
 
 





Dna. Marta Piñeiro Peón 

Presento miña tese, seguindo o procedemento adecuado ao Regulamento, e declaro que: 

A tese abarca os resultados da elaboración do meu traballo.
2) No seu caso, na tese se fai referencia as colaboracións que tivo este traballo.
3) A tese é a versión definitiva presentada para a súa defensa e coincide ca versión enviada en

formato electrónico.
4) Confirmo que a tese non incorre en ningún tipo de plaxio de outros autores nin de traballos

presentados por min para a obtención de outros títulos.
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−μ0ε0
∂E

∂t
+ curl B = μ0J ,

∂B

∂t
+ curl E = 0,

div B = 0,

ε0 div E = ρ,

E B
ρ J

μ0 ε0
R

3 t > 0
μ0 ε0

ρ J

∂ρ

∂t
+ div J = 0.

−∂D

∂t
+ curl H = J ,

∂B

∂t
+ curl E = 0,

div B = 0,

div D = ρ,

D H

E B D H

D = εE,

B = μH ,



E

D 2

B

H

ρ 3

J 2

μ0 4π × 10−7

ε0
2 · 2 1/(36π × 109)

ε μ

B H

μ

H B

B H
B = B(H) B

B

B = μ(|H|)H μ

J = σE,



σ

∂D/∂t

curl H = J ,

∂B

∂t
+ curl E = 0,

div B = 0.

E

R3

[H × n]S = JS [B · n]S = 0,

[ · ]S S JS
S J = 0 div J = 0

J · n = 0

f �= 0



J(x, t) = J (x) cos(ωt + φ) = �
[
J(x)eiωt

]
,

H(x, t) = H(x) cos(ωt + φ) = �
[
H(x)eiωt

]
,

E(x, t) = E(x) cos(ωt + φ) = �
[
E(x)eiωt

]
,

ω = 2πf J(x) := J (x)eiφ E(x) := E(x)eiφ H(x) := H(x)eiφ

div(μH) = 0,

iωμH + curlE = 0,

curlH = J.

J E H
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T φ φ

curl H = J ,

iωμH + curl E = 0,

div(μH) = 0,

J = σE,

E H J
ω �= 0 ω = 2πf f

μ σ

Dielectric ( )� D

�J

1

�E

Conductor (      )C�

1 2
�E

�J

2

C�
1

C�

C�
2

3
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N = 2 M = 3

Ω
Ω ΩC ΩD

ΩD Ω ΩC ΩD



ΓC ΓD ΓI

ΓC := ∂ΩC∩∂Ω ΓD := ∂ΩD∩∂Ω
ΓI := ∂ΩC ∩ ∂ΩD n

∂Ω

Ωn
C

n = 1, . . . , M
N

Ω
∂Ωn

C
∩ ∂Ω

Γn

J

Γn

E

ΓJ := Γ1
J
∪· · ·∪ΓN

J
ΓE := Γ1

E
∪· · ·∪ΓN

E
Γn

I
= ∂Ωn

C
∩∂ΩD n = 1, . . . , N

Γn

J
∩ Γm

J
= ∅ Γn

E
∩ Γm

E
= ∅ 1 ≤ m, n ≤ N m �= n ΓJ∩ ΓE = ∅

Ωn
C

n = N + 1, . . . , M
Ω

Ωn
C

n = 1, . . . , N

Σn ⊂ ΩD ∂Σn ⊂ ∂ΩD Ω̃D := ΩD \
⋃N

n=1 Σn

Σ̄n ∩ Σ̄m = ∅
n �= m γn := ∂Γn

J

Σn Σ−
n Σ+

n nn Σn

ΩD\Σn Σ+
n γn

Σ−
n Σ+

n τ n γn

Σn n = 1, . . . , N

T , φ − φ

μ μ σ σ

0 < μ ≤ μ(x) ≤ μ x ∈ Ω,

0 < σ ≤ σ(x) ≤ σ x ∈ ΩC σ ≡ 0 ΩD.

E × n = 0 ΓE ∪ ΓJ ,

μH · n = 0 ∂Ω.

E
iωμH · n S ∂Ω



T φ φ

0 =
∫

S
iωμH · n = −

∫
S

curl E · n = −
∫

∂S
E · τ = −

∫
∂S

n× (E × n) · τ ,

τ ∂S ∂Ω
V ∂Ω V

E n×E×n = −gradτ V ∂Ω gradτ

V
ΓE ΓJ V n

E
V n

J
V = V n

E

Γn
E

V = V n
J

Γn
J

n = 1, . . . , N ΔVn = V n
E
− V n

J

Ωn
C

H Ω

∫
Ω

iωμ|H|2 +
∫

ΩC

E · J =
∫

∂Ω
(E × n) ·H .

n×E × n = −gradτ V ∂Ω∫
∂Ω

(E × n) ·H = −
∫

∂Ω
(gradτ V × n) ·H = −

∫
∂Ω

curlτ V ·H

= −
∫

∂Ω
V curlτ H = −

∫
∂Ω

V curl H · n,

curlτ curlτ

curl H = J J = 0 ΩD

∫
∂Ω

V curl H · n =
N∑

n=1

(
V n

E

∫
Γn

E

curl H · n + V n
J

∫
Γn

J

curl H · n
)

= −
N∑

n=1
ΔVn

∫
Γn

J

curl H · n,

0 =
∫

Ωn
C

div(curl H) =
∫

∂Ωn
C

curl H · n =
∫

Γn
E

curl H · n +
∫

Γn
J

curl H · n.

∫
Ω

iωμ|H|2 +
∫

ΩC

E · J =
N∑

n=1
In ΔVn,

In :=
∫

Γn
J

J · n =
∫

Γn
J

curl H · n Ωn
C

n = 1, . . . , N

Ωn
C

n = 1, . . . , N



n = 1, . . . , NI 0 ≤ NI ≤ N In Γn
J

∫
Γn

J

curl H · n = In, n = 1, . . . , NI ,

n = NI + 1, . . . , N ΔVn Γn
J

Γn
E

n×E × n = −gradτ V ∂Ω, V |Γn
E
− V |Γn

J
= ΔVn, n = NI + 1, . . . , N.

T , φ− φ

(In)N
n=1 ∈ C

N

T 0 ∈ H(curl, Ω) ∫
Γn

J

curl T 0 · n = In n = 1, . . . , N,

curl T 0 = 0 ΩD∪
(
∪M

n=N+1Ωn
C

)
.

T 0 T 0(x) =∑N
n=1 Int0,n(x) t0,n ∈ H(curl, Ω)∫

Γn
J

curl t0,n · n = 1,

curl t0,n = 0 Ω \ Ωn
C
,

n = 1, . . . , N t0,n n = 1, . . . , N

div J = 0 ΩC J · n = 0 ΓI

div (J − curl T 0) = 0 ΩC,

(J − curl T 0) · n = 0 ΓI ,∫
Γn

J

(J − curl T 0) · n = 0 n = 1, . . . , N.

Ωn
C

n =
1, . . . , M T n Ωn

C

curl T n = J − curl T 0 Ωn
C
,

T n × n = 0 Γn
I



T φ φ

T̃
n Ω T n n =

1, . . . , M T̃ := ∑M
n=1 T̃

n
T := T̃ |ΩC

T curl T = J − curl T 0 ΩC

T × n = 0 ΓI T

curl H = J = curl T̃ + curl T 0 Ω

H = T̃ + T 0 − grad φ

φ ∈ H1(Ω) φ H
curl H = 0 ΩD

iωμ (T + T 0 − grad φ) + curl
( 1

σ
curl(T + T 0)

)
= 0 ΩC,

div
(
μ(T̃ + T 0 − grad φ)

)
= 0 Ω,( 1

σ
curl(T + T 0)

)
× n = 0 ΓE ∪ ΓJ ,

μ(T̃ + T 0 − grad φ) · n = 0 ∂Ω.

T , φ−φ

div T = 0 ΩC,

T · n = 0 ΓE ∪ ΓJ .

T , φ−φ

T , φ− φ

S ∈ H(curl, ΩC) S×n = 0 ΓI



∫
ΩC

iωμ (T + T 0 − grad φ) · S +
∫

ΩC

1
σ

curl(T + T 0) · curl S

= −
∫

∂ΩC

1
σ

curl(T + T 0)× n · S = −
∫

ΓE ∪ΓJ

1
σ

curl(T + T 0)× n · S

+
∫

ΓI

1
σ

curl(T + T 0) · S × n = 0.

T 0 = ∑N
n=1 Int0,n∫

ΩC

iωμ(T − grad φ) · S +
∫

ΩC

1
σ

curl T · curl S

+
N∑

n=1
In

(∫
ΩC

iωμt0,n · S +
∫

ΩC

1
σ

curl t0,n · curl S

)
= 0.

iωψ ψ ∈ H1(Ω)

∫
Ω

iωμ
(
T̃ + T 0 − grad φ

)
· grad ψ = 0.

ψ ∈ H1(Ω)
∫

Ω
iωμ

(
T̃ − grad φ

)
· grad ψ +

N∑
n=1

In

∫
Ω

iωμt0,n · grad ψ = 0.

t0,m

Ω m = NI + 1, . . . , N∫
Ω

iωμH · t0,m +
∫

Ω
curl E · t0,m = 0.

curl t0,m = 0 Ωm
C∫

Ω
curl E · t0,m =

∫
Ωm

C

E · curl t0,m −
∫

∂Ω
(E × n) · t0,m.

t0,m H∫
∂Ω

(E × n) · t0,m = ΔVm.

∫
Ω

iωμH · t0,m +
∫

Ωm
C

1
σ

curl H · curl t0,m = ΔVm.



T φ φ

H = T̃ + T 0 − grad φ T 0 = ∑N
n=1 Int0,n m =

NI + 1, . . . , N∫
Ω

iωμ(T̃ − grad φ) · t0,m +
∫

Ωm
C

1
σ

curl T · curl t0,m

+
N∑

n=1
In

∫
Ω

iωμt0,n · t0,m + Im

∫
Ωm

C

1
σ
| curl t0,m|2 = ΔVm.

H(curl, ΩC)

Y := {S ∈ H(curl, ΩC) : S × n = 0 ΓI } .

t0,n ∈ H(curl, Ω) n = 1, . . . , N In ∈ C

n = 1, . . . , NI ΔVn ∈ C n = NI + 1, . . . , N T ∈ Y φ ∈ H1(Ω) In ∈ C

n = NI + 1, . . . , N

∫
ΩC

iωμ(T − grad φ) · S +
∫

ΩC

1
σ

curl T · curl S +
N∑

n=NI+1
In

(∫
ΩC

iωμt0,n · S

+
∫

Ωn
C

1
σ

curl t0,n · curl S

)
= −

NI∑
n=1

In

(∫
ΩC

iωμt0,n · S

+
∫

Ωn
C

1
σ

curl t0,n · curl S

)
∀S ∈ Y ,

−
∫

ΩC

iωμT · grad ψ +
∫

Ω
iωμ grad φ · grad ψ −

N∑
n=NI+1

In

∫
Ω

iωμt0,n · grad ψ

=
NI∑

n=1
In

∫
Ω

iωμt0,n · grad ψ ∀ψ ∈ H1(Ω),

(∫
ΩC

iωμT · t0,m −
∫

Ω
iωμ grad φ · t0,m +

∫
Ωm

C

1
σ

curl T · curl t0,m+

N∑
n=NI+1

In

∫
Ω

iωμt0,n · t0,m + Im

∫
Ωm

C

1
σ
| curl t0,m|2

⎞⎠Km = ΔVmKm

−
⎛⎝ NI∑

n=1
In

∫
Ω

iωμt0,n · t0,m

⎞⎠Km ∀Km ∈ C, m = NI + 1, . . . , N.

T , φ − φ



T , φ− φ

X := {G ∈ H(curl, Ω) : curl G = 0 ΩD}
K ∈ C

NI

V(K) :=
{

G ∈ X :
∫

Γn
J

curl G · n = Kn, n = 1, . . . , NI

}
,

X
G ∈ X curl G · n ∈ H−1/2(∂Ω) curl G · n = 0 ΓD∫

Γn
J

curl G · n δ ∂Ω
δ = 1 Γn

J
δ = 0 ΓE Γm

J
m = 1, . . . , N m �= n

∫
Γn

J
curl G · n :=

〈curl G ·n, δ〉H−1/2(∂Ω)×H1/2(∂Ω)
δ

In ∈ C n = 1, . . . , NI ΔVn ∈ C n = NI +1, . . . , N H ∈ V(I)

∫
Ω

iωμH ·G +
∫

ΩC

1
σ

curl H · curl G =
N∑

n=NI+1
ΔVn

∫
Γn

J

curl G · n ∀G ∈ V(0).

V(I) �= ∅
X

G �−→ ∑N
n=NI+1 ΔVn

∫
Γn

J
curl G · n

In ∈ C n = 1, . . . , NI ΔVn ∈ C n = NI +1, . . . , N H ∈ V(I)
J := curl H E :=

(
1
σ
J
)
|ΩC

iωμH + curl E = 0 ΩC,

div (μH) = 0 Ω,

J = 0 ΩD,∫
Γn

J

curl H · n = In n = 1, . . . , NI ,

μH · n = 0 ∂Ω,

E × n = −grad V∗ × n H−1/2
00 (ΓE ∪ ΓJ)3,



T φ φ

V∗ ∈ H1(ΩC) ΓE ∪ΓJ V∗|Γn
E
−

V∗|Γn
J

= ΔVn n = NI + 1, . . . , N

E × n = 0 ΓJ ∪ ΓE .

δ ∈ D(Ω) grad δ ∈ V(0) ∫
Ω

iωμH · grad δ = 0.

G ∈ D(Ω)3 supp G ⊂ ΩC G ∈ V(0)∫
ΩC

iωμH ·G +
∫

ΩC

1
σ

curl H · curl G = 0.

E :=
(

1
σ

curl H
)
|ΩC

J H ∈ X
H ∈ V(I)

μH ∈ H(div, Ω) μH · n ∈ H−1/2(∂Ω)
δ ∈ H1(Ω)

〈μH · n, δ〉∂Ω =
∫

Ω
div(μH)δ +

∫
Ω

μH · grad δ = 0,

grad δ ∈ V(0) μH · n = 0
H−1/2(∂Ω) (1.31)

E ∈ H(curl, ΩC) (1.27) E×n ∈ H−1/2(∂ΩC)3

V∗ ∈ H1(ΩC)
ΓE ∪ ΓJ V∗|Γn

E
− V∗|Γn

J
= ΔVn n = NI + 1, . . . , N

〈E × n, v〉∂ΩC
= −〈grad V∗ × n, v〉∂ΩC

v ∈ H1/2
00 (ΓJ ∪ ΓE)3

v G ∈ H1(Ω)3 ΩD G|∂ΩC
= v

G ∈ X 〈curl G · n, 1〉Γn
J

= 0 n = 1, . . . , NI

ζn Ω ζn|Γm
J

= δnm m = 1, . . . , N ζn|ΓE
= 0

G ΩD

〈curl G · n, 1〉Γn
J

= 〈curl G · n, ζn〉∂Ω =
∫

ΩC

curl G · grad ζn.

G|ΩC
∈ H1(ΩC)3 grad ζn|ΩC

∈ H(curl, ΩC)∫
ΩC

curl G · grad ζn =
∫

∂ΩC

grad ζn × n ·G =
∫

Γn
J

grad ζn × n ·G = 0,

ζn Γn
J

G ∈ V(0)



G ΩC E = 1
σ

curl H ΩC

N∑
n=NI+1

ΔVn〈curl G · n, 1〉Γn
J

=
∫

ΩC

iωμH ·G +
∫

ΩC

E · curl G

= 〈E × n, G〉∂ΩC
= 〈E × n, v〉∂ΩC

.

n = NI + 1, . . . , N ζn ∈ H1(Ω) ζn ΩC \Ωn
C

ζn = 1 Γn
J

ζn = 0 Γn
E

V∗ := ∑N
n=NI+1 (−ΔVn) ζn|ΩC

∈ H1(ΩC)
G ΩD

N∑
n=NI+1

ΔVn

〈
curl G · n, 1

〉
Γn

J

=
〈

curl G · n,
N∑

n=NI+1
ΔVnζn

〉
∂Ω

= −
∫

ΩC

curl G · grad V∗ = −〈grad V∗ × n, v〉∂ΩC
.

Γn
J

n = NI + 1, . . . , N
H

In =
∫

Γn
J

curl H · n, n = NI + 1, . . . , N.

S ∈ Y S̃ S
Ω S̃ ∈ X

t0,n ∈ H(curl, Ω) n = 1, . . . , N Kn ∈ C

n = 1, . . . , NI G ∈ V(K) S ∈ Y ψ ∈ H1(Ω) Kn ∈ C

n = NI + 1, . . . , N G = S̃ + ∑N
n=1 Knt0,n − grad ψ

Kn =
∫

Γn
J

curl G · n n = NI + 1, . . . , N

G ∈ V(K) Kn :=
∫

Γn
J

curl G · n n = NI + 1, . . . , N Ĝ := G −∑N
n=1 Knt0,n Ĝ ∈ H(curl, Ω)

div(curl Ĝ) = 0 Ω,

curl Ĝ · n = 0 ΓI ,∫
Γn

J

curl Ĝ · n = 0 n = 1, . . . , N.

T , φ− φ S ∈ Y
curl S = curl Ĝ ΩC,

S × n = 0 ΓI .



T φ φ

curl(Ĝ− S̃) = 0 Ω Ω ψ ∈ H1(Ω)
Ĝ = S̃ − grad ψ G = Ĝ +∑N

n=1 Knt0,n = S̃ +∑N
n=1 Knt0,n − grad ψ Ω

G = S̃ + ∑N
n=1 Knt0,n − grad ψ S ∈ Y ψ ∈ H1(Ω) Kn ∈ C

n = NI + 1, . . . , N G ∈ H(curl, Ω) curl G = 0 ΩD G ∈ X
n = 1, . . . , NI∫

Γn
J

curl G · n =
∫

Γn
J

curl S · n +
N∑

m=1
Km

∫
Γn

J

curl t0,m · n =
∫

Γn
J

curl S · n + Kn.

δ ∈ C∞(Ω)

∫
Γn

J

curl S · n := 〈curl S̃ · n, δ〉H−1/2(∂Ω)×H1/2(∂Ω)

=
∫

Ω
curl S̃ · grad δ = −〈S̃ × n, gradτ δ〉H−1/2(∂Ω)3×H1/2(∂Ω)3

= −〈S̃ × n, gradτ δ〉H−1/2(ΓD )3×H1/2(ΓD )3

− 〈S̃n × n, gradτ δ〉H−1/2(ΓE ∪ΓJ )3×H1/2(ΓE ∪ΓJ )3 = 0,

S̃ = 0 ΩD δ
ΓE ∪ ΓJ Kn =

∫
Γn

J
curl G · n n = 1, . . . , N

G ∈ V(K)

t0,n ∈ H(curl, Ω) n = 1, . . . , N In ∈ C n =
1, . . . , NI ΔVn ∈ C n = NI+1, . . . , N (T , φ, INI+1, . . . , IN)

H := T̃ +∑N
n=1 Int0,n − grad φ

H H = T̃ +∑N
n=1 Int0,n − grad φ

(T , φ, INI+1, . . . , IN)

(T , φ, INI+1, . . . , IN) H := T̃ + ∑N
n=1 Int0,n −

grad φ H ∈ V(I) G ∈ V(0)
G = S̃ +∑N

n=NI+1 Knt0,n − grad ψ S ∈ Y ψ ∈ H1(Ω)
H

H
H = T̃ +∑N

n=1 Int0,n − grad φ T ∈ Y φ ∈ H1(Ω) In ∈ C n = NI + 1, . . . , N

G = S̃
S ∈ Y G = grad ψ ψ ∈ H1(Ω) G = t0,n n = NI + 1, . . . , N
(T , φ, INI+1, . . . , IN)

H = T̃ + ∑N
n=1 Int0,n − grad φ

(T , φ, INI+1, . . . , IN) H := T̃ + ∑N
n=1 Int0,n − grad φ



T , φ−φ H , φ

Ω ΩC ΩD

Th Ω T ∈ Th

ΩC ΩD h

Th(ΩD) :=
{
T ∈ Th : T ⊂ ΩD

}
Th(ΩC) :=

{
T ∈ Th : T ⊂ ΩC

}
ΩD ΩC

T

N h(ΩC) := {Gh ∈ H(curl, ΩC) : Gh|T ∈ N (T ) ∀T ∈ Th(ΩC)},

T

N (T ) :=
{
Gh ∈ P

3
1(T ) : Gh(x) = a × x + b, a, b ∈ C

3, x ∈ T
}

.

φ

Lh(Ω) :=
{
ψh ∈ H1(Ω) : ψh|T ∈ P1(T ) ∀T ∈ Th

}
,

Y

Yh := {Gh ∈ N h(ΩC) : Gh × n = 0 ΓI } ,

th
0,n ∈ N h(Ω) n = 1, . . . , N

∫
Γn

J

curl th
0,n · n = 1,

curl th
0,n = 0 Ω \ Ωn

C

T h
0 := ∑N

n=1 Inth
0,n ∈ N h(Ω)

th
0,n n = 1, . . . , N

th
0,n ∈ N h(Ω) n = 1, . . . , N In ∈ C

n = 1, . . . , NI ΔVn ∈ C n = NI + 1, . . . , N T h ∈ Yh φh ∈ Lh(Ω) Ih
n ∈ C



T φ φ

n = NI + 1, . . . , N

∫
ΩC

iωμ(T h − grad φh) · Sh +
∫

ΩC

1
σ

curl T h · curl Sh +
N∑

n=NI+1
Ih

n

(∫
ΩC

iωμth
0,n · Sh

+
∫

ΩC

1
σ

curl th
0,n · curl Sh

)
= −

NI∑
n=1

In

(∫
ΩC

iωμth
0,n · Sh

+
∫

ΩC

1
σ

curl th
0,n · curl Sh

)
∀Sh ∈ Yh,

−
∫

ΩC

iωμT h · grad ψh +
∫

Ω
iωμ grad φh · grad ψh −

N∑
n=NI+1

Ih
n

∫
Ω

iωμth
0,n · grad ψh

=
NI∑

n=1
In

∫
Ω

iωμth
0,n · grad ψh ∀ψh ∈ Lh(Ω),

(∫
ΩC

iωμT h · th
0,m −

∫
Ω

iωμ grad φh · th
0,m +

∫
Ωm

C

1
σ

curl T h · curl t
h
0,m

+
N∑

n=NI+1
Ih

n

∫
Ω

iωμth
0,n · t

h
0,m + Ih

m

∫
Ωm

C

1
σ
| curl th

0,m|2
⎞⎠Km = ΔVmKm

−
⎛⎝ NI∑

n=1
In

∫
Ω

iωμth
0,n · t

h
0,m

⎞⎠Km ∀Km ∈ C, m = NI + 1, . . . , N.

X h := {Gh ∈ N h(Ω) : curl Gh = 0 ΩD} ⊂ X ,

Vh(K) :=
{

Gh ∈ X h :
∫

Γn
J

curl Gh · n = Kn, n = 1, . . . , NI

}
⊂ V(K).

In ∈ C n = 1, . . . , NI ΔVn ∈ C n = NI + 1, . . . , N
Hh ∈ Vh(I)

∫
Ω

iωμHh ·Gh +
∫

ΩC

1
σ

curl Hh · curl Gh =
N∑

n=NI+1
ΔVn

∫
Γn

J

curl Gh · n ∀Gh ∈ Vh(0).



Hh

H|ΩC
∈ Hr(curl, ΩC) H|ΩD

∈ Hr(ΩD)3 r ∈
(

1
2 , 1
]

‖H −Hh‖H(curl,Ω) ≤ Chr
[
‖H‖Hr(curl,ΩC) + ‖H‖Hr(ΩD)3

]
,

C h H

X h−
Vh(I) �= ∅

n = 1, . . . , NI Ĥ
n

h ∈ X h

∫
∂Γj

J
Ĥ

n

h · τ j = δjn

j = 1, . . . , N X h

Ĥ
n

h

Ĥh :=
NI∑

n=1
InĤ

n

h.

∫
Γj

J

curl Ĥh · n =
∫

∂Γj
J

Ĥh · τ j =
NI∑

n=1
In

∫
∂Γj

J

Ĥ
n

h · τ j = Ij.

Ĥh ∈ V(I)

H
H

div(μH) = 0 Ω μH ·n = 0 ∂Ω μ
Ω H ∈ Hr(Ω)3 r > 1/2

curl H ∈ Hr(ΩC)3

th
0,n ∈ N h(Ω) n = 1, . . . , N Kn ∈ C

n = 1, . . . , NI Gh ∈ Vh(K) Sh ∈ Yh ψh ∈ Lh(Ω)
Kh

n ∈ C n = NI +1, . . . , N Gh = S̃h +∑NI
n=1 Knth

0,n +∑N
n=NI+1 Kh

nth
0,n−grad ψh

Kh
n =

∫
Γn

J
curl Gh · n n = NI + 1, . . . , N

Gh ∈ Vh(K) Kh
n :=

∫
Γn

J
curl Gh ·n n = NI + 1, . . . , N Ĝh := Gh −∑NI

n=1 Knth
0,n−

∑N
n=NI+1 Kh

nth
0,n Ĝh ∈ N h(Ω) curl Ĝh = 0 ΩD

∫
Γn

J
curl Ĝh·n =

0 n = 1, . . . , N



T φ φ

Ω̃D := ΩD \
⋃N

n=1 Σn

Σn n = 1, . . . , N ΩD Σn

Σn

T ∈ Th Th(ΩD) Ω̃D ψ̂ ∈ H1(Ω̃D)
Σn

[[ψ̂]]Σn
:= ψ̂|Σ−

n
− ψ̂|Σ+

n

ψ̂ Σn nn ψ̂ D′(Ω̃D)
L2(ΩD)3 ˜grad ψ̂

Lh(Ω̃D) :=
{
ψ̂h ∈ H1(Ω̃D) : ψ̂h|T ∈ P1(T ) ∀T ∈ Th(ΩD)

}
,

Θh :=
{
ψ̂h ∈ Lh(Ω̃D) : [[ψ̂h]]Σn

= constant, n = 1, . . . , N
}

.

Ĝh|ΩD
∈ N h(ΩD) curl Ĝh|ΩD

= 0
ψ̂h ∈ Θh Ĝh|ΩD

= − ˜grad ψ̂h

0 =
∫

Γn
J

curl Ĝh · n =
∫

γn

Ĝh · τ n =
∫

γn

˜grad ψ̂h · τ n = [[ψ̂h]]Σn
,

ψ̂h Σn n = 1, . . . , N
ψ̂h ∈ Lh(ΩD) Ĝh|ΩD

= −grad ψ̂h ψh ∈ Lh(Ω) ψ̂h

Ω Sh := Ĝh|ΩC
+ grad ψh|ΩC

∈ N h(ΩC) Ĝh = −grad ψh ΩD

Ĝh × n = −grad ψh × n ΓI

Sh × n = Ĝh × n + grad ψh × n = 0 ΓI .

Gh = S̃h +∑NI
n=1 Knth

0,n +∑N
n=NI+1 Kh

nth
0,n−grad ψh Sh ∈ Yh ψh ∈ Lh(Ω)

Gh = S̃h +∑NI
n=1 Knth

0,n +∑N
n=NI+1 Kh

nth
0,n − grad ψh Sh ∈ Yh ψh ∈

Lh(Ω) Kn ∈ C n = NI + 1, . . . , N Gh ∈ X h Sh ∈ Yh

∫
Γn

J

curl Sh · n =
∫

γn

Sh · τ n = 0, n = 1, . . . , N.

∫
Γm

J

curl Gh · n =
NI∑

n=1
Kn

∫
Γm

J

curl th
0,n · n +

N∑
n=NI+1

Kh
n

∫
Γm

J

curl th
0,n · n = Km,

m = 1, . . . , NI ,

∫
Γm

J

curl Gh · n =
NI∑

n=1
Kn

∫
Γm

J

curl th
0,n · n +

N∑
n=NI+1

Kh
n

∫
Γm

J

curl th
0,n · n = Kh

m,

m = NI + 1, . . . , N.

Gh ∈ Vh(K)



th
0,n ∈ N h(Ω) n = 1, . . . , N In ∈ C

n = 1, . . . , NI ΔVn ∈ C n = NI + 1, . . . , N (T h, φh, Ih
NI+1, . . . , Ih

N)
Hh := T̃ h + ∑NI

n=1 Inth
0,n + ∑N

n=NI+1 Ih
nth

0,n − grad φh

Hh

Hh = T̃ h + ∑NI
n=1 Inth

0,n + ∑N
n=NI+1 Ih

nth
0,n − grad φh (T h, φh, Ih

NI+1, . . . , Ih
N)

(T h, φh, Ih
NI+1, . . . , Ih

N)

Hh := T̃ h +
NI∑

n=1
Inth

0,n +
N∑

n=NI+1
Ih

nth
0,n − grad φh.

Hh ∈ Vh(I) Gh ∈ Vh(0)
Sh ∈ Yh ψh ∈ Lh(Ω) Kh

n ∈ C n = NI + 1, . . . , N
Gh = S̃h +∑N

n=NI+1 Kh
nth

0,n − grad ψh

Sh ψh Kh
NI+1, . . . , Kh

N

Hh

Hh

T h ∈ Yh φh ∈ Lh(Ω) Ih
n ∈ C n = NI + 1, . . . , N Hh = T̃ h +∑NI

n=1 Inth
0,n +∑N

n=NI+1 Ih
nth

0,n−grad φh Ih
n =

∫
Γn

J
curl Hh ·n n = NI + 1, . . . , N

Hh Gh = S̃h

Sh ∈ Yh Gh = grad ψh ψh ∈ Lh(Ω) Gh = th
0,m m = NI + 1, . . . , N

(T h, φh, INI+1, . . . , IN)

Hh = T̃ h +∑NI
n=1 Inth

0,n +∑N
n=NI+1 Ih

nth
0,n − grad φh

Hh

T , φ−
φ

T , φ− φ

ζ ∈ H1(ΩC) ζ = 0 ΓI



T φ φ

∫
ΩC

T · grad ζ = 0.

Z := {ζ ∈ H1(ΩC) : ζ = 0 ΓI },

t0,n ∈ H(curl, Ω) n = 1, . . . , N In ∈ C

n = 1, . . . , NI ΔVn ∈ C n = NI + 1, . . . , N T ∈ Y φ ∈ H1(Ω)/C ξ ∈ Z
In ∈ C n = NI + 1, . . . , N

∫
ΩC

iωμ(T − grad φ) · S +
∫

ΩC

1
σ

curl T · curl S +
N∑

n=NI+1
In

(∫
ΩC

iωμt0,n · S

+
∫

Ωn
C

1
σ

curl t0,n · curl S

)
+
∫

ΩC

grad ξ · S = −
NI∑

n=1
In

(∫
ΩC

iωμt0,n · S

+
∫

Ωn
C

1
σ

curl t0,n · curl S

)
∀S ∈ Y ,

−
∫

ΩC

iωμT · grad ψ +
∫

Ω
iωμ grad φ · grad ψ −

N∑
n=NI+1

In

∫
Ω

iωμt0,n · grad ψ

=
NI∑

n=1
In

∫
Ω

iωμt0,n · grad ψ ∀ψ ∈ H1(Ω)/C,

∫
ΩC

T · grad ζ = 0 ∀ ζ ∈ Z,

(∫
ΩC

iωμT · t0,m −
∫

Ω
iωμ grad φ · t0,m +

∫
Ωm

C

1
σ

curl T · curl t0,m+

N∑
n=NI+1

In

∫
Ω

iωμt0,n · t0,m + Im

∫
Ωm

C

1
σ
| curl t0,m|2

⎞⎠Km = ΔVmKm

−
⎛⎝ NI∑

n=1
In

∫
Ω

iωμt0,n · t0,m

⎞⎠Km ∀Km ∈ C, m = NI + 1, . . . , N.

T φ φ

ξ



T φ φ

Ŷ := {S ∈ H(curl, ΩC) ∩ H(div, ΩC) : div S = 0 ΩC,

S × n = 0 ΓI S · n = 0 ΓE ∪ ΓJ} .

t0,n ∈ H(curl, Ω) n = 1, . . . , N Kn ∈ C

n = 1, . . . , NI G ∈ V(K) S ∈ Ŷ ψ ∈ H1(Ω)/C Kn ∈ C

n = NI + 1, . . . , N G = S̃ +∑N
n=1 Knt0,n − grad ψ

G ∈ V(K) Kn :=∫
Γn

J
curl G ·n n = NI +1, . . . , N Ĝ := G−∑N

n=1 Knt0,n Ĝ ∈ H(curl, Ω)

div(curl Ĝ) = 0 ΩC,

curl Ĝ · n = 0 ΓI ,∫
Γn

J

curl Ĝ · n = 0 n = 1, . . . , N.

S ∈ L2(ΩC)3

curl S = curl Ĝ ΩC,

div S = 0 ΩC,

S × n = 0 ΓI ,

S · n = 0 ΓE ∪ ΓJ .

curl(Ĝ− S̃) = 0 Ω Ω ψ ∈ H1(Ω)
Ĝ = S̃ − grad ψ G = Ĝ + ∑N

n=1 Knt0,n = S̃ +∑N
n=1 Knt0,n − grad ψ Ω

t0,n ∈ H(curl, Ω) n = 1, . . . , N In ∈ C

n = 1, . . . , NI ΔVn ∈ C n = NI + 1, . . . , N (T , φ, ξ, INI+1, . . . , IN)
H := T̃ + ∑N

n=1 Int0,n − grad φ
H

H = T̃ +∑N
n=1 Int0,n−grad φ (T , φ, 0, INI+1, . . . , IN)

(T , φ, ξ, INI+1, . . . , IN) ξ ΩC



T φ φ

t0,n ∈ H(curl, Ω) n = 1, . . . , N In ∈ C n =
1, . . . , NI ΔVn ∈ C n = NI + 1, . . . , N

H
H = T̃ +∑N

n=1 Int0,n−grad φ T ∈ Ŷ φ ∈ H1(Ω) In ∈ C n = NI +1, . . . , N
T ∈ Y

G = S̃ S ∈ Y G = grad ψ ψ ∈ H1(Ω) G = t0,n

n = NI +1, . . . , N (T , φ, 0, INI+1, . . . , IN)

div T = 0 ΩC T · n = 0 ΓE ∪ ΓJ ,

T (T , φ, 0, INI+1, . . . , IN)

(T , φ, ξ, INI+1, . . . , IN)
ξ = 0 ΩC ξ ΓI grad ξ = 0

ΩC grad ξ ∈ Y S = grad ξ

∫
ΩC

iωμ(T − grad φ) · grad ξ +
N∑

n=NI+1
In

∫
ΩC

iωμt0,n · grad ξ

+
∫

ΩC

|grad ξ|2 = −
NI∑

n=1
In

∫
ΩC

iωμt0,n · grad ξ.

ψ = ξ̃ ξ̃ ∈ H1(Ω)
ξ Ω ∫

ΩC

|grad ξ|2 = 0,

grad ξ = 0 L2(ΩC) (T , φ, INI+1, . . . , IN)
H := T̃ + ∑N

n=1 Int0,n − grad φ H
ζ ∈ D(ΩC)

div T = 0 ΩC ι ∈ H1/2
00 (ΓE ∪ ΓJ) ι̃ ∂ΩC ζ ∈ Z

ζ|∂ΩC
= ι̃

T · n = 0 H1/2
00 (ΓE ∪ ΓJ) T ∈ Ŷ

(T , φ, 0, INI+1, . . . , IN)

Ω
ΩC ΩD Th Ω

T ∈ Th ΩC ΩD

T φ



ξ Z

Zh := {ζh ∈ Lh(ΩC) : ζh = 0 ΓI } .

th
0,n ∈ N h(Ω) n = 1, . . . , N In ∈ C

n = 1, . . . , NI ΔVn ∈ C n = NI + 1, . . . , N T h ∈ Yh φh ∈ Lh(Ω)/C ξh ∈ Zh

Ih
n ∈ C n = NI + 1, . . . , N

∫
ΩC

iωμ(T h − grad φh) · Sh +
∫

ΩC

1
σ

curl T h · curl Sh +
N∑

n=NI+1
Ih

n

(∫
ΩC

iωμth
0,n · Sh

+
∫

ΩC

1
σ

curl th
0,n · curl Sh

)
+
∫

ΩC

grad ξh · Sh = −
NI∑

n=1
In

(∫
ΩC

iωμth
0,n · Sh

+
∫

ΩC

1
σ

curl th
0,n · curl Sh

)
∀Sh ∈ Yh,

−
∫

ΩC

iωμT h · grad ψh +
∫

Ω
iωμ grad φh · grad ψh −

N∑
n=NI+1

Ih
n

∫
Ω

iωμth
0,n · grad ψh

=
NI∑

n=1
In

∫
Ω

iωμth
0,n · grad ψh ∀ψh ∈ Lh(Ω)/C,

∫
ΩC

T h · grad ζh = 0 ∀ ζh ∈ Zh,

(∫
ΩC

iωμT h · th
0,m −

∫
Ω

iωμ grad φh · th
0,m +

∫
Ωm

C

1
σ

curl T h · curl t
h
0,m

+
N∑

n=NI+1
Ih

n

∫
Ω

iωμth
0,n · t

h
0,m + Ih

m

∫
Ωm

C

1
σ
| curl th

0,m|2
⎞⎠Km = ΔVmKm

−
⎛⎝ NI∑

n=1
In

∫
Ω

iωμth
0,n · t

h
0,m

⎞⎠Km ∀Km ∈ C, m = NI + 1, . . . , N.

Ŷh :=
{

Gh ∈ N h(ΩC) :
∫

ΩC

Gh · grad ζh = 0 ∀ζh ∈ Zh, Gh × n = 0 ΓI

}
.

th
0,n ∈ N h(Ω) n = 1, . . . , N Kn ∈ C n =

1, . . . , NI Gh ∈ Vh(K) Sh ∈ Ŷh ψh ∈ Lh(Ω)/C
Kh

n ∈ C n = NI +1, . . . , N Gh = S̃h +∑NI
n=1 Knth

0,n +∑N
n=NI+1 Kh

nth
0,n−grad ψh



T φ φ

Gh ∈ Vh(K) Kh
n :=

∫
Γn

J
curl Gh ·n n = NI + 1, . . . , N Ĝh := Gh −∑NI

n=1 Knth
0,n−

∑N
n=NI+1 Kh

nth
0,n Ĝh ∈ N h(Ω) curl Ĝh = 0 ΩD

∫
Γn

J
curl Ĝh·n =

0 n = 1, . . . , N

ψD
h ∈ Lh(ΩD) Ĝh|ΩD

= −grad ψD
h

ψC
h ∈ Lh(ΩC)

ψC
h ∈ Lh(ΩC) ψC

h = ψD
h ΓI∫

ΩC

grad ψC
h · grad ϕh =

∫
ΩC

−Ĝh · grad ϕh ∀ϕh ∈ Zh.

Sh := Ĝh|ΩC
+ grad ψC

h ∈ N h(ΩC) Ĝh = −grad ψD
h ΩD

Ĝh × n = −grad ψD
h × n ΓI ψC

h = ψD
h ΓI

Sh × n = Ĝh × n + grad ψC
h × n = 0 ΓI .

Gh = S̃h +∑NI
n=1 Knth

0,n +∑N
n=NI+1 Kh

nth
0,n−grad ψh Sh ∈ Ŷh ψh ∈ Lh(Ω)

ψh :=
{

ψC
h ΩC,

ψD
h ΩD.

Kh
n n = NI +1, . . . , N

Sh ψh

th
0,n ∈ N h(Ω) n = 1, . . . , N In ∈ C n =

1, . . . , NI ΔVn ∈ C n = NI + 1, . . . , N (T h, φh, Ih
NI+1, . . . , Ih

N)
Hh := T̃ h +∑NI

n=1 Inth
0,n +∑N

n=NI+1 Ih
nth

0,n−grad φh

Hh Hh =
T̃ h +∑NI

n=1 Inth
0,n +∑N

n=NI+1 Ih
nth

0,n−grad φh (T h, φh, 0, Ih
NI+1, . . . , Ih

N)
(T h, φh, ξh, Ih

NI+1, . . . , Ih
N)

ξh ΩC

th
0,n ∈ N h(Ω) n = 1, . . . , N In ∈ C n = 1, . . . , NI

ΔVn ∈ C n = NI + 1, . . . , N
Hh

Hh = T̃ h +
NI∑

n=1
Inth

0,n +
N∑

n=NI+1
Ih

nth
0,n − grad φh

T h ∈ Ŷh φh ∈ Lh(Ω) Ih
n ∈ C n = NI + 1, . . . , N

T h ∈ Yh



Gh = S̃h Sh ∈ Yh Gh = grad ψh ψh ∈ Lh(Ω) Gh = th
0,n n = NI + 1, . . . , N

(T h, φh, 0, Ih
NI+1, . . . , Ih

N)
T h

(T h, φh, 0, INI+1, . . . , IN)
(T h, φh, ξh, Ih

NI+1, . . . , Ih
N)

ξh ≡ 0 ΩC

(T h, φh, Ih
NI+1, . . . , Ih

N)

Hh := T̃ h +
NI∑

n=1
Inth

0,n +
N∑

n=NI+1
Ih

nth
0,n − grad φh;

Hh

T h ∈ Ŷh

(T h, φh, 0, Ih
NI+1, . . . , Ih

N)

(T , φ, ξ, INI+1, . . . , IN) (T h, φh, ξh, Ih
NI+1, . . . , Ih

N)
H := T̃ + ∑N

n=1 Int0,n − grad φ Hh := T̃ h +∑NI
n=1 Inth

0,n +∑N
n=NI+1 Ih

nth
0,n − grad φh H|ΩC

∈ Hr(curl, ΩC) H|ΩD
∈ Hr(ΩD)3

r ∈
(

1
2 , 1
]

‖H −Hh‖H(curl,Ω) ≤ Chr
[
‖H‖Hr(curl,ΩC) + ‖H‖Hr(ΩD)3

]
,

C h H

th
0,n

n = 1, . . . , N Ln

Ωn
C

Ln ∩ Ωn
C

Hn
BS

Ω Ln

Hn
BS

(x) := 1
4π

∫
Ln

τ Ln ×
x− x′

|x− x′|3 dx′,



T φ φ

L1 2L

τ Ln Ln Hn
BS

Ωn
C

Ln Ω \ Ωn
C

Ln

Hn
BS
∈ C∞(Ω \ Ωn

C
)3

th
0,n N h(Ω) �

Th

∫
�
th

0,n · τ � :=
⎧⎨⎩
∫

� Hn
BS
· τ �, � ⊂ Ω \ Ωn

C
,

0, � �⊂ Ω \ Ωn
C
,

τ � � th
0,n|Ω\Ωn

C

Hn
BS
|Ω\Ωn

C
curl Hn

BS
= 0 Ω \ Ωn

C
curl th

0,n = 0 Ω \ Ωn
C∫

γn
Hn

BS
· τ n = 1

∫
γn

th
0,n · τ n =

∫
γn

Hn
BS
· τ n = 1

th
0,n ∈ N h(Ω)

x ∈ Ω \ Ωn
C

�
Ln Ω

Ln

Hn
BS(x) =

∑
�⊂Ln

Hn,�
BS(x)

Hn,�
BS(x) := 1

4π

∫
�
τ Ln ×

x− x′

|x− x′|3 dx′ =
∫ 1

0

v� × (x− x1,� − sv�)
|x− x1,� − sv�|3

ds

= v� × (x− x1,�)
4π

∫ 1

0

1
|x− x1,� − sv�|3

ds,

x1,� x2,� � v� := x2,�−x1,� L�

R
3 �



x ∈ � Hn,�
BS(x) = 0 x ∈ L� \ �

a1 := x− x1,� a2 := x− x2,�.

Hn,�
BS(x) =

⎧⎪⎪⎨⎪⎪⎩
(a1 − a2)× a1

4π

a2 · (a1 − a2) |a1| − a1 · (a1 − a2) |a2|
|a1| |a2| |a1 × a2|2

, x /∈ L�,

0, x ∈ L� \ �.

ez

t̂
h

0,n

t̂
h

0,n ∈ N h(Ω)

∫
�
t̂

h

0,n · τ � :=
⎧⎨⎩
(
Hn

BS
(x�) · τ �

)
|�|, � ⊂ Ω \ Ωn

C
,

0, � �⊂ Ω \ Ωn
C
,

|�| � x� t̂
h

0,n

th
0,n (T̂ h, φ̂h) (T h, φh)

Ĥh := ˜̂
T h +∑NI

n=1 Int̂
h

0,n −
grad φ̂h

Ĥh Hh

Hh Ĥh C > 0

∥∥∥Hh − Ĥh

∥∥∥
H(curl,Ω)

≤ Ch.

Hh∫
Ω

iωμHh ·Gh +
∫

ΩC

1
σ

curl Hh · curl Gh = 0 ∀Gh ∈ Vh(0).



T φ φ

t̂
h

0,n ∈ N h(Ω) ∫
Γn

J

curl t̂
h

0,n · n �= 1.

Ĥh Ĥh /∈ Vh(I)
Ĥh

∫
Ω

iωμĤh ·Gh +
∫

ΩC

1
σ

curl Ĥh · curl Gh = 0 ∀Gh ∈ Vh(0).

F h := T̃ h − grad φh ∈ Vh(0) F̂ h := ˜̂
T h − grad φ̂h ∈ Vh(0) Hh =

F h +∑NI
n=1 Inth

0,n Ĥh = F̂ h +∑NI
n=1 Int̂

h

0,n

∫
Ω

iωμΔF h ·Gh +
∫

ΩC

1
σ

curl ΔF h · curl Gh

+
NI∑

n=1
In

(∫
ΩC

iωμΔth
0,n ·Gh +

∫
ΩC

1
σ

curl Δth
0,n · curl Gh

)
= 0 ∀Gh ∈ Vh(0),

ΔF h := F h − F̂ h Δth
0,n := th

0,n − t̂
h

0,n a(F h, Gh) :=
∫

Ω iωμF h · Gh +∫
ΩC

1
σ

curl F h · curl Gh X h × X h

Gh = ΔF h

||ΔF h||2H(curl,Ω) ≤ C a(ΔF h, ΔF h) ≤ C
NI∑

n=1
|In| ||ΔF h||H(curl,Ω) ||Δth

0,n||H(curl,Ω),

∥∥∥Hh − Ĥh

∥∥∥
H(curl,Ω)

≤ ||ΔF h||H(curl,Ω) +
NI∑

n=1
|In| ||Δth

0,n||H(curl,Ω)

≤ C
NI∑

n=1
|In| ||Δth

0,n||H(curl,Ω).

φ� N h(Ω)
�

th
0,n =

∑
�⊂Ω\Ωn

C

(∫
�
Hn

BS
· τ�

)
φ�

t̂
h

0,n =
∑

�⊂Ω\Ωn
C

(
Hn

BS
(x�) · τ �|�|

)
φ�,



n = 1, . . . , N

||Δth
0,n||L2(Ω)3 ≤

∑
�⊂Ω\Ωn

C

∣∣∣∣∫
�
(HBS−HBS(x�)) · τ �

∣∣∣∣ ||φ�||L2(Ω)3

≤
∑

�⊂Ω\Ωn
C

||HBS · τ �||W2,∞(�)|�|3
24 ||φ�||L2(Ω)3

|| curl Δth
0,n||L2(Ω)3 ≤

∑
�⊂Ω\Ωn

C

||HBS · τ �||W2,∞(�)|�|3
24 || curl φ�||L2(Ω)3 ,

||φ�||L2(Ω)3 ≤ C

|�| || curl φ�||L2(Ω)3 ≤ C

|�|2 .

||Δth
0,n||L2(Ω)3 ≤ Ch2 || curl Δth

0,n||L2(Ω)3 ≤ Ch,

C h∥∥∥Hh − Ĥh

∥∥∥
H(curl,Ω)

≤ Ch.



T φ φ

G
V (G) E(G)

G (V (G), E(G))

E(G) ⊂ V (G)× V (G).

H G V (H) ⊂ V (G) E(H) ⊂ E(G)
H H G H G

V (H) = V (G)

G V (G) = {v1, . . . , v10} E(G) =
{e1, . . . , e12} G G

{v2, e2, v3, e5, v4, e7, v6, e9, v7, e12, v10}
G {v1, e1, v2, e4, v6, e6, v5, e3, v1}

G

G



G

G
G

G

Ωn
C

Ω \ Ωn
C

V E

Th(Ω \ Ωn
C
) :=

{
T ∈ Th : T ⊂ Ω \ Ωn

C

}
,

Sh = (V, L)
(V, E) v1 v ∈ V Cv

v1 v Cv −Cv v
v1 e ∈ E ve,1 ve,2



T φ φ

De := Cve,1 + e − Cve,2

∫
�
th

0,n · τ � :=
⎧⎨⎩lk(D�, Ln), � ⊂ Ω \ Ωn

C
,

0, � �⊂ Ω \ Ωn
C
,

lk(D�, Ln) D� Ln

γ γ̃

lk(γ, γ̃) γ γ̃

γ γ̃
lk(γ, γ̃) = 2 lk(γ, γ̃) = 0

th
0,n|Ω\Ωn

C
∈ N h(Ω \ Ωn

C
)

Th(Ω \ Ωn
C
)

D Zh ∈ N h(D)

curl Zh = 0 D,∫
σn

Zn · τ = κn, n = 1, . . . , h1,∫
e
Zh · τ = 0 ∀ e ∈ LD,

LD

D h1 D {[σn]}h1
n=1 D

κn ∈ R n = 1, . . . , h1
{[Ln]}

R
3 \Ω \ Ωn

C
R

3 \Ω \ Ωn
C

th
0,n lk(∂Γn

J
, Ln) = 1

e Sh Cve,1 + e = Cve,2 D�



L1 e Cve,1 −Cve,2

ΩD = Ω \ Ω1
C

10−8

L = 0.5
R = 0.5



T φ φ

E

H

I(t) = I ( t)cos �0

Dielectric ( )� DConductor (      )C�

R
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R
el

at
iv
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r

Number of d.o.f.

Relative error. I data
Relative error. V data
O(h) convergence

H(curl, Ω)

σ = 151565.8 (Ω )−1 μ = μ0 = 4π ×
10−7 −1 I(t) = I0 cos(ωt) I0 = 104

ω = 2πf f = 50 R∞ = 1

H(x) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

I0I1(
√

iωμσρ)
2πRI1(

√
iωμσR)eθ, ρ ≤ R,

I0

2πρ
eθ, ρ > R,

I1 ρ =
√

x2
1 + x2

2
eθ := (−x2, x1, 0)/ρ

L R∞ H z

O(h)

ΔV =
√

iωμσLI0

2πσR

I0(
√

iωμσR)
I1(
√

iωμσR) + iωμ
LI0

2π
log
(

R∞

R

)
,

I0



ξ 10−16

90609
82976

8%

Ω1
C

Ω2
C

Rc = 0.05 hc = 0.5
Ω3

C
hw = 0.2 lw = 0.2 ww = 0.05

0.05
σ = 100 (Ω )−1 μ0

σ = 106 (Ω )−1 μ0

wD = 2.2 lD = 2

I1 = I2 = 103 f = 50

�C

1

�C

2

�C

3�J

1

�J

2

�E

1

�E

2

�I

Rc

wh

lw

ww

h

w

l
D

D

c



T φ φ

Ω1
C

3.2105e5 3.1924e5 0.5666%∫
Ωj

C

|J |2
2σ

, j = 1, 2, 3
Ω2

C
3.2105e5 3.1955e5 0.4691%

Ω3
C

0.0685 0.0632 6.6718%

ΔV1 642.1028 + 0.1574i 636.6797 + 0.1528i 0.5666%

ΔV2 642.1005 + 0.1572i 636.6760 + 0.1526i 0.4691%

2 Ω3
C

T φ
φ

Ω3
C

z
y

z y



2 Ω3
C

0.0035 0.024
0.004 0.016

0.026 0.054× 0.054× 0.070
μ0 58 × 106 (Ω )−1

104 (Ω )−1

4× 104 f = 50

t0



T φ φ

t0









J = σE σ > 0 J = 0
H B



θ

J(x, t) ≡ Jz(ρ, z, t)ez

H(x, t) ≡ Hθ(ρ, z, t)eθ (eρ, eθ, ez)

Hθ

I(t)

∂Bθ

∂t
eθ + curl

( 1
σ

curl(Hθeθ)
)

= 0.

J × n = 0
J · n = 0

I(t) =
∫

Sz

J(x, t) · n(x),

Sz

I(t) =
∫

∂Sz

H(x, t) · τ (x) =
∫ 2π

0
Hθ(RS(z), z, t) RS(z) dθ,

RS(z) Sz τ ∂Sz

Hθ(RS(z), z, t) = I(t)
2πRS(z)

Sz

Ω

I(t) H0 Hθ Ω×(t0, T ]



Sz τ

∂B(Hθ, ξ)
∂t

eθ + curl
( 1

σ
curl(Hθeθ)

)
= 0 Ω× (t0, T ],

Hθ(0, z, t) = 0 (0, L)× (t0, T ],

Hθ(RS(z), z, t) = I(t)
2πRS(z) (0, L)× (t0, T ],

∂Hθ

∂z
(ρ, z, t) = 0 (Γ1 ∪ Γ2)× (t0, T ],

Hθ(ρ, z, t0) = H0(ρ, z) Ω.

L B
ξ

Hθ



z
ΓS

JS(x, t) ≡ JS(ρ, t)eθ

Ωc Rc

Ω0
ρ R∞ RS

(θ, z)
H(x, t) ≡ Hz(ρ, t)ez

B(x, t) ≡ Bz(ρ, t)ez

A
B = curl A

div A = 0
A(x, t) ≡ Aθ(ρ, t)eθ

Ωc



JS(t) A0 (0, Rc)
Aθ (0, R∞)× (t0, T ]

σ
∂Aθ

∂t
− ∂

∂ρ

(
B−1

(
1
ρ

∂

∂ρ
(ρAθ) , ξ

))
= 0 (0, Rc)× (t0, T ],

∂

∂ρ

(
1
μ0

1
ρ

∂

∂ρ
(ρAθ)

)
= 0 [(Rc, RS) ∪ (RS, R∞)]× (t0, T ],[

1
μ0

1
ρ

∂

∂ρ
(ρAθ)

]
ρ=RS

= JS(t) {RS} × (t0, T ],

Aθ = 0 {0} × (t0, T ],
1
ρ

∂

∂ρ
(ρAθ) = 0 {R∞} × (t0, T ],

Aθ = A0 (0, Rc)× {t0}.

[ · ]ρ=RS ρ = RS μ0

H ×n ρ = RS JS
R∞ RS

H
ρ > RS

Aθ

B x H
x

H x

ez eθ

Rαβ

α β α < β

Rαβ : C([t0, T ];R)× {−1, 1} −→ L∞([t0, T ];R)

(u, ξ) �−→ Rαβ(u, ξ)(t) =

⎧⎪⎨⎪⎩
−1 u(t) ≤ α,
+1 u(t) ≥ β,

δ(u|[t0,t], ξ) u(t) ∈ (α, β),



Rαβ

δ(u|[t0,t], ξ) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

−1 t = t0, ξ = −1,
−1 t > t0, ξ = −1, u(s) ∈ (α, β)∀s ∈ [t0, t],
−1 ∃ q > t0 / u(q) = α, u(s) ∈ (−∞, β)∀s ∈ [q, t],

1 t = t0, ξ = 1,
1 t > t0, ξ = 1, u(s) ∈ (α, β)∀s ∈ [t0, t],
1 ∃ q > t0 / u(q) = β, u(s) ∈ (α,∞)∀s ∈ [q, t].

x

B(u, ξ)(x, t) =
∫∫

α<β
Rαβ(u(x, t), ξ(x)) μ(α, β) dα dβ,

μ
ξ {−1, 1}

μ

Bz = B(Hz, ξ) Bθ = B(Hθ, ξ)

B B−1

x
tm B(x, tm)



H(x, tm) B B−1

H {(x, tk), k = 1, . . . , m − 1}

B−1

Hθ Aθ

[t0, T ] Δt := (T − t0)/M
{tm := t0 +mΔt, m = 0, . . . , M}

m = 0 : H0
θ := H0 B0 H0

θ B0
θ

B0
θ (ρ, z) = B0

(
H0

θ

)
(ρ, z) = B0

(ρ,z)

(
H0

θ (ρ, z)
)

, (ρ, z) ∈ Ω,

B0
(ρ,z) : R −→ R B0

(ρ,z)(s) := B(s, ξ) s ∈ R

m ≥ 1 : Bm−1
θ := Bm−1(Hm−1

θ ) Hθ(ρ, z, tm) ≈ Hm
θ (ρ, z)

Hm−1
θ

1
Δt
Bm(Hm

θ )eθ + curl
( 1

σ
curl(Hm

θ eθ)
)

= 1
Δt

Bm−1
θ eθ Ω,

Hm
θ (0, z) = 0 (0, L),

Hm
θ (RS(z), z) = I(tm)

2πRS(z) (0, L),

∂Hm
θ

∂z
(ρ, z) = 0 (Γ1 ∪ Γ2) ,

Bm Hm
θ Bm

θ

Bm
θ (ρ, z) = Bm (Hm

θ ) (ρ, z) = Bm
(ρ,z) (Hm

θ (ρ, z)) , (ρ, z) ∈ Ω, m = 1, . . . , M,

Bm
(ρ,z) : R −→ R Bm

(ρ,z)(s) := B(um, ξ) um

um(tk) := Hk
θ (ρ, z) k = 0, . . . , m− 1 u(tm) = s s ∈ R

Bm
(ρ,z) m =

0, . . . , M
B̃m

(ρ,z) : R −→ R m = 0, . . . , M

〈B̃m
(ρ,z)(s), s〉 ≥ 0 ∀ s ∈ R idR + B̃m

(ρ,z) .



Bm
(ρ,z) (ρ, z) ∈ Ω m = 0, . . . , M

μ

G : R −→ R β > 0 Gβ

Gβ(s) = G(s) − βs

J β
λ

[
Bm

(ρ,z)

]
λ ∈ (0, 1/β) (ρ, z) ∈ Ω m = 0, . . . , M

J β
λ

[
Bm

(ρ,z)

]
:=
(

idR + λ
(
Bm

(ρ,z)

)β
)−1

,

(
Bm

(ρ,z)

)β

J β
λ

[
Bm

(ρ,z)

]
(s) = J 0

λ
1−λβ

[
Bm

(ρ,z)

] ( s

1− λβ

)
, s ∈ R.

(
Bm

(ρ,z)

)β

λ
λ ∈ (0, 1/β) (ρ, z) ∈ Ω m = 0, . . . , M

(
Bm

(ρ,z)

)β

λ
:= 1

λ

(
idR − J β

λ

[
Bm

(ρ,z)

])
,

(
Bm

(ρ,z)

)β

pm
c (ρ, z) m = 1, . . . , M (ρ, z) ∈ Ω

pm
c (ρ, z) = Bm

(ρ,z)(Hm
θ (ρ, z))− βc(ρ, z)Hm

θ (ρ, z),

βc(ρ, z) > 0 λc ∈ (0, 1/βc(ρ, z))

pm
c (ρ, z) = (Bm)βc

λc
(Hm

θ (ρ, z) + λc pm
c (ρ, z)) .

m = 0 : H0
θ := H0 B0 H0

θ B0
θ

B0
θ (ρ, z) = B0

(
H0

θ

)
(ρ, z) = B0

(ρ,z)

(
H0

θ (ρ, z)
)

, (ρ, z) ∈ Ω,

B0
(ρ,z) : R −→ R B0

(ρ,z)(s) := B(s, ξ) s ∈ R

m = 1 : B0
θ := B0(H0

θ ) p1,0
c = 0 Hθ(ρ, z, t1) ≈ H1

θ (ρ, z)
s ≥ 1



H1,s
θ

1
Δt

βcH
1,s
θ eθ + curl

( 1
σ

curl(H1,s
θ eθ)

)
= 1

Δt
B0

θeθ −
1

Δt
p1,s−1

c Ω,

H1,s
θ (0, z) = 0 (0, L),

H1,s
θ (RS(z), z) = I(t1)

2πRS(z) (0, L),

∂H1,s
θ

∂z
(ρ, z) = 0 (Γ1 ∪ Γ2) .

p1,s
c = (B1)βc

λc

(
H1,s

θ + λc p1,s−1
c

)
Ω

m ≥ 2 : Bm−1
θ := Bm−1(Hm−1

θ ) pm,0
c = pm−1

c Hθ(ρ, z, tm) ≈
Hm

θ (ρ, z) s ≥ 1

Hm,s
θ

1
Δt

βcH
m,s
θ eθ + curl

( 1
σ

curl(Hm,s
θ eθ)

)
= 1

Δt
Bm−1

θ eθ −
1

Δt
pm,s−1

c Ω,

Hm,s
θ (0, z) = 0 (0, L),

Hm,s
θ (RS(z), z) = I(tm)

2πRS(z) (0, L),

∂Hm,s
θ

∂z
(ρ, z) = 0 (Γ1 ∪ Γ2) .

pm,s
c = (Bm)βc

λc
(Hm,s

θ + λc pm,s−1
c ) Ω

pm,s
c (ρ, z)

u = J βc

λc

[
Bm

(ρ,z)

] (
Hm,s

θ (ρ, z) + λc pm,s−1
c (ρ, z)

)
= J 0

λc
1−λcβc

[
Bm

(ρ,z)

] (Hm,s
θ (ρ, z) + λc pm,s−1

c (ρ, z)
1− λcβc

)

⇔ u + λc

1− λcβc

Bm
(ρ,z)(u) = Hm,s

θ (ρ, z) + λc pm,s−1
c (ρ, z)

1− λcβc

, u ∈ R.

Bm
(ρ,z)

λcβc ≤ 1
2



βc(ρ, z) :=

nbh∑
i=1

bi(ρ, z)
nbh∑
i=1

hi

,

{hi, i = 1, . . . , nbh} [0, Hsat] ⊂ R Hsat

bi(ρ, z) := B0
(ρ,z)(hi)

i = 1, . . . , nbh λc(ρ, z) := 1/(2βc(ρ, z))

pm
c m = 1, . . . , M

m = 0 : A0
θ := A0 (0, Rc) (B0)−1

B0
z := (1/ρ) (∂ (ρA0

θ) /(∂ρ)) H0
z

H0
z (ρ) =

(
B0
)−1 (

B0
z

)
(ρ) =

(
B0

ρ

)−1 (
B0

z (ρ)
)

, ρ ∈ (0, Rc),

B0
ρ : R −→ R B0

ρ(s) := B(s, ξ) s ∈ R

m ≥ 1 :

Hm−1
z (ρ) :=

(
Bm−1

ρ

)−1
⎛⎝1

ρ

∂
(
ρAm−1

θ

)
∂ρ

⎞⎠
Aθ(ρ, tm) ≈ Am

θ (ρ)
Am−1

θ (0, Rc)

σ
1

Δt
Am

θ −
∂

∂ρ

(
(Bm)−1

(
1
ρ

∂

∂ρ
(ρAm

θ )
))

= σ
1

Δt
Am−1

θ (0, Rc),

∂

∂ρ

(
1
μ0

1
ρ

∂

∂ρ
(ρAm

θ )
)

= 0 (Rc, R∞) \ {RS},[
1
μ0

1
ρ

∂

∂ρ
(ρAm

θ )
]

ρ=RS

= JS(tm),

Am
θ = 0 ρ = 0,

1
ρ

∂

∂ρ
(ρAm

θ ) = 0 ρ = R∞,



(Bm)−1 Bm
z Hm

z

Hm
z (ρ) = (Bm)−1 (Bm

z ) (ρ) =
(
Bm

ρ

)−1
(

1
ρ

∂ (ρAm
θ )

(∂ρ)

)
,

ρ ∈ (0, Rc), m = 1, . . . , M,

Bm
ρ : R −→ R Bm

ρ (s) := B(um, ξ) um

um(tk) := Hk
z (ρ) k = 0, . . . , m− 1 u(tm) = s s ∈ R

pm
� (ρ) :=

(
Bm

ρ

)−1
(Bz(ρ))− β�Bz(ρ),

β� > 0 ρ ∈ (0, Rc) m = 1, . . . , M Bm
ρ

ρ ∈ (0, Rc) m = 1, . . . , M (
Bm

ρ

)−1

ρ ∈ (0, Rc) m = 0, . . . , M

pm
� (ρ) =

((
Bm

ρ

)−1
)β�

λ�

(Bz(ρ) + λ�p
m
� (ρ)) .

((
Bm

ρ

)−1
)β�

λ�

(Bz(ρ)) = 1
1− β�λ�

((
Bm

ρ

)−1
)0

λ�
1−β�λ�

(
Bz(ρ)

1− β�λ�

)
− β�

1− β�λ�

Bz(ρ)

= 1
1− β�λ�

J 0
1−β�λ�

λ�

[
Bm

ρ

] (Bz(ρ)
λ�

)
− β�

1− β�λ�

Bz(ρ).

Bz = (1/ρ) ∂(ρAθ)/∂ρ

p�(ρ) = 1
1− β�λ�

J 0
1−β�λ�

λ�

[
Bm

ρ

] ( 1
λ�ρ

∂

∂ρ
(ρAθ(ρ)) + p�(ρ)

)

− β�

1− β�λ�

(
1
ρ

∂

∂ρ
(ρAθ(ρ)) + λp�(ρ)

)
,

λ� ∈ (0, 1/β�) p�(ρ)
Bm

ρ

(
Bm

ρ

)−1

m = 0 : A0
θ := A0 (0, Rc) (B0)−1

B0
z

H0
z

H0
z (ρ) =

(
B0
)−1 (

B0
z

)
(ρ) =

(
B0

ρ

)−1 (
B0

z (ρ)
)

, ρ ∈ (0, Rc),

B0
ρ : R −→ R B0

ρ(s) := B(s, ξ) s ∈ R



m = 1 : p1,0
� := 0 Aθ(ρ, t1) ≈ A1

θ(ρ)
s ≥ 1

A1,s
θ

σ
1

Δt
A1,s

θ − ∂

∂ρ

(
β�

(
1
ρ

∂

∂ρ

(
ρA1,s

θ

)))

= σ
1

Δt
A0

θ + ∂

∂ρ
p1,s−1

� (0, Rc),

∂

∂ρ

(
1
μ0

1
ρ

∂

∂ρ

(
ρA1,s

θ

))
= 0 (Rc, R∞) \ {RS},[

1
μ0

1
ρ

∂

∂ρ
(ρA1,s

θ )
]

ρ=RS

= JS(t1),

A1,s
θ = 0 ρ = 0,

1
ρ

∂

∂ρ
(ρA1m,s

θ ) = 0 ρ = R∞.

p1,s
� = 1

1− β�λ�

J 0
1−β�λ�

λ�

[
B1
] ( 1

λ�ρ

∂

∂ρ
(ρA1,s

θ ) + p1,s−1
�

)

− β�

1− β�λ�

(
1
ρ

∂

∂ρ
(ρA1,s

θ ) + λ�p
1,s−1
�

)
(0, Rc).

m ≥ 2 : pm,0
� := pm−1

� Aθ(ρ, tm) ≈ Am
θ

s ≥ 1

Am,s
θ

σ
1

Δt
Am,s

θ − ∂

∂ρ

(
β�

(
1
ρ

∂

∂ρ
(ρAm,s

θ )
))

= σ
1

Δt
Am−1

θ + ∂

∂ρ
pm,s−1

� (0, Rc),

∂

∂ρ

(
1
μ0

1
ρ

∂

∂ρ
(ρAm,s

θ )
)

= 0 (Rc, R∞) \ {RS},[
1
μ0

1
ρ

∂

∂ρ
(ρAm,s

θ )
]

ρ=RS

= JS(tm),

Am,s
θ = 0 ρ = 0,

1
ρ

∂

∂ρ
(ρAm,s

θ ) = 0 ρ = R∞.

pm,s
� = 1

1− β�λ�

J 0
1−β�λ�

λ�

[Bm]
(

1
λ�ρ

∂

∂ρ
(ρAm,s

θ ) + pm,s−1
�

)

− β�

1− β�λ�

(
1
ρ

∂

∂ρ
(ρAm,s

θ ) + λ�p
m,s−1
�

)
(0, Rc).



pm,s
�

u = J 0
1−β�λ�

λ�

[
Bm

ρ

] ( 1
λ�ρ

∂

∂ρ
(ρAm,s

θ (ρ)) + pm,s−1
� (ρ)

)

⇔ u + 1− β�λ�

λ�

Bm
ρ (u) = 1

λ�ρ

∂

∂ρ
(ρAm,s

θ (ρ)) + pm,s−1
� (ρ), u ∈ R.

Bm
ρ

m = 0 B0
ρ

β�(ρ) :=

nbh∑
i=1

bi(ρ)
nbh∑
i=1

hi

,

{hi, i = 1, . . . , nbh} [0, Hsat] ⊂ R Hsat

bi(ρ) := B0
ρ(hi) i = 1, . . . , nbh

λ�(ρ) := 1/(2βc(ρ))

pm
� m = 1, . . . , M

μ

H

JS(RS, t) = JS,0
T − t

T − t̂0
sin(2πfdemag t), t ∈

[
t̂0, T

]
,



I(t)

t̂0 = 0.04 JS,0 = 2 × 105 fdemag = 1
T ∈ {12.04, 36.04, 72.04, 144.04}

N := (T − t̂0)fdemag

H0
θ A0

θ

θ−

ρ−

θ−
z = 0.2

1



θ− z = 0.2
1 6

1

ρ Rc

z−



θ− z = 0.1
z = 0.175 z = 0.2



θ− z = 0.2

θ− z = 0.2



Hz

z−



z−

z−



12













B = μ0μrH + Br,

μr Br





curl H = J ,

∂B

∂t
+ curl E = 0,

div B = 0,

J = σE,

H B E J
σ > 0



H B

J z
z J = Jzez Jz = Jz(x, y, t)

H z−

H B
xy− z

H = Hx(x, y, t)ex + Hy(x, y, t)ey, B = Bx(x, y, t)ex + By(x, y, t)ey.

Ω

Ω
Ω0

Ωn n = 1, . . . , Nc

Ωpm

Ωnl

∂Ωn n = 1, . . . , Nc

Ω

J
Ωc := ⋃Nc

n=1 Ωn

H B

H = ν0B Ω0 ∪ Ωc,

H = νpmB − νpmBr Ωpm,

H = ν̃(|B|)B Ωnl,

ν0 Br

νpm : Ωpm −→ R
+

ν0 Br

xy− z− νpm ∈ L∞(Ωpm)
ν : Ω× R

+
0 −→ R

+

ν(x; s) :=

⎧⎪⎨⎪⎩
ν0 x ∈ Ω0 ∪ Ωc,
νpm(x) x ∈ Ωpm,
ν̃(s) x ∈ Ωnl.



ν̃ : R+
0 −→ R

+

∃ ν1, ν2 > 0 : ν1 ≤ ν̃(s) ≤ ν2 R
+
0 ,

∃Mν̃ > 0 : |ν̃(p)p− ν̃(q)q| ≤ Mν̃ |p− q| ∀ p, q ∈ R
+
0 ,

∃αν̃ > 0 : (ν̃(p)p− ν̃(q)q)(p− q) ≥ αν̃ |p− q|2 ∀ p, q ∈ R
+
0 .

H ∈ H(curl, Ω) B ∈ H(div, Ω) E ∈ H(curl, ΩC)

curl H = J Ω,

∂B

∂t
+ curl E = 0 ΩC,

div B = 0 Ω,

H = ν(·, |B|)B Ω,

J = σE ΩC,

B · n = 0 ∂Ω,

E

ΩC σ > 0

B
A B = curl A

z x y A = Az(x, y, t)ez

Jz,n(t) = In(t)
meas(Ωn) , n = 1, . . . , Nc,

In(t) Ωn t

z

A = Az

− div(ν0 grad A) = 0 Ω0,

− div(ν0 grad A) = In(t)
meas(Ωn) Ωn, n = 1, . . . , Nc,

− div(νpm grad A) = − div
(
νpm (Br)⊥) Ωpm,

− div(ν̃(|grad A|) grad A) = 0 Ωnl,



[ν(·; |grad A|) grad A · n]Γ =
{

νpm (Br)⊥ · n, Γ ⊂ ∂Ωpm,
0, ,

[ · ]Γ Γ (Br)⊥ := −Br
yex + Br

xey n
Γ ∂Ω

A = 0

[H × n]Γ = 0
H Γ

NV

NI = Nc −NV

σ

Nc Vn n = 1, . . . , Nc

∂A

∂t
+ E = −grad Vn Ωn, n = 1, . . . , Nc.

J E
z

Ωn n = 1, . . . , Nc A = Aez −grad Vn = −∂Vn

∂z
ez

Ωn n = 1, . . . , Nc

∂A

∂t
+ Ez = −Cn(t) Ωn, n = 1, . . . , Nc,

Cn(t) := (∂Vn/∂z)(t) z
Ωn n = 1, . . . , Nc Ωn

n = 1, . . . , NV

d

dt

∫
Ωn

σA(x, y, t) dxdy + In(t) = −Cn(t)σ meas(Ωn), n = 1, . . . , NV .

(C1(t), . . . , CNV
(t))T (INV +1(t), . . . , INV +NI

(t))T Br(x, y)
�I0 ∈ R

NV A(x, y; t) (I1(t), . . . , INI
(t))T t ∈ [0, T ]



(I1(0), . . . , INV
(0))T = �I0

− div(ν0 grad A) = 0 Ω0,

− div(ν0 grad A) = In(t)
meas(Ωn) Ωn, n = 1, . . . , NV + NI ,

− div(νpm grad A) = − div
(
νpm (Br)⊥) Ωpm,

− div(ν̃(|grad A|) grad A) = 0 Ωnl,

[ν(·; |grad A|) grad A · n]Γ =
{

νpm (Br)⊥ · n,
0,

Γ ⊂ ∂Ωpm,
,

A = 0 ∂Ω,

t ∈ (0, T ]

d

dt

∫
Ωn

σA(x, y, t) + In(t) = −Cn(t)σ meas(Ωn), n = 1, . . . , NV .

NI = 0

NV = 0





NI = 0



NI = 0 Nc = NV

�C(t)T ∈ C([0, T ])Nc �I0 ∈ R
Nc Br ∈ L2 (Ωpm)3 A(t) ∈ H1

0(Ω)
t ∈ [0, T ] �I(t) ∈ C0,1([0, T ])Nc �I(0) = �I0

− div(ν0 grad A) = 0 Ω0,

− div(ν0 grad A) = In(t)
meas(Ωn) Ωn, n = 1, . . . , Nc,

− div(νpm grad A) = − div
(
νpm (Br)⊥) Ωpm,

− div(ν̃(|grad A|) grad A) = 0 Ωnl,

[ν(·; |grad A|) grad A · n]Γ =
{

νpm (Br)⊥ · n,
0,

Γ ⊂ ∂Ωpm,
,

A = 0 ∂Ω,

t ∈ (0, T ]

d

dt

∫
Ωn

σA(x, y, t) + In(t) = −Cn(t)σ meas(Ωn), n = 1, . . . , Nc.

W W = 0 ∂Ω

−
∫

Ω0
div(ν0grad A)W = 0,

−
∫

Ωn

div(ν0grad A)W =
∫

Ωn

In(t)
meas(Ωn)W, n = 1, . . . , Nc,

−
∫

Ωpm
div(νpmgrad A)W = −

∫
Ωpm

div
(
νpm (Br)⊥)W,

−
∫

Ωnl

div(ν̃(|grad A|)grad A)W = 0.



−
∫

U
div(ν(x; |grad A|)grad A)W =

∫
U

ν(x; |grad A|)grad A · grad W

−
∫

∂U
ν(x; |grad A|)grad A · n W,

U Ω Ω0 Ωc Ωpm Ωnl

−
∫

Ωpm
div

(
νpm (Br)⊥)W =

∫
Ωpm

νpm (Br)⊥ · grad W −
∫

∂Ωpm
νpm (Br)⊥ · n W.

∫
Ω

ν(x; |grad A(x, t)|)grad A(x, t) · grad W (x)

=
Nc∑

n=1

∫
Ωn

In(t)
meas(Ωn)W (x) +

∫
Ωpm

νpm(x) (Br)⊥ (x) · grad W (x).

z−

�C(t)T ∈ C([0, T ])Nc �I0 ∈ R
Nc Br ∈ L2 (Ωpm)3 A(t) ∈ H1

0(Ω)
t ∈ [0, T ] �I(t) ∈ C0,1([0, T ])Nc �I(0) = �I0∫

Ω
ν(x; |grad A(x, t)|)grad A(x, t) · grad W (x)

=
Nc∑

n=1

∫
Ωn

In(t)
meas(Ωn)W (x) +

∫
Ωpm

νpm(x) (Br)⊥ (x) · grad W (x),

W ∈ H1
0(Ω) t ∈ [0, T ]

d

dt

∫
Ωn

σA(t) + In(t) = −Cn(t)σ meas(Ωn), n = 1, . . . , Nc (0, T ].

�F : RNc −→ R
Nc

�F
(
�I
)

:=
(∫

Ω1
σA, . . . ,

∫
ΩNc

σA

)T

∈ R
Nc ,

A



�I ∈ R
Nc Br ∈ L2 (Ωpm)3 A ∈ H1

0(Ω)
∫

Ω
ν(x; |grad A(x)|) grad A(x) · grad W (x)

=
Nc∑

n=1

∫
Ωn

In

meas(Ωn)W (x) +
∫

Ωpm
νpm(x) (Br)⊥ (x) · grad W (x),

W ∈ H1
0(Ω)

�F
Ωn n = 1, . . . , Nc

1
σ meas(Ωn)

∫
Ωn

σA.

b : H1
0(Ω)× H1

0(Ω) −→ R

p(A, W ) :=
∫

Ω
ν(·; |grad A|) grad A · grad W,

P : H1
0(Ω) −→ H−1(Ω)

〈P(A), W 〉 =
∫

Ω
ν(·; |grad A|) grad A · grad W

W ∈ H1
0(Ω) P

α = αν̃ M = 3Mν̃

(In/ meas(Ωn)) χΩn L2(Ω) n =
1, . . . , Nc χK K Br ∈ L2 (Ωpm)3

H−1(Ω)

�F

�C(t) ∈ C([0, T ])Nc �I0 ∈ R
Nc �I(t) ∈ C0,1([0, T ])Nc

�I(0) = �I0

d

dt
�F
(
�I(t)

)
+ �I(t) = − (C1(t)σ meas(Ω1), . . . , CNc(t)σ meas(ΩNc))

T (0, T ].

�F



�F R
Nc

CSM CL

�I 1, �I 2 ∈ R
Nc A1, A2 ∈ H1

0(Ω)
Fn

(
�Ij
)

=
∫

Ωn
σAj j = 1, 2 n = 1, . . . , Nc

R
Nc

�K1 ∗ �K2 :=
Nc∑

n=1

K1
nK2

n

σ meas(Ωn) ,

‖ · ‖∗

�F

〈P(A1)− P(A2), A1 − A2〉 = 〈P(A1), A1 − A2〉 − 〈P(A2), A1 − A2〉

=
∫

Ω
ν(x; |grad A1|)grad A1 ·grad (A1−A2)−

∫
Ω

ν(x; |grad A2|)grad A2 ·grad (A1−A2)

=
Nc∑

n=1

∫
Ωn

I1
n − I2

n

meas(Ωn)(A1 − A2) =
Nc∑

n=1

I1
n − I2

n

σ meas(Ωn)

∫
Ωn

σ(A1 − A2)

=
(
�I 1 − �I 2

)
∗
(

�F
(
�I 1
)
− �F

(
�I 2
))

.

P α

α||A1 − A2||2H1(Ω) ≤ 〈P(A1)− P(A2), A1 − A2〉 =
(
�I 1 − �I 2

)
∗
(

�F
(
�I 1
)
− �F

(
�I 2
))

,

�F(
�F
(
�I 1
)
− �F

(
�I 2
))
∗
(
�I 1 − �I 2

)
> 0 ∀ �I 1, �I 2 ∈ R

Nc , �I 1 �= �I 2.

W ∈ H1
0(Ω)∫

Ωn

σW = I1
n − I2

n, n = 1, . . . , Nc, ||W ||H1(Ω) ≤ C
∥∥∥�I 1 − �I 2

∥∥∥
∗

C > 0 �I 1, �I 2

〈P(A1)− P(A2), W 〉 = 〈P(A1), W 〉 − 〈P(A2), W 〉

=
∫

Ω
ν(x; |grad A1|)grad A1 · grad W −

∫
Ω

ν(x; |grad A2|)grad A2 · grad W

=
Nc∑

n=1

∫
Ωn

I1
n − I2

n

meas(Ωn)W =
Nc∑

n=1

I1
n − I2

n

σ meas(Ωn)

∫
Ωn

σW =
∥∥∥�I 1 − �I 2

∥∥∥2

∗
.



P

∥∥∥�I 1 − �I 2
∥∥∥2

∗
= 〈P(A1)− P(A2), W 〉 ≤ ||P(A1)− P(A2)||H−1(Ω)||W ||H1(Ω)

≤ M ||A1 − A2||H1(Ω)||W ||H1(Ω) ≤ MC||A1 − A2||H1(Ω)

∥∥∥�I 1 − �I 2
∥∥∥

∗
.

CSM := α/M2C2

CSM

∥∥∥�I 1 − �I 2
∥∥∥2

∗
≤ α||A1 − A2||2H1(Ω) ≤

(
�I 1 − �I 2

)
∗
(

�F
(
�I 1
)
− �F

(
�I 2
))

,

�F R
Nc

W ∈ H1
0(Ω) Ω̃ := Ω \ Ωc cn :=

(I1
n− I2

n)/ meas(Ωn) n = 1, . . . , Nc gn ∈ H1/2(∂Ωn) gn(x) = cn x ∈ ∂Ωn

n = 1, . . . , Nc ∫
Ωn

σcn = I1
n − I2

n.

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
gn ∈ H1/2(∂Ωn) n = 1, . . . , Nc W̃ ∈ H1

0(Ω̃)

−ΔW̃ = 0 Ω̃,

W̃ = gn ∂Ωn, n = 1, . . . , Nc.

∥∥∥W̃∥∥∥
H1(Ω̃)

≤ C
∥∥∥�I 1 − �I 2

∥∥∥
∗

,

C �I 1, �I 2 W ∈ H1
0(Ω)

W :=
{

W̃ Ω̃,
cn Ωn, n = 1, . . . , Nc.

�F

∥∥∥ �F
(
�I 1
)
− �F

(
�I 2
)∥∥∥

∗
=

⎛⎜⎝ Nc∑
n=1

(
Fn

(
�I 1
)
−Fn

(
�I 2
))2

σ meas(Ωn)

⎞⎟⎠
1/2

=
(

Nc∑
n=1

1
σ meas(Ωn)

(∫
Ωn

σ(A1 − A2)
)2
)1/2

=
∥∥∥∥∥∥
(∫

Ω1
σ(A1 − A2), . . . ,

∫
ΩNc

σ(A1 − A2)
)T
∥∥∥∥∥∥

∗

.



(∫
Ωn

σ(A1 − A2)
)2
≤ σ2||A1 − A2||2L1(Ωn) ≤ σ2 meas(Ωn)||A1 − A2||2L2(Ωn)2

≤ σ2 meas(Ωn)||A1 − A2||2H1(Ωn)

n = 1, . . . , Nc

∥∥∥ �F
(
�I 1
)
− �F

(
�I 2
)∥∥∥

∗
=
∥∥∥∥∥∥
(∫

Ω1
σ(A1 − A2), . . . ,

∫
ΩNc

σ(A1 − A2)
)T
∥∥∥∥∥∥

∗

≤
(

Nc∑
n=1

σ||A1 − A2||2H1(Ωn)

)1/2

≤ C1||A1 − A2||H1(Ω).

||A1 − A2||2H1(Ω) ≤
1
α

(
�I 1 − �I 2

)
∗
(

�F
(
�I 1
)
− �F

(
�I 2
))

≤ 1
α

∥∥∥�I 1 − �I 2
∥∥∥

∗

∥∥∥ �F
(
�I 1
)
− �F

(
�I 2
)∥∥∥

∗
≤ C1

α

∥∥∥�I 1 − �I 2
∥∥∥

∗
||A1 − A2||H1(Ω),

∥∥∥ �F
(
�I 1
)
− �F

(
�I 2
)∥∥∥

∗
≤ CL||�I 1 − �I 2||∗,

CL := C2
1/α �F R

Nc

�F �F−1

1/CSM

�C(t) ∈ C([0, T ])Nc �I0 ∈ R
Nc �I(t) ∈ C0,1([0, T ])Nc

�I(0) = �I0

d

dt
�L(t) + �F−1

(
�L(t)

)
= − (C1(t)σ meas(Ω1), . . . , CNc(t)σ meas(ΩNc))

T (0, T ],

�L(t) = �F
(
�I(t)

)
t ∈ [0, T ]

�C(t) �C(t) [0, T ]
∣∣∣�C(t)

∣∣∣
�I(t) ∈ AC([0, T ])Nc [0, T ]



�I(t) ∈ C0,1([0, T ])Nc

∥∥∥�I(t)
∥∥∥ ≤ ∥∥∥�I0

∥∥∥+ T

CSM

(∥∥∥�I0

∥∥∥+ σ max
n=1,...,Nc

{meas(Ωn)}
∥∥∥�C
∥∥∥

L2(0,T )

)
eT/CSM

t ∈ [0, T ]

�F−1
R

Nc

�I = �F−1
(
�L
)

�L ∈ C1([0, T ])Nc

�I ∈ C0,1([0, T ])Nc

(0, t)

�L(t)− �L(0) = −
∫ t

0

(
�F−1

(
�L(s)

)
+ (C1(s)σ meas(Ω1), . . . , CNc(s)σ meas(ΩNc))T

)
ds

t ∈ [0, T ]

∥∥∥�L(t)− �L(0)
∥∥∥ ≤ ∫ t

0

∥∥∥ �F−1
(
�L(s)

)∥∥∥ ds

+
∫ t

0

∥∥∥(C1(s)σ meas(Ω1), . . . , CNc(s)σ meas(ΩNc))T
∥∥∥ ds

≤
∫ t

0

∥∥∥ �F−1
(
�L(s)

)
− �F−1

(
�L(0)

)∥∥∥ ds + T
(

σ max
n=1,...,Nc

{meas(Ωn)}
∥∥∥�C
∥∥∥

L2(0,T )
+
∥∥∥�I0

∥∥∥)
≤
∫ t

0

1
CSM

∥∥∥�L(s)− �L(0)
∥∥∥ ds + T

(
σ max

n=1,...,Nc

{meas(Ωn)}
∥∥∥�C
∥∥∥

L2(0,T )
+
∥∥∥�I0

∥∥∥) .

∥∥∥�L(t)− �L(0)
∥∥∥ ≤ T

(
σ max

n=1,...,Nc

{meas(Ωn)}
∥∥∥�C
∥∥∥

L2(0,T )
+
∥∥∥�I0

∥∥∥) eT/CSM .

�I(t) = �F−1
(
�L(t)

)
∥∥∥�I(t)

∥∥∥− ∥∥∥�I0

∥∥∥ ≤ ∥∥∥�I(t)− �I0

∥∥∥ =
∥∥∥ �F−1

(
�L(t)

)
− �F−1

(
�L(0)

)∥∥∥ ≤ 1
CSM

∥∥∥�L(t)− �L(0)
∥∥∥

≤ T

CSM

(
σ max

n=1,...,Nc

{meas(Ωn)}
∥∥∥�C
∥∥∥

L2(0,T )
+
∥∥∥�I0

∥∥∥) eT/CSM .

A(t) ∈ H1
0(Ω) �I(t) ∈ R

Nc t ∈ [0, T ]
B := curl(Aez)

H :=
{

νpm(B −Br) Ωpm,
ν(·, |B|)B



curl H = In(t)
meas(Ωn)ez Ωn × [0, T ], n = 1, . . . , Nc

curl H = 0 (Ω0 ∪ Ωpm ∪ Ωnl)× [0, T ],
div B = 0 Ω× [0, T ],
B · n = 0 ∂Ω× [0, T ].

B Ω

W ∈ D(Ω) ⊂ H1
0(Ω) t ∈ [0, T ]

∫
Ω

ν(·; |grad A(t)|) grad A(t) · grad W

=
∫

Ω
ν(·; | curl(A(t)ez)|) curl(A(t)ez) · curl(Wez)

=
∫

Ωn

In(t)
meas(Ωn)W +

∫
Ωpm

νpm (Br)⊥ · grad W

=
∫

Ωn

In(t)
meas(Ωn)W +

∫
Ωpm

νpmBr · curl(Wez).

H

∫
Ω

H · curl(Wez) =
∫

Ωn

In(t)
meas(Ωn)W

t ∈ [0, T ] (In(t)/ meas(Ωn))χΩn ∈ L2(Ω) n = 1, . . . , Nc t ∈ [0, T ]
H ∈ H(curl, Ω) L2(Ωn)3 n = 1, . . . , Nc L2(Ω0∪Ωpm∪Ωnl)3

t ∈ [0, T ]

�Fh
�F �Fh

Ω Ω0 Ωc Ωpm
Ωnl Th Ω

T ∈ Th h

Th(U) :=
{
T ∈ Th : T ⊂ U

}
U

U Ω



Lh(Ω) Th

Lh(Ω) :=
{
ψh ∈ H1(Ω) : ψh|T ∈ P1(T ) ∀T ∈ Th

}
,

L0
h(Ω)

L0
h(Ω) := {ψh ∈ Lh(Ω) : ψh|∂Ω = 0} .

�Fh : RNc −→ R
Nc

�Fh

(
�I
)

:=
(∫

Ω1
σAh, . . . ,

∫
ΩNc

σAh

)T

∈ R
Nc ,

Ah

�I ∈ R
Nc Br ∈ L2 (Ωpm)3 Ah ∈ L0

h(Ω)
∫

Ω
ν(x; |grad Ah|) grad Ah · grad Wh

=
Nc∑

n=1

∫
Ωn

In

meas(Ωn)Wh +
∫

Ωpm
νpm (Br)⊥ · grad Wh,

Wh ∈ L0
h(Ω)

L0
h(Ω) ⊂ H1

0(Ω) h > 0
�Fh R

Nc

�Fh R
Nc

h > 0 �Fh
�F−1

h

R
Nc h > 0 h

�I 1, �I 2 ∈ R
Nc A1

h, A2
h ∈ L0

h(Ω)
Fh,n

(
�Ij
)

=
∫

Ωn
σAj

h j = 1, 2 n = 1, . . . , Nc

�Fh

A1, A2 ∈ H1
0(Ω) A1

h, A2
h ∈ L0

h(Ω)
Wh ∈ L0

h(Ω)∫
Ωn

σWh = I1
n − I2

n, n = 1, . . . , Nc, ||Wh||H1(Ω) ≤ C
∥∥∥�I 1 − �I 2

∥∥∥
∗

,

C > 0 h Ω̃ := Ω \ Ωc cn := (I1
n − I2

n)/ meas(Ωn) n =
1, . . . , Nc gn ∈ H1/2(∂Ωn) gn(x) = cn x ∈ ∂Ωn n = 1, . . . , Nc∫

Ωn

σcn = I1
n − I2

n.



⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

gn ∈ H1/2(∂Ωn) n = 1, . . . , Nc W̃h ∈ Lh(Ω̃) W̃h|∂Ωn = gn

n = 1, . . . , Nc W̃h|∂Ω = 0 ∫
Ω̃

grad W̃h · grad Vh = 0

Vh ∈ L0
h(Ω̃)

∥∥∥W̃h

∥∥∥
H1(Ω̃)

≤ C
∥∥∥�I 1 − �I 2

∥∥∥
∗

,

�I 1, �I 2 h > 0 Wh ∈ L0
h(Ω)

Wh :=
{

W̃h Ω̃,
cn Ωn, n = 1, . . . , Nc.

�Fh
�F−1

h

h > 0

�C(t) ∈ C([0, T ])Nc �I0 ∈ R
Nc �Ih(t) ∈ C0,1([0, T ])Nc

�Ih(0) = �I0

d

dt
�Fh

(
�Ih(t)

)
+ �Ih(t) = − (C1(t)σ meas(Ω1), . . . , CNc(t)σ meas(ΩNc))

T (0, T ].

�C(t) ∈ C([0, T ])Nc �I0 ∈ R
Nc �Ih(t) ∈ C0,1([0, T ])Nc

�Ih(0) = �I0

d

dt
�Lh(t) + �F−1

h

(
�Lh(t)

)
= − (C1(t)σ meas(Ω1), . . . , CNc(t)σ meas(ΩNc))

T (0, T ],

�Lh(t) = �Fh

(
�Ih(t)

)
t ∈ [0, T ]

A(t) ∈ H1
0(Ω) Ah(t) ∈ L0

h(Ω)
�I(t) �I �Ih∥∥∥�I − �Ih

∥∥∥
L2(0,T )

≤ C
(
||A− Ah||L2(0,T ; L2(∪Nc

n=1Ωn)) + T ||A(0)− Ah(0)||L2(∪Nc
n=1Ωn)

)
.

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
d

dt

(
�F
(
�I
)
− �Fh(�Ih)

)
+
(
�I(t)− �Ih(t)

)
= �0,

(
�I(0)− �Ih(0)

)
= �0.



(0, t)

(
�F
(
�I(t)

)
− �Fh

(
�Ih(t)

))
+
∫ t

0

(
�I(s)− �Ih(s)

)
ds = �F

(
�I0

)
− �Fh

(
�I0

)
,

t ∈ (0, T ]
(
�I(t)− �Ih(t)

)
〈

�F
(
�I(t)

)
− �Fh

(
�Ih(t)

)
, �I(t)− �Ih(t)

〉
+
〈∫ t

0

(
�I(s)− �Ih(s)

)
ds, �I(t)− �Ih(t)

〉
=
〈

�F
(
�I0

)
− �Fh

(
�I0

)
, �I(t)− �Ih(t)

〉
,

t ∈ [0, T ]

〈∫ t

0

(
�I(s)− �Ih(s)

)
ds, �I(t)− �Ih(t)

〉
= 1

2
d

dt

∥∥∥∥∫ t

0

(
�I(s)− �Ih(s)

)
ds
∥∥∥∥2

.

�Fh

(
�I(t)

)

1
2

d

dt

∥∥∥∥∫ t

0

(
�I(s)− �Ih(s)

)
ds

∥∥∥∥2
+
〈

�Fh

(
�I(t)

)
− �Fh

(
�Ih(t)

)
, �I(t)− �Ih(t)

〉
= −

〈
�F
(
�I(t)

)
− �Fh

(
�I(t)

)
, �I(t)− �Ih(t)

〉
+
〈

�F
(
�I0

)
− �Fh

(
�I0

)
, �I(t)− �Ih(t)

〉
,

t ∈ [0, T ]

[0, T ]

1
2

∥∥∥∥∥
∫ T

0

(
�I(t)− �Ih(t)

)
dt

∥∥∥∥∥
2

+
∫ T

0

〈
�Fh

(
�I(t)

)
− �Fh

(
�Ih(t)

)
, �I(t)− �Ih(t)

〉
dt

= −
∫ T

0

〈
�F
(
�I(t)

)
− �Fh

(
�I(t)

)
, �I(t)− �Ih(t)

〉
dt

+
∫ T

0

〈
�F
(
�I0

)
− �Fh

(
�I0

)
, �I(t)− �Ih(t)

〉
dt.

�Fh R
Nc [0, T ]

C
∫ T

0

∥∥∥�I(t)− �Ih(t)
∥∥∥2

dt ≤
∫ T

0

〈
�Fh

(
�I(t)

)
− �Fh

(
�Ih(t)

)
, �I(t)− �Ih(t)

〉
dt

⇒
∥∥∥�I − �Ih

∥∥∥2

L2(0,T )
≤ C

∫ T

0

〈
�Fh

(
�I(t)

)
− �Fh

(
�Ih(t)

)
, �I(t)− �Ih(t)

〉
dt.



∥∥∥�I − �Ih

∥∥∥2

L2(0,T )
≤ C

∫ T

0

∣∣∣〈 �F
(
�I(t)

)
− �Fh

(
�I(t)

)
, �I(t)− �Ih(t)

〉∣∣∣ dt

+ C
∫ T

0

∣∣∣〈 �F
(
�I0

)
− �Fh

(
�I0

)
, �I(t)− �Ih(t)

〉∣∣∣ dt

≤ C
∫ T

0

∥∥∥ �F
(
�I(t)

)
− �Fh

(
�I(t)

)∥∥∥ ∥∥∥�I(t)− �Ih(t)
∥∥∥ dt

+ C
∫ T

0

∥∥∥ �F
(
�I0

)
− �Fh

(
�I0

)∥∥∥ ∥∥∥�I(t)− �Ih(t)
∥∥∥ dt

≤ C
∥∥∥�I − �Ih

∥∥∥
L2(0,T )

(∥∥∥ �F
(
�I
)
− �Fh

(
�I
)∥∥∥

L2(0,T )
+ T

∥∥∥ �F
(
�I0

)
− �Fh

(
�I0

)∥∥∥) .

�F �Fh∥∥∥ �F
(
�I(t)

)
− �Fh

(
�I(t)

)∥∥∥ ≤ C ‖A(t)− Ah(t)‖L2(∪Nc
n=1Ωn) ,

C > 0 h > 0∥∥∥�I − �Ih

∥∥∥
L2(0,T )

≤ C
(
‖A− Ah‖L2(0,T ; L2(∪Nc

n=1Ωn)) + T ‖A(0)− Ah(0)‖L2(∪Nc
n=1Ωn)

)
.

L2(0, T )

L2
(
∪Nc

n=1Ωn

)
O(h2)

∥∥∥�I − �Ih

∥∥∥
L2(0,T )

H1
(
∪Nc

n=1Ωn

)

A(t) ∈ H1
0(Ω) Ah(t) ∈ L0

h(Ω)
�I(t)

Ωn n = 1, . . . , Nc C3

Ω

ε ∈ (0, 1] A(t)|Ωn ∈ H1+ε(Ωn) n = 1, . . . , Nc

||A(t)||H1+ε(Ωn) ≤ C
(∥∥∥�I(t)

∥∥∥+ ||Br||L2(Ωpm)3

)
,

C > 0 Ωn n = 1, . . . , Nc



�I �Ih

∥∥∥�I − �Ih

∥∥∥
L2(0,T )

≤ Chε
(
||Br||L2(Ωpm)3 +

∥∥∥�I0

∥∥∥+
∥∥∥�C
∥∥∥

L2(0,T )

)
,

C > 0 h

−

||A(t)− Ah(t)||H1(Ωn) ≤ Chε||A(t)||H1+ε(Ωn),

n = 1, . . . , Nc A(t) ∈ H1
0(Ω) Ah(t) ∈ L0

h(Ω)
�I(t) C h

||A(t)− Ah(t)||L2(∪Nc
n=1Ωn) ≤ C||A(t)− Ah(t)||H1(∪Nc

n=1Ωn)

≤ Chε
(∥∥∥�I(t)

∥∥∥+ ||Br||L2(Ωpm)3

)
≤ Chε

(∥∥∥�I0

∥∥∥+ ||Br||L2(Ωpm)3 +
∥∥∥�C
∥∥∥

L2(0,T )

)
,

C > 0 h > 0

∥∥∥�I − �Ih

∥∥∥
L2(0,T )

≤ Chε
(
||Br||L2(Ωpm)3 +

∥∥∥�I0

∥∥∥+
∥∥∥�C
∥∥∥

L2(0,T )

)
.

{tm := mΔt, m = 0, . . . , M} [0, T ] Δt :=
T/M

�C(t) ∈ C([0, T ])Nc �I0 ∈ R
Nc �I m

h ∈ R
Nc m = 0, . . . , M

�I 0
h = �I0

�Fh

(
�I m

h

)
+ Δt �I m

h = �Fh

(
�I m−1

h

)
−Δt (C1(tm)σ meas(Ω1), . . . , CNc(tm)σ meas(ΩNc))T, m = 1, . . . , M,

�Fh



�Gh,Δt : RNc −→ R
Nc

�Gh,Δt

(
�K
)

:= �Fh

(
�K
)

+ Δt �K, h, Δt > 0.

�Fh R
Nc CSM

CL
�Gh,Δt

R
Nc (CSM +Δt) (CL +Δt)

m

�f ∈ C([0, T ])Nc �fΔt
�f

�fΔt(t) :=
{

�f(0) t = 0,
�f(tm) t ∈ (tm−1, tm], m = 1, . . . , M.

�f ∈ C0,1([0, T ]) L�f

∥∥∥�f − �fΔt

∥∥∥2

L2(0,T )
=

M∑
m=1

∫ tm

tm−1

∥∥∥�f(t)− �f(tm)
∥∥∥2

dt

≤
M∑

m=1

∫ tm

tm−1
L2

�f
(t− tm)2 dt = L2

�f

M∑
m=1

[
(t− tm)3

3

]tm

tm−1

=
L2

�f

3

M∑
m=1

Δt3 =
L2

�f
T

3 Δt2

�C(t) ∈ C0,1([0, T ])Nc

�I {�I m
h }M

m=0(
M∑

m=1
Δt

∥∥∥�I(tm)− �I m
h

∥∥∥2
)1/2

≤ C
(

Δt (L�I + L �C) + hε
(∥∥∥�I0

∥∥∥2
+ ||Br||2L2(Ωpm)3 +

∥∥∥�C
∥∥∥2

L2(0,T )

))
,

L�I L �C
�I �C C > 0

Δt



�g : [0, T ] −→ R
Nc

�g(t) := − (C1(t)σ meas(Ω1), . . . , CNc(t)σ meas(ΩNc))
T .

0 tk

�F
(
�I(tk)

)
− �F

(
�I0

)
+
∫ tk

0
�I(t) dt =

∫ tk

0
�g(t) dt.

m = 1, . . . , k

�Fh

(
�I k

h

)
+ Δt

k∑
m=1

�I m
h = �Fh

(
�I0

)
+ Δt

k∑
m=1

�g(tm) = �Fh

(
�I0

)
+
∫ tk

0
�gΔt(t) dt.

∫ tk
0

�IΔt(t) dt

�F
(
�I(tk)

)
− �Fh

(
�I k

h

)
+ Δt

k∑
m=1

(
�I(tm)− �I m

h

)
= �F

(
�I0

)
− �Fh

(
�I0

)
+
∫ tk

0
�IΔt(t)− �I(t) dt +

∫ tk

0
�g(t)− �gΔt(t) dt.

(
�I(tk)− �I k

h

)
�Fh

(
�I(tk)

)

〈
�Fh

(
�I(tk)

)
− �Fh

(
�I k

h

)
, �I(tk)− �I k

h

〉
+ Δt

〈
k∑

m=1

�I(tm)− �I m
h , �I(tk)− �I k

h

〉
= −

〈
�F
(
�I(tk)

)
− �Fh

(
�I(tk)

)
, �I(tk)− �I k

h

〉
+
〈

�F
(
�I0

)
− �Fh

(
�I0

)
, �I(tk)− �I k

h

〉
+
〈∫ tk

0
�IΔt(t)− �I(t) dt, �I(tk)− �I k

h

〉
+
〈∫ tk

0
�g(t)− �gΔt(t) dt, �I(tk)− �I k

h

〉
.

�Fh

CSM

∥∥∥�I(tk)− �I k
h

∥∥∥2
+ Δt

〈
k∑

m=1

�I(tm)− �I m
h , �I(tk)− �I k

h

〉
≤ −

〈
�F
(
�I(tk)

)
− �Fh

(
�I(tk)

)
, �I(tk)− �I k

h

〉
+
〈

�F
(
�I0

)
− �Fh

(
�I0

)
, �I(tk)− �I k

h

〉
+
〈∫ tk

0
�IΔt(t)− �I(t) dt, �I(tk)− �I k

h

〉
+
〈∫ tk

0
�g(t)− �gΔt(t) dt, �I(tk)− �I k

h

〉
.

Δt k = 1, . . . , �

CSM

�∑
k=1

Δt
∥∥∥�I(tk)− �I k

h

∥∥∥2
+ (Δt)2

�∑
k=1

〈
k∑

m=1

(
�I(tm)− �I m

h

)
, �I(tk)− �I k

h

〉

≤ −Δt
�∑

k=1

〈
�F
(
�I(tk)

)
− �Fh

(
�I(tk)

)
, �I(tk)− �I k

h

〉
+ Δt

�∑
k=1

〈
�F
(
�I0

)
− �Fh

(
�I0

)
, �I(tk)− �I k

h

〉

+ Δt
�∑

k=1

〈∫ tk

0
�IΔt(t)− �I(t) dt, �I(tk)− �I k

h

〉
+ Δt

�∑
k=1

〈∫ tk

0
�g(t)− �gΔt(t) dt, �I(tk)− �I k

h

〉



� = 1, . . . , M

2〈u, u− v〉 = ||u||2 + ||u− v||2− ||v||2

�I(tk)− �I k
h =

k∑
m=1

(
�I(tm)− �I m

h

)
−

k−1∑
m=1

(
�I(tm)− �I m

h

)
,

(Δt)2
�∑

k=1

〈
k∑

m=1

(
�I(tm)− �I m

h

)
, �I(tk)− �I k

h

〉

= 1
2

�∑
k=1

⎧⎨⎩
∥∥∥∥∥Δt

k∑
m=1

(
�I(tm)− �I m

h

)∥∥∥∥∥
2

+
∥∥∥Δt

(
�I(tk)− �I k

h

)∥∥∥2
−
∥∥∥∥∥Δt

k−1∑
m=1

(
�I(tm)− �I m

h

)∥∥∥∥∥
2⎫⎬⎭

= 1
2

⎧⎨⎩
�∑

k=1

∥∥∥Δt
(
�I(tk)− �I k

h

)∥∥∥2
+
∥∥∥∥∥Δt

�∑
k=1

(
�I(tk)− �I k

h

)∥∥∥∥∥
2⎫⎬⎭

≥ 1
2

∥∥∥∥∥Δt
�∑

k=1

(
�I(tk)− �I k

h

)∥∥∥∥∥
2

.

k = 1, . . . , �

Δt
�∑

k=1

〈
�F
(
�I(tk)

)
− �Fh

(
�I(tk)

)
, �I(tk)− �I k

h

〉

≤
�∑

k=1
Δt

ε1

2
∥∥∥ �F
(
�I(tk)

)
− �Fh

(
�I(tk)

)∥∥∥2
+

�∑
k=1

Δt
1

2ε1

∥∥∥�I(tk)− �I k
h

∥∥∥2
,

ε1 > 0 (H1)
(H3)

Δt
�∑

k=1

〈
�F
(
�I(tk)

)
− �Fh

(
�I(tk)

)
, �I(tk)− �I k

h

〉
≤ Ch2ε�Δt

ε1

2

(∥∥∥�I0

∥∥∥2
+ ||Br||2L2(Ωpm)3 + ‖�g ‖2

L2(0,T )

)

+ 1
2ε1

�∑
k=1

Δt
∥∥∥�I(tk)− �I k

h

∥∥∥2

≤ Ch2εT
ε1

2

(∥∥∥�I0

∥∥∥2
+ ||Br||2L2(Ωpm)3 + ‖�g ‖2

L2(0,T )

)

+ 1
2ε1

�∑
k=1

Δt
∥∥∥�I(tk)− �I k

h

∥∥∥2
.



Δt
�∑

k=1

〈
�F
(
�I0

)
− �Fh

(
�I0

)
, �I(tk)− �I k

h

〉

=
〈

�F
(
�I0

)
− �Fh

(
�I0

)
, Δt

�∑
k=1

(
�I(tk)− �I k

h

)〉

≤ ε2

2
∥∥∥ �F
(
�I0

)
− �Fh

(
�I0

)∥∥∥2
+ 1

2ε2

∥∥∥∥∥Δt
�∑

k=1

(
�I(tk)− �I k

h

)∥∥∥∥∥
2

≤ Ch2ε ε2

2

(∥∥∥�I0

∥∥∥2
+ ||Br||2L2(Ωpm)3

)
+ 1

2ε2

∥∥∥∥∥Δt
�∑

k=1

(
�I(tk)− �I k

h

)∥∥∥∥∥
2

.

�I(tk)− �I k
h =

k∑
m=1

(
�I(tm)− �I m

h

)
−

k−1∑
m=1

(
�I(tm)− �I m

h

)
,

Δt
�∑

k=1

〈∫ tk

0
�IΔt(t)− �I(t) dt, �I(tk)− �I k

h

〉

=
〈∫ t�

0
�IΔt(t)− �I(t) dt, Δt

�∑
k=1

(
�I(tk)− �I k

h

)〉

−
�−1∑
k=1

〈∫ tk+1

tk

�IΔt(t)− �I(t) dt, Δt
k∑

m=1

(
�I(tm)− �I m

h

)〉
.

〈∫ t�

0
�IΔt(t)− �I(t) dt, Δt

�∑
k=1

(
�I(tk)− �I k

h

)〉

≤ ε3

2

∥∥∥∥∫ t�

0
�IΔt(t)− �I(t) dt

∥∥∥∥2
+ 1

2ε3

∥∥∥∥∥Δt
�∑

k=1

(
�I(tk)− �I k

h

)∥∥∥∥∥
2

≤ ε3t�

2
∥∥∥�IΔt − �I

∥∥∥2

L2(0,t�)
+ 1

2ε3

∥∥∥∥∥Δt
�∑

k=1

(
�I(tk)− �I k

h

)∥∥∥∥∥
2

≤ ε3T

2
∥∥∥�IΔt − �I

∥∥∥2

L2(0,T )
+ 1

2ε3

∥∥∥∥∥Δt
�∑

k=1

(
�I(tk)− �I k

h

)∥∥∥∥∥
2

,



ε3 > 0

�−1∑
k=1

〈∫ tk+1

tk

�IΔt(t)− �I(t) dt, Δt
k∑

m=1

(
�I(tm)− �I m

h

)〉

≤
�−1∑
k=1

∥∥∥∥∫ tk+1

tk

�IΔt(t)− �I(t) dt
∥∥∥∥
∥∥∥∥∥Δt

k∑
m=1

(
�I(tm)− �I m

h

)∥∥∥∥∥
≤

�−1∑
k=1

∥∥∥�IΔt − �I
∥∥∥

L2(tk,tk+1)

√
Δt

∥∥∥∥∥Δt
k∑

m=1

(
�I(tm)− �I m

h

)∥∥∥∥∥
≤

�−1∑
k=1

β1

2
∥∥∥�IΔt − �I

∥∥∥2

L2(tk,tk+1)
+ Δt

�−1∑
k=1

1
2β1

∥∥∥∥∥Δt
k∑

m=1

(
�I(tm)− �I m

h

)∥∥∥∥∥
2

≤ β1

2
∥∥∥�IΔt − �I

∥∥∥2

L2(0,T )
+ Δt

�−1∑
k=1

1
2β1

∥∥∥∥∥Δt
k∑

m=1

(
�I(tm)− �I m

h

)∥∥∥∥∥
2

,

β1 > 0

Δt
�∑

k=1

〈∫ tk

0
�g(t)− �gΔt(t) dt, �I(tk)− �I k

h

〉

≤
(

ε4T + β2

2

)
‖�g − �gΔt‖2

L2(0,T ) + 1
2ε4

∥∥∥∥∥Δt
�∑

k=1

(
�I(tk)− �I k

h

)∥∥∥∥∥
2

+ Δt
�−1∑
k=1

1
2β2

∥∥∥∥∥Δt
k∑

m=1

(
�I(tm)− �I m

h

)∥∥∥∥∥
2

,

ε4, β2 > 0

CSM

�∑
k=1

Δt
∥∥∥�I(tk)− �I k

h

∥∥∥2
+ 1

2

∥∥∥∥∥Δt
�∑

k=1

(
�I(tk)− �I k

h

)∥∥∥∥∥
2

≤ ε3T + β1

2
∥∥∥�IΔt − �I

∥∥∥2

L2(0,T )
+ ε4T + α2

2 ‖�g − �gΔt‖2
L2(0,T )

+
( 1

2ε2
+ 1

2ε3
+ 1

2ε4

) ∥∥∥∥∥Δt
�∑

k=1

(
�I(tk)− �I k

h

)∥∥∥∥∥
2

+ 1
2ε1

�∑
k=1

Δt
∥∥∥�I(tk)− �I k

h

∥∥∥2
+ h2ε

(
C1ε2 + C2Tε1

2

)(∥∥∥�I0

∥∥∥2
+ ||Br||2L2(Ωpm)3

)

+ h2ε C2ε1T

2 ‖�g ‖2
L2(0,T ) + Δt

(
1

2β1
+ 1

2β2

)
�−1∑
k=1

∥∥∥∥∥Δt
k∑

m=1

(
�I(tm)− �I m

h

)∥∥∥∥∥
2

,



ε1, ε2, ε3, ε4, β1, β2 > 0 � = 1, . . . , M

(
CSM −

1
2ε1

) �∑
k=1

Δt
∥∥∥�I(tk)− �I k

h

∥∥∥2

+
(1

2 −
1

2ε2
− 1

2ε3
− 1

2ε4

) ∥∥∥∥∥Δt
�∑

k=1

(
�I(tk)− �I k

h

)∥∥∥∥∥
2

≤ ε3T + β1

2
∥∥∥�IΔt − �I

∥∥∥2

L2(0,T )
+ ε4T + α2

2 ‖�g − �gΔt‖2
L2(0,T )

+ h2ε
(

C1ε2 + C2Tε1

2

)(∥∥∥�I0

∥∥∥2
+ ||Br||2L2(Ωpm)3

)

+ h2ε C2ε1T

2 ‖�g ‖2
L2(0,T ) + Δt

(
1

2β1
+ 1

2β2

)
�−1∑
k=1

∥∥∥∥∥Δt
k∑

m=1

(
�I(tm)− �I m

h

)∥∥∥∥∥
2

.

ε1 > 1/2CSM > 0 ε2 = ε3 = ε4 = 3ε1/((1 − CSM)ε1 + 1) > 0 β1 = β2 =
2ε1/(2CSMε1 − 1) > 0

�∑
k=1

Δt
∥∥∥(�I(tk)− �I k

h

)∥∥∥2
+
∥∥∥∥∥Δt

�∑
k=1

�I(tk)− �I k
h

∥∥∥∥∥
2

≤ C
(∥∥∥�IΔt − �I

∥∥∥2

L2(0,T )
+ ‖�g − �gΔt‖2

L2(0,T )

)

+ Ch2ε
(∥∥∥�I0

∥∥∥2
+ ||Br||2L2(Ωpm)3 + ‖�g ‖2

L2(0,T )

)
+ Δt

�−1∑
k=1

∥∥∥∥∥Δt
k∑

m=1

(
�I(tk)− �I k

h

)∥∥∥∥∥
2

.

M∑
k=1

Δt
∥∥∥�I(tk)− �I k

h

∥∥∥2
≤

M∑
k=1

Δt
∥∥∥�I(tk)− �I k

h

∥∥∥2
+
∥∥∥∥∥Δt

M∑
k=1

(
�I(tk)− �I k

h

)∥∥∥∥∥
2

≤ C
(∥∥∥�IΔt − �I

∥∥∥2

L2(0,T )
+ ‖�g − �gΔt‖2

L2(0,T )

+h2ε
(∥∥∥�I0

∥∥∥2
+ ||Br||2L2(Ωpm)3 + ‖�g ‖2

L2(0,T )

))
.



�C(t) ∈ C([0, T ])Nc �I 0 ∈ R
Nc Br ∈ L2 (Ωpm)3 Am

h ∈ L0
h(Ω)

m = 1, . . . , M∫
Ω

ν(·; |grad Am
h |) grad Am

h · grad Wh + 1
Δt

Nc∑
n=1

∫
Ωn

(∫
Ωn

σAm
h

) 1
meas(Ωn)Wh

= 1
Δt

Nc∑
n=1

∫
Ωn

(∫
Ωn

σAm−1
h

) 1
meas(Ωn)Wh −

Nc∑
n=1

∫
Ωn

σCn(tm)Wh

+
∫

Ωpm
νpm (Br)⊥ · grad Wh,

Wh ∈ L0
h(Ω) A0

h ∈ L0
h(Ω)∫

Ω
ν(·; |grad A0

h|) grad A0
h · grad Wh

=
Nc∑

n=1

∫
Ωn

I0,n

meas(Ωn)Wh +
∫

Ωpm
νpm (Br)⊥ · grad Wh,

Wh ∈ L0
h(Ω)

�I m
h ∈ R

Nc m = 0, . . . , M Am
h ∈

L0
h(Ω) m = 1, . . . , M Am

h ∈ L0
h(Ω) m =

1, . . . , M

Fh,n

(
�I m

h

)
=
∫

Ωn

σAm
h , n = 1, . . . , Nc, m = 1, . . . , M.

�I m
h m = 0, . . . , M

Im
h,n = − 1

Δt
Fh,n

(
�I m

h

)
+ 1

Δt
Fh,n

(
�I m−1

h

)
− Cn(tm)σ meas(Ωn)

= − 1
Δt

∫
Ωn

σAm
h + 1

Δt

∫
Ωn

σAm−1
h − Cn(tm)σ meas(Ωn)

n = 1, . . . , Nc m = 1, . . . , M∫
Ω

ν(·; |grad Am
h |) grad Am

h · grad Wh + 1
Δt

Nc∑
n=1

∫
Ωn

(∫
Ωn

σAm
h

) 1
meas(Ωn)Wh

= 1
Δt

Nc∑
n=1

∫
Ωn

(∫
Ωn

σAm−1
h

) 1
meas(Ωn)Wh −

Nc∑
n=1

∫
Ωn

σCn(tm)Wh

+
∫

Ωpm
νpm (Br)⊥ · grad Wh,

Wh ∈ L0
h(Ω) A0

h ∈ L0
h(Ω)∫

Ω
ν(·; |grad A0

h|) grad A0
h · grad Wh

=
Nc∑

n=1

∫
Ωn

I0,n

meas(Ωn)Wh +
∫

Ωpm
νpm (Br)⊥ · grad Wh,

Wh ∈ L0
h(Ω) Am

h ∈ L0
h(Ω) m = 1, . . . , M



Am
h ∈ L0

h(Ω) m = 1, . . . , M
�I 0

h := �I0 �I m
h ∈ R

Nc m = 1, . . . , M

Im
h,n := − 1

Δt

∫
Ωn

σAm
h + 1

Δt

∫
Ωn

σAm−1
h − Cn(tm)σ meas(Ωn), n = 1, . . . , Nc.

�I m
h m = 0, . . . , M

Ãm
h ∈ L0

h(Ω) m = 0, . . . , M

Ã0
h = A0

h
�I m

h m =
0, . . . , M Ãm

h ∈ L0
h(Ω) m = 1, . . . , M

∫
Ω

ν
(
·;
∣∣∣grad Ãm

h

∣∣∣) grad Ãm
h · grad Wh + 1

Δt

Nc∑
n=1

∫
Ωn

(∫
Ωn

σAm
h

) 1
meas(Ωn)Wh

= 1
Δt

Nc∑
n=1

∫
Ωn

(∫
Ωn

σAm−1
h

) 1
meas(Ωn)Wh −

Nc∑
n=1

∫
Ωn

σCn(tm)Wh

+
∫

Ωpm
νpm (Br)⊥ · grad Wh,

Wh ∈ L0
h(Ω)

∫
Ω

(
ν
(
·;
∣∣∣grad Ãm

h

∣∣∣) grad Ãm
h − ν(·; |grad Am

h |) grad Am
h

)
· grad Wh = 0

Wh ∈ L0
h(Ω) m = 1, . . . , M L0

h(Ω) ⊂ H1
0(Ω)

〈
P
(
Ãm

h

)
− P(Am

h ), Wh

〉
= 0

Wh ∈ L0
h(Ω) m = 1, . . . , M Wh = Ãm

h −Am
h

P

0 =
〈
P
(
Ãm

h

)
− P(Am

h ), Ãm
h − Am

h

〉
≥ M

∥∥∥Ãm
h − Am

h

∥∥∥2

H1(Ω)
,

Ãm
h = Am

h m = 1, . . . , M �Fh

Fh,n

(
�I m

h

)
=
∫

Ωn

σÃm
h =

∫
Ωn

σAm
h , n = 1, . . . , Nc, m = 1, . . . , M,

�Fh

(
�I m

h

)
+ Δt �I m

h = �Fh

(
�I m−1

h

)
− (C1(tm)σ meas(Ω1), . . . , CNc(tm)σ meas(ΩNc))

T ,

m = 1, . . . , M �I m
h



Am,1
h , Am,2

h ∈ L0
h(Ω) m = 1, . . . , M �I m,1

h , �I m,2
h ∈ R

Nc

m = 0, . . . , M
Ãm,1

h , Ãm,2
h ∈ L0

h(Ω) m = 1, . . . , M
Ãm,1

h = Am,1
h

Ãm,2
h = Am,2

h
�I m,1

h = �I m,2
h m = 1, . . . , M

Ãm,1
h = Ãm,2

h Am,1
h = Am,2

h m = 1, . . . , M

Ω
Ω1 Ω2 Ωpm Ωnl

(ρ, θ, z) eρ eθ ez

z O

J = Jz(ρ, t)ez =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

I(t)
πR2

1
ez (0, R1)× [0, T ],

0 (R1, R3)× [0, T ],

− I(t)
π(R2

4 −R2
3)ez (R3, R4)× [0, T ].



Ω

H =
νpmB − νpmBr Br = Breθ Br ∈ R

curl H = J Ω,

div B = 0 Ω,

B · n = 0 ∂Ω,

H = Hθ(ρ, t)eθ =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ρI(t)
2πR2

1
eθ (0, R1)× [0, T ],

I(t)
2πρ

eθ (R1, R3)× [0, T ],

I(t)
(

1
2πρ

− (R2
3 − ρ2)

2π(R2
4 −R2

3)ρ

)
eθ (R3, R4)× [0, T ].

Bθ = μ0Hθ + 2Js

π
atan

(
π(μr − 1)μ0|Hθ|

2Js

)
.

BH



BH

γ := (μr − 1)μ0

4Js

,

(0, R1)× [0, T ]

A(ρ, t) = I(t)
2πν0

{
− ρ2

2R2
1

+ ln
(

R2

R1

)
+ ν0

νpm

ln
(

R3

R2

)
+ R2

4

R2
4 −R2

3
ln
(

R4

R3

)}

+ 2Js

π

{
R2atan

(
γI(t)
R2

)
−R1atan

(
γI(t)
R1

)

+γI(t)
2 ln

(
γ2I(t)2 + R2

2

γ2I(t)2 + R2
1

)}
+ Br(R3 −R2).

(R1, R2)× [0, T ]

A(ρ, t) = I(t)
2πν0

{
−1

2 + ln
(

R2

ρ

)
+ ν0

νpm

ln
(

R3

R2

)
+ R2

4

R2
4 −R2

3
ln
(

R4

R3

)}

+ 2Js

π

{
R2atan

(
γI(t)
R2

)
− ρ atan

(
γI(t)

ρ

)

+γI(t)
2 ln

(
γ2I(t)2 + R2

2

γ2I(t)2 + ρ2

)}
+ Br(R3 −R2).

(R2, R3)× [0, T ]

A(ρ, t) = I(t)
2πν0

{
−1

2 + ν0

νpm

ln
(

R3

ρ

)
+ R2

4

R2
4 −R2

3
ln
(

R4

R3

)}
+ Br(R3 − ρ).



(R3, R4)× [0, T ]

A(ρ, t) = I(t)
2πν0

{
ρ2 −R2

4

2(R2
4 −R2

3) + R2
4

R2
4 −R2

3
ln
(

R4

ρ

)}
.

A(R4, t) = 0 t ∈ [0, T ]
Ω2

Ω0 A

Ω1 Ω2

Cn(t) = − 1
σ meas(Ωn)

(
d

dt

∫
Ωn

σA(t) + (−1)nI(t)
)

, n = 1, 2.

C1(t) = I ′(t)
8πν0

− I ′(t)
2πν0

{
ln
(

R2

R1

)
+ ν0

νpm

ln
(

R3

R2

)
+ R2

4

R2
4 −R2

3
ln
(

R4

R3

)}

− JsγI ′(t)
π

ln
(

γ2I(t)2 + R2
2

γ2I(t)2 + R2
1

)
− I(t)

σπR2
1
,

C2(t) = I ′(t)
π(R2

4 −R2
3)2ν0

{
R2

3R2
4

2 ln
(

R4

R3

)
− R4

4 −R4
3

8

}
+ I(t)

σπ(R2
4 −R2

3) .

R1 = 0.5 R2 = 0.75
R3 = 1 R4 = 1.25 σ
5.7 × 107 −1 ν0 = 1

4π
× 107 −1

νpm = 0.95ν0
Br = Breθ Br = 1.3 μ0 = 1

ν0
μr = 5000

Js = 1.75
I(t) = 3000 cos(2πft)

f = 50
I0,1 = 3000 I0,2 = −3000

�I(t)

[0, T ] = [0, 0.02]

Δt = T
40

�I(t) =
(

I(t),−I(t)
)T



Ω1 Ω2

{
�I m

h

}M

m=1
L2(0, T )

EΔt
h :=

(∑M
m=1 Δt

∣∣∣�I(tm)− �I m
h

∣∣∣2)1/2

(∑M
m=1 Δt

∣∣∣�I(tm)
∣∣∣2)1/2 .

O(h2)

O(Δt)
A(t)|Ωn ∈ H2(Ωn) n = 1, 2 t ∈ [0, T ]

O(h)

|| · ||H1(∪Nc
n=1Ωn) L2

(
∪Nc

n=1Ωn

)



h
h

2
h

4
h

8
h

16

Δt 0.1138 0.0806 0.0774 0.0772 0.0771
Δt

2 0.0895 0.0438 0.0390 0.0388 0.0388

Δt

4 0.0831 0.0279 0.0199 0.0195 0.0195

Δt

8 0.0815 0.0222 0.0105 0.0098 0.0098

Δt

16 0.0812 0.0206 0.0062 0.0050 0.0049

Δt

32 0.0811 0.0201 0.0045 0.0027 0.0025

Δt

64 0.0811 0.0200 0.0040 0.0016 0.0012

Δt

128 0.0811 0.0200 0.0039 0.0012 0.0006

Δt

256 0.0811 0.0200 0.0038 0.0011 0.0004

Δt

512 0.0811 0.0200 0.0038 0.0011 0.0003

EΔt
h

L2
(
∪Nc

n=1Ωn

)
O(h2)

h Δt �I L2(0, T )

Δt h2

EΔt
h

O(h2 + Δt)



EΔt
h Δt = Ch2



H −1) B
0.00 0.00

342.00 1.00
377.00 1.10
433.00 1.20
509.00 1.30
648.00 1.40
933.00 1.50

1228.00 1.55
1934.00 1.60
2913.00 1.65

BH

σ 5.7 × 107 −1

μ0 = 4π × 10−7 −1 BH

z− C(t) = 1.4 sin(100πt) −1 I0 = 477.45
I(t)

[0, T ] = [0, 0.02]

I(t)
{Im

h }M
m=1 L2(0, T )

O(h)

O(Δt)

h Δt I
L2(0, T )

Δt h
EΔt

h

O(h + Δt)



Δt = T
20

Δt
2

Δt
4

Δt
8

h 9.482e10−4 7.883e10−4 7.455e10−4 7.355e10−4

h
2 7.271e10−4 4.968e10−4 4.234e10−4 4.044e10−4

h
4 6.372e10−4 3.499e10−4 2.322e10−4 1.943e10−4

h
8 6.144e10−4 3.055e10−4 1.562e10−4 0.894e10−4

EΔt
h

h
16

Δt
64

10
2

10
3

10
4

10
5

10
−5

10
−4

10
−3

10
−2

R
el

at
iv

e 
er

ro
r

Number of d.o.f.

O(h+Δt) convergence
Relative error

EΔt
h Δt = Ch



0 0.005 0.01 0.015 0.02
−200

−100

0

100

200

t (s)

C
(V

m
−
1
)

0 0.005 0.01 0.015 0.02

−4

−3

−2

−1

0

x 10
5

I
(A

)

t (s)

C(t)
0.02 −188.46 −1 188.46 −1

I0 = 0

C(t) /∈ C([0, T ])

I(t) ∈ AC([0, T ])
I







NV = 0 Nc = NV

Ω

Ωr
pm(t)



Ωr
mc(t)

Ωs
n n =

1, . . . , Nc

Ωs
mc

Ωs
mc Ωr

mc(t)

Γ R

Ωr
0(t)

Ωs
0

ν0
Ωr

0(t)

Ωs
0

Ωr(t) :=
(
Ωr

0(t) ∪ Ωr
pm(t) ∪ Ωr

mc(t)
)◦

, Ωs :=
(
Ωs

0 ∪
(
∪Nc

n=1Ωs
n

)
∪ Ωs

pm

)◦
,



ν : Ω× [0, T ] −→ R

ν(x; t) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
ν0 x ∈ Ωs

0 ∪ Ωr
0(t),

ν0 x ∈ Ωs
n, n = 1, . . . , Nc,

νpm x ∈ Ωr
pm(t),

νmc x ∈ Ωs
mc ∪ Ωr

mc(t).

rt

t r−t Ωr
0(t) = rtΩr

0(0) Ωr
pm(t) = rtΩr

pm(0) Ωr
mc(t) = rtΩr

mc(t)
Ωr(t) ≡ Ωr

rt

Br = Br
x((x, y); t)ex + Br

y((x, y); t)ey

Br((x, y); t) = rtB
r(r−t(x, y); 0)

Br((x, y); 0)
Br((x, y); t)

J((x, y); t) = Jz,n(t)ez = in(t)
meas(Ωs

n)ez, ∀ (x, y) ∈ Ωs
n,

in(t) Ωs
n n = 1, . . . , Nc



(i1(t), . . . , iNc(t))T Br A(x, y; t) t ∈ [0, T ]

− div (ν0 grad A) = 0 Ωs
0 ∪ Ωr

0(t),

− div (ν0 grad A) = in(t)
meas(Ωs

n) Ωs
n, n = 1, . . . , Nc,

− div (νpm grad A) = − div
(
νpm (Br)⊥) Ωr

pm(t),
− div (νmc grad A) = 0 Ωs

mc ∪ Ωr
mc(t),

[ν grad A · n]S =
{

νpm (Br)⊥ · n,
0,

S ⊂ ∂Ωr
pm(t),

,

A = 0 ∂Ω.

t t

{
tm ∈ R : tm = mΔt, m = 0, . . . , M − 1

}
,

Δt := T/M

in(t) ∈ C1[0, T ] n = 1, . . . , Nc, Br(·; t) ∈ L2
(
Ωr

pm(t)
)3

t ∈ [0, T ] A(tm) ∈ H1
0(Ω) m = 0, . . . , M − 1

∫
Ω(tm)

ν grad A(tm) · grad W =
Nc∑

n=1

∫
Ωs

n

in(tm)
meas(Ωs

n)W +
∫

Ωr
pm(tm)

νpm(Br)⊥ · grad W

W ∈ H1
0(Ω)

(SP )Br (SP )i

in(t) ≡
0 n = 1, . . . , Nc

νpm

A(tm) ∈ H1
0(Ω) m = 0, . . . , M − 1

C > 0

||A(tm)||H1(Ω) ≤ C

(
Nc∑

n=1
|in(tm)|+ 1

μ0
||Br(0)||

L2(Ωr
pm(0))3

)

m = 0, . . . , M − 1



ν ∈ C0,1(Ω)
A(tm) ∈ H2(Ω) m = 0, . . . , M − 1

ν
A(tm) H2(Ω)

A

||A(tm)||H2(Ξ) ≤ C

(
Nc∑

n=1
|in(tm)|+ 1

μ0
||Br(0)||

L2(Ωr
pm(0))3

)

m = 1, . . . , M Ξ Ω̃(tm) :=
(
Ωr

0(tm) ∪ Ωr
pm(tm) ∪ Ωr

mc(tm)
)
∪(

Ωs
0 ∪

(
∪Nc

n=1Ωs
n

)
∪ Ωs

mc

)
C2

σ Ωs
n

ω
In αn in(t) = In cos(ωt + αn) n = 1, . . . , Nc

T P

P = 1
T

∫ T

0

Nc∑
n=1

∫
Ωs

n

1
σ

∣∣∣∣∣ in(t)
meas(Ωs

n)

∣∣∣∣∣
2

=
Nc∑

n=1

I2
n

2 meas(Ωs
n)σ .

τ (t) Ωr t

τ (t) =
∫

Ωr
r × divM(t) =

∫
Γ

r ×Mext(t)n,

Mext

M = B ⊗H − 1
2B ·HI Ωr

Ωr

τ = ν0

∫
Γ
(grad A · r) (grad A× n) =

(
ν0

∫
Γ

(
∂A

∂x
ny −

∂A

∂y
nx

)(
∂A

∂x
rx + ∂A

∂y
ry

))
ez.

In

P
Ωr

τd > 0

1
T

∫ T

0
τ (t) · ez ≈

1
T

M−1∑
m=0

Δt

2 (τ (tm) + τ (tm+1)) · ez = 1
M

M−1∑
m=0

τ (tm) · ez,



A(0) = A(T ) τ (0) = τ (T )

Uad := [−Imax, Imax]Nc ⊂ R
Nc Imax > 0

min
I∈Ufeas

J (I) :=
Nc∑

n=1

I2
n

2 meas(Ωs
n)σ ,

Ufeas =
{

I ∈ Uad : G(I) ≤ 0
}

,

G

G(I) := τd −
1

M

M−1∑
m=0

ν0

∫
Γ

(
∂A

∂x
(tm)ny −

∂A

∂y
(tm)nx

)(
∂A

∂x
(tm)rx + ∂A

∂y
(tm)ry

)
,

A(tm) m = 0, . . . , M − 1

A(tm) ∈ H2(Ξ) m = 0, . . . , M − 1 Ξ
C2 Γ ⊂ Ξ r = Rn Γ

H2(Ξ) −→ H1/2(Γ) u �→ γn(grad u) := (grad u · n)|Γ,

H2(Ξ) −→ H1/2(Γ)3 u �→ γτ (grad u) := (grad u× n)|Γ

(grad A(tm)× n) · ez, grad A(tm) · r ∈ H1/2(Γ) ⊂ L2(Γ).

||A(tm)||H2(Ξ) ≤ C

(
Nc∑

n=1
|In(tm)|+ ν0||Br(0)||

L2(Ωr
pm(0))3

)
.

Stm : R
Nc −→ H1

0(Ω) m = 0, . . . , M − 1

tm ∈ [0, T ] Stm(K) = Ltm(K) + ABr(tm) Ltm

(SP )i ABr (SP )Br

Ltm Ltm

Stm

Ufeas I



G

Ufeas = [−Imax, Imax]Nc ∩ {K ∈ R
Nc : G(K) ≤ 0 }

R
Nc J :

R
Nc −→ R

J (I) =
Nc∑

n=1

I2
n

2 meas(Ωs
n)σ

L : RNc × R −→ R, L(I; λ) :=J (I) + λG(I).

I λ∗ ≥ 0

λ∗G(I) = 0,

DIL(I; λ∗)(I − I) ≥ 0, ∀ I ∈ Uad

I
I

G(I) = 0 I0 ∈ R
Nc DG(I)I0 < 0

I0,n

{
≤ 0 In = Imax,
≥ 0 In = −Imax.

I
λ∗ I

I

J
G I

G

G(K) = τd −
1

M

M−1∑
m=0

ν0

∫
Γ

(
∂Stm

∂x
(K)ny −

∂Stm

∂y
(K)nx

)(
∂Stm

∂x
(K)rx + ∂Stm

∂y
(K)ry

)
,



Stm(K) = Ltm(K) + ABr(tm) Ltm

n = 1, . . . , Nc

∂G

∂In

(K) = lim
δ→0

1
δ

(G(K + δen)−G(K))

= − 1
M

M−1∑
m=0

ν0

∫
Γ

2∂Stm

∂x
(K)∂Ltm

∂x
(en)nyrx − 2∂Stm

∂y
(K)∂Ltm

∂y
(en)nxry

+
(

∂Stm

∂x
(K)∂Ltm

∂y
(en) + ∂Ltm

∂x
(en)∂Stm

∂y
(K)

)
(nyry − nxrx)

= − 1
M

M−1∑
m=0

ν0

∫
Γ
(grad Ltm(en) · r)(grad Stm(K)× n) · ez

+ (grad Stm(K) · r)(grad Ltm(en)× n) · ez,

{en}Nc
n=1 R

Nc Ltm G

DG(K)h = − 1
M

M−1∑
m=0

ν0

∫
Γ
(grad Ltm(h) · r)(grad Stm(K)× n) · ez

+ (grad Stm(K) · r)(grad Ltm(h)× n) · ez.

G Stm

|(DG(K1)−DG(K2))h| =
∣∣∣∣∣ 1
M

M−1∑
m=0

1
μ0

∫
Γ

2∂Ltm

∂x
(K1 −K2)

∂Ltm

∂x
(h)nyrx

− 2∂Ltm

∂y
(K1 −K2)

∂Ltm

∂y
(h)nxry +

(
∂Ltm

∂x
(K1 −K2)

∂Ltm

∂y
(h)

+∂Ltm

∂x
(h)∂Ltm

∂y
(K1 −K2)

)
(nyry − nxrx)

∣∣∣∣∣→ 0 |K1 −K2| → 0.

I
z ∈ R α, β, k ≥ 0

I ∈ Uad

αDG(I)(I − I) + β(k + G(I)) = z.

G(I) = 0
I0 ∈ R

Nc DG(I)I0 < 0

In0

{
≤ 0 In = Imax,
≥ 0 In = −Imax.

z < 0 I := εI0 + I ε > 0 I ∈ Uad

DG(I)(I − I) = εDG(I)I0 < 0.



β := 0 k := 0 ∈ K

α := z

DG(I)(I − I)
> 0.

αDG(I)(I − I) + β(k + G(I)) = z.

z ≥ 0 α := 0 I := 0 ∈ Uad β := 1 k := z

G(I) < 0 I := I ∈ Uad α ≥ 0

k := 0 ∈ K β := z

G(I)
≥ 0 z ≤ 0

β := 1 k := z −G(I) ∈ K z > 0

αDG(I)(I − I) + β(k + G(I)) = z.

DJ : RNc −→ R

DJ (K)h =
Nc∑

n=1

Knhn

meas(Ωs
n)σ .

DIL(I; λ∗)(I − I) =
Nc∑

n=1

In(In − In)
meas(Ωs

n)σ

− λ∗ 1
M

M−1∑
m=0

ν0

∫
Γ
(grad Ltm(I − I) · r)(grad Stm(I)× n) · ez

+ (grad Stm(I) · r)(grad Ltm(I − I)× n) · ez.

DIL



A(tm) ∈ H1
0(Ω) A(tm)|Ξ ∈ H2(Ξ) m = 0, . . . , M − 1

λ ∈ R P (tm) m = 0, . . . , M − 1

− div (ν grad P (tm)) = 0 Ωs ∪ Ωr(tm),
[(ν grad P (tm)) · n] = −λ ν0(curlΓ((grad A(tm) · r)ez)

− div ((grad A(tm)× n) · ezr)) Γ,

[(ν grad P (tm)) · n] = 0 ∂Ω̃(tm),
P (tm) = 0 ∂Ω.

Ω̃(tm) :=
(
Ωr

0(tm) ∪ Ωr
pm(tm) ∪ Ωr

mc(tm)
)
∪
(
Ωs

0 ∪
(
∪Nc

n=1Ωs
n

)
∪ Ωs

mc

)
.

Γ

∫
Γ
− div ((grad A× n) · ezr) W =

∫
Γ
(grad W · r)(grad A× n) · ez,

∫
Γ

curlΓ ((grad A · r)ez) W =
∫

Γ
(curlΓ W · ez)(grad A · r)

=
∫

Γ
(grad A · r)(grad ΓW × n) · ez =

∫
Γ
(grad A · r)(grad W × n) · ez.

A|Ξ ∈
H2(Ξ) W ∈ H1(Ω)

(grad A · r)|Γ ∈ L2
t (Γ) W |Γ ∈ L2(Γ)

A(tm) ∈ H1
0(Ω) A(tm)|Ξ ∈ H2(Ξ) m = 0, . . . , M − 1

λ ∈ R P (tm) ∈ H1
0(Ω) m = 0, . . . , M − 1

∫
Ω(tm)

ν grad P (tm) · grad W

= −λ ν0

∫
Γ
(grad W · r)(grad A(tm)× n) · ez + (grad A(tm) · r)(grad W × n) · ez

W ∈ H1
0(Ω)



P (tm) ∈ H1
0(Ω) m = 0, . . . , M−1

||P (tm)||H1(Ω) ≤ C

(
Nc∑

n=1
|in(tm)|+ ν0 ||Br(0)||

L2(Ωr
pm(0))3

)
.

H1(Ω) fm m =
0, . . . , M − 1

‖fm‖H−1(Ω) = sup
W ∈H1

0(Ω)),‖W ‖H1(Ω)

∣∣∣∣〈fm, W 〉
∣∣∣∣

≤ C sup
W ∈H1

0(Ω)),‖W ‖H1(Ω)

∣∣∣∣∫
Γ
(grad W · r)(grad A(tm)× n) · ez

+ (grad A(tm) · r)(grad W × n) · ez

∣∣∣∣ ≤ C‖A(tm)‖H2(Ξ).

DIL

K, h ∈ R
Nc AK(tm), Ah(tm) m = 0, . . . , M − 1

in(t) = Kn cos(ωt + αn) n = 1, . . . , Nc (SP )i

in(t) = hn cos(ωt + αn) n = 1, . . . , Nc P (tm)
AK(tm) λ

1
M

M−1∑
m=0

Nc∑
n=1

∫
Ωs

n

hn cos(ωtm + αn)
meas(Ωs

n) P (tm)

= − 1
M

M−1∑
m=0

λ ν0

∫
Γ
(grad Ah(tm) · r)(grad AK(tm)× n) · ez

+ (grad AK(tm) · r)(grad Ah(tm)× n) · ez.

P (tm) ∈ H1
0(Ω) (SP )i in(t) =

hn cos(ωt + αn) n = 1, . . . , Nc∫
Ω(tm)

ν grad Ah(tm) · grad P (tm) =
Nc∑

n=1

∫
Ωs

n

hn cos(ωtm + αn)
meas(Ωs

n) P (tm).

Ah(tm) AK(tm) λ

∫
Ω(tm)

ν grad P (tm) · grad Ah(tm) =

− λ ν0

∫
Γ
(grad Ah(tm) · r)(grad AK(tm)× n) · ez

+ (grad AK(tm) · r)(grad Ah(tm)× n) · ez.



m = 0, . . . , M − 1 M

1
M

M−1∑
m=0

Nc∑
n=1

∫
Ωs

n

hn cos(ωtm + αn)
meas(Ωs

n) P (tm)

= − 1
M

M−1∑
m=0

λ ν0

∫
Γ
(grad Ah(tm) · r)(grad AK(tm)× n) · ez

+ (grad AK(tm) · r)(grad Ah(tm)× n) · ez.

I
A(tm) I λ∗ ≥ 0 I

∫
Ω(tm)

ν grad A(tm) · grad W =
Nc∑

n=1

∫
Ωs

n

In cos(ωt + αn)
meas(Ωs

n) W

+
∫

Ωr
pm(tm)

νpm(Br)⊥ · grad W ∀W ∈ H1
0(Ω),

∫
Ω(tm)

ν grad P (tm) · grad W

= −λ∗ ν0

(∫
Γ
(grad W · r)(grad A(tm)× n) · ez

+
∫

Γ
(grad A(tm) · r)(grad W × n) · ez

)
∀W ∈ H1

0(Ω),

λ∗
(

τd −
1

M

M−1∑
m=0

ν0

∫
Γ
(grad A · r) (grad A× n) · ez

)
= 0,

Nc∑
n=1

In(In − In)
meas(Ωs

n)σ + 1
M

M−1∑
m=0

Nc∑
n=1

∫
Ωs

n

(In − In) cos(ωtm + αn)
meas(Ωs

n) P (tm) ≥ 0,

I ∈ Uad



M T m
h m = 0, . . . , M−1 K ∈ T m

h

ρ(K) σ(K) ρ(K) K
σ(K) K h =

maxm=0,...,M−1 maxK∈T m
h

ρ(K)

ρ σ

ρ(K)
σ(K) ≤ σ,

h

ρ(K) ≤ ρ

K ∈ T m
h m = 0, . . . , M − 1 h > 0

Ωh(tm) := ∪K∈T m
h

K Ωh(tm) ∂Ωh(tm)
Ωh(tm) T m

h

∂Ωh(tm) ∂Ω m = 0, . . . , M−1
|Ω \ Ωh(tm)| ≤ Ch2

Ωs Ωh

∂Ωh T m
h

Ωr
h(tm) := ⋃

K∈T m
h ,

K⊂Ωr(tm)

K Γ

Xm
h :=

{
ψh ∈ C0(Ω) : ψh|K ∈ P1(K) ∀K ∈ T m

h , ψh = 0 Ω \ Ωh ψh = 0 ∂Ωh

}
,

m = 0, . . . , M − 1

in(t) = In cos(ωt + αn) ∈ C1([0, T ]) n = 1, . . . , Nc Br(·; t) ∈
L2
(
Ωr

pm(t)
)3

t ∈ [0, T ] Ah(tm) ∈ Xm
h m = 0, . . . , M − 1

∫
Ωh(tm)

ν grad Ah(tm) · grad W m
h =

Nc∑
n=1

∫
Ωs

h,n

in(tm)
meas(Ωs

n)W m
h

+
∫

Ωr
h,pm(tm)

νpm(Br)⊥ · grad W m
h

W m
h ∈ Xm

h

(SP )h,Br (SP )h,i



in(t) ≡ 0 n = 1, . . . , Nc

νpm

Ah(tm) ∈ Xm
h m = 0, . . . , M−1

C > 0 h
m = 0, . . . , M − 1

||Ah(tm)||H1(Ωh) ≤ C

(
Nc∑

n=1
|in(tm)|+ νpm||Br(0)||

L2(Ωr
h,pm(0))3

)
.

A(tm) ∈ H1
0(Ω) Ah(tm) ∈ Xm

h

m = 0, . . . , M − 1

||A(tm)− Ah(tm)||H1(Ξh(tm)) ≤ C(μ, Ω)h|A(tm)|H2(Ξ),

Ξh(tm) := ⋃
K∈T m

h ,

K⊂Ξ

K

Stm,h : R
Nc −→ Xm

h m = 0, . . . , M −
1

Stm,h(K) = Ltm,h(K) +
Ah,Br(tm) Ltm,h (SP )h,i

Ah,Br (SP )h,Br Ltm,h

Ltm,h Stm,h

Gh

Gh(I) := τd −
1

M

M−1∑
m=0

ν0

∫
Γ
(grad Ah(tm) · r) (grad Ah(tm)× n) · ez

Ah(tm) tm ∈ [0, T ] m = 0, . . . , M − 1
in(t) = In cos(ωt + αn) n = 1, . . . , Nc

min
Ih∈Ufeas,h

J (Ih) :=
Nc∑

n=1

I2
h,n

2 meas(Ωs
n)σ ,

Ufeas,h =
{

Ih ∈ Uad : Gh(Ih) ≤ 0
}

.



Xm
h

H2(Ω, T m
h ) :=

{
ψh ∈ L2(Ω) : ψh|K ∈ H2(K) ∀K ∈ T m

h

}
,

m = 0, . . . , M − 1 Gh

K ∈ R
Nc

Ufeas,h Ih

K ∈ R
Nc Gh(K) → G(K) h → 0

K ∈ R
Nc A(tm) Ah(tm) m = 0, . . . , M − 1

|Gh(K)−G(K)| =
∣∣∣∣∣ ν0

M

M−1∑
m=0

∫
Γ
(grad A(tm) · r) (grad A(tm)× n) · ez

− (grad Ah(tm) · r) (grad Ah(tm)× n) · ez

∣∣∣∣∣
≤ C

M−1∑
m=0

∑
K∈T m

h ,

K∩Γ
=∅

||Ah(tm)||H2(K)||A(tm)− Ah(tm)||H1(K)

+ ||A(tm)||H2(K)||A(tm)− Ah(tm)||H1(K)

≤ Ch
M−1∑
m=0

|A(tm)|H2(Ξ)||A(tm)||H2(Ξ) → 0 h → 0,

m = 0, . . . , M − 1

Ĩ
{Ih}h>0

{Ih}h>0 R
Nc

h → 0 {Ih}h>0 R
Nc

h → 0

{Ih}h>0 Ih ∈ Ufeas,h

h > 0 {Ih}h>0 {Ih}h>0
{Ih}h>0 Ih → I h → 0 |In,h| ≤ Imax Gh(Ih) ≤ 0

h > 0 G
I ∈ Ufeas



G(Ĩ) < 0 Gh(Ĩ) → G(Ĩ) h → 0 h0 > 0 Gh(Ĩ) < 0
h ∈ (0, h0) Ĩ ∈ Ufeas,h h ∈ (0, h0) J (Ih) ≤ J (Ĩ)
h ∈ (0, h0)

J (I) = lim
h→0

J (Ih) ≤ J (Ĩ).

G(Ĩ) = 0 Ĩh := Ĩ + s(h)I0 s(h) ≥ 0

Gh(Ĩh) = Gh(Ĩ) + DGh(Ĩ)s(h)I0 + o(h) = Gh(Ĩ)−G(Ĩ) + s(h)DGh(Ĩ)I0 + o(h).

Δ(h) := Gh(Ĩ)−G(Ĩ) + o(h) δ(h) := DGh(Ĩ)I0
h > 0

s(h) :=
{

0 Δ(h) ≤ 0,

−Δ(h)
δ(h) Δ(h) > 0.

ε < 0 DG(Ĩ)I0 ≤ 2ε < 0 h0 > 0 DGh(Ĩ)I0 ≤
ε < 0 h ∈ (0, h0)∣∣∣∣∣ 1

δ(h)

∣∣∣∣∣ = − 1
δ(h) = − 1

DGh(Ĩ)I0
≤ 1

ε

h ∈ (0, h0) Δ(h) → 0
h → 0 s(h) → 0 h → 0

I0 h0 > 0 Ĩh ∈ Uad

h ∈ (0, h0)
s(h) Gh(Ĩh) = Δ(h) + s(h)δ(h) ≤ 0

h > 0
Ĩh → Ĩ h → 0 Ĩh ∈ Ufeas,h h ∈ (0, h0)

J (Ih) ≤ J (Ĩh) h ∈ (0, h0)

J (I) = lim
h→0

J (Ih) ≤ lim
h→0

J (Ĩh) = J (Ĩ).

I

Lh : RNc × R
J −→ R, Lh(Ih; λh) :=J (Ih) + λh ·Gh(Ih).



{Ih}
{Ih} → I h → 0 I h

λ∗
h Ih Ih

DJ : RNc −→ R

DJ (K)h =
Nc∑

n=1

Knhn

meas(Ωs
n)σ .

DILh(I; λ∗)(I − I) =
Nc∑

n=1

In(In − In)
meas(Ωs

n)σ

− λ∗ 1
M

M−1∑
m=0

ν0

∫
Γ
(grad Ltm,h(I − I) · r)(grad Stm,h(I)× n) · ez

+ (grad Stm,h(I) · r)(grad Ltm,h(I − I)× n) · ez.

DILh

Ah(tm) ∈ Xm
h m = 0, . . . , M−1 λ ∈ R Ph(tm) ∈ Xm

h

m = 0, . . . , M − 1∫
Ωh(tm)

ν grad Ph(tm) · grad W m
h

= −λ
1

M

M−1∑
m=0

ν0

∫
Γ
(grad Wh · r)(grad Ah(tm)× n) · ez

+ (grad Ah(tm) · r)(grad Wh × n) · ez

W m
h ∈ Xm

h

Ph(tm) ∈ Xm
h m = 0, . . . , M − 1

lim
h→0

||P (tm)− Ph(tm)||H1(Ω) = 0

m = 0, . . . , M−1 P (tm) ∈ H2(Ωs
n) n = 1, . . . , Nc m = 0, . . . , M−1

||P (tm)− Ph(tm)||H1(Ωs
n) ≤ Ch|P (tm)|H2(Ωs

n).

DILh



K, h ∈ R
Nc AK

h (tm), Ah
h(tm) m = 0, . . . , M − 1

in(t) = Kn cos(ωt + αn) n = 1, . . . , Nc (SP )h,i

in(t) = hn cos(ωt + αn) n = 1, . . . , Nc Ph(tm)
m = 0, . . . , M − 1 AK

h (tm) λ

1
M

M−1∑
m=0

Nc∑
n=1

∫
Ωs

n

hn cos(ωtm + αn)
meas(Ωs

n) Ph(tm)

= −λ
1

M

M−1∑
m=0

∫
Γ
(grad Ah

h(tm) · r)(grad AK
h (tm)× n) · ez

+ (grad AK
h (tm) · r)(grad Ah

h(tm)× n) · ez.

I
{Ih}h>0

minJ (I) Gh(I) + s2 = 0, I ∈ Uad, s ∈ R.

Lh(I, s, λ; α) := J (I) + λ
(
Gh(I) + s2

)
+ α

2
(
Gh(I) + s2

)2
.

s

L̂h(I, λ; α) := J (I) + 1
2α

(
max {0, λ + αGh(I)}2 − λ2

)
.

L̂h α λ
ψk



rk

ψk

ψk = −grad IL̂h(Ik, λk; αk) + βkψk−1,

βk =
grad IL̂h(Ik, λk; αk)�

(
grad IL̂h(Ik, λk; αk)− grad IL̂h(Ik−1, λk; αk)

)
||grad IL̂h(Ik, λk; αk)||2

,

rk

L̂h(Ik + rkψk, λk; αk) ≤ L̂h(Ik, λk; αk) + C1rkgrad IL̂h(Ik, λk; αk)�ψk,∥∥∥grad IL̂h(Ik + rkψk, λk; αk)�ψk

∥∥∥ ≤ C2

∥∥∥grad IL̂h(Ik, λk; αk)�ψk

∥∥∥ ,

C1, C2 ∈ (0, 1)

ψk Ik

β0 = 0

r0 = rk−1
grad IL̂h(Ik−1, λk−1; αk)�ψk−1

grad IL̂h(Ik, λk; αk)�ψk

.

α

{ei, i = 1, . . . , N} R
N

L̂h(I, λ; α)
I

k pk

Ik

sk pk

min
s>0

L̂h(Ik + spk, λ; α)

λ α

pk sk

pk =
−Hkgrad IL̂h Hk



I0 ∈ R
Nc λ0, Imax ∈ R α0 > 0 c ∈ (0, 1)

Ik+1, λk+1
(Ik, λk, Imax) ==

Ik+1 ←− (Ik, λk, αk, Imax)
λk+1 ←− max{0, λk + αkGh(Ik+1)}

(Ik+1, Ik, λk+1, λk, αk, c) ==
αk+1 = 10αk

Ik λk Imax

Ik λk Imax

flag
|λkGh(Ik)| > 0

flag ←−
λk < 0

flag ←−
Lh Ik λk Imax

flag ←−

flag ←−



F Ik λk Imax

F Ik λk Imax

flag
Ik ∈ (−Imax, Imax)Nc ∧ |∇IF (Ik, λk)| > 0

flag ←−
Ik ∈ ∂[−Imax, Imax]Nc

flag ←−
i = 1 Nc

(Ik(i) = Imax) ∧ (∇IF (Ik, λk)ei > 0)
flag ←−

(Ik(i) = −Imax) ∧ (∇IF (Ik, λk)ei < 0)
flag ←−

|∇IF (Ik, λk)ei| > 0
flag ←−

flag ←−

Ik+1 Ik λk+1 λk αk c

Ik+1 Ik λk+1 λk αk c
flag

hk ←− max {Gh(Ik),−λk/αk}
hk+1 ←− max {Gh(Ik+1),−λk+1/αk}
|hk+1| ≥ c|hk|

flag ←−

flag ←−



6 5 6

83 49 31

1473 1129 614

Ik λk αk Imax

Ik λk αk Imax

Ik+1
I0 ←− Ik

ψ0 ←− −∇IL̂h(I0, λk; αk)
�0 ←− ∇IL̂h(I0, λk; αk)

L̂h Ik λk Imax ==
i = 1 Nc

Ij(i) = Imax ∧ ψj(i) > 0
ψj(i) ←− 0

Ij(i) = −Imax ∧ ψj(i) < 0
ψj(i) ←− 0

sj+1 ←− (Ij, λk, αk, ψk)
Ij+1 ←− Ij + sj+1ψj

�j+1 ←− ∇IL̂h(Ij+1, λk; αk)
βj+1 ←−

(
��

j+1 (�j+1 − �j)
)

/||�j+1||2

ψj+1 ←− −∇IL̂h(Ij+1, λk; αk) + βj+1ψj

Nc = 6
μr = 100 in(t) = In cos(ωt +

αn) n = 1, . . . , 6 μ = μ0 = 4π× 10−7 H/m
5.96×107 (Ω·m)−1

μr = 1.096
|Br| = 1.26 T −ey t = 0



μ = μ0 ω = 2πf
f = 50 Hz 3000

τd

G(I) := τd −
1

M

M−1∑
m=0

ν0

∫
Γ
(grad A(tm) · r) (grad A(tm)× n),

A(tm)

O(h2) t = 0 Ξ
O(h)

O(h)

Ih

λh O(h)
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Ω
Ω

Nc

ν0

Ω0

Ωn n = 1, . . . , Nc

n = 1, . . . , Nb n = Nb +1, . . . , Nc

Ωnl



t = 0 t > 0

Ωn

Jz,n(t) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
yn(t)

meas(Ωn) , n = 1, . . . , Nb,

In(t)
meas(Ωn) , n = Nb + 1, . . . , Nc,

yn(t) n = 1, . . . , Nb

t In(t) n = Nb + 1, . . . , Nc

t
In(t) n = Nb + 1, . . . , Nc

A B C

z

Ωnl Ω0
Γ Ωnl = Ωrot

nl ∪ Ωsta
nl Ω0 = Ωrot

0 ∪ Ωsta
0 Ωrot

nl ∪ Ωrot
0

Ωsta
nl ∪ Ωsta

0 Γ
Ω Ωrot Ωsta



Ωrot =
⎛⎝Ωrot

0 ∪
⎛⎝ Nb⋃

n=1
Ωn

⎞⎠ ∪ Ωrot
nl

⎞⎠◦

, Ωsta =
⎛⎝Ωsta

0 ∪
⎛⎝ Nc⋃

n=Nb+1
Ωn

⎞⎠ ∪ Ωsta
nl

⎞⎠◦

.

Ωrot Ωsta

rt

t > 0

rt

(
Ωsta

0

)
∪
⎛⎝ Nc⋃

n=Nb+1
rt (Ωn)

⎞⎠ ∪ rt

(
Ωsta

nl

)
.

Ωrot Ωsta

rt

− div(ν0 grad A) = 0 Ωrot
0 ∪ rt

(
Ωsta

0

)
,

− div(ν0 grad A) = yn(t)
meas(Ωn) Ωn, n = 1, . . . , Nb,

− div(ν0 grad A) = In(t)
meas(Ωn) rt(Ωn), n = Nb + 1, . . . , Nc,

− div(ν(·, |grad A|) grad A) = 0 Ωrot
nl ∪ rt

(
Ωsta

nl

)
,

A = 0 ∂Ω.

yn(t) n = 1, . . . , Nb
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2

3

4

6
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1
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3

45

6

7

8

9

nod× edg A = (aij)

aij =

⎧⎪⎨⎪⎩
−1 i = m(1, j),

1 i = m(2, j),
0

i ∈ {1, . . . , nod} j ∈ {1, . . . , edg} m(1, j) m(2, j)
j

nod = 2Nb = 6 edg = 3Nb = 9

A�y(t) = �0,

�y(t) ∈ R
edg

t �v(t) ∈ R
nod

n z αn := (σ meas(Ωn))−1

n = 1, . . . , Nb

D�y(t) +AT�v(t) = �0,

D (D�y(t))n = Dn (yn(t))

Dn (yn(t)) =

⎧⎪⎨⎪⎩ Rn
d

dt

∫
Ωn

σA(t) + Rnyn(t) n = 1, . . . , Nb,

Rnyn(t) n = Nb + 1, . . . , edg,

Rn n = Nb + 1, . . . , edg n Rn = �nαn

n = 1, . . . , Nb n �n

Dn (yn(t)) n = 1, . . . , Nb

In(t) n = Nb + 1, . . . , Nc

y0
n n = 1, . . . , Nb t ∈ [0, T ] A(x, y; t)



yn(t) n = 1, . . . , edg vn(t) n = 1, . . . , nod
yn(0) = y0

n n = 1, . . . , Nb

− div(ν0 grad A) = 0 Ωrot
0 ∪ rt

(
Ωsta

0

)
,

− div(ν0 grad A) = yn(t)
meas(Ωn) Ωn, n = 1, . . . , Nb,

− div(ν0 grad A) = In(t)
meas(Ωn) rt(Ωn), n = Nb + 1, . . . , Nc,

− div(ν(·, |grad A|) grad A) = 0 Ωrot
nl ∪ rt

(
Ωsta

nl

)
,

A = 0 ∂Ω,

D�y(t) +AT�v(t) = �0,

A�y(t) = �0.

�F : [0, T ]× R
Nb −→ R

Nb

�F(t, �w) :=
(∫

Ω1
σA(x, y, t) dx dy, . . . ,

∫
ΩNb

σA(x, y, t) dx dy

)T

∈ R
Nb , t ∈ [0, T ], �w ∈ R

Nb ,

A(x, y, t)
t ∈ [0, T ] In(t) n = Nb + 1, . . . , Nc

�w ∈ R
Nb A(x, y, t)

− div(ν0 grad A) = 0 Ωrot
0 ∪ rt

(
Ωsta

0

)
,

− div(ν0 grad A) = wn

meas(Ωn) Ωn, n = 1, . . . , Nb,

− div(ν0 grad A) = In(t)
meas(Ωn) rt(Ωn), n = Nb + 1, . . . , Nc,

− div(ν(·, |grad A|) grad A) = 0 Ωrot
nl ∪ rt

(
Ωsta

nl

)
,

A = 0 ∂Ω.

Ab

Ar A =
(
Ab | Ar

)
�y

�y =
(

�y b

�y r

)
.



Rb d

dt
�F
(
t, �y b(t)

)
+Rb�y b(t) +

(
Ab
)T

�v(t) = �0,

Rr�y r(t) + (Ar)T �v(t) = �0,

Rb Rr (
Rb
)

ij
= Riδij, i, j = 1, . . . , Nb,

(Rr)ij = Ri+Nb
δij, i, j = 1, . . . , edg −Nb.

δij

δij =
{

0 i �= j,
1 i = j.

Rb d

dt
�F
(
t, �y b(t)

)
+Rb�y b(t) +

(
Ab
)T

�v(t) = �0,

Rr�y r(t) + (Ar)T �v(t) = �0,

Ab�y b(t) +Ar�y r(t) = �0.

Rr

�y r(t) = −(Rr)−1 (Ar)T �v(t).

In(t) n = Nb + 1, . . . , Nc

y0
n n = 1, . . . , Nb t ∈ [0, T ] yn(t) n =

1, . . . , Nb vn(t) n = 1, . . . , nod
yn(0) = y0

n n = 1, . . . , Nb

Rb d

dt
�F
(
t, �y b(t)

)
+Rb�y b(t) +

(
Ab
)T

�v(t) = �0,

Ab�y b(t)−Ar(Rr)−1 (Ar)T �v(t) = �0.

�F In(t) n = Nb + 1, . . . , Nc

�v(t)
yn(t) n = 1, . . . , Nb

Ab�y b(t) ·
(

�0
�e

)
= 0,

�e = (1, . . . , 1)T ∈ R
Nb B−1 λ(t)

�v(t) = B−1Ab�y b(t) + λ(t)
(

�0
�e

)
.



(Ar)T

Nb

Ar 2Nb− 2
(Ar)T

N
(
(Ar)T

)
=<

(
�e
�0

)
,

(
�0
�e

)
> .

N
(
Ar (Rr)−1 (Ar)T

)
= N

(
(Ar)T

)
.

N
(
(Ar)T

)
⊂ N

(
Ar (Rr)−1 (Ar)T

)
�z ∈ N

(
Ar (Rr)−1 (Ar)T

)
,

Ar (Rr)−1 (Ar)T �z · �z = 0 = (Rr)−1 (Ar)T �z · (Ar)T �z

(Rr)−1 �z

N
(
(Ar)T

)
�v(t) Ab�y b(t)

E 2Nb × (2Nb − 2) N
(
(Ar)T

)⊥

N
(
(Ar)T

)⊥
= Im (Ar) E Ar

ETAr(Rr)−1 (Ar)T E (2Nb−2)× (2Nb−2)
Rr ETAr(Rr)−1 (Ar)T E

ETAr (Ar)T E rank(P ) = rank(P TP ) P
E

Ar 2Nb − 2

�y b ⊥
(
Ab
)T
(

�e
�0

)
�y b ⊥

(
Ab
)T
(

�0
�e

)
,

�v1(t) = E(ETAr(Rr)−1 (Ar)T E)−1ETAb�y b(t)

ETAr(Rr)−1 (Ar)T �v1(t)
= ETAr(Rr)−1 (Ar)T E(ETAr(Rr)−1 (Ar)T E)−1ETAb�y b(t) = ETAb�y b(t).



E N
(
Ar(Rr)−1 (Ar)T

)⊥
�v1(t)

Ab�y b(t) N
(
Ar(Rr)−1 (Ar)T

)⊥

ET Im
(
Ar(Rr)−1 (Ar)T

)
Ar(Rr)−1 (Ar)T �v1(t) = Ab�y b(t).

�v(t) = E(ETAr(Rr)−1 (Ar)T E)−1ETAb�y b(t) + φ(t)
(

�e
�0

)
+ λ(t)

(
�0
�e

)
,

φ(t) λ(t)

B−1 = E(ETAr(Rr)−1 (Ar)T E)−1ET.

φ(t) λ(t)
φ(t) = 0 λ(t)

�y b(t) λ(t)

In(t) n = Nb + 1, . . . , Nc

y0
n n = 1, . . . , Nb t ∈ [0, T ] yn(t) n =

1, . . . , Nb yn(0) = y0
n n = 1, . . . , Nb

Rb d

dt
�F
(
t, �y b(t)

)
+
(
Rb +

(
Ab
)T
B−1

(
Ab
))

�y b(t) + λ(t)
(
Ab
)T
(

�0
�e

)
= �0,

Ab�y b(t) ·
(

�0
�e

)
= 0,

�F In(t) n = Nb + 1, . . . , Nc

fc

nr Te

Tc(
Tc = 1

fc

)
Tr

(
Tr = 60

nr

)
Te = N Tc = M Tr,



M N

Tc

Tr

= M

N

M N

Te Tc Tr Tb

y0
1, . . . , y0

Nb

ns

ns = (60fc)/p p
s

s = (ns−nr)/ns

Tb Tb = Tc/s

[0, t] [0, Tb]

Rb

(∫ Tb

0
�F
(
t, �y b(t)

)
dt− Tb

�F
(
0, �y b,0

))

+
(
Rb + (Ab)TB−1(Ab)

) ∫ Tb

0

(∫ t

0
�y b(s) ds

)
dt

+
(∫ Tb

0

(∫ t

0
λ(s) ds

)
dt

)
(Ab)T

(
�0
�e

)
= �0,

�y b,0 :=
(
y0

1, . . . , y0
Nb

)T

Rb

(∫ Tb

0
�F
(
t, �y b(t)

)
dt− Tb

�F
(
0, �y b,0

))

+
(
Rb + (Ab)TB−1(Ab)

) ∫ Tb

0
(Tb − t)�y b(t) dt

+
(∫ Tb

0
(Tb − t)λ(t) dt

)
(Ab)T

(
�0
�e

)
= �0.

t s

∫ Tb

0

(∫ t

0
�y b(s) ds

)
dt =

∫ Tb

0

(∫ Tb

s
dt

)
�y b(s) ds =

∫ Tb

0
(Tb − t)�y b(t) dt,



t

s

dt

ds

T

t

s

b

T
b

T
b

T
b

{(s, t), s ∈ [0, t], t ∈ [0, Tb]}
{(s, t), t ∈ [s, Tb], s ∈ [0, Tb]}

λ

Tb

�y b,0

[0, Tb]

Rb
∫ Tb

0
�F
(
t, �y b(t)

)
dt
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(
Rb + (Ab)TB−1Ab

) ∫ Tb

0
(Tb − t)�y b(t) dt

−TbRb �F
(
0, �y b,0

)
+
(
Rb + (Ab)TB−1Ab

) ∫ Tb

0
(Tb − t)�y b(t) dt

+
(∫ Tb

0
(Tb − t)λ(t) dt

)
(Ab)T

(
�0
�e

)
= �0.

�y b(t)

�y b(t) �y b,0

[0, Tb]
fb := 1/Tb

Y
�y b(t)

yb
n(t) �

[
(Ab)T

(
�0
�e

)]
n

Y cos(2πfbt + βn),

βn A
n

yb,0
n = Y

[
(Ab)T

(
�0
�e

)]
n

cos βn.



βn = β1 + (n− 1)γ, n = 1, . . . , Nb,

γ = (2πp)/Nb Y β1
Nb

�u �w n

un :=
[
(Ab)T

(
�0
�e

)]
n

cos βn wn :=
[
(Ab)T

(
�0
�e

)]
n

sin βn,

n = 1, . . . , Nb �y b, 0 = Y �u

�u = ∂ �w

∂β1
�w = − ∂�u

∂β1
.

∫ Tb

0
�y b(t) dt ≈ �0.

Y β1

[
(Ab)T

(
�0
�e

)]
n

= ±1

n = 1, . . . , Nb n

�y b(t) · (Ab)T
(

�0
�e

)
≈

Nb∑
n=1

[
(Ab)T

(
�0
�e

)]2

n

Y cos(2πfbt + βn)

= Y
Nb∑

n=1
cos(2πfbt + βn) = Y Re

⎛⎝ Nb∑
n=1

e i(2πfbt+β1+(n−1)γ)

⎞⎠
= Y Re

⎛⎝e i(2πfbt+β1)
Nb∑

n=1
e i((n−1)γ)

⎞⎠ = Y Re
(

e i(2πfbt+β1) e iNbγ − 1
e iγ − 1

)

= Y Re
(

e i(2πfbt+β1) e i2πp − 1
e iγ − 1

)
= 0,

γ 2π p Nb

e i2πp = 1 p



Nb∑
n=1

cos βn = 0
Nb∑

n=1
sin βn = 0.

∫ Tb

0
(Tb− t)yb

n(t) dt

∫ Tb

0
(Tb − t)yb

n(t) dt ≈
[
(Ab)T

(
�0
�e

)]
n

∫ Tb

0
(Tb − t)Y cos

(2π

Tb

t + βn

)
dt

= −
[
(Ab)T

(
�0
�e

)]
n

Y
T 2

b

2π
sin βn

∫ Tb

0
(Tb − t)�y b(t) dt ≈ −Y

T 2
b

2π
�w.

μ =
∫ Tb

0 (Tb − s)λ(s) ds

In(t) n = Nb + 1, . . . , Nc

Y ∈ R β1 ∈ [0, 2π) μ ∈ R

−TbRb �F (0, Y �u)− T 2
b

2π
Y
(
Rb + (Ab)TB−1Ab

)
�w + μ(Ab)T

(
�0
�e

)
= �0.

β1 �u �w �F (0, Y �u)
In(0) n = Nb + 1, . . . , Nc

μ Y β1
�u

μ =

(
Rb + (Ab)T B−1 Ab

)−1
TbRb �F(0, Y �u) · (Ab)T

(
�0
�e

)

(Rb + (Ab)T B−1 Ab)−1 (Ab)T

(
�0
�e

)
· (Ab)T

(
�0
�e

) .

μ

− TbRb �F(0, Y �u)− Y
T 2

b

2π

(
Rb + (Ab)TB−1Ab

)
�w

+ 1
a

[(
Rb + (Ab)T B−1 Ab

)−1
TbRb �F(0, Y �u) · (Ab)T

(
�0
�e

)]
(Ab)T

(
�0
�e

)
= �0,

a :=
(
Rb + (Ab)T B−1 Ab

)−1
(Ab)T

(
�0
�e

)
· (Ab)T

(
�0
�e

)
.



In(t) n = Nb + 1, . . . , Nc

Y ∈ R β1 ∈ [0, 2π)

Tb

[
1
a

(Ab)T
(

�0
�e

)
⊗
((
Rb + (Ab)T B−1 Ab

)−T

(Ab)T
(

�0
�e

))
− I

]
Rb �F(0, Y �u)

− Y
T 2

b

2π
(Rb + (Ab)TB−1Ab)�w = �0.

I

�f(Y, β1) := −Y
T 2

b

2π
(Rb + (Ab)TB−1Ab)�w

+ Tb

[
1
a

(Ab)T
(

�0
�e

)
⊗
((
Rb + (Ab)T B−1 Ab

)−T

(Ab)T
(

�0
�e

))
− I

]
Rb �F(0, Y �u).

(Y, β1) = arg min
Z, ξ

{ ∥∥∥�f(Z, ξ)
∥∥∥2

2
: Ymin ≤ Z ≤ Ymax, 0 ≤ ξ < 2π

}
.

�f (Y, β1)

�F(0, ·) t = 0



Nb = 36
Nc −Nb = 48

2 12

A B C
fc Ic

IA(t) =
√

2 Ic cos (2πfct) ,

IB(t) =
√

2 Ic cos
(

2πfct + 2π

3

)
,

IC(t) =
√

2 Ic cos
(

2πfct−
2π

3

)
.

R
330 35

fb Y



fc nr Ic Tb

42.1 1000 675 0.114
171.2 5000 314 0.221
417.5 12000 675 0.057
632.0 18000 531 0.031

Y β1 ‖�f(Y, β1)‖2 Y (0) β
(0)
1

1073.25 3.20 8.12e− 09 900.00 1.50 14
477.78 3.34 1.12e− 08 400.00 2.00 6

1186.80 2.95 1.75e− 09 1200.00 2.00 8
942.20 2.87 3.80e− 10 1000.00 2.00 5

β1

(Y, β1) = arg min
Z, ξ

{ ∥∥∥�f(Z, ξ)
∥∥∥2

2
: Ymin ≤ Z ≤ Ymax, 0 ≤ ξ < 2π

}
,

�f

Tb

∥∥∥�f(Y, β1)
∥∥∥2

2
Y β1(

Y (0) β
(0)
1

)



−1071.40 −468.41 −1165.10 −907.66
−985.38 −407.95 −1172.10 −939.37
−780.48 −298.29 −1037.80 −857.78
−481.45 −152.65 −778.26 −672.73
−124.35 11.40 −424.87 −406.53

247.75 174.08 −20.25 −91.31
589.97 315.76 386.83 234.94
861.03 419.35 747.24 532.84

1028.20 472.37 1017.50 766.48

Y β1

Y β1

τ







T

nr Tr

Tr = 60/nr

Dn := [nTr, (n + 1)Tr] n = 0, 1, 2, . . .
Δt

{nTr + jΔt, j = 1, . . . , N} ⊂ Dn.

τn := 1
N

N∑
j=1

τ (nTr + jΔt) ,

τ : R+ −→ R

T T = (m + 1)Tr m
m

% m

|τm − τm+j|
|τm|

< 2%, j = 1, . . . , 5.

T

�y b(0) = �0



T
m

%

�y b(0) = �0 0.1200 2
�y b(0) = Y �u 0.0600 1
�y b(0) = �0 0.0840 7
�y b(0) = Y �u 0.0120 1
�y b(0) = �0 0.2100 42
�y b(0) = Y �u 0.0550 11
�y b(0) = �0 0.3467 104
�y b(0) = Y �u 0.0133 4

�y b(0) = �0 �y b(0) = Y �u



�y b(0) = �0 �y b(0) = Y �u

�y b(0) = �0 �y b(0) = Y �u



�y b(0) = �0 �y b(0) = Y �u



yb
n(t)

�y b M

yb
n(t) �

[
(Ab)T

(
�0
�e

)]
n

M∑
m=1

Ym cos(2πfmt + βm,n),

fm βm,n

A m
n

yb,0
n =

[
(Ab)T

(
�0
�e

)]
n

M∑
m=1

Ym cos βm,n.

Ym fm m = 1, . . . , M βm,n

m = 1, . . . , M n = 1, . . . , Nb

βm,n = βm,1 + z

p
(n− 1)γ,

βm,1 ∈ R z ∈ Z



�y b

�y b(t) · (Ab)T
(

�0
�e

)
≈

Nb∑
n=1

[
(Ab)T

(
�0
�e

)]2

n

M∑
m=1

Ym cos(2πfmt + βm,n)

=
M∑

m=1
YmRe

⎛⎝ Nb∑
n=1

e i(2πfmt+βm,n)

⎞⎠
=

M∑
m=1

YmRe
⎛⎝e i(2πfmt+βm,1)

Nb∑
n=1

e i z
p

(n−1)γ

⎞⎠
=

M∑
m=1

YmRe
(

e i(2πfmt+βm,1) e i z
p

Nbγ − 1
e iγ − 1

)

=
M∑

m=1
YmRe

(
e i(2πfmt+βm,1) e i2πz − 1

e iγ − 1

)
.

γ = 2πp/Nb 2π p Nb

z ∈ Z Ym fm βm,1 m = 1, . . . , M

βm,n

M = 1 f1 = fb z = p

�u m �w m m = 1, . . . , M n

um
n :=

[
(Ab)T

(
�0
�e

)]
n

cos βm,n wm
n :=

[
(Ab)T

(
�0
�e

)]
n

sin βm,n,

n = 1, . . . , Nb �y b, 0 = ∑M
m=1 Ym�u m

�u m = ∂ �w m

∂βm,1
�w m = − ∂�u m

∂βm,1
.

∫ Tb

0
(Tb− t)yb

n(t) dt

∫ Tb

0
(Tb − t)yb

n(t) dt ≈
[
(Ab)T

(
�0
�e

)]
n

∫ Tb

0
(Tb − t)

M∑
m=1

Ym cos(2πfmt + βm,n) dt

=
[
(Ab)T

(
�0
�e

)]
n

M∑
m=1

Ym

4π2f 2
m

(cos βm,n − cos(2πfmTb + βm,n)− 2πfmTb sin βm,n) ,

∫ Tb

0
(Tb − t)�y b(t) dt ≈

M∑
m=1

Ym

4π2f 2
m

((1− cos(2πfmTb)) �u m + (sin(2πfmTb)− 2πfmTb) �w m) .



Ym βm,1 m = 1, . . . , M μM

− TbRb �F
(

0,
M∑

m=1
Ym�u m

)
+

M∑
m=1

Ym

4π2f 2
m

(
(1− cos(2πfmTb))

(
Rb + (Ab)TB−1Ab

)
�u m

+(sin(2πfmTb)− 2πfmTb)
(
Rb + (Ab)TB−1Ab

)
�w m
)

+ μM(Ab)T
(

�0
�e

)
= �0.

M = 1 fm = fb μM

Ym βm,1 m = 1, . . . , M

μM =

(
Rb + (Ab)T B−1 Ab

)−1
TbRb �F

(
0,
∑M

m=1 Ym�u m
)
· (Ab)T

(
�0
�e

)

(Rb + (Ab)T B−1 Ab)−1 (Ab)T

(
�0
�e

)
· (Ab)T

(
�0
�e

) .

− TbRb �F
(

0,
M∑

m=1
Ym�u m

)
+

M∑
m=1

Ym

4π2f 2
m

(
(1− cos(2πfmTb))

(
Rb + (Ab)TB−1Ab

)
�u m

+(sin(2πfmTb)− 2πfmTb)
(
Rb + (Ab)TB−1Ab

)
�w m
)

+ 1
a

[(
Rb + (Ab)T B−1 Ab

)−1
TbRb �F

(
0,

M∑
m=1

Ym�u m

)
· (Ab)T

(
�0
�e

)]
(Ab)T

(
�0
�e

)
= �0,

Tb

[
1
a

(Ab)T
(

�0
�e

)
⊗
((
Rb + (Ab)T B−1 Ab

)−T
(Ab)T

(
�0
�e

))
− I

]
Rb �F

(
0,

M∑
m=1

Ym�u m

)

+
M∑

m=1

Ym

4π2f 2
m

(
(1− cos(2πfmTb))

(
Rb + (Ab)TB−1Ab

)
�u m

+(sin(2πfmTb)− 2πfmTb)
(
Rb + (Ab)TB−1Ab

)
�w m
)

= �0.

S�y b(f) f ∈ R

f �y b

ŷ b
n(f) n

ŷ b
n(f) =

∫ ∞

−∞
yb

n(t)e−i2πft dt.



�y b(t) S�y b(f)

yb
n(t) Sy b

n
(f) =

∣∣∣ŷ b
n(f)

∣∣∣2 f ∈ R

S�y b(−f) = S�y b(f)

fc

s

fν = fc(1− (1 + 6ν)(1− s)), ν ∈ Z.

fb

M = 5

ν

βn,ν = β1,ν + (1 + 6ν)(n− 1)γ, n = 1, . . . , Nb,



ν M = 5
fν

M = 7
fν

M = 9
fν

0 32 32 32
1 −3568 −3568 −3568
−1 3632 3632 3632

2 −7168 −7168 −7168
−2 7232 7232 7232

3 −10768 −10768
−3 10832 10832

4 −14368
−4 14432

Yν β1,ν

�f ∥∥∥�f(Yν , β1,ν)
∥∥∥2

2

M = 7

y b
7,n(0) y b

n(0) n = 1, . . . , 9



ν 0 1 −1 2 −2 3 −3 ‖�f(Yν , β1,ν)‖2

Y (0)
ν 700.0 7.0 7.0 7.0 7.0 7.0 7.0

1.6× 10−9Yν 829.9 50.9 33.9 34.5 32.3 49.0 48.9
β

(0)
1,ν 2.0 2.0 2.0 2.0 2.0 2.0 2.0

β1,ν 2.9 1.2 1.5 1.8 1.2 3.0 3.0
Y (0)

ν 700.0 10.0 10.0 10.0 10.0 10.0 10.0

1.1× 10−9Yν 838.5 74.4 53.1 54.2 72.0 53.1 53.1
β

(0)
1,ν 2.0 2.0 2.0 2.0 2.0 2.0 2.0

β1,ν 2.8 1.4 1.7 1.8 1.2 3.1 3.1
Y (0)

ν 900.0 40.0 40.0 40.0 40.0 40.0 40.0

3.9× 10−10Yν 841.4 35.2 16.4 15.3 37.2 51.2 51.6
β

(0)
1,ν 2.0 2.0 2.0 2.0 2.0 2.0 2.0

β1,ν 2.9 3.2 1.7 3.5 2.9 2.7 2.7
Y (0)

ν 1000.0 70.0 70.0 70.0 70.0 70.0 70.0

1.9× 10−8Yν 664.6 136.3 106.2 106.6 136.6 100.6 102.9
β

(0)
1,ν 2.0 2.0 2.0 2.0 2.0 2.0 2.0

β1,ν 2.8 1.9 2.5 2.5 1.8 3.0 3.0
Y (0)

ν 1200.0 100.0 100.0 100.0 100.0 100.0 100.0

3.4× 10−10Yν 903.3 128.3 24.1 22.6 103.8 18.0 22.5
β

(0)
1,ν 2.0 2.0 2.0 2.0 2.0 2.0 2.0

β1,ν 2.9 4.2 3.1 3.5 2.0 3.2 3.2
Y (0)

ν 2000.0 300.0 300.0 300.0 300.0 300.0 300.0

4.1× 10−9Yν 720.6 0.0 300.0 300.0 253.8 241.1 241.1
β

(0)
1,ν 2.0 2.0 2.0 2.0 2.0 2.0 2.0

β1,ν 2.4 2.7 2.0 3.0 2.3 3.7 3.7

M = 7



ν
M = 5 M = 7 M = 9

Yν β1,ν Yν β1,ν Yν β1,ν

0 942.73 2.87 903.31 2.85 904.30 2.90
1 16.90 2.72 128.33 4.21 29.69 3.67

−1 82.02 4.82 24.11 3.12 180.00 4.88
2 82.66 4.90 22.62 3.53 6.52 2.40

−2 16.15 1.18 103.78 1.98 18.05 3.92
3 17.97 3.17 24.68 2.12

−3 22.50 3.17 24.55 2.12
4 32.60 3.80

−4 4.60 1.75

M

M

�y b

E
(
�y b,0

M

)
:= 1

9

9∑
n=1
E
(
y b,0

M,n

)
= 1

9

9∑
n=1

∣∣∣yb
n(0)− yb

M,n(0)
∣∣∣

|yb
n(0)| , M ≥ 1,

y b
1,n(0) =

[
(Ab)T

(
�0
�e

)]
n

Y cos(β1 + (n− 1)γ),

y b
M,n(0) =

[
(Ab)T

(
�0
�e

)]
n

(M−1)/2∑
ν=−(M−1)/2

Yν cos(β1,ν + (1 + 6ν)(n− 1)γ), M > 1,

Y β1
�y b �y b

M t = 0

4.06 % M = 9 25.63 % M = 1



E(�y b
1 ) % E(�y b

5 ) % E(�y b
7 ) % E(�y b

9 ) %

9.45 11.00 5.09 5.79
9.67 6.89 18.27 1.15
0.58 6.46 1.55 2.11

41.05 14.36 52.76 6.41
6.24 10.39 16.79 5.18

72.53 34.17 48.82 9.86
47.42 22.41 27.31 2.23
6.83 10.66 14.48 0.00

36.89 5.05 21.31 3.82

25.63 13.49 22.93 4.06

�y b(0)

y b
M,n(0) y b

n(0) n = 1, . . . , 9



�y b
1 (0) �y b

9 (0)







T φ φ

T H



H T φ φ
H

T
φ

O(h)

O(h + Δt)



T , φ−φ

H = T̃ + T 0 − grad φ

H



�F















�f
C

C :=
[

1
a

(Ab)T
(

�0
�e

)
⊗
((
Rb + (Ab)T B−1 Ab

)−T

(Ab)T
(

�0
�e

))
− I

]
Rb

D�y
�F(0, �x) �F �y (0, �x)

∂ �f

∂Y
(Y, β1) = Tb CD�y

�F(0, Y �u)�u− T 2
b

2π

(
Rb + (Ab)TB−1Ab

)
�w,

∂ �f

∂β1
(Y, β1) = −Tb Y CD�y

�F(0, Y �u)�w − Y
T 2

b

2π

(
Rb + (Ab)TB−1Ab

)
�u.

D�y
�F(0, �x) Nb

Ψ : R
Nb −→ H1

0(Ω) �L :
H1

0(Ω) −→ R
Nb

Ψ(�w) := A(0),(
�L(A)

)
n

:=
∫

Ωn

σA, n = 1, . . . , Nb,

A(0) t = 0 �F(0, ·)
Ψ �L �F(0, �y) = ( �L◦Ψ)(�y)

�L

D�y
�F(0, �y)δ�y = �L (DΨ(�y)(δ�y)) ∀ δ�y ∈ R

Nb ,

DΨ(�y) : R
Nb −→ H1

0 (Ω) Ψ �y

D�y
�F(0, �w) DΨ(�y)

�F(0, �y)
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�y ∈ R
Nb In(0) ∈ R n = Nb + 1, . . . , Nc A ∈ H1

0(Ω)
∫

Ω
ν(·, |grad A|)grad A · grad W

=
Nb∑

n=1

∫
Ωn

yn

meas(Ωn)W +
N∑

n=Nb+1

∫
Ωn

In(0)
meas(Ωn)W ∀W ∈ H1

0(Ω),

P : H1
0(Ω) −→ H−1(Ω)

〈P(A), W 〉 =
∫

Ω
ν(·; |grad A|) grad A · grad W

W ∈ H1
0(Ω) In(0) n = Nb+1, . . . , Nc

P A Z

〈DP(A)(Z), W 〉 = lim
h→0

1
h

(〈P(A + hZ), W 〉 − 〈P(A), W 〉) =
∫

Ω\Ωnl

ν0 grad Z · grad W

+
∫

Ωnl

(
lim
h→0

1
h

(ν̃(|grad A + hgrad Z|) (grad A + hgrad Z)

−ν̃(|grad A|) grad A)
)
· grad W.

�p ∈ R
2 �→ ν̃(|�p |) �p ∈ R

2 C1(R2) �p �= �0

lim
h→0

1
h

(ν̃(|�p + h�q |) (�p + h�q )− ν̃(|�p |) �p ) = ν̃(|�p |)�q + ν̃ ′(|�p |)
|�p | (�p · �q )�p.

�p = �0

lim
h→0

1
h

(ν̃(|h�q |) (h�q )− ν̃(0) 0) = ν̃(0)�q.

D0 := {x ∈ Ωnl : |grad A(x)| = 0} ,

〈DP(A)(Z), W 〉 =
∫

Ω
ν(·, |grad A|) grad Z · grad W

+
∫

Ωnl\D0

ν̃ ′(|grad A|)
|grad A| (grad A · grad Z)(grad A · grad W ).

δ�y ∈ R
Nb

δA := DΨ(�y)(δ�y)
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δ�y ∈ R
Nb δA ∈ H1

0(Ω)

〈DP(A)(δA), W 〉 =
Nb∑

n=1

∫
Ωn

δyn

meas(Ωn)W ∀W ∈ H1
0(Ω),

A

D�y
�F(0, �y)δ�y =

(∫
Ω1

σ δA, . . . ,
∫

ΩNb

σ δA

)T

,

δA Nb ×Nb D�y
�F(0, �y)

δ�y = �ej j = 1, . . . , Nb �ej j

R
Nb �L(δAj) j

D�y
�F(0, �y)

n Nb

j

Nb







T φ φ

T φ
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