing, x,, < x* for all k € N, and so,

Xn, XX 2 X5, V2> mn.
Then,
[ = xnlloo < [|x™ — 2 [[ oo,

from which we deduce that {x, } converges to x* and, from the continuity of 7p[A], x* = Tp[A]x*,
that is, x* is a fixed point of 7p[A] and, moreover,

6 <x=<x"=<B.

Tp[A]x # x for all x € K; such that ||x[[e = 7.

From condition (ii), we know that there exists some constant R > r such that 7p[A]x £ x for all
x € Kp such that ||x||.c = R
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Then, from Theorem 7, we conclude the existence of a fixed point of Tp[A].
O

Remark 3. As pointed out in ([26] Remark 2.1), it must be observed that in case S is bounded, condition (ii) in
previous lemma holds trivially.

Remark 4. The proof of Lemma 1 follows the line of that of Theorem 2.1 in [26], except for the new part in
which we prove that Tp[A] B < Tn[A] B. For the reader’s convenience, we have decided to include the whole
proof and not only the modified part.

In the sequel, to deduce an existence result for the nonlinear Dirichlet problem in Equation (6),
we introduce the following condition

(C1) There exists a nonpositive function ¢ € L!(I) and a constant 1 € (0, 1] such that
Gp[A, TI(t,s) > ¢(s), Viel, aesel

and
Gp[A T)(ts) <71¢(s), Vte[ab], aesel.

Let K be the following cone
K= {u € WH(I); u(t) >0, Vtel, rrEirl}]x(t) > |x|oo},
te|a,

with
v =min{71, 72},
and 77 given in (Cy).

Theorem 8. Suppose that there exists A € R such that Gp[A, T] < 0on I x I and (Cy)—(Cq) and the following
assumptions hold:

(C2)  f(t,-) is nonincreasing for a.e. t € I.

(C3) f(t,x)+Ax<O0fora.e tecIandall x> 0.
(C4) lim f(;’x) = —oo uniformly in t.
(Cs)

— 00
Cs There exists B € int(K) such that Ty[A]B < B.

Then, there exists a nonnegative solution u € K for the Dirichlet problem in Equation (6).

Proof. Consider operator 7p[A] given in Equation (10).

We divide the proof into several steps.

Step 1: Tp[A]: C(I) — C(I) is a completely continuous operator:

This can be proved using standard techniques, taking into account that the Green’s function has
enough regularity (in particular, Gp[A, T] € C?"~2(I x I)).

Step 2: Tp[A|(K) C K:

Let x € K. Then, Tp[A]x(t) > 0 for all t+ € I as a direct consequence of (C3) and the non
positiveness of Gp on I x I.

Now, from (C3) and (Cs), forall t € I

T

Tolx(t) = [ Gol\TI(45) (Fls,x(5)) + Ax() ds < [ 9(6) (f(s,x(5)) + Ax()) s

0
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and so
T
7D [Alx ([0 S/O ¢(s) (f(s,x(s)) +Ax(s)) ds.

Moreover, for t € [a, b]
T

Tolx(t) = [ GolA, TI(1s) (/(sx(5)) + Ax(s)) ds = m [ §(5) (F(5,x(5)) + Ax(5) s

Therefore,

T
min Tolx(0) 2 1 [ 409 (7(5,x(6) + Ax(5)) d > 11 [Tollxlo 2 v [ To Al
and, clearly, Tp[A]x € K.

Step 3: 7p[A] is a nondecreasing operator:
Take x1, xp € C(I) such that x; = xp. From (Cy), it is easy to see that Tp[A]x1(t) > Tp[A]x2(t) for
all t € I. Moreover, with a similar argument to the one made in Step 2, one can check that

tIGIE/fbl] {To[Alx1(t) = Tp[Ax2(t)} = 7 | To[Alx1 = Tp[A]x2[[eo,

and so Tp[A]xy = Tp[A]xa.
Step 4: S = {x € K; Tp[A]x < x} is bounded.
Take M < 0 such that

1
max {/ab GD[)&,T](t,s)ds}‘

tela,b]

M+ A<

From condition (Cy), there exists some positive constant a such that
f(t,x) >Mx, Vx>a.
Take x € K such that rrEir;]{x(t)} > . Then,
te|a,
f(t,x(t)) < Mx(t), Ytela,b].

Let now £y € [a,b] be such that x(ty) = nfirl}] x(¢). It occurs that for ¢t € [a, b]
tela,

Tolx(t) = [ GolA, TI(1,) (F(5,x(5)) + Ax(s)) di
> [ ol TI(15) (£(s,2(5)) + A x(6)) d
> /ub GplA, T](t,s) (M + A) x(s) ds
> (M+2)x(t) [ Gol\, TI(45) ds > x(to).

In particular,
TplA]x(to) > x(to),

and so Tp[A]x A x.
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Therefore, x ¢ S. We conclude that whenever x € S it must occur that rrEin] x(t) < a and thus
te(a,b

a > min x(t) > v||x]co,
te(a,b]

and we deduce that S is bounded.

Then, as a consequence from Lemma 1, we conclude that operator 7p[A] has a nontrivial fixed
point in the cone K, which is a nontrivial solution for the Dirichlet problem in Equation (6). [

As a consequence of previous result, we obtain the following corollary.

Corollary 5. Suppose that there exists A € R such that Gp[A, T] < 0on I x I and (Cy)—(Cy) and the
following assumptions hold:

(C2)  f(t,-) is nonincreasing for a.e. t € I.

(C3) f(t,x)+Ax<O0fora.e teclandall x> 0.

(Cy) xlgrgo f(i’x) = —oo uniformly in t.

(CZ) GN[AT] < 00n I xIand there exists B € int(K) an upper solution of the Neumann problem in

Equation (5).

Then, there exists a nonnegative solution u € K for the Dirichlet problem in Equation (6).

Proof. The proof follows from the fact that, as it has been made in the proof of Theorem 1, condition
(C%) implies that Ty[A]f = B. [

We must note that for, the second-order equation (that is, n = 1), it occurs that if Gp[A,2T] < 0 on
J x ], then Gp[A,2T] < 0on | x ] and so [a,b] = ] in the second part of condition (Cp). This is not true,
in general, for the even-order equation when n > 1. We show now an example in which Gp[A,2T] <0
on ] x J and condition (Cp) holds and another one in which Gp[A,2T] < 0on ] x ] but condition (Cp)
does not hold.

Example 2. Consider the fourth-order periodic problem on [0,2T] = [0,1]

u® () +Mu(t) =0, te[0,1]
uD0)=u?(1), i=0,...,3

In this case, as it has been proved in ([4] Lemma 2.10 and Remark 2.6), the related Green'’s function is
strictly negative for M € (— (27t p)*,0), where u ~ 0.7528094 is the unique solution in (%, 1) of the equation

—tanhmm = tanmr.
Moreover, for M = — (2 7t )%, the Green’s function is nonpositive on [0,1] x [0, 1] and vanishes only on
the diagonal of its square of definition and on the points (0,1) and (1,0). Therefore, if we take [a,b] C (0,1/2),
our method can be applied for M € [—(2 7t u)*,0).
Example 3. Consider now the sixth-order periodic problem on [0,2T| = [0, 1]

u® () + Mu(t) =0, tel0,1]
u®(0)=u(1), i=o0,...,5.
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In this case, as proved in ([28] Theorem 4.2), the related Green’s function is strictly negative for M €

(—(271)8,0), where i ~ 1.010105 is the unique solution in (@, %) of the equation

sinhm 7t (ZSinhm /2 cos V/3m /2 + V3 coshm /2 sin v/3m 7r/2) = cos V/3m 7T — coshm 7t.

Moreover, for M = —(2 7t j1)®, the Green'’s function is nonpositive on [0,1] x [0, 1] and vanishes only on
the lines

{(t,;s) €[0,1] x[0,1]; s=t+1/2}
and
{(t,s) € [0,1] x [0,1]; s=1t—1/2}.

Therefore, our method can be applied for M € (—(27t)®,0) but not for M = —(2 7w j1)® as it is not

possible to find any interval [a,b] C [O, %} such that Gp is strictly positive on (1 —t,s) for all (t,s) €

[a,b] % [0,3].
5.2. Positive Case

We formulate now the corresponding results for the case when the Dirichlet Green’s function is
nonnegative.

We assume in this case that there exist some A and some subinterval [a,b] C I for which the
following conditions hold:

((ZO) Gp[A,2T](2T —t,s) > Ofor (t,5) € [ x I and Gp[A,2T](2T —t,5) > O for (t,s) € [a,b] x I.
(C1) There exists a nonnegative function ¢ € L'(I) and a constant 7; € (0,1] such that

GplA, T)(t,s) > ¢(s), Vtel aescl

and
Gp[A, T](t,s) < F14(s), Vte[ab], aescl

In this case, from Equation (2),
GN[A Tt s) —Gp[A, TI(t,s) >0 Y(ts) € [ab] x1.

Therefore, we take now

ii= min {Gn[ATI(Ls) — Go[A,TI(4s)} > 0,
tela,b], sel

iy = max {Gx[A,T)(t;s) = GolA, TI(t,5))

and

mq
- = ,1,
T2 m2€(0 ]

and we consider again K, the following cone
Ky = {u € W2L(I); u(t) >0, Vtel, rrEirl}]x(t) > T |x|oo}.
te|a,

Now, the existence results are the ones below.
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Lemma 2. Suppose that there exists A € R for which condition (Cy) is fulfilled and operator Tp[A], given in
Equation (10), is nondecreasing and completely continuous. Let

S={xcKy Tp[A]lx < x}
and suppose that:

(i) There exists B € int(Ky) such that Ty[A]p < B, with

Tn[M x(t) = /OT Gn[A, T)(t,s) (f(s,x(s)) + Ax(s)) ds.

(ii)  There exists some R > 0 such that SN {x € Ky; ||x|| = R} = @.
(iii)  f(t,B(t)) +AB(t) > O0fora.e. t € I

Then, there exists x € Ko, x # 0 such that Tp[A]x = x.

Now, by defining
K = {u € WN(I); u(t) >0, Vtel, rrEirl}]x(t) > '7|x|oo},
te|a,

with 4 = min{%3, 72}, we have the following existence result for the nonlinear Dirichlet problem in
Equation (6).

Theorem 9. Suppose that there exists A € R such that Gp[A, T] > 0on I x Iand (Co)—(Cy) and the following
assumptions hold:

(C2)  f(t,-) is nondecreasing for a.e. t € I.

(C3) f(t,x)+Ax>0fora.e. t € landall x> 0.
(Cy) lim £ (;’x) = oo uniformly in t.

(Cs)  There exists p € int(K) such that Ty[A]B < B.

Then, there exists a nonnegative solution u € K for the Dirichlet problem in Equation (6).
We also have the following corollary.

Corollary 6. Suppose that there exists A € R such that Gp[A, T] > 0 on I x I and (Co)—(Cy) and the
following assumptions hold:

((zz) f(t,-) is nondecreasing for a.e. t € I.

(C3) f(t,x)+Ax>0fora.e. t € Iandall x> 0.

(Cy) lim f(i’x) = co uniformly in t.

(Cf) GN[AT] > 00n I x Iand there exists B € int(K) an upper solution of the Neumann problem in

Equation (5).

Then, there exists a nonnegative solution u € K for the Dirichlet problem in Equation (6).

We must note that the results in this subsection can never be applied for the second-order equation,
since in such a case the Dirichlet Green’s function can not be nonnegative. For higher-order equations,
as in previous subsection, it is easy to find examples in which condition (Co) holds and also examples
in which it does not hold.

Author Contributions: Formal analysis, A.C., L.L.-S.; writing-original draft preparation, A.C., L.L.-S.;
writing-review and editing, A.C., L L.-S.



Mathematics 2019, 7, 878 19 of 20

Funding: The authors were partially supported by Xunta de Galicia (Spain), project EM2014/032 and AIE, Spain
and FEDER, grant MTM2016-75140-P.

Conflicts of Interest: The authors declare no conflict of interest.

References

1.

10.

11.

12.

13.

14.

15.

16.

17.
18.

19.

20.

21.

Heikkild, S.; Lakshmikantham, V. Monotone iterative techniques for discontinuous nonlinear differential
equations. In Monographs and Textbooks in Pure and Applied Mathematics; Marcel Dekker, Inc.: New York, NY,
USA, 1994; Volume 181.

Ladde, G.S.; Lakshmikantham, V.; Vatsala, A.S. Monotone iterative techniques for nonlinear differential
equations. In Monographs, Advanced Texts and Surveys in Pure and Applied Mathematics; Pitman (Advanced
Publishing Program): Boston, MA, USA; John Wiley & Sons, Inc.: New York, NY, USA, 1985; Volume 27.
Torres, PJ.; Zhang, M. A monotone iterative scheme for a nonlinear second order equation based on a
generalized anti-maximum principle. Math. Nachr. 2003, 251, 101-107.

Cabada, A. The method of lower and upper solutions for second, third, fourth, and higher order boundary
value problems. ]. Math. Anal. Appl. 1994, 185, 302-320.

De Coster, C.; Habets, P. Two-point Boundary Value Problems: Lower and Upper Solutions; Elsevier: Amsterdam,
The Netherlands, 2006.

Torres, P.J. Existence of one-signed periodic solutions of some second-order differential equations via a
Krasnosel’skii fixed point theorem. . Differ. Equ. 2003, 190, 643—662.

Cabada, A.; Lopez-Somoza, L. Relationship between Green’s functions for even order linear boundary
value problems. In Proceedings of the International Conference in Nonlinear Analysis and Boundary Value
Problems 2018, Springer Proceedings in Mathematics & Statistics (to appear), Santiago de Compostela, Spain,
4-7 September 2019; arxiv: 1811.06116.

Cabada, A.; Cid, ].A.; Lopez-Somoza, L. Green’s functions and spectral theory for the Hill’s equation.
Appl. Math. Comput. 2016, 286, 88-105.

Cabada, A; Cid, J.A.; Lopez-Somoza, L. Maximum Principles for the Hill's Equation; Academic Press: London,
UK, 2018.

Bernfeld, S.R. Lakshmikantham: An introduction to nonlinear boundary value problems. In Mathematics in
Science and Engineering; Academic Press: New York, NY, USA, 1974; Volume 109.

Cabada, A. An overview of the lower and upper solutions method with nonlinear boundary value conditions.
Bound. Value Probl. 2011, 2011, 893753.

Mawhin, J. Points Fixes, Points Critiques et Problemes Aux Limites; Séminaire de Mathématiques Supérieures:
Montréal, QC, Canada, 1985 ; Volume 92, 162p. (In French)

Mawhin, J. Twenty years of ordinary differential equations through twelve Oberwolfach meetings.
Results Math. 1992, 21, 165-189.

Mawhin, J. Boundary value problems for nonlinear ordinary differential equations: From successive
approximations to topology. In Development of Mathematics 1900-1950; Basel ed.; Birkhauser: Basel,
Switzerland, 1994; pp. 443-477.

Mawhin, J. Bounded solutions of nonlinear ordinary differential equations. In Non-linear Analysis and
Boundary Value Problems for Ordinary Differential Equations; Springer: Vienna, Austria; pp. 121-147.

Cabada, A.; Cid, ].A. ; Sanchez, L. Positivity and lower and upper solutions for fourth order boundary value
problems. Nonlinear Anal. Theory Methods Appl. 2007, 67, 1599-1612.

Schauder, J. Der fixpunktsatz in funktionalriiumen. Stud. Math. 1930, 2, 171-180.

Cabada, A.; Cid, ].A. On the sign of the Green’s function associated to Hill’s equation with an indefinite
potential. Appl. Math. Comput. 2008, 205, 303-308.

Cabada, A.; Cid, ].A. On comparison principles for the periodic Hill’s equation. J. Lond. Math. Soc. 2012, 86,
272-290.

Cabada, A; Cid, J.A.; Tvrdy, M. A generalized anti-maximum principle for the periodic one-dimensional
p-Laplacian with sign-changing potential. Nonlinear Anal. 2010, 72, 3436-3446.

Hakl, R.; Torres, P.J. Maximum and antimaximum principles for a second order differential operator with
variable coefficients of indefinite sign. Appl. Math. Comput. 2011, 217, 7599-7611.



Mathematics 2019, 7, 878 20 of 20

22.

23.

24.

25.

26.

27.
28.

Zhang, M. Certain classes of potentials for p-Laplacian to be non-degenerate. Math. Nachr. 2005, 278,
1823-1836.

Zhang, M. Optimal conditions for maximum and antimaximum principles of the periodic solution problem.
Bound. Value Probl. 2010, 2010, 410986.

Zhang, M.; Li, W. A Lyapunov-type stability criterion using L* norms. Proc. Am. Math. Soc. 2002, 130,
3325-3333.

Cabada, A.; Cid, J.A ; Maquez-Villamarin, B. Computation of Green’s functions for boundary value problems
with Mathematica. Appl. Math. Comput. 2012, 219, 1919-1936.

Cabada, A.; Cid, J.A. Existence of a non-zero fixed point for nondecreasing operators proved via
Krasnoselskii’s fixed point theorem. Nonlinear Anal. Theory Methods Appl. (Int. Multidiscip. ].) 2009,
71,2114-2118, doi:10.1016/j.na.2009.01.045.

Zeidler, E. Nonlinear Functional Analysis and Its Applications. I; Springer: New York, NY, USA, 1986.
Cabada, A.; Lois, S. Maximum principles for fourth and sixth order periodic boundary value
problems. Nonlinear Anal.  Theory Methods Appl. (Int. Multidiscip. ].) 1997, 29, 1161-1171,
doi:10.1016 /50362-546X(96)00086-7.

® (© 2019 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access
@ article distributed under the terms and conditions of the Creative Commons Attribution

(CC BY) license (http:/ /creativecommons.org/licenses/by/4.0/).


http://creativecommons.org/
http://creativecommons.org/licenses/by/4.0/.

	Introduction
	Preliminary results
	Existence of Solutions of Nonlinear Problems
	Particular Case: Hill's Equation

	An Example
	An Alternative Approach
	Negative Case
	Positive Case

	References

