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YasumichiAoki,aSzabolcsBorśanyi,bStephanD̈urr,c,dZoltanFodor,d,b,c,e

SandorD.Katz,b,eStefanKriegb,fandKalmanSzabob

aRIKENBNLResearchCenter,BrookhavenNationalLaboratory,

Upton,NY11973,U.S.A.
bBergischeUniversiẗat Wuppertal,
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Abstract:Weextendourpreviousstudy[Phys.Lett.B643(2006)46]ofthecross-over

temperatures(Tc)ofQCD. Weimproveourzerotemperatureanalysisbyusingphysical

quarkmassesandfinerlattices.Inadditiontothekaondecayconstantusedforscalesetting

wedeterminefourquantities(massesoftheΩbaryon,K∗(892)andφ(1020)mesonsand

thepiondecayconstant)whicharefoundtoagreewithexperiment. Thisimpliesthat

—independentlyofwhichofthesequantitiesisusedtosettheoverallscale —thesame

resultsareobtainedwithinafewpercent.Atfinitetemperatureweusefinerlatticesdown

toa 0.1fm(Nt=12andNt=16atonepoint). Ournewresultsconfirmcompletely

ourpreviousfindings. Wecomparetheresultswiththoseofthe’hotQCD’collaboration.
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1 Introduction

Thereisacontinuouslyhighinterestindeterminingpropertiesofthehightemperature

quarkgluonmatter.Oneofthemajorgoalsistodeterminethetemperaturescale,where

theordinary,hadronicmatterissupposedtoundergoatransitiontothehightemperature

phase.Sincethistransitionseemstobeacontinuousone[1],thereisnounambiguous

temperature,wherethetransitiontakesplace.Ingeneraldifferentobservablesmayhave

theircharacteristicpoints(e.g.peakposition,inflectionpoint)atdifferenttemperature

values.Thesetemperaturesarecompletelywelldefinedandinprinciplecanbecalculated

withanarbitraryprecision.

Currentlatticesimulationstendtodisagreeonthesecharacteristictemperaturescales.

OntheonehandthepublishedresultsoftheRBC-Bielefeldcollaborationfound[2]

Tc=192(4)(7)MeV (1.1)

forthetransitiontemperature.Byconsideringdifferentobservablestheyobtainedtransi-

tiontemperaturevaluesthatwereconsistentwitheachother.Inlaterworksofthegroup

(whichhasbeenenlargenedto’hotQCD’collaborationinthemeantime)theanalysishas

beenextendedtootherfermionactionsandsmallerlatticespacings[3–5]. Theresults
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presentedintheseworksseemtoconfirmthoseof[2],inparticular[4]concludedas:”The

preliminaryresultsofthehotQCDcollaborationindicatethatthecrossoverregionforboth

deconfinementandchiralsymmetryrestorationlieintherangeT=(185-195)MeV”.

Ontheotherhandtheresultsthatwepresentedin[6]arequitedifferent. Different

observablesledtosignificantlydifferenttransitiontemperaturesandthesetemperature

valueswereconsiderablylowerthanthevaluesofthe’hotQCD’collaboration.Forexample

forthetransitiontemperaturedefinedbythepeakpositionoftherenormalizedchiral

susceptibilityweobtained

Tc(χ̄ψψ)=151(3)(3)MeV, (1.2)

whichismorethan20%lowerthanthetransitiontemperatureof[2](seeequation(1.1)).

Thedifferencesbetweenthefindingsofthecollaborationscanbemadeevenmoretranspar-

entandthusmoredisturbingbycomparingthetemperaturedependenceoftheobservables.

Wehavefounddiscrepancyinallquantitiesthatwehaveconsideredsofar,soitwillbe

mostprobablypresentintheequationofstate,too.

Relatingtheabovetemperaturescalestoexperimentalobservablesofheavy-ioncolli-

sionsisahighlynontrivialtask.Amongotherthingsonehastotakeintoaccountthatmost

latticecalculationsarecarriedoutwithperiodicboundarycondition,whichisconvenient

forthecomputations,butratherfarfromtheexperimentalsetup.Anexploratoryquenched

studysuggests[7]thatcriticaltemperatureswithrealisticboundaryconditionscanbeup

to30MeVlargerthanthevalues,whicharemeasuredinconventionallatticecalculations.

Theaimofthepresentpaperistoimproveourpreviousresults[6]andtofindsome

hintsfortheoriginofthediscrepanciesdiscussedabove. Wepresentherethreesignificant

improvements:

•weextendourzerotemperaturesimulationsbysimulatingdirectlywiththephysical

valuesofthequarkmasses.ThisisachievedbytuningtheGoldstonepionandkaon

massestotheirphysicalvalues.

•Inordertoverifythatourresultsareindependentofthephysicalquantitywechoose

tosetthescalewemeasuredfiveexperimentallywell-knownquantities.

•Weextendourfinitetemperaturesimulationsbytakinganevensmallerlatticespac-

ing(Nt=12andatonepointevenNt=16)thanthesmallestonewehadin[6].

Thezerotemperatureresultsarepresentedinsection2. Thefinitetemperatureresults

aretobefoundinsection3,whereacomparisonwiththelatestresultsofthe’hotQCD’

collaborationisalsodone.

2 Zerotemperaturesimulations

Theprimaryroleofzerotemperaturesimulationsisthattheyareusedtoconvertthe

dimensionlesstemperatureofthelatticetophysicalunits. Therefore,whenlookingfor

systematicerrors,onehastopayasmuchattentiontothesesimulationsastothefinite

–2–



J
H
E
P
0
6
(
2
0
0
9
)
0
8
8

temperatureones.Inaddition,zerotemperaturerunsareusedtorenormalizecertain

quantitiesinordertoobtainameaningfulcontinuumlimit.Usingthesezerotemperature

simulationsonecanalsoobtainthesocalledLinesofConstantPhysics(LCP),whichare

constraintsamongthelatticeparameters.InourcasetheLCPtellsushowtotunethebare

lightquarkmasses(mud)andthebarestrangequarkmass(ms)asthefunctionofthegauge

coupling(β)sothatcertainhadronicquantitiesonthelatticetakethesamevaluesasinthe

experiments.In[6]wehavedeterminedtheLCPusingthreehadronicquantities:thepion

andkaonmassesandthekaondecayconstant. Whenwesaythatthelightorstrangequark

massesaresettotheirphysicalvalues,wemeanthattheyareonthisLCP(mLCPud orm
LCP
s ).

Oneshortcomingofessentiallyalllatticecalculationsthesedaysisthatthezerotem-

peraturerunsweredoneatnonphysicallightquarkmasses,onlythestrangequarkmass

wasfixedtoitsphysicalvalue.In[6]wehadcarriedoutzerotemperaturesimulationsat

fourdifferentpointswithnonphysicallightquarkmassesateachlatticespacingandmade

anextrapolationdowntothephysicalpoint.Itishardtoestimatethesystematicerrorsof

suchextrapolations. Obviouslysucherrorsmightalsoinfluencethedeterminationofour

LCP.InthispaperwewilluseonlytheLCPdeterminedusingextrapolationsin[6].In

ordertocheckthesizeofthesystematicsofthesechiralextrapolations,wedecidedtocarry

outnewsimulationsdirectlyatthephysicalpointforthesamelatticespacingsasin[6].As

itwillbeshownourapproachof[6]wasveryaccurate.

2.1 Action,algorithm

Thelatticeactionisthesameasweusedin[6]. Onthealgorithmicsidewehavemade

coupleofimprovements. WeuseOmelyanintegrationscheme[8]tointegratetheevolution

equationsofRationalHybridMonteCarlo(RHMC)(fordetailsontheRHMCalgorithm

see[9]).Thesmallesttwopolesoftherationalapproximationofthelightquarkdetermi-

nantareputtoalargerintegrationtimescale,thantheremainingones.Thesolverresidual

issettoff=10
−5,whencalculatingthefermionforceintheRHMC,andact=10

−8inthe

RHMCaction.Thecodeworksmostlyinfloatprecision,whilesmallerthan10−6precisions

arereachedbyusingmixedprecisioninverters.Theupdatesofthelinksandmomentaare

doneinverylargeprecision(80-bitormore),whichresultsinanexactlyreversiblealgo-

rithm.Thereversibilityisthusnoteffectedbythetoleranceofthefermionforcesolver(ff).

Ourcodeisportedtotwotypesofarchitectures:IntelPCequippedwithGraphical

ProcessingUnits(see[10])andBlueGene/P.

2.2 Simulationpoints

Intable1wegivethenumberoftrajectoriesforourzerotemperatureensembles.These

runsaredoneatthephysicalvaluesofthelightandstrangequarkmasses. Wealsoshow

thequarkmassesofouroldruns,whichwereusedtocarryoutthechiralextrapolations

tothephysicalpoint.

Thelatticevolumeswerechosensothatthecontinuumfinitevolumecorrectionswere

below0.5%forthepionandkaonmassesanddecayconstants[11]. Wemeasuredgauge

observables,chiralcondensatesandsusceptibilitiesafterevery,andhadroncorrelatorsafter

everytenthtrajectory. Weperformedcorrelatedfitswiththehadronpropagatorsbyusing
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β Nt×N
3
s #traj mud/m

LCP
ud mud/m

LCP
ud in[6]

3.45 32×243 1500 1 3,5,7,9

3.55 32×243 3000 1 3.5,5,7,9

3.67 48×323 1500 1 4,6,7.5,9.5

3.75 48×403 1500 1 4,6,8,10

3.85 64×483 1500 1 –

Table1.Gaugecoupling,latticesize,numberoftrajectoriesforourzerotemperaturesimulation

points.Thelightandstrangequarkmassesaresettotheirphysicalvalues,ie.theyareontheLCP

asdescribedinthetext. Nextcolumnshows,whichlightquarkmasseswereusedin[6]tocarry

outthechiralextrapolations.

Figure1.Chiralextrapolationvs.directsimulationofthepseudoscalardecayconstantsandmasses

forβ=3.55.Sincethispointhasthehigheststatistics,anymismatchbetweentheextrapolation

andthedirectresultwouldbemostpronouncedhere. Wedonotobservesuchamismatch.Black

pointsaredatafrom[6],bluelinesareourfitfunctionsalsofrom[6],whichwereusedtoextrapolate

tothephysicalpoint,redpointsaretheresultsofthenewsimulationsatthephysicalpoint. All

valuesareinlatticeunits.

theappropriateformulasforstaggeredmesonsandbaryonsasdescribedin[12]. When

extractingnucleon masses,weobservedsimilarambiguitieswhenusingdifferentquark

sourcesasdescribedin[13]. Wedecidednottousetheminthefurtheranalysis.

2.3 Checkingchiralextrapolations

Firstletustakealookatthepionandkaonmasses(seefigure1).In[6]weuseddifferent

fitformulastoextrapolatetothephysicalpoint:forthekaonmasssquarethefitfunction

waslinearinthequarkmass,forthepionitwascubic.Forthedecayconstantsweuseda

linearfunctionplusalogarithmicmudlogmudtermwithunconstrainedcoefficients.Com-

paringthechiralextrapolationswithresultsofthedirectsimulationswefindaremarkable

agreement.Forallfourquantitiesthedifferenceisonthe1%levelforalllatticespacings.
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β 3.45 3.55 3.67 3.75 3.85

a(mπ)[fm] 0.2832(2) 0.2193(1) 0.1548(2) 0.1267(2) 0.1002(1)

a(mK)[fm] 0.2782(2) 0.2153(1) 0.1524(1) 0.1246(1) 0.0991(1)

a(fK)[fm] 0.286(2) 0.217(1) 0.153(1) 0.123(1) 0.097(1)

a(avg)[fm] 0.2824(6) 0.2173(4) 0.1535(3) 0.1249(3) 0.0989(2)

err[%] 1.5 0.9 0.9 1.4 1.5

Table2.Latticespacingsobtainedfromdifferentquantities(pionandkaonmassesandthekaon

decayconstantaswellastheaverageofthethree).Errorsinparenthesesarethequadraticsumof

statisticaland —incaseoffK –experimentalerrors.Thelastrowshowsthemaximumdeviation

fromtheaveragespacing,whichweconsiderasthesystematicerrorofourscalesetting.

Wehavealsostudiedtheeffectofourextrapolationsincaseoftheadditiverenor-

malizationconstantofthechiralsusceptibility. Oneexpectsthataslightchangeinthe

additiveconstantdoesnotchangethepositionofapeakand,indeedtheuncertaintyof

theextrapolationturnedouttobenegligibleonthelocationofthetransitiontemperature

(seethefinitetemperaturesection).

2.4 Settingthescale

In[6]wehavedeterminedtheLinesofConstantPhysicsandthescaleusingthreequantities:

kaonandpionmassandkaondecayconstant.Therewewereusingchiralextrapolations.

Nowwecancheckdirectlyatthephysicalpoint,howconsistentarethescalesobtained

fromthesethreequantities(seetable2). Wetakemπ=135MeV,mK =495MeVand

fK =155.5MeVforthephysicalvalues[14].
1IfthedeterminationoftheLCPin[6]were

completelycorrect,thenthethreedifferentquantitieswouldgivethesamelatticespacing.

Asitcanbeseenthedeviationfromtheaverageofthethreescalesisalwayslessthan

2%.In[6]wehaveclaimeda2%uncertaintyinthescalesetting,soourcurrentfindings

completelyjustifythepreviousresults.

Wewillusethisaveragescaleinourfinitetemperatureanalysisandconsiderthis2%as

anuncertaintyofthetransitiontemperaturearisingfromthezerotemperaturesimulations.

Inthefollowingsubsectionswewillpresentsomeresultsforzerotemperatureob-

servables:hadronandquarkmassesanddecayconstants.Inthesecasesweattemptto

eliminateeventhissmall2%systematicerror.Ontheensemblesoftable1inadditionto

ourmeasurementswemeasurepropagators,wherethequarkmassesaresetto±20%ofthe

physicalstrangequarkmassand±10%ofthephysicallightquarkmass.Byinterpolating

betweenthesequarkmassvalueswelookforthosestrangeandlightquarkmassparam-

eters,wheremπ/fK andmK/fK taketheirexperimentalvaluesexactly.Thesoobtained

correctiontothequarkmasseshasturnedouttobealwayslessthan7%.Atthiscorrected

pointwemeasuretheratiosofvariousobservables.Thisproceduretakesintoaccountonly

thechangeintheoperatorduetothevariationinthequarkmass,theslightchangeinthe

1In[6]weusedtheParticleDataGroup[15]valueoffK =159.8MeV.Note,however,thatinthelast

2.5yearstheParticleDataGrouphasreducedthecentralvalueoffK byabout3%,which[14]reducesour

Tcvaluesinphysicalunitsbythesameamount.

–5–



J
H
E
P
0
6
(
2
0
0
9
)
0
8
8

Figure2. Masssquareddifferenceofthenon-Goldstonepions(i5andij)andtheGoldstonepion

asafunctionofthelatticespacingsquared.

backgroundgaugefieldisneglected.However,aswecheckeditforafewpoints,inratiosof

observablesthiseffectlargelycancelsandtheuncertaintyrelatedtothisprocedureremains

farbelowourstatisticalaccuracy.

2.5 Tasteviolation

Thetastesymmetrybreakingofthestaggeredfermiondiscretizationsplitsuptheoriginally

degeneratemassesofthepionmultiplet,leavingonlyonepionmasslessinthechirallimit.

Tastesymmetryviolationhastovanishinthecontinuumlimit,otherwisethestaggered

discretizationwouldfailtobeaproperfermiondiscretization.Therefore,itisimportant

tocheckwhetherthepionsplittingvanisheswhencarryingoutacontinuumextrapolation

usingtheavailablelatticespacings. Thisextrapolationprovidesausefulhintwherethe

scalingregimeisexpectedtostart. Wetaketworepresentativesofthenon-Goldstonepions:

i5/MVIIandij/MVIII(thenotationsarethatofMILCand[12]).Letustakealookatthe

quadraticmassdifferenceofthenon-GoldstonepionsandtheGoldstonepionasafunction

ofthelatticespacingsquared(seefigure2).Onecanclearlyseethatthetasteviolationde-

creaseswithdecreasinglatticespacing. Moreoverwecanalsoobservethatlatticespacings

whicharelargerthana∼0.15fm(thecorrespondingcriticaltemperatureinlatticeunitsis

1/Nt∼1/8)arenotinthea
2-scalingregimeinthecaseofthesequantities.Thetasteviola-

tionforthethreefinestlatticespacingscanbeextrapolatedtozerolatticespacing:forboth

typeofnon-Goldstonepionsthesplittingisconsistentwithzerointhecontinuumlimit.

2.6 Hadron masses,ms/mudandfK/fπ

Anecessaryconditionforthecorrectnessofthefinitetemperatureresultsisthatzero

temperatureobservablesinthecontinuumlimitareconsistentwithexperiments. Moreover,

thelatticespacingdependenceofthezerotemperatureobservablescangiveahintonthe

latticespacingrange,wherelatticeartefactsareexpectedtoscaleasa2.

–6–
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Figure3. Leftpanel: massesofΩbaryon,φ(1020)mesonandK∗(892)mesonin MeVonour

fourfinestlatticesasafunctionofthelatticespacingsquared.Rightpanel:quarkmassratioand

fK/fπforallfiveensembles.Seetextforadetailedexplanation.

Letusfirsttakealookatvarioushadronmasses(seeleftpaneloffigure3).Atthetop

ofthefigurethemassoftheΩbaryonisplottedasafunctionofthelatticespacingsquared.

TheredbandistheexperimentalvalueoftheΩmasstogetherwithitsuncertainty(to

whichtheexperimentaluncertaintyofourscalefixingquantityfK alsocontributes).Our

fourfinestlatticespacingsarenicelyconsistentwiththeexperiments.Thisfactconfirms

thecorrectnessofthefK-basedscalesettingprocedure.Inotherwords,wehaveshown

thatperformingthescalesettingwiththeΩmasswouldgivethesamecontinuumvalues

forTcinphysicalunits.

Theφ(1020)mesonmassisplottedinthemiddle.Theopenandsolidsymbolscorre-

spondtotwodifferentvectormesonoperators(MIIIandMIVusingthenotationsof[12]),

theyaresupposedtogivethesamemassinthecontinuumlimit. Weuseonlythecon-

nectedpartoftheoperatorswhenevaluatingthepropagators(thedisconnectedpartisvery

expensivetocalculate;however,aslargescaleT=0simulationsshow[16],omittingthedis-

connectedpartforφ(1020)couldprovidetheproperscale,theuncertaintyrelatedtothis

choiceissubdominant).Theplotshowsalsoanagreementwiththeexperiment(redband).

ThelowerplotshowstheK∗(892)vectormesonmass. Openandsolidsymbolsare

thetwovectormesonoperators,asinthecaseofφ(1020). Theagreementissomewhat

worsethanfortheothertwomasses.Howeveronehastokeepinmindthatatthephysical

pointinourboxesthestrongdecayofK∗(892)iskinematicallyallowed.Ouroperatorsare

supposedtohavenegligiblysmallcouplingtoscatteringstatesandcouplemostlytothe

resonance.Theresonanceenergylevelatagivenvolumeisnotnecessarilythecentralvalue

oftheresonance(mK∗),butitmightbesomeothervaluewithintheresonancedistribution

(whichhasΓK∗width).Therefore,besidetheredband,whichistheexperimentalvalue

–7–
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oftheK∗(892)mass,wealsodrawa2ΓK∗widemagentabandinsidewhichtheresonance

levelsareexpectedtoappear.

Therightpaneloffigure3showstheratioofthestrangeandlightquarkmasses.Note,

thatthisisnottheratioalongtheLCP(whichwasfixedtomLCPs /mLCPud =27.3),butthe

ratioofthequarkmassesaftercarryingoutthecorrectiontotheLCPasdescribedinsub-

section2.4.Asonecanclearlyseethereisnoobservablelatticespacingdependenceforour

threesmallestlatticespacings.Thereforeitiscompletelyjustifiedtotaketheresultonthe

finestlatticespacingasthecontinuumestimateforthequarkmassratio:ms/mud=28.15.

Thestatisticalerrorisonthe0.4%level,thesystematicuncertaintiesaresomewhatlarger.

Onthelowerpartoftherightpanelweplottheratioofkaonandpiondecayconstants

againstthelatticespacingsquaredforallfiveensembles. Theredbandisthecurrent

bestestimateforfK/fπincludingtheuncertainty.Openedsymbolsaretheoriginallattice

data,whereasthesolidonescontainthecontinuumlimitfinitevolumecorrections[11].

Forthethreefinestlatticespacingswecanobserveacleardecreasingtendency. Anex-

trapolationwithana2scalingfunctionyieldsfK/fπ=1.181inthecontinuumlimit.The

statisticalerroroffK/fπisonthe0.3%level.Thesystematicuncertaintiesareofthesame

orderofmagnitude.

Adetailedanalysisofthesystematicuncertaintiesofms/mudaswellasfK/fπisquite

interestingfromtheT=0physicspointofviewandwillbepublishedelsewhere[17].In

thisforthcomingpublicationwediscussthemassesoftheΩbaryon,theK∗(892)meson

andtheφ(1020)mesonindetail,too.

Thebasicmessageofthissubsectioncanbesummarizedasfollows.UsinganfKbased

scalesettingprocedure(seesubsection2.4),themassesofΩ,K∗(892),φ(1020)andthe

piondecayconstantareconsistentwiththeirexperimentalvaluesonourfinestlattices.

Thisimpliesthatindependentlyofwhichofthesequantitiesisusedforscalesetting,we

wouldobtainthesameresultsinthecontinuumlimit.

2.7 Staticquarkpotential

ApopularwaytofixthescaleinlatticeQCDistousequantitiesrelatedtothestaticquark

potentialV(r),likethestringtensionorSommerscale[19].Themajoradvantagecompared

toothermethodsisthattherearenoambiguitiesintheconstructionofoperatorsdueto

staggeredtasteviolation,sincethe Wilson-loopsarebuiltuponlyfromthegaugefields.A

disadvantageisthatoncoarselattices(whichareusualinthermodynamicalcalculations)

thestaticquarkpotentialdeterminationisburdenedbysizeablesystematics.Itishardto

extractgroundstateenergylevelsofthestaticquark-antiquarkpair(comparedtomass

extractioninhadronspectroscopy),sincethesignaldisappearsquicklyinthenoise.

Weusethefollowinggaugelinksmearingrecipe(appliedtothinlinks)toincrease

oursignal/noiseratio. Wehave Wilsonloopsalongtheaxis(spacing1)andalongthree

off-axisdirections(spacings
√
2,
√
3,
√
5). Thespatiallinksaresmearedby30stepsof

APEsmearing[20],thisreducestheexcitedstatecontaminationwhilekeepingtheground

stateenergyintactforalldistances. Wealsosmearthetimelikelinksby3stepsofHYP

smearing[21],keepingalltheintermediatesteps,too.Thisdecreasesthenoisesubstantially,

howeverdistortsthepotentialforsmalldistances.Bycomparingtheresultsofzero,one,
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Figure4.Leftpanel:thestaticquarkforcemultipliedbythedistancesquaredforthreedifferent

smearinglevels. Thehorizontallinecorrespondsto1.65,whichvaluedefinestheSommer-scale.

Rightpanel:Sommer-scaleinphysicalunitsasafunctionofthelatticespacingsquared. The

dashedcurvesindicatethepoint-by-point1-sigmaband. Thewidthofthisbandata=0isthe

quotederrorinthecontinuum.Theredbandisther0determinationfrom[18].

twoandthreestepsofHYPsmearingwecandetermineaminimaldistanceforeachlevel

ofHYPsmearingsteps,abovewhichthatsmearinglevelcanbesafelyused,ie.thereisno

significantdistortioninthepotential.Letusillustratethisontheleftpaneloffigure4,

wherethequantityr2dV/drisplottedasafunctionofthedistanceforourfinestlattice

spacing(β=3.85). DifferentsymbolsareusedforthedifferentHYP-smearinglevels.

Thefilledsymbolsindicatewhichsmearinglevelwasusedatagivendistance.Forsmall

distancesthesmearingdistortsthepotential,thereweusenosmearingatall. Asthe

distanceincreases,thedistortioneffectbecomesgraduallysmaller,whichmakesitpossible

tousehighersmearinglevels.

TheSommerscale(r0)isdefinedasthedistancewherer
2dV/dr=1.65. Wedetermine

dV(r)/dr(thisisourprimaryinterestandnotthepotentialitself)fromratiosof Wilson

loops,involvingaderivativebothint-andr-direction. Weestimatethesystematicerrors

asfollows:besidethepotentialwemakefitstotheforceitself,weconsiderdifferentinter-

polatingfunctionsanddifferenttypesof Wilson-loops. Weusebothlow-orderpolynomials

andrationalansatzes(e.g.quadratic-divided-by-linear)tofitr2dV(r)/drasafunctionof

rintherelevantrange. Notethatr2dV(r)/drshowsverylittlecurvature. Forourtwo

coarsestlatticespacingsthesesystematicsturnedouttobelarge. Wemeasuretherefore

ther2scale,whichisdefinedasthepointwherer
2dV/dr=2. Oncoarselatticesithas

considerablysmallersystematicerrorsthanwhatr0has.Ontherightpaneloffigure4we

showthelatticespacingdependenceofr0,onthecoarsestlatticesitsvaluewasderived

fromthatofr2.Acleardownwardtrendcanbeobservedasthelatticespacingisdecreased,
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inthecontinuumlimitweget

r0=0.48(1)(1)fm. (2.1)

Thefirsterrorcomesfromthestatisticalandsystematicerrorofther0determination,

whereasthesecondisfromtheuncertaintyofthescaledetermination.Thisisconsistent

withanotherstaggeredr0determination[18]:r0=0.469(7)fm,whichisthevalueusedby

the’hotQCD’collaborationintheirthermodynamicalstudies.Letusmentionherethat

thereareotherr0determinationsintheliterature:0.467(33)fmfromtheQCDSFcollabora-

tion[22]and0.492(6)(7)fmfromPACS-CS[16].Thedifferencesbetweentheresultssuggest

thepossibilitythatthesystematicerrorsareunderestimatedinther0determination.

3 Finitetemperaturesimulations

In[6]weusedfourlatticespacings,Nt=4,6,8and10tostudythelatticespacingdepen-

denceofthermodynamicalobservables.Thequarkmassesweresettotheirphysicalvalues,

i.e.tomLCPud andmLCPs .Incaseofthetransitiontemperatureswecarriedoutacontinuum

extrapolationbasedonthefinestthreelattices(Nt=6,8and10).

InthisworkweextendourfinitetemperaturedatasetbysimulationsonNt=12

and16latticeswithphysicalquarkmasses. Aswehaveshownwithourfinitevolume

analysis[1]thetemperaturedependencechangesonlyverylittleintheNs/Nt=3–5range.

Therefore,wegeneratedbetween1500and3500trajectorieson12·363latticesat18

differenttemperaturevaluesandona16·483latticeatonetemperature. Measurements

weremadeoneverytrajectoryand12(24)randomvectorswereusedforthestochastic

estimationofthechiral(quarknumber)susceptibilites.Thelatticescalerangewhichwe

examinedinsection2,coversnicelythetransitionregimeoftheNt≤12lattices.In

caseofthestrangequarknumbersusceptibilitywewillshowresultsforsomewhathigher

temperatures(>210MeVonNt=12and260MeVonNt=16).Inthiscasethescaleon

evenfinerlatticesthanbeforeisneeded.Thiswasdeterminedbythemethodofref.[23].

Inthefollowingwepresenttheresultsandcomparethemwiththoseofthe’hotQCD’

collaboration.

3.1 Renormalizedchiralsusceptibility

Thelightquarkchiralsusceptibility(χ̄ψψ)isminusonetimesthesecondderivativeofthe

freeenergydensitywithrespecttothelightquarkmass.Itisultravioletdivergent.In[1]

weproposedthefollowingrenormalizationrecipe. Sincetheultravioletdivergencesare

independentofthetemperature,subtractingthesusceptibilityatzerotemperaturefrom

thesusceptibilityatfinitetemperatureremovestheadditivedivergences:

∆χ̄ψψ=χ̄ψψ(T)−χ̄ψψ(T=0). (3.1)

Themultiplicativerenormalizationcanbedonebymultiplyingbythesquareofthebare

quarkmass:

∆χ̄ψψ→m
2
ud·∆χ̄ψψ. (3.2)
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Figure5.RenormalizedchiralsusceptibilitynormalizedbyT4.Opencoloredsymbolsareresults

onsmallervolumes(withaspectratioNs/Ntaround3),whereasfilledcoloredsymbolsareresults

onlargervolumes(withaspectratiofour). Forcomparisonresultsofthe’hotQCD’onNt=8

arealsoshown,theyhavebeenrescaledbyanappropriatefactor(seetext). Notethatthequark

massesusedbythehotQCDcollaborationarelargerthantheirphysicalvalues.

FortheinterpolationoftheT=0susceptibiltyweusedarationalpolynomialfitto

theavailablepoints.Onfigure5weplotthisrenormalizedchiralsusceptibilitynormalized

byT4asafunctionofthetemperature. Weshowresultsforthreedifferentlatticespacings

(Nt=8,10and12).IncaseofNt=8and10wehavetheresultsontwodifferentvolumes

aswell,thelargervolumesareplottedwithfilledsymbols.Thefinitetemperaturedataon

Nt=8and10wastakenfromouroldpaper.Therenormalizationwascarriedoutwith

thenewzerotemperatureresults(seesubsection2.3).Thescalehasalsoslightlychanged

duetothechangeintheexperimentalvalueofthefK intheParticleDataGroup(see

subsection2.4). Thisresultsinanoverall∼5MeVdownwardshiftinthetemperature

comparedtowhatwereportedin[6].

Weseenoconsiderablelatticeartefacts,inparticularthenewNt=12resultsare

consistentwiththeNt=10onesfromourolddataset.Asmallvolumedependencecan

beseenintheheightofthesusceptibilitypeak,butthevolumedependencesofthewidth

andthepositionarenotsignificantwithinthepresentstatistics.

Inordertohelpcomparisonswithotherapproacheswealsoprovidethetemperature

dependencefortherenormalizedchiralsusceptibilitynormalizedbyT2ornotnormalized

byanypowerofT,atall(seefigure6).Asitcanbeseenthecurvesaregraduallyshifted

totheright,resultinginincreasingtransitiontemperaturesdefinedfromthepeakpositions

(seetable3).Thisisafeatureofthecrossovertypetransition,differentdefinitionsgenerally

resultindifferenttemperaturevalues.

Nowletusmakethecomparisonwiththeresultsofthe’hotQCD’collaboration. We

considerthedataof[3],whichuses’asqtad’fermiondiscretization.Thelightquarkmasses

inoursimulationsandinthesimulationsof[3]arequitedifferent. Thelatterusesthree
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Figure6. Comparisonofthetemperaturedependenceoftherenormalizedchiralsusceptibility

normalizedbyvariouspowersofT.OnlyourNt=12dataareshown.Differentsymbolscorrespond

todifferentnormalizations.

timeslargerlightquarkmassesthanthephysical,whichisusedinourwork.Sincethe

renormalizedchiralsusceptibilitydependsstronglyonthequarkmass,thereisnoproblem

withthefactthattheheightofthesusceptibilityisconsiderablylargerinthesimulations

of[3]thanwhatweobtain.Forconveniencewemultiplytheresultsof[3]byafactorof

0.4,thesepointsaretheblackcirclesonfigure5.The’hotQCD’resultsweresimulatedon

Nt=8lattices. Weobserveahugedisagreementwithourdata,whichisintheorderof

35MeV.Itisunclearwhetheraneffectofthissizecanbeexplainedonlybythedifference

inthequarkmasses. Mostprobablytheoriginissomewhereelse:aswewillseesoon,much

lessquarkmassdependentquantitiesalsoshowsimilardiscrepancies.

3.2 Renormalizedchiralcondensate

Thelightquarkchiralcondensate(ψ̄ψ)isminusonetimesthefirstderivativeofthefree

energydensitywithrespecttothelightquarkmass.Itisultravioletdivergent,apossible

wayofremovingdivergenceswasproposedin[25].Ifoneassumesthattheadditivediver-

gencesofthefreeenergydensitydependonthequarkmassesonlythroughthecombination

m2ud+m
2
s,thenonecangetridoftheadditivedivergencesinψ̄ψ byusingthestrange

quarkcondensate(s̄s):

∆l,s= ψ̄ψ −
2mud
ms

s̄s. (3.3)

Theremainingmultiplicativedivergencescanberemovedbydividingwiththesamequan-

tityatzerotemperature:

∆l,s→
∆l,s(T)

∆l,s(T=0)
. (3.4)
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Figure7.Renormalizedchiralcondensateasafunctionofthetemperature.Ontheleftpanelthe

temperatureisgiveninphysicalunits,whereasontherightintheunitsoftheSommerscale(r0).

ColoredopenedsymbolsaretheresultsonNt=8,10and12lattices.Forcomparisonresultsofthe

’hotQCD’collaborationwithtwodifferentfermionactionsonNt=8arealsoshown.Notethatthe

quarkmassesusedbythehotQCDcollaborationarelargerthantheirphysicalvalues.

Onfigure7weplotthisquantityasafunctionofthetemperature. Thereisno

significantlatticespacingorvolumedependenceforlatticesofNt=8,10and12andfor

aspectratios3-4.ForcomparisonwetaketheNt=8dataofthe’hotQCD’collaboration

from[5]. Similartothecaseofthechiralsusceptibilitywefindahugedisagreement

betweenthecurvesinthetransitionregime. Againtheshiftbetweenthecurvesofthe

differentgroupsisintheorderof35MeV.

Onemightthinkthatthedifferentscalefixingmethodsusedbythedifferentcollab-

orationsareresponsibleforthis35MeVdiscrepancy. The’hotQCD’collaborationuses

theSommerscaleintheirscalefixingprocedure,soitcanbeenlighteningtolookatour

results,ifthetemperatureisgiveninunitsoftheSommerscale(rightpaneloffigure7).

Thescalingissomewhatworseintermsofthisquantity,howeverforthefinestlatticesthe

discrepancyisstillpresent.Thisdoesnotcomeasasurprise,sincether0inphysicalunits

obtainedinsubsection2.7isperfectlyconsistentwiththeoneusedbythe’hotQCD’group.

3.3 Strangequarknumbersusceptibility

Thestrangequarknumbersusceptibility(χs)isdefinedasminusonetimesthederivativeof

thefreeenergydensitywithrespecttothesquareofthestrangequarkchemicalpotential.

ItisconvenientlynormalizedbyT2,bywhichitwillasymptoticallyreachoneasthe

temperatureisincreasedtoinfinity(Stefan-Boltzmannlimit).

OurresultsonNt=8,10and12areshowninfigure8. Weobservednovolume

dependence,thereforeweusethesamesymbolsforthetwodifferentaspectratios.There

isnosignificantlatticespacingdependencefortemperaturessmallerthan∼170MeV,

whereasforhighertemperaturesthelatticeartefactsaresomewhatlarger.Thisisexpected,
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Figure8.StrangequarknumbersusceptibilitynormalizedbyT2. Coloredopenedsymbolsare

resultsonNt=8,10and12lattices. WehaveanadditionalpointonanNt=16latticeat

ourhighesttemperature.Forcomparisonresultsofthe’hotQCD’collaborationwithtwodifferent

fermionactionsonNt=8arealsoshown.

sinceintheStefan-Boltzmannlimitthelatticeartefactsareknowntobelargeforouraction.

Wealsohaveanadditionalpointonaveryfinelattice(Nt=16)atahightemperature.

Thecomparisonwiththeresultsofthe’hotQCD’collaboration(seeReference[26])

bringsustoasimilarconclusionasfortheothertwoquantitiesthatwehaveconsidered

before. Aroundthetransitionpointthereisanapproximately20MeVshiftbetweenthe

resultsofthetwogroups.Forlargerthan∼230MeVtemperaturesourfinerlatticesare

ingoodagreementwiththe’hotQCD’results.

3.4 Transitiontemperatures

Inthissubsectionwepresentourcontinuumextrapolatedresultsforthetransitiontemper-

aturesobtainedfromdifferentquantities(seetable3).Thefirstthreecolumnscontainthe

transitiontemperaturesoftherenormalizedchiralsusceptibility,eachofthemnormalized

differently:withT4,T2andwithoutanypowerofT.Thepeakpositionwasdetermined

byfittingquadraticcurvestopointsaroundthepeakasexplainedin[6]. Thefirster-

rorcomesfromthestatisticalerrorsandfromthevariationofthefitrange,whereasthe

seconderrorarisesfromtheaccuracyofourscaledetermination. Asitcanbeclearly

seenandasithasbeenalreadyshownbefore,differentnormalizationsyieldsignificantly

differentpeakpositions.

Inthenextthreecolumnsthetransitiontemperaturesfromtheinflectionpointofthe

renormalizedchiralcondensate,renormalizedPolyakovloopandthestrangequarknumber

susceptibilityaregiven.Theseinflectionpointswereobtainedbyfittingcubicpolynomials

tothedata.Systematicerrorswereestimatedbythevariationofthefitranges.

Wehavealsomeasuredthewidthofthetransitionforalltheseobservables(thedefi-

nitioncanbefoundin[6]).Itisfoundtobeinthe25-30MeVrangeinallcases.
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∆χ̄ψψ/T
4 ∆χ̄ψψ/T

2 ∆χ̄ψψ ∆l,s L χs
thiswork 146(2)(3) 152(3)(3) 157(3)(3) 155(2)(3) 170(4)(3) 169(3)(3)

ourwork’06 151(3)(3) - - - 176(3)(4) 175(2)(4)

RBCBC - 192(4)(7) - - 192(4)(7) -

Table3.Continuumextrapolatedtransitiontemperaturesatthephysicalpointfordifferentob-

servablesandindifferentworks.Seethetextforexplanation.

Inthesecondlineweprovideourpreviouslypublishedresultsfrom2006[6]. Our

latticeresultsareincompleteagreementwithourearlierfindings,thereasonfortheap-

proximately5MeVshifttolowerTcvaluesisalmostcompletelyduetothechangeofthe

experimentalvalueoffK providedbytheParticleDataGroup(155.5MeV[14]insteadof

159.8MeV[15]). WithoutthischangeintheinputparameterthechangeoftheTcvalues

wouldbeaboutorlessthan1MeV.

Wealsoincludeintothetablethecombinedphysicalquarkmassandcontinuumextrap-

olatedestimatesoftheRBC-Bielefeldcollaboration(RBCBC)[2].TheRBCBCdidnotuse

renormalizedquantities,furthermorethetransitiontemperaturerelatedtothePolyakov

loopisdeterminedfromthepeakpositionofthePolyakov-loopsusceptibility,whichis

differentfromourdefinition.Thesedifferencesareexpectedtobesmallcomparedtothe

statisticalandsystematicuncertainties.Thediscrepancybetweenthetemperaturevaluesof

thetwocollaborationsisworryinglylarge,asitwasalreadyemphasizedintheIntroduction.

4 Conclusions,outlook

Wehaveimprovedourpreviouscalculationsonthetransitiontemperature[6]bythree

means.Firstofall,thesimulationsforourzerotemperatureanalysishavebeendonewith

thephysicalvaluesofthequarkmasses.Secondly,weextendedourhadronspectrum,decay

constants,quarkmassandstaticquarkpotentialmeasurements.Asathirdimprovement

wehavedecreasedthelatticespacingatfinitetemperaturebysimulatingNt=12lattices

(andNt=16atonepoint).

ForthefirsttimeintheliteratureweperformedboththeT=0andT>0analysesby

simulatingdirectlywithphysicalquarkmasses.Thisprocedureeliminatesalluncertainties

relatedtotheextrapolationtothephysicalmasses.Theanalysisconfirmsthattheuncer-

taintyofourscaledeterminationislessthanabout2%. Moreover,allspectralquantities

areconsistentwithexperimentsand/orpreviouslatticecalculations. Thisindicatesthat

thefinitetemperatureresultsareindependentofwhichquantity(Ω,K∗orΦmass,orthe

piondecayconstant)wechoseforscalesetting.

Atfinitetemperaturewedeterminedthetemperaturedependenceofseveralrenormal-

izedquantities.Asagenericfeatureofanycrossover,thetransitiontemperaturesobtained

fromdifferentquantitiesaredifferent,theyrangefrom146to170MeV. Wehavetoempha-

sizeagainthatthesenumberscorrespondtoaninfinitevolumesystem.Asanexploratory

studyinquenchedQCDshows[7],forthetypicalvolumesandboundaryconditionsreal-
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izedatheavyioncollisions,thetransitiontemperaturescanbeupto30MeVhigherthan

theinfinitevolumevaluespresentedhereandusuallyintheliterature.

Thenewresultsatfinitetemperatureareingoodagreementwithourpreviousfindings.

Note,however,thatinthelast2.5yearsParticleDataGrouphasreducedthecentralvalue

offK byabout3%,whichreducesourTcvaluesinphysicalunitsbythesameamount.

Thelatticespacingsusedinthisworkaresmallerthaninanypreviouslatticestudy.As

aconsequence,thelatticeartefactsseemtobesmall,thereareevenquantities,wherethe

artefactsarenotsignificantatall.

Wehavetakenacloserlookatthedisagreementbetweentheresultsofcurrentther-

modynamicalcalculations. Weseeapproximately20−35MeVdifferenceinthetransition

regimebetweenourresultsandthoseofthe’hotQCD’collaboration.Thisdifferencecanbe

observedbetweenthetemperaturedependenceofthecurvesforallthequantitiesthatwe

havecompared:thelightquarkchiralsusceptibility,renormalizedchiralcondensateand

thestrangequarknumbersusceptibility.Findingthereasonforthisdisagreementseems

tobeataskforthefuture.

Asafinalremarkwehavetomentionthatthestaggeredformalismusedinthiswork

andallotherlargescalethermodynamicsstudiesmaysufferfromtheoreticalproblems.To

dateitisnotproventhatthestaggeredformalismwith2+1flavorsreallydescribesQCD

inthecontinuumlimit.ThereforeitisdesirabletoalsostudyQCDthermodynamicswith

atheoreticallyfirmlyestablished(e.g. Wilsontype)fermiondiscretization.
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