
ISSN 1392-5113
https://doi.org/10.15388/NA.2018.2.6

Nonlinear Analysis: Modelling and Control, 2018, Vol. 23, No. 2, 234–250

The robust finite-volume schemes for modeling
nonclassical surface reactions
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Abstract. A coupled system of nonlinear parabolic PDEs arising in modeling of surface reactions
with piecewise continuous kinetic data is studied. The nonclassic conjugation conditions are
used at the surface of the discontinuity of the kinetic data. The finite-volume technique and the
backward Euler method are used to approximate the given mathematical model. The monotonicity,
conservativity, positivity of the approximations are investigated by applying these finite-volume
schemes for simplified subproblems, which inherit main new nonstandard features of the full
mathematical model. Some results of numerical experiments are discussed.

Keywords: system of nonlinear PDEs, finite-volume method, conservative approximation,
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1 Introduction

Coupled systems of PDEs with piecewise continuous (discontinuous) kinetic data typi-
cally arise in modeling of reactions proceeding over supported (composite) catalysts. Ki-
netic models of reactions proceeding over supported catalysts are of great complexity due
to the spillover phenomenon, which is caused (i) by diffusion of molecules of reactants
adsorbed on the surface of the inactive for reaction support towards the catalyst-support
interface and their jump across the interface onto the active surface and (ii) by diffusion
of adsorbate of reactants and intermediate reaction products towards the interface and
their jump across the interface onto the support. This jumping can increase or reduce
concentrations of molecules of all species involved in the surface reactions [5, 11].

Mathematical models describing the spillover phenomenon in some reactions taking
into account the surface diffusion based on the diffusion model [7] and their numerical
simulations are considered in [14, 15] and works mentioned there. The bibliography of
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the theoretical and experimental research of NO reduction by CO reaction can be found
in [8, 9, 17]. To the best of our knowledge, the reaction between NO and CO on the
supported catalysts has not been studied by a mean-field approach.

In the present paper, we present a phenomenological mathematical model for reactions
between carbon monoxide and nitrogen oxide proceeding over the surface of supported
catalysts. The model includes the adsorption and desorption of molecules of both reactants
of prescribed concentrations at the surface and surface diffusion of adsorbed molecules.
The model is based on the reaction mechanism proposed by Cho [2]. The surface diffusion
of the adsorbed molecules is described by the jumping mechanism [7]. In what follows,
we assume that the adsorption, desorption, surface diffusion, and reaction proceed at
a constant temperature. We also construct a discrete scheme for numerical solving of
this model.

Some results of the computer simulations varying initial concentrations of both reac-
tants and their adsorption constants are presented.

The numerical scheme is based on the approximation of nonlinear differential equa-
tions by using the finite-volume method [10]. Three important properties of the model
should be taken into account. First, the nonlinear reaction terms are describing processes
for which a few specific properties of the solution are satisfied: the most important of
them are the nonnegativity (or positivity) and a priori boundedness of the solutions.
Thus discrete schemes should guarantee similar properties for the discrete solutions (see,
e.g., [4, 10, 12]).

Second, the nonclassical (or nonideal) conjugation conditions are formulated at
the catalyst-support interface. The mass conservation should be guaranteed for the dis-
crete scheme. The solution is discontinuous at this boundary, thus special approximations
should be used. Two general approaches exist to solve this problem: the discontinuous
Galerkin method and application of special grids at the boundary. We use the second
approach in this paper. In order to prove the existence and convergence of the discrete
solution, the discrete operators approximating a diffusion part of the model should be
positive definite.

Numerical algorithms for solving of some problems with nonclassical conjugation
conditions are considered in [13, 16].

Third, the advection term enables a regularization of nonlinear diffusion-advection
interaction [3]. In this paper, the upwind approximation is used for a numerical approx-
imation of the advection term. An extensive review of results for numerical schemes for
solving nonlinear complex reaction-diffusion-advection problems is given in [1,6,10,12].

The discrete scheme of the differential model is too complicated to be mathemati-
cally justified. Therefore we split the model into some simplified benchmark submodels
that mimic the most important properties of the full nonlinear model and investigate the
monotonicity and positivity properties of the submodels.

The paper is organized as follows. In Section 2, we present the model. Section 3
consists of two subsections. Section 3.1 presents the finite-volume discretization and
main implementation details. The implicit backward Euler scheme is used to approximate
time derivatives. Two simplified parts of the full mathematical model are considered in
Section 3.2. They mimic the most important properties of the full nonlinear differential
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model. These simplified benchmark subproblems are used to test monotonicity of the
discrete solution due to the main part of the nonlinear source terms and the stability
and conservativity of approximation of nonstandard conjugate conditions. In Section 4,
we discuss some results of computational experiments. A summary of main results in
Section 5 concludes the paper.

2 The model

In this section, we construct a mean-field model for the NO + CO reaction proceeding
over the surface of a supported catalyst. Suppose that this surface lies on the plane x2 = 0.
Assume that concentrations a1(t, x1, 0, x3) and a2(t, x1, 0, x3) of reactants A1 = NO
and A2 = CO are prescribed. Here t is time, and (x1, 0, x3) is a position on the surface.
Let P1 = N2O, P2 = N2, and P3 = CO2 be products of the reaction between A1 and A2.
Assume that the surface of the catalyst S=S2∪S1, where S2 ={(x1, 0, x3): x1∈ [0, x∗),
x3 ∈ [0, l]} and S1 = {(x1, 0, x3): x1 ∈ (x∗, l], x3 ∈ [0, l]}, x∗ ∈ (0, l), are strips
consisting of the active and inactive sites, respectively. Let s2(x), x = (x1, 0, x3) ∈ S2,
and s1(x), x = (x1, 0, x3) ∈ S1, be the surface densities of the active and inactive sites
in the surface reaction.

According to [2, 17], the surface NO + CO reaction is based on the NO reduction
reaction by CO, 4NO + 3CO→ N2O + 3CO2 + N2, which occur via steps

NO + S
k1i
�
k−1i

NOS,

CO + S
k2i
�
k−2i

COS,

NOS + S
k32→ NS + OS,

NOS + NS
k42→ N2O + 2S,

2NS
k52→ N2 + 2S,

COS + OS
k62→ CO2 + 2S.

Here S is the adjacent vacant adsorption site, kji and k−ji are the adsorption and desorp-
tion rate constants (i = 1 for inactive and i = 2 for active site) of reactants A1 (j = 1)
and A2 (j = 2), kj2 with j = 3, 4, 5, 6 are the reaction rate constants.

Let uj2 = s2θj2 and uj1 = s1θj1 (θj1, θj2 ∈ (0, 1), j = 1, . . . , 4) be densities of the
active and inactive in the surface reaction sites occupied by adsorbed particles of reactants
A1 (j = 1) and A2 (j = 2) and molecules of species NS (j = 3), OS (j = 4). It is evident
that function si(1−

∑4
j=1 θji) = si −

∑4
j=1 uji is the density of free active (i = 2) and

inactive (i = 1) adsorption sites.
Suppose that κji is the surface diffusivity for particles of species NOS, COS, NS, and

OS with j = 1, . . . , 4, respectively, on the surface Si, i = 1, 2. In what follows, for the
sake of simplicity, we assume that densities s1 and s2 do not depend on variable x3, and
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the concentrations a1 and a2 are constants. This allows us to reduce the two-dimensional
problem into the one-dimensional system. For simplification in what follows, we denote
variable x1 by x. Assume that λ1,j2, j = 1, . . . , 4, is the constant of the jumping rate via
the catalyst-support interface x∗ of particles of species NOS, COS, NS, and OS from the
active position x∗ − 0 into the nearest-neighbour vacant inactive site x∗ + 0. Let λ2,j1

be the constants of the jump rates via the catalyst-support interface of the particles of the
same species from the inactive position x∗ + 0 into the nearest-neighbour vacant active
site x∗ − 0. Using the mass action law and surface diffusion mechanism [7],

qji = −κji

{(
si −

4∑
m=1

umi

)
∇uji − uji∇

(
si −

4∑
m=1

umi

)}
,

where i = 1, 2, j = 1, . . . , 4, we derive the following system for densities uji:

∂tu11 = k11a1

(
s1 −

∑
m

um1

)
− k−11u11

+ κ11

((
s1 −

∑
m 6=1

um1

)
∂2u11

∂x2
− u11

∂2(s1 −
∑
m 6=1 um1)

∂x2

)
,

∂tu21 = k21a2

(
s1 −

∑
m

um1

)
− k−21u21

+ κ21

((
s1 −

∑
m 6=2

um1

)
∂2u21

∂x2
− u21

∂2(s1 −
∑
m 6=2 um1)

∂x2

)
,

∂tu31 = κ31

((
s1 −

∑
m6=3

um1

)
∂2u31

∂x2
− u31

∂2(s1 −
∑
m6=3 um1)

∂x2

)
,

∂tu41 = κ41

((
s1 −

∑
m6=4

um1

)
∂2u41

∂x2
− u41

∂2(s1 −
∑
m6=4 um1)

∂x2

)

(1)

with x ∈ (x∗, l),

∂tu12 = (k12a1 − k32u12)

(
s2 −

∑
m

um2

)
− k−12u12 − k42u12u32

+ κ12

((
s2 −

∑
m6=1

um2

)
∂2u12

∂x2
− u12

∂2(s2 −
∑
m6=1 um2)

∂x2

)
,

∂tu22 = k22a2

(
s2 −

∑
m

um2

)
− k−22u22 − k62u22u42

+ κ22

((
s2 −

∑
m6=2

um2

)
∂2u22

∂x2
− u22

∂2(s2 −
∑
m6=2 um2)

∂x2

)
,

(2a)
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238 R. Čiegis et al.

∂tu32 = k32u12

(
s2 −

∑
m

um2

)
− k42u12u32 − 2k52u

2
32

+ κ32

((
s2 −

∑
m6=3

um2

)
∂2u32

∂x2
− u32

∂2(s2 −
∑
m6=3 um2)

∂x2

)
,

∂tu42 = k32u12

(
s2 −

∑
m

um2

)
− k62u22u42

+ κ42

((
s2 −

∑
m6=4

um2

)
∂2u42

∂x2
− u42

∂2(s2 −
∑
m6=4 um2)

∂x2

)
(2b)

with x ∈ (0, x∗). Here and in what follows, ∂t signifies the partial derivative with respect
to time and

∑
m umi =

∑4
m=1 umi. We add to this system the initial,

uji(0, x) = 0, j = 1, . . . , 4, i = 1, 2, (3)

and boundary conditions at points x = 0, x = l, x = x∗,

∂uj2
∂x

∣∣∣∣
x=0

=
∂uj1
∂x

∣∣∣∣
x=l

= 0, j = 1, . . . , 4, (4)

κj1

((
s1 −

∑
m 6=j

um1

)
∂uj1
∂x
− uj1

∂(s1 −
∑
m6=j um1)

∂x

)∣∣∣∣
x∗+0

= κj2

((
s2 −

∑
m 6=j

um2

)
∂uj2
∂x
− uj2

∂(s2 −
∑
m6=j um2)

∂x

)∣∣∣∣
x∗−0

= λ2,j1uj1|x∗+0

(
s2 −

∑
m

um2

)∣∣∣∣
x∗−0

− λ1,j2uj2|x∗−0

(
s1 −

∑
m

um1

)∣∣∣∣
x∗+0

, j = 1, . . . , 4. (5)

System (1)–(5) determines densities uji for all x ∈ S and t > 0. We determine the
surface S2 specific conversion rate of molecules of both reactants into the product ones
(turn-over rate or turn-over frequency) by the formulas

z1 =

x∗∫
0

k42u12u32 dx
/ x∗∫

0

s2 dx, z2 =

x∗∫
0

k52u
2
32 dx

/ x∗∫
0

s2 dx,

and

z3 =

x∗∫
0

k62u22u42 dx
/ x∗∫

0

s2 dx

for products P1, P2, and P3, respectively.
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Using the dimensionless variables

t̄ =
t

T
, x̄ =

x

l
, āi =

ai
a∗
, s∗ = la∗, k̄ij = kijTa∗, k̄−ij = k−ijT,

k̄32 = k32T, k̄42 = Ts∗k42, k̄52 = Ts∗k52, k̄62 = Ts∗k62,

s̄i =
si
s∗
, λ̄n,mi = a∗Tλn,mi, κ̄mi =

κmia∗T

l
, ūmi =

umi
s∗

= s̄iθmi,

(6)

where i, j, n = 1, 2, m = 1, . . . , 4, and T = 1 s, l = 10−1 cm, a∗ = 10−11 mol cm−3,
s∗ = 10−12 mol cm−2 are the characteristic dimensional units, we rewrite Eqs. (1)–(5)
in the same form, but in dimensionless variables. For the sake of simplicity, we omit the
overbar on the quantities and consider Eqs. (1)–(5) as dimensionless.

3 Discrete approximation

This section consists of two subsections. Section 3.1 presents the finite-volume discretiza-
tion of the given mathematical model and main implementation details. Two simplified
parts of the full mathematical model are considered in Section 3.2. They mimic the most
important properties of the full nonlinear differential model. These simplified benchmark
subproblems are used to test monotonicity of the solution due to the main part of the
nonlinear source terms and the stability of approximation of nonclassical conjugate con-
ditions. It should be noted that the theoretical analysis of Section 3.2 is strictly valid only
for the simplified models.

3.1 Finite-volume approximation

We rewrite Eqs. (1), (2) in a short form

∂tum1 = fm1(u1) + Lm1(u1), x∗< x < 1,
(7)

∂tum2 = fm2(u2) + Lm2(u2), 0 < x < x∗,

wherem = 1, . . . , 4, uk = (u1k, . . . , u4k), k = 1, 2, fmk define nonlinear reaction terms,
and Lmk define diffusion operators

Lmk(uk) =
∂

∂x
Jmk(uk),

and the flux is rewritten in the following form:

Jmk(uk) = κmk

((
sk −

∑
j 6=m

ujk

)
∂umk
∂x

− umk
∂

∂x

(
sk −

∑
j 6=m

ujk

))
.

The domain D̄ = D̄2 ∪ D̄1 = [0, x∗] ∪ [x∗, 1] is covered by the discrete uniform grid
D̄h = D̄2h ∪ D̄1h:

D̄1h =
{
xj : xj = x∗ + jh1, j = 0, . . . , J1

}
, xJ1 = 1,

D̄2h =
{
xj : xj = jh2, j = 0, . . . , J2

}
, xJ2 = x∗,

Nonlinear Anal. Model. Control, 23(2):234–250
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and D̄kh = Dkh ∪ ∂Dkh. Let ωτ be a uniform time grid

ωτ =
{
tn: tn = nτ, n = 0, . . . , N, Nτ = T

}
,

where τ is the time step. A more general nonuniform/adaptive grid can be used directly,
and the uniform grid is applied only to simplify the notation.

We consider numerical approximations Unmk,j to the exact solution values unmk,j =

umk(xj , t
n) at the grid points (xj , t

n) ∈ D̄kh × ωτ .
For functions defined on the grid, we introduce the forward and backward difference

quotients with respect to x

δxU
n
k,j =

Unk,j+1 − Unk,j
hk

, δx̄U
n
k,j =

Unk,j − Unk,j−1

hk

and similarly the backward difference quotient with respect to time t

δt̄U
n
j =

Unj − U
n−1
j

τ
.

We apply the finite-volume method and approximate the system of differential equa-
tions (7) by the nonlinear discrete scheme

δt̄U
n
mk,j = fmk

(
Unk,j

)
+ Lh,mk,j

(
Unk
)
, xj ∈ Dhk, (8)

where n > 0, m = 1, . . . , 4, k = 1, 2, and the discrete operator Lh is defined as

Lh,mk,j(Uk) = δxJh,mk,j−1/2(Uk).

Here we use the following definitions:

δxJh,mk,j−1/2 =
Jh,mk,j+1/2 − Jh,mk,j−1/2

hk
,

Jh,mk,j−1/2(Uk) = κmk

{(
sk −

∑
i 6=m

1

2
(Uik,j + Uik,j−1)

)
δx̄Umk,j

− U∗mk,jδx̄
(
sk −

∑
i 6=m

Uik,j

)}
,

U∗mk,j =

{
Umk,j−1 if δx̄(sk −

∑
i 6=m Uik,j) > 0,

Umk,j if δx̄(sk −
∑
i 6=m Uik,j) < 0.

We note that the upwind approximation is used in the definition of the discrete flux, i.e.,
the second part of the flux is treated as a nonlinear advection term. This approach was
used in [3] for a numerical simulation of bacterial self-organization processes.

Since sk are constants, k = 1, 2, the boundary conditions (4) are changed to equivalent
conditions

Jm2|x=0 = 0, Jm1|x=1 = 0, m = 1, . . . , 4,

https://www.mii.vu.lt/NA
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and they are directly included into the finite-volume balance equations:

Jh,m2,1/2

(
Un2
)
− h2

2

(
δt̄U

n
m2,0 − fm2

(
Un2,0

))
= 0, (9)

Jh,m1,J1−1/2

(
Un1
)

+
h1

2

(
δt̄U

n
m1,J1 − fm1

(
Un1,J1

))
= 0. (10)

At x = x∗, the discrete conjugation conditions are formulated:

Jh,m1,1/2

(
Un1
)
− h1

2

(
δt̄U

n
m1,0 − fm1

(
Un1,0

))
= Jh,m2,J2−1/2

(
Un2
)

+
h2

2

(
δt̄U

n
m2,J2 − fm2

(
Un2,J2

))
, (11)

Jh,m2,J2−1/2

(
Un2 ) +

h2

2

(
δt̄U

n
m2,J2 − fm2

(
Un2,J2

))
= λ2,m1U

n
m1,0

(
s2 −

∑
l

Unl2,J2

)
− λ1,m2U

n
m2,J2

(
s1 −

∑
l

Unl1,0

)
. (12)

Iterative algorithm. At each time step, the solution of discrete nonlinear system (8)–(12)
is computed by using a Jacobi-type iterative algorithm. For all (m, k, j), source terms
fmk are linearized with respect to Unmk,j , e.g., to compute new iteration Un,p42,j , we use

f42(U2,j) = k32U
n,p−1
12,j

(
s2 −

∑
m6=4

Un,p−1
m2,j − U

n,p
42,j

)
− k62U

n,p−1
22,j Un,p42,j .

Operators Lh,mk,j are linearized with respect to Unmk,j , U
n
mk,j±1:

Jh,mk,j−1/2(Uk) = κmk

{(
sk −

∑
i 6=m

1

2

(
Un,p−1
ik,j + Un,p−1

ik,j−1

))
δx̄U

n,p
mk,j

− U∗,pmk,jδx̄
(
sk −

∑
i6=m

Un,p−1
ik,j

)}
.

A matrix of the obtained system of linear equations is tridiagonal, and it can be solved
efficiently by using the factorization method.

3.2 Theoretical analysis of simplified subproblems

In this section, we consider two simplified models, which inherit the most interesting
properties of the full mathematical model and apply the finite-volume scheme developed
in the previous section. The selected subproblems are used to test monotonicity of the
discrete solution due to the main part of nonlinear source terms and the stability of the
finite-volume approximation of nonclassical conjugate conditions.

Nonlinear Anal. Model. Control, 23(2):234–250
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3.2.1 Monotonicity of the discrete scheme for reactions

In this section, we investigate the monotonicity of the approximation of reactions for the
following benchmark problem:

duj
dt

= kj

(
C −

∑
m

um(t)

)
, j = 1, . . . , 4,

uj(0) = 0, kj > 0, C > 0.

In this system of ODEs, we have omitted sink terms (−k−juj) since they only reduce the
maximum value of the solution. A simple analysis gives that

uj(t) > 0,
∑
m

um(t) 6 C.

We approximate the given problem by the backward Euler scheme

δt̄U
n
j = kj

(
C −

∑
m

Unm

)
, U0

j = 0, j = 1, . . . , 4. (13)

Theorem 1. The following positivity and boundedness (PB) estimates

Unj > 0, j = 1, . . . , 4, C −
∑
m

Unm > 0, n > 0,

are valid for the solution of (13).

Proof. Adding all equations (13) and taking into account that C is constant, we get the
equation

δt̄

(
C −

∑
m

Unm

)
= −

∑
m

km

(
C −

∑
m

Unm

)
.

Solving it and taking into account initial conditions gives the second required estimate

C −
∑
m

Unm =
1

1 + τ
∑
m km

(
C −

∑
m

Un−1
m

)
= · · · =

(
1

1 + τ
∑
m km

)n
C > 0. (14)

It follows from Eqs. (13) that the solution can be written as

Unj = kjΦ
n, j = 1, . . . , 4.

Substituting this expression into (14), we get Φn in the explicit form:

Φn = C

[
1−

(
1

1 + τ
∑
m km

)n]/∑
m

km > 0.

Thus the solution Unm > 0.
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3.2.2 Stability of the finite-volume scheme for approximation of nonstandard conjuga-
tion conditions

In this section, our main aim is to investigate the stability of the finite-volume scheme
when nonstandard conjugation conditions are used. Thus we restrict to a simplified sub-
problem of the general mathematical model and investigate in detail the influence of
new conjugation conditions. As a subproblem, we consider the following linear initial-
boundary value parabolic problem:

∂tu =
∂2u

∂x2
+ f(x, t), 0 < x < 1, t > 0,

∂u

∂x

∣∣∣∣
x∗−0

=
∂u

∂x

∣∣∣∣
x∗+0

= α
(
u(x∗ + 0, t)− u(x∗ − 0, t)

)
,

u(0, t) = 0, u(1, t) = 0

u(x, 0) = u0(x), 0 6 x 6 1.

Next, we approximate it by using the finite-volume discretization similar to (8) and
get the following discrete scheme:

δt̄U
n
j +AhU

n = Fnj , j = 1, . . . , J − 1, (15)

Un0 = 0, UnJ = 0,

U0
j = u0(xj), j = 0, . . . , J,

where the discrete operator Ah is defined as

AhU =


−δxδx̄Uj , 0 < j 6= K,K + 1 < J,
2
h (δx̄UK − α(UK+1 − UK)), j = K,

− 2
h (δxUK+1 − α(UK+1 − UK)), j = K + 1,

where we use notation K = J2, and 0 < K < J .
We define the scalar product

(U, V ) = (U, V )1 + (U, V )2,

where

(U, V )1 =

K−1∑
j=1

hUjVj +
h

2
UKVK ,

(U, V )2 =

J−1∑
j=K+2

hUjVj +
h

2
UK+1VK+1.

Also we define the following discrete inner products:

(U, V ]1 =

K∑
j=1

hUjVj , (U, V ]2 =

J∑
j=K+2

hUjVj .

Nonlinear Anal. Model. Control, 23(2):234–250



244 R. Čiegis et al.

Lemma 1. The discrete operator Ah is symmetric and positive definite

Ah = A∗h > λ0I, λ0 > 0.

Proof. Multiplying AhU by V , using the summation by parts formula and the definition
of AhU for j = K,K + 1, we get the equality

(AhU, V ) = (∂x̄U, ∂x̄V ]1 + (∂x̄U, ∂x̄V ]2 + α(UK+1 − UK)(VK+1 − VK),

which proves that operator Ah is symmetric. Taking V = U , we get that

(AhU,U) = (∂x̄U, ∂x̄U ]1 + (∂x̄U, ∂x̄U ]2 + α(UK+1 − UK)2,

thus Ah > 0.
Next, using a discrete Friedrich–Poincaré-type inequality, we prove that [12]

(∂x̄U, ∂x̄U ]j > λ0j(U,U)j , λ0j > 0, j = 1, 2.

Combining both estimates, we get that Ah is positive definite:

(AhU,U) > (∂x̄U, ∂x̄U ]1 + (∂x̄U, ∂x̄U ]2 > min(λ01, λ02)(U,U).

Next, using standard stability analysis techniques, we prove apriori stability estimates.

Theorem 2. The discrete scheme (15) is stable and the following stability estimates are
valid: ∥∥Un∥∥ 6 ∥∥Un−1

∥∥+ τ
∥∥Fn∥∥, (16)∥∥Un∥∥2

6
∥∥Un−1

∥∥2
+
τ

2

∥∥Fn∥∥2

A−1
h

, (17)

where the L2 norm is defined as ‖U‖2 = (U,U) and ‖U‖2
A−1

h

= (A−1
h U,U).

Proof. Multiplying (15) by Un gives(
Un, Un

)
+ τ
(
AhU

n, Un
)

=
(
Un, Un−1

)
+ τ
(
Fn, Un

)
6
∥∥Un∥∥∥∥Un−1

∥∥+ τ
∥∥Fn∥∥∥∥Un∥∥,

from which and Lemma 1 the first stability estimate (16) follows.
In order to prove the second stability estimate (17), we again multiply Eq. (15) by Un

and evaluate the right-hand side as(
Un, Un−1

)
+ τ
(
Fn, Un

)
6

1

2

∥∥Un∥∥2
+

1

2

∥∥Un−1
∥∥2

+
τ

4

∥∥Fn∥∥2

A−1
h

+ τ
(
AhU

n, Un
)
.

Note that, in order to prove the stability estimate (16), it is sufficient to assume that
Ah > 0.
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Similarly, we can analyze more general nonstandard conjugation conditions defined as

AhU =


−∂x∂x̄Uj , 0 < j 6= K, K + 1 < J,
2
h (∂x̄UK − (α2UK+1 − α1UK)), j = K,

− 2
h (∂xUK+1 − (α2UK+1 − α1UK)), j = K + 1,

where α1, α2 > 0. Multiplying (15) by α1Vj for j = 1, . . . ,K − 1 and α2Vj for j =
K + 2, . . . , J − 1 gives a weak formulation of the problem

α1

(
Un, V

)
1

+ α2

(
Un, V

)
2

+ τ
[
α1

(
∂x̄U

n, ∂x̄V
]
1

+ α2

(
∂x̄U

n, ∂x̄V
]
2

+
(
α2U

n
K+1 − α1U

n
K

)
(α2VK+1 − α1VK)

]
= α1

(
Un−1, V

)
1

+ α2

(
Un−1, V

)
2

+ τ
[
α1

(
Fn, V

)
1

+ α2

(
Fn, V

)
2

]
,

from which similar apriori stability estimates are derived in the L2 norm induced by the
scalar product

(U, V ) = α1(U, V )1 + α2(U, V )2.

4 Some results of computational experiments

For calculations, we used the following values of dimensionless parameters excluding
those given in captions:

kij = 1.5 · 10−2, k−ij = 1.5 · 10−3, i, j = 1, 2;

λn,ij = 0.01, n, j = 1, 2, i = 1, . . . , 4; a1 = a2 = 1;

κij = 0.01, i = 1, . . . , 4, j = 1, 2; x∗ = 0.5,

ki2 = 0.01, i = 3, . . . , 6; s1 = s2 = 1.

These values are calculated from the dimensional values (6). Some numerical results are
illustrated in Figs. 1–5.

Figure 1 illustrates the dependence of the turn-over rates z1(t) and z2(t) on the vari-
ation of the concentrations of reactants NO and CO. Both functions are nonmonotonic
in time: rapidly grow, attain the maximal values, and then decrease as time grows. For
large t and a1 = 1, conversion rates z1(t) and z2(t) are decreasing functions of the CO
concentration a2, but for small t, they are nonmonotonic functions of a2.

For large time and a2 = 1, function z1 grows, reaches maximum values, and then de-
creases as a1 increases. The maxt z1(t) also increases as a1 grows, possesses a maximum
value at some a1 ≈ 3, and then decreases. Figure 1(b) shows that the increase of NO
concentration a1 decreases maxt z2(t). Moreover, from Fig. 1(b) we observe the more
rapid decrease of z2 over time as the concentration of NO a1 grows.

Plots in Fig. 2 demonstrate the influence of the adsorption rate constants k11 and k21

of the reactants NO and CO on the turn-over rates z2(t) and z3(t) in the case where
both reactants adsorb only on the inactive in reaction domain S21 with k12 = k22 = 0.
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Figure 1. Dependence of time profiles of the turn-over rates z1(t) and z2(t) on the variation of the concentra-
tions of reactants.
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Figure 2. Effect of the variation of the adsorption rate constants k11 and k21 on the turn-over rates z2(t) and
z3(t) calculated for the reactant concentrations a1 = a2 = 1 in case k12 = k22 = 0.

The surface reaction proceeds only due to the spillover effect. Calculations shows that the
effect of parameters k11 and k21 on the conversion rates z1(t) (results not shown) and
z2(t) is similar.

From Figs. 2(a) and 2(b) we observe that both turn-over rates z2(t) and z3(t) are
nonmonotonic time functions. Values of z2(t) and z3(t) increase as the same adsorption
rate constant of both reactants for the inactive domain k11 = k21 grows. The effect of
the adsorption rate constant of NO and CO on the turn-over rates is different. Values of
functions z2(t) and z3(t) decrease as the adsorption rate of reactant CO grows (curves 1
and 4). From Fig. 2(a) we see that the increase of the adsorption rate of NO substantially
increases z2(t) for small t, but for large t, function z2(t) behaves vice versa (curves 1
and 5). Figure 2(b) shows that the growth of k11 decreases z3(t). Moreover, we observe
the more rapid decrease of z2(t) and z3(t) over time as either the adsorption rate constant
k11 or k21 grows in comparison with the case when k11 = k21 increases.

Figures 3 and 4 demonstrate the spillover effect on the concentrations uji(tk, x),
j, i = 1, 2, for a1 = 2, a2 = 1, and fixed values of time t1 = 20, t2 = 100, t3 = 500
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Figure 3. Influence of the spillover on the concentrations uji, j, i = 1, 2, for a1 = 2, a2 = 1 when both
reactants adsorb on the inactive and active surfaces.

0.0 0.2 0.4 0.6 0.8 1.0

0.00

0.15

0.30

0.45

0.0 0.2 0.4 0.6 0.8 1.0

0.0

0.1

0.2

0.3

0.0 0.2 0.4 0.6 0.8 1.0

0.00

0.03

0.06

0.09

0.12

0.0 0.2 0.4 0.6 0.8 1.0

0.0

0.2

0.4

1 t=20

2 t=100

3 t=500

u
1
2

x
1

1

1

2

2

3

3

1 t=20

2 t=100

3 t=500

u
2
2

x
1

1

1

2

2

3

3

1 t=20

2 t=100

3 t=500

u
3
2

x
1

1

1
2

2

3

3

1 t=20

2 t=100

3 t=500

u
4
2

x
1

1
1 2

2

3

3

0.00

0.15

0.30

0.45

 u
1
1

0.0

0.1

0.2

0.3

 u
2
1

0.00

0.03

0.06

0.09

0.12

 u
3
1

0.0

0.2

0.4

 u
4
1

Figure 4. Effect of the spillover on the concentrations uji, j, i = 1, 2, for a1 = 2, a2 = 1 when both reactants
adsorb only on the inactive surfaces.
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Figure 5. Dependence of the concentrations u21 and u22 on the spillover effect when a1 = a2 = 1 and both
reactants adsorb on the inactive and active surfaces.

in two cases of reactants adsorption: (i) both reactants adsorb on the inactive and active
surfaces (Fig. 3), (ii) they adsorb only on the inactive surface (Fig. 4). In case (ii), the
reaction CO + NO occurs only due to the spillover phenomenon. Graphs of functions
u11(tk, x), u21(tk, x) defined on the inactive surface (x∗, 1] and of u3,2(tk, x), u4,2(tk, x)
defined on the active surface [0, x∗) are concave. Graphs of u1,2(tk, x), u2,2(tk, x) de-
fined on [0, x∗) and u3,1(tk, x), u4,1(tk, x) defined on (x∗, 1] are convex. All functions
uji(tk, x) are discontinuous at the catalyst-support interface x∗ = 0.5.

Plots in Fig. 5 illustrate the spillover influence on the behavior of concentrations
u21(tk, x) and u22(tk, x) for t1 = 30, t2 = 130, t3 = 500, and a1 = a2 = 1 in
the case where reactants adsorb on both active and inactive in reaction surfaces. This
figure shows that these functions change their concavity to convexity or vice versa as time
grows: u21(30, x), u21(130), and u22(500, x) are concave, while u21(500, x), u22(30, x),
and u22(130, x) are convex functions. Simulations reveal that the behavior of functions
uji(tk, x), k = 1, 2, 3, j = 1, 3, 4, i = 1, 2, and the concavity and convexity of uji(tk, x)
with all k, j, i in case where reactants adsorb on both active and inactive surfaces and only
inactive surface, respectively, are similar to those given in Figs. 3 and 4.

5 Conclusions

In this paper, we proposed a phenomenological model described by a coupled system
of PDEs for the carbon monoxide (CO) with nitrogen oxide (NO) reduction reaction
proceeding over surfaces of supported catalysts. The model includes the adsorption and
desorption of molecules of both reactants of the prescribed concentrations at the catalyst
surface and the diffusion of adsorbed molecules. The surface diffusion is described by the
jumping mechanism [7]. The adsorption, desorption, surface diffusion and reaction are
allowed to proceed at a constant temperature.

By using the well-established finite-volume and finite-difference techniques the math-
ematical model is approximated by the discrete computational model. The proposed dis-
crete scheme approximates the nonstandard conjugation conditions in a conservative way.
The nonlinear space interaction of different components is resolved by rewriting the
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model as a mass conservation equation with specific diffusion-advection fluxes. The up-
wind method is used to approximate the nonlinear advection terms. It is proved that the
discrete solutions of specially selected subproblems inherit main properties of the solution
of the full differential mathematical model.

The influence of the initial concentrations of both reactants and adsorption rate con-
stants on the behavior of the catalyst surface turnover rates z1, z2, and z3 were studied.
Numerical analysis of the model with a broad range of parameter sets will be presented
in a forthcoming paper, where an extended model will be given and studied. Results of
numerical experiments show that the conversion rates z1 and z2 are decreasing functions
of CO concentration for large t, but nonmonotonic ones for small t for NO concentration
a1 = 1. z1(t), as a function of NO concentration, has a maximum at a1 ≈ 3 when
a2 = 1. In case where both reactants adsorb only on the inactive in reaction support
and a1 = a2 = 1, turn-over rates z1, z2, and z3 are increasing functions of parameter
k11 = k21. In the same case, z1, z2, z3 decrease as k21 grows; z1, z2 increase for small t
and behave vice versa for large t, z3 decreases for all t as k11 increase. The influence of
the initial reactant concentrations on the behavior of concentrations uji(t, x), j, i = 1, 2,
is also studied. Simulations reveal that uji(t, x) is discontinuous at the catalyst-support
interface and uji(t, x) can change their concavity to convexity or vice versa as time grows.
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