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We present a general theory for regularization models of the Navier-Stokes equations based on the
Leray deconvolution model with a general deconvolution operator designed to fit a few important
key properties. We provide examples of this type of operator, such as the (modified) Tikhonov-
Lavrentiev and (modified) Iterated Tikhonov-Lavrentiev operators, and study their mathematical
properties. An existence theory is derived for the family of models and a rigorous convergence
theory is derived for the resulting algorithms. Our theoretical results are supported by numerical
testing with the Taylor-Green vortex problem, presented for the special operator cases mentioned
above.

1. Approximate Deconvolution for Turbulence Modeling

Numerical simulations of complex flows present many challenges. The Navier-Stokes (NS)
equations (NSE), given by the following

w+u-Vu-vAu+Vp=f{, V-u=0, in Qx(0,T) (1.1)

is an exact model for the flow of a viscous, incompressible fluid, [1]. For turbulent flows
(characterized by Reynold’s number Re > 1), it is infeasible to properly resolve all significant
scales above the Kolmogorov length scale O(Re**) by direct numerical simulation. Thus,
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numerical simulations are often based on various regularizations of NSE, rather than NSE
themselves. Accordingly, regularization methods provide a (computationally) efficient and
(algorithmically) simple family of turbulence models. Several of the most commonly applied
regularization methods include:

(Leray) w;+W-Vw-Re'Aw+Vp=f, V.-w=0, (1.2)

(NS-a)  w;+wWx (Vxw)-Re!Aw+ VP =, (1.3)

(NS-w) wi+wx (Vxw)-RelAw+VP=f, (1.4)

(time relaxation) w;+ w-Vw—Re 'Aw + Vp+x(w-w) =f, (1.5)

where V - w = 0 in each case and w is an averaged velocity field w, p is pressure, and P is the
Bernoulli pressure. More details about these models can be found for instance in [2-5] and
references therein. Although these regularization methods achieve high theoretical accuracy
and perform well in select practical tests, those models do not provide a fully-developed
numerical solution for decoupling the scales in a turbulent flow. In fact, results show that only
time relaxation regularization truncates scales sufficiently for practical computations. Indeed,
it is shown that time relaxation term y(w — w) for y > 0 damps unresolved fluctuations over
time [5, 6]. Note that the choice of y is an active area of research and that solutions are very
sensitive to variations in .

Deconvolution-based regularization is also an active area of research obtained, for
example, by replacing w by D(w) in each (1.2)—(1.5) for some deconvolution operator D.
In [7], Dunca proposed the general Leray-deconvolution problem (D(w) instead of W) as a
more accurate extension to Leray’s model [8]. Leray used the Gaussian filter as the smoothing
(averaging) filter G, denoted above by overbar. In [9], Germano proposed the differential filter
(approximate-Gaussian) G = (-6*A+1 )~! where 6 > 0 s the filter length. The differential filter
is easily modeled in the variational framework of the finite element (FE method (FEM)). We
provide a brief overview of continuous and discrete operators (Section 3).

The deconvolution-based models have proven themselves to be very promising.
However, among the very many known approximate deconvolution operators from image
processing, for example, [10], so far only few have been studied for turbulence modeling,
for example, the van Cittert and the modified Tikhonov-Lavrentiev deconvolution operators.
Their success suggests that it is time to develop a general theory for regularization models of
the NSE as a guide to development of models based on other, possibly better, deconvolution
operators and refinement of existing ones.

Herein, we present a general theory for regularization models of the NSE based on
the Leray deconvolution model with a general deconvolution operator. We prove energetic
stability (and hence existence) and convergence of an FE (in space) and Crank-Nicolson (CN)
(in time) discretization of the following family of Leray deconvolution regularization models
with time relaxation: find w : Qx (0,T] — R¥*and 7 : Qx (0, T] — R satisfying the following

Wi+ D(W) - VW —Re ' Aw + Vo + y(w - D(W)) = f, V-w=0, (1.6)
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for some appropriate boundary and initial conditions (the fully discrete model is presented
in Problem 1 with energetic stability and well posedness proved in Theorem 4.5).

1.1. Improving Accuracy of Approximate Deconvolution Methods

The fundamental difficulties corresponding to regularization methods applied as a viable
turbulence model include ensuring that:

(i) scales are appropriately truncated (model microscale = filter radius = mesh width)

(ii) smooth parts of the solution are accurately approximated (D(w) = w for smooth
w)

(iii) physical fidelity of flow is preserved.

Due to the nonlinearity in (1.6), different choices of the filter and deconvolution operator
yield significant changes in the solution of the corresponding model. Implementation
concerns for deconvolution methods, for example, Tikhonov-Lavrentiev regularization given
by D = (G + al)”, include selection of deconvolution parameter a > 0. Iterated
deconvolution methods reduce approximation sensitivity relative to a-selection and, hence,
allow a conservatively large a-selection for stability with updates (fixed number of iterations)
used to recover higher accuracy (Section 3.3). For example we prove, under usual conditions,
(Proposition 5.3),

Modified Tikhonov (j = 0) error(w — D(w)) < (9(0(62),

. (1.7)
1
Iterated Modified Tikhonov (j > 0) error(w — D(w)) < O<<a62>1+ >,

so that iterated modified Tikhonov regularization gives geometric convergence with respect
to the update number j. In either case, Tikhonov-Lavrentiev or iterated Tikhonov-Lavrentiev
regularization, we prove, under usual conditions, (Proposition 5.4)

error( D" (W" -DW)) <O(HK), (1.8)
(0" (W) -D®) < o(i)

where D" and W" represent the discrete deconvolution operator and discrete filter,
respectively, and k is order of FE polynomial space. We propose minimal properties
for a general family of deconvolution operators D and filters G (Section 3.1) satisfying
(Assumptions 3.4, 3.5), for example,

(i) ||DGJ| £ 1, forces spectrum of DG in [0, 1]
(ii) ||VDGV|| < d1||Vv||, controls size of VDG

(iii) [|(I - DG)V|| £ c1(a, 6)]|AV|]| — Oasa, 6 — 0 (for smooth v), ensures convergence
of method

(iv) [[(DG - D"G")v|| < ca(h,a,6) — 0as h — 0 (for smooth v), ensures convergence
of method.
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In fact, the updates {w; }].20 satisfying
wo = D(W), w]- - w]'_l = D(W - w]'_l), (1~9)

inherit the properties assumed for the base operator D in Assumptions 3.4, 3.5 (Propositions
3.10, 3.11). These iterates represent defect correction generalization of iterated Tikhonov
regularization operator [11]. We prove that the FE-CN approximation w" of the general
deconvolution turbulence model (Problem 1) satisfies (Theorem 4.6)

error(wh - uN5E> < C<hk + AP +c1(a,6,7) +ca(h, a, 6,]')) —0, ash,6a—0
(1.10)

for smooth enough solutions unsg of the NSE (see variational formulation (2.3)—-(2.5)). We
show that ¢; = C(a8?)f (for any 0 < B < j+ 1 and APunsg € L*(Q)) (Proposition 5.3)
and ¢; = CHF (for D(W) € HN'(Q)) (Proposition 5.4) for modified iterated Tikhonov-
Lavrentiev regularization (see Corollary 5.5 for corresponding error estimate). We conclude
with a numerical test that verifies the theoretical convergence rate predicted in Theorem 4.6
(Section 5.2).

1.2. Background and Overview

One of the most interesting approaches to generate turbulence models is via approximate
deconvolution or approximate/asymptotic inverse of the filtering operator. Examples of
such models include: Approximate Deconvolution Models (ADM) and Leray-Tikhonov
Deconvolution Models. Layton and Rebholz compiled a comprehensive overview and
detailed analysis of ADM [12] (see also references therein). Previous analysis of the ADM
with and without the time-relaxation term used van Cittert deconvolution operators [5,
6]; although easily programmed, van Cittert schemes can be computationally expensive
[5]. Tikhonov-Lavrentiev regularization is another popular regularization scheme [13].
Determining the appropriate value of a to ensure stability while preserving accuracy is
challenging, see for example, [14-19]. Alternatively, iterated Tikhonov regularization is well
known to decouple stability and accuracy from the selection of regularization parameter a,
see for example, [11,20-22]. Iterated Tikhonov regularization is one special case of the general
deconvolution operator we propose herein.

2. Function Spaces and Approximations

Let the flow domain Q € R for d = 2,3 be a regular and bounded polyhedral. We use
standard notation for Lebesgue and Sobolev spaces and their norms. Let || - || and (-, -) be
the L>-norm and inner product, respectively. Let || - lpx =1l ||W{;(Q) represent the W;‘(Q)—
norm. We write H*(Q) := WX(Q) and || - [|x for the corresponding norm. Let the context
determine whether W,f (Q) denotes a scalar, vector, or tensor function space. For example

letv: Q — R4 Then, v e H'(Q) implies that v e H'(Q)? and Vv € H!(Q) implies that
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Vv € HY(Q)?. Write W‘;"(W;’,‘ (Q)) == W7 (0,T; W;,‘(Q)) equipped with the standard norm.
For example,

T 1/q
Iv(., t)||qkdt> , if1<g<oo,
Vil zaqwty = (L o (2.1)
ess sup [[v(-, £)l], if g = oo.
0<t<T ’

Denote the pressure and velocity spaces by Q := Lé(Q) = {q € [*(Q): fgq =0} and
X = H}(Q) = {ve HY(Q) : v|so = 0}, respectively. Moreover, the dual space of X is denoted
X' =W, 1(Q) and equipped with the norm

(£, V) x1y
]| 4 := sup X=X (2.2)
0#veX [v]y

Fix f € X' and Re > 0. In this setting, we consider strong NS solutions: find u €
L2(X) N L*(L*(Q)) and p € W-1=(Q) satisfying

(u,v) + (u-Vu,v) +Re (Vu, Vv) - (p,V-v) = (f,v), ae. te(0,T], WeX, (2.3)
(g V-u)=0, ae. te(0,T], VgeQ, (2.4)

u(-,0) =uy in L*(Q). (2.5)

Let V := {v € X : V.v = 0}. Restricting test functions v € V reduces (2.3)-(2.5) to find
u:(0,T] — V satistying

(u;,v) + (u-Vu,v) + Re ' (Vu, Vv) = (f,v), ae. te(0,T], WeV (2.6)

and (2.5). For smooth enough solutions, solving the problem associated with (2.6), (2.5) is
equivalent to (2.3)—(2.5).

Control of the nonlinear term is essential for establishing a priori estimates and
convergence estimates. We state a selection of inequalities here that will be utilized later:

lall v, wll;
ju- Vv, wl < C@)1 [[ulllivllwll, Yve HA(Q) (2.7)
lullolvlIwl, Ve H2(Q) V.

2.1. Discrete Function Setting

Fix h > 0. Let T" be a family of subdivisions (e.g., triangulation) of Q ¢ R¢ satisfying Q =
Ugec E so that diameter(E) < h and any two closed elements E;, E, € T" are either disjoint
or share exactly one face, side, or vertex. See Chapter II, Appendix A in [23] for more on this
subject in context of Stokes problem and [24] for a more general treatment. For example, T"
consists of triangles for d = 2 or tetrahedra for d = 3 that are nondegenerate as h — 0.
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Let X" ¢ X and Q" C Q be a conforming velocity-pressure mixed FE space. For
example, let X and Q" be continuous, piecewise (on each E € T") polynomial spaces. The
discretely divergence-free space is given by

vh = {vh e xh: (qh,V -Vh> =0Vq" e Qh}. (2.8)

Note that in general Vigv (e.g., for Taylor-Hood elements). In order to avoid stability issues
arising when FE solutions are not exactly divergence free (i.e., when V"¢V), we introduce
the explicitly skew-symmetric convective term

b (u,v,w) = %((u- Vv,w) - (u-Vw,v)), (2.9)

so that

b (u,v,v) = 0. (2.10)

Note that b*(u,v,w) = (u- Vv,w) when u € V. Moreover, the trilinear from b"(-,-,-) is
continuous and skew-symmetric on X x X x X.

Lemma 2.1. Ifu,v,w e X,

1/2
(allliwlln) ™=l [Iwlly

(2.11)
lalll[vll,[Iwlly Vv e H*(Q).

|bh(u,v,w)| < C(Q){

Proof. The proof of the first inequality can be found in [25]. The second follows from Holder’s
and Poincaré’s inequalities. U

For the time discretization, let0 =ty < t; < --- < tp—1 = T < oo be a discretization of the
time interval [0, T] for a constant time step Af = t,,.1—t,,. Write t41/0 := (tye1+tn) /2, 2, = z(t,)
and, if z € CO([ty, tni1]), Zns1/2 = (Zns1 + zn) /2. Define

my 1/q
<At > ||un||z,,,> , qello),
[l s 5 ) 3= = (2.12)
mgi?é)inz”un”klf” 4=,
for any 0 <n-= mi, mp + 1,. .., My < M. Write ||u||lq(W;J((Q)) = ||u||lq(0,M;W’I§(Q)). We say that

u € l1(mq, my; W;‘(Q)) if the associated norm defined above stays finite as At — 0.
The discrete Gronwall inequality is essential to the convergence analysis in Section 4.2.

Lemma 2.2. Let D > 0and k,, Ay, By, Cy > 0 for any integer n > 0 and satisfy

M M M
Ay + At B, <AtY k. Ay +At> Cy+D, VM >0. (2.13)

n=0 n=0 n=0
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Suppose that for all n, Atx, < 1and set g, = (1 — Atx,)™". Then,

M M M
Ay +AtYB, < exp(AtZgnKn> [AtZCn + D], VM > 0. (2.14)
n=0 n=0 n=0
Proof. The proof follows from [26]. O

2.2. Approximation Theory

Let C > 0 be a generic constant independent of h — 0*. Preserving an abstract framework for
the FE spaces, we assume that X" x Q" inherit several fundamental approximation properties.

Assumption 2.3. The FE spaces X" x Q" satisfy:
Uniform inf-sup (LBB) condition

h,v vh
inf sup (q—v)

>C>0. (2.15)
greQ" yrexon [VM], |4l

FE-approximation

. h k . h s+l
V%I;)iéh u-v |1 S Ch ”u”k+1/ q;}géh P B q || S Ch ||p||s+1 fOI‘ k Z 0’ s 2 -1 (2 16)
when u € H*"(Q)nX, p e H*(Q)nQ.
Inverse-estimate
|v’1|1 < Ch‘1”vh . whe XM, (2.17)

The well-known Taylor-Hood mixed FE is one such example satisfying Assumption 2.3.
Estimates in (2.18)—(2.20) stated below are used in proving error estimates for time-
dependent problems: foranyn=0,1,..., M -1,

6n+1 - 971 2 -1 frea 2
AT < CAt 10:(t) || cdt, (2.18)
k ty
tn+1
1651/2 = O (b1 2) I} < CAf“”J‘ [CAG] L (2.19)
ty

1
| 2@ -0~ @,

2 tn+1
<car 7 jewlid, (220)
k n

where 8 € H'(H*(Q)), 8 € H*(H*(Q)), and 0 € H*(H*(Q)) is required, respectively, for
some k > —1. Each estimate (2.18)—(2.20) is a result of a Taylor expansion with integral
remainder.
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These higher-order spatial (k > 2 or s > 1) and temporal estimates (2.18)—(2.20) require
that the nonlocal compatibility condition addressed by Heywood and Rannacher in [26, 27]
(and more recently, for example, by He in [28, 29] and He and Li in [30, 31]) is satisfied.
Suppose, for example, that py is the solution of the (well-posed) Neumann problem

Apo =V- (fo —Up - Vuo), in Q,
A . 2.21)
Vpo - 1|0 = (Aug + £ —ug - Vug) - i 5.

In order to avoid the accompanying factor min{t™!, 1} in the error estimates contained herein,
the following compatibility condition is necessarily required (e.g., see [27, Corollary 2.1]):

Vpolaq = (Aug + fo =g - V) |ag. (2.22)

Replacing (2.21) with (2.21)(a), (2.22) defines an overdetermined Neumann-type problem.
Condition (2.22) is a nonlocal condition relating uy and fy. Condition (2.22) is satisfied for
several practical applications including start up from rest with zero force, up = 0, fy = 0.
In general, however, condition (2.22) cannot be verified. In this case, it is shown that, for
example, [u(-, t)|;, [[u(:, t)||3 — oo ast — 0*.

We finish with an approximation property of the L?-projection. Indeed, Assumption
2.4 holds for smooth enough Q.

Assumption 2.4. Fix w € V and let w" € V" be the unique solution satisfying (w — w",v") for
all v € V"' Then

”w—whn < CH™! inf |w-v
-m

vhexh

", (2.23)

form=-1,0,1.

Note that the infimum in (2.23) is over all X" (see intermediate estimate (1.16) of Theorem
I1.1.1 in [23] for the corresponding estimate relating the spaces V" and X").

3. Filters and Deconvolution
We prescribe the essential properties our filter G and deconvolution operator D in this section.

Definition 3.1. Let Y be a Hilbert spaceand T : Y — Y. Write T > 0 if T is self-adjoint T = T"
and (Tv,v)y > 0 for all v € Y and call T symmetric nonnegative (snn). Write T > 0 if T is
self-adjoint T = T" and (Tv,v), > 0 for all 0#v € Y and call T symmetric positive definite
(spd).

Let G = G(6) > 0 be a linear, bounded, compact operator on X representing a generic
smoothing filter with filter radius 6 > 0:

G:L*(Q) —L*(Q), ¢:=Go. (3.1)
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One example of this operator is the continuous differential filter G = A™" = (=62A + I)!
(Definition 3.2), which is used, together with its discrete counterpart (A7 (Definition 3.3),

for implementation of our numerical scheme (Section 5.2).

Definition 3.2 (continuous differential filter). Fix ¢ € L2(Q). Then ¢ € X is the unique solution
of —-62A¢ + ¢ = ¢ with corresponding weak formulation

(Vo) + (V) = (§,v), WeX. (3.2)

Set A = —-6%A + I so that A™' : [2(Q) — X, defined by ¢ := A™'¢, is well defined.

—h
Definition 3.3 (discrete differential filter). Fix ¢ € L?(Q). Then ¢ € X" is the unique solution
of the following

62<v$h, vVh> N (ah,vh> = (pv"), Wrex". (3.3)

Set A" = —52 A" + TT" so that (A")™ : [2(Q) — X", defined by $h = (A" !¢, is well defined.
Here, IT" : L2(Q) — X" is the L? projection and A" : X — X" the discrete Laplace operator
satisfying the following

("¢ -¢,v") =0,  (atp,v")=-(vg,vv") w'ex". (3.4)

Itis well known that A and (A")™! are each linear and bounded, A™! is compact, and
the spectrum of A and A" (on X and X", resp.) is contained in [1, o) and spectrum of A~!
and (A")™ (on X and X", resp.) is contained in (0, 1] so that

-1
AT>0 onX, (4Y) >0 on X" (3.5)
For more detailed exposition on these operators, see [13].

3.1. A Family of Deconvolution Operators

We analyze (1.6) for stable, accurate deconvolution D of the smoothing filter G introduced in
Section 3 so that DGu accurately approximates the smooth parts of u.

Assumption 3.4 (continuous deconvolution operator). Suppose that D : X — X is linear,
bounded, spd, and commutes with G so that

IDGII <1,  |DVl, <dilvl, WeX, (3.6)
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for some constant d; > 0. Moreover, suppose that D is parametrized by a > 0, 6 > 0 so that

I(I - DG)v| < c1(6,a)||AV]| — 0, asa,6 —0 (3.7)

for smooth enough v € X.

Note that the first estimate in (3.6) is required so that the spectral radius satisfies
p(DG) < 1. The second estimate in (3.6) (which controls the H'-seminorm of DG) is required
for the convergence analysis in Section 4.2.

Assumption 3.5 prescribes properties of the discrete analogue D" : X" — X"
corresponding to the continuous deconvolution operator D : X — X (Assumptions 3.4).

Assumption 3.5 (discrete deconvolution operator). Let D satisfy Assumption 3.4. Let G" :
X" — X" be a discrete analogue of G that is linear, bounded, spd. Suppose that D" : X" —
X" is linear, bounded, spd, and commutes with G" such that

”DhGh” <1, |thh|1 <dilvl, WeX, (3.8)

for some constant d; > 0. Moreover, suppose that D" is parametrized by a > 0, 6 > 0, h such
that D = D(h, 6, a) and

|| (DG - DhGh>v|| <cr(h, 6, a) |Vl — 0, ash,6a—s 0, (3.9)

for all v e X n H**1(Q) for some k > 0.

The estimates in (3.8) are motivated by the continuous case of (3.6). The approximation
(3.9) is required for the convergence analysis in Section 4.2 (see Theorem 4.6, Corollary 4.7).

Remark 3.6. If D = f(G) for some continuous map f : R — R, then commutativity is satisfied
DG = GD. Tikhonov-Lavrentiev (modified) regularization with G = A™!, G" = (Am! given
by D = (1-a)A +al)™!, D" = (1 - a)(A")™" + alT")™! is one such example with f(x) =
(1-a)x+a)and dy =1, ¢c1 = ab?, c; = a82hF + hF*1, see [13].

Remark 3.7. Letting Ar(-) denote the kth (ordered) eigenvalue of a given operator,
commutativity of D and G provides A (DG) = Ak(D)A(G) and similarly for the discrete
operator D"G".

We next derive several important consequences of D and D" under Assumptions 3.4,
3.5 required in the forthcoming analysis.

Lemma 3.8. Suppose that G, G", D, D" satisfy Assumptions 3.4, 3.5. Then,

1DV < ||V, ||thh|| <|vll ¥veI*Q). (3.10)

Proof. For the continuous operator,

DV < IDGIl[|v]l- (3.11)
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Then, (3.10)(a) follows from Assumption 3.4, and (3.10)(b) is derived similarly applying
Assumption 3.5 instead. O

Lemma 3.9. Suppose that G, G", D, D" satisfy Assumptions 3.4, 3.5. Then, the spectrum of both
DG and D"G" are contained in [0,1] so that

II-DG|| <1, ”I—DhGh” <1. (3.12)

Asa consequence,

IVII? := (v - DV, v)
>0, Yvel*Q). (3.13)
VI = (v=D'¥",v)

Proof. Assumptions 3.4, 3.5 guarantee that the spectral radius p(DG) < 1 and p(D"G") < 1.
Also, D > 0 and G > 0 and commute so that DG > 0. Similarly, D"G" > 0. Therefore, the
spectrum of DG, D"G" > 0 are each contained in [0,1]. So, I - DG, I — D"G" > 0 have
spectrum contained in [0, 1] which ensures the non-negativity of both || - || and || - ||+x- O

3.2. Iterated Deconvolution

One can show, by eliminating intermediate steps in the definition of the iterated
regularization operator D; in (1.9) with base operator D satisfying Assumption 3.4, that

i .
D;=D>(FD), F:=D"'-G. (3.14)
i=0

Similarly, the discrete iterated regularization operator D;’ with discrete base operator D"
satisfying Assumption 3.5, is given by the following

D! = Dhg <FhDh>i, Fl .= (Dh>_1 ~Gh. (3.15)

We next show that D; and D]}.’ for j > 0 inherit several important properties from D and D",
respectively, via Assumption 3.5.

Proposition 3.10. Fix j € N. Then D; : X — X defined by (3.14) satisfies Assumption 3.4. In
particular, D; > 0 is linear, bounded, commutes with G and satisfies (3.6)(a). Estimate (3.6)(b) is
replaced by the following

|D]V|1 < dl,]'|V|1 YveX (316)
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for some constant dyj > 0. Estimate (3.7) is replaced by the following

I-D;G)v| <c1i(8,a)|AV]* — 0, as a,6— 0. (3.17)
] /]

) o i ) i
Moreover, d1j < 3 djand c1j < 3, c].
Proof. First notice that D is linear and bounded since it is a linear combination of linear and

bounded operators D(F D)i =D —DG)i, fori =0,1,...,j. Moreover, since G commutes with
D, it follows that G commutes with D(I — DG)" and hence with D;. Next, D; is a sum of spd
and snn operators D > 0, D(I - DG)" > 0. Hence, D; > 0. Next, notice that

DG = <§]:(1 - DG)i>DG = (1 +(I-DG)+-+(I- DG)7>DG. (3.18)
i=0

Letting Ax(-) denote the kth (ordered) eigenvalue of a given operator, we can characterize the
spectrum of D; by summing the resulting finite geometric series (3.18) to get

j ) .
1 (D;G) = (D)k(G) Y, (1~ 1u(DG)) = (1~ (1= Ax(DG))™). (3.19)
i=0

Then under Assumption 3.4, Lemma 3.9 with (3.19) implies that 0 < \«(D;G) < [[D;G]| < 1.
Hence, D; satisfies (3.6)(a). Expanding the terms in (3.18) as powers of DG, we see that (3.18)
can be written as a polynomial (with coefficients a;) in DG, so that

J . I
VDV =Y a;V(DG)'v,  |D;v| <> dilvl, (3.20)
i=0 i=0

since |DV|; < dq|v|1 can be applied successfully. Therefore (3.16) follows with dy ; = Z{;o di.
Next, start with (3.18) to get

I - D;G)v|| = ||((1 - DG)v + DG(I = DG)v + -+ + DG(I - DG)'v )
< (I = DG)v|| + [IDGI|(I = DG)v|| + - -- + DGl - DG ![|(I = DG)v].
(3.21)

Estimate (3.17) follows by noting ||DG|| < 1, ||I - DG|| < 1, and by Assumption 3.5, ||(I —
DG)v|| < c1]|Av||. O

Proposition 3.11. Fix j € N. Then D]}.’ : XM — X" defined by (3.15) satisfies Assumption 3.5. In

particular, D;’ > 0 is linear, bounded, commutes with G" and satisfies (3.8)(a). Estimate (3.8)(b) is
replaced by the following

|D]*!v’1|1 <djlvl, WeX (3.22)
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for some constant dyj > 0. Estimate (3.9) is replaced by the following

” (DjG - D]’?Gh>v|| <o j(h,6,@)|[Vles — 0, as h,6,a—0 (3.23)

for any v € X N H*1(Q) for some k > 0. Moreover, c3,; < B(j)ca for some constant p = p(j) > 0.

Proof. The first two assertions follow similarly as in the previous proof of Proposition 3.10. To
prove (3.23), we start by writing

DIG" = <§]: <I - DhGh>i>D’”’Gh, (3.24)

i=0

and then subtract (3.24) from (3.18) to get

D;G - DIG" = A;(DG - D"G") + (A; - Al)D"G", (3.25)
where
j , j i
Aj=>(-DGY,  Al=3(1-D"G"). (3.26)
i=0 i=0

Then taking norms across (3.25), we get
[(o6-prc =l oo -] [l (a a0l 620

Notice that ||[I - DG|| < 1 so that [|[Aj|| < j + 1. Moreover, |[(DG - D"GMv|| < ¢||V||ks1 Via
Assumption 3.5. Next, using the binomial theorem and factoring, we get

(- 0] -

j

B i!(jji iy [(DG)i -(oe)

_ (3.28)
]

;;l, (]]_l)' _1) [Z(DG) (DhGh> ](DG—DhGh>v

Then, applying ||DG|| < 1, ||D"G"

(-8l - (S ) - D) 029

Again, ||(DG - D"G")|| < c2|[Vl[k+1 via Assumption 3.5. So, we combine these above results to
conclude (3.23) with p(j) = ZLO jli/ @G —1)l O

| <1 to (3.28) provides
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3.3. Tikhonov-Lavrentiev Regularization

We provide two examples of discrete deconvolution operators D" to make the abstract
formulation in the previous section more concrete. The Tikhonov-Lavrentiev and modified
Tikhonov-Lavrentiev operator (for linear, compact G > 0) is given by the following

Tikhonov-Lavrentiev = D, = (G + al)™
(3.30)
modified Tikhonov-Lavrentiev = Dy = ((1 - )G + al)™".

Definition 3.12 ((weak) modified Tikhonov-Lavrentiev deconvolution). Fix « > 0. Let G =
A1, For any w € X, let wy := D, oW € X be the unique solution of

ab*(Vuy, Vv) + (wo,v) = (w,v), YveX. (3.31)

Definition 3.13 ((discrete) modified Tikhonov-Lavrentiev deconvolution). Fix a > 0. Let G" =
(A"~ and D! = ((1- a)(AM + le‘[h)_l. For any w € X, let w]l := DZ,()Wh € X" be the
unique solution of

a8 (Veol, V") + (wh,v") = (w,v"), whex™ (332)

The iterated modified Tikhonov-Lavrentiev operator (for linear, compact G > 0) is
obtained from the Tikhonov-Lavrentiev operator with updates via (1.9):

j .
Iterated Tikhonov-Lavrentiev = D, ; = DR,OZ(aD,,,,O)’,
i=0
l (3.33)

j .
Iterated modified Tikhonov-Lavrentiev = D, ; = Da,OZ(a(I = G)Dgyp)".

i=0

Definition 3.14 (iterated modified Tikhonov-Lavrentiev deconvolution (weak)). Fix & > 0 and
J €N.Let G = A™!. Define w_; = 0, then for anywe Xandj=0,1,..., ], letw; :=D,jweX
be the unique solution of

a62(Vw]-, Vv) + (wj,v) = (W, V) + a62(Vw]-_1, Vv), WweX (3.34)
Definition 3.15 (iterated modified Tikhonov-Lavrentiev deconvolution (discrete)). Fix a > 0

and J € N. Let G" = (A", and DZ,]. = D!, Z{:O (a(IT" - (Ah)_l)DZ,O)i. Define w", = 0, then

foranywe Xandj=0,1,...,], let w;’ = DZ,J.W}’ € X" be the unique solution of

a62<Vw;’,Vvh> + (w}.’ vh> = <w,vh> + a62<Vw;’71,Vvh>, v e X" (3.35)
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4. Well Posedness of the Fully Discrete Model
We now state the proposed algorithm.

Problem 1 (CNFE for Leray-deconvolution). Let (wo, ) € (X", Q"). Then, for each n =
0,1,...,M-1,find (W' ,x" ) € (X",Q") satisfying

n+1’

L/oon hooh hl oh(wh h h h h
E(wnﬂ ~ WV ) +b <‘P <wn+1/2>’wn+1/2’v > - <71'n+1/2'V v >

+Re”! (vwzﬂ/z' V"h> + X(“’Zu/z - " <WZ+1/2>IVh> = <fn+1/2/Vh>, wh e X",
4.1)

(V-wh.q") =0, vg"eQ", (4.2)

h

h — Dhwh
where ¢"(w, ;) =D"w, .

Notice that (qz a2 Ve v") = 0 when v" € V" so that the problem of finding w" , € V"
satisfying
Loon h o h (ol (wh h h -1 h h
E(Wnu ~Wn V ) +b <‘P <wn+1/2>’wn+1/2’v > +Re (an+1/2/ Vv )

(4.3)
+ X(WZH/Z -¢" <WZ+1/2>/Vh> = <fn+1/2,Vh>, e Vi,

4.1. Well Posedness

We establish existence of w at each time step of (4.3) by Leray-Schauder’s fixed-point
theorem.

Lemma 4.1. Let

a(Gh,vh> = %(veh, Vvh> + XTAt(Gh - (ph<0h>,vh>,

() = (')

foranyy € X' and 0", v" € V. Suppose that D" satisfies Assumption 3.5. Then a(-,-) : VI x V' —
R is a continuous and coercive bilinear form and 1,(-) : V* — R is a linear, continuous functional.

(4.4)

Proof. Linearity for [,(-) is obvious, and continuity follows from an application of Holder’s
inequality. Continuity for a(-,-) also follows from Holder’s inequality and Assumption 3.5.
Coercivity is proven by application of (3.13). O

Lemma 4.2. Let T : X' — V" be such that, for any y € X', 8" := T(y) solves
a(Bh,vh> -1, (vh>, wh e vh, (4.5)

Then T is a well-defined, linear, bounded operator.
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Proof. Linearity is clear. The results of Lemma 4.1, and the Lax-Milgram theorem prove the
rest. ]

Lemma4.3. Fixn=0,1,..., M—1. Let w!* be a solution of Problem 1 and let N : V' — X' satisfy,
for any 8" € V',

(N(0) ) = (0"~ ") - 200 (4 ()0 ()
(4.6)

= c(0" v" wh e vt
(6" "),

Then N (Oh) is well-defined, bounded, and continuous.

Proof. For each 8" € V", the map v € V" s ¢(0",v") is a bounded, linear functional (apply
Holder’s inequality and (2.11)). Since V" is a Hilbert space, we conclude that N (8" is well
defined, by the Riesz-Representation theorem. Moreover, N (8") is bounded on V" and since
the underlying function space is finite dimensional, continuity follows. O

Lemma 4.4. Fixn € N. Let F : V! — V" be defined such that F(8") = (T o N)(0"). Then, F is a
compact operator.

Proof. N(-) is a compact operator (continuous on a finite dimensional function space). Thus,
F is a continuous composition of a compact operator and hence compact itself. O

Theorem 4.5 (well posedness). Fixn =0,1,2,..., M -1 < oo. There exists (W', /) € X" x Q"
satisfying Problem 1. Moreover,

At Re

2 h 2
< fwe
*h 0 2

L 2 1 m-1 N 2 m-1 L m-1 )
nwm” + ALY wn+1/2| +XAtZ|wn+1/2 SlfwaslPy (A7)
2Re n=0 1 n=0 n=0

for all integers 1 < m < M, independent of At > 0.

Proof. First, assume that (WZ 17 qZ ,1) is a solution to (4.1), (4.2). Set vi=w

skew-symmetry of the nonlinear term provides

Z+1/2 in (4.1) so that

2

1 ro|)? n||? 1| o h
i (Il = W l) # e s,
(4.8)
h h(wh h h
+ X(Wn+1/z ¢ (wn+1/2>’wn+1/2> = <f"+1/2’wn+1/2>'
Duality of X' x X with Young’s inequality implies
Re Re

(frrr2sWhio o) < Sl + = [Whoy o] - (49)
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From (3.13), we have

2
n+1/2 <h

Then applying (4.9), (4.10) to (4.8), combining-like terms and simplifying provides

1 2
sz (] - |

Summing from n = 0 to m — 1, we get the desired bound.

Next, let W = wZ ., + wh. Showing that W = F(W!) has a fixed point will ensure
existence of solutions to (4.3). Indeed, if we can show that Wg =F (Wg), then since wg is
given initial data, existence of w" is immediate. Induction can be applied to prove existence
of (W");.,<p- To this end, since F is compact, it is enough to show (via Leray Schauder) that
any solution W . Of the fixed-point problem Wh = AF(W! 1) is uniformly bounded with

respect to 0 < A < 1. Hence, we consider

= <WZ+1/2 - ¢ <WZ+1/2>,WZ+1/2> 2 0. (4.10)

h

n+l

h

Wi

2
) |w"+1/2| +X| ”fn+1/2|| 1- (4.11)

n+1/2

a(Wi,,v") = A(N (W), V0. (4.12)

Test with v = W n1v use skew-symmetry of the trilinear form and properties of D"
given in Assumption 3.5 and (3.13) to get

W+ el + 3

7wl

<20 (Wi, WI ) + A (Fraajp, W), (419)

Duality of X' x X followed by Young’s inequality implies

At

= 4.14
4 Re ( )

AAE (12, Wh ) < AERe 1212 +

J\l'

Since w! € L2(Q) from the a priori estimate (4.7), we apply Holder’s and Young's inequalities
to get

20(wh W ) < + %”wﬁ/A ’ (4.15)

Applying estimates (4.14), (4.15) to (4.13) we get that |Wh )l|1 < C < oo independent of A. By
the Leray-Schauder fixed point theorem, given w’, there exists a solution to the fixed-point
theorem W" = F(W"). By the induction argument noted above, there exists a solution w for
eachn =0,1,2,..., M -1 to (4.3). Existence of an associated discrete pressure follows by a
classical argument, since the pair (X", Q") satisfies the discrete inf-sup condition (2.15). [
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4.2. Convergence Analysis

Under usual regularity assumptions, we summarize the main convergence estimate in
Theorem 4.6. Suppose that D represents deconvolution with J-updates.

Theorem 4.6. Suppose that (u,p) are strong solutions to (2.3), (2.4), (2.5) and that G, G, D, D"
satisfy Assumptions 3.4, 3.5. Suppose further that u € I>(H*(Q) N V) NI*(X), w; € P(X')nL*(X'),
APlu € L2(Q) for some 0< B< J+1,p € 2(Q). If

CReAt||lu,l3<1, Vn=0,1,...,.M (4.16)

then,

2 M-1 2
“uM - W}Z(,I” + Re"lAtZ
n=0

h
Un+1/2 Wn+1/2'1

2
h 2 2 9 9
< C<||u0 - Wy || +E + ”P”lZ(Lz(Q)) + (”vu”lw(LZ(Q)) +X >||u||12(H1(.Q))

2
2 2 2 2
Hlulhe g2y + Il + <X2 + ”“”lw(HZ(@)))CiJ”Aﬂ“” + Cg,f”V“”mLZ(sz»)'
(4.17)

where E > 0 is given in (4.52).

Corollary 4.7 (convergence estimate). Under the assumptions of Theorem 4.6, suppose further that
(u,p) satisfy the assumptions for (2.16) for some k > 1 and s > 0, u € 1°(H*(Q)) N P(H*1(Q)),
w € L2(HFY(Q) n HY(Q)) NI®(HY(Q)), uy € L2(LX(Q)), w € L2(X'), and p € 2(H*1(Q)). If
lluo — wl|| < C(H* + (a62)P) then

2 M-1 2
”uM - WK/I” + Re_lAtZ
n=0

Un+1/2 — WZ+1/2|1
(4.18)

< c<h2’< + 122 4 At 4 0y (6,)° + 0oy (B, 6, a)2>.

Proof of Theorem 4.6, Corollary 4.7. Suppose that u, p satisfying (2.3), (2.4) also satisfy u €
CO(V),u; € C°(X’), and p € C°(Q) so that, foreachn =ng, np+1,..., M -1,

1 1 _
(W) g1 /2, V) + 5 (Wit - Vet v) + 5 (U - Vi, v) + Re Y(Vusy2, VV) = (Prsis2, V - V)

= (fn+1/2/ V)/ VV e X/

V- U1 = 0.
(4.19)
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The consistency error for the time-discretization 7, >(u p;v") and regularization/time-
relaxation error 7, )(u, pv v") are given by, forn=0,1,..., M -1,

U+ —u
( )<“/PI h) = <% - (uf)n+1/2’vh> + (un+1/2 : Vun+1/2,Vh>
1 1
- E <un+1 : Vun+1lvh> - E(un ‘ vun/ V)/ (420)

2
TS )(u, p; vh) = -b" <un+1/2 — " (un+1/2)/un+l/2/vh> + x(un+1/z - (ph(un+1/z),vh>,

where v € X" Write 7, := 7" + 7). Using (4.20), rewrite (4.19) in a form conducive to

analyzing the error between the continuous and discrete models:

u —u _
(%,v}) +b" <(ph(un+1/z),un+1/z,vh> +Re™ (Vum/z, Vvh>

(4.21)
- (pn+1/z,V 'Vh> + X(un+1/2 — " (un+1/z),vh> = (fn+1/z,vh> + T (u, p; vh)-

Let v/ = U be the L2-projection of u(- t,) so that (1,,,; — 1, $" | 12) = 0. Decompose the
velocity error

erowhou = ghon,  @howi-Ul, g, —u,-U, @22)

where U" € V", Fix § q wel/2 € Q™. Note that (§Z+1/2, V -v") =0 for any v € V. Subtract (4.21)
from (4.3), apply (3.13)(b), and test with v/* = ¢

1 -1
m( >+Re

_<‘71’:+1/2 ~Pn+1/2, V- ¢Z+1/2> -b" <‘Ph< Z+1/2>/ Uns1/2, ¢z+1/2>
+ b <‘Ph <7ln+1/2>/ Usn+1/2, ¢Z+1/z> +b" (‘Ph <WZ+1/2>/ Nns1/2 ¢Z+1/2>

+Re”! <V'ln+1/2r V¢Z+1/z> + X(’ln+1/2 " ('1"“/2)’ ¢Z+1/2> " <u' P ¢"+1/2>
(4.23)

nil)2 to get

2

- ||

h
¢n+1/2| tX ¢n+1/2

n+1

(Spatial discretization error): Fix € > 0. First, apply Holder’s and Young’s inequalities to get

|Re_1 <V1ln+1/2’ V¢Z+1/z> * <p"+1/2 - (7’;11”/2' v ¢Z+1/2>|

1

(4.24)
~h 2
Pr+1/2 ~ qn+1/z|| " Re

s Lhke ¢n+1/2 17

2
11n+1/2|1 +CRe
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Apply (3.12) and duality estimate on X x X' to get

|X<11n+1/2 -¢" (’ln+1/z>r¢2+1/z>| < CxX*Re|[#,,12 |: + ﬁ n1/2 " (4.25)
We bound the convective terms next. First, u € H2(Q) and estimate (2.11)(b) give
00" (#h12) w2 )| < CRe [l (B [Iomi ol + oy 429
and u € L*(X) with (2.11)(a) give
2 1 2
|bh <‘Ph (nn+1/z),un+1/z,¢ﬁ+1/z>| <CRe ”Vu”iw(LZ(Q)) |‘Ph <’1n+1/2> |1 + Re ¢z+1/2 1
(4.27)

Next, rewrite the remaining nonlinear term

b (‘Ph (WZ+1/2> ' Mns1/2/ ¢Z+1/2> = b <‘Ph(un+1/z), Mnv1/2/ ‘i’ﬁu/z)
- b" (‘Ph <11n+1/2>’ Mni1/2/ ¢Z+1/2> (4.28)

b ((ph ( Z+1/2>’ UBRYY ¢Z+1/2>'

Once again, u € L*(X) and (2.11)(a) give

|bh (‘Ph (Wn11/2), M1 20 ¢Z+1/2> +b" (‘Ph <nn+1/2>’ Mn1/2r ¢Z+1/z> |

2
<CRe||[Ve" @) _ .o 9" @], 2 [re1/2], (429)
+CRe "Ph <’1n+1/2> H‘Ph <71n+1/2> |1 Mys1/2 j + i ¢Z+1/2 j
Lastly, estimate (2.11) (a) and inverse inequality (2.17) give
|bh <‘Ph <¢Z+1/2>’ Tln+1/2’ ¢Z+1/2> |
5 > 1 ) (4.30)
<CRe h_1||(Ph<¢Z+1/z> ” ’1n+1/2|1 * Re P12 .
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Apply estimates |[¢"(v)|| < [[v|| and |¢" (V)]s < di|v|; from Assumption 3.5 along with
estimates (4.26)—(4.30) to get

|bh (‘Ph <¢Z+1/2>r Un+1/2, ¢Z+1/2> +b" <‘Ph (’ln+1/2>r Un+1/2, ¢Z+1/2>

+b" (<Ph <WZ+1/2> Mns1/2/ ¢Z+1/2) |

. ) ) : ) ) ) (4.31)
< “Re ¢n+1/2|1 + CRe<||un+1/2||2 +h” '1n+1/2|1>| ¢n+1/2||
) 2 2
+Cdy Re<“vu||L°°(L2(Q)) + 11n+1/2|1> 7ln+1/2|1'
(Time discretization error): First, apply duality estimate on X x X' to get
2
Uy —u U, —u 1 2
}(% - (ut)n+1/2/¢Z+1/2> <CRe % = (W) yi1/2 . + “Re ¢Z+1/z|1-
(4.32)
Taylor-expansion about t,,.1,, with integral remainder gives
1 1
= (Wps1 - Ve, v) + = (u, - Vg, v)
2 2
= (u(-, tus1y2) - Vu(, tyi1/2),v)
gt 42 v p (4.33)
— thy1 — ) —= - t) - 1), t
% MG RS IR TR
tni1/2 d2
3] - e Vue v
Add/subtract (uy+1/2 - Vu(:, ty41/2), v) and apply (4.33) to get
1 1
(un+1/2 - Va2, V) - E(un+1 Vg, V) - E(un -Vu,, V)
= (Wps1/2 - V(Wrs172 —u(, tus1/2)), V) + ((Wnr1/2 — (e, tin2)) - Vul, turi/2), v)
1 (4.34)

tn+1
- = I (tn+1 - t) f(utt -Vu+u-Vuy + 2ut . Vut) -vdt

tni1/2

1 (a2
— E I (t - tn) f(utt -Vu+u- Vutt +2u; - Vut) - vdt.
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Majorize either directly or with (2.7) (a) to get

1 1
(werwﬂmw—Emerme—Emeww)
(4.35)

h
< ClIVulle (g (sl + ) V"],

or with (2.7)(b), (2.7)(c) and Holder’s inequality (in time) applied to (4.34) to get

1 1
(un+1/2 : v11n+1/2/ V) - E(unﬂ - Vuy, V) - E(un -Vuy,, V)

h
< Cllulles r2y llans1/2 =, tn+1/2)||'V |1

1/2
CAP/2 tns1 ) N (4.36)
e ey ([ P ) |V,

CAB/? et s
A " ' tllug (-, "
el ([ DI

1/2

[,

Then, to prove Corollary 4.7, apply (4.32), (4.36) with Young's inequality give

2 Uy — U 2
h n+1 n
¢n+1/2|1 +CRe At - (ut)n+1/2

Tigl) (“/ p; ¢Z+1/2> | < %

3 2 2 3 2 2
+ CRe At ”u”lco(HZ) ||utt||L2(t",t””;L2(Q)) + CRe At ”ut”lw(Lz(Q)) ”ut”LZ(t",t””;Hz(Q))'

(4.37)
We apply (4.35) instead of (4.36) to prove Theorem 4.6:
2
W (4 v b 2 1w P Uy — U
Tn (u/pr n+1/2)| < E n+1/2|1 +CRe % - (ut)n+1/2 . (4 38)

2 2 2
+ CRe | Vull% 120 (I} + ).
(Deconvolution error): Next, add/subtract ¢(u,.1/2) we write

T,(,Z) (u, P, Vh> = -b" <un+1/2 = ¢(Uns1/2), Uns1/2, ¢Z+1/2>
- bh<<(p(un+1/2) - (Ph(“n+1/2)>r“n+1/2r¢Z+1/2>

+ X(um—l/z - (P(un+1/2),¢ﬁ+1/2> + X(‘P(un+1/2) - " (Ups1/2), ¢Z+1/2>-
(4.39)
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Then duality on X x X" and Young's inequalities give

|X<un+1/2 - (P(un+1/2)/ ¢Z+1/2> + X(‘P(unH/Z) - ‘I)h (Wns1/2), ¢Z+1/2> |

< Cy2Re ||unirs2 = 9(uni2) | (4.40)

1
eRe

ol
n+1/2 1’

2 h 2
+Cyx"Re ||<P(un+1/2) k4 (un+1/2)”_1 +
and u € H%(Q) along with (2.11)(b) give

|bh <un+1/2 - (P(un+1/2)/un+1/2/ ¢Z+1/2> +b" <(,0(un+1/2) - (Ph (Wns1/2), Unr1/2, ¢Z+1/2> |

2 2 h 2 Toyan 2
<CRe ”un+1/2“2 ||un+1/2 - ‘P(un+1/2)” + ||(P(un+1/2) - (un+1/2)“ + m n+1/2|1'
(4.41)
The estimates (4.37), (4.40), (4.41) with identity (4.39) give
W (. ah @ (. g 4 10 P
Tn <“rPr n+1/2> +Tn <u,P, n+1/2>| < “Re ¢n+1/2|1 +CReE,. (4.42)
Then estimates (3.17) and (3.23) give
E, = 2+ 2 . 62Aj+1 2+ (h 62 2
n- X ”u”loo(HZ(Q)) C1,j (“/ ) Upi1/2 CZ,]( 0, ) ”un+1/2“k+1
Uy — U : (4.43)

n
= (U)yi12

2 2
Al +{[ullie (2 Wns1/2 = 0, B f2) |

3 2 2 3 2 2
+ At ||u||lw(H2)“lltt”Lz(tn,tml’.LZ(Q)) + At ||ut||loo(L2(Q))||ut||L2(tn,t"+l;H2(Q))‘

Apply estimates from (4.24), (4.25), (4.31), (4.37), (4.42) to (4.23). Set ¢ = 20 and absorb
all terms including |¢" s, from the right into left-hand-side of (4.23). Sum the resulting

inequality on both sides fromn =0ton = M -1 to get

o] +Re S 2
n=0

2 M-1
¢Z+1/2|1 + XAtZO
n=

h
¢n+1/2 “h

Pn+1/2 = qn+1/2n

< ||¢g||2 +CRe AtAgEn +CRe AtAil
=0 n=0
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M-1 ) )
2
+CRedjAt Y, <”Vu||L°°(L2(Q)) + 11n+1/2|1> ’ln+1/z|1
n=0
& 2, -1 Allar |2
+CRe Atz <||11n+1/2||2 +h” 11n+1/2|1> ¢n+1/2“
n=0
, M-1 ) LMo )
+Cy ReAtZ ﬂn+1/2||,1 + CRe” Atz nn+1/2|1.
n=0 n=0
(4.44)
Estimates (2.23), (2.16)(a) imply
sup,|; < ClIVulleziy, [l < Chllually- (4.45)
n
These estimates applied to (4.44) give
L2 QoML M1 )
||¢M” +Re Atz ¢n+1/2|1 +XAtZ ¢n+l/2 “h
n=0 n=0
) M-1 M-1 )
<||gt]] + CReAt Y Eut CRe ALY [|puisa =y
n=0 n=0
RS 2 = 2 2|40 ||
+CRe ALY, ((B1VulR gy + Re )| o], + et 2B ¢ o
n=0
, M-1 9
+Cyx“Re Atz qn+1/2”_1.
n=0
(4.46)

Suppose that the At-restriction (4.16) is satisfied. Then the discrete Gronwall Lemma 2.2
applies to (4.46) and gives

2
h
(Ibn+1 /2

L 2 M-1
¢n+1/2|1 +XAtZ
n=0

M-1
||¢h ||2 +Re'ALY
M o *h

) M-1
< Gu||gt|| + GuReat 3 E,
" (4.47)

2
~h 2 —
Puni2 = G|+ (BIV0IE 20 + Re?)

2
11n+1/2|1>

M-1
+GpRe At Y <
n=0

M-1 2
+Gumy Re AfZ ’l"+1/2”71’
n=0
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where

M -1
Gy = Cexp <Re Atzgn||un||§>, gu = (1 —CRe At||u,,||§) : (4.48)

n=0

Lastly, the triangle inequality and approximation theory estimates (2.23), (2.16) along with
(3.23) applied to (4.47) give

2

M-1
2

h -1 h

”uM—wMH + Re Atz un+1/2—Wn+1/21

n=0

2
< Gullel |+ P (Guallwoll + 10l ey + Re e )
(4.49)
M-1 5
+GmRe At Y Ey + Gu Re B2 |p|5s e )

n=0

+ GuRe (@[ V. 20 + Re + 20 )[4 gy -

It remains to bound At 3, E,,.
(Theorem 4.6): Suppose that o;u € L*(X') N I*(X’). The triangle inequality and (2.18)
gives

2

Upep — U 2 2
SR W < C(IulF2 0 + il )- (4.50)

M-1
Atz

n=ngp

Apply (4.38), instead of (4.37), to derive E, in (4.43). Then

M-1
ReAt > E, <E, (4.51)
n=0

where

. 2
E = CRe()(* + )% ) (cl,](a,6>2||Af+1un+1/z|| +c2(h, a,6>2||un+1/z||i+1)

2 2 2 2
+ CRe<||ut||L2(xr) + a2y + ”Vu”lOO(LZ(Q))||Vu||IZ(L2(Q))>‘
(4.52)
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. (Corollary 4.7): 2Suppose that u € I®(H*(Q)), w € I®°(H'(Q)) N L>(HY(Q)), uy €
L (L (Q)), and uy € L (X,) Write

. 2
E:= CRe( 2+ ||u||$w(H2(Q))> (cl,]-(a, 6)2“A]+1un+1 /2|| + co(h, @, 6) [t /2||§+1)

2 2 2 2 2
= CRe(lluttt”Lz(X’) + ||u||loc(H2(Q)) ”utt”Lz(LZ(Q)) te-t ”ut”loo(LZ(Q)) ”ut”Lz(Hz(Q))>'

(4.53)
Then apply (2.19), (2.20) to bound E, given in (4.43):
M-1
Re At ) E, < EAt*. (4.54)
n=0
O

5. Applications

We show that the iterated (modified) Tikhonov regularization operator satisfied Assumption
3.4, 3.5 in Section 5.1 and verify the theoretical convergence rate predicted by Theorem 4.6,
Corollary 4.7 in Section 5.2.

5.1. Iterated (Modified) Tikhonov-Lavrentiev Regularization

We will prove that D, j, DZ,] (Definitions 3.14, 3.15) with the differential filter G = A™!
satisfies Assumptions 3.4, 3.5. Proposition 3.10 implies that it is enough to show that D,
satisfies Assumption 3.4. Additionally, we provide sharpened estimates for dl,j/ C1,j, €2j- The
key is that A™! > 0 is a continuous function of the Laplace operator —A > 0 and hence they
commute (on X). Moreover, D, o > 0 is a continuous function of A~! so that D, o commutes
with A~ and —A (on X).

We first characterize the spectrum of D, , DZ,O'

Lemma 5.1. Fix 0 < a < 1. Define f : (0,1] — Rand g:(0,1] — Rby

;o gx): (5.1)

- 1-a)x+a
The maps f and g are continuous and f((0,1]) = [1,a™?) and g((0,1]) = (0,1].

Proof. The functions f, g are clearly continuous with f decreasing and g increasing on (0, 1].
Hence, the range of f is [1,a™!) and range of g is (0, 1]. O

The next result shows that D, and DZ,O satisfy part of Assumptions 3.4, 3.5.
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Proposition 5.2. D, and DZ/O (on X and X", resp.) are linear, bounded, spd, and commute with
AL, (A" (resp.). Moreover,

|Paoa™|| <1, IDaotl < jul; VueX,
(5.2)

Hence dy = 1 in Assumptions 3.4, 3.5.

D', <Ah>71H <1, ‘DQ,OJh

< 'uh|1 vu e X"
1

Proof. It is immediately clear that D, , DZ,O are linear. As a consequence, since A™' > 0 with
spectrum in (0,1], then D,y = f (A1) with spectrum contained in [1,a7!) so that D > 0.
Therefore, D,gA™' = g(A™!) with spectrum contained in (0,1]. A similar argument shows
that (A")™ has spectrum in (0, 1], DZ,O has spectrum in [1,a7!), and DZ/O (A" has spectrum
in (0,1]. Thus Dy > 0, D! > 0 and ||DaoA™|| < 1and ||D (A" < 1. Therefore, D,y and

Dh

" , are bounded and commute with A~ and (A", respectively, as discussed above.

The second set of inequalities on each line can be proved with an appropriate choice
of v and v" in Definitions 3.2 and 3.3. Starting with Definition 3.2, take ¢ = u and choose
v = AD,ou. Then integration by parts and the Cauchy-Schwartz inequality give the result.

—h
The discrete form is proved using Definition 3.3 and choosing ¢ = u" and v = ADZ/Ouh . O

It remains to provide estimates for c¢; and c;, and sharpened estimates for ¢y ; and ¢y ;.
Indeed, as a direct consequence of Propositions 5.3, 5.4, we have, foreach j =0,1,..., ],

c1j = <zx62>j+1||N+1v , VYve H*'(Q),

. 1/2 (5.3)
Coj = C(h + (Vas?) >hk525§||Da,n\7||k+1, Yv e H(Q).
Proposition 5.3. Let j =0,1,...,]. Then, for some0 < p<j+1,
|v - Da¥|| < <a62>ﬁ”Aﬂv”, Vv e HA(Q). (5.4)
Proof. Using (1.9), we have
D, (Da,JV = Daj1V) =V — A7 Dy jqV. (5.5)
Subtracting (5.5) from the identity
D, y(v-v)=V-¥, (5.6)

gives us

D ((1-Deya™)v= (I1-DyyrA™)v) = ~A7 (1= Dyyra™)v. (5.7)
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Multiplying by D, , rearranging, simplifying, and using A — I = —-5%A (Definition 3.2) gives
(I1-DuyA™)v = [-DagA™ (I = DayrA™) + (1= DyyrA™)|v

- (1 - D, ]_1A‘1> <I - Du,oA—l)v

=(1 Daj1A” ) DaoA” (D A- I>
(5.8)
_ (1 Dyj1A” 1) DagA” (( (1-a)A” +a1)A I)
<I Dy 1A 1) DaoA7'a(A - I)v
= ~a8?AD A (1= Dy r A7)V,
Applying recursion, we obtain, forany 0 < f < J,
(I-Dgya™)v= (—a62>ﬂ <Du,]—pA_1>ﬂ APy. (5.9)
Thus, taking norms and applying ||Da,;3A™Y|| < 1, we get (5.4). O
Proposition 5.4. Let j =0,1,...,]. Then
oW - Dl W ” < c( +27*10162)h2k5r<1a<x_||Da,nW|li+1, vw e H*(Q). (5.10)
<n<j

Proof. Let \7;? € X" be the L*-projection of D, ;w. Take v = v" in (3.34). For j = 1,..., ], let
ej = Dy W — Dzl].Wh =1 - (j)jl, where 77; := Dy jw — ‘7;1, and gb;l = DZ/].Wh - ‘7;’. Subtract (3.34)
and (3.35) to get

as?(Vel, V") + (¢1,v") = a6? (Vi V") + a6? (Vej1, V"), (5.11)
Take v = ¢7 in (5.11) to get
a62|¢;"j + ||¢;1||2 = a8?(V;, V) + a6*(Vej1, Vol). (5.12)
Fix £ > 0. Apply Holder’s and Young’s inequalities to (5.12) to get

o[+ ot <o)+ el ol 613)
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Taking e =1 and € =2 in (5.13) gives

”4’7”2 < a62'11].|j + oc62|ej,1|i. (5.14)

a8?| 91| + 2] < 206%|m; [ + 4a52fe ]2 (5.15)
The triangle inequality and estimate (5.14) give
lefll? < |||+ 2% + a6l (5.16)
Backward induction, estimate (5.15), and (2.23) give

2
Doy — vh|1. (5.17)

j
12 2 2 2 i i
eI < ol + (h +ad <122)>mf

It has been shown (Estimate (2.36) in the proof of Lemma 2.7 [25]) that

jeol? < C(* + a8?) 1| Dowlr... (5.18)

Note that Z{:o 2i = 2/*1 — 1. Then, along with application of (2.16), we prove (5.10). O

Corollary 5.5 (convergence estimate). Under the assumptions of Corollary 4.7, suppose further
that, for some J = 0,1,..., that G = A™', G" = (A")™, D = D, ;, D" = DZJ. If APu € L*(Q) for
some 0 < B < J+1,then

2 M1 2
”uM - wPI(,I” + Re_lAtZ Upi1/2 — WZ+1/2|1
=0 (5.19)
2
< C<<1 +h?+ 2]a62>h2k +h22 4 A+ <a62> ﬂ).
Proof. Apply estimates for ¢y j, ¢2,; from (5.3), resulting from Propositions 5.3, 5.4. O

5.2. Numerical Testing

This section presents the calculation of a flow with an exact solution to verify the convergence
rates of the algorithm. FreeFEM++ [32] was used to run the simulations. The convergence
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Table 1: Error and convergence rates for Leray-deconvolution with ] = 0 for the Taylor-Green vortex with
Re = 10,000, a = vk, and 6 = v/h. Note the convergence rate is approaching 1 as predicted by (5.21).

m (=1/h) lu -, Rate 1V (e = 20"l Rate
20 0.038975 1.651230

40 0.024334 0.680 1.468510 0.169
60 0.017751 0.778 1.159840 0.582
80 0.013854 0.862 0.935247 0.748
100 0.011255 0.931 0.774285 0.846

Table 2: Error and convergence rates for Leray-deconvolution with ] = 1 for the Taylor-Green vortex with
Re = 10,000, a = v/h, and 6 = v/h. Note the convergence rate is approaching 2 as predicted by (5.21).

m (=1/h) lu -, Rate 1V (1 — 20"l Rate
20 0.023384 1.070400

40 0.009739 1.264 0.640360 0.741
60 0.004997 1.646 0.357779 1.436
80 0.002899 1.892 0.212560 1.810
100 0.001915 1.858 0.136724 1.977

rates are tested against the Taylor-Green vortex problem [13, 33-35]. We use a domain of
Q=(0,1) x (0,1) and take u = (11, uy), where

U (X/ Y, t) = — cos(nrx) sin(ml-y)efznzﬂu/r,

up (x,y,t) = sin(nrx) cos(nry) e T (5.20)

—2n?m?t/T

p(x,yt)= - Alz(cos(nyrx) +cos(nry))e

The pair (u, p) is a solution the two-dimensional NSE when 7 = Re and f = 0.

We used CN discretization in time and P2-P1 elements in space according to Problem
1. That is, we used continuous piecewise quadratic elements for the velocity and continuous
piecewise linear elements for the pressure. We chose the spatial discretization elements and
parameters n = 1, T = 0.5, y = 0.1 and Re = 10,000 as a illustrative example. We chose
h=1/m,dt=(1/4)h, 6 = vVh and a = v'h, where m is the number of mesh divisions per side
of [0,1]. These were chosen so that the result of Corollary 5.5 reduces to

M-1
”uM - w%” + [Re_lAtZ
n=0

1/2
2
Upt1/2 = wZ+1/2|1:| < C(h2 + h“l). (5.21)

We summarize the results in Tables 1 and 2. Table1 displays error estimates
corresponding to no iterations; that is, ] = 0 in Definition 3.14. For the particular choice of a
and 6, the computed errors |[u — w"| .0 and ||V (u - w") |20 tend to the predicted convergence
rate O(h). Table 2 displays error estimates corresponding to one update; that is, when | =1
in Definition 3.14. Again, for the particular choice of a and 6,the computed errors ||u—w"|
and ||V (u — w")||2, tend to the predicted convergence rate O(h?).

0,0
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6. Conclusion

It is infeasible to resolve all persistent and energetically significant scales down to the
Kolmogorov microscale of O(Re™*) for turbulent flows in complex domains using direct
numerical simulations in a given time constraint. Regularization methods are used to find
approximations to the solution. The modification of iterated Tikhonov-Lavrentiev to the
modified iterated Tikhonov-Lavrentiev deconvolution in Definition 3.14 is a highly accurate
method of solving the deconvolution problem in the Leray-deconvolution model, with
errors u — Dyou = O((a6%)’*") when applied to the differential filter. We use this result
to show that under a regularity assumption, the error between the solutions to the NSE
and to the Leray deconvolution model with time relaxation using the modified iterated
Tikhonov-Lavrentiev deconvolution and discretized with CN in time and FE’s in space are
O(h*(h + Vab?) + b1 + AR + (a82) ™).

We also examined the Taylor-Green vortex problem using Problem 1 with the
deconvolution in Definition 3.14. We use this problem because it has an exact analytic solution
to the NSE. The regularization parameters a and 6 were chosen so that the convergence of
the approximate solution to the error would be O(h/*!) for ] = 0 and ] = 1. The convergence
rates calculated correspond to those predicted, that is O(h') for | = 0 and O(h?) for

J=1.
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