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Abstract

A first-order well-balanced finite volume scheme for the solution of a multi-component
gas flow model in a pipe on non-flat topography is introduced. The mathematical
model consists of Euler equations with source terms which arise from heat exchange,
and gravity and viscosity forces, coupled with the mass conservation equations of
species. We propose a segregated scheme in which the Euler and species equations
are solved separately. This methodology leads to a flux vector in the Euler equa-
tions which depends not only on the conservative variables but also on time and
space variables through the gas composition. This fact makes necessary to add
some artificial viscosity to the usual numerical flux which is done by introducing an
additional source term. Besides, in order to preserve the positivity of the species
concentrations, we discretize the flux in the mass conservation equations for species,
in accordance with the upwind discretization of the total mass conservation equation
in the Euler system. Moreover, as proposed in a previous reference by the authors,
[5], the discretizations of the flux and source terms are made so as to ensure that the
full scheme is well-balanced. Numerical tests including both academic and real gas
network problems are solved, showing the performance of the proposed methodology.
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1. Introduction

Mathematical modelling of gas flow in pipelines is an important subject in plan-
ning and operating gas transportation networks (see reference books, [24] and [30]).
Many papers and computer programs on the subject deal with the case of steady
state, based on which network optimization problems are considered. Most of them
aim at saving operation costs related to the self-consumption of gas in the compres-
sion stations, which are needed to compensate the pressure loss due to pipe wall
friction (see [1], [4], [28] and [35]).

In the last years several papers have been devoted to transient models for the case
where the gas flowing in the network is homogeneous. Let us mention [8], [18] and [25]
where isothermal or isentropic flow are assumed. However, in real networks neither
temperature nor entropy remain constant because, first, there is heat exchange with
the environment (see [12] and [31]) and second, there is viscous dissipation in the
boundary layer near the wall of the pipelines. These features complicate the model
because they make necessary to use the full Euler system of equations and to include
two respective source terms. Moreover, in real networks it is quite common that
the height of the pipeline with respect to a reference level changes according to the
topography. This fact leads to another source term in the Euler equations similar,
in some sense, to the one corresponding to bathymetry in variable-bottom elevation
shallow water flow models.

Summarizing, the full model for real gas flow in transportation networks con-
sists of a non-linear system of hyperbolic partial differential equations with several
source terms. As it is well-known, the numerical solution of this kind of systems
by finite volume discretizations and approximate Riemann solvers requires a non-
trivial treatment of sources, in order to get well-balanced schemes avoiding spurious
oscillations.

During the last two decades, a large number of papers have been devoted to derive
well-balanced schemes for non-linear balance laws with source terms. Most of them
concern the shallow water equations (see [20], |7], [9] and references therein). For
Euler equations with gravity the contributions are more recent, being the work by
Cargo and LeRoux [10] considered a pioneering paper (see also [13]). Other relevant
articles related to this topic are [23|, [17] and [14]. The case of gas flow in one single
pipeline on non-flat topography, also including friction and heat exchange source
terms, has been considered in [5]. Moreover, passing from a pipeline to a network is
not an easy task because the treatment of junctions is not trivial. Let us mention
some articles devoted to this subject: [21], [2], [3], [16], [22], [32], [29] and [6]. In
the last one, a method for numerically handling pipe junctions has been introduced
based on modelling them as 2D containers.



In all the above references the gas is homogeneous in composition. However, in
real gas networks, several gases from different origins are injected and subsequently
mixed at network junctions. This makes the modelling problem more difficult be-
cause it is needed to compute the gas composition at any network point and at any
time. More important, as the equation of state involve the gas composition, in prin-
ciple Euler equations are coupled with the mass conservation equations for species.
Nevertheless, in the present paper we propose a segregated scheme in which the Euler
and the species equations are solved separately. By doing so we have to face two new
difficulties. Firstly, we have to solve an Euler equation system involving a flux vector
that depends not only on the conservative variables but also on the time and space
variables through the gas composition. Secondly, when solving the mass conservation
equations of species to determine the gas composition, we need to preserve positivity
of concentrations. Dealing with the first problem makes necessary to add some artifi-
cial viscosity to the numerical flux, which is done in the present paper by introducing
an additional source term. Regarding the second one, in order to preserve positivity
of species concentrations, following [27] (see also [19]), we discretize the flux in the
mass conservation equations in accordance with the upwind discretization of the flux
we have made in the total mass conservation equation. Moreover, as proposed in a
previous reference by the authors, [5], the discretization of all the source terms is
upwinded so as to ensure that the full scheme is well-balanced.

The paper is organized as follows: in Section 2 we recall the mathematical model
for multi-component gas flow in a pipe, in the general case of real gases, viscous fric-
tion, non-flat topography and heat exchange. In Section 3 the numerical methodology
is developed. Section 4 is devoted to present some numerical tests. It is followed by
some conclusions and an Appendix containing further details on the mathematical
model.

2. Mathematical modelling

The starting mathematical model consists of Navier-Stokes equations for com-
pressible flows. Since the length of the pipe is much larger than its diameter, a
one-dimensional model can be used (see AppendixA for further details). In order
to write this model in a compact way, we introduce the following notations for the
conservative variables: W) = p, mass density (kg/m®), W5 = pv, mass flux or linear
momentum density (kg/m?2s), W3 = pFE, total energy density (J/m?), pp = pYx,
partial density of the k-th species (kg/m?), where Y} denotes its the mass fraction.
Notice that W, = Egil pr- Let us denote W := (W, Wa, W3)t, p = (p1,- -+, pn, )"
and Y = (Y7,---,Yy,)!, being N, the number of species. Then, p = pY = WY



By using these notations, the balance equations given in AppendixA can be
rewritten in the compact form:

w 3
T @)+ 2T (We 1), plest) = 3 Gyt W0 p(w 1), (2)
2.1+ T W, 1), ol 1) = 0, (22)

where the flux vectors are

W
2
LT
FWop = | ) (23)
Wy + p(W, p)) =2
( 3 + p( 3 p)) W1
W
"(W,p) = — 2.4
FHW.p) = 77 (2.4)
and the source terms in (2.1) are
0 0
A Wo|W.
gl(x,t,W,p) = _E%ﬂ ) gg(:v,t,W,p) = _gwlh/(l') 5
0 ! —gWhol' ()
0
gg(l',t,w, p) = 0

3 (Oei(,1) — O(W, p))

Actually, G; and G, are independent of variables t and p and G, is also independent
of x.

By p and 6 we have denoted the mappings giving pressure and temperature from
the conservative variables through the state equations (A.7), (A.8). Similarly, we will
denote by 0 the mapping giving the temperature from the conservative variables. Let
us notice that the couple (p,#) with p = H(W, p) and 6 = (W, p) is a solution of
the following non-linear system of numerical equations:



Ne p
= ( ﬁ’;) RO, (2.5)

k=1
Ne 0 2
N LW. R
Zpk/@ Cor(s)ds = Wy — §W21 — W1é(Ores). (2.6)
k=1 ref

Remark 2.1. Let us notice that, since Wi = Zgil pr then it is enough to solve
N, — 1 equations for the species in (2.2). Thus, the total number of PDFEs is 3 +
N, — 1. However, for the sake of simplicity in writing, in what follows we will not
take advantage of that.

Numerical solution of the non-linear system of partial differential equations (2.1),
(2.2) together with the algebraic equations (2.5) and (2.6), for the case without
sources, i.e., G; =0, j = 1,2,3, has been addressed in many papers. Let us mention,
for instance, 27| and [15]. Generally speaking, the system can be solved as a fully
coupled hyperbolic system. In this case, the upwind discretization of both flux terms
is done simultaneously which becomes difficult and costly because it is necessary
to compute eigenvalues and eigenvectors of Jacobian matrices of order 3 + N,. An
alternative approach consists in using a segregated scheme, i.e., for each time step W
and p are updated by solving “independently” equations (2.1) and (2.2). By doing
so we could adapt a computer code written, in principle, for the standard Euler
equations, to multicomponent gas flow. Therefore, a segregated scheme should be
more appealing. However, since the partial densities p; are not conservative variables
for (2.1), neither the Wys for (2.2), a naive application of standard upwind schemes
leads to some troubles related to strong inaccuracies in the first block of conservative
variables, i.e., in W and to lacks of positivity in the second block, i.e., in the vector of
partial densities p. In this paper we propose methods to avoid these two drawbacks.

2.1. Initial conditions

W(z,0) = Wy(z), p(z,0)=po(z), x€(0,L).

In practice, we know initial values for density, velocity, temperature and mass
fractions of the species at each cross-section of the pipeline to be denoted by po(x) re-
spectively, vg(x), Op(z) and Yio(z), k =1,--- , No. Then, Wig(z) = po(x), Wa(z) =



po(x)ve(z), and Wig(z) and pro, k =1,--- , N, can be computed by using (A.6) and
(A.8):
pko(l‘) = Po(l’)Yko(iU); k=1,--- N,
N 0 1
Waa(s) = o) Bo(i) = po()eles) + D prola) [ Gunls)ds+ 5pola)wnle)
k=1 Ores

2.2. Boundary conditions

They can be of different kind (they are written at the left end of the pipe and
are similar for the right end):

e Inflow (WQ(O,t) > 0) WQ(O,t) = qL(t), H(O,t) = HL(t), Yk<0,t) = Yk,L(t), k=

1,--,N,,
e Outflow (W5(0,t) < 0): W(0,t) = qr(t),
e Wall: W5(0,t) =0,
e Free exit: oW =0,:1=1,2,3, Opx =0, k=1,---,N,,
ox ox
[ J

Inlet/Outlet pressure: p(0,t) = pr(t); besides, 0(0,t) = 0.(t), Yx(0,t) =
Yir(t), k=1,---, N, if W5(0,¢) > 0,

where qr(t), 0.(t), pr(t) and Y r(t), K = 1,---, N, are the (given) mass flux,
temperature, pressure and mass fractions of species at x = 0 and time ¢, respectively.

3. Numerical solution

In this section we introduce a numerical method for solving the above gas flow
model. The problem to be solved is a system of non-linear hyperbolic partial dif-
ferential equations with source terms. Let us notice that if G, = 0, k£ = 1,2,3
and Y is constant (i.e., the gas composition is time-independent and the same along
the whole pipe) then (2.1) is nothing but the standard one-dimensional compressible
Euler equations. For their numerical solution, the finite volume method combined
with approximate Riemann solvers are well established techniques from the eighties
last century (see, for instance, [34]). However, if source terms are present the subject
is more tricky because a naive discretization of these terms, e.g., by a centred for-
mula, does not always work properly. This fact was pointed out in |7] for the shallow
water equations with variable-bed elevation (an important example of hyperbolic
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system with source term) where a general theory for source term discretization was
introduced. Subsequently, in the last two decades, many research papers have been
written on the subject leading to the theory of well-balanced schemes for general
nonconservative hyperbolic systems (see, for example, [10], [9] or [13]). In a previous
paper by the authors, [5], the methodology from [7| has been applied to the Euler
equations with sources for a homogeneous gas. The main goal of the present work is
to extend the numerical methods from [5] to a multi-component heterogeneous gas.
We propose a segregated scheme in which the Euler and species equations are solved
separately.

Let us notice first that systems (2.1) and (2.2) are coupled because pressure and
temperature in the former depends on gas composition, that is, on the vector of
partial densities p which are the conservative variables in the latter. In its turn,
the velocity (which is given by W, /W) appears in the flux term (2.4) of the second
system (2.2). In this paper we are interested in segregated schemes, i.e., in solving
the two systems “independently”. Thus, when solving (2.1) we must assume that p
is a given function of (z,t) and, similarly, when solving (2.2) we must assume that
W is a given function of (x,t). This fact leads us to write the above systems in a
slightly different form, for the sake of clarity. For this purpose, let us introduce the
following vector functions F and F? associated, respectively, to F" and FP:

F" (xz,t, W) =7'"W(W p(z;1)),
($ t,p) ]:p( (x t),p).
Accordingly, for the source terms in (2.1) we define the vector function G by
G(z,t, W) :=G,(z,t, W, p(z,t)), j =1,2,3. (3.9)

Then equations (2.1) and (2.2) can be rewritten as follows:

OW dFW i
o @)+ = (et Wa ) = Z G,(z,t, W), (3.10)
ap dF?*
where
dF"V FV w oW
o (x,t, W(z,1)) := » (x,t, W(z,t)) + W (x,t,W(a:,t))W(w,t), (3.12)
dF? _ OF? OF? op
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3.1. The Euler stage. A first segregated scheme (E1)

Let us consider a finite volume mesh of interval [0, £] = [zo, zn]. The i-th interior
finite volume is denoted by C; = (xi_l/g,xi+1/2> where x,_ 1/2 = %(:cl-,l +x;), 1 =
1,--+, N, and their lengths are A; = Tip1 = Ty 1 ,i7=1,--- /N — 1. For boundary
nodes xg and zy, we define Cy = [0, To41/2), C’N = (Tn-1/2, xN] so their lengths are
Ay = T1— To and Ay =y —n_ 1 (see Figure 1). For simplicity, we will consider
a uniform mesh and therefore Az = L/N, z; = iAx, A; = Az, i =1,N — 1 and

AQ AN = §AZE

~Co~ C; ~Cy~

Figure 1: Finite volume grid: interior finite volume C;. Boundary finite volumes Cy and Cy.

Firstly, let us consider (3.10). By integrating in C;, i = 1,--- | N — 1, we get

d
%/ W (z,t)dz + FV (2iy1/0,t, W(xi1)2,t)) — FV (2i21/0,t, W(2i1)2, 1))
C;
3
:Z/ G;(z,t, W(z,t))dz. (3.14)
j=17Ci

Then we approximate this equality to introduce a discrete problem. The approx-
imate solution is taken constant on each finite volume C; where its value at time
t is denoted by W;(t). Since at the boundaries of the finite volumes the values of
the approximate solution are not well-defined then we replace the flux there by a
so-called numerical flux ®"'. More precisely,

FW(xifl/z’t’W(xi*I/%t)) ~ i)W(xi*laxi?taWi*l(t)?Wi(t))7i = 17 U 7N -1

Let us notice that the flux approximation at point z;_;/, only involves the approx-
imate values of the conservative variables on the two finite volumes sharing this
boundary point. Several numerical fluxes are proposed in the literature (see, for
instance, [34]). In this paper we have chosen the Q-scheme of van Leer for which



®" is defined by (subscripts L and R stand for left and right):

1
" (xp, xp,t, W, Wp) = E(FW(JUL, t, W) +F"(zg, t, Wg))

1
- §|QW($L7 vatvwlan)l(wR - WL), (315)
where
OV(xp, v, t, W W)—MG@ +x)t1(w +W)) (3.16)
Ly+Ryl, L, R*asz R772 L R) - .

Let us recall that the absolute value of a diagonalizable matrix O is defined as
follows: let @ = XAX~! where A is the diagonal matrix of the eigenvalues of Q.
Then |Q| = X|A|X !, where |A| is the diagonal matrix of the absolute values of the
eigenvalues of Q and X the matrix of eigenvectors.

In order to make a full discretization, a mesh of the time interval is introduced:
tn, =nAt, n=20,---, M. Let us denote by W} the cell average approximation of
Wz, t,) in the i-th cell, C;, given by the explicit Euler numerical scheme

witt —wr 1

+

At Az (q)W(xi’ vty iy Wi, W?+1>_(I)W(xi—l7 Tiy by Wiy, W?)>

3
=Y G7, (3.17)
j=1
where G7; denotes an approximation of

1
-~ /C Gy (b, W(a, 1)) da
to be defined below. For interior nodes,
G?J = ‘I’j (33'1'71, iy Ljy1, tn, W?—l? Wln, W?+1), j = 1, 2, 3, (318)

for some mappings ¥,. In order to get a well-balanced scheme, they have to be
defined in accordance with the numerical flux ®". For this purpose we employ the
general methodology introduced in [7]. In the present case, as we have taken the
(-scheme of van Leer, we define

\Ilj(xiflu Tiy Tit1, tn7 W;il’ W?7 W?+1> = \Il]['/(xiflu Li, tnv W?fh WZTL)
AW (@, w1, 1y, WL WEL), 5 =1,2,3, (3.19)
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with

n n 1 A~ n n
‘Ijj['/(xi*bxi?tn’Wifl?Wi) =3 9 [[+ ’Qz 1/2’( i 1/2) 1}Gj(xi*17xi7tmwiflvwi)7

(3.20)
n n 1 ~ n n

‘IljR(xi:x’i+17t W; Wz+1> [ |Q1+1/2’(Q1+1/2> 1}Gj(37i755i+17t W, Werl)

(3.21)
where

?/711/2 = Q"(wi1, @i tn, Wi |, W), (3.22)
Qz+l/2 QW(%’,%‘JAJ Wi, W), (3.23)
Gj(x,y,t,UL,UR) ~ Gj (_33' —2i_ Y (UL + UR)) 1 2 3. (324)

For boundary nodes, according to the definition of Cy and Cy, we take
G?O = ‘I’?([L’O’ Z1,tn, WSL, W?)
and
G?N = ‘I’]L(ZL‘N_l, N, tn, WR;_I, W%)

The well-balanced property of the above scheme has been shown in [5] for the
case of a homogeneous gas. Moreover, from the numerical results for static tests
included in that paper one can deduce that the best choice of the average mass
density involved in G; is the logarithmic average introduced in [26]:

WIR - WlL .
if Wig # Wiy,
P(Wi, Wpg) =< In(Wig) — In(Wy) w7 Wi (3.25)

However, the arithmetic average also gives good results, mainly for non-static cases.

3.2. The Euler stage. A new segregated scheme (E2)

As it is is well known, the above numerical scheme (3.17) does not work prop-
erly in the case of mixtures of gases. In order to explain its bad behaviour we

notice that the first term of the numerical flux ®" defined in (3.15) leads to a cen-
W

F

(z,t, W). In principle, the second term,
x
ie, —3|QY|(Wg — W) is the numerical viscosity needed for the stability of the
scheme. Let us recall that adding this term is “equivalent” to introduce upwind-
ing. Now, the important remark is that it has been built with the Jacobian matrix

tred scheme of the whole flux term

10



OFW
W(m, t, W (x,t)) so it only adds artificial viscosity (equivalently, upwinding) to the
w

oW
discretization of the second term in (3.12), namely, of a—W(x,t, W(:U,t))a—(x,t)
T
W

OF
but not to the discretization of the first one, i.e., of a—(x, t, W(z,t)). This lack of
x
upwinding causes the observed inaccuracies of the scheme.
Therefore, according to the previous analysis, the remedy to the bad behaviour

of (3.17) should consist in adding a new artificial viscosity term to get an upwind
W

8Fx (x,t, W(z,t)).

We propose to define this viscosity term as the difference between an upwind and
a centred discretization of this partial derivative. This is the underlying idea in the
discretization we propose below.

discretization of

OFW
Firstly, by subtracting term / 5 (x,t, W(z,t)) dz from the two sides of (3.14)
c; 0T

we get,

d
%/ W (z,t)do + FV (25012, t, W(@is1/2,1)) — FV (2510, t, W(Ti_1/2, 1))
C;

_/&V(x,t,vv(x,t))dx - ;/C G, (z,t, W(z,t)) d,

where we have used the following notations:

OFW OFW

V(z,t, W) := " (x,t, W) and Gy(z,t,W) = —W(x,t,W). (3.26)

Let us denote by W the approximation of W (x;,t,) given by the explicit Euler
method

W;H—l — Wzn 1 n n n n
T + E {@W(xi,xi+1,tn,wi 7Wi+1) - (I)W(xz'—hxi,tmwifp Wi )}
4
- VI=3)Gj, (3.27)
j=1
forn=0,---,M—1, where V" := 1 (Vf” + VlR") denotes a centred approximation
of
2 /x Vi by, W dot — [ V(e W) d
A,T e 'CE’ nH x AQ’; 2, l‘? ny :L‘,
T2
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(see below) and G%; denotes an upwind approximation of 3= [, Gy(z,t,, W") dx.
Let us compute V (z,t, W) for a mixture of calorically perfect gases. Firstly, the
physical flux in terms of the conservative variables can be rewritten as

Ws
FY (2,8, W) = | (100 = DWs+ m—amg
WoWs w3
t 1-— t
v(z,t) W + (1 —(x, ))2W12
where v is the ratio of specific heats:
S, t) = cp(x,t) _ i\fil Yi(z,t)cpn _ Zi\;@l pr(z, t)cpk'
G (ZE, t> ]kvil Yk(xa t)cvk ngvi1 pk(l’, t)Cvk
Then, V is given by
0
W2
FY )
V(z,t, W) = 0 (z,t, W) = @( ) Wi oW,
83: 8x W W2
2 Wy — —2
W1 ( 2W1)

and we choose V& and VI as follows (recall that the first component of V is null):

7? - ’7;1_ an 2
Vszn _ 1/2 (W;?Z B (W3) )

Az 20T
n n n 2
Yic12 — Vi1 n (WQ,ifl)
+ W3 i—1 )
Az ’ 2WT 4
n n n 2
VRn Yit1 T Vit1)2 W (W2,i+1)
2,1 ACL’ 3,141 2W17fz‘+1
+7in+1/2 - W (W;l)Q
Az aooawy )

12



QiR W3 2 W3,
V;),LG _ 1/2 (W?:lz B ( 2,) ) 2,

Az 20y, ) Wi
n n n 2 n
+%>1/2 — Yi—1 W (W2,i—1) W3y
Ax 3,171 2W1n;i_1 W{fi_l I
n n n 2 n
Vi _ Yit1 ~ Vig1/2 W (W2,z‘+1) W3
+'Yin+1/2 - W _ (T/VQ"Z)2 W3,
Az oWy, ) wp

with either

DN | —

1
Vitiye = 5 (Y(@ic1, tn) +(wis ty)) and 72 = 3 (V(®istn) +y(@it1, tn))  (3.28)

n Ti—1+ x4 n Ti + Ti1
Yi-1/2 =7 (T,tn> and Viyie =7 <T+’t”> ) (3.29)

Finally, G}, is defined by (3.18) with (3.19), (3.20), (3.21) and (3.24) for j = 4.
In summary, the scheme given by (3.27) is

or

Wit = W”——{<I> (24, i1, by WP WEL) — @Y (20, 4, b, WI |, W) }

+é (Vim+ Vi +Atz< (i1, Tiy b, WP, W) + W (5, 2500, 10, W W7+1)>

7=1
(3.30)
with
n n 1 n
‘Ilf(xi—laxivtmwi—hwi) D) U‘F |Qz 1/2|( i 1/2) 1} (_ViL )a (3.31)
n 1 n
lIlf(Ihxi-‘rl?t W Wz-i—l) 2[ | z+1/2|( z+1/2) ] (_VF )7 (332)

where QW7 /o and o ‘172 are defined in (3.22) and (3.23), respectively. By replacing
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in (3.30) we get

At
Wi = W — ~ {@W(:pi,xiﬂ,t W W) — @Y (2, 2y, t,, WP, W}
‘val/z‘( i 1/2) lvz‘Ln"‘ ‘ z+1/2‘( z+?/2)_1Van
+At2( (i1, Ty by W W)+ W (i, W W;”;l)) (3.33)

Thus, as it has been mentioned, this scheme is equivalent to introduce an additional
numerical viscosity into the scheme (3.17) in order to improve its stability properties,
namely, the terms

IQ T pl(Qi ) VI + IQZH/QI( i) Vi
/

3.83. The gas composition stage. A first segregated scheme (C1)

A similar problem to the one analyzed above also arises in solving the second block
of equations, i.e. (3.11), but unlike the Euler block they do not include any source
term. For upwind dicretization the numerical flux is also defined by the ()-scheme
of van Leer, that is,

1
(bp<xL7 TR, t? PL, pR) = 5 (FP(J}L7 ta pL) + Fp(xR7 t? pR))

1
- Elgp(xlanat?pL?pR)‘(pR _pL)7 (334>
where
OF? /1 1 1
Q"(xr, R, t, PL, PR) 1= %<§($L +ar),t, 5 (pr + PR)) =v(5(zr +2n),1)T,
(3.35)

and Z is the identity matrix. Hence,

1 1 1
®’(xp, xR, t, pr, PR) = 5 (U(xb t)pr +v(zg, t)PR) 3 (5(% + 2R), t) ‘ (Pr — PL);

and the corresponding scheme is

n+41 n
pz pz

At
The drawback of this scheme is that it does not satisfy the maximum principle so
the discrete partial densities p ; can be negative. In order to avoid this inconvenient
two different schemes are introduced below.

1
+ E (‘ﬁp('r% Lit1, tna p?? p?‘+1> - (I)p(aji—h T, tTL? p?*l? p?)) =0. (336)
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3.4. The gas composition stage. New segregated schemes

We want to apply the same methodology as for the Euler stage. Let us recall

that the physical flux term consists of two parts (see (3.13)):

IF” oF OF dp
%(Z’,t,[)(l’,t)) - a_x(x7t7p(x7t)> + Tp(%,t,ﬂ(l’,t))%(l’,t)
ov

= %(as, t)p(x,t) +v(x, 75)%(357 t),

but in scheme (3.36) we are only upwinding the second one.

3.4.1. The second scheme (C2)

This scheme relies upon the same ideas as those used for the Euler step. Firstly,

we integrate (3.11) in Cj:

i ),
Then we subtract from both sides the term

OF* ov

() = / ettt d

We get,

d
E/ p(z,t)dz + FP(xi412,t, p(xig1y2,t) — FP (2512, t, p(xi1)2, 1))
C;

—/ R(a:,t,p(x,t))da::/ Gs(z,t, p(z,t)) dz,
o C;

k3

where, for the sake of simplicity, we have used the notations

0 0
a—z(x,t)p and Gj(z,t, p) := ——U(a:,t)p.

R(x,t =
(2,1, p) e
Then, we try the following full discretized scheme:

n+1 n
P  — P;

1 n n n n
At + A_x {‘I)p(ﬂfi,$i+1>tn7 Pi; P¢+1) - ¢p($i—la Tiytny Pi1; Pi )}

n __ n
-R} = G5,i7
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p(v,t)de + FP (21,1, p(Tiy1y2,t)) — FP(@io1)0,t, p(Ti1/2,1)) = O.

(3.37)

(3.38)



where ®” has been defined in (3.34), R} := % (RZL” + RZR”) denotes a centred ap-
proximation of

itg

2 L 2
~ Rt plr ) Ao g [ R b ple ) d
i-g

and Gf,; denotes the upwind approximation of ﬁ fCi Gs(x,t,, p") dz defined by
(3.18) with (3.19), (3.20), (3.21) and (3.24) for j = 5. In what follows we develop the
above calculations to get a more intelligible form of the numerical scheme. For this
purpose we first recall that the numerical flux of the Q-scheme of van Leer (3.34) is
given by

V23 7 n n n n 1 n 23 3
D° (21,75, tn, PI1, P}) = (%—1/7@'—1 +v; Pi) - §|Uz‘—1/2‘(Pi —pi_1),(3.39)

p non _
(2, i1, e, PI, P11) =

N =N =

n 7 1 ‘s
(U?P? + Ui+1pi+1) - §|U?+1/2|(P?+1 — p}),(3.40)

and for the corresponding discretization of the source term Gg; we have

1 1ol
‘Ilg(miflaxiatnap?—bp?) = _5 <I+ n 42 I) RiLn7 (341>
Yi—1/2
\IIR n o n 1 |vzn+l/2| Rn
5 (xia Tiy1,tn, P; 7pi+1) = _5 7 - n—I R;™. (3.42)
Yit1/2

Moreover, we choose the following expressions:

vt — o U — U
RLn _ i—1/2 n i—1/2 n 3.43
) Al’ [ AJZ pz—17 ( )
n Vit~ Ve Vi1 =00
R = T/piJrl + /A—xpi : (3.44)

This scheme is fully independent of the one proposed for the Euler stage. It only
considers the velocity computed at that stage. Consequently, the approximation of
partial densities p(x;,t,) is quite different from the one used to approximate the total
density Wi(x;,t,). This fact provokes that the physical relation Wy = Ziv:el ok 18
not satisfied. Let us confirm this drawback by analysing a particular case: assuming
that v | 2 >0 and v” _, ,, > 0 we will prove that the previous identity does not hold.

i+1/2
Indeed, in this case, after some algebra scheme (3.38) becomes
R Ar (Ui pPi — Uz‘—1pi—1) : (3.45)
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Let us assume that, at time ¢, Wy, = Zgil Pk Then we have

Ne Ne At Ne Ne
IS WIEE 1 COUIREE) oo
k=1 k=1 k=1 k=1
= Wl,i T Ar (Uz' Wl,i - UifIWl,ifl) . (3.46)
Moreover, the expression of W{"/" is given by (3.27)
Wit =Wy, — Ar (™ = ™), (3.47)

where 77" and n*" are obtained from the numerical flux of the total mass conservation
law in the Euler system, corrected by the upwind approximation of the source terms
(see §3.1). More precisely,

4
777;Ln = ¢¥L/V (:Uifla T, tna W/z’n—la “/zn) + Ax Z 11}]1:1 (331‘,1, Ly tna W/in—b W/zn) ) (348>

Jj=1

4
0= ¢y (@, Tig, te, WL W) — Az Z\I/fl (i, iy, b, WP, W) L (3.49)
j=1

Let us recall that ¢]" denotes the first component of the numerical flux defined by
(3.15)while U}, and WF, are the first components of the numerical sources defined by
(3.20) and (3.21), respectively. Hence, it is straightforward to check that if v} | /2 >0

and v}, , > 0, the right-hand side of (3.46) is not equal to Wln:rl given by (3.47).

3.4.2. The third scheme (C3)

In this section we introduce a scheme that satisfies W, = ZkNil pr at time 41,
assuming that it is satisfied at time ¢,,.

For this purpose we follow the same procedure introduced in 3.4.1 but we will
“couple” the composition stage to the Euler stage by replacing the velocities in the
numerical flux of the former with the ones obtained from (3.48) and (3.49). In other
words, we change the numerical fluxes of the Q-scheme of van Leer to introduce
information relative to the numerical flux used to compute Wlnjl in scheme (3.27).
More precisely, we define the new left and right numerical fluxes of the Q-scheme of
van Leer by

n n ~n n ~Nn mn 1 ~n n n
(I)Z(iUifl,%?tm P, p;) = (UL,¢—1P1‘—1 + vL,ipi) - 5’%,1‘—1/2‘(/% — pi1){3.50)

p non e
‘I’R(%y ZTig1, tn, Pi s Pz’+1) =

N~ N~

~n ~ 1 ~n
(UR,inZ + U??,i—l—lp?—i-l) - §|UR,1'+1/2|(P?+1 - p})(3.51)
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where the new approximations of velocities are

~n n 1 ~Nn n 1
Vri-1 = 77iL —Wﬁi_la Vpi = 77iL Wﬂi» (3.52)
o 1, o nl 1 1
ULi-1/2 = 2 (UL,ifl +UL,1’> = 77¢L 2 <W{P ; + W1n'> ) (3.53)
~n Rn 1 ~n Rn 1
Vrs = T W VRit1 = T W (3.54)
1 1,i+1
o 1, o ol 1 1
VRit+1/2 = B (UR,i + UR,i+1) = nz'R 9 (Wln + 7 1) J (3.55)
ji it
where nf™ and nf"* are given by (3.48) and (3.49). Accordingly, the upwind dis-

cretization of the source term GZ, correspond to

1 UF i
Wiy, wistn, pi1,p)) = —5 | T+ ‘f’—”Q’I R (3.56)
2 UL i—1)2
non 1 |1~)7}%,i+1 2| n
Wl (s, i b oL P1) = 5 | T R T )RR (3.57)
YRi+1/2
where
Ui — "72 i—1/2 772 i—1/2 UL i1
R/" = — ’ e o 3.58
1 ASB pz + Al‘ pz—la ( )
Ukip1 — Up i+1/2 Uk i+1/2 — Uk,
R = : P T gn, 3.59
7 AZL’ pH—l + AZII pz ( )

Let us observe that sign(vy ; ;) = sign(nf™) and SIgN (U ;11 /9) = sign(nf™). Then,
after some algebra, we can rewrite this new scheme as

ot — p} 1 R L
thz + Ar (<P¢ "(Tiy Tiga, tus P Piyr) — @1 (Ti1, Tis ta, Py, P?)) =0,
(3.60)

where the global numerical flux at the left boundary of the cell is defined by
f)z,i—lp?—l if 772,@—1/2 >0,

@ (i1, Tiy o, Pi1, P}) = (3.61)
6?,,zp? lf 62,1’—1/2 S 07
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and the global numerical flux at the right boundary of the cell by

Fapl A T >0,
wiaxiJrlatnap??p?-i-]) = (362)
~n n . ~

Upit1Pip1 i U?%,iJrl/Q <0.

o

1 1
Let us prove that this new scheme satisfies the suitable property, W{* Zk Lo
assuming that W', = SN Pri» Vi. Let us denote

‘Pé}; = Qoﬁn(miflaxiatmp?—bp?)a 9027; = SokRn(xiaxi+17tn7p?ap?+1)' (363)

We have
4 3\
~n _ . ~
Vri-1 E sz 1 7% W” E pkzz p if Upi-1/2 =~ 0
Ne . 1 S 1 k=1 I
n __ o n
E (Pk,i - =" >
N,
k=1 e
~n noo__ . ~n
UL E Pri = 771' E P/m if ULi-1/2 <0
N k=1 11 k=1 )
( Ne | X )
~n n _ . Rn n lf ~n > 0
VR, Pri; =M W Pk,i YR,i+1/2
Ne B k=1 Li =1 R
n o _ n
§ (Pk,i - =1
k=1
U it % <0
R,z+1 Pk A+l Pk i+l Rit1/2 =
L 1 a+1 k=1 y,
and then,

Ne At Ne Ne
S = 3ok (Lol - 3ot
k=1 k=1 k=1
At
= Wii—x, (™ = i) = Wi (3.64)

Similar schemes have been introduced for the shallow water equations in [19]
and [11]. An important feature is that it preserves the positivity of partial densities
pi if the CFL condition is satisfied, as the computations below show. We analyze
successively the different possibilities:
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If ™ < 0 and nf*™ < 0, (3.60) becomes

At 1 1
ntl _ on T2 [ R noo_pln_= 50 3.65

Then, the scheme can be rewritten as p/'** := H(p"); where

At 1 At 1
= ot [ 14 —=pkn ool ——npfin— ). :
H(P )z P; ( + Aflfnl W{fl) + pz—i—l ( Ax,r/z Win:i+1) (3 66)

The positivity conditions are

OH(p"): At 1 At

S Ay L p———— T — .
9o A T A 0, (3.67)

OH(p™): At 5 1 At _

R T ke = ——% .., >0. 3.68
ap?—’—l A:L‘nz W{fi-‘,—l A:L,UR,1+1 - ( )

Let us notice that (3.68) is always satisfied so the positivity is ensured if con-
dition (3.67) holds.

If pf™ > 0 and nf*™ > 0, (3.60) becomes

)

At 1 1
n+1 n Rn n Ln n
e YA R0 L pU— (LR 5L — . 3.69
pz pz ALE (771 IIr{flpl 771 Ilrﬁilpz—l) ( )

Then, function H(p"); is

At 1 At 1
H(p")i = p; <EanWT) + p! (1 — Ef}f"W) . (3.70)
1,i—1 1,

The positivity conditions are

OH(p™): At ;. 1 At _
i U — s S 71
ap?,l Axnz ”717?1;1 Ava,z—l = 07 (3 7 )
OH(p"); At poo 1 At
i Uy S L — N —— L | 72
opp AW A Rt =0 (3.72)

As (3.71) always holds, the positivity will be ensured if the maximum time step
satisfies (3.72).
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o If n™ > 0 and /™" <0, (3.60) is

At 1 1
n+l __ Rn n o Lln n
7 pz AZE (nz W{fprl pz+1 7; W{fifl Pi1

Then, function H(p"); is

At o1 o At g 1
H(p")i = pzl(mnf W )+pi+pi+1( AmR T
1,i—1 1,041

In this case the positivity conditions are always satisfied:

IH(p™); At ;. 1 At _
LA A — L = n >
opr, Az Wi T Az 0

OH(p"):

=1>0

op? -
oM (p™); :—ET}RH 1 :_At s
opy Az ™ Wi, Ag Rt =T

o If n/™ < 0 and nf > 0, (3.60) becomes

n+l _ n At 1 n o 1
i = P; Ar 777, W1nz P; 77i Wﬁz —P;

Then, taking into account (3.27), function H(p"); is

H(p"): = P [1—5(77? —mL)Wn}
1,i
1 Wit
= p |1+ (WrHt —wr = p—2
P; |: +( 1,2 l,z) Wﬁ2:| P; W{fz ’

where we have used the expression of W' to prove

AN
N (77@ nan) - erjzﬂ - erfz

(3.73)

(3.74)

(3.75)

(3.76)

(3.77)

(3.78)

(3.79)

Hence, in this case the positivity condition holds as far as scheme (3.27) pre-

serves the positivity of the mixture density. Indeed, in this case we have

OH(p"); Wi
op?

(2

= > 0.
Wi~
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3.4.3. The fourth scheme (C4)

The scheme presented in Section 3.4.2 has been introduced in [27] for the multi-
component Euler equations without sources (ie., G; = 0, j = 1,2,3). Following
[27], the velocities o, and 0 are defined by

1
VUri-1 = L W =Y W (3.81)
Li—1
. 1, . 1/ 1 1
ULi-1/2 T 5 (UL,i—l + UL,z') = ‘1}[1/]:5 <W1n' ) + Wln') ; (3.82)
1 1
. _WR B . WR
UR,@' T 1z W_ﬁi? Rz+1 = Py W1n77;+1, (383)
. 1, 1/ 1 1
URi+1/2 ‘= 5 (UR,z' + UR,H—I) = Il/‘z/R (Wln + W1"~+1> ’ (3.84)

where ¢}l is obtained from the numerical flux of the total mass conservation law

(see §3.1). More precisely,
‘1/[1'/L = Qstljv (.’171'71, i, tna v‘/irih W/Zn) )

R = ¢11/V (xi,:r;iﬂ,t W WZTL+1)

Let us recall again that ¢} denotes the first component of the numerical flux defined
by (3.15). The drawback of this velocities defined by (3.81)-(3.84) is that, if there
are sources in the Euler block of equations then the scheme does not satisﬁes the
suitable property, Wit = 3™ p"*1 assuming that Wi, = SN, P}, Vi. Indeed,

( N. | X )
~n n _ n : ~n
Uri-1 E Pri-1 = 1i wn E Pri—1 if ULi—1/2 =~ 0
Ne : k=1 Li1 =1 Wi
n __ N
§ Pri = =P
k=1 Ne
R 3 adi 1}
ULZ E le <Z51z W pk,i if ULi-1/2 <0
\ Li =1 y,
4 N, A
~n no__ . ~n
VR, Z Pri = ¢1i W” Z Pk i if URit1/2 = 0
Ne 5 k=1 Li =1 -
n __ N
E Pri = = @y
k=1 Ne
~n n o . ~n
UR,i+1 E Pkit1 = Cbu E Pk i1 if UR,i+1/2 <0
\ k=1 1l+1 k=1
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and then,

&
&

At Qe e
i = Y- o (Sel- Yool
k= k=1 k=1

k=1 1
n At
= WM_E( Il/li/R_ Il/lVL)

4 4
= Wit — At <Z DY \Ifﬁl> : (3.85)

j=1 j=1

where

qjﬁl = ‘ijl (a:ia xiJrlatn?WznaW;:-l) ) (386)
\Ijﬁl = \Iljljl ('Ii—la Ty, tna “]7:71_17 szn) . (387)

Therefore, this scheme satisfies Z,]j:el pZng = Wlnf ! if and only if there is no upwind-
ing in the discretization of the source terms, but it has been proved in [5] that some
upwinding is needed in order to have a well-balance scheme.

3.5. Boundary conditions

The numerical treatment of the boundary conditions given in Section 2.2 requires
the use of special techniques involving so-called ghost cells. We refer the reader to
[5] where a detailed description has been included.

4. Numerical results

In this section we apply the numerical schemes introduced above to solve several
test problems.

4.1. Test 1

This test corresponds to a static situation (v = 0) with discontinuous composition
and temperature but with spatially constant product R(z)60(z). This test is similar to
Test 1 presented in [5] for a homogeneous gas composition. Let us take an arbitrary
topography function h(z). We look for a steady solution such that

v(x) =0, 6O(x)R(x)= K (constant), Vz € (0,L). (4.88)
In this case, the momentum equation becomes
dp
L) = —gple Ol (2). (4.89)
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Moreover, the equation of state gives the relation

pla) = = (];:()?(x) - pg)‘ (4.90)
Then q
KL (@) = —gp(a)l (), (4.91)
and therefore p(x) is given by
p(x) = p0) exp (= (h(x) = h(0))) (4.92)
and p(z) by
p(z) = Kp(0) exp (—%(h(x) - h(@))) . (4.93)
In this test we have taken
(x)_{gR if J]>§,’ k($)_{YkR if ZL’>§,, I ( )

where species are methane, ethane, propane, butane and nitrogen, respectively.

The initial conditions for the different variables can be computed from the data
shown in Tables 1 and 2. In all cases the CFL is 0.4 and Ax = 200m. The logarithmic
average for density is used. Notice that (G; and G3 are null.

Yio | Yir | Yor | Yor | Yar | Yar | Yar | Yar | Ysr | Ysr

0.95{0.70 | 0.03 | 0.05 | 0.015 | 0.10 | 0.025 | 0.15 | 00025 | O

Table 1: Data for Test 1 (I).

In what follows we show the numerical results obtained from the different schemes
considered in this paper.
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0. (C) | 0r(C) RO h(z) (m) | £ (m)
4.965142 | 63.434338 | 140329 | 200sin (2£) | 10000
Table 2: Data for Test 1 (II).
g g
- =g
2000 4000 X (m)SDUD 8000 10000 2000 4000 X (m}sﬁoo
E m 90
= ®
..",_1 . 80
£
> o 2000 4000 6000 8000 10600 ™ 2000 4000 6000 8000 10000
X (m) x (m)

Figure 2: Test 1. Initial conditions equal to exact solutions. Above: temperature (left) and pressure
(right). Below: velocity (left) and mass fraction 100Y; (right).

4.1.1. Numerical results with (E1)+(C3)

Firstly, we will present numerical results for the combination of schemes (E1) and
(C3).

In Figures 3 and 4, temperature, pressure, velocity and mass fraction Y; are
plotted at times ¢ = 2 seconds and ¢ = 200 seconds, respectively. The behavior of
the other species is similar.

Let us notice that for this scheme the velocity is fully wrong: roughly speaking
it oscillates between v,;;, >~ —4.6 m/s and vy, ~ 15 m/s while the exact velocity is
null. The computed pressure is also wrong near xr = % These results illustrate the

relevance of adding artificial viscosity to the discretization of the second flux term,

F
a—, at the Euler stage.
ox
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Figure 3: Test 1: Numerical results with scheme (E1)+(C3). Above: temperature (left) and pressure
(right). Below: velocity (left) and mass fraction 100Y; (right). ¢t = 2s.

4.1.2. Numerical results with (E2)+(C2)

In this case the numerical results are shown in Figures 5 and 6. Notice that the
numerical results are in good agreement with the exact solution.
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Figure 4: Test 1.

Numerical results with scheme (E1)+(C3).

Above: temperature (left) and

pressure (right). Below: velocity (left) and mass fraction 100Y; (right). ¢ = 200s.

56.6
_— —
(_I’ w0 © 56.4
I o 5.2
=L
30 [
= o *®
o} 55.8
55.6
10
— L 55.4 — — L
2000 4000 6000 8000 10000 2000 4000 6000 8000 10000
x (m) x (m)
—_
LN 400
«—
1 90
@ 200 [
-
X oL
% /\’\/\/\/\/W © )
wv
S~ -200
E -400
> . L 70 b . .
2000 4000 6000 800D 10000 2000 4000 6000 8000 10000
x (m) x (m)

Figure 5: Test 1. Numerical results with (E2)+(C2). Above:

(right). Below: velocity (left) and mass fraction 100Y; (right).
velocities has to be multiplied by 1071%).

27

temperature (left) and pressure
t = 2s (notice that the scale of



60 - 56.8
0 5.6
— —
O ol ot
ol O s6.2
= a s
20| 55.8
55.6
10
. 55,4 .
1] 2000 4000 6000 8000 10000 o 2000 4000 6000 8000 10000
X (m) X (m)
T3 400
i
1 a0
@ 20|
—
o
> oF o~
—_— 80—
'3)_._ -200
~— 400
. ,
> 2000 4000 8000 8000 10000 2000 4000 6000 8000 10000
x (m) X (m)

Figure 6: Test 1. Numerical results with (E2)+(C2). Above: temperature (left) and pressure

(right). Below: velocity (left) and mass fraction 100Y; (right). ¢ = 200s (notice that the scale of
velocities has to be multiplied by 1071%).
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Figure 7: Test 1. Numerical results with scheme (E2)+(C3). Above: temperature (left) and

pressure (right). Below: velocity (left) and mass fraction 100Y; (right). ¢ = 2s (notice that the
scale of velocities has to be multiplied by 10715).

4.1.3. Numerical results with (E2)+(C3)

In Figures 7 and 8 temperature, pressure, velocity and mass fraction Y; are plotted
at times t = 2s and t = 200s, respectively.
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Figure 8: Test 1.

Numerical results with scheme (E2)-+(C3).

Above: temperature (left) and

pressure (right). Below: velocity (left) and mass fraction 100Y; (right). ¢ = 200s (notice that the
scale of velocities has to be multiplied by 1071%).

Let us notice that for this scheme the static state is preserved up to the machine

precision, see Figure 9.
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Figure 9: Test 1. Ll-error evolution in time with scheme (E2)+(C3). Top: temperature (left) and
pressure (right). Middle: density (left) and mass flux (right). Bottom: partial density p; (left).
t = 200s.

4.1.4. Numerical results with (E2)+(C4)

In Figures 10 and 11 temperature, pressure, velocity and mass fraction 100Y; are
plotted at time ¢ = 2s and t = 200s, respectively.

Let us notice that for this scheme the results are not in good agreement with the
exact solution plotted in Figure 2.

As a conclusion from the results for Test 1, in the remaining tests we will only
consider the schemes (E2)+(C2) and (E3)+(C3).
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Figure 10: Test 1. Numerical results with scheme (E2)+4(C4). Above: temperature (left) and
pressure (right). Below: velocity (left) and mass fraction 100Y; (right). ¢ = 2s.
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Figure 11: Test 1. Numerical results with scheme (E2)+4(C4). Above: temperature (left) and
pressure (right). Below: velocity (left) and mass fraction 100Y; (right). ¢ = 200s.

4.2. Test 2

This case concerns a non-static situation (v = v, # 0). We look for a steady
solution for p and v such that

plz,t) = pe, v(z,t) =0, Ox)R(x)=K, Vzre(0L). (4.95)
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where p,, v. and K are constants. We assume that h'(z) = 0, and G, and Gj are null
at the Euler stage. Then, it is easy to check that the total energy E is the solution
of a transport equation with constant velocity v.. Moreover, if we assume that p,,
v, are constant, then mass fractions Y, k = 1,---, N, are also solution of the same
linear transport equation.
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Figure 12: Test 2. Initial conditions. Above: temperature (left) and pressure (right). Below:
velocity (left) and mass fraction 100Y; (right).

The initial conditions for the different variables (see Figure 12) are the functions,

{QL if I<§, {YkL if I<§,

O(x) = . Yi(z) = yk=1,--- 5 (4.96)

Or if $>§, Yir if .’13>§,

where species are methane, ethane, propane, butane and nitrogen, respectively. The
values of the constants considered in this test are given in Table 3 and Table 4. In
all cases the CFL is 0.5 and Az = 200m.

We will present numerical results for the schemes (E2)+(C2) and (E2)+(C3). In

this test both schemes yield numerical results in good agreement with the expected
solution. In Figure 13 and Figure 14 it is clear that the initial discontinuities of
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Yie | Yig | Yor | Yor | Yar | Yar | Yar | Yar | Yso | Yeg
0.70 { 0.95 ] 0.05 | 0.03 | 0.10 | 0.015 | 0.15 | 0.0025 | 0 | 0.0025
Table 3: Data for Test 2 (I).
0, (C) | Or(C) | K=R6| h(z) (m) | £ (m) | p (kg/m?) | ve (m/s)
63.434338 | 4.965142 | 140329 0 10000 40 2
Table 4: Data for Test 2 (II).
. Temperature. 5s IPre551‘1re. 5 5.
0 1 2 4 x(im) 3 7 8 9 0 0 1 2 3 4 x(im) 6 7 8 9
Velocity. 5 s 100 Methane. 5s
0 1 2 4 x(:m) 6 7 8 9 10 0 1 2 3 4 x(:m) 6 7 8 9
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Figure 13: Test 2. Numerical solutions with scheme (E2)+(C2) (blue), and with scheme (E2)+(C3)
(red). Above: temperature (left) and pressure (right). Below: velocity (left) and mass fraction
100Y; (right). ¢t = 5s.

temperature and mass fraction 100Y; at x = 5000 m are moving to the right (v, = 2

m/s).
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Figure 14: Test 2. Numerical solutions with scheme (E2)+(C2) (blue), and with scheme (E2)+(C3)
(red). Above: temperature (left) and pressure (right). Below: velocity (left) and mass fraction
100Y; (right). ¢ = 200s.

At final time t = 200 s, we compute the L'-norm of the error between the
approximate solution and the exact solution divided by the length of the domain,
L = 10000 m (see Tables 5 and 6 for scheme (E2)+(C2), and Tables 7 and 8 for
scheme (E2)+(C3)). The solution is not smooth, so for this test we do not show the
order of convergence.
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Mesh | Az | Wy (kg/m?) | Wy (kg/(m?s)) | W3 (J/m3)
M; | 500,000 2,28E-02 4,86E-01 1,18E+4-05
M, | 250,000 | 1,74E-02 2.736-01 | 9,10E404
My | 125,000 | 1,29E-02 2.44E-01 | 6,96E+04
M, | 62,500 9,49E-03 2,87E-01 4,55E+04
M; 31,250 6,84E-03 3,04E-01 3,09E-+04
Mg 15,625 4,80E-03 2,59E-01 2,21E+04

Table 5: Test 2. L' absolute error divided by £ with scheme (E2)+(C2) for Euler conservative

variables. t =200s. CFL = 0.5.

Mesh | Az | 100Y; (%) | 100Yz (%) | 100Y; (%) | 100Y; (%) | 100 Y5 (%)
M, | 500,000 | 9,02E-01 | 7,76E-02 | 3,06E-01 | 5,26E-01 | 8,40E-03
M, | 250,000 | 6,80E-01 | 584E-02 | 2,31E-01 | 3,97E-01 | 6,34E-03
M, | 125,000 | 5,11E-01 | 4,37E-02 | 1,74E-01 | 2,99E-01 | 4,79E-03
M, | 62,500 | 3,37E-01 | 2,90E-02 | 1,14E-01 | 1,97E-01 | 3,14E-03
Ms | 31,250 | 2,32E-01 | 2,00E-02 | 7,88E-02 | 1,35E-01 | 2,15E-03
M | 15,625 | 1,65E-01 | 1,42E-02 | 5,60E-02 | 9,62E-02 | 1,53E-03

Table 6: Test 2. L' absolute error divided by £ with scheme (E2)+(C2) for mass fractions. ¢ = 200

s. CFL=0.5.
Mesh | Az | W, (kg/m?) | Ws (kg/(m?s)) | W3 (J/m3)
My | 500,000 | 2,30E-02 4,65E-01 1,15E-+05
My | 250,000 1,75E-02 2,79E-01 8,86 404
My | 125,000 | 1,31E-02 2.58E-01 6,80E 1 04
M, | 62,500 | 9,78E-03 3.04E-01 | 441E+04
Ms | 31250 | 7,19E-03 318E-01 | 2,98E404
Mg 15,625 9,19E-03 2,68E-01 2,13E+4-04

Table 7: Test 2. L' absolute error divided by £ with scheme (E2)+(C3) for Euler conservative

variables. ¢t =200s. CFL = 0.5.

35




Mesh [ Az [ 100Y; (%) | 100Yz (%) | 100Y5 (%) | 100Y; (%) | 100 s (%)
M, | 500,000 | 8,72E-01 | 6,98E-02 | 2,96E-01 | 5,15E-01 | 8,72E-03
M, | 250,000 | 6,58E-01 | 5,26E-02 | 2,24E-01 | 3,88E-01 | 6,58E-03
M; | 125,000 | 4,96E-01 | 3,97E-02 | 1,69E-01 | 2,93E-01 | 4,96E-03
M, | 62,500 | 3,25E-01 | 2,60E-02 | 1,10E-01 | 1,92E-01 | 3,25E-03
Ms | 31,250 | 2,22E-01 | 1,78E-02 | 7,55E-02 | 1,31E-01 | 2,22E-03
Mg | 15,625 | 1,58E-01 | 1,26E-02 | 537E-02 | 9,31E-02 | 1,58E-03

Table 8: Test 2. L' absolute error divided by £ with scheme (E2)+(C3) for mass fractions. ¢ = 200s.
CFL = 0.5.

4.3. Test 3
This case is similar to Test 2 but with sinusoidal initial condition for species and
temperature, that is,

1 1 . (O 3
Yi(w) = 5 (Ve + Yir) + 5 (Yir — Yir ) sin (fl’ + 57) ck=1,---,5,  (4.97)

(4.98)

where the values of the constant are given in Table 9, see Figure 15.

Yio | Yir | Yor | Yor | Yar | Ysr | Yar | Yar | Ysr | Ysr

0.70 { 0.95 | 0.05 | 0.03 | 0.10 | 0.015 | 0.15 | 0.0025 | 0 | 0.0025

Table 9: Data for Test 3 (I).

K = RO | h(z) (m) | £ (m) | pe (kg/m?) | ve (m/s)
140329 0 10000 40 2

Table 10: Data for Test 3 (II).
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Figure 15: Test 3: Initial conditions. Above: temperature (left) and pressure (right). Below:
velocity (left) and mass fraction 100Y; (right).
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Figure 16: Test 3. Numerical solutions with scheme (E2)+(C2) (blue), and with scheme (E2)+(C3)
(red). Above: temperature (left) and pressure (right). Below: velocity (left) and mass fraction
100Y; (right). ¢ = 5s.
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Figure 17: Test 3. Numerical solutions with scheme (E2)+(C2) (blue), and with scheme (E2)+(C3)
(red). Above: temperature (left) and pressure (right). Below: velocity (left) and mass fraction
100Y7 (right). ¢ = 200s.

At final time ¢ = 200 s, we compute the L'-norm of the error between the
approximate solution and the exact solution. The considered schemes in this test give
similar results, but errors obtained with scheme (E2)+(C3), Tables 15 and 17, are
always lower compared to those reported in Tables 11 and 13 for scheme (E2)+(C2).

The order of convergence of these errors are shown in Tables 12 and 14 for scheme
(E2)+(C2), and Tables 16 and 18 for scheme (E2)+(C3). It is nearly 1. Figures 16
and 17 show the numerical results with both schemes at time ¢ = 2 seconds and
t = 200 seconds.
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Mesh | Az | Wy (kg/m?) | Ws (kg/(m?s)) | W3 (J/m3)
My | 500,000 | 4,98E-02 6,78E+-00 2,36 E+4-05
My | 250,000 2,84E-02 2,39E4-00 1,28E+05
Ms | 125,000 1,50E-02 8,79E-01 6,57E-+04
M, | 62,500 | 7,61E-03 359E-01 | 3,33E+04
M | 31250 | 3.93E-03 1,67E-01 1,68E404
Mg 15,625 2,63E-03 8,60E-02 8,51E-+03

Table 11: Test 3. L! absolute error divided by £ with scheme (E2)+(C2) for Euler conservative
variables. t =200 s. CFL =0.5.

Mesh | Wy | Wy | Ws
My-Msy | 0,81 | 1,51 | 0,88
My-Ms | 0,93 | 1,44 | 0,96
Ms-M, | 0,98 | 1,29 | 0,98
My-Ms | 0,95 | 1,10 | 0,99
Ms-Mg | 0,58 | 0,96 | 0,98

Table 12: Test 3. Order of convergence for the errors given in Table 11 with scheme (E2)+(C2).

4.4. Test 4, real case

The ultimate goal of the methodology proposed in this article is the prediction of
the physical variables involved in real gas transportation networks. In order to check
if this is made accurately, we present a test involving real data. In [6] our industrial
partner Reganosa allowed us to use a large data basis with the measurements it
makes in real time on its own gas network. With this information, we are able to
compare the numerical results of our model against their respective experimental
values.

The network, depicted in Figure 18, consists of 11 nodes, joined by 10 pipes.
Moreover, at each “interior node” a fictitious pipe is introduced in order to prescribe
the flow rate exchanged with the network outside. Node 1 represents the Reganosa
regasification plant where we impose a pressure boundary condition taken from the
data basis. This is the only gas inlet into the whole network: the rest of the nodes
are outlets. The main gas outlet is located at node 5 which is a terminal node of the
network where an outflow boundary condition is considered. In this experiment, the
consumptions of the rest of the nodes are very small in comparison with this one. In
order to take into account the consumption at the interior (i.e., non-terminal) nodes
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Mesh | Az | 100Y; (%) | 100Y5 (%) | 100Y5 (%) | 100Y; (%) | 100 Ys (%)
M, | 500,000 | 1,82E+00 | 1,63E-01 | 6,17E-01 | 1,06E+00 | 1,66E-02
M, | 250,000 | 9,85E-01 | 890E-02 | 3,34E-01 | 5,71E-01 | 8,71E-03
M; | 125,000 | 5,02E-01 | 4,59E-02 | 1,70E-01 | 2,90E-01 | 4,36E-03
M, | 62,500 | 2,54E-01 | 2,33E-02 | 8,60E-02 | 1,46E-01 | 2,19E-03
Ms | 31,250 | 1,28E-01 | 1,17E-02 | 4,33E-02 | 7,38E-02 | 1,10E-03
Mg | 15,625 | 6,49E-02 | 595E-03 | 2,20E-02 | 3,75E-02 | 5,61E-04

Table 13: Test 3. L' absolute error divided by £ with scheme (E2)+(C2) for mass fractions. ¢t = 200
s. CFL=0.5.

Mesh | V) (%) | Ya (%) | Vs (%) | Ya (%) | Y5 (%)
M,-M, | 089 | 088 | 089 | 089 | 0,93
Mo-Ms | 097 | 096 | 097 | 098 | 1,00
My-M,| 099 | 098 | 099 | 099 | 1,00
M;-Ms | 0,99 | 099 | 099 | 099 | 0,99
Ms-Ms | 0,98 | 098 | 098 | 098 | 0,97

Table 14: Test 3. Order of convergence for the errors given in Table 13 with scheme (E2)-+(C2).
t=200s. CFL=0.5.

Mesh | Az | Wy (kg/m?) | Wy (kg/(m?s)) | W3 (J/m3)
My | 500,000 | 4,80E-02 6,62E-+00 2,20E+05
M, | 250,000 | 2,66E-02 2,32E4-00 1,19E-+05
M, | 125000 | 1,40E-02 8,62E-01 | 6,04E+04
My 62,500 7,21E-03 3,51E-01 3,04E4-04
M | 31250 | 3.66E-03 161E-01 | 153E+04
My | 15625 | 1.84E-03 827E-02 | T.65E403

Table 15: Test 3. L! absolute error divided by £ with scheme (E2)+(C3) for Euler conservative
variables. t =200 s. CFL = 0.5.

we introduce a new edge for each of them and impose an outflow boundary condition
at its terminal node.

Since we have measurements of pressure and mass flow rate (apart from tempera-
ture) at all nodes of the network, we compare the measured values of the magnitude
that was not imposed in the model with its respective numerical results. In [6] the
results are computed with a homogeneous gas composition model.
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Mesh W1 W2 W3
My-M, | 0,85 | 1,51 | 0,89
My-Ms | 0,92 | 1,43 | 0,98
Ms-M,y | 0,96 | 1,30 | 0,99
My-Ms | 0,98 | 1,12 | 1,00
Ms-Ms | 0,99 | 0,96 | 1,00

Table 16: Test 3. Order of convergence for the errors given in Table 15 with scheme (E2)+(C3).

Mesh | Az [ 100Y; (%) | 100Y; (%) | 100Y5 (%) | 100Y, (%) | 1100Ys (%)
M, | 500,000 | 1,69E+00 | 1,36B-01 | 5,76E-01 | 9,99E-01 | 1,69E-02
M, | 250,000 | 9,08E-01 | 7,26E-02 | 3,09E-01 | 5,36E-01 | 9,08E-03
M | 125,000 | 4,59E-01 | 3,67E-02 | 1,56E-01 | 2,71E-01 | 4,59E-03
M, | 62,500 | 2,31E-01 | 1,84E-02 | 7,84E-02 | 1,36E-01 | 2,31E-03
Ms | 31,250 | 1,16E-01 | 9,24E-03 | 3,93E-02 | 6,82E-02 | 1,16E-03
Mg | 15,625 | 5,78E-02 | 4,63E-03 | 1,97E-02 | 341E-02 | 5,78E-04

Table 17: Test 3. L! absolute error divided by £ with scheme (E2)~+(C3) for mass fractions. ¢ = 200
s. CFL=0.5.

Mesh | Yy (%) | Ya (%) | Y3 (%) | Ya (%) | Y5 (%)
M,-M, | 0,90 | 090 | 090 | 0,90 | 0,90
Mo-M; | 098 | 098 | 098 | 098 | 0,98
My-M,| 099 | 099 | 099 | 099 | 0,99
My-Ms | 1,00 | 1,00 | 1,00 | 1,00 | 1,00
Ms-Mg | 1,00 | 1,00 | 1,00 | 1,00 | 1,00

Table 18: Test 3. Order of convergence for the errors given in Table 17 with scheme (E2)+(C3).
t=200s. CFL =0.5.

We show the results obtained with schemes (E2)+(C2) and (E2)+(C3) along
edge number 2 in Figure 18. The variable height profile along this pipe is shown in
Figure 19. We select a real case with methane constant composition along the edge
(100Y; = 81.372634114) and show the numerical results obtained with the above
mentioned schemes. At ¢ = 20 s the velocity along the pipe is not constant and,
furthermore it changes sign. For this magnitude both schemes gives similar results
(see Figure 20 and Figure 21 for schemes (E2)+(C2) and E2)+(C3), respectively).
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Figure 18: Test 4. Real gas network, with node (rectangle) and edge (circle) identifications.

However, regarding methane mass fraction these schemes give different solutions (see
Figures 22 and 23 obtained with schemes (E2)+(C2) and (E2)+(C3), respectively).

The computer code was written in Fortran 2008 and ran on a processor Intel
(R) Core (TM) i3-2328M CPU @ 2.20GHz. It has two cores, four threads, and the
program has enabled the parallel computing. The CPU time for this network is
presented in Table 19, for t = 3600 s and two elections of Ax.

Az (m) | CPU time (s)
125 653.12
250 174.57

Table 19: Test 4. CPU time.
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Figure 19: Test 4. Height profile along pipe number 4.
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Figure 20: Test 4. Velocity along pipe number 2 with scheme (E2)+(C2). t = 20 s.
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