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Abstract

Let d > 2 be an integer. In this paper we study arithmetic properties of the sequence
(Hg(n))nen, where Hy(n) is the number of permutations in S, being products of pair-
wise disjoint cycles of a fixed length d. In particular we deal with periodicity modulo
a given positive integer, behaviour of the p-adic valuations and various divisibility
properties. Moreover, we introduce some related families of polynomials and study
their properties. Among many results we obtain qualitative description of the p-adic
valuation of the number H;(n) extending in this way earlier results of Ochiai and
Ishihara, Ochiai, Takegehara and Yoshida.

Keywords Permutation - Periodicity - p-Adic valuation - Generating function -
Polynomial
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1 Introduction

We let N denote the set of non-negative integers, N the set of positive integers, P
the set of prime numbers and finally we write N> for the set {n € N : n > k}. In the
sequel we will also need the notion of the p-adic valuation of an integer, where p € P
is fixed. More precisely, if n € Z then the number
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vp(n) ;== max{k e N: pk | n}

is called the p-adic valuation of n. We also adopt the standard convention that
v,(0) = +00. From the definition we easily deduce that for each ny,n, € Z the
following properties hold:

vp(ning) = vp(ny) +vp(n2) and v,(ny +n2) > min{v,(ny), vp(n2)}.

If v,(n1) # vp(n2), then the inequality can be replaced by equality. Moreover, one
can easily extend the notion of p-adic valuation to rational numbers x = a/b, b # 0,
in the following way: v, (x) = v,(a) — v, (b).

Letd € N>5, n € N and consider the number H;(n) of those o € S, which are
products of pairwise disjoint cycles of length d. As usual, the identity permutation is
also counted as a product of 0 cycles of length d. In particular, if d = p € Pisaprime
number, then H,,(n) counts the number of solutions in S,, of the equation o” = id.

In the paper [1] the authors initiated the study of arithmetic properties of the
sequence (Hy(n)),en ford = 2. In this case, the number H;(n) is the number of invo-
lutions in the group S,. In particular, they obtained several combinatorial identities,
presented description of the 2-adic valuation of H»(n) and gave precise information
about the rates of growth of H>(n). The mentioned paper can be seen as a comple-
ment of case p = 2 of the papers [5-7,10] concerning p-adic valuations of numbers
H(n), where p is a prime number. The study of the sequence (H)(n)),en with p-
prime, is quite natural because the number H), (n) counts the elements of order p in the
group S,,. However, it seems that there are no results concerning the general sequence
(Hg(n))neN, where d € N> is not necessarily a prime. In particular, it should be
stressed that there is no results on p-adic valuations of numbers Hy(n), where p is
a prime number greater than d (even in the case when d is a prime). Our first aim is
to fill this gap and present broad spectrum of results concerning various arithmetic
properties of the sequence (Hy(n)),en and also some families of polynomials related
to them.

Let us introduce the content of the paper.

Section 2 is devoted to basic properties of the general sequence (Hy(n)),eN-. In par-
ticular, we recall the standard recurrence relation and closed formula for our sequence.
Moreover, we present the expression for the exponential generating function

o]

Ha(x) = Z Hd(n)x”.

n!
n=0

With the help of the function H,;(x) we obtain several interesting identities involving
elements of our sequence and related sequences (such as roots of unity or Bernoulli
numbers).

In Sect. 3 we study periodicity properties of the sequences of remainders of numbers
H;(n) modulo a given positive integer c. We start with the results forc € {d+1, d+2}.
We continue the work with the case of ¢ being of the form d + k, where k is a fixed
positive integer. Next we show that if ¢ is a power of a prime number not equal to d,
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then c is a period of the sequence (H;(n) (mod ¢)),cN. At the end of the section, the
result for composite d and arbitrary ¢ or for ¢ co-prime to d is given.

Section 4 begins with a revision of a lower estimate of the p-adic valuation of the
number Hp(n):

vp(Hy(kp* + jp+i) = k(p— 1 +j, keN,i,je{0,...,p—1},

where the prime number p is fixed. We give a new proof of this known fact in order to

obtain some results on periodicity of sequences ( fifﬂ(:) (mod p’)) ,wherer € N
ne

and B, is mentioned lower bound of v, (Hy(n)) or B, = v,(H,(n)). Moreover, we

show that for each prime number p and j € {0,..., p — 1} there exists a b; €

{0, ..., p — 1} such that H,,(kp2 + jp+bj) =k(p—1)+ jforany k € N. These
results can be seen as a complement of the series of papers [5-7,10].

In Sect. 5 we describe the p-adic valuations of the numbers H;(n), where p >
d. In order to do this, we show that the sequence (Hy(n)),cn is a restriction of a
differentiable function f; : Z, — Z,, where Z,, is a ring of p-adic integers. Then,
we prove that there exists a function g4 : Z, x pZ, — Q,, such that for any x € Z,
and h € pZ, we have

fa@x +h) = fa(x) + hf(x) + h*ga(x, h)

and gq(x,h) € Z,ifd > 3 or p | f2(x). At last, we obtain a qualitative description
of the sequence (v, (Hy4(n)))sen using Hensel’s lemma.

Section 6 is devoted to study of a family of polynomials Wy ,,, (x) which are closely
related to m-th derivative of the generating function H;(x). More precisely, we have
H((Im) (x) = Wg,m(x)Hg(x). We show that Wy ,,,(x) is a monic polynomial with inte-
gral coefficients and we give a formula for its coefficients in case of odd d. These
coefficients are expressed in terms of (shifted) elements of the sequence (Hy(n)),eN.
Next, we compute the exponential generating function Wy (x, t) of the sequence
(Wa,m (x))men and prove identities and congruences involving these polynomials. We

m

finish the section with the proof of periodicity of the sequence (x L p JP (=n Wy m(x)
(mod p))men.

In Sect. 7 we deal with divisors of the number H,;(n). The section is divided into
three parts. In the first part we show that for each d > 2 the set of prime divisors of
numbers Hy(n) is infinite. In the second part we compute the greatest common divisor
of numbers H;(n) — 1 and n. As a consequence, we get that the set prime divisors of
numbers Hy(n) — 1, n € N, is whole P. The last part is devoted to the study of values
2 <a < b,n € Nand c € N> such that ¢ divides both H,(n) and Hp(n).

In Sect. 8 we introduce the sequence of polynomials (H;(n, x)),cn being a general-
izations of the sequence (Hy(n)),en. Namely, Hy(n, 1) = H;(n) and the coefficient
near the x* in the polynomial Hy(n, x) is the number of those permutations in S,
which are products of pairwise disjoint d-cycles and have exactly k fixed points.
After that, we compute the remainders of polynomials H;(n, x) modulo d and
study coefficients of the polynomials Hy(n — 1, x)H>(n + 1,x) — Ha(n, x)2 and
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Hy(n —d,x)Hg(n + d, x) — Hy(n, x)>. In particular, we prove that if U(n, x) =
Hy(n — 1,x)Ha(n + 1, x) — Ha(n,x)?, then U(n, x) = V(n, x?), where V € Z[x]
has degree n — 1 and all the coefficients of V near x’, i # 0, n — 1 are positive. More-
over, among some identities and congruences the most interesting result of this section
is the result which says that the congruence Hy(n — d, x)Hy;(n + d, x) = Hy(n, x)?
(mod d!) is true if and only if d is a prime number or a square of a prime number.

Section 9 collects some observations, questions and conjectures related to objects
introducted in previous sections.

2 Firstresults

Ford € N>, we have Hy(i) = 1fori € {0, 1, ...,d — 1} by definition and for n > d
the standard combinatorial argument shows that

Hg(n) = Hg(n — 1) + (n — D@g—1yHa(n — d), (D
where as usual, for m € N the symbol (1)) denotes the falling factorial defined as
Wy =u@@—1--(uw—(m—1)).

Indeed, let us fix 0 € Sy . If 0(n) = n then 0 = o7 for some o1 € Syz,—1 and
it can be chosen by Hy(n — 1) ways. If 0(n) # n then 0 = o o , where 7 is
a d-cycle containing n and o7 is a product of pairwise disjoint d-cycles on a set
{1,...,n}\supp(;r). Then o; can be treated as a member of the set Sy ,—4. Thus, it
can be chosen by H;(n — d) ways. Moreover, 7 can be chosen in (n — 1)4—1) ways.

Furthermore, in the sequel we will also use the convention H;(n) = 0forn < 0. As
a simple consequence of the recurrence formula we see thatif g € N, withq | (d —1)!,
then Hy(n) = 1 (mod ¢q) foreachn € N.In particular, if d is a composite number > 4,
then Hy(n) =1 (mod d). Moreover, if p is a prime number < d, then v, (Hy(n)) =0
for eachn € N.

It is well known that the exponential generating function for the sequence

(Hy(n))pen is given by

o0
H, 5
Ha(x) = 2: iﬁ—n)xn ="t
n=0 ’

In consequence, the exact expression for H;(n) is given by

L] n! 1

H =2 G ®

The knowledge of the closed form of exponential generating function allows us to
obtain some identities involving numbers H;(n).
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On some properties of the number of certain permutations 129

Theorem 2.1 The following identities are true.

6]

" 0, ' 0 d d

k=0 mign > fn=md.

(2) Forn € N4 and d € N>3 an odd number we have

n

3 <Z>(—1)kHd(k)Hd(n — k) =0.

k=0

(3) Forn € N4 and d € N>, an even number we have

no . 0, ' ifn#0 (modd)
D JED HaoHatn =y = 3 e g
k=0

m(3)"

(4) Let ¢4 be a d-th root of unity. Then

n

Ha) = ¢y (Z)(;d — 1Y Hy(n — k).

k=0

(5) Let ¢4 be a 2d-th root of unity satisfying ;“de = —1. Then

n

3 (’Z)cz"de<k>Hd<n —) =+ Q)"

k=0

(6) Let d be an even number and (By,),eN denote the sequence of Bernoulli numbers.
Then

L3) n\ 22
—— B, s«H;2k+1)=(—1)"H, .
Z (2k)2k+1 n—2kHyg(2k + 1) = (=1)"Hy(n)

(7) Forn € N we have the identity
n
Hy(n) =1+ (i = V-1 Ha(i — d).
i=1

Proof The identities (1)—(6) can be easily proved with the help of generating functions
technique. Indeed, it is well known that for

fx) = Z—’j gx) = Zb—”x"
n=0 n=0

n!
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130 P. Miska, M. Ulas

we have f(x)g(x) = Y o2, & x" with

n=0 n!

n
n
Cn = Z <k)akbn—k~

k=0

In order to get the first identity we write f(x) = Hy(x) and g(x) = e¢™* and get

d
fx)gkx) = e . Comparing the coefficients on the both sides of this identity we get
the result.

In order to get the second identity we put f(x) = Hy(x), g(x) = Hg(—x). Because
d > 3 is odd then f(x)g(x) = 1 and hence the result.

The third identity can be proved in the same way. Taking d even and f(x) =

d
Ha(x), g(x) = Ha(—x) we get f(x)g(x) = €27 and hence the result.
In order to get the fourth identity we put f(x) = e1=8x  o(x) = Hy(¢qx). Then
f(x)g(x) = Hg(x) and the identity follows.
The fifth identity follows by taking f(x) = Hg({24%), g(x) = Ha(x). In this case
f(x)g(x) = e1T%24)¥ and we get required identity.
In order to get the sixth identity we put

9]

oy =2/ ==}

n=0

2By

n!

i.e., f is the exponential generating function of the sequence (2" B,,),en, and

1 N An
g0) = - (Ha(x) = Ha(=x)) = 3 —a",
n=0
where A, = 0 forn odd and A, = Hy(n + 1)/(n + 1) for n even. With f, g chosen
in this way we get f(x)g(x) = Hy(—x) and comparing the coefficients near x” on
both sides of this identity we get the result.

The last identity is a consequence of the recurrence relation (1). Indeed, rewriting
(1)as Hy(m) — Hy(m — 1) = (m — 1)(g—1)Hy(m — d) and summing from m = 1 to

n on both sides we get telescoping sum on the left and get

Hy(n) — Hg(0) = Y (i = Da—1)Ha(i — ).

i=1

The result follows. O

3 Periodicity of the numbers H;(n) modulo a given positive integer

We know that if ¢ < d or ¢ = d > 4 is a composite number then the sequence
(Hyz(n) (mod c)),en is constant and equal to 1. In this section we present some

@ Springer



On some properties of the number of certain permutations 131

results concerning periodicity of the sequences (Hy(n) (mod ¢)),en When ¢ > d.
We start with cases ¢ € {d + 1, d + 2}. As we will see, the behaviour of the sequence
(Hgz(n) (mod c)),en depends mainly on the question whether c¢ is a prime or not.

Proposition 3.1 Let p be an odd prime number. Then for each n € N we have

1, ifn#—1 (mod p)

H,_ = mod p). 3
=1 T med gy ™O4P) 3)
In particular, v,(Hp_1(n)) = 0 for anyn € N.
If additionally p > 3, then
1, ifn#—1,-2 (mod p)
Hpa(m) =1 Z5%, ifn=-2 (mod p) (mod p). @

B3 ifn=—1 (mod p)

As aresult, vy,(Hp—2(n)) =0 foranyn € N.

Proof We start with the computation of H,_(n) (mod p). We proceed by induction
onn e N.Forne{0,...,p—2}wehave H,_1(n) = 1. Letus fixnow N > p — 1
and assume that congruence (3) is satisfied foreachn < N.If N % —1,0 (mod p)
then by (1) we have

H, ((N)=H, {(N-1)+ (N —1p-—2H,_1(N—-p+1)
=H, |((N—-1)=1 (mod p),

since in the product of numbers N — 1,..., N — p + 2 there is a number divisible
by pand N — 1 # —1 (mod p), which means that H,_{(N — 1) =1 (mod p). If
N =0 (mod p), then

Hy 1(N)=Hp_1(N—-1D+N—-Dp-2Hp—1(N—p+1)
=H, (IN-1)+(p—DH, (N—p+1)=2—1=1 (mod p),

sinceN—1=—1 (mod p), N—p+1=1=£ —1 (mod p) (p > 2)and by Wilson’s
theorem (p — 1)! = —1 (mod p).If N = —1 (mod p), then

Hp 1(N)=Hp_1(N -1+ N —=Dp-2Hp-1(N—=p+1)
=H, i(N=-D+(p-DH, 1(N-p+DH=1+1=2 (mod p),

since N — 1 and N — p + 1 are not congruent to —1 modulo p and (p — 2)! = 1
(mod p) as an immediate consequence of Wilson’s theorem.

The proof of congruence (4) is analogous. We proceed by induction on n € N. For
ne€f0,...,p—3}wehave H, »(n) = 1. Letus fixnow N > p —2 and assume that
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132 P. Miska, M. Ulas

congruence (4) is satisfied foreachn < N.If N % —2, —1,0 (mod p), then by (1)
we have

Hy 2(N)=Hp 2(N—1)+ (N —Dp-3Hp—2(N—p+2)
=H, >(N-1)=1 (mod p),
since in the product of numbers N — 1, ..., N — p + 3 there is a number divisible by

pand N —1 # —2,—1 (mod p), which means that H, (N — 1) =1 (mod p). If
N =0 (mod p), then

Hy, >(N)=Hp 2(N -1+ (N —1Dp-3Hpy2(N—p+2)

—
= Hy (N =1+ 2D

2
p+3 1 p
———==+41=1 d p),
> > 2+ (mod p)

Hyo(N — p+2)

sinceN—1=—1 (mod p), N—p+2=2%#—-2,—1 (mod p) (p > 5) and by
Wilson’s theorem (p — 1)! = —1 (mod p).If N = —1 (mod p), then

Hp 2(N)=Hp2(N - 1)+ (N —1Dp-3Hp—2(N —p+2)
=Hy o(N-1D+(p—2)Hp2(N —p+2)

1 +3
pT+1=pT (mod p),

since N—1= -2 (mod p), N—p+2=1% —2,—1 (mod p) (p > 5) and
(p—2)!=1 (mod p) as an immediate consequence of Wilson’s theorem. If N = —2
(mod p), then

Hy, >(N)=Hp 2(N—1)+ (N — Dp_3Hp_2(N —p+2)

1 1
= Hpa(N = D)+ (p = Hpa(N = p+2 =1- > = (mod p),

sinceN—1=-3%-2,—1 (mod p), N—p+2=0%—-2,—1 (mod p)(p =5)
and (p —3)! = —% (mod p) as an easy consequence of Wilson’s theorem. O

Proposition 3.2 Let d be a positive integer at least 5. If d + 1 is a composite number,
then for eachn € N we have Hy(n) =1 (mod d + 1).

Let d be a positive integer at least 4. If d + 2 is a composite number, then for each
n € Nwe have Hy(n) =1 (mod d + 2).

Proof Since Hy(n) = 1 forn € {0,...,d — 1}, Hi(n) = Hy(n — 1) + (n —
D@-1yHq(n —d) forn > d and (d — 1)! | (n — 1)g—1) for any n € N, it suf-
fices to prove that d + 1 | (d — 1)! in the first part of the statement of our theorem and
d+ 2| (d — 1)!in the second part.

At first, we showd + 1 | (d — 1)!if d > 5and d + 1 is a composite number. Let g

be the least divisor of d + 1 greater than 1. Then dqil < d%l <d—1,sinced > 5.
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On some properties of the number of certain permutations 133

Ifg < dqil, then ¢ and dqil
(d—Dlthusd+1]|(d—D.Ifg = dqil thend + 1 = ¢2. Since d + 1 > 6 thus
g > 3.Then 2qg < g*> —2 = d — 1 and ¢, 2¢ appear as factors in (d — 1)!. Hence
d+1](d -1

Now we proved +2 | (d — 1)!'if d > 4 and d + 2 is a composite number. Let g
be the least divisor of d + 2 greater than 1. Then d% < # <d—1,sinced > 4.

Ifg < 442 thenqamddqi2

G are two distinct positive integers appearing as factors in
d—D\ thusd +2 | (d—-D.Ifg = f% then d 4+ 2 = ¢2. Since d + 2 > 6 thus
g > 3.Then 2q < g> —3 = d — 1 and q, 2¢ appear as factors in (d — 1)!. Hence
d+1]d—-D O

are two distinct positive integers appearing as factors in

According to the last proposition and numerical computations, we prove that for a
fixed positive integer k and for a sufficiently large positive integer d such that d + k
is a composite number, the sequence (Hy(n) (mod d + k)),eN is constant and equal
to 1.

Theorem 3.3 Let us fix k € N4. Then for each positive integer d > max{k + 2,3 +
24k + 2} such that d + k is a composite number there holds Hy(n) = 1 (mod d + k)
foralln € N.

Proof Similarly as in the proof of the previous proposition, it suffices to show that
d+k | (d— 1)l Let g be the least divisor of d + k greater than 1. Then ¢1qu < # <

d—1,sinced > k+2.Ifg < dqik, then ¢ and dqik are two distinct positive integers

appearing as factors in (d — 1)!, thusd + k| (d — D!. If g = dqik then d + k = ¢2.

Since 34+ 2vk+2 = (1 4+Vk+2)> —kandd > (1 + vk +2)> — k, we have
g=+d+k=>1+k+2. Asaconsequence,2g <g>—k—1=d—1andq,2q
appear as factors in (d — 1)!. Hence d + k | (d — 1)!. O

For our next result, we need the following auxiliary lemma.

Lemma 3.4 Let p be a prime number and d be a composite positive integer divisible
by p. Assume that (p,d) # (2,4). Then d%z > vp(d).

Proof If v,(d) = 1thend > 2p as d is a composite number. We thus have

d—2 _2p-2

p D

=2

>1

<IN

asp>2.If p>3andv,(d) > 2or p=2and va(d) > 3 then

pvp(d)

d 2
- > = pvp(d)_l > Vp(d) +1> Vp(d) +—,
p p p

which implies d%z >vp(d).If p=2,v(d) =2andd # 4 thend > 3 -4 and

d—2 12-2
>

;25 =5>2=v(d).
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134 P. Miska, M. Ulas

Our lemma is proved. O

We are ready to prove the main result of the section. It concerns periodicity of the
sequence (H;(n) (mod p")),en, where p is a prime number not equal to d and r is
any positive integer. More precisely, we have the following

Theorem 3.5 Let d and r be positive integers with d > 2. Let p be a prime num-
ber not equal to d. Assume that (d, p,r) # (4,2,2). Then the sequence (Hz(n)
(mod p"))nen is periodic of period p". Moreover, if p > d, then p" is the basic
period of the sequence (Hy(n) (mod p")),en.

Proof Let us notice that for the proof that p” is a period of (Hy(n) (mod p")),en We
only need to show that

Ha(p") = Hag(0) =1 (mod p"). 5)

Then, using (1) and a simple induction on n € N, we prove that Hy(n + p") = H;(n)
(mod p").
In order to prove (5) for (d, p) # (4,2) we will use the exact formula

L
d

r r 1
Hy(p') = Z dk),k,dk ©)
0

and show that for k > 1, the k-th summand in the above sum has the p-adic valuation
greater than or equal to ». We write this summand:

p"! 1 =D 1 (P =Da-n 1
(o —didk ~ P —akywiak ~ P k! ar

It suffices to show that v, (qu# dlk) > 0. If v,(d) = 0 then the mentioned

inequality is true. We thus assume that v, (d) > 0. Since (dk — D! | (p" — Dax—1),
we have

1 1 dk— 1) 1
v, (W&) v, <(k—')ﬁ> = v, ((dk — D) (a—1yi—1)) — kv, ().

We estimate v, ((dk — 1)(@—1)k—1)) from below by number of multiples of p among
factors dk — 1,dk — 2, ...,k + 1 and use Lemma 3.4 to obtain the following.

d—Dk—1 k(d —2
vk = D) > % 1> % —1 = ko) — 1,

This implies v), (M lk) > 0 and finishes the proof of (5) in case of (d, p) #
4,2).
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On some properties of the number of certain permutations 135

If (d, p) = (4,2) and r > 3, then we compute the 2-adic valuations of the sum-
mands of (6) for k € {1, 2}.

( 21 ) <2r(2r — DR —2)2" — 3))
nl——— | =m
Qr —4) -4 4

=r+0+1+0-2=r—1

21
"2 ((2r —3)n! .42)

(2@ =@ =D - — Q-5 — 62 —T)
- 2.4
— 40+ 14+04+24+04+14+0—-1-2-2=7—1

Thus the 2-adic valuation of the sum of these two summands is at least equal to r.
Now we show, that for the 2-adic valuation of the summand of (6) for k > 3 is greater
than or equal to r. As in the case of (d, p) # (4, 2), we write this summand

2" 1 - Q- 1 - Q" = Dak—1y 1
(28 — 4k)k! 4k T (2 — 4k)lk! 4k k! 4k
and prove that v, ((2’—1}(# ﬁ) > 0. Since (4k — D! | (2" — 1) @4k—1), we have
Q" = Dag—1 1 4k -1
v (Tfk e T vy ((4k — D3x-1)) — 2k.

If k = 3, then v2((4k — 1) 3k—1)) — 2k = v2((11)8)) —6 =7 — 6 = 1. If k > 4, then
we estimate v ((4k — 1)3¢—1)) from below by the sum of the number of multiples of
2 and the number of multiples of 4 among factors 3k — 1,3k — 2, ...,k + 1 to obtain
the following.

3%k—1 1 3k—-1 3 k-8 1
e S k=T

4k — 1 1) — 2k
v (( ) (3k—1)) > — 2+ 7 7 )

This implies v, (W_lkw dl—k) > 0 and finishes the proof of (5) in case of (d, p) #
4,2).

We need to show that p” is the basic period of the sequence (H;(n) (mod p")),en
provided that p > d. Let us assume by contrary that p”~! is a period of (Hy(n)
(mod p"))uen. If r = 1 then we directly obtain a contradiction, since the sequence
(Hyz(n) (mod p)),en is not constant. Indeed, Hy(d) = 1+ (d — 1)! £ 1 (mod p)
asd < p.If r > 1, then we consider the congruences

Hy(p"' +d) = Hy(d) (mod p"),
Hy(p" ' +d+1)=Hyd+1) (mod p"),
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that are equivalent to

Hy(p" ' +d =D+ +d = Du_nyHa(p"™)
= Hy(d — 1)+ (d — 1)!Hg(0) (mod p"),
Hi(p" "+ &)+ (" + d)—yHa(p" " + 1)
= Hy(d) +d!'Hz(1) (mod p").

Since Hy(p" ' 4+d—1) = Hy(d — 1) (mod p"), Hy(p"~' +d) = Hy(d) (mod p")
and Hy(p'™") = Hy(0) = Hy(p" ' + 1) = Hy(1) = 1 (mod p’), we get the
following:
(P '+d—Da-y=@d-1! (mod p"),
(0" +d)yg_y=d (mod p),

and equivalently

d—1

d—DI+p ' d-1) l =(d—-1)! (mod p"),
— j
Jj=1

=d! (mod p").

~.| =

d
di+pldry -
j=2

After simplification (where we divide by (d — 1)! and d!, respectively, and these
numbers are coprime to p) we obtain two congruences

1
Z —=0 (mod p),
=)
4
Z —=0 (mod p).
=)
Subtracting the second congruence from the first one, we get 1 — 5 =0 (mod p), or
equlvalently = 0 (mod p). This is impossible since 0 < d — 1 < p. Hence p”
must be the ba51c period of the sequence (Hy(n) (mod p”)),enN. O

Remark 3.6 Inthe case of (d, p,r) = (4, 2, 2) the sequence (H4(n) (mod 4)), N has
the basic period 8. More precisely, we have

1, ifn=0,1,2,3 d 8
Hy(n) = o (mod &) od 4).
3, ifn=4,5,6,7 (mod 8)
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Proof We prove by induction on m € N that

1 ifie{0.1,2.3)
Hy(8m + i) = d 4. 7
4@m +1) {3, itics67 Mmedd )

We check that congruence (7) holds form = 0andi € {0, 1, 2, 3,4, 5, 6, 7}. Assume
now that it is satisfied by some m € N. By direct calculations we show (7) for m + 1.
]

Example 3.7 1f p < d, then itis possible that p” is not the basic period of the sequence
(Hj(n) (mod p")),en. For example, if d = 5, p = 2, r = 4, then we obtain a
sequence (Hs(n) (mod 16)),cn, which has a period 8 < 24,

Another example is for d = 10, p = 3, r = 5. The basic period of the sequence
(Hio(n) (mod 243)),cn is 27 < 3°.

Based on the above considerations we can give precise value of the period of the
sequence (Hy(n) (mod ¢)),en provided that d is a composite number or d 1 c.

Corollary 3.8 Let c,d € Ny and d > 1. Assume additionally that d is a composite
number or d 1 c. Then the sequence (Hy(n) (mod ¢)),en is periodic of period 2¢ if
d =4 and vy(c) = 2 and c otherwise.

4 The behaviour of the p-adic valuation of H, (n) for some p

Amdeberhan and Moll were able to compute the exact value of the 2-adic valuation
of H>(n) for n € N. Quite unexpected they proved that for given i € {0, 1, 2, 3} the
sequence (v2(H2(4n + 1)) — n),en is constant. This raises natural question whether
the sequence of p-adic valuations of H,(n) can share similar property. In fact, this
question was studied earlier by Ochiai [10]. In the cited paper the reader can find
the formulae for the p-adic valuation of the numbers H,(n), n € N, where p is a
prime number at most equal to 11. Actually, Ochiai in his paper gave a qualitative
description of the sequence (v, (Hp(n))),en for any prime number p < 23. Further,
Ishihara, Ochiai, Takegahara and Yoshida extend this result for any prime number p
in [6]. In particular, the following inequality holds true

v, (Hy(n)) > {%J (p-D+ (L%J (mod p)) ®)

for all n € N, where the equality holds if p | L%J This inequality was proved for
p = 2 by Chowla et al. [3]. In general, this inequality was proved by Grady and
Newman [5]. Moreover, in 2010 Kim and Kim gave a combinatorial proof of the
above inequality. Despite this facts we would like to give the proof of (8) different
than the ones presented by mentioned authors. In consequence, we will be able to

prove the following two results which have not appeared yet in the literature.
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Theorem 4.1 For each odd prime number p the sequence

LA H,(n
e ™7
L |-(p=D+(| % | (mod p)
p-r : ’ neN
is periodic with the basic period p*. Moreover, the sequence
H,(n
- p ”) (mod p)
p{p—zjxp—m(bj (mod p)) .
has basic period equal to 2 P>
Proposition 4.2 For each prime number p there are numbers by, ...,b, | €

{0,...,p— 1} such thatbg = p — 1, bj_1 —b; € {0,1} for j € {1,...,p — 1}
andvp(Hp(kpz—i-jp—i-bj)) =k(p—1)+jforallk e Nand j € {0,...,p —1}.
In particular, b; > p — j — 1.

We start with one lemma. We omit its proof as it can be found in [6, Lemma 2.2].

Lemma 4.3 If p is an odd prime number and k is a positive integer then

1 1, whenp—1|k
Z = (mod p).
Iy -1 0, whenp—11k

I<h<-=<h=p-1

At this moment, we give a result on congruences involving numbers H,(n),n € N.
This result is crucial in the proof of Theorem 4.1.

Theorem 4.4 For odd prime number p, a non-negative integer k and integers i, j €
{0,1,..., p— 1} we have
Hp(kpz) = (_l)kpk(p—l) (mod pk(P—l)-H)’
Hy(kp? + jp) =0 (mod p*P=D+)),
Hp(kp? + jp + 1) = Hp(kp® + jp)
J
+ ) (=D (D p' Hykp® + (j = 1)p)

t=1

Z 1 (mod pkP=D+i+1).
I -1,

I<l<-<hi<i

Proof We prove the congruences concerning numbers H,(n) for n € N. We proceed
by induction on n. We write n = kp> + jp +i withk e Nandi, j € {0, ..., p—1}.
If k = j = 0, then the statement of the theorem holds for alli € {0, ..., p — 1}.
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Let us assume that n = kp? for some k € N, . By induction hypothesis for (k —
Dp?>+(p—Dp+p—1land (k—1)p>+(p—1)p, Wilson’s theorem and Lemma 4.3
we obtain

Hy(kp*) = Hy((k —D)p*+ (p—Dp+p—1)
+ (kp* = Dp—1yHp((k — Dp* + (p — D)p)
=Hy((k—Dp>+(p—Dp+p—1
+(p— D!Hp((k — Dp* + (p — )p)
p—1

= Hy((k = Dp* + (p—Dp) + Y _(=D'(p = Dyyp' Hyp((k — 1)p?

t=1

1
tp=1=-0p) Y

1<l <---=<lj<p-1
— Hy((k—=1)p* + (p— 1)p)
= (D" (=DpP T Hp(k = Dp?) = —pP I (=Df T ptbemh
— (_1)kpk(17—1) (mod pk(ﬁ—1)+l)'

Assume now thatn = kp*>+ jpfork € Nand j € {1, ..., p—1}. By the recurrence
(1), induction hypothesis for n = kp> + (j — 1)p + p — 1, Lemma 4.3 and Wilson’s
theorem we have

Hy(kp* + jp) = Hy(kp*> + (j = Dp+p—1)
+ kp* +(j — Dp+p— Dp1yHy(kp* + (j — Dp)
= Hy(kp* + (j — ) p)
j—1
+ ) (=1 = Dy p Hykp* + (j — 1= 1)p)

=1
1 .
Y o TP DHE+ (= Dp)
<l <<l <p—1 !
= Hy(kp* + (j — Dp) — Hy(kp* + (j — Dp)
=0 (mod pk(Pfl)Jrj)’

since pAP=DHI=1=1 | H (kp? + (j — 1 — 1) p).

Atthis moment we assume thatn = kp®+ jp+i fork € Nandi, j € {0,..., p—1}.
If i = 0, then the third congruence obviously is true. For i > 0, by (1), induction
hypothesis for n = kp®> + jp 4+ i — 1 and Wilson’s theorem we have

Hy(kp* + jp +i) = Hykp® + jp+i — 1)
+ kp> + jp+i— VD1 Hytkp® + (j — Dp +1i)
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Jjp-(p—1
i

! . .
= H,(kp* + jp+i— D+ Hy(kp? 4+ (j — D p+i)

= H,(kp* + jp+i—1)— ’T”Hp(k;ﬂ + (= Dp+i)

J
= H,(kp® + jp) + Y (=)' (Deyp" Hp(kp* + (j — 1)p)

=1

| .
5 — P, p? + (G - Dp)
Iy -1, i

I<l <<l <i-1
Jj—1
+ 3 DT Dy p T Hy(kp? 4 (= 1= 1)p)

t=1

Y i
s R

j
= Hy(kp* + jp) + Z(_l)t(j)(z)Pth(kpz +(—0p)

2

I<li<--<li<i

(mOd pk(p71)+].+1)'

1
A

We are ready to prove the lower bound for the p-adic valuation of H),(n).

Corollary 4.5 For odd prime number p, non-negative integer k and integers i, j €
{0,1,..., p—1}wehave vp(Hp(kp2+jp+i)) > k(p — 1)+ j, where the inequality
is in fact equality for j = 0. In other words,

vp(Hp(n)) = {%J (p—D+ Q%J (mod p)>

foralln € N.

Proof We only need to prove that v, (H,, (kp*+ jp+i)) = k(p—1)+j for j = 0. We
proceed by inductiononi € {0, ..., p—1}. The equality \)[,(Hp(kp2 +i)) =k(p—1)
holds for i = 0 by Theorem 4.4. If i > 0, then we write

Hy(kp* +i) = Hytkp* +i — 1) + (kp* +i — 1)(p—1yHp ((k — 1) p?
+(p—Dp+i).

Then vp((kp2+i—1)(p,1)) > 2, sincekp2 appears as a factor in (kp2+i—1)(p,1).We
knowthatvp(H,,((k—l)pz—}-(p—l)p—f-i)) > (k—D(p—D+(p—1) = k(p—1).Thus
the summand (kp® +i — Dp-1Hp((k— 1)p?+(p—1)p+i) has the p-adic valuation
atleast k(p — 1) +2 while, by induction hypothesis vp(Hp(kp2 +i—1))=k(p—1).
Hence, we get vp(Hp(kp2 +i)=k(p—1). O
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Now we give the proofs of the main results of this section.

Proof of Theorem 4.1 Let us define y, — {#J C(p =1+ (L%J (mod p)) for
simplicity of notation. At first, we show that

2
Hn+ ) —H;’y(:') (mod p) ©)

plr?

for each n € N. We write n = kp> + jp+i,k e N,i,j € {0,1,...,p — 1}, and
proceed by induction on jp + i. By Theorem 4.4 we see that the congruence (9) is
satisfied for jp +i =0.If jp+i > Oand i > O then

Hy((k+Dp>+ jp+i)  Hy((k+Dp*+ jp+i)
py(k+l)p2+jp+i - pktD(p=D+j

H,((k+1)p*+jp)
p(k+l)(p—l)+j

j 24
 Hy((k+Dp*+(j —1)p)
t P
+ E G VO pUAD(p—D+j—1
t=1

1
X i

[
1<li<<h<i'|

Hykp® + jp) I~ . Hy(kp>+(j —1)p)
1=

3 1 _Hpkp* + jp +1)
pk(Pfl)‘}'j

Iy -1,

I<li<--<hi<i

_ Hpykp*+jp+i)

(mod p).

pykp2+j1)+i

If jp+i > 0and i = 0O then we perform similar computations as in the proof of
Theorem 4.4.

H,((k+1)p*+jp)  Hy((k+ D)p>+ jp)
pV(k+1)p2+jp - pE+D(p=D+j

_ Hpy((k+1D)p*+ (= Dp)
- pUtD(p—D+j

j—1 2 .
. Hy(k+Dp°+( —1-0p) 1
' P
+2_(='G = Do PED (D) —11 P
t=1
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(p — DIH,((k+ Dp*+ (j — Dp)
p*AD(p=D+j

_1+-D'H, (k+Dp*+ (G =Dp)

p pUFD(p=DFj-1
j=1 ;
. Hy((k+1Dp*+(j—1-0p) 1
t P
+ 21:(_1) (=D D (p=DFj—1-1 b
=

1
)

I<l;<-<lj<p-1 h
1+ (p— D! Hykp? + (j — Dp)

p pkp=D+j-1
e 2 .
Sy -y b G 1= 0p) ]
- - t - s . —_
(=D'(j — D PRt —1-1 p
) I Hpykp*+jp)
e - k _1 .
I<l,<--<lj<p—1 h I pk(p=D+J
H, (k 2+ .
_ Gt D) d ),

p Vip2+jp

We are left with proving that p? is a basic period of the sequence

(( 1)L JH (") (mod p)) . It suffices to show that p is not a period of the
neN

sequence (( 1)L J Hy (") (mod p)) . In order to do this, we assume the contrary.
neN

In particular, we have = H,(1) =1 (mod p). Using recurrence relation for
numbers H),(n) we obtain the congruences

Hp(p+1)

Hp(p) + (p)(pfl)Hp(l)
p

=1 (mod p)

or equivalently

Hyp) +(p—Dp-nHy(1)=1 (mod p).

Since p is a period of the sequence (( 1)LTJ H” (n) (mod p)) , we thus have
neN

@ = H,(0) =1 (mod p). Hence,

I+ (p—Dp-nHy(1) =1 (mod p),

@ Springer



On some properties of the number of certain permutations 143

which means that

(p—Dp-2=0 (mod p).

However, the number (p — 1)(,—2) is not divisible by p. A contradiction shows that

p is not a period of the sequence ((— 1) L’ J p(n) (mod p))
neN

The sequence ( L ( ) (mod p)) . is thus periodic with period 2p2. We know,

that p? is not a period of this sequence, as Z((pp 1)) = (—1)* (mod p). The number 2
also cannot be a period of this sequence If we assume the contrary then, since H),(0) =
H,(1) =1 (mod p), we have ” (n) = 1 (mod p). This stays in contradiction with

the fact, that H” (p ) = 1 (mod p). It suffices to show that 2p is not a period of

p( n)
§24

the sequence ( (mod p)) N In order to do this, we assume the contrary. In
ne

H,(2p+1) H,(2p+2)
2 2

particular, we have = Hp(l) =1 (mod p) and = Hy,(2) =1

(mod p). Using recurrence relation for numbers H),(n) we obtain the congruences

HyCp) + p)gpy Hyp + 1)
2
P
H,,(2p + 1)+ Q2p+ 1)(,,_1)Hp(p +2)
2
p

1 (mod p),

1 (mod p),

or equivalently,

H,(2p) n 2@2p — Dp-Hp(p+ 1)
p? p
H,2p + 1) N 2Q2p+1)2p — V(p_3yHp(p +2)

p? p

1 (mod p),

1 (mod p).

p (217)

Since 2p is a period of the sequence ( L ( ) (mod p)) o , we thus have

H,(0) =1 (mod p) and M = H,(1) =1 (mod p). Hence,

2Q2p — Dp—Hp(p +1)

1+ =1 (modp)v
p

22p+DCp = Dip-3 Hp(p +2

|4 22P D@ = Dy Hpp D) _
p
which means that

22p — D H, !

Qp = Dp-2Hp(p + )50 (mod p),

p
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22p+DC2p— Dp-3Hp(p +2)
)4

=0 (mod p).

The numbers 2(2p — 1)(p—2) and 2(2p + 1)(2p — 1) (,—3) are both not divisible by p.
Hence, the numbers H),(p + 1) and H,(p + 2) are divisible by p?. On the other hand,
Hy(p+2)=Hp(p+D+(p+Dp-nHp2) = Hy(p+ D+ (p+Dp(p—Dp-3)-
The number (p + 1) p(p — 1)(p—3) is not divisible by p?. This is why the numbers
Hp,(p+1)and H,(p + 2) cannot be both divisible by p?. A contradiction shows that
Hpn)

o (mod p)) N o

ne

p is not a period of the sequence (

Proof of Proposition 4.2 If p = 2, then the result is well known (see for example [1,
Theorem 4.1]). From Corollary 4.5 we know that v,(H,(p — 1)) = 0. Hence we put
bo = p—1.Letusfix j € {1,..., p— 1} and assume by induction hypothesis that we
haveb; 1 € {p—j, ..., p—1}satisfies the equality v, (H,((j—1)p+b;_1)) = j—1.
By Corollary 4.5 we have v, (H,(jp+bj—1—1)) > jand v,(H,(jp+bj-1)) > j.
Moreover, v, ((jp +bj—1 — 1)(p—1)) = 1. By the equality

Hy,(jp+bj—1)=Hy(jp+bj_1—1)
+(jp+bj1 = Dp-yHp((j —Dp+bj_1),

since v, ((jp+bj—1—1)(p—1)Hp((j —1)p+bj_1)) = j, we infer that at least one of
the numbers H,(jp+bj_1), Hy(jp+bj_1 — 1) has the p-adic valuation equal to j.
We thus take b; as one of the values b; 1 — 1, b;_1 such that v,(H,(jp +b;)) = j.
In particular, b; > p — j — 1. Atlast, we use Theorem 4.1 to obtain

H,(kp>+ jp+b;) H,(jp+bj)
k*t'p J7 14 J

since v,(H,(jp+b;j)) = j. Hence vp(Hp(kpz—i—jp—i—bj)) =k(p — 1)+ j for each
keN. O

In Theorem 4.1 we proved periodicity of the sequence (H,(n)/p"» ) ,.en, where

n n
yp(n) = L—ZJ (p—=D+ Q—J (mod p)) .
p p

In general, we ask the following.

Question 4.6 For which p € P and w € N the sequence

Hp (n)
Y d w
<pv,,(Hp(n)) (mod »7) neN

is periodic?

@ Springer



On some properties of the number of certain permutations 145

Theorem 4.7 For each prime number p and positive integer w the sequence

neN
is periodic with period p***'(p — 1).

Proof By [6, Theorem B] we know that there exist power series A, f, € Z,[[x]], r €
{0, ..., p? — 1}, convergent on Z,, such that H,(kp? +r) = p*®P= f, (k) M, 2@
for each k € N and v‘,,(H,,(kp2 +7) =k(p—1)+v,(fr(k)). Letus take any n € N
and write n = kp2 + r forsome k €e Nandr € {0, ..., p2 — 1}. Then, by the above
fact we have the following chain of congruences for any ¢ € N:

Hp(n+1p™ (p — 1) _ Hy((k +1p™ ' (p = 1)p* +71)

ntp? =D |y (k+1p?=L(p—1)(p—1)
pL b -1 p

k+tp™=1(p—1)

=fik+p™ ' p-1) [ 20

=1

krrp?W =L p—D 141 —‘

Pw
= fy(k+1p™ " (p—1) HA(!J "
=1

w

= fa [aol S e

=1

1 o[k : Hy (kp? 4 1)
fr(k)]_[/\(l)[ # = Fo [ 100 = = 55—

=1 =1

H
= np—(n) (mod p"),
pr(p—n
where we use Euler’s theorem as p { A(l) for any [ € N. O

Let us define a particular subset of the set of prime numbers:

.....

=k(p— 1) +ar(p)}.
Then we are able to give a partial answer to Question 4.6.

Corollary 4.8 If p € Athen foreachw € N the sequence (% (mod p“”))nGN

is periodic with period p** 2P+ (p — 1), where a(p) = max,c(, 213 %(p)
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Proof By the previous theorem we have

Hp(n+tp2w+2a(p)+1(p— D) Hp(n) (mod pU+e(P)

2w+2a(p)+1 (1 L n J _
Ln+[[) . (p )J(p_l) p Tzz (P 1)
P

P

for each ¢ € N. After division by p®(?), where r = n (mod p?), we get

Hp(n+tp2w+2a([7)+2) _ H,(n)

= w+ta(p)—ar(p)
1}[)(HP(n+th11)+20¢(17)+2)) - p”p(Hp(n)) (mOd P )

p

Since a(p) — a(p) > 0, we thus obtain

Hp(f’l +tp2w+20((p)+2) _ Hp(n)

— w
Uy e tp P B =y (Hy () (mod p™),
as we wanted to prove. O
Corollary 4.9 The sequence
Hy(n)
————  (mod 4)
(2vz<Hz<n)) .

is periodic of period 16.

Proof Since 2 € A and a(2) = 2 (see for example [1, Theorem 4.1]), by the previous

corollary we know that the sequence (szH(zT% (mod 4))’1GN is periodic with period
2°. Hence it suffices to check the values % modulo 4 forn € {0,...,511} one
by one. O

In case of p ¢ A we predict that the sequence (WI?T% (mod pw)) o is not
n

periodic for any w € N but proving this fact seems to be out of reach for us.

5 The behaviour of the p-adic valuation of H;(n), wherep > d

On the beginning of the paper we marked that if p is a prime number < d, then
v, (Hy(n)) = 0 for each n € N. The problem of computation of the p-adic valuations
of the numbers Hy (n) in case p = d was considered in the previous section and it was
studied in several publications. In the opposition to this fact the question concerning
the computation of the p-adic valuations of the numbers Hy;(n), where p > d, is
almost unexplored. It was first considered by Amdeberhan and Moll [1]. According
to results on periodicity of the sequence (H>(n) (mod c)),cn they claimed that if p
is an odd prime number not dividing the values H»>(n) forn € {0, ..., p — 1}, then
vy (Hy(n)) = 0 for each n € N. The situation is more complicated if p divides some
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of those values. It happens for p = 5. Based on numerical computations they stated a
conjecture which equivalent version is as follows

Conjecture 5.1 If p is an odd prime number such that p | Ha(n) for some n €
{0,...p — 1} then for each k € Ny there exists a unique ny modulo p* such that
p* | Ha(n) ifand only if n = ny (mod p~).

The above conjecture is not true for two reasons. The first reason is that there
exist prime numbers p and positive integers n; such that v,(H>(n)) = 1 for each
n = n1 (mod p), for example (p,n1) = (19, 6). The second one is that for some
prime numbers p, for example 59 and 61, there exist more than one value n; modulo
p such that p | Hy(n) forn =n; (mod p).

The aim of this section is to shed some light on the behaviour of v, (H; (7)) in the
case when p > d.

We use the exact formula for the number H;(n) and make some modifications:

Hy(n) % n! % (1) @an) JFZOO () k)
d = _— — = .
i L o G T o L

The above notation suggests us to define the function f;(x) = le:?) ();(),dek) , X € Lyp.

This function is well defined for each x € Z), as

dk)! dk)!
p (if;?) > v, <(k, o ) =, ((k—,)) — v, (@) @@ 1y) = vp(((d — DY),

where the last value in the above inequalities tend to +0o0 when k — +o00. The
following three lemmas show that

e f;is a p-adic differentiable function,

o there exists a function g4 : Z, x pZ, — Q, such that f;(x +h) = fa(x) +
hf[;(x) + hzgd(x, h) forany x € Zp, h € pZ, and gy(x,h) € Zp ifonlyd > 3
or p | fa(x),

o f(x) = fj(x2) (mod p")ifx1 = x, (mod p").

By the above facts we will be able to describe behaviour of the p-adic valuations of
numbers H;(n), n € N, using classical Hensel’s lemma.

Lemma5.2 The function fyq is differentiable and fj(x) = 2-:0? Z‘;];?)l

X)) (x—j=D@dk—j—1)
g € Lp for each x € Lp.

Proof We compute the derivative from the very definition:

/ =1
Sfa ) hl—IR)

i@ +h) = fa) 1 (S @Dy = O
h _;}fhh(z kldk _XZ:O Kld¥

i 13 (x+ h)aky — () (k)
= l1um -
h—0 h kZ—O kd*
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=0 0<jj<--<j<dk—1

— lim +Zw L %h’ 3 by — (x)
T A kidF =) —Jjo) @

= () an
= Z SHIND> S
=7 2 ki T osjieiTheary ¥ I (=)

Z (%) (k)
(x—j1)---(x—jo)

—+00 dk
=1 0<ji<--<ji<dk—1

h—)( g Z
(x)(dk) i (X) (k)
=i wk( *hzh 2 (x—jl>--~(x—j,))

t=2 0<ji<--<ji<dk—1
dk—1 x) +00 +00
(dk) =2
= h
Z =y TAm DD 3
k=1k=1 1=2

(X) (k)
kldk(x — ji) - (x — j)’

0<ji<--<ji<dk—1

(x) :
whereweput o ;. i gk (x—/f)% = (x)(ak) fort = 0. We estimate the p-

adic valuation of % from below. We will do this by estimating the p-adic
valuation of the product (x — ji) - - - (x — jgk—1), where 0 < j; < -+ < jax—1 < dk—1,
from below by the number of factors x — ji, ..., x — jgx—; divisible by p. This number
is at least equal to % — [. Indeed, we have at least L%J numbers divisible by p
among all the p-adic integers x —dk + 1, x —dk + 2, ..., x and we cancel at most /
numbers divisible by p from them. Hence,

R 2 ) dk k — s, (k)
<k'dk(x —Jj--(x —j,)) z (t=2)p(h) + L » J t— I

P NP
p p—1
_ (p—Ddk—pk =[(p—1)(d—l)—1]k_3
p(p—1) p(p—1)
>[2~1—1]k_3= k 7
p(p—1) p(p—1)
ks,,(k)'

where we assumed that v,(h) > 1 and use the Legendre formula v, (k!) = =
Here, s, (k) is the sum of digits of the number k written in the (unique) p-ary expansion.
Hence, the p-adic valuation of

dk
thfz Z (%) (dk)

Wdk(x — i) (x — j
=2 0<ji<-—<ji<dk—1 kld® (x — ji) (x —Jjo)
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is at least —2 and it tends to +0o0 when k — +o00. Thus, the series

+oo dk

2 () (k)
Zzhl Z kldk(x — ji) -+ (x — ji)

k=11=2 0<ji<--<ji<dk—1

is convergent and its p-adic valuation is at least —2. We infer that

+oo  dk (x)(dk)
)
vp | 2on D P — ,
k=1 1=2 0<ji << jy<dk—1 Kld*(x — ji) -+ (x = ji)
+o0o dk (x)(dk)
=vp) +vp ZZW Z . Te - — | > +o0
k=2 t=2 0<ji<--<ji<dk—1 kld(x — ji) -+« (x — ji)
is i + dk—1 _(x) + dk—1
when & — 0. This is why f;(x) = Zki‘f g k!dk(fi)j) _ Zk:f a*

X)X —=j=1D) ak—j— . L.
D) ,f.dk)(dk i=D This series is convergent, as

) )y = J = Dgk—j-1) o ((* x—j—1\jdk—j—1)!
P k\dk TP\ \dk—j -1 k\dk

J=sp()+dk—j—1—sydk—j—1)—k+s,k)
p—1

d—-1Dk—-1

1 —2log,dk —2 — +o00
p—

when k — 400, where we used the fact that j,dk — j — 1 < dk,so j,dk —j — 1
have at most |log, dk| + 1 p-ary digits. Moreover,

) () y(x — j = Diak—j—1) o ((* x—j—1\jNdk—j—1! -0
P k\dk P\ \dk—j—1 kldk -

as at least one of the numbers j, dk — j — 1 is greater than or equal to k. Thus the

. . - == Ddh— o1 - :
p-adic valuation of ;% Z?iol W& ]{, dk)(dk =D i non-negative. i

Lemma 5.3 Foreachx,h € Z,withv,(h) > 1wehave fq(x+h) = fd(x)—l—hfé(x)—i—
W2ga (e, h), where ga(x. ) = S5 X2 Y0 0 g osjico<insae (&~

JU) - (x = Jak—1). Moreover, ifd > 3 or v, (f2(x)) > 1, then gq(x, h) € Z).

Proof Let us fix x, h € Z, with v, (h) > 1. We then have:

Sa+ha X1 &
— _ 1
fd(x+h)_2 k\dk _Zk!dk Zh
k=0 k=0 =0

(10)
Z = J0) - (= Jar—1)-

0<j1<-<jak—i1 <dk—1
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For the change of the order of summation, we will show that

lim v,
k——+o00

= +00.

Ry iy e < iy <dk 1 X = 1) -+ (X = Jak—1)
k!d*

Let us estimate the p-adic valuation of the number ) o <o japg <di—1 (X —
Jj1) -+ (x — jak—1) from below. We have the inequality

; (hl Zo§j1<.i.<jdk_15dk_1(x —Jj) (= jdkl))
p

k\dk
21+Lﬁj—l—ﬁlﬁﬁz
p p—1
_ \fikJ k—spk) \fik k— sp(k)J B {(dp —d — p)k—i—psp(k)J
p p—1 p p—1 p(p—1
. {[(d —Dp—-1D -1k + psp(k)J
p(p—1) '
(1D
Since p > d > 2, we thus have
im v B Y o<z j <kt 8 = JD) -+ (X = Jak—1) oo
k=00 k\dk '
Then we change summation in the last expression in (10) and get the following:
+00 ro
fae+my =3 0y > (= j0) -+ (& = jak—1)
=0 [z 0<ji<-<jak—1=dk—1
=[]
= fa(x) + hfj(x) + h*ga(x, h),
where gq(x, h) = 14—:02o K2 Zz-:o§ ﬁ 20§j1<~~<jdk—l§dk—l(x —J)(x =

Jak—1). Now, we are left with the proof that v,(gs(x,h)) > O provided that

vp(fa(x)) = lord > 3. 1If k < p, where d > 2 is arbitrary, then, of course,

W2 i i i (A=) (X = k1)
v ( o< ./dk—l,;ilkk WMD) 5 0. By (1) we know that

k'dk

L[(d -Dp—-1—1lk+ psp(k)J 5
p(p—1) ’

; (hl_z D0 j1 << ju_y<di—1 X — J1) - (x = jdk—l))
P

>
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We check that K4=D®P— 1> l])k+psp(k) 2> 2= 1) 1](p+1) 2= (2p 3)(p+1) 250
p(p—

for p > d > 3andk > p+ 1. Ifd > 3andk = p,theneltherl >3

and then vp(hl y>[1-2>1= vp(p!) or I = 2 and then in each prod-

uct of the form (x — ji)---(x — jgk—2), where O < j1 < -+ < Jak—2 =

dk — 1, there is a factor with the p-adic valuation at least equal to 1. Hence,

W23 0 oz <t X=X k1)
vy (i =B AT ) > 0ford = 3and k = p.Ifd = 2,

[(d—1D)(p—1D)—1lk+ps, (k)

_ (p=D-1Cp+4) _ » _ (p=2)2p+4H _
then P D) 2z =50 2="50"y 2z 0for
p > 5andk > 2p + 4 (we do not need to consider the case of p = 3 as 3 { Ha(n) for

anyn € N).Ifd =2, p <k <2p—1landl > 3,thenv,(h!=2) > 1 -2 > 1 = v, (k!).
2 Y02y <o gy <dk—1 =D (6= k=)
kld*
and/ > 3. Ifd = 2and 2p < k < 2p + 3, where p > 5, then either [ > 4
and then v, (h!=2) > 1 —2 > 2 = v,(k!) or I € {2,3} and then in each prod-
uct of the form (x — j1)---(x — jok—1), where 0 < j; < --- < jop—y < 2k — 1
there are at least 4 — [ factors with the p-adic valuation at least equal to 1. Hence,
Vp (B2 Y0y oyt X = D) - (6 = jak—)) = 1 =2+4 =1 =2 =, (k).
We left with the case of d = 2, p < k < 2p — 1 and [/ = 2. Let us assume that
vp(f2(x)) > 1 and take r € {0, ..., p — 1} such that r = x (mod p). We then

compute modulo p:

Hence, v, >0ford=2,p<k<2p-—1

2p—1 . .
(x = j1) - (x — jok—2)
p- Z Z K12k
k=p 0=ji<-<ju-2=<2k—1 ’
2p—1

_ Z Z (= j1) - (x — jok—2)
= —
iy 0ttt B=p (P = D12
2p-1
_ pX: @ yx—r=Dp-n&x—r—p—Dp—r-1(& = 2P)2%k-p)
= (k = p) —p) 2k P!

2p—1

—1
1 Z r'(p — DIp — Dp—r—1)(X) 2k—p)) _ 1 pX: ((p — DN (X))
2 k= p)_py 2P 2 J12k

k=p k=0

IS Waen — 0 (mod
=—§;0 i =) =0 (mod p).

The congruence in the fourth line holds because k—p) = (k — p)k—p) (mod p),
(p—1D!'=—1 (mod p) by Wilson’s theorem, 2P~ =1 (mod p) by Fermat’s little
Gr—j1) (X —jok—2)
(k) (k—py (p— 112K

by p in the numerator. The congruence in the third line holds because x —r + j = j
(mod p)forj e{l,...,r},x —r—p+j=j (mod p)forj e{l,...,p—1},
x—r—p—j=p—j (mod pyforje{l,...,p—r—1}landx —2p—j=x—7j
(mod p) for j € {0, ...,2(k — p) — 1}. Thus,

theorem and we can omit the summands containing a factor divisible
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2p—1

(x —Jj1) - (x — jok—1)
vy Z Z Tk > 0.

k=p 0=<ji<-<jok—2=2k—1

This ends the proof of the fact that g4(x, &) € Z, on condition that v, (fy(x)) > 1 or
d>3. O

Lemma5.4 Letx,h € Zy, withv,(h) > 1. If d > 3 or v,(f2(x)) > 1, then fé(x +
h) = fy(x) (mod p*r®).

Proof By the previous lemma we can write

fa(x +h) =fa(x) + hf)(x) + hga(x, ),
fa(x) =faCx 4+ h) = hf)(x +h) + h2ga(x + h, —h).

After adding the above two equalities and simplifying we obtain
0= h(fj(x) = f(x + 1)) + h*(ga(x. h) + ga(x + h, —h)).

Since d > 3 or v, (f2(x)) > 1, by the previous lemma we have that v, (g4 (x, h)), v,
(ga(x + h, —h)) = 0. Thus, p?*»"™ | h2(g4(x, h) + gq(x + h, —h)), which implies
that p>» ™ | h(f}(x)— f}(x+h)). Hence, p»™ | £(x)— f(x+h), or equivalently,
fi(x+h) = fi(x) (mod pr™). O

At this moment we are prepared to state the theorem on qualitative description of
the sequence (v, (Hy(1n))neN.

Theorem 5.5 Let d be a positive integer at least equal to 2, p > d be a prime number
and k be a positive integer. Assume that Hy(ny) = 0 (mod p*) for some integer
ni. Then the number of solutions n modulo p**' of the congruence Hy(n) = 0
(mod p**1), satisfying the condition n = ny (mod p*), is equal to:

e 1, when fj(n;) #0 (mod p);
e 0, when f‘;'(nk) =0 (mod p) and Hy(ny) # 0 (mod pk"'l);
e p, when fj(n;) =0 (mod p) and Hy(ng) =0 (mod p*th).

In particular, if p | Hg(ny) for some ny € N and vp(fd’(nl)) = 0, then for each
k € N there exists a unique value ny modulo p* such that ifn = n; (mod p), then
p* | Hy(n) if and only if n = ny (mod p*). In other words there exists a unique p-
adic integer b = ny (mod p) suchthatv,(Hy(n)) = v,(n—Db) for each non-negative
integer n = n1 (mod p).

Proof We have H;(n) = f;(n) for each n € N. Moreover, we know that f;(x + h) =
falx) + hfé(x) + h2gy(x, h) forx, h € Z, with v, (h) > 1. Furthermore, if d > 3
or v,(f2(x)) = 1, then g4(x, h) € Zp and f;(x1) = f;(x2) (mod p) for congruent
p-adic integers x1, xo modulo p. These all facts make the proof of our theorem exactly
the same as the proof of classical Hensel’s lemma from [9, p. 44]. m|

@ Springer



On some properties of the number of certain permutations 153

Remark 5.6 Let us compute f;(n) (mod p) forn € N:

400 dk—1

, M0 — j = Diar—j—
£im) = Z Z () /Z!dk (dk—j—1)

k=1 j=0

L7] ak—1

(M) jy(n = j — Dy@ak—j-1)
X_: X_: k\dk

N i:” (=)= dk —n — 1)!
kldk

~ (M)jH(n — j = Dar—j—1)
k\dk

nl (=D =gk —n — 1)!
Z k\dk

(mod p),

as W=n=Db — (=l ((@ — Dk —n — D0and p | ((d — Dk —n — DVif p <
(d —Dk—n-—1. That is a way to compute the value f;(n) (mod p) by adding only
finitely many summands.

However, in many cases, having d € N>j, a prime number pandn; € {d, ..., p—
1} such that p | Hy(ny) (recall that Hy(n) = 1 forn € {0,...,d — 1}), we do not
need to compute f;;(n) (mod p). Instead of this, it suffices to compute v, (Hg(n1)).
If v,(Hy(n1)) = 1, then we check p-adic valuations of numbers Hy(n1 + pt) for
tefl,....,p—1} 1t v,(Hy(ny + pt)) > 2 for some t € {I,..., p — 1} then for
each k € N there exists a unique value n; modulo p* such that if n = n; (mod p)
then pX | Hy(n) if and only if n = n; (mod pX). Otherwise, vy (Hy(n)) = 1 for
any n =n1 (mod p).If v,(Hy(n1)) > 2 then we only check p-adic valuation of the
number Hy(ny + p). If v,(Hy(ny + p)) = 1 then for each k € N there exists a
unique value n; modulo pk such thatif n = ny (mod p) then pk | Hy(n) if and only
if n = n; (mod pk). Otherwise, v, (Hy(n)) > 2 forany n = n; (mod p).

Remark 5.7 We found all the triples (d, p,ny) for d € {2,3, 4,5}, first 25 prime
numbers p and numbers n; € {d, ..., p — 1} such that p | H;(n1). We checked the
behaviour of the p-adic valuations of numbers H;(n) where n = ny (mod p). The
only triples (d, p, n1) such that v, (Hy(n)) = 1foralln = ny (mod p) are (2, 19, 6),
(3,13, 7). For any other triple and a positive integer k we have the existence of a
unique n; modulo p* such that if » = n; (mod p) then p* | Hy(n) if and only if
n = ny (mod pk).
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6 Properties of polynomials attained during differentiation the
exponential generating function of the sequence (Hy(n))pen

Let m € N and for m-th derivative of H;(x) we write Hfim) (x) = Wam(x)Hqa(x). We
have Wg,0(x) = 1 and due to the identity

HY" D @) = (MY (10)) = W), ) Ha @) + (1 + 297 W (1) Ha ()
we immediately deduce the recurrence relation
Wam1(x) = W, (1) + (1 + xH Wy (). (12)

We summarize the basic properties of the sequence (Wy , (x))men in the following:

Theorem 6.1 The following properties hold:

(1) Wgn(x) is a unitary polynomial with non-negative integer coefficients and
deg Wy.n(x) = (d — Dn;

(2) Wqn(0) = Ha(n);

(3) Ford € N>p and m € N let us write

(d—1)m

Wy m(x) = Z AgGi,m)x’.

i=0

If d € Nx3 is an odd number then

1 (n, ek o Aammy forn < (d—1ym,
n!;<k)( DT Ham + B Han =Ky =1 forn>(d—m’

(4) The exponential generating function for the sequence (Wg ,(x))nen takes the
form

o0
Wa,n(x) (+n)d—1d—xd nd—ad
Wd(x,t)=§ SR = Hy(t)e @ =t .
; n!
n=l

Proof (1) This is clear. Because Wy 0(x) = 1 is a polynomial and on the right hand
side of the recurrence Wy, (x) = Wé’m_l(x) +(1+ xd’l)Wd,m_l(x), m e Ny,
we have only addition and multiplication then simple induction gives the result.
Similarly simple induction shows the equality deg Wy ,,(x) = (d — 1)m.

(2) Because H,(0) = 1 then HY™ (0) = Wy,,,(0) and thus Wy, (0) is just the coef-
ficient near x”* /m! in the power series expansion of H,(x) in the neighborhood
of the point x = 0. Hence we get the result.
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(3) The stated identity is a simple consequence of the definition of the sequence
(Wa.m(x))men. Indeed, in the case of odd d we have Hy (x)’1 = Hy(—x). Let
us also note that

m H n
()()—Z d(r;jrm)x
n=0 '

In consequence, from the identity
H" OHa(x) ™ = HT (O Ha(—x) = Wan (x)

we see that the coefficient near x” in the power series expansion of the function
(m)(x)Hd( —x) is just the coefficient of Wy ,,,(x) near x". But in this case the
n-th coefficient is exactly the sum stated in the statement of our result.
(4) Itisclear that the function H 4 (x) Wy, (x) is the coefficient near " /n! in the power
series expansion of the function Hg(x) Wy (x, t) in the neighborhood of the point
t = x. Indeed,

W n 00 (n)
HaeWae, ) = Ha(0) 3 20y T

n=0 ! n=0
00

(n)

((l‘ +x) —x0)" =Ha(t + x).

Multiplying both sides by Hy(x) ™! we get

ﬂ (H—x)d—xd
Walx,t) =e " THg(x +1) =T d

and hence the result. 0O

As an immediate consequence of the shape of exponential generating function for
(Wa.n(x))nen we get the following:

Corollary 6.2 The sequence (W, (x))nen satisfies the following recurrence relation:
Wan(x) =0forn <0, Wy o(x) =1and

d
d—1 )
Win(x) =1 +x"HW, 1(x) + Z <j B 1)(” — D jonx I Wy ()

j=2
forn > 1.
Proof By comparing the coefficients near ¢ in the identity

W (x,t)

o =0+ ¢+,
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we get the equality

1 d—1

1 F 1 d—1
EWd,nH(x) = ;(1 +x 1)Wd,n(x) + §m< ; )Wd,ni(x)-

Multiplying both sides by n!, writing n!/(n —i)! as (n)—1) and replacing n by n — 1
and i by j — 1 we get the result (with the convention Wy ,(x) = 0 for n < 0). m]

Remark 6.3 In the proof of Corollary 6.2 we proved recurrence relation for the
sequence (Wy_, (x)),en by manipulating of exponential generating functions. One can
also consider the (formal) ordinary generating function of the sequence (W, (x))neN
and get a relation of a different kind. Indeed, it is an easy exercise to prove that the
(formal) power series Sy(x, t) = Z;ﬁo Wa n(x)t" satisfies the differential equation

0S4(x, 1)

A=A +x"HYD)Syx, 1) =1+1
0x

Multiplying both sides of the above identity by (1 — (1 + x4~ 1)¢)~! and comparing
coefficients near " we easily deduce the following relation

n
Wan(x) = (14 xTH" 43"+ x4 w) ).
k=1
This gives us an expression of Wy ,(x) in terms of the sequence (W{}’n(x)),,eN.

Remark 6.4 Let us note that the sequence (W2, (x))men Was implicitly studied by
Amdeberhan and Moll (Corollary 2.6 in [1]). Although the mentioned authors did not
find recurrence relation for this sequence they were able to get the closed form

n
n .
W = —i)x'
2000 =) (l.)Hz(n i)x
i=0
From our result we get W2 o(x) = 1, W2 1(x) = 1 + x and for n > 2 we have

Won(x) =0 +x)W,1(x) + (n—1)Ws ,_2(x).

This allows us to deduce the following nice identity:

n ' 0 P 42
Wan(=1) = Z(—l)’ <’;)H2(n —i) = { o hn (mod 2)
i=0

S ifn=2m
Indeed, taking x = —1 in the recurrence relation for W5 ,(x) we get Wo ,(—1) =
(n —1)W3 ,—2(—1). Because W o(—1) = 1 and W5 ;(—1) = 0 by a simple iteration

of the above recurrence we get the formula presented above.
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Let us also note that the value of W5 ,(x) at x = 1 has striking combinatorial
interpretation. Indeed, the sequence (W> ,(1)),en satisfies the recurrence relation:
Wz)()(l) =1, Wz’](l) = 2 and

Won(1) =2Wp 1 (1) + (n — DHWo (1) for n > 2.

In particular, (W2 ,(1))sen is a binomial transform of the sequence (Hz(n))neN-
Moreover, as was observed by Donaghey [4], this sequence enumerates the general
switchboard problem, i.e., it enumerates the states of a telephone exchange with n
subscribers which is provided with means to connect subscribers singly to outside
lines and in pairs internally (no conference circuits).

The last results of this section are devoted to the behaviour of sequences (Wy ,, (x)
(mod c¢));eny Where c =d — 1 or ¢ = d = p is a prime number.

Theorem 6.5 The following congruence holds for each d > 2 and m € N:
Wam(x) =1 +x"H" (mod d —1).
In particular, if p is a prime number then
Wpiim(x) = (1 +x0)P"  (mod p)

foranym € N.
Proof We proceed by induction on m € N. If m = 0 then W4 0(x) = 1, hence the

statement of our theorem is true. If m > 0 then we use Corollary 6.2 and the induction
hypothesis for m — 1 and get

d
B d—1 »
Wam(x) =1+ x4 YWy mo1(x) + E (j _ 1)(m - 1)(,/—1)xd IWam—j(x)
Jj=2

= +xh a4 xhHm!
d m—1 .
+ Z (j B 1>(d — 1)(;—1)xd_] Wa,m—j(x)
=2

=1 +x"H" (modd—1).

Theorem 6.6 For each prime p we have W, ,(x) = xP@=D (mod p).

Proof We easily check that we have W2 7 (x) = x% 4+ 2x + 2, so assertion holds for
p = 2. Now we assume that p is an odd prime number. We will show that all the
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coefficients of the polynomial W), ,,(x) except for the leading one are divisible by p.
We use the formula

1 n
Apln,p)=—3 (")(—U""‘Hp(p + k) Hp(n — k)

"= k
- H,(p+k) Hyn—k

= Yy kD B o< < pp -
k=0 ’ ’

from the third part of the statement of Theorem 6.1. It suffices to prove that for each

ne{0,....p(p—1)—1}andk € {0, ....n} we have v, (””(,fﬁ") : H(g(f,j)’,‘)) > 1.

By Corollary 4.5, vy (Hy(p +K)) = 1+ | & | and v, (H,(n — ) = | 5% |. On the

other hand, it is easy to see that v, (k!) = L%J and v, ((n —k)!) = {%J Summing

By (,T_k) - H(’;l(:l,:)],c)) > 1 and the statement of

our corollary follows for any odd prime p. O

up the above observations, we get v, (

Theorem 6.7 The sequence
(W ()x" 1P (mod p))mers

is periodic and the length of the period is p.
In particular

(Wo,m()x 23] (mod 2))en = (1, T + x),
(W3, ()x L3 (mod 3))en = (1, 1+ 22, (x +2)(x3 +x2 4 2)).

Proof First, we prove by induction on m € N that
Wpymsp(x) = xPP"DW, . (x)  (mod p), meN. (13)

The above congruence is satisfied for m = 0 by the Theorem 6.6. Assume now that
(13) holds for some m € N and we will show that it holds for m + 1. By (12) we get

Woms14p() = L+ xP "YWy i p(0) + W), 00, ()
=14+ 2P HxPP W, () + @ PPOW, 0 (x)
= (1L +xP" )PP W, (x0) + p(p — DxPPD7w, L (0)
+ x”(f’_l)W;,’m(x)
= xPP7I + P Wy () + W), (0]

= xPP"OW, i1 () (mod p).
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Now we have congruence (13) proved. Let us fix m € N and write m = jp +i. Then,
using (13) j times, we get

Wym(x) = xPP"DIw, ((x) (mod p).

After multiplication by x?{=P)J and substitution j = L%J andi = m (mod p) we
obtain

Wp,m(x)xp(l_mmj

Wpm  (mod p)(x)  (mod p)

and get the result. O

7 Divisors of numbers H;(n)

In this section we study various properties of the numbers H;(n) and Hy(n) — 1. We
are interested in prime divisors and various GCD properties.

7.1 Prime divisors of numbers H,(n)

Letus denote Py = {p € P: p | H;(n) for some n € N}.
Theorem 7.1 For each d € Nx» the set [P, is infinite.

Proof Assume by the contrary that p; < --- < py are all the elements of the set
P;. We consider two cases. The first case is when d is a composite number. We put
P = p1--- ps. By Corollary 3.8 we know that the sequence (Hy(n) (mod P)),eN
is periodic of period P, as 2 < d and thus 2 is not a divisor of any number H;(n).
In particular, the numbers H;(Pm), m € N, are congruent to 1 modulo P. Hence
these numbers have no prime divisors. This combined with the fact that H;(Pm) > 0
implies Hy(Pm) = 1 for any m € N. However, this is a contradiction with the fact
that the sequence (Hy(n)),cn is an ultimately strictly increasing sequence of positive
integers.

The second case is when d is a prime number. Then p; =d = Hy(d). Weput P =
p% -p2---psand Q = p; - -+ ps. By Corollary 3.8 we know that the sequence (Hy(n)
(mod Q)),en is periodic of the period Q, as d is a prime number not dividing Q. In
particular, since Q | P, we have H;(Pm) = Hy(Pm 4+ 1) =1 (mod p;) form € N
andi € {2,...,s}. According to Corollary 4.5, vy, (Hy(Pm)) = vy, (Hy(Pm+1)) =
Om(p; — 1). Since H;(Pm) > 0 and p1, ..., ps are all possible divisors of the
numbers Hy(n), n € N, thus Hy(Pm) = Hy(Pm + 1) = plQm(pl_l) for any m € N.
However, Hy(Pm + 1) = Hy(Pm) + (Pm)g—-1)Hq(Pm —d + 1) > Hy(Pm) for
m > % — a contradiction. O
Conjecture 7.2 For each d € Nxj the set P\IPy is infinite and its asymptotic density
in P is equal to %
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Table1 The number of integers k < 4000 such that Hy(n) = 0 (mod py) for some positive integern < py
andd € {2, ..., 10}

d 2 3 4 5 6 7 8 9 10

Ny 2509 2523 2511 2485 2518 2469 2518 2518 2499
N/2000 0.62725 0.63075 0.62775 0.62125 0.6295 0.61725 0.6295 0.6295 0.62475

Here Ng = [Py N {p1,..., 14000}

The following heuristic reasoning allows us to claim the second statement in the
conjecture above. If we fix a prime number p and randomly choose a sequence (a;,),eN
such that the sequence (a,, (mod p)),cN has the period p, then the probability that p

does not divide any term of this sequence is equal to (1 - %) . The probability tends

to % with p — +o0. Note that p > d belongs to the set P\Py if and only if p does
not divide any number Hy(n) forn € {d, ..., p — 1}. Moreover, the sequence (Hy(n)
(mod p))nen is periodic of the period p. Therefore we suppose that the probability

that p € P\IP; equals to (1 — %)p d. Thus, this probability tends to % with p — +o00
and hence the asymptotic density of the set P\Py in the set P is expected to be equal
to 1.

Remark 7.3 We performed small numerical search in order to check whether our expec-
tations are likely to be true. More precisely, for d € {2,...,10},k < 4000 and
n e {d,..., pr} we computed the number of primes p; such that p;|H;(n). In the
table below we present the result of our computations.

The numbers in the last row in the table above are quite close to the number 1 —1/e ~
0.63212, which is the conjectured density of the set P; in the set P (Table 1).

7.2 Greatest common divisors of numbers H;(n) — 1and n

Performing numerical computations, we observed a quite interesting formula for the
greatest common divisor of the number Hy;(n) and its index 7.

Theorem 7.4 Letd,n € Nwithd > 2. Then the number GCD(Hy(n) — 1, n) is equal
to

e n ifd is a composite number not equal to 4 or d = 4 and va(n) # 2;
° ”ifd 4 and vo(n) = 2;

° d”d(") if d is a prime number.

Proof At first, let us prove the theorem for d composite. Let us note the equality:

L7l L5] L7]
(1) ) (n— Dk-1) n—Dar-1y (dk—1)!
H —1= = = .
a) 2 oak Tt gk T dk — 1) Kd*
k=1 k=1 =1
B (14)
. N n—1 (dk = D (@—-nk- n
k=1 dk —1 at
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For d # 4 it suffices to show that W is an integer for each k €
{1 [2]). 1k = 1, then

(dk = Da—k—1y _d—1D@-2 d—=1!
d* B d - d

e,

as d is a composite number greater than 4. If kK = 2 then

(dk = Da-vk-1 _ 2d = Dea-3 _ (2d = D!

dk d? 2d?
_d=-Dd d+1)---Q2d—-1)
- d d 2 ’
where (dl_jl)! is an integer and 2 divides some of the d — 1 factorsd + 1, ...,2d — 1

A=) (- 1yety -
as d > 6. Assume that k > 3. In order to prove that (ﬁ% is an integer, we

will show that v,, (%) > 0 for each prime number p. Let us write:

vy <(dk — 13}:"”"‘”) = v, ((dk — 1)+ (k+ 1)) — kv, (d).

We see that if v, (d) = 0 then v, (W) > 0. Thus, assume now that p | d.

Then, we estimate v, ((dk — 1) - - - (k+ 1)) from below by the number of multiplicities
of p among the integers from k + 1 to dk — 1. This number is at least equal to

LMJ . Hence,
p

vy ((dk —1) - (k + 1)) —kv,(d) > {%J — kv, (d)
dk —k —1
- {—J — kv, (d)
p

Ifvy(d) >30orp >2andv,(d) > 2thend > p"P(d). Thus the last expression in

(15) is bounded from below by k(p*» @-1_ v,(d)) — %. We have the following
chain of equivalences:

k+p+1>

k(p"r D= — v (d)) — 0
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_ k+p+1
& k(p @ — @) > — LT
o pr @1y @) kTP
kp

The left hand side of the last inequality is at least equal to 1. Since k > 3and p € P

W) > 0 for any prime p such

then % + % + % < 1. In consequence v, (

that v,(d) > 3or p > 2and v,(d) > 2.
Ifvy(d) =1or p=2and vy(d) = 2thend > 2p"1’(d). Thus the last expression in

(15) is bounded from below by k(2p"r@ =1 —y ,(d)) — “2ZEL We have the following

. . P
chain of equivalences:

k+p+1>

k@p r @@=t —y (d)) — 0

k 1
& k@pUr@- — vy (d)) > ktp+l
k 1

=S 2pvp(d)7l — vp(d) > &

kp
The left hand side of the last inequality is at least equal to 1 and the right hand side,
as we have seen earlier, is at most equal to 1. Validity of the last inequality implies

that v,, (M%) > 0 for any prime p such that v,(d) = 1 or p = 2 and
n(d) =2.

. dk—1) (a1
We have just proven that w

is an integer for each k € {1,...,|%]}.

Thus Z,(Lzﬂ (;,;11) . % € Z and, as aresult, n | Hy(n) — 1 in the case of
d > 4 composite.

Let us consider now the case of d = 4. By (14) we know that Hs(n) — 1 =

n Z,{Lﬂ (fk_fl) . %. If p is an odd prime number, then v, (%) = v, ((4k —

D @3k—1)) = 0. We have

(4k — 1!
v (W) =4k — 1 —s2(4k — 1) — k + s52(k) — 2k

=k—1—s6@4k—-1D+3)+sk) =k—1—-s2k—1) =2+ s5(k)

=k—-2—s0k—1)—s52(1) +520(k) =k —2—12 ((II))
=k —2— (k).

In the above computation we used the Legendre formula v, (m!) = m — s»(m) and
its corollary vy (7)) = s2(0) + s2(m — [) — s2(m) for 0 < [ < m. The value
k — 2 — vy (k) is non-negative for k > 3 and equal to —1 for k € {1, 2}. Hence, the

value of (fk:]l) . (4;{‘,1,(1)! is an integer for k > 3. Meanwhile for k € {1, 2} we compute

V2 ((fk__ll)). For k = 1 we have
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#((@2) = (03 ) = ()

=wn(—-DHr-2)(n-3) -1

which is equal to 0 if and only if 4 | n. For k = 2 we have

s ()= (7)) = ()

which is equal to O if and only if 8 | n. If v2 (1) < 2 then v, ((4k 1)) > 1fork e {1, 2}

and, as a consequence, V2 ((fkill) . (4;:,;2)!) > 0 forany k < |4 |.If va(n) = 2 then

V) ((f,;‘l)- (4,’;;,3”) > 0 fork > 1 and vy ((Ik:‘l) (4;1343)') —1fork = 1. Thus

V2 ( I' ! AL —(4,];!;,3)!> = —1.If vz(n) > 2 then v, ((fk__ll) : —(4]](‘!15)!) > 0 for

k>zmdn«&$y“@P)=—Mmk52Tmmn< LW&H)“&ﬂ)z

0. Summing up, if vy(n) # 2 then ( kLi{ (;’k__ll) . %) is an integer and then

K14k
5 | Ha(n) — 1 while n 1 Hy(n) — 1. The proof for the case of d = 4 is finished.
Let us consider the case of prime d. If n < d then Hy(n) — 1 = 0 and obviously
n| Hy(n)—1.1fn > d thend | Hy(n) and thus d { Hy(n) — 1. Let us write

n | Hy(n) — 1. 1f v2(n) = 2 then 2 (Zk ] (fk__ll) . (4k_1)!) is an integer and then

n n

LJ(n)dk n J(l’l 1) (dk—1
Hd(n)—lzz @h _ " w(n)Z (dk—1)
k=

1dk O 17k
Pt kldk — gvatn k\d

4% Z (n — Dr—1y (dk —1)!
dW“> ~ (dk— D) kld*
7]

4% Z n—1Y (dk—1)@-nk- D
d”d<”) 2 \ak — 1 d¥

—

Sinced { we thus have vy (d”d(”) Z,{Li{ ("_1) . MZ”"”) =vg(Hy(n)—

_n__
qvam? dk—1 d

1) = 0. If p is a prime number not equal to d then

< (dk — 1) (@-1k=1)
Vp

T ) =v,((dk — 1) @-1k=1)) =0

@ Springer



164 P. Miska, M. Ulas

and v, (d”d(”) skl 1y, W) > 0. Finally,

L7

) n—1 (dk — 1) (@-1)k=1

dVd" § (dk_1> dk EZ,
k=1

which means that W | Hy(n) — 1 and m = GCD(H;(n) — 1, n). O

7.3 Nontrivial common divisors of numbers H, (n) and Hy, (n)

Let us fix two distinct integers a, b > 2. It is natural to ask about existence of indices
n for which the numbers H,(n) and Hp(n) have a common divisor greater than 1.
The above question can be answered immediately. Let d € N>, n € N4 and p
be a prime divisor of Hy(n). Then p | GCD(Hy(n + p), Hy(n + p)). Indeed, it
is a simple consequence of periodicity of the sequence (Hy(n) (mod p)),en and
divisibility properties of the sequence (H(n)),en for prime number p. Moreover, we
give the following.

Theorem 7.5 Letd € N>3. Then2d + 1 | H;y(3d + 2) ifand only if2d + 1 | d! — 1.
If additionally d is odd then

o 2d + 1| Hygy1(3d +2) ifand only if2d + 1 | (d)* — 1.

e 2d+ 1| Hy(4d) ifand only if 2d + 1 | d! + 1;

e 2d + 1| Hoyy1(4d) if and only if2d + 1 | (d")* — 1.
Proof Since the proofs of the remaining equivalences are very similar, we only show
the second equivalence.

(Bd+2)2a+1

By the exact formula for Ha441(3d +2) we have Hyy4+1(3d+2) = 1+ a1
We compute

1+Bd+2)--2d+2)2d)---d+2)=1+(=d)d---1-(=1)---(1 —d)
=1+ DN =1—(@dH* (mod2d+1)

and we see that the divisibility of Hy41(3d 4 2) by 2d + 1 is equivalent to the
divisibility of (d!)?> — 1 by 2d + 1. o
In the above theorem we needed assumption that d is odd. The next proposition

shows that primality of 2d + 1 is necessary and sufiicient for validity of the condition
2d+ 1] dH?—1.

Proposition 7.6 Let d be an odd positive integer. Then 2d + 1 | (d")* — 1 if and only
if 2d + 1 is a prime number.

Proof If 2d + 1 is prime then 2d + 1 | Hpg41(3d + 2) as 3d + 2 > 2d + 1. Thus, by
Theorem 7.5 there holds 2d + 1 | (d!)? — 1.

If 2d + 1 is a composite number then by Corollary 3.8 we have Hyy11(3d +2) =
Hygi1(d+ 1) =1 (mod 2d 4+ 1) asd + 1 < 2d + 1. Hence by Theorem 7.5 the
condition 2d + 1 | (d)? — 1 is not satisfied. O
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Now we are ready to give a formula for the one-parameter infinite family of quadru-
ples (a, b, n, c¢) such that ¢ > 1 divides both H,(n) and Hy(n).

Corollary 7.7 If n > 3 is an odd integer such that 2n + 1 is a prime number then
2n + 1 is a common divisor of numbers H,(3n + 2) and Hz,+1(3n + 2) or H, (4n)
and Hpp,+1(4n). More precisely,

e 2n+ 1| GCD(H,(3n +2), Hy+1(B3n +2)) ifand only if 2n + 1 | n! — 1;
o 20+ 1| GCD(H, (4n), Hoyi1(4n)) if and only if 2n + 1 | n! + 1.

In other words, if (a,b,n,c) = d,2d +1,[2d + 1 |d!'—1]-3d +2)+[2d + 1|
d'4+1]-(4d), 2d 4+ 1), where d is an odd positive integer such that 2d + 1 is a prime
number and we use the Iverson bracket

1, ifgistrue
[(0] = . . ’
0, ifeisfalse

then ¢ | GCD(H,(n), Hy(n)).
Let us observe that all the examples of quadruples (a, b, n, ¢) with the property
that ¢ > 1 divides both H,(n) and Hp(n) are such that ¢ = b is a prime number and

n > b. This is a motivation to formulate the following.

Question 7.8 Are there infinitely many triples (a, b, c) € N3, a,b, ¢ > 2, such that
¢ > 1 is coprime to ab and ¢ | GCD(H,(n), Hy(n)) for some n € N?

Moreover, it is quite natural to ask the following.

Question 7.9 Are there infinitely many pairs (a,b) € N2, a,b > 2, such that
GCD(H,(n), Hy(n)) = 1 for eachn € N?

8 Some polynomials related to numbers Hg(n) and their
combinatorial interpretation

Let us define polynomials Hy(n,x) € Z[x] recursively: Hy(n,x) = x" forn €
{0,...,d — 1} and

Hin,x)=xHin—1,x)+(n—1)---n—d+ 1)H;(n —d, x) forn > d.

Then H;(n, 1) = Hy(n) and we have exact formula

Hy(n, x) %—”' n=dj
dn,x) = ——X .
o, (n—djjldl
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Proposition 8.1 The exponential generating function of the sequence (Hg(n, X))neN
takes the form

400
Hy(n, x) “
Ha(x,t) = § T = M
; n!
n=!

d
. I . .
Proof Let us write e’ a =y "0 %t" By comparing the coefficients near 1" !
in the identity

+d
aexl+7

d
t
Py — (x+td_l)eXI+7

and multiplying by (n — 1)! we get the recurrence
ag(n,x) =xasn—1,x)+(n—1)---n—d+ )agn — d, x) forn > d.

The above recurrence combined with the fact that

3”6ﬂ+§
— L
aqg(n,x) = o =X
t=0
forn € {0, ...,d — 1} implies ay(n, x) = Hy(n, x) foreachn € N. O

Theorem 8.2 Let Fix,(0) and Sy, denote the set of fixed points of the permutation
o € S, and the set of permutations being product of pairwise disjoint d-cycles,
respectively. Then, we have the following equality

Hy(n,x) = Z x#Fixn(0),

0€Syn

Proof Let us write the right hand side of the above equality as gg ,(x). We will
show that the sequence (g4, (x))nen satisfies the same recurrence as the sequence
(Hy(n, x))nen. This fact combined with obvious equality gz ,(x) = x" forn €
{0, ...,d — 1} will give us the statement of our theorem.

Letus fix 0 € Sg,. If 0(n) = n then 0 = o for some o7 € Sg,—1. The
number of fixed points of ¢ is equal to the number of fixed points of o increased
by 1, since n is an extra fixed point of o. Hence the summand XX () i 8d.n(x)
reduces with the summand x#F* @D+ in xeo, | (x). If o (n) # ntheno = oy o7,
where 7 is a d-cycle containing n and o7 is a product of pairwise disjoint d-cycles
on aset {1, ..., n}\supp(r). Then o can be treated as a member of the set Sy ,—4
and #Fix,_4(01) = #Fix, (o). Moreover, w can be chosen in (n — 1)—1) ways.
Thus the summand x*F**(®) in g, , (x) reduces with the summand x*F*:(°1) in (n —
1)(@—1)8d,n—a(x). Summing over all o € Sy, we obtain g4 ,(x) = xgg,—1(x) +
(n — 1)(@—1)8d,n—a(x), which completes the proof. m|

@ Springer



On some properties of the number of certain permutations 167

For given d € Nx», the sequence of polynomials (Hy(n, x)),en contains more
precise information concerning the number of permutations in S, which are product
of disjoint d-cycles. However, because our primary object of study is the sequence
(Hy(n))nen, we offer only few results concerning this natural polynomial generaliza-
tion. First we prove the following:

Theorem 8.3 Let d € Nxo. Then the following congruence holds for any n € N:

e Hy(n,x) = x" (mod d) if d is a composite number greater than 4;
o Hy(n,x) = x" 2|2 x4 = xn=+(Li] mod 2) (4 4 9)[3] mod 2 (moq g)
ifd =4;
o Hy(n,x)=x" modd)y _ l)dl-%J (mod d) if d is a prime number.
Proof We will proceed by induction on n € N. The statement of the theorem is true
forn € {0,...,d — 1}. Let us suppose that d > 4 is a composite number and n > d.

Then the product of consecutive d — 1 integers is divisible by d, thus by the recurrence
formula and inductive hypothesis for n — 1 we have

Hy(n,x)=xHg(n — 1,x)+(0n — @g—1)Ha(n —d,x) =x X" =x" (mod d).

Suppose now that d = 4 and n > 4. If 4 | n then, by the recurrence defining
polynomials Hu(n, x), inductive hypothesis for n — 1 and n — 4 and the fact that
(n —1)3) =3!=2 (mod 4), we obtain the following:

Hy(n,x) =xHy(n —1,x) + (n — D3y Ha(n — 4, x)

-1 —4
S el CRH Caa Eral B

Exn+2Ln_lerl4+2.xn4

—1
=x”+2<v4 J+1>x”—4=x”+2£Jx"—4 (mod 4).

If 4 { n then, by the recurrence defining polynomials Hy (n, x), inductive hypothesis
for n — 1 and the fact that among the numbers n — 3, n — 2, n — 1 there is a one divisible
by 4, we obtain the following:

-1
Hy(n,x) = xHy(n — 1,x) + (n — )3y Ha(n — 4,x) = x" +2 V I Jx"_4

—x"42 {%J X4 (mod 4).

Since the polynomial x* + 2 is irreducible over the ring Z/4Z, thus Hy(n, x) =
x"+2 L%J x4 =y (L5 ] mod 2) (4 4 2y[5] Mod D) (164 4) is a factorization
of the polynomial Hy(n, x) modulo 4.

@ Springer



168 P. Miska, M. Ulas

Assume now that d is a prime number and n > d and the statement is true for any
non-negative integer less than n. If d | n then
Hiyn,x)=xHin—1,x)+(n—1)---(n—d+ 1)H;(n — d, x)

= IHO=D) modd) 1)4L%J

n—d

+(d—1)---1.x0n=d) modd), 1)"LTJ
= x1H@D (@D 4@ — i — )9GED
=¥ -D" - x—-1D"" = - -1
=@x—D4x -1
=@x-1"= -0 (mod a).
If d { n then, by the recurrence defining polynomials Hy (1, x), inductive hypothesis
for n — 1 and the fact that among the numbers (n —d + 1), ..., (n — 1) there is a one
divisible by d, we obtain the following:

Hn x)y=xHn—-1,x))+n—-1)---(n—d+1)H;(n —d, x)

= x1+(n—1 (mod d))(x . 1)d\~%J — (mod d)(x _ l)dL%J (mod d).

O
Now, we concentrate on the case d = 2 and prove the following

Theorem 8.4 Let U(n,x) = Hy(n — 1, x)H>(n + 1, x) — Ha(n, x)* forn € N4.

(1) We have U(n, x) = V(n, x2), where V(n, x) € Z[x] is of degree n — 1.
(2) We have V(1,x) = 1,V(2,x) =x —1,V3,x) = x2 + 3 and for n > 4 the
following recurrence relation is true:

Vin,x)=x+n—-3))Vn—-1,x)+mn—2)(x+n)Vn—2,x)
—(n—=3)n -2V -3, x). (16)

(3) We have the following identity

o0

Vin+1,x) e'%
Vix,t) = Z "= )
= n! A+0v1 =12

(4) Let us write V(n, x) = Z:'l;ol a(i,n)x'. Then

a(0,2n) = V(2n,0) = — <(2">!>2,

2"p!
2
a0.2n+ 1) =VQn+1,0 = by (Gi2),

a(1,2n) =V'(2n,0) = —a(0,2n), a(l,2n+1)=V'2n+1,0) =0.
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and

a(i,n) >0 foreach i€ {2,...,n—1}.

Proof From the expression for H,(n, x) we see that it is an odd polynomial if n = 1
(mod 2) and an even polynomial in case of n = 0 (mod 2). We thus get that the
polynomial U(n, x) = Hy(n — 1, x)Hy(n + 1, x) — Ha(n, )c)2 is an even polynomial
and for each n € N we can write U (n, x) = V(n, x2) for some polynomial V (n, x).
The expressions for V (n, x) forn € {1, 2, 3} are clear from the shape of H»(n, x) for
nef{l, 23,4}

Let us observe that the sequence (H(n, x)),eN is a holonomic sequence of poly-
nomials. Indeed, this is consequence of the fact that the generating function Hy(x, )
(as a function in variable ¢) is D-finite for each d, i. e. is a solution of some lin-
ear differential equation with polynomial coefficients. We recall that a sequence is
holonomic if satisfies the recurrence relation with coefficients being polynomials
in n. It is well known that if (f;,),eN, (g1)neN are holonomic sequences then the
sequences (f;, £ gn)neN, (fngn)nen are holonomic too. It is straightforward (but a
bit tedious) exercise to check that the sequence (U (n, x)),en, satisfies the relation
given in the statement of our theorem (with x replaced by x?) and hence the sequence

(V(n, x))nen, satisfies exactly the relation presented above.
If we define V(x, t) = fo;o th’ then it is an easy task to produce the dif-

ferential equation satisfied by the function V(x, t). Indeed, applying standard methods
and the relation (16) we check that

V(x,t)

5+ (1 =3t42%) — (1 +0H)x)V(x, 1) = 0.

A=020+1)

The initial condition V(x, 0) = 1 allow us to compute the unique solution of the above
differential equation in the form

Xt
I—t

e
Vix,t) = ———F—,
o0 (14 1)1 =12

which is exactly the expression presented in the statement of our theorem. Now, it
is an easy task to compute the coefficient a(i, n) for i = 0, 1. We have a(0, 1) =
1,a(0,2) = —1,a(1,2) = 1,a(0,3) = 3, a(1, 3) = 0 and our formulas are true in
case of n = 1,2, 3. We see that the sequence (a(0, n)),cn satisfies the recurrence
relation of degree 3 given by

a(0,n)=m—3)aO,n — 1)+ (n—2)na(0,n —2) —(n —3)(n — 2)2a(0, n—3).

The above relation comes from the relation (16) by taking x = 0. However, a closer
look reveals that our sequence satisfies simpler recurrence relation

a(0,n)=—-aO,n—1)+m—1)(n—2)a0,n — 2),
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and a direct check shows that the expressions for a(0, 2n), a(0, 2n + 1) presented in
the statement satisfy the above recurrence relation. Similarly, by differentiating the
recurrence relation (16) with respect to x and taking the limit x — 0 we get that the
sequence (a(l, n)),eN.., satisfies the recurrence relation

a(l,n) =a0,n)+n—1a(l,n—-1)+ (n —2)a0,n —2)
+(n —2)na(l,n —2) — (n — 3)2(n — Da(l,n —3).

A direct check confirms that the expressions for a(1, 2n), a(l, 2n + 1) given in the
statement are correct. We omit simple details.

Having proved the expressions for a(0, n), a(1, n) we are ready to prove positivity
ofa(i,n)fori € {2, ..., n—1}.First, we getrid of the O-th coefficientin V (n+1, x) by
differentiating this polynomial with respectto x. Thus, by differentiating the generating
function V(x, t) with respect to x, we arrive to the identity

Xt

V(x,t 14 1, tel=1

(x,1) Z (n+ x) e a7
dx = n! (1 =121 —12

Dividing the last equality by #, comparing expansions on both sides of the above

identity, we see that the polynomial V' (n+2, x)/(n+1) is just the binomial convolution

of the integer sequence (), <N and the sequence of polynomials (R, (x)),eN, Where

(09)
Ru(x)
n 2n n n
E Fz(_x’t) —=el-t = E —_—t

(1— tz)«/l —12 = n

Fi(t?) =

More precisely,

, 1)
RUR LY -2 e ( )h Ry (1), (1)

n—+1

The power series expansion of Fi(¢) is well known and we get that

2n + 1!

= =

In consequence, we see that the coefficients of the power series expansion of Fj (#%)
are non-negative. Next, from the definition of F>(¢) we see that Ry(x) = 1. Moreover,
we have that

IF>(x, 1)
ar (1 —1)2

Fy(x,1).

The above equality, together with the power series expansion 1/(1 —1)> = Yoolon+
1)t allow us to get the recurrence relation satisfied by the sequence (R (x));eN.
Indeed, by comparing the coefficients near ¢ we easily get
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R, (x)—xz<n>(l+1)'Rn 1-i ().

Let us observe that R,(0) = O forn > 1 and x = 0 is a simple root. Indeed, the
simplicity of the root x = 0 is clear from the relation

Z (x) 8F2(x,t)_ t Fy(x. 1),

ax 11—t

Thus, R, (0) = 1 for n > 1. Moreover, from the recurrence relation satisfied by
the sequence (R (x))nen, it is clear that deg R, = n and by writing R,(x) =
Yo b(i,n)x" we get b(i,n) > 0 fori € {1,...,n}. Finally, by comparing the

coefficients near x’,i € {1,...,n — 1}, on both sides of the formula (18) we get the
identity
(+Da+1.n+2) 'y @)
i a(i n @)! . .
o Z i ( >hjb(l,n—2]). (19)
j=0
In consequence a(i,n) > 0 foreachi € {1,...,n — 1}. O

Remark 8.5 Let us note that the sequence of polynomials (R, (x)),eN coming from
the power series expansion

i}? (x)

is also an interesting object. Indeed, if we write R, (x) = Z:‘l:o b(i,n)x', then the
double array of coefficients (b(i, n)), where n € Nand i € {0, ..., n}, can be easily
found in OEIS database as the sequence A271703 [11]. The sequence is called the
unsigned Lah numbers and has closed form b(i, n) = (’Z 1)n‘/z' for n € N4 and
i € {l,...,n — 1}. It has many combinatorial interpretations. More precisely, the
number b(i, n) counts: (1) partially ordered sets on n elements that consist entirely of
k chains; (2) number of ways to split the set {1, ..., n} into an ordered collection of
n + 1 — i non-crossing nonempty sets; and (3) Dyck n-paths with n + 1 — i peaks
labeled 1, 2, ..., n+1—iin some order, see [8]. It would be nice to have combinatorial
explanation of the identity (19).

Remark 8.6 The positivity of coefficients of the polynomial V (, x) is a bit unexpected
property and the question arises whether similar phenomena hold for the case of
d # 2.1t seems that the direct generalization does not work. However, based on some
numerical experiments we are able to formulate the following general
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Conjecture 8.7 Let d € N> and define Uy(n,x) = Hg(n —d,x)H;(n +d, x) —
Hy(n)?. Then, for n > d there is a polynomial Vy(n,x) € Z[x] of degree
deg Vy(n,x) =2 |_:‘—1J — 1 such that

Va(n, x4y = x7200 med Dy, x)

and all coefficients of V4 (n, x) are positive. In particular, for eachd € N>y andn > d
we have

Hy(n — d)Ha(n + d) > Ha(n)*.

It is possible to prove the above conjecture in the case d = 2 by using the same
approach as in the proof of Theorem 8.4. More precisely, one can prove the identity

2eTT(2x +1—1 > Us(n,
Wo(x,t) = Al ) :Zﬂi—'mtn’
n=0 ’

(1 =81 —12)4/1 =12

and careful analysis of the convolution form of the polynomial U, (n, \/x) allows to
prove thatifn = 1 (mod 2), then all coefficients but Oth are positive; in case of n = 0
(mod 2) all coefficients are positive. However, it seems that this approach can not be
used in order to get the positivity of the coefficients of the polynomial V;(n, x) (or
equivalently, the non-negativity of coefficients of the polynomial Uy, (n, x)).

It is clear that our discussion is connected with the concept of concavity of
sequences. More precisely, let us recall that the sequence a = (a,),en is called loga-
rithmically concave sequence, or a log-concave sequence for short, if a,2, > ap_10n+1
holds for all n > & for some k. If the opposite inequality is satisfied for n > k, then the
sequence is called logarithmically convex (log-convex for short). Let us observe that if
the sequence a is positive, then the log-concavity of a implies the log-convexity of the
sequence al= (a, 1) ,.en (and vice-versa of course). As an immediate consequence
of Theorem 8.4, we get the following

Proposition 8.8 [fx > 1, thenthe sequence (Hy(n, x))nen is log-convex. In particular,
we have

Hy(n)* < Hy(n — 1)Ha(n + 1)

and the sequence (Hy(n)),eN is log-convex.

Let us note that from the work of Bender and Canfield [2] we know that for each
d € N>j and any given x > 0, there is an integer N4 (x) such that the sequence
(Hy(n, x))n>nN,(x) is log-convex. However, the question concerning the non-negativity
of coefficients of the polynomial Uy (n, x) is of different nature. In fact, it is not even
clear whether for given positive x, the inequality Uy (n, x) > 0 is true.

One can also note that the non-zero coefficients of the polynomial U;(n, x) are not
too small. Indeed, this is a consequence of the following
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Proposition 8.9 Let d € Nx» be fixed. Then, for n > d, the following congruence is
true

Hin—d,x)H;(n+d, x) = Hd(n,)c)2 (mod (d — 1)!).

Proof The proof of the above congruence can be performed with the help of the basic
recurrence relation satisfied by the sequence (H;(n, x)),en and the induction. We left
the details for the reader. m]

In fact, the following stronger result is true.
Theorem 8.10 Let d € N>o. Then

Hy(n —d,x)H;(n+d, x) = Hd(n,x)2 (mod d!),
n>d & d=p or d:p2 for pelP.

Proof 1If d is a prime number then by Theorem 8.3 we have
Hy(n —d,x)Hy(n +d, x) = x>0 mod )y 21G] = gon, x)?  (mod d),

which combined with the congruence Hy(n — d,x)Hy(n + d,x) = Hd(n,x)2
(mod (d — 1)!) and the fact that d and (d — 1)! are coprime, gives the congruence
Hy(n—d,x)H;(n +d, x) = Hy(n, x)* (mod d!) for each integer n > d.

If d is a composite number then at first we show the equivalence of the condition

Hy(n —d,x)Hys(n+d,x) = Hy(n,x)> (mod d!), n>d

with the condition

2d -1\ n—d\ (n+d
2(d—1)=2 (modd)and(d_1>+<d_1>
52<di1) (mod d), n>d. (20)

For n = d we have the following chain of equivalences:

Hy(0, x)Hy(2d, x) = Hy(d, x)*> (mod d!)
2
&1 (3204 BG4 CO0Y = (xd 1 LG0) (mod d
& x2 4+202d — V)gpyx? + @2d — 1)g—1)(d — 1)!
=x24+2(d - Dx? + ((d - DH> (mod d!)
& 22d — D)g-—nx? + Q2d — 1) g—1(d — 1)!
=2(d — DIx? + ((d — DN (mod d!)
& 23 Y+ 2d - Dy =2x +(d - D! (mod d).

21
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Since (2d — 1)(g—1) = (d — 1)! (mod d) for any positive integer d, thus the last
congruence is equivalent to 2(2d 1) =2 (mod d).Now, let us assume thatn > d > 4

and Hy(n — d, x)Hy(n +d, x) = Hy(n, x)*> (mod d!). Then we have the following
chain of equivalences:

Hin+1—d,x)Hin+14d,x)=Hyn+1,x)> (mod d!)

& (xHy(n—d,x)+ (n —d)g-1Hy(n —2d + 1, x))(xHy(n + d, x)
+(n+d)a-nHi(n+1,x))

= ((xHa(n,x) + ()g—1yHa(n —d + 1,x))*> (mod d!)

& x?Hy(n —d, x)Hy(n + d, x) + x(n — d)g—1)Hg(n — 2d + 1, x)Hg(n + d, x)
+x(n+d)g-nyHin —d, x)Hi(n + 1, x) + (n — d)@a—y(n + d)@a—n
Hy(n—2d+1,x)H;(n + 1, x)

= x’Hy(n, x)> + 2x(n)@g—1yHa(n —d + 1, x)Hy(n, x)
+()y_yHa(n —d +1,x)*  (mod d!)

& x(n—d)g-1)yHs(n —2d+1,x)Hy(n +d, x)
+x(m+d)g—nyHa(n —d,x)Hy(n + 1, x)
+n —d)a-y(n +d)a—yHa(n —2d + 1, x)Hy(n + 1, x)

= 2x(n)@—1)Ha(n — d + 1, x)Hg(n, x) + (n){;_)Hy(n —d + 1,x)* (mod d!)

—d
<:>x(Z 1>Hd(n—2d+l,x)Hd(n+d,x)
d
+x<';+ I)Hd(n —d,x)Hy(n +1,x)
n—d
+<d _ 1)(71 +d)a-1nyHa(n —2d +1,x)Hy(n + 1, x)
52x<d" 1>Hd(n—d+ 1, x)Hy(n, x)

“r( )(l’l)(d WHa(n —d +1 x) (mod d)

—d
@x( 1)Hd(n—Zd—i-l xX)Hz;(n+d, x)

n+

+xd

H;(n —d,x)H;(n + 1, x)

<d 1>Hd(n —d+1,x)H;(n,x) (mod d)

n—d\ , o411 o n+d\ ,_q a4
(d l>x +x PR
X d+1 X" (mOd d)
d—1
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n—d n+d 2n—d+2 n 2n—d+2
=2 n—d+
©<<d—l>+(d—l)>x d—lx (mod d)
n—d n+d n
=2 d d), 22
<i’<d—1>+(cz—1> <d—1> (mod @) 2
where we used Theorem 8.3 and the fact that a composite number d > 6 divides a

product of any consecutive d — 1 integers.
Assume that d = p? for some odd prime number p. Then

21 . 21 . op—1 .
2<2p2—1)_2p Pri_, T P et
p o P A B 4

pzfl 2 p—1
-2 [T 2] <1 + 3.)
AL . J
j=1.ptj j=1
p2—1 p—1 1 p—1
=2 L 1+p Z -1=211+p Z J
j=1.ptj =17 j=1

= 2(1 + %1» =2 (mod pz).

2 2
In order to prove the congruence ( ;[71) + (';;rfl) = 2(p2"_1) (mod p?) forn > p?
we will compute (pz_ 1) modulo p?. If p? | n + 1 then, similarly as above, we prove

that (pzn_l) =1 (mod p?). If v,(n + 1) = 1 then we write n + | = kp? + Ip for
some k, [ € N4 with/ < p and compute

2_
no\_ (kp?+1p—1 kPt T k- np+
pz—l - p2_1 - l_[ l_[ i

j= J Jj=lp+1 J
l
kp i—l kp® + Hkp +jp
J Jjp
j=1.ptj J=1
21 . —1 .
"1—[ (k=Dp*+j ’i—[ (k—1Dp*+jp
. . J 2 jp
j=Ilp+1,ptj J=l+1
Ip—1 0 L I-1 .
__kp kp=+j kp+j
B ;H o U J
Jj=Lptj j=1
pr-1 2 . p—1 .
I k=Dp"+Jj 11 (k—Dp+j
. . J 2 J
J=lp+1,ptj J=l+1

-1 . p-l . .

k k k—1 k
LAY AT y Y h) bt L==F (mod p).
/ j=l+1 J j J
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If p ¥ n+ 1 then we write n + 1 = kp®> +1p + m for some k, m € N; and [ € N with
[, m < p and compute

n . kp?> 4+1p4+m —1
p>—1) p>—1

Ip+m—1 . 21 .
_ Kk pﬁ kp®+j pl_[ (k=Dp*+
lp +m J Jj=lp+m—+1 J
Ip+m—1 . l .
_ Kk pﬁ kp2+1‘1—[kp2+1p
Ilp+m % L p
i=Lptj j=1
21 . —1 .
”1—[ k=Dp*+j ’i—[ (k= Dp*+jp
J jp
j=lp+m+1, ptj j=l+1
Ip+m—1 . . 21 .
__k? pﬁ kp2+1.1—[kp+1' pl—[ (k—Dp*+
Ip+m o , i . . J
Jj=L.ptj j=1 j=lp+m+1,ptj
p—1 .
k—1
. 1_[ & =0 (mod p?).
j=l1+1

2 2
Thus, independently on the p-adic valuation of n + 1, there holds (r[;;f )+ (7;{5 )=
2( p2n71) (mod p?). The only non-trivial case is v, (n + 1) = 1. Then, writingn + 1 =

kp?* + Ip for some k, | € N with [ < p, we obtain the following:

n— p? N n+p?\ _ ((k—Dp>+ip—1 N k+1)p>+Ip—1
p2_1 pz_l - p2_1 pz_l

k—1p (k+1)p 2kp kp*> +1p —1
l l I p2—1

n 2
52(p2_ l> (mod p-).

We have just proven the validity of congruences (20) for d being a square of an odd
prime number.

In the sequel, we assume that d is a composite number not being a square of
any odd prime number and satisfying congruences Hy(n — d,x)H;(n + d, x) =
Hy(n, x)*> (mod d!), n > d. Let us note that if congruences ("_d) + (”+d) =2(,",)

d—1 d—1
(mod d) hold for each integer n > d then, by the identity (Z’ii) — (1) = (), the
congruences (";‘1) + ("td) = 2(") (mod d) are satisfied for each integers n > d and
c €{0,...,d — 1}. We have the following chain of congruences:
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(") () =2(0) oo

1 2(n)(c
N (n=d)ey+ n+d)) = Z,( )

1 c
&= ;(—d)k Yoo =)= jes)

0<ji<-<je—k<c—1

(mod d)

- k N o _ 2(”)(0)
+Zd Z n—jo-m—jei) | = ; (mod d)

0<ji<-<je—ix=<c—1

2 ¢ . . 2(n)
< TZdzk Z (n—=jo-—je—o) = '(C) (mod d)
c! !
k=0 0<ji<-<je—u<c—1
L)
©Ezd2k 2. (m—j1)--(—je—2k) =0 (mod d).
k=1 0=ji<-<jem=c-1

Assume now that d is a composite number not of the form 2 p, 2 p? for some odd prime
number p or 2 for some integer k > 2. Then there is an odd prime number p such that
d = tp*,wheres € N andr > 3isaninteger with p-adic valuation less than s. Taking
c=2p*andn = p¢ — 1 in the expression 5 kL % dk
J1) -+ (n — je—2k), we obtain

Zofjl<“‘<jc—2k§C—1(n -

pS
D ap* > (P =1=j0 (p? = 1= jeoar)

2p%)!
@p*) k=1 0<ji<-<je—ax<c—1

2k p2s (=)
(2P _1)(p3 n(p* —1)'2

> (P! =1 —=ji (p? = 1= je—2).

0<ji<<je—2k<c—1

Since d > s, we have vp(pd —1—-i)=v,(1 +i)foranyi € {0,...,2p° —1}.
Hence, the summand with the least p-adic valuation is

1
2p* = Dpe—n(p* = D!

(0 = Dy (p? = p* = Dp—1),

obtainedfork =1, j; =i—1,i € {1,...,p*},and j; =i,i € {p*+1,...,2p° =2}
By the equality vp(pd —1—i) =v,(1+i)foranyi € {0, ...,2p* —1} this summand
has p-adic valuation equal to 2v,(¢) < s + v,(t) = v,(d). Any other summand has
strictly greater p-adic valuation because some from the factors p? —1, ..., p¢ — p* +
1,p¢ —p*—1,..., p? —2p* + 1, having p-adic valuations less than s, are replaced
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by p? — p*, p? —2p* or d = tp® with p-adic valuations at least equal to s. Thus,
the whole sum (2pS—1)(px],1)(pf—l)! Z,’:ZI 12k p2sk=1) Zofjl<..4<jc_2k§c_1(pd —1-
J1) - (pd — 1 — je—2x) has p-adic valuation less than v, (d), which implies that it
cannot be divisible by d—a contradiction.

We are checking now the numbers d of the form 2 p, 2 p? for some odd prime number
p. We compute the value (%dd:ll) (mod p). For shortening the proof we will perform

the computation for numbers d = 2p? as for the remaining case the computations are
simpler.

2p%—1 . 2p%—1 . 2p—1 .
(4p2—1>_1h 207 +j Ii—[ 2p2+]. lp—[ 2p2+]p.ﬁ
2 2 _ 1 - . - . . 2
b = j=tpti s PP
2p2—1 . 2p—1 . 2p°—=1 . 2p—1 .
2 2 s LT s
eV et j Tl A |
j=Lptj j=Lptj j=Lptj Jj=Lptj
=3 (mod p)

2 2
Then 2(32 z:i) = 6 (mod p) but, on the other hand, there should be Z(gg z:i) =2

(mod p). This implies the congruence 6 = 2 (mod p) and, as a result, p | 4—a
contradiction, as p is an odd prime number.

Let d = 2 for an integer k > 3. We compute the value (2;1_—11) (mod p):

k_ 3 k-l
<2k+1_1> 21_[12k_|_j_3.2k—1 5.0k=2 7. gk—2k=32 12k+2lj

k_ k—1 k=2 3 .ok—2 I3
2k —1 o 2 2 3.2 1=0 ;<1217 2ty
k=3 2811 p k=3 2k
7 AR J
=3-5-= =35 == d 8
3 ; [T 11 (mod 8)
=0 j=1.21j =0 j=1.24j

Then 2(%; ;') = 6 (mod 8) but, on the other hand, there should be 2(%5; ') = 2

(mod 8). This implies the congruence 6 = 2 (mod 8) and, as a result, 8§ | 4—a
contradiction.

We are left with the case d = 4. By (21), the condition H4(0, x) H4(8,x) =
Hi(4, x)? (mod 4) is equivalent to the condition 2(;) = 2 (mod 4), which holds. It
is easy to compute that

204 +1, if4ln+1

n

(3) = {2, if va(n — 1) =2 (mod 4).  (23)
0, ifvym+1)=0o0r8|n—1

Assuming that Hy(n — 4, x)Hs(n + 4, x) = Hy(n, x)? (mod 4!), we prove similarly
as in (22) that the congruence Hs(n — 3, x)Ha(n + 5, x) = Hs(n + 1, x)% (mod 4!)
is equivalent to
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—4 4
x(n 3 >H4(n -1, x)H4(n+4,x)+x<n+

>H4(n —4, x)Hy(n + 1, x)
n—4
+ ( 3 >(n + 43 Ha(n — 7, x)Ha(n + 1, x)

= 2x <§>H4(n — 3. x)Hy(n, x) + (Z)(n)(3)H4(n “3.20)?  (mod 4).

Further, the above condition is equivalent to the following equivalent congruences:

() (e ) (e )
ex( ) (e ) (o2 |1 )
+ (” 5 4) (n+4)) (x”7 +2 LgJ xnn) (xn+1 ) V + IJ x"3>
=2 () () el
! @ e (’“” 2 {#J x’”) (mod 4)
o (e () ]
S (D]
O e (e R el R
2(5) [ w2 (|22 L)) 2] (B

The last congruence is true, because 2 (| 25+ J + L”+4J) =2( "44J + L"HJ)

2([%2 ]+ %)) (mod4), (|%]+[=]) = 0 (mod 2) and by (23) we have
("3H + ("1 = 2(%) (mod 4) and ("3¥)(n + M3 = (3)()3) (mod 4). Hence,
Hi(n — 4, x)Hs(n + 4, x) = Hy(n, x)? (mod 4!) for each integer n > 4. O

Two further identities involving elements of the sequence (Hy(n, x)),eN can be
proved. More precisely, we have the following:

Theorem 8.11 Let d € N>y be given. For each n € N the following identities hold

Hin+d, x)Hi(n+d —2,x) — Hy(n +d — 1, x)?
=m+d—3)g-3Ha(n,x)H;(n+d — 1, x)
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—Hiyn+d— l,x)H[i(n,x)),
H;(n, x)HL/J/(n +2,x) — HL/J(n + 2, x)HL/l/(n, X)
=m+2)(Hyn, x)Hg/l'(n +1,x)
— Hy(n+1,x)H}] (n, x).

9 Some related observations, questions and conjectures

In this section we collect observations concerning some related sequences connected
with the family of sequences (Hy(n)),cn and formulate several questions and conjec-
tures appeared during our investigations.

In [1] the authors introduced the summatory sequence for the sequence of involu-
tions (Hz(n)),en. Thus, it is natural to consider the sequence (G 4(n)),en ford € N>o
with

Ga(n) =Y Hy(i).
i=0

From the definition, the number G;(n) can be seen as a number of all permutations
in [ ['_, S; which are products of cycles of length d.
Let us recall the following useful result.

Lemma 9.1 (Lemma 5.2in [1]) If A(x) = Y oo %x" and s, = Y '_ya; then

n=0 n!
o0 s x
Z = Ax) + ex/ e T At)dt.
n! 0
n=0

We are ready to prove the following

Theorem 9.2 (1) We have

n=0

(2) The sequence (G4(n))yen satisfies the following recurrence relation: G4(i) =
i+ 1fori=—1,...,d — 1, and forn > d we have

Gy(n) =2G4(n— 1)+ Gg(n —2)
+(n = D@-1(Ga(n —d) — Ga(n —d — 1)). (24)

Proof In order to get the exponential generating function for the sequence (G4 (n)),eN
we apply Lemma 9.1 with A(x) = Hy(x) and get the result.
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The recurrence relation for the sequence (G4 (n)),en can be easily proved by noting
the identity Hy(n) = G4(n) — G4z(n — 1). Indeed, from the relation (1) we get

Gy(n) —Gag(n—1)=Gy(n—1) — Gg(n —2)
+n = D@-n(Ga(n —d) — Gg(n —d — 1))

and hence the result. 0

We can apply the previous result and get the following general fact (with special case
for d = 2 obtained by Amdeberhan and Moll).

Corollary 9.3 We have the following identity:

. i (1 o ifn 1 (mod d)
l;( 1) (l,)Gd(z 1)_{%7 A

o
Proof We have Hy(x) = et '@ and using the first part of Theorem 9.2 we get

X fd
/ eddt
0

L\ Ga(n—1
e (Gax) — Ha(x)) =™y %x"
n=1 ’

%) n n o
Z( (—1)" ’(.)Gd(z‘—l)) iy
=0 i—0 l n:

i=

Comparing the coefficients on both sides of the first and the last expression we get the
result. =

In the paper [1] the authors were able to compute exact expression for the 2-adic
valuation of G2(n). One can ask whether it is possible to compute v, (G ,(n)) for
p € Pand n € N;. A numerical computations suggest the following:

Conjecture 9.4 (1) We have the following expression

on fork =0,1,
2n—+1 fork =2,3,4,
v3(G3(9n + k)) =
(GO =1 ) fork=5,6,1,

2n+5+wvi(n+1) fork=38.
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(2) We have the following expression

4n fork=0,1,2,3,

4n + 1 fork =4,5,7,

4n 42 fork =6,8,9,10, 11,
v5(G5(25n 4+ k)) = { 4n+ 3 fork =12,13, 14,16, 17, 18,

4n+4 fork =15,20,21, 22, 23,

4n +5 fork =19,

dn+6+vs(n+1) fork=24

Itis very likely that the method employed by Amdeberhan and Moll can be extended
in order to confirm the above conjecture. However, it would be nice to have general
method which works for all p € P.

Let d € N>, be fixed and for n € N define the matrix

Mg(n, x) = [Ha(i + j, X)]o<i,j<n—1-

Based on numerical calculations we formulate the following

Conjecture 9.5 Letd € N>o.
(1) Forn € N4 we have det My(n, x) € Z and

n—1
det My(n,x) =0 (mod 1—[ in;
i=0

(2) Forn € Ny we have the identity

n—1

det Mo (n, x) = l—[i!.

i=0
) Ifd > 3, then we have the following property
detM;(n,x) =0 n=2,...,d—1 (mod d).

Leta, b € N>, with a < b. It seems to be interesting to find out if there are some
integers n > a and m > b such that

H,(n) = Hp(m). (25)

We only know that if @ is a prime number then the Eq. (25) has no solutions, as a
divides the left hand side and does not divide the right hand side.

Question 9.6 Is there any quadruple (a, b, n, m) € N* such that2 < a < b, n > a,
m > b and H,(n) = Hp(m)? If yes, are there infinitely many such quadruples?
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