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Abstract. This paper mainly concerns the derivation of the normal forms of the Bogdanov–Takens
(BT) and triple zero bifurcations for differential systems with m discrete delays. The feasible
algorithms to determine the existence of the corresponding bifurcations of the system at the origin
are given. By using center manifold reduction and normal form theory, the coefficient formulas of
normal forms are derived and some examples are presented to illustrate our main results.
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1 Introduction

Many researchers have studied some kinds of codimension bifurcation phenomena for
some delayed differential systems, these bifurcation phonmena include saddle-node bi-
furcation, Hopf bifurcation, Hopf-zero bifurcation, double Hopf bifurcation and so on.
And there are some results about the Bogdanov–Takens (BT) bifurcation (a double zero
eigenvalue with geometric multiplicity one) and triple zero (a triple zero eigenvalue with
geometric multiplicity one) bifurcation for general differential systems with one delay,
one can see, for example, [4, 6, 16, 20, 21], and their results can be used to study the
codimension bifurcation of some predator–prey systems, neural networks models, Van
der Pol’s oscillator, etc. One can see, for example, [3, 9–12, 14, 15, 18, 19, 23].

Notice that the authors in [16, 20] have given some feasible formulas to determine
the BT singularity, triple zero singularity, and the generalized eigenspace associated with
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zero eigenvalue in Rn for the following system:

ẋ = A(P)x(t) +B(P)x(t− 1) + F
(
x(t), x(t− 1),P

)
,

where P ∈ Rq (q = 2 or 3) is a parameter vector, x ∈ Rn. By using center manifold
reduction and normal form theory, the concrete normal forms (two or three dimension
ordinary differential equations) of the parameterized delay differential systems with BT
and triple zero bifurcations at the origin were obtained.

Now the general coefficient formulas of normal forms corresponding to BT and triple
zero bifurcations for general differential systems with many discrete delays have not been
given except for some special differential systems as discussed in [1, 13, 17, 22]. In this
paper, we will generalize and apply these methods used in [16, 20] to deduce the normal
forms of BT and triple zero bifurcations of the following system with m delays:

ẋ = A(P)x(t) +

m∑
l=1

Bl(P)x(t− τl) + F
(
x(t), x(t− τ1), . . . , x(t− τm),P

)
. (1)

The organization of this paper is as follows. In Section 2, the existence conditions
of BT and triple zero singularities for general systems with m delays will be given. In
Sections 3 and 4, by applying the center manifold theorem and normal form theory, the
corresponding coefficient formulas of the normal forms for delay differential system are
obtained. In Section 5, a real application is exhibited.

2 Stability of the trivial equilibrium

To study the BT and triple zero bifurcations of system (1), we first give the similar
assumptions as the authors used in [16, 20]:

(H1) A(P), Bl(P) (l = 1, 2, . . . ,m) are Cr (r > 2) smooth matrix-valued functions
from Rq to Rn×n, F (x, y1, y2, . . . , ym,P) is a Cr (r > 2) smooth function
from Rn × · · · × Rn︸ ︷︷ ︸

m+1

×Rq to Rn and, for all P ∈ Rq , satisfies

F (0, 0, 0, . . . , 0︸ ︷︷ ︸
m+1

,P) = 0,
∂F

∂x
(0, 0, 0, . . . , 0︸ ︷︷ ︸

m+1

,P) = 0,

∂F

∂yl
(0, 0, 0, . . . , 0︸ ︷︷ ︸

m+1

,P) = 0 (l = 1, 2, . . . ,m).

Without loss of generality, we assume −τ1 < −τ2 < · · · < −τm < 0, then we
denote the Banach space of continuous mapping from [−τ1, 0] to Rn with norm ‖φ‖ =
maxθ∈[−τ1,0] |φ(θ)| by C = C([−τ1, 0],Rn). Let

L(P)xt =

0∫
−τ1

[
dηP(θ)

]
xt(θ) , A(P)x(t) +

m∑
l=1

Bl(P)x(t− τl), (2)
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in which xt(θ) = x(t + θ), and ηP(θ) is a bounded variation matrix-valued function on
[−τ1, 0]. Especially, when P = 0, we have A = A(0), B1 = B1(0), B2 = B2(0), . . . ,
Bm = Bm(0), and L(0)xt = Ax(t) +

∑m
l=1Blx(t− τl) , L0x(t). From the definition

of L0 we can obtain that L0(ξ) = (A +
∑m
l=1Bl)ξ, L0(θjξ) = (−1)j

∑m
l=1 τ

j
l Blξ,

L0(eλθξ) = (A+
∑m
l=1Ble

−λτl)ξ, where j ∈ N+, for all ξ ∈ Rn. These formulas will
be used frequently in the rest of this paper.

We rewrite system (1) as the following functional differential equation (FDE):

ẋ(t) = L(P)xt + F (xt,P), (3)

which can be linearized at (xt,P) = (0, 0) as

ẋ(t) = L0xt. (4)

From [7, 8] a C0-semigroup {T0(t), t > 0} on C can be defined by the fundamental
solution of system (4) with infinitesimal generator A0 : C → C:

A0φ = φ̇, D(A0) =

{
φ ∈ C1

(
[−τ1, 0],Rn

)
: φ̇(0)=

0∫
−τ1

[
dη0(θ)

]
φ(θ) = L0φ

}
.

With the definition of A0, system (4) is equivalent to an abstract ordinary differential
equation (ODE) ẋ = A0x in C. Furthermore, the spectrum of the operatorA0 consists of
its point spectrum, i.e. σ(A0) = σp(A0) = {λ: ∆0(λ) = 0}, the characteristic equation
of system (4) is

∆0(λ) , det
(
λI − L0

(
eλθI

))
= det

(
λI −A−

m∑
l=1

Ble
−τlλ

)
= 0.

To study system (1), we further make the following assumptions:

(H2) Reλ 6= 0 if λ ∈ σp(A0) \ {0};
(H3) λ = 0 is the eigenvalue of A0 with algebraic multiplicity 2 (3) and geometric

multiplicity 1.

One can see that system (1) has a BT (triple zero) singularity if (H1)–(H3) hold. Then
we will give an equivalent description for BT and triple zero singularities in system (1).

Theorem 1. Let (H1), (H2) hold, the delay differential system (1) has a BT singularity
when it satisfies the following conditions:

(i) rank(A+
∑m
l=1Bl) = n− 1,

(ii) if N(A+
∑m
l=1Bl) = span{φ01}, then

∑m
l=1 τlBl + Iφ01 ∈ R(A+

∑m
l=1Bl),

(iii) if (A+
∑m
l=1Bl)φ

0
2 = (

∑m
l=1 τlBl+I)φ01, then (

∑m
l=1 τlBl+I)φ02−

∑m
l=1 τ

2
l Bl×

φ01/2 /∈ R(A+
∑m
l=1Bl), where φ01, φ02 ∈ Rn.
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Theorem 2. Let (H1), (H2) and (i), (ii) in the above theorem hold, the delay differential
system (1) has a triple zero singularity when it satisfies the following conditions:

(iv) (
∑m
l=1 τlBl+I)φ02−

∑m
l=1 τ

2
l Blφ

0
1/2 ∈ R(A+

∑m
l=1Bl) if (A+

∑m
l=1Bl)φ

0
2 =

(
∑m
l=1 τlBl + I)φ01,

(v) (
∑m
l=1 τlBl + I)φ03−

∑m
l=1 τ

2
l Blφ

0
2/2 +

∑m
l=1 τ

3
l Blφ

0
1/6 /∈ R(A+

∑m
l=1Bl) if

(A+
∑m
l=1Bl)φ

0
3 = (

∑m
l=1τlBl+I)φ02−

∑m
l=1τ

2
l Blφ

0
1/2, where φ01, φ

0
2, φ

0
3∈Rn.

By using the methods used in [4,16,20], we reduce system (1) to an ordinary differen-
tial system with dimension q on its center manifold. Rewrite the parameterized system (1)
as the following FDE:

ẋ(t) = L0xt +
[
L(P)− L0

]
xt + F (xt,P), Ṗ(t) = 0. (5)

Define C̃=C([−τ1, 0],Rn×Rq) as its phase space. In addition, let x̃(t)=(x(t),P(t))
be the solution of (5), then (5) becomes

˙̃x(t) = L̃0x̃t + F̃ (x̃t), (6)

where the operator L̃0x̃t = (L0xt, 0) is bounded linear and is from C̃ to Rn × Rq , and
F̃ (x̃t) = ([L(P(0))−L0]xt +F (xt,P(0)), 0) , (F̂ (xt,P), 0) with xt ∈ C,P ∈ C2 ,
C([−τ1, 0],Rq). The linearization of (6) at x̃t = 0 is

˙̃x(t) = L̃0x̃t. (7)

Define the infinitesimal generator of system (7) as Ã0, then we have Ã0 = (A0, 0). The
eigenvalues of Ã0 include all eigenvalues of A0 and double or triple zero eigenvalues
introduced by Ṗ = 0. Let Λ̃ be the set of 2q zero eigenvalues for system (7).

Similar to [20], we decompose the phase space C of system (3). Let C = P ⊕ Q,
where P is the invariant space of A0 corresponding to the zero eigenvalue and Q is the
complementary space. C∗ = C([0, τ1],Rn∗) is defined as the adjoint space of C, where
Rn∗ is the n-dimensional space of row vectors. The bilinear inner product on C∗ × C is
defined by

(ψ, φ) = ψ(0)φ(0)−
0∫

−τ1

θ∫
0

ψ(ξ − θ) dη0(θ)φ(ξ) dξ. (8)

Under assumption (H3), one can see that the dimension of the space P is q. Let Φ(θ)
and Ψ(s) be the bases of P and its dual space P ∗, respectively. Then (Ψ, Φ) = Iq , where
(Ψ, Φ) , (ψj , φi).

3 Normal form of BT bifurcation

To study the BT bifurcation at the origin of system (1), we need use the following lemma.

Lemma 1. The bases of P and its dual space P ∗ are Φ(θ) = (φ1(θ), φ2(θ)), Ψ(s) =
col(ψ1(s), ψ2(s)), where φ1(θ) = φ01 ∈ Rn \ {0}, φ2(θ) = φ02 + φ01θ, φ02 ∈ Rn and
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ψ2(s) = ψ0
2 ∈ Rn∗ \ {0}, ψ1(s) = ψ0

1 − sψ0
2 , ψ0

1 ∈ Rn∗, which satisfy

(a)

(
A+

m∑
l=1

Bl

)
φ01 = 0, (b)

(
A+

m∑
l=1

Bl

)
φ02 =

(
m∑
l=1

τlBl + I

)
φ01,

(c) ψ0
2

(
A+

m∑
l=1

Bl

)
= 0, (d) ψ0

1

(
A+

m∑
l=1

Bl

)
= ψ0

2

(
m∑
l=1

τlBl + I

)
,

(e) ψ0
1φ

0
2 + ψ0

1

m∑
l=1

τlBlφ
0
2 −

1

2
ψ0
1

m∑
l=1

τ2l Blφ
0
1 −

1

2
ψ0
2

m∑
l=1

τ2l Blφ
0
2

+
1

6
ψ0
2

m∑
l=1

τ3l Blφ
0
1 = 0,

(f) ψ0
2φ

0
2 + ψ0

2

m∑
l=1

τlBlφ
0
2 −

1

2
ψ0
2

m∑
l=1

τ2l Blφ
0
1 = 1.

Without considering the factors of coefficient constant, we can determine the unique
vectors φ01, φ02, ψ0

1 , ψ0
2 by (a)–(f).

Proof. By assumption (H3), we know that there are linearly independent functions φ1,
φ2 ∈ C satisfying A0φ1 = 0, A0φ2 = φ1.

By the definition of operator A0, A0φ1 = 0 is equivalent to

L0φ1(θ) = 0, θ = 0,

φ̇1(θ) = 0, −1 6 θ 6 0.

Hence, we obtain φ1(θ) = φ01 ∈ Rn \{0}, (A+
∑m
l=1Bl)φ

0
1 = 0. Similarly,A0φ2 = φ1

is equivalent to

L0φ2(θ) = φ01, θ = 0,

φ̇2(θ) = φ01, −1 6 θ 6 0,
(9)

which is solved by φ2(θ) = φ02+φ01θ, φ02 ∈ Rn, (A+
∑m
l=1Bl)φ

0
2 = (

∑m
l=1 τlBl+I)φ01.

To prove Lemma 1, it needs to use the adjoint operator A∗0 : C∗ → C∗ of A0 by

A∗0ψ = −ψ̇, D(A∗0) =

{
ψ ∈ C1

(
[−τ1, 0],Rn∗

)
: −ψ̇(0)=

0∫
−τ1

ψ(−θ) dη0(θ)

}
.

From A∗0ψ2 = 0, by

−dψ2

ds
(s) = 0, 0 6 s 6 1,

0∫
−τ1

ψ2(−θ) dη0(θ) = 0, s = 0,
(10)

we can deduce ψ2(s) = ψ0
2 ∈ Rn∗ \ {0}, ψ0

2(A+
∑m
l=1Bl) = 0.
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Furthermore, by A∗0ψ1 = ψ2 and

−dψ1

ds
(s) = ψ0

2 , 0 6 s 6 1,

0∫
−τ1

ψ1(−θ) dη0(θ) = ψ0
2 , s = 0,

(11)

we deduce ψ1(s) = ψ0
1 − sψ0

2 , ψ0
1 ∈ Rn∗, ψ0

1(A+
∑m
l=1Bl) = ψ0

2(
∑m
l=1 τlBl + I).

Therefore, by solving (9)–(11), we can easily get (a)–(d) of the lemma. Finally, from
(Ψ, Φ) = I2 and using (8) and (2) we have

(ψ1, φ1) = ψ0
1φ

0
1 −

1

2
ψ0
2

(
m∑
l=1

τ2l Bl

)
φ01 + ψ0

1

(
m∑
l=1

τlBl

)
φ01 = 1,

(ψ2, φ2) = ψ0
2φ

0
2 −

1

2
ψ0
2

(
m∑
l=1

τ2l Bl

)
φ01 + ψ0

2

(
m∑
l=1

τlBl

)
φ02 = 1,

(ψ1, φ2) =
1

6
ψ0
2

m∑
l=1

τ3l Blφ
0
1 + ψ0

1

m∑
l=1

τlBlφ
0
2 −

1

2
ψ0
1

m∑
l=1

τ2l Blφ
0
1

− 1

2
ψ0
2

m∑
l=1

τ2l Blφ
0
2 + ψ0

1φ
0
2 = 0,

(ψ2, φ1) = ψ0
2φ

0
1 + ψ0

2

(
m∑
l=1

τlBl

)
φ01 = 0.

(12)

In fact, the first and the fourth formulae in (12) hold naturally by (a)–(e) of the lemma.
The proof is complete.

It is easy to see that Φ(θ) satisfies Φ̇ = ΦJ , where

J =

(
0 1
0 0

)
.

Denote the Taylor expansion of F̂ (xt,P) with respect to xt and P in system (7) as
F̂ (xt,P) =

∑
w>2(1/w!)F̂w(xt,P), we have

1

2
F̂2(xt,P) = A1x(t)α1 +A2x(t)α2 +

m∑
l=1

[Bl1x(t− τl)α1 +Bl2x(t− τl)α2]

+

m∑
i=1

∑
06k6j6m

Dikjxi(t− τk)x(t− τj), (13)

where τ0 = 0 and A1, A2, Bl1, Bl2, Dikj are coefficient matrices. According to the
discussion in the above, we also know there is no terms of O(P2) in F̂2(xt,P) because
F̂ (0,P) = 0 for all P ∈ R2.
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From (13) we can get the following system:

1

2
F̂2(Φz,P)

= A1

[
Φ(0)(z1, z2)T]α1 +A2[Φ(0)(z1, z2)T

]
α2

+

m∑
l=1

{
Bl1
[
Φ(−τl)(z1, z2)T

]
α1 +Bl2

[
Φ(−τl)(z1, z2)T

]
α2

}
+

m∑
i=1

∑
06k6j6m

Dikj

[(
φ1i(−τk), φ2i(−τk)

)
(z1, z2)T

][
Φ(−τj)(z1, z2)T

]
,

where φji stands for the ith element of φj .
After some calculations we obtain

1

2
F̂2(Φz,P)

=

[
A1φ1(0) +

m∑
l=1

Bl1φ1(−τl)

]
α1z1 +

[
A2φ1(0) +

m∑
l=1

Bl2φ1(−τl)

]
α2z1

+

[
A1φ2(0) +

m∑
l=1

Bl1φ2(−τl)

]
α1z2 +

[
A2φ2(0) +

m∑
l=1

Bl2φ2(−τl)

]
α2z2

+

m∑
i=1

∑
06k6j6m

Dikjφ1(−τj)φ1i(−τk)z21

+

m∑
i=1

∑
06k6j6m

Dikj

[
φ1(−τj)φ2i(−τk) + φ2(−τj)φ1i(−τk)

]
z1z2

+

m∑
i=1

∑
06k6j6m

Dikjφ2(−τj)φ2i(−τk)z22 .

Since φ1(0) = φ1(−τl) = φ01, φ2(0) = φ02, φ2(−τl) = φ02 − τlφ
0
1, ψ1(0) = ψ0

1 ,
ψ2(0) = ψ0

2 , the above expression can be simplified by substituting them into it. Further-
more, by [20] we also know

g12 =
(
I − P 1

I,2

)
f12 , f12 (z, 0,P) = Ψ(0)F̂2(Φz,P),

P 1
I,2

(
z21
0

)
=

(
z21

−2z1z2

)
, P 1

I,2

(
α1z1

0

)
=

(
α1z1
−α1z2

)
, P 1

I,2

(
α2z1

0

)
=

(
α2z1
−α2z2

)
,

and for other p, it has (
I − P 1

I,2

)
p =

{
p, p ∈ Im(M1

2 )c,

0, p ∈ Im(M1
2 ),

the bases of Im(M1
2 )c and Im(M1

2 ) can be seen in [20].

Nonlinear Anal. Model. Control, 21(6):731–750
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The normal form for (6) on the center manifold corresponding to the space P can be
written as ż = Jz + g12(z, 0,P)/2 + h.o.t., (see [20] for detail).

Hence, we have the following theorem.

Theorem 3. Let (H1)–(H3) hold. Then the delay differential system (1) can be reduced to
the following two-dimensional system of ODE on the center manifold at (xt,P) = (0, 0):

ż1 = z2, ż2 = δ1z1 + δ2z2 + d1z
2
1 + d2z1z2 + h.o.t., (14)

where

δ1 = ψ0
2

(
A1 +

m∑
l=1

Bl1

)
φ01α1 + ψ0

2

(
A2 +

m∑
l=1

Bl2

)
φ01α2,

δ2 =

{
ψ0
1

(
A1 +

m∑
l=1

Bl1

)
φ01 + ψ0

2

[(
A1 +

m∑
l=1

Bl1

)
φ02 −

m∑
l=1

τlBl1φ
0
1

]}
α1

+

{
ψ0
1

(
A2 +

m∑
l=1

Bl2

)
φ01 + ψ0

2

[(
A2 +

m∑
l=1

Bl2

)
φ02 −

m∑
l=1

τlBl2φ
0
1

]}
α2,

d1 = ψ0
2

m∑
i=1

∑
06k6j6m

Dikjφ
0
1φ

0
1i,

d2 = ψ0
2

{
m∑
i=1

∑
06k6j6m

Dikj

(
φ01φ

0
2i + φ02φ

0
1i

)
−

m∑
i=1

∑
06k6j6m

(τk + τj)Dikjφ
0
1φ

0
1i

}

+ 2ψ0
1

m∑
i=1

∑
06k6j6m

Dikjφ
0
1φ

0
1i.

Let

Π =

(
∂δ1
∂α1

∂δ1
∂α2

∂δ2
∂α1

∂δ2
∂α2

)
,

in addition, we need assume

(H4) detΠ 6= 0.

In this case, system (14) has two equilibria E1 = (0, 0) and E2 = (−δ1/d1, 0). The
bifurcation curves near the origin in the α1 and α2 parameter space are the following
[1, 13]:

TB: δ1 = 0 (transcritical bifurcation occurs),
H0: δ2 = 0, δ1 < 0 (Hopf bifurcation from the zero equilibrium point),
H1: δ2 = (d2/d1)δ1, δ1 > 0 (a Hopf bifurcation from equilibrium −(δ1/d1, 0),
H0

c: δ2 = (d2/7d1)δ1, δ1 < 0 (a homoclinic bifurcation with the zero equilibrium
point),

H1
c: δ2 = (6d2/7d1)δ1, δ1 > 0 (a homoclinic bifurcation with the equilibrium

(−δ1/d1, 0)).
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4 Normal form of triple zero bifurcation

When system (1) has a triple zero singularity, similar to the discussion of BT bifurcation,
we first give the following lemma.

Lemma 2. The bases of P and its dual space P ∗ have the representations P = spanΦ,
Φ(θ) = (φ1(θ), φ2(θ), φ3(θ)), P ∗ = spanΨ , Ψ(s) = col(ψ1(s), ψ2(s), ψ3(s)), where
φ1(θ) = φ01 ∈ Rn \ {0}, φ2(θ) = φ02 + φ01θ, φ3(θ) = φ03 + φ02θ + φ01θ

2/2, φ02, φ
0
3 ∈ Rn

and ψ3(s) = ψ0
3 ∈ Rn∗ \ {0}, ψ2(s) = ψ0

2 − sψ0
3 , ψ1(s) = ψ0

1 − sψ0
2 + s2ψ0

3/2,
ψ0
1 , ψ

0
2 ∈ Rn∗, which satisfy:

(a)

(
A+

m∑
l=1

Bl

)
φ01 = 0, (b)

(
A+

m∑
l=1

Bl

)
φ02 =

(
m∑
l=1

τlBl + I

)
φ01,

(c)

(
A+

m∑
l=1

Bl

)
φ03 =

(
m∑
l=1

τlBl + I

)
φ02 −

1

2

m∑
l=1

τ2l Blφ
0
1,

(d) ψ0
3

(
A+

m∑
l=1

Bl

)
= 0, (e) ψ0

2

(
A+

m∑
l=1

Bl

)
= ψ0

3

(
m∑
l=1

τlBl + I

)
,

(f) ψ0
1

(
A+

m∑
l=1

Bl

)
= ψ0

2

(
m∑
l=1

τlBl + I

)
− 1

2
ψ0
3

m∑
l=1

τ2l Bl,

(g) ψ0
3

(
m∑
l=1

τlBl + I

)
φ03 −

1

2
ψ0
3

m∑
l=1

τ2l Blφ
0
2 +

1

6
ψ0
3

m∑
l=1

τ3l Blφ
0
1 = 1,

(h) ψ0
2

(
m∑
l=1

τlBl + I

)
φ03 −

1

2
ψ0
2

m∑
l=1

τ2l Blφ
0
2 +

1

6
ψ0
2

m∑
l=1

τ3l Blφ
0
1

− 1

2
ψ0
3

m∑
l=1

τ2l Blφ
0
3 +

1

6
ψ0
3

m∑
l=1

τ3l Blφ
0
2 −

1

24
ψ0
3

m∑
l=1

τ4l Blφ
0
1 = 0,

(i) ψ0
1

(
m∑
l=1

τlBl + I

)
φ03 −

1

2
ψ0
1

m∑
l=1

τ2l Blφ
0
2 +

1

6
ψ0
1

m∑
l=1

τ3l Blφ
0
1

− 1

2
ψ0
2

m∑
l=1

τ2l Blφ
0
3 +

1

6
ψ0
2

m∑
l=1

τ3l Blφ
0
2 −

1

24
ψ0
2

m∑
l=1

τ4l Blφ
0
1

+
1

6
ψ0
3

m∑
l=1

τ3l Blφ
0
3 −

1

24
ψ0
3

m∑
l=1

τ4l Blφ
0
2 +

1

120
ψ0
3

m∑
l=1

τ5l Blφ
0
1 = 0.

Without considering the factors of coefficient constant, we can determine the unique
vectors φ01, φ02, φ03, ψ0

1 , ψ0
2 , ψ0

3 by (a)–(i).
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Note that the proof of this lemma is similar to that of Lemma 1, we omit it here. It is
easy to see that Φ(θ) satisfies Φ̇ = ΦJ , where

J =

0 1 0
0 0 1
0 0 0

 .

Defining the Taylor expansion of F̂ (xt,P) with respect to xt and P in system (7) as
F̂ (xt,P) =

∑
w>2 F̂w(xt,P)/w!, we have

1

2
F̂2(xt,P) = A1x(t)α1 +A2x(t)α2 +A3x(t)α3

+

m∑
l=1

[
Bl1x(t− τl)α1 +Bl2x(t− τl)α2 +Bl3x(t− τl)α3

]
+

m∑
i=1

∑
06k6j6m

Dikjxi(t− τk)x(t− τj), (15)

where τ0 = 0 and A1, A2, A3, Bl1, Bl2, Bl3, Dikj are all coefficient matrices. As
the discussion above, we also know there is no terms of O(P2) in F̂2(xt,P) because
F̂ (0,P) = 0 for all P ∈ R3.

Therefore, the normal form for (6) on the center manifold corresponding to the spaceP
takes the form as

ż = Jz +
1

2
g12(z, 0,P) + h.o.t.

(see [16] for detail), where

g12 =
(
I − P 1

I,2

)
f12 , f12 (z, 0,P) = Ψ(0)F̂2(Φz,P).

Following [16], we know

P 1
I,2

(
z21 , 0, 0

)T
=
(
z21 , 0,−2z22 − 2z1z3

)T
, P 1

I,2(αiz1, 0, 0)T = (αiz1, 0,−αiz3)T,

P 1
I,2(0, z1z2, 0)T =

(
0, z1z2,−z22 − z1z3

)T
, P 1

I,2

(
0, z21 , 0

)T
=
(
0, z21 ,−2z1z2

)T
,

P 1
I,2(0, αiz1, 0)T = (0, αiz1,−αiz2)T, P 1

I,2(0, αiz2, 0)T = (0, αiz2,−αiz3)T,

and for other p, it has

(
I − P 1

I,2

)
p =

{
p, p ∈ Im(M1

2 )c,

0, p ∈ Im(M1
2 ),

the basis of Im(M1
2 )c and Im(M1

2 ) can be seen in [16].

http://www.mii.lt/NA



Bogdanov–Takens and triple zero bifurcations in general differential systems 741

From (15) we have the following expressions, where φji stands for the ith element
of φj :

1

2
F̂2(Φz,P) = A1

[
Φ(0)(z1, z2, z3)T

]
α1 +A2

[
Φ(0)(z1, z2, z3)T

]
α2

+A3

[
Φ(0)(z1, z2, z3)T

]
α3 +

m∑
l=1

{
Bl1
[
Φ(−τl)(z1, z2, z3)T

]
α1

+Bl2
[
Φ(−τl)(z1, z2, z3)T

]
α2 +Bl3

[
Φ(−τl)(z1, z2, z3)T

]
α3

}
+

m∑
i=1

∑
06k6j6m

Dikj

[(
φ1i(−τk), φ2i(−τk) + φ3i(−τk)

)
(z1, z2, z3)T

]
×
[
Φ(−τj)(z1, z2, z3)T

]
.

After some computations we get

1

2
F̂2(Φz,P)

=

[
A1φ1(0) +

m∑
l=1

Bl1φ1(−τl)

]
α1z1 +

[
A2φ1(0) +

m∑
l=1

Bl2φ1(−τl)

]
α2z1

+

[
A3φ1(0) +

m∑
l=1

Bl3φ1(−τl)

]
α3z1 +

[
A1φ2(0) +

m∑
l=1

Bl1φ2(−τl)

]
α1z2

+

[
A2φ2(0) +

m∑
l=1

Bl2φ2(−τl)

]
α2z2 +

[
A3φ2(0) +

m∑
l=1

Bl3φ2(−τl)

]
α3z2

+

[
A1φ3(0) +

m∑
l=1

Bl1φ3(−τl)

]
α1z3 +

[
A2φ3(0) +

m∑
l=1

Bl2φ3(−τl)

]
α2z3

+

[
A3φ3(0) +

m∑
l=1

Bl3φ3(−τl)

]
α3z3 +

m∑
i=1

∑
06k6j6m

Dikjφ1(−τj)φ1i(−τk)z21

+

m∑
i=1

∑
06k6j6m

Dikj

[
φ1(−τj)φ2i(−τk) + φ2(−τj)φ1i(−τk)

]
z1z2

+

m∑
i=1

∑
06k6j6m

Dikj

[
φ1(−τj)φ3i(−τk) + φ3(−τj)φ1i(−τk)

]
z1z3

+

m∑
i=1

∑
06k6j6m

Dikj

[
φ2(−τj)φ3i(−τk) + φ3(−τj)φ2i(−τk)

]
z2z3

+

m∑
i=1

∑
06k6j6m

Dikjφ2(−τj)φ2i(−τk)z22 +

m∑
i=1

∑
06k6j6m

Dikjφ3(−τj)φ3i(−τk)z23 .
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Note that φ1(0) = φ1(−τl) = φ01, φ2(0) = φ02, φ2(−τl) = φ02 − τlφ01, φ3(0) = φ03,
φ3(−τl) = φ03 − τlφ02 + τ2l φ

0
1/2, ψ1(0) = ψ0

1 , ψ2(0) = ψ0
2 and ψ3(0) = ψ0

3 , thus we
have the following theorem.

Theorem 4. Let (H1)–(H3) hold. Then system (1) can be reduced to the following three-
dimensional system of ODE on the center manifold at (xt,P) = (0, 0):

ż1 =z2, ż2 = z3,

ż3 =η1z1 + η2z2 + η3z3 + h1z
2
1 + h2z

2
2 + h3z1z2 + h4z1z3 + h.o.t.,

(16)

where

η1 = ψ0
3φ

0
1

{(
A1 +

m∑
l=1

Bl1

)
α1 +

(
A2 +

m∑
l=1

Bl2

)
α2 +

(
A3 +

m∑
l=1

Bl3

)
α3

}
,

η2 =

{
ψ0
2

(
A1 +

m∑
l=1

Bl1

)
φ01 + ψ0

3

[(
A1 +

m∑
l=1

Bl1

)
φ02 −

m∑
l=1

τlBl1φ
0
1

]}
α1

+

{
ψ0
2

(
A2 +

m∑
l=1

Bl2

)
φ01 + ψ0

3

[(
A2 +

m∑
l=1

Bl2

)
φ02 −

m∑
l=1

τlBl2φ
0
1

]}
α2

+

{
ψ0
2

(
A3 +

m∑
l=1

Bl3

)
φ01 + ψ0

3

[(
A3 +

m∑
l=1

Bl3

)
φ02 −

m∑
l=1

τlBl3φ
0
1

]}
α3,

η3 =

{
ψ0
1

(
A1 +

m∑
l=1

Bl1

)
φ01 + ψ0

2

[(
A1 +

m∑
l=1

Bl1

)
φ02 −

m∑
l=1

τlBl1φ
0
1

]

+ ψ0
3

[(
A1 +

m∑
l=1

Bl1

)
φ03 −

m∑
l=1

τlBl1φ
0
2 +

1

2

m∑
l=1

τ2l Bl1φ
0
1

]}
α1

+

{
ψ0
1

(
A2 +

m∑
l=1

Bl2

)
φ01 + ψ0

2

[(
A2 +

m∑
l=1

Bl2

)
φ02 −

m∑
l=1

τlBl2φ
0
1

]

+ ψ0
3

[(
A1 +

m∑
l=1

Bl2

)
φ03 −

m∑
l=1

τlBl2φ
0
2 +

1

2

m∑
l=1

τ2l Bl2φ
0
1

]}
α2

+

{
ψ0
1

(
A3 +

m∑
l=1

Bl3

)
φ01 + ψ0

2

[(
A3 +

m∑
l=1

Bl3

)
φ02 −

m∑
l=1

τlBl3φ
0
1

]

+ ψ0
3

[(
A3 +

m∑
l=1

Bl3

)
φ03 −

m∑
l=1

τlBl3φ
0
2 +

1

2

m∑
l=1

τ2l Bl3φ
0
1

]}
α3,

h1 = ψ0
3

m∑
i=1

∑
06k6j6m

Dikjφ
0
1φ

0
1i,

h2 = 2ψ0
1

m∑
i=1

∑
06k6j6m

Dikjφ
0
1φ

0
1i + ψ0

2

{
m∑
i=1

∑
06k6j6m

Dikj

(
φ01φ

0
2i + φ02φ

0
1i

)
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−
m∑
i=1

∑
06k6j6m

[
(τk + τj)Dikj

]
φ01φ

0
1i

}
+ ψ0

3

{
m∑
i=1

∑
06k6j6m

Dikjφ
0
2φ

0
2i

−
m∑
i=1

∑
06k6j6m

τjDikjφ
0
1φ

0
2i −

m∑
i=1

∑
06k6j6m

τkDikjφ
0
1i

(
φ02 − τjφ01

)}
,

h3 = 2ψ0
2

m∑
i=1

∑
06k6j6m

Dikjφ
0
1φ

0
1i + ψ0

3

{
m∑
i=1

∑
06k6j6m

Dikj

(
φ01φ

0
2i + φ02φ

0
1i

)
−

m∑
i=1

∑
06k6j6m

[
(τk + τj)Dikj

]
φ01φ

0
1i

}
,

h4 = 2ψ0
2

m∑
i=1

∑
06k6j6m

Dikjφ
0
1φ

0
1i + ψ0

3

{
m∑
i=1

∑
06k6j6m

Dikj

(
φ01φ

0
2i + φ02φ

0
1i

)
−

m∑
i=1

∑
06k6j6m

[
(τk + τj)Dikj

]
φ01φ

0
1i

}

+ ψ0
3

{
m∑
i=1

∑
06k6j6m

Dikj

(
φ01φ

0
3i + φ03φ

0
1i

)
−

m∑
i=1

∑
06k6j6m

Dikj

[(
τjφ

0
2 −

1

2
τ2j φ

0
1

)
φ01i +

(
τkφ

0
2i −

1

2
τ2kφ

0
1i

)
φ01

]}
.

Let

Π =


∂η1
∂α1

∂η1
∂α2

∂η1
∂α3

∂η2
∂α1

∂η2
∂α2

∂η2
∂α3

∂η3
∂α1

∂η3
∂α2

∂η3
∂α3

 .

In addition, we need assume
(H5) detΠ 6= 0.

Following [1], the bifurcation diagrams of system (16) at the origin are as follows:

(i) system (16) undergoes a transcritical bifurcation when T = {(α1, α2, α3):
η1 = 0},

(ii) system (16) undergoes a Hopf bifurcation when H1 = {(α1, α2, α3): η3 =
−η1/η2, η2 < 0},

(iii) system (16) undergoes a Hopf bifurcation at equilibrium (−η1/h1, 0, 0) when
H2 = {(α1, α2, α3): η3 = (h4/h1 − h1/(h3η1 − h1η2))η1, h1/(h3η1 −
h1η2) > 0},

(iv) system (16) undergoes a BT bifurcation when B = {(α1, α2, α3): η1 = 0,
η2 = 0},

(v) system (16) undergoes a zero-Hopf bifurcation when H3 = {(α1, α2, α3):
η1 = 0, η3 = 0, η2 < 0}.
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5 Application in a recurrent neural network

The authors in [2] and [5] have proposed the following three-node recurrent neural net-
work model with four discrete time delays:

ẋ1(t) = −x1(t) + f
(
x2(t− τ2)

)
, ẋ2(t) = −x2(t) + f

(
x3(t− τ4)

)
,

ẋ3(t) = −x3(t) + af
(
x1(t− τ1)

)
+ bf

(
x2(t− τ3)

)
,

(17)

where a, b ∈ R, τi > 0, f(x) is a general activation function, which satisfies f ′(0) = 1.
Let u1(t) = x1(t), u2(t) = x2(t− τ2) and u3(t) = x3(t− τ2− τ4), then system (17)

is equivalent to the following system with two delays:

u̇1(t) = −u1(t) + f
(
u2(t)

)
, u̇2(t) = −u2(t) + f

(
u3(t)

)
,

u̇3(t) = −u3(t) + af
(
u1(t− τ)

)
+ bf

(
u2(t− σ)

)
,

(18)

where τ = τ1 + τ2 + τ4 and σ = τ3 + τ4.
The characteristic equation for linearized system (18) at the equilibrium (0, 0, 0) is

∆0(λ) = λ3 + 3λ2 + 3λ+ 1− (λ+ 1)be−λσ − ae−λτ = 0. (19)

By (19), we have

∆0(0) = 1− b− a, ∆′0(0) = 3− b+ bσ + aτ,

∆′′0(0) = 6 + 2bσ − bσ2 − aτ2, ∆′′′0 (0) = 6− 3bσ2 + bσ3 + aτ3.

From ∆0(0) = ∆′0(0) = 0 we know that if

a = a0 =
2 + σ

σ − τ − 1
, b = b0 = − 3 + τ

σ − τ − 1
,

then

∆′′0(0) =
(3 + τ)σ2 − τ(2 + τ)σ − 6(1 + τ)− 2τ2

σ − τ − 1
.

Solving ∆′′0(0) = 0, it has

σ1 =
τ(2 + τ) +

√
τ4 + 12τ3 + 52τ2 + 96τ + 72

2(3 + τ)
> 0,

σ2 =
τ(2 + τ)−

√
τ4 + 12τ3 + 52τ2 + 96τ + 72

2(3 + τ)
< 0.

When a = a0, b = b0 and σ = σ1, we have

∆′′′0 (0) =
216 + 144τ2 + 288τ + 34τ3 + 3τ4 − τ2

√
τ4 + 12τ3 + 52τ2 + 96τ + 72

−(3 + τ)(6 + τ2 + 6τ −
√
τ4 + 12τ3 + 52τ2 + 96τ + 72

.

One can verify that ∆′′′0 (0) > 0, hence, we get the following lemma.

http://www.mii.lt/NA



Bogdanov–Takens and triple zero bifurcations in general differential systems 745

Lemma 3. Let

(I1) a = a0, b = b0, σ 6= σ1 and
(I2) a = a1 = (2 + σ1)/(σ1 − τ − 1), b = b1 = −(3 + τ)/(σ1 − τ − 1), σ = σ1

hold. Then system (18) has BT (triple zero) bifurcation at the origin.

In the following we will analyze the BT and triple zero bifurcations of system (18) at
the origin, respectively.

5.1 BT bifurcation of system (18)(18)(18)

In this part, under condition (I1), we take a0 and b0 as bifurcation parameters to discuss
the BT bifurcation of system (18), and rewrite a and b as a0 + α1 and b0 + α2, then we
obtain the system

u̇1(t) = −u1(t) + f
(
u2(t)

)
, u̇2(t) = −u2(t) + f

(
u3(t)

)
,

u̇3(t) = −u3(t) + (a0 + α1)f
(
u1(t− τ)

)
+ (b0 + α2)f

(
u2(t− σ)

)
,

(20)

the Taylor expansion of Eq. (20) up to the second order terms is as follows:

U̇(t) = AU(t) +B1U(t− τ) +B2U(t− σ) +
1

2
F̂2(Ut,P) + h.o.t.,

where U(t) = (u1(t), u2(t), u3(t))T,

A =

−1 1 0
0 −1 1
0 0 −1

 , B1 =

 0 0 0
0 0 0
a0 0 0

 , B2 =

0 0 0
0 0 0
0 b0 0

 ,

F̂2(xt,P)/2 = (f ′′(0)u22(t)/2, f ′′(0)u23(t)/2, α1u1(t− τ) +α2u2(t−σ) + a0f
′′(0)×

u21(t− τ)/2 + b0f
′′(0)u22(t− σ)/2)T.

To obtain the normal form of system (20) on its center manifold, by the Lemma 1, we
have

Φ(θ) =

1 θ + 1
1 θ + 2
1 θ + 3

 , Ψ(0) =

(
ψ11 ψ12 ψ13

ψ21 ψ22 ψ23

)
,

where γ = (4 + 2σ)τ3 + (30 + 12σ−3σ2)σ+ (−18σ2 +σ3 + 12σ+ 60)τ −6σ+ 3σ3−
27σ2 + 42, and

ψ11 =
2γ(2 + σ)

3[(2 + σ)τ2 + (6 + 2σ − σ2)τ + 6− 3σ2]
,

ψ21 =
−2(2 + σ)

6 + 6τ + 2τ2 + τ2σ − 3σ2 − σ2τ + 2τσ
,

ψ22 = ψ23 =
ψ21(−1 + σ − τ)

2 + σ
,
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Figure 1. Bifurcation diagram of system (20) and dynamical evolution of the system. The left is the
bifurcation diagram, in the middle, a local asymptotically stable equilibrium (0, 0, 0) is shown with (α1, α2) =
(−0.006,−0.08). On the right, a stable limit cycle surrounding the equilibrium (0, 0, 0) is plotted with
(α1, α2) = (−0.05,−0.02).

ψ12 =
ψ11σ − ψ11τ + ψ21τσ + 2ψ21σ − 3ψ21τ − ψ21τ

2 − ψ11 − 2ψ21

2 + σ
,

ψ13 =
−ψ11 + ψ11σ − ψ11τ − 2ψ21τ + ψ21τσ − ψ21 + ψ21σ − ψ21τ

2

2 + σ
.

By Theorem 3, the delay differential system (20) can be reduced to system (14) on the
center manifold at (ut,P) = (0, 0), where

δ1 =
2(1− σ + τ)(α1 + α2)

6 + 6τ + 2τ2 + τ2σ − 3σ2 − σ2τ + 2τσ
,

δ2 = − 2(1− σ + τ)

3(6 + 6τ + 2τ2 + τ2σ − 3σ2 − σ2τ + 2τσ)2
[(

2(2 + σ)τ3

+ 3
(
6− σ2 + 2σ

)
τ2 +

(
24− 12σ2 + σ3

)
τ + 6− 6σ + 3σ3 − 9σ2

)
α1

+
(
(2 + σ)τ3 + 3(2− σ − σ2

)
τ2

+ 2
(
6− 3σ2 + σ3 − 6σ

)
τ − 12σ + 12 + 6σ3

)
α2

]
,

d1 =
(2τ − 3σ)f ′′(0)

6 + 6τ + 2τ2 + τ2σ − 3σ2 − σ2τ + 2τσ
,

d2 =
2f ′′(0)

3(6 + 6τ + 2τ2 + τ2σ − 3σ2 − σ2τ + 2τσ)2
[
2(2 + σ)τ4 + 24(2 + σ)τ3

+
(
−30σ2 + 168− 5σ3 + 48σ

)
τ2 + 3

(
−8σ + 80− 36σ2 + σ4 − 2σ3

)
τ

+ 9(σ − 2)
(
σ3 + 5σ2 + 2σ − 6

)]
.

Since |∂(δ1, δ2)/∂(α1, α2)| = 4(1− σ + τ)3/(6 + 6τ + 2τ2 + τ2σ − 3σ2 − σ2τ +
2τσ)2 6= 0, then the map (δ1, δ2)→ (α1, α2) is regular.

Take τ = 2, σ = 0.2, f(x) = tanh(x) + 0.1x2, then a0 ≈ −0.7857142857, b0 ≈
1.785714286, δ1 ≈ 0.2043795620α1 + 0.2043795620α2, δ2 ≈ −0.4053776617α1 +
0.1668851120α2, d1 ≈ 0.01240875912, d2 ≈ 0.1551551317. Thus, the bifurcation
diagram in the α1α2-plane can be obtained as shown on the left of the Fig. 1.
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As a verification, we take pair of parameters (α1, α2) = (−0.006,−0.08), then we
can see that the trivial equilibrium (0, 0, 0) of system (20) is locally asymptotically stable
(see the middle of Fig. 1). The trivial equilibrium keeps stable with pair of parameters
(α1, α2) moving toward the bifurcation curve H0, and lose its stability when (α1, α2)
pass through H0, which leads to a stable limit cycle is bifurcated from the trivial equilib-
rium. As shown on the right of Fig. 1, system (20) displays a stable periodic orbit when
(α1, α2) = (−0.05,−0.02).

5.2 Triple zero bifurcation of system (18)(18)(18)

In this part, under condition (I2), we will discuss the triple zero bifurcation of system (18).
For computation simplicity, first we rescale system (18) by letting t = t̄σ, then take a1,
b1 and σ1 as bifurcation parameters and write system (18) as

u̇1(t) = (σ1 + α3)
[
−u1(t) + f

(
u2(t)

)]
,

u̇2(t) = (σ1 + α3)
[
−u2(t) + f

(
u3(t)

)]
,

u̇3(t) = (σ1 + α3)

[
−u3(t) + (a1 + α1)f

(
u1

(
t− τ

σ1

))
+ (b1 + α2)f

(
u2(t− 1)

)]
,

(21)

the corresponding Taylor expansion of Eq. (21) up to the second order terms is as follows:

U̇(t) = AU(t) +B1U

(
t− τ

σ1

)
+B2U(t− 1) +

1

2
F̂2(Ut,P) + h.o.t.,

where U(t) = (u1(t), u2(t), u3(t))T, and

A = σ1

−1 1 0
0 −1 1
0 0 −1

 , B1 = σ1

 0 0 0
0 0 0
a1 0 0

 , B2 = σ1

0 0 0
0 0 0
0 b1 0

 ,

1

2
F̂2(xt,P)

=


α3(−u1(t) + u2(t)) + σ1

f ′′(0)
2 u22(t)

α3(−u2(t) + u3(t)) + σ1
f ′′(0)

2 u23(t)

σ1[α1u1(t− τ
σ1

) + a1
f ′′(0)

2 u21(t− τ
σ1

) + α2u2(t− 1)

+b1
f ′′(0)

2 u22(t− 1)] + α3[−u3(t) + a1u1(t− τ
σ1

) + b1u2(t− 1)]


T

. (22)

By using Lemma 2, we can compute

Φ(θ) =

1 θ − 1
σ1

σ2
1+1
σ1
− 1

σ1
θ + 1

2θ
2

1 θ 1 + 1
2θ

2

1 θ + 1
σ1

1 + 1
σ1
θ + 1

2θ
2

 ,
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Ψ(0) =

 ω11 ω12 ω13

ω21 ω22 ω23
σ1+2

−1+σ1−τ ω33 ω33 ω33

 ,

where

ω11 =
(σ1 + 2)[2σ2

1ω13 − 2σ1(τ + 1)ω23 + (τ2 + 2τ + 2)ω33]

2(−1 + σ1 − τ)σ2
1

,

ω12 =
1

2(−1 + σ1 − τ)σ2
1

(
2σ1(σ1 − τ − 1)(ω13σ1 + ω23)

−
(
σ2
1τ − σ1τ2 + 3σ2

1 − 2σ1τ − 2τ2 − 6τ − 6
)
ω33

)
,

ω21 =
(σ1 + 2)(ω23σ1 − ω33τ − ω33)

(−1 + σ1 − τ)σ1
, ω22 =

ω23σ1 + ω33

σ1
,

ω13 = − 3(−1 + σ1 − τ)

40[(3 + τ)σ3
1 − (τ3 + 3τ2 + 6τ + 6)σ1 − 2(τ30 + 3τ2 + 6τ − 6)]3

×
[
τ7(σ1 + 2)2(τ + 8)− 2τ3(σ1 + 2)

((
−22σ3

1 − 40σ2
1 − 18σ1 − 36

)
τ3

+
(
65σ4

1 − 16σ3
1 − 120σ2

1 − 48σ1 − 96
)
τ2 +

(
−442σ5

1 − 385σ4
1 + 170σ3

1

− 120σ2
1 − 60σ1 − 120

)
τ + 780σ6

1 − 2052σ5
1 − 3480σ4

1 + 240σ3
1 − 480σ2

1

)
+ σ2

1

((
761σ6

1 − 8040σ5
1 − 12180σ4

1 + 29520σ3
1 + 34560σ2

1 + 3840σ1

+ 8640
)
τ2 +

(
4566σ6

1 − 10800σ5
1 − 32064σ4

1 + 24192σ3
1 + 37440σ2

1

+ 3840σ1 + 11520
)
τ + 6849σ6

1 − 2160σ5
1

− 25128σ4
1 + 5184σ3

1 + 14400σ2
1 + 5760

)]
,

ω23 = − 3σ1(−1 + σ1 − τ)

2[(3 + τ)σ3
1 − (τ3 + 3τ2 + 6τ + 6)σ1 − 2(τ30 + 3τ2 + 6τ − 6)]2

×
[
σ2
1

(
13σ2

1τ + 39σ2
1 − 24σ1τ − 72τ − 72

)
− (σ1 + 2)

(
12σ2

1τ
2 + τ4 + 4τ3 + 12τ2 + 24τ + 24

)]
,

ω33 =
−6(−1 + σ1 − τ)σ2

1

(3 + τ)σ3
1 − (τ3 + 3τ2 + 6τ + 6)σ1 − 2(τ3 + 3τ2 + 6τ + 6)

.

By (22), we know the expressions of coefficient matrices in (15), and A3, B11, B12,
B13, B23, D200, D300, D111 and D222 are zero matrices. Furthermore, by Theorem 4,
the delay differential system (21) can be reduced to system (16) on the center manifold at
(ut,P) = (0, 0), where

η1 = ω33σ1(α1 + α2),

η2 = − ω33

(1− σ1 + τ)σ1

[
σ1(1− σ1 + τ)(τα1 + α2σ1 + α1)− α3(2τ − 3σ1)

]
,

η3 =
1

2(1− σ1 + τ)σ2
1

[
σ1(1− σ1 + τ)

((
2σ3

1 + τ2 + 2τ + 2σ1
)
ω33

− 2σ1(τ + 1)ω23 + 2ω13σ
2
1

)
α1 + (τ − σ1 + 1)σ3

1(2ω13 − 2ω23 + 3ω33)α2
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+
(
2σ1(τ − σ1 + 1)(ω21 + ω22) + 2ω23σ1(τ − σ1)

+
(
τσ2

1 − τ2σ1 − 2τ2 − 2τσ1 + 3σ2
1 − 4τ

)
ω33

)
α3

]
,

h1 =
ω33σ1(2τ − 3σ1)f ′′(0)

1− σ1 + τ
,

h2 = − 1

σ1

(
(τσ1 + 2τ + 3σ1 + 1)ω33

− 2σ1(ω11σ1 + ω12σ1 + ω13σ1 + ω22 + 2ω23)
)
f ′′(0),

h3 = 2(ω21σ1 + ω22σ1 + ω23σ1 + 3ω33)f ′′(0),

h4 =
−f ′′(0)

σ1(1− σ1 + τ)

[
ω33

(
2σ4

1 + τ2σ1 − 5τσ2
1 + 8σ3

1 + 2τ2 + 2τσ1 − 5σ2
1

+ 4τ + 4σ1
)
− 2σ1(ω11σ1 + ω12σ1 + ω13σ1 + ω22)(1− σ1 + τ)

− 4ω23

(
τσ1 − σ2

1 + 1
)]
.

Take τ = 0.2, f(x) = tanh(x)+x2/2, then a1 ≈ 9.451604291, b1 ≈ −8.451604291,
σ1 ≈ 1.578626340, f ′′(0) = 1, η1 ≈ 0.6554453042α1 + 0.6554453042α2, η2 ≈
−0.6554453042α2 − 0.4982397323α1 + 3.011924622α3, η3 ≈ 0.5239069738α1 −
0.1559415893α2 − 0.156702101α3, h1 ≈ 7.505900258, h2 ≈ −12.39030109, h3 ≈
8.728384667, h4 ≈ 14.89038763.
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