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Abstract

InagraphΓ=(V,E)avertexvisresolvedbyavertex-setS=}v1,...,vn|if
its(ordered)distancelistwithrespecttoS,(d(v,v1),...,d(v,vn)),isunique.Aset
A→VisresolvedbySifallitselementsareresolvedbyS.Sisaresolvingsetin
ΓifitresolvesV.ThemetricdimensionofΓisthesizeofthesmallestresolving
setinit.Inabipartitegraphasemi-resolvingsetisasetofverticesinoneofthe
vertexclassesthatresolvestheotherclass.
Weshowthatthemetricdimensionoftheincidencegraphofafiniteprojective

planeoforderq⩾23is4q 4,anddescribeallresolvingsetsofthatsize.Letτ2
denotethesizeofthesmallestdoubleblockingsetinPG(2,q),theDesarguesian
projectiveplaneoforderq. Weprovethatforasemi-resolvingsetSintheincidence
graphofPG(2,q),\S\⩾min}2q+q/4 3,τ2 2|holds.Inparticular,ifq⩾9is
asquare,thenthesmallestsemi-resolvingsetinPG(2,q)hassize2q+2 q.Asa
corollary,wegetthatablockingsemiovalinPG(2,q),q⩾4,hasatleast9q/4 3
points.

Keywords: finiteprojectiveplane;resolvingset;semi-resolvingset;Sz̋onyi-Weiner
Lemma

1 Introduction

ForanoverviewofresolvingsetsandrelatedtopicswerefertothesurveyofBaileyand
Cameron[3].Regardingthese,wefollowthenotationsof[3,2].Throughoutthepaper,
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Γ=(V,E)denotesasimpleconnectedgraphwithvertex-setVandedge-setE. For
x,y V,d(x,y)denotesthedistanceofxandy(thatis,thelengthoftheshortestpath
connectingxandy).Π=(∪,O)alwaysdenotesafiniteprojectiveplanewithpoint-set
∪andline-setO,andqdenotestheorderofΠ.SometimesΠqreferstotheprojective
planeoforderq.

Definition1. S=}s1,...,sk|→VisaresolvingsetinΓ=(V,E),iftheordered
distancelists(d(x,s1),...,d(x,sk))areuniqueforallx V.ThemetricdimensionofΓ,
denotedbyµ(Γ),isthesizeofthesmallestresolvingsetinit.

Equivalently,SisaresolvingsetinΓ=(V,E)ifandonlyifforallx,y V,there
existsapointz Ssuchthatd(x,z)̸=d(y,z).Inotherwords,theverticesofΓcanbe
distinguishedbytheirdistancesfromtheelementsofaresolvingset. Wesaythatavertex
visresolvedbySifitsdistancelistwithrespecttoSisunique.AsetA→Visresolved
bySifallitselementsareresolvedbyS.Ifthecontextallows,weomitthereferenceto
S.Notethatthedistancelistisordered(withrespecttoanarbitraryfixedorderingof
S),the(multi)setofdistancesisnotsufficient.
TakeaprojectiveplaneΠ=(∪,O). TheincidencegraphΓ(Π)ofΠisabipartite

graphwithvertexclasses∪andO,whereP ∪andℓ OareadjacentinΓifandonly
ifPandℓareincidentinΠ.ByaresolvingsetorthemetricdimensionofΠwemeanthat
ofitsincidencegraph.In[2],Baileyaskedforthemetricdimensionofafiniteprojective
planeoforderq.InSection2weprovethefollowingtheoremusingpurelycombinatorial
tools.

Theorem2.Themetricdimensionofaprojectiveplaneoforderq⩾23is4q 4.

ItfollowsthatthehighlysymmetricincidencegraphofaDesarguesianprojectiveplane
attainsarelativelylargedimensionjump(fordefinitionsanddetailsseetheendofSection
2).
Section3isdevotedtothedescriptionofallresolvingsetsofaprojectiveplaneΠof

size4q 4(q⩾23).
OnemayalsotrytoconstructaresolvingsetforΠ=(∪,O)thefollowingway:take

apoint-set∪S→∪thatresolvesO,andtakealine-setOS→Othatresolves∪.Then
S=∪S∩OSisclearlyaresolvingset.SucharesolvingsetSiscalledasplitresolving
set,and∪SandOSarecalledsemi-resolvingsets. Byµ

∗(Π)wedenotethesizeofthe
smallestsplitresolvingsetofΠ(see[2]).AswewillseeinSection4,semi-resolvingsets
areintightconnectionwithdoubleblockingsets.

Definition3.AsetBofpointsisadoubleblockingsetinaprojectiveplaneΠ,ifevery
lineintersectsBinatleasttwopoints.τ2=τ2(Π)denotesthesizeofthesmallestdouble
blockingsetinΠ.

LetPG(2,q)denotetheDesarguesianprojectiveplaneoforderq.InSection4weuse
thepolynomialmethodandtheSz̋onyi-WeinerLemmatoprovethatifasemi-resolving
setSissmallenough,thenonecanextenditintoadoubleblockingsetbyaddingatmost
twopointstoS.Thisyieldsthefollowingresults.
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Theorem4.LetSbeasemi-resolvingsetinPG(2,q),q⩾3. Then\S\⩾min}2q+
q/4 3,τ2(PG(2,q)) 2|.Ifq⩾121isasquareprimepower,then\S\⩾2q+2 q.

Corollary5.Letq⩾3.Thenµ∗(PG(2,q))⩾min}4q+q/2 6,2τ2(PG(2,q)) 4|.If
q⩾121isasquareprimepower,thenµ∗(PG(2,q))=4q+4 q.

ABaersubplaneinΠq,qsquare,isasetofq+ q+1pointsthatintersectsevery
lineineitheroneor q+1points.Itiswellknownthatforasquareprimepowerq,the
point-setofPG(2,q)canbepartitionedintoq q+1mutuallydisjointBaersubplanes.
Whenwerefertoduality,wesimplymeanthatastheaxiomsofprojectiveplanes

aresymmetricinpointsandlines,wemayinterchangetheroleofpointsandlines(e.g.,
considerasetoflinesasasetofpoints),andifwehavearesultregardingpoints,then
wehavethesame(dual)resultregardinglines.Afiniteprojectiveplaneisnotnecessarily
isomorphictoitsdual,however,PG(2,q)is.
Finally,letusfixthenotationandterminologyweuseregardingPG(2,q).LetGF(q)

denotethefinitefieldofqelements. ForthestandardrepresentationofPG(2,q)as
homogeneoustriplets,wereferto[7].Therepresentativesofapointoralinearedenoted
byatripletinroundorsquarebrackets,respectively.LetAG(2,q)denotethedesarguesian
affineplaneoforderq.IfweconsiderAG(2,q)embeddedintoPG(2,q),thenwecallthe
lineinPG(2,q)outsideAG(2,q)thelineatinfinity,denoteitbyℓ∞,andwecallitspoints
idealpoints. Wechoosetheco-ordinatesystemsothatℓ∞ =[0:0:1],andwedenote
thepoint(1:m:0) ℓ∞ (m GF(q))by(m),and(0:1:0) ℓ∞ by(∈). Aline
[m: 1:1]withaffineequationy=mx+bissaidtohaveslopem.Thecommon(ideal)
pointofverticallinesorlinesofslopemis(∈)and(m),respectively.Thepointsofℓ∞
arealsocalleddirections,and,withtheexceptionof(∈),theyareidentifiednaturally
withtheelementsofGF(q)by(m) ℓ∞ ∞m GF(q).Apoint(x:y:1) AG(2,q)is
alsodenotedby(x,y).ConsideringasetS,alineℓisan(⩽i)-secant,an(⩾i)-secant,or
ani-secanttoSifℓintersectsSinatmosti,atleasti,orexactlyipoints,respectively.

2 Resolvingsetsinfiniteprojectiveplanes

Notethatthedistanceoftwodistinctpoints(lines)isalwaystwo,whilethedistanceofa
pointPandalineℓis1or3,dependingonP ℓorP/ℓ,respectively.Notethatthe
elementsofasetSareresolvedbyStrivially,asthereisazerointheirdistancelists.

Notation.

⊂FortwodistinctpointsPandQ,letPQdenotethelinejoiningPandQ.

⊂ForapointP,let[P]denotethesetoflinesthroughP.Similarly,foralineℓ,let[ℓ]
denotethesetofpointsonℓ.Notethatwedistinguishalinefromthesetofpoints
itisincidentwith.

⊂OnceasubsetSofpointsandlinesisfixed,thetermsinnerpointandinnerline
refertotheelementsofS,whileouterpointsandouterlinesrefertothosenotin
S.

theelectronicjournalofcombinatorics19(4)(2012),#P30 3



⊂ForafixedsubsetSofpointsandlineswesayalineℓisskewortangenttoSif[ℓ]
containszerooronepointfromS,respectively.Similarly,wesayapointPisnot
coveredor1-coveredbySif[P]containszerooronelinefromS,respectively.

⊂ForasubsetSofpointsandlines,let∪S=S{∪,OS=S{O.

Lemma6.LetS=∪S∩OSbeasetofverticesintheincidencegraphofafiniteprojective
plane. Thenanylineℓintersecting∪Sinatleasttwopoints(thatis,\[ℓ]{∪S\⩾2)
isresolvedbyS. Dually,ifapointPiscoveredbyatleasttwolinesofOS (thatis,
\[P]{OS\⩾2),thenPisresolvedbyS.

Proof.Letℓbealine,}P,Q|→[ℓ]{∪S,P≠Q.Thenanylineedifferentfromℓmay
containatmostonepointof}P,Q|,hencee.g.P/[e],henced(P,ℓ)=1̸=d(P,e)=3.
Byduality,thisholdsforpointsaswell.

Proposition7.S=∪S∩OSisaresolvingsetinafiniteprojectiveplaneifandonlyif
thefollowingpropertiesholdforS:

P1Thereisatmostoneouterlineskewto∪S.

P1’ThereisatmostoneouterpointnotcoveredbyOS.

P2Througheveryinnerpointthereisatmostoneouterlinetangentto∪S.

P2’Oneveryinnerlinethereisatmostoneouterpointthatis1-coveredbyOS.

Proof.BydualityandLemma6itisenoughtoseethatSresolveslinesnotinOSthat
areskewortangentto∪S.Property1(P1)assuresthatskewlinesareresolved. Now
takeatangentlineℓ/OS.Iftherewereanotherlineewiththesamedistancelistasℓ’s
(hencee/OS),botheandℓwouldbetangentsto∪Sthroughthepoint[ℓ]{∪S,which
isnotpossiblebyProperty2(P2).

Wewillusuallyrefertotheabovealternativedefinition,butsometimesitisusefulto
keepthefollowinginmind.

Proposition8.S=∪S∩OSisaresolvingsetinafiniteprojectiveplaneifandonlyif
thefollowingpropertiesholdforS:

PAThroughanypointPthereisatmostoneouterlinenotblockedby∪S√}P|.

PA’OnanylineℓthereisatmostoneouterpointnotcoveredbyOS√}ℓ|.

Proof.Inotherwords,thePropertyAclaimsthatonapointP ∪Stheremaybeat
mostonetangentfromO√OS,whileonapointP/∪Stheremaybeatmostoneskew
line.Astheintersectionpointoftwoskewlineswouldvalidatethelatterone,Property
AisequivalenttoProperties1and2ofProposition7. Dually,thesameholdsforthe
Propertieswithcommas.
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Proposition9.Themetricdimensionofaprojectiveplaneoforderq⩾3isatmost
4q 4.

Proof.WegiveaconstructionrefinedfromBill Martin’soneofsize4q 1(citedin
[2]),seeFigure1.LetP,Q,andRbethreearbitrarypointsingeneralposition.Let
∪S=[PQ]∩[PR]√}P,Q,R|,andletOS=[P]∩[R]√PQ,PR,RQ. Wewillseethat
S=∪S∩OSisaresolvingsetbycheckingthecriteriaofProposition7.
P1:Theonlyouterlineskewto∪SisRQ.
P1’:TheonlyouterpointuncoveredbyOSisQ.
P2:Asq⩾3,\[PQ]{∪S\=\[PR]{∪S\=q 1⩾2.OnapointA [PQ]√P,Qthe
onlytangentisAR(whichisinOS).OnapointA [PR]√P,RtheonlytangentisAQ.
P2’: Asq⩾3,\[P]{OS\=\[R]{OS\=q 1⩾2. Theonlypointofalineℓ
[R]√}PR,RQ|notcoveredby[P]is[ℓ]{[PQ](whichisin∪S). Theonlyuncovered
pointonalineℓ [P]√}PQ,PR|is[ℓ]{RQ.
HenceSisaresolvingsetofsize\∪S\+\OS\=2q 2+2q 2=4q 4.

Ouraimistoshowthatthemetricdimensionofaprojectiveplaneoforderq⩾23is
4q 4,andtodescribeallresolvingsetsofthatsize.
Ageneralassumption: fromnowonwesupposethatS=∪S∩OSisaresolving

setofsize⩽4q 4.

Proposition10.2q 5⩽\∪S\⩽2q+1,2q 5⩽\OS\⩽2q+1.

Proof.LettdenotethenumberoftangentsthatarenotinOS.ByProperty2,t⩽\∪S\.
RecallthattheremaybeatmostoneskewlinethatisnotinOS(Property1). Then
doublecountingthepairsof}(P,ℓ):P ∪S,P [ℓ],\[ℓ]{∪S\⩾2|weget2(q

2+q+1
1 t \OS\)⩽\∪S\(q+1) t,whence

q\∪S\⩾2(q
2+q \OS\) t \∪S\⩾2(q

2+q (\OS\+\∪S\))⩾2(q
2 3q+4),

thus\∪S\⩾2q 6+8/q,andasitisaninteger,\∪S\⩾2q 5.Dually,\OS\⩾2q 5also
holds.From\∪S\+\OS\⩽4q 4theupperboundsfollow.

Thisimmediatelygives\S\⩾4q 10. Weremarkthatasomewhatmorecareful
calculationshows2q 4⩽\∪S\⩽2qandhence\S\⩾4q 8,providedthatq⩾11,but
wedon’tneedtouseit.

Remark11.ThemetricdimensionoftheFanoplaneisfive.

Proof.Suppose\∪S\⩽2. UsingthenotaionsoftheproofofProposition10,wesee
2(7 1 \∪S\ \OS\)⩽\∪S\(asthereisatmostonetwo-secantthroughanypoint).
Thisyields\OS\⩾6 3\∪S\/2,whence\∪S\+\OS\⩾6 \∪S\/2⩾5.Figure1showsa
resolvingsetofsizefiveintheFanoplane.

Onemoregeneralassumption: bydualitywemayassumethat\∪S\⩽\OS\.Thus,
as\∪S\+\OS\⩽4q 4,\∪S\⩽2q 2follows.

Proposition12.Letq⩾23.Thenanylineintersects∪Sineither⩽4or⩾q 4points.
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P Q
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Figure1:Onthelefttheblackpointsandthethicklinesformaresolvingsetofsizefive
intheFanoplane.Ontherighttheblackpointsandthecontinuouslinesformaresolving
setofsize4q 4.

Proof.Supposethat\[ℓ]{∪S\=x,2⩽x⩽q. ForapointP [ℓ]√∪S,lets(P)
andt(P)denotethenumberofskewortangentlinesto∪S throughP,respectively;
moreover,denotebysthenumberofskewlines,andlettdenotethetotalnumberof
tangentsintersectingℓoutside∪S. Thencountingthepointsof∪Sonℓandtheother
linesthroughPweget2q 2⩾\∪S\⩾x+t(P)+2(q t(P) s(P)),equivalently,
x⩽2s(P)+t(P) 2.AddinguptheinequalitiesforallP [ℓ]√∪Sweobtain

(q+1 x)x⩽2s+t 2(q+1 x).

Now,Proposition7yieldsthats⩽\OS\+1ands+t⩽(1+\∪S\ x)+\OS\(herefirstwe
estimatetheskew/tangentlinesinquestionthatareoutsideOS,thentherest),whence
2s+t⩽2\OS\+\∪S\ x+2.Combinedwiththepreviousinequalityweobtain

x2 qx+4q 3⩾0.

Assumingq⩾23,thelefthandsideisnegativeforx=5andx=q 5,therefore,asx
isaninteger,weconcludethatx⩽4orx⩾q 4.

Proposition13.Letq⩾23.Thenthereexisttwolinesintersecting∪Sinatleastq 4
points.

Proof.ByProposition12everylineiseithera⩽4ora⩾(q 4)-secant.Supposetothe
contrarythateverylineintersects∪Sinatmost4pointsexceptpossiblyonelineℓ;let
x=\[ℓ]{∪S\⩾2.Notethatx⩽4isalsopossible.Letnidenotethenumberofi-secants
to∪Sdifferentfromℓ.Tobeconvinient,letn0=sandn1=t,andletb=\∪S\.Then
thestandardequationsyield

4∑

i=2

ni = q2+q+1 s t 1,

4∑

i=2

ini =(q+1)b t x,
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4∑

i=2

i(i 1)ni = b(b 1) x(x 1).

Thus

0⩽
4∑

i=2

(i 2)(4 i)ni=
4∑

i=2

i(i 1)ni+5
4∑

i=2

ini 8
4∑

i=2

ni=

b2+(5q+6)b+x(x 6)+3(s+t)+5s 8(q2+q).

Substitutings+t⩽\∪S\+\OS\+1⩽4q 3,s⩽\OS\+1⩽2q+2andx⩽q+1,weget

0⩽ b2+(5q+6)b 7q2+10q 4.

Bydualityweassumedb=\∪S\⩽2q 2. Forb=2q 2,therighthandsideis
q2+20q 20,whichisnegativewheneverq⩾19.Henceb>2q 2,acontradiction.

Nowweseethatthereexisttwodistinctlinese,fsuchthat\[e]{(∪S√[e]{[f])\=ql
and\[f]{(∪S√[e]{[f])\=q kwithk⩽l⩽5.
Lete{f=Panddenotethesetofpointsof∪Soutsidee∩fbyZ.

Proposition14.Supposeq⩾23.Thenk+l⩽3. Moreover,l=3isnotpossible.

Proof.Thenthereareatleastq 1 \Z\skewortangentlinesthroughPdependingon
P/∪SorP ∪S,respectively,fromwhichatmostonemaynotbeinOS,hencewe
found⩾q 2 \Z\linesin[P]{OS.Amongthek(q l)linesthatconnectoneofthek
pointsin[f]√(∪S∩}P|)withoneoftheqlpointsin[e]{(∪S√}P|)atmostk\Z\arenot
tangentsto∪S,butthroughapointin\[e]{(∪S√[e]{[f])\=q lonlyonetangentmay
notbeinOS.Hencewefindanother⩾k(q l) k\Z\(q l)=(k 1)(q l) k\Z\lines
inOS.Interchangingtheroleofeandf,wefindyetanother⩾(l1)(q k) l\Z\linesin
OS.Thesethreedisjointbunchesgive\OS\⩾(k+l 1)q (k+l+1)\Z\+(k+l) 2kl 2.
Nowas(q k)+(q l)+\Z\⩽\∪S\⩽2q 2,\Z\⩽k+l 2holds,whence

\OS\⩾(k+l 1)q (k2+l2+4kl 2(k+l)).
Wewanttousethat2kl 2(k+l)⩽(k+l)2 2(k+l)3/2,whichisequivalentwith

k2+l2⩾2(k+l)(k+l 1).Asx∅↔x2isconvex,k2+l2⩾2 k+l
2

)2
=(k+l)2/2⩾

2(k+l)(k+l 1),wherethelastinequalityfollowsfrom( k+l 2)2⩾0.
Therefore,k2+l2+4kl 2(k+l)=(k+l)2+2kl 2(k+l)⩽2(k+l)2 2(k+l)3/2,

thus2q+1⩾\OS\⩾(k+l 1)q 2(k+l)2+2(k+l)3/2,hence

2(k+l)2 2(k+l)3/2+1

k+l 3
⩾q⩾23.

Thelefthandsideasafunctionofk+lontheclosedinterval[4,10]takesitsmaximum
atk+l=10,anditsvalueis<20.Hencek+l<4,i.e.,k+l⩽3.
Nowsupposethatl=3(hencek=0). Recallthatwemayassume\∪S\⩽2q 2,

hence\Z\⩽1. Then,asabove,thenumberoflines OSthroughPandonthethree
pointsine√(∪S∩}P|)wouldbeatleastq 3+2q 3=3q 6,but\OS\⩽2q+1,a
contradiction.
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Rightnowweseethatifq⩾23,thentherearetwolinescontainingatleastq 1
andq 2points(whichalsoimplies\∪S\⩾2q 3,hence\OS\⩽2q 1aswell).Next
weshowthisduallyforlines.Thedualargumentsofthepreviousoneswouldalsowork,
butweuseddualitytoassume\∪S\⩽2q 2tokeepthetechnicalboundonqaslowas
possible,hencewemakefurtherconsiderations.Notethatatmostonepointof∪Smay
notbecoveredbyeandf,whencePropertyAyields\[P]{OS\⩾q 3.

Lemma15.Leteandfbetwodistinctlines,}P|=[e]{[f],}R1,...,Rq|=[e]√}P|,
}Q1,...,Qq|=[f]√}P|,L→O√}[P]|.Letri=\L{[Ri]\,di=max}\L{[Qi]\ 1,0|,
m=d1+...+dq.ThenforthenumberCofpointsin∪√([e]∩[f])coveredbyL,

C⩽\L\(q 1) ri(\L\ ri)+m⩽\L\q ri(\L\ ri+1)

holds,wherei }1,...,q|isarbitrary.

Proof.Withoutlossofgeneralitywemayassumei=1.Letd(Rj)(2⩽j⩽q)denotethe
numberoflinesinL{[Rj]thatintersectalineof[R1]{Lonf.Then

∑q
j=2d(Rj)⩽m

(countthelinesinquestionthroughthepointsoff).EachlinethroughR1coversq 1
pointsof∪√([e]∩[f]),whilealinehthroughRj(2⩽j⩽q)coversq 1 r1+εnew
points,whereε=1or0dependingonwhetherh{fiscoveredbyalineof[R1]{Lor
not,respectively.Therefore,

C⩽r1(q 1)+

q∑

j=2

(rj(q 1 r1)+d(Rj))=(q 1)

q∑

j=1

rj r1

q∑

j=2

rj+

q∑

j=2

d(Rj)⩽

\L\(q 1) r1(\L\ r1)+m.

Thesecondinequalityfollowsimmediatelyfromm⩽\L\ r1.

Proposition16.ThereexistsapointR e√Psuchthat\([R]√e){OS\⩾q 1.
Moreover,ifl=2,thenR/∪S.

Proof.WeusethenotationsofLemma15with L=OS√[P]. LetW =∪√[e]∩[f].
Supposetothecontrarythatri<q 1forall1⩽i⩽q(⋆).
Case1:l=2,k∈{0,1}.\OS\⩽2q 1and\[P]{OS\⩾q 3implies\L\⩽q+2.

Keepinginmindthattheremaybeone(butnomore)pointin∪S{W,PropertyA’for
thelinesof[P]√}e,f|impliesthatLmustcoveratleast(q 2)(q 1)+(q 2)=q(q 2)
pointsofW.ThenbyLemma15,q(q 2)⩽\L\q ri(\L\ri+1)⩽(q+2)q ri(q+3 ri)
(astherighthandsideofthefirstinequalityisgrowingin\L\,sinceri<q),whichis
equivalentwithri(q+3 ri)⩽4q.Asthelefthandsidetakesitminimumontheinterval
[5,q 2]inri=5andri=q 2,substitutingri=5yieldsq⩽10,whichdoesnothold.
Henceri⩽4orri⩾q 1,thusbyourassumptionri⩽4forall1⩽i⩽q.Recallthat
l=2.LetR1andR2bethecorrespondingtwopointsone√∪S.AccordingtoPropertyA
andconsideringthesameideasasintheproofofProposition14,weseethatatleastq 2
linesof[R1]∩[R2]mustbeinL.Thusq 2⩽r1+r2⩽8,acontradiction.Therefore,
withoutlossofgeneralitywemayconcludethatr1⩾q 1.
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Case2:k=l=1. Inthiscase∪S=([e]√P,R)∩([f]√P,Q),and\∪S\=\OS\=
2q 2. Notethattheroleofthelineseandfmaybeinterchangedastheyhavethe
samecombinatorialproperties,thuswemayexpandtheassumption(⋆)tofaswell,and
itisalsosuitabletofindthepointRonf. NowW {∪S=∅,thusPropertyA’yields
thatatleast(q 1)2pointsofW mustbecoveredbyL,moreover,PropertyAimplies
\([P]√}e,f|){OS\⩾q 2,whence\L\⩽qfollows.
Subcase2.1:[P]√(OS∩}e,f|)=}ℓ|̸=∅.Astheremaybeatmostoneskewline

outsideOS(Property1’),thisimpliesthattheskewlineRQisinOS.Lemma15yields
(q 1)2⩽\L\q ri(\L\ri+1)⩽q

2 ri(q+1 ri),equivalently,ri(q+1 ri)⩽2q 1.Asin
Case1,thisshowsthat3⩽ri⩽q 2isnotpossible,henceby(⋆)ri⩽2forall1⩽i⩽q.
Interchangingeandf,weseethatonanypointinf√Pthereareatmosttwolinesfrom
L,hencem⩽q/2.ThenagainbyLemma15,(q 1)2⩽\L\(q 1) ri(\L\ ri)+m⩽
\L\(q 1) ri(\L\ ri)+q/2,equivalently,ri(q ri)⩽3q/2 1,henceri⩽1follows
(1⩽i⩽q).Again,thisholdsforfaswell;thatis,everypointon(e∩f)√}P|iscovered
atmostoncebyL.ThelineRQisinOS,butthenthepointsRandQviolateProperty
2′.
Subcase2.2:[P]√}e,f|→OS.Then\[P]{OS\⩾q 1,thus\L\⩽q 1. Let

i }1,...,q|. Recallthatm⩽\L\ ri.CombinedwithLemma15weget(q 1)2⩽
(q 1)2 ri(q 1 ri)+m,thereforeri(q 1 ri)⩽m⩽q 1 ri,henceri⩽1.As
thisisvalidforthepointsoffaswell,m=0follows.Butthen(undertheassumption
(⋆))ri=0wouldholdforall1⩽i⩽q,whichisimpossible.

Wehaveseenthat\([P]√}e,f|){OS\⩾q 3.Nowweprovethatequalitycannot
hold.

Proposition17.\([P]√}e,f|){OS\⩾q 2.

Proof.Supposetothecontrarythatthereexisttwodistinctlines,gandh,suchthat
}g,h|→[P]√}e,f|,}g,h|{OS=∅.PropertyAyieldsthat(atleast)oneofthemis
blockedbyapointZ (∪S√}[e]∩[f]|).Thusk=1,l=2,P/∪Sand\∪S√}[e]∩[f]|\=
1.LetRbethepointone√}P|foundinProposition16.Then\OS√([P]∩[R])\⩽1,
letℓdenotethis(possiblynotexisting)line.Takealinerof[R]√}e|thatdoesnotgo
throughanyofthepointsg{ℓ,h{ℓ,andZ.Suchalineexistsasq 3>0.Thepoints
r{gandr{hshowthatrviolatesPropertyA’,acontradiction.

Proposition18.If\∪S\=2q 3,then\OS\⩾2q 1.

Proof.\∪S\=2q 3meansthatk+l=3. LetRbethepointone√}P|foundin
Proposition16,anddenotebyR′thepointe√}∪S|∩}P,R|. WecountthelinesinS:

⊂ByProposition17\([P]√}e,f|){OS\⩾q 2;

⊂ByProperty2inProposition7,throughanypointF f√}P,Q|atleastoneof
thelinesFR,FR′hastobeinOSasbotharetangentsto∪S(atleastq 1lines);

⊂ByProperty1inProposition7,atleasttwoofthethreeskewlines(ℓ0,RQ,R
′Q)

hastobeinOS.
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Altogetherthereareatleast2q 1linesinOS.

Thus,duetotheassumption\∪S\⩽\OS\,either\∪S\=2q 3and\OS\⩾2q 1or
2q 2⩽\∪S\⩽\OS\.ThiscompletestheproofofTheorem2.
SomelowerboundonqisnecessaryinTheorem2.Aswehaveseen,thetheoremfails

forq=2(Remark11),sinceµ(PG(2,2))=5.ByProposition9wehaveµ(PG(2,q))⩽
4q 4forq⩾3. Wehavecheckedthatµ(PG(2,q))=4q 4forq=3aswell;however,the
upperboundisnotalwaystight.Forq=4,acomputersearchshowedµ(PG(2,4))=10,
andPG(2,5)⩽15. WeshowaniceconstructionofsizeteninPG(2,4). Forbasic
factsabouthyperovalssee[7]. AhyperovalPinPG(2,4)hassixpoints,notangents,
6∗5/2=15secantsandsixskewlines. ThroughanypointP/Ptherepassatmost
twoskewlines,otherwisecountingthepointsofPonthelinesthroughPweobtained
\P\⩽4. ThusthesetPD ofskewlinesformadualhyperoval. NowletP Pand
ℓ PD bearbitrary,andlet∪S=P√}P|,OS=P

D√}ℓ|,S=∪S∩OS.Clearly,ℓis
theonlyskewlineto∪S,andthereispreciselyonetangentlineoneverypointR ∪S
(namelyPR).ThusP1andP2hold.Dually,P1’andP2’alsohold,thusSisaresolving
setofsizeten.
Weremarkthatprojectiveplanesshowaninterestingexampleofhighlysymmetric

graphswithlargedimensionjump. Wefollowthenotationsof[3]. Avertex-setBin
agraphΓiscalledabase,iftheonlyautomorphismofΓthatfixesBpointwiseisthe
identity.ThesizeofthesmallestbaseofΓiscalledthebasesizeofΓ,anditisdenotedby
b(Γ).AsaresolvingsetofΓisabase,b(Γ)⩽µ(Γ)alwaysholds.Arepeatedlyinvestigated
questionaskshowlargethegapδ(Γ)=µ(Γ) b(Γ)maybebetweenthesetwoparameters,
referredtoasthedimensionjumpofΓ(see[3]andthereferencestherein).LetΓbethe
incidencegraphofPG(2,q).ThenΓhasordern=2(q2+q+1).Itiswellknownthat
(theautomorphismgroupof)Γisdistance-transitive(thatis,anypair(u,v)ofvertices
canbetransferredintoanyotherpair(u′,v′)ofverticesbyanautomorphismofΓunless
d(u,v)̸=d(u′,v′).)Itiseasytoseethatb(Γ)⩽5(fourpointsareenoughtofixthe
linearpartofthecollineation,andonemorepointforcesthefieldautomorphismtobe
theidentity).Thusδ(Γ)⩾4q 9,whichisquitelargeintermsoftheorderofΓ,roughly
2 2n.

3 Constructions

Nowwedescribeallresolvingsetsofsize4q 4. Observingthenicesymmetryand
self-dualityoftheshownconstructioninProposition9,onemightthinkthatitisthe
onlyconstruction. However,thiscouldnotbefurtherfromthetruth.Inoursomehow
arbitrarilychosensystem,thereare32differentconstructions. Recallthatweassume
\∪S\⩽\OS\.
ByPropositions14,16and17,weknowthatanyresolvingsetS=∪S∩OSofsize4q 4

mustcontainthefollowingstructureS∗=∪∗S∩O
∗
Sofsize4q 6(seeFigure2):twolines,

e,f,where[e]{[f]=}P|,suchthat\∪∗S{([e]√}P|)\=q 2,\∪∗S{([f]√}P|)\=q 1,
\O∗S{([P]√}e,f|)\=q 2,andforoneofthepointsin[e]√(∪∗S∩}P|),denoteitbyR,
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\O∗S{([R]√}e|)\=q 1. WedenotebyR′theotherpointin[e]√(∪∗S∩}P,R|),andlet
}Q|=[f]√(∪∗S∩}P|),}ℓ0|=[P]√(O

∗
S∩}e,f|),}ℓ1|=[R]√(O

∗
S∩}e|).IfQ/ℓ1,

thenletT=f{ℓ1.

P

R′

R

Qf

e

ℓ0

ℓ1

Figure2:ThestructureS∗ofsize4q 6thatiscontainedinanyresolvingsetofsize
4q 4.

Wehavetocompletethisstructure S∗byaddingtwomoreobjectstogetaresolving
setS. Assuming\∪S\⩽\OS\,wehavetoaddtwolinesoronelineandonepoint,and
thencheckthecriteriaofProposition7.
TheproblemsofS∗comparedtothepropertiesinProposition7arethefollowing:

⊂P1(outerskewlinesto∪∗S):ℓ0,R
′Q,andifQ ℓ1,thenℓ1.

⊂P1’(outerpointsnotcoveredbyO∗S):R
′,ℓ0{ℓ1andifQ ℓ1,thenQ.

⊂P2(outertangentlinesthroughaninnerpoint):ifQ/ℓ1,thenthroughT=f{ℓ1
thelinesℓ1=RTandR

′Taretangents.Furthermore,ifweaddtheintersection
pointoftwoouterskewlines(listedatP1),thosewillbetwooutertangentsthrough
it.

⊂P2’(outer1-coveredpointsonaninnerline):ifQ/ℓ1,thenonRQthepointsQ
andℓ0{RQare1-covered.Furthermore,ifweaddthelineconnectingtwoouter
uncoveredpoints(listedatP1’),thosewillbetwoouterone-coveredpointsonit.

Theseproblemsmustberesolvedafteraddingthetwoobjects. Bytheletter“C”
andanumberwerefertotherespectivepartofFigure3attheendofthearticle. We
distinguishthecaseswhetherweaddℓ1intoSornot,andwhetherQ ℓ1ornot.
I.ℓ1 OS(seeFigure3(a)).
Nowtheproblemsofthisconstructioncomparedtothepropertiesarethefollowing:

⊂P1:ℓ0,R
′Q.

⊂P1’:solvedautomatically,astheonlyouternotcoveredpointisR′.
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⊂P2:ifweaddℓ0{R
′Q,thenℓ0andR

′Qaretangentsthroughit.

⊂P2’:onRQthepointsQandℓ0{RQare1-covered.

NotethatinthiscaseitdoesnotmatterwhetherQwasonℓ1ornot(seeconstructions
C1-C4onFigure3). WecanaddonemorelineoronepointtoStosolvetheseproblems.
1.a)Addingℓ1andonemoreline:inthiscaseP2isalsosolvedautomatically. To

solveP1,wehavetoaddoneoftheskewlinesℓ0andR
′Q.ThisautomaticallysolvesP2’

asoneoftheselinescoversoneofthe1-coveredpointsonRQ(Q,ℓ0{RQ).Soweget
twoconstructions:wecanaddℓ0andℓ1(C1),orR

′Qandℓ1(C2).
1.b)Addingℓ1andapoint:becauseofP2,wecannotaddthepointℓ0{R

′Q,soP2
issolved.TosolveP1,wehavetoaddapointonℓ0orR

′Q.TosolveP2’,wehavetoadd
Q(C3)orℓ0{RQ(C4).BothchoiceswillsolveP1.
Fromnowonwedonotaddℓ1toOS. WedistinguishthecaseswhetherQ ℓ1ornot.
II.ℓ1/OS,Q ℓ1(seeFigure3(b)).
Nowtheproblemsarethefollowing:

⊂P1:ℓ0,R
′Qandℓ1.

⊂P1’:R′,ℓ0{ℓ1andQ.

⊂P2:wehavetobecarefulifweaddtheintersectionoftwoskewlines(listedatP1).

⊂P2’: wehavetotakecareifweaddthelinejoiningtwooftheuncoveredpoints
(listedatP1’).

2.a)Addingtwolines:tosolveP1,wehavetoaddtheskewlinesℓ0andR
′Q.But

thenwecannotsolveP2’,becauseQandR′aretwo1-coveredpointsonR′Q.Sothere
arenosuchconstructions.
2.b)Addingapointandaline:tosolveP1’,wehavetoaddorcoveratleasttwoof

thepointsQ,R′andℓ0{ℓ1. Wecannotdothisonlybycoveringtwopointswithaline,
becausethenwecannotsolveP2’.Sowehavetoaddoneofthesepoints.

1.AddingthepointQ:P1issolvedautomatically,astheonlyouterskewlineisℓ0.
TosolveP2,wehavetoaddR′Q,sinceR′Qandℓ1=RQareoutertangentlines
throughQ.ThissolvesP1’bycoveringR′.P2’issolved,astheonlyouterpoint
onR′QisR′.

2.AddingthepointR′:tosolveP1,wehavetoaddℓ0.ThissolvesP1’,asℓ0covers
ℓ0{ℓ1.P2andP2’aresolvedautomatically.(Thisconstructionwastheoriginal
exampleintheproofofProposition9.)

3.Addingthepointℓ0{ℓ1:tosolveP1’,wehavetocoverR
′orQ.TosolveP2,we

havetoaddℓ0,asℓ0andℓ1areoutertangentlinesthroughtheintersectionpoint.
Butℓ0doesnotcovereitherR

′orQ,sothereisnosuchaconstruction.
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Sowegettwoconstructions:wecanaddQandR′Q(C5)orR′andℓ0(C6).
Remark. Wealreadyhavetwoconstructionssuchthat ScontainsQ.Infactifwe

addQto∪Sthesearetheonlypossibilities.TosolveP2,wehavetoaddℓ1orR
′T,and

thesearetheconstructionsin1.b)and2.b),respectively.Sofromnowonwedonotadd
Qto∪S,andsupposethatQ/ℓ1.
III.ℓ1/OS,Q/ℓ1,Q/∪S(seeFigure3(c)).
Theproblemsofthisconstructioncomparedtothepropertiesarethefollowing:

⊂P1:ℓ0andR
′Q.

⊂P1’:R′andℓ0{ℓ1.

⊂P2:(i)throughT=f{ℓ1thelinesℓ1=RTandR
′Taretangents;(ii)furthermore,

wehavetobecarefulifweaddℓ0{R
′Q.

⊂P2’:(i)onRQthepointsQandℓ0{RQare1-covered;(ii)furthermore,wehave
totakecareifweaddthelinejoiningR′andℓ0{ℓ1.

3.Addingtwolines(ℓ1/OS,Q/∪S,Q/ℓ1):tosolveP1,wehavetoaddℓ0or
R′Q. ThisautomaticallysolvesP1’bycoveringℓ0{ℓ1orR

′;andalsosolvesP2’(i)by
coveringℓ0{RQorQ.TosolveP2,wehavetoaddR

′T.P2’(ii)couldbeaproblemif
weaddR′Qand(ℓ0{ℓ1) R′Q,butaddingR′TsolvesitaswellbycoveringR′.Sowe
gettwonewconstructions:wecanaddℓ0andR

′T(C7)orR′QandR′T(C8).
FromnowonwehavetoaddapointandalinetoS.
Notation.LetUbeanarbitrarypointin}[e]√}P,R,R′||,andVin}[f]√}P,Q,T||.

NotethatU,V ∪∗S.
SincemostoftheproblemsarecausedbyR′,wedistinguishthecaseswhetherweadd

R′to∪Sornot.
4.AddingR′to∪S(ℓ1/OS,Q/∪S,Q/ℓ1):P1issolvedastheonlyouterskew

lineto∪Sisℓ0.P1’issolvedastheonlyouterpointnotcoveredbyOSisℓ0{ℓ1.P2is
solvedasthroughTtheonlyoutertangentlineisℓ1.Thenewlinecannotcauseproblem
comparedtoP2’(ii)asR′isaninnerpointnow.Theonlyproblemwehavetosolveis
P2’(i):onRQwehavetocoverQorℓ0{RQwithaline.

1.Q: Wecancoveritbyf(C9)orUQ(C10),bothchoicessolveP2’.

2.ℓ0{RQ: Wecancoveritbyℓ0(C11)orthelineconnectingUandℓ0{RQ(C12),
bothchoicessolveP2’.

FromnowonwesupposethatR′/∪S.
IV.ℓ1/OS,Q/ℓ1,Q/∪S,R

′/∪S(seeFigure3(b)),weaddonepointandone
line.
AswehavetoaddapointandalinetoS,wewillgothroughsistematicallythe

possibleaddablelineskeepinginmindtheassumptions.Firstwecheckthelinee,and
thenthelineswhichgothroughthepointsof[e]. WehavetodistinguishthepointsP,
U [e]{∪∗SandR

′(aswehavealreadyseenthecaseaddingℓ1,theonlyouterline
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throughR).Wecontinuetorefertotheproblemslistedinthecase III.NotethatP2’(ii)
causesproblemonlyinthelastcase(whenaddingalinethroughR′).
5.AddingetoOS:P1’issolvedasecoversR

′. TosolveP2’(i),wehavetoadd
ℓ0{RQ(aswedonotaddQ);thisalsosolvesP1.ℓ0{ℓ1/RQsothissolvesP2onlyif
ℓ0{RQ R′T(C13).
6.AddingalinethroughP:
6.a)Addingf:P2’(i)issolvedasfcoversQ.TosolveP1’,wehavetoaddℓ0{ℓ1(as

wedonotaddR′);thisalsosolvesP1andP2(i).ByP2(ii),thisworksonlyifℓ0{ℓ1/R
′Q

(C14).
6. b)Addingℓ0:P1andP1’aresolvedastheonlyouterskewlineandouternot

coveredpointareR′QandR′.P2’(i)issolvedasℓ0coversℓ0{RQ.TosolveP2,wehave
toaddanarbitrarypointZononeofthelinesℓ1(C15)andR

′T(C16).Notethatinthe
formercasewemayaddthepointRaswell.
7.AddingalinethroughU:wehavetodistinguishwhethertheaddedlinemeetsfin

apointV }[f]√}P,Q||orinQ.(HerewedonothavetotakecareofT,theproblems
arethesameforUVandUT.)
7.a)AddingUV:asUVdoesnotcoverR′andQ,andwedonotaddthesepoints

toS,tosolveP1’andP2’,oneofthepointsℓ0{ℓ1andℓ0{RQhastobecoveredby
UV,andtheotheronehastobeaddedtoS.IfUVcontainsℓ0{ℓ1andweaddℓ0{RQ,
thenP1’andP2’aresolved,aswellasP1.ThissolvesP2onlyifℓ0{RQ R′T(C17).
IfUVcontainsℓ0{RQandweaddℓ0{ℓ1,thenP1’,P2’,P1andP2(i)aresolved.By
P2(ii)thisworksonlyifℓ0{ℓ1/R

′Q(C18).
7.b)AddingUQ:P2’issolved.Ifℓ0{ℓ1/UQ,thenwehavetoaddℓ0{ℓ1tosolve

P1’,whichalsosolvesP1andP2(i).ByP2(ii),thisworksonlyifℓ0{ℓ1/R
′Q(C19).If

ℓ0{ℓ1 UQ,thenP1’issolved.TosolveP1,wehavetoaddapointonℓ0oronR
′Q;

tosolveP2,wehavetoaddpointonℓ1oronR
′T.ByP2(ii),wecannotaddℓ0{R

′Q.
Thuswemayaddℓ0{ℓ1(C20),ℓ0{R

′T(C21)orℓ1{R
′Q(C22).Eachchoicewillsolve

P1andP2.
NowwecheckthecaseswhenweaddalinethroughR′.ThissolvesP1’asR′willbe

covered.BecauseofP2’(ii),wehavetodistinguishwhethertheaddedlinecontainsℓ0{ℓ1
ornot.
8.AddingthelinegconnectingR′andℓ0{ℓ1:tosolveP2’(ii),wehavetoaddℓ0{ℓ1.

Asgcannotcontainℓ0{RQ,ithastocontainQtosolveP2’(i).ThisalsosolvesP1and
P2.Sowegetoneconstruction:ifℓ0{ℓ1 R′Q,weaddR′Qandℓ0{ℓ1(C23).
9.AddingalinethroughR′notcontainingℓ0{ℓ1:
WehavetodistinguishwhethertheaddedlinemeetsfinapointV }[f]√}P,T,Q||,

inTorinQ.
9.a)AddingR′V:ifℓ0{RQisnotcoveredbyR

′V,wehavetoaddittoSinorderto
solveP2’(i).ThissolvesP1,butsolvesP2onlyifℓ0{RQ R′T(C24).Ifℓ0{RQ R′V,
thenitsolvesP2’(i).TosolveP1,wehavetoaddapointonℓ0orR

′Q;tosolveP2,we
havetoaddapointonℓ1orR

′T,butwecannotaddℓ0{R
′QbecauseofP2(ii).Adding

ℓ0{R
′TsolvesP1andP2withoutanyfurtherconditions(C25).Addingℓ0{ℓ1(C26)or

ℓ1{R
′Q(C27)solvesP1,butbyP2(ii),itworksonlyifℓ0{ℓ1/R

′Q.
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9.b)AddingR′T:P2(i)issolved.Asℓ0{ℓ1/R
′T,P2’(ii)doesnotcauseaproblem.

Ifℓ0{RQ/R
′T,wehavetoaddittoStosolveP2’(i).ThissolvesP1aswell(C28).If

ℓ0{RQ R′T,thenP2’(i)issolved.TosolveP1,wehavetoaddanarbitrarypointZ
onℓ0(C29)oronR

′Q(C30)exceptthepointℓ0{R
′Q.Notethatwemayaddthepoint

P ℓ0aswell.
9.c)AddingR′Q:recallthatℓ0{ℓ1/R

′Q.P1,P2’andP2(ii)aresolved.Tosolve
P2(i),wemayaddanarbitrarypointZonℓ1(C31)oronR

′T(C32).Notethatwemay
alsoaddthepointRonℓ1.
Thesearetheallpossibilitiestogetaresolvingsetofsize4q 4assuming\∪S\⩽\OS\.

Therearefourconstructionswith\∪S\>\OS\,thedualsof(C1),(C2),(C7)and(C8).

4 Semi-resolvingsetsinPG(2,q)

Werecallthedefinitionofasemi-resolvingsetforaprojectiveplane. Byduality,itis
enoughtodiscussthecasewhenapoint-setresolvesthelinesoftheplane.

Definition19.LetΠ=(∪,O)beaprojectiveplane.S=}P1,...,Pn|→∪isasemi-
resolvingsetiftheordereddistancelist(d(ℓ,P1),...,d(ℓ,Pn))isuniqueforeveryline
ℓ O.

Asincaseofresolvingsets,wecangivetwoquickrephrasalsoftheabovedefinition.

Proposition20.S→∪Sisasemi-resolvingsetofΠifandonlyifthefollowinghold:

1.thereisatmostoneskewlinetoS;

2.througheverypointofSthereisatmostonetangentlinetoS.

Proof.Straightforward.

Recallthatτ2(Π)denotesthesizeofthesmallestdoubleblockingsetintheplaneΠ.

Result21([1]).Letq⩾9.Thenτ2(PG(2,q))⩾2(q+ q+1),andequalityholdsifand
onlyifqisasquare.

LetµS(Π)denotethesizeofthesmallestsemi-resolvingsetinΠ.Thefirstpartofthe
nextpropositionwaspointedoutbyBailey[2].

Proposition22.

(i)µS⩽τ2 1.

(ii)Ifthereisadoubleblockingsetofsizeτ2thatistheunionoftwodisjointblocking
sets,thenµS⩽τ2 2.

(iii)Inparticular,ifqisasquareprimepower,thenµS(PG(2,q))⩽2q+2 q.
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Proof.LetBadoubleblockingset,andletP B. ThenB√}P|isclearlyasemi-
resolvingset[2](withoutaskewline).Thisproves(i).
LetBbeadoubleblockingsetofsize\B\=τ2thatistheunionoftwodisjointblocking
setsB1andB2,andletS=(B1∩B2)√}P1,P2|forsomeP1 B1,P2 B2. Wecheck
therequirementsofProposition20.Clearly,therecanbeatmostoneskewline,namely
P1P2.TakeapointQ,say,fromB1√}P1|. AsB2intersectseverylinethroughQ,the
onlypossibletangentlinetoSthroughQisQP2.Thus(ii)isproven.Ifqisasquare,
itiswell-knownthatonecanfindtwodisjointBaersubplanesinPG(2,q),so(iii)follows
from(ii).

Proposition23.LetSbeasemi-resolvingsetofΠq.Then\S\⩾2q 1.

Proof.Supposetothecontrarythat\S\⩽2q 2.TakealineℓtangenttoS.Countthe
othertangentsofSthroughthepointsof[ℓ].Asthereareatmost2q 2tangentstoS,
thereareatleasttwopointsin[ℓ]√Swithatmostonetangentthroughthem(besides
ℓ).Atleastoneofthem,denoteitbyP,isnotcontainedinthe(possible)skewline.At
leastq 1linesthroughPareatleast2-secantstoS,onelineisatleasta1-secantand
ℓisatangent,so\S\⩾2q,contradiction.
IfthereisnotangentlinetoS,takeapointRoutsideS.Thereisatmostoneskew

linetoSthroughR,theotherqlinesthroughRintersectSinatleasttwopoints,so
\S\⩾2q,contradiction.

FromnowonweworkinPG(2,q),andSdenotesasemi-resolvingsetinPG(2,q)of
size\S\=2q+β,β Z,β⩾ 1.AlmosteverylineintersectsSinatleasttwopoints:
atmost\S\+1linescanbeexceptional(thatis,a(⩽1)-secant).Itwouldbenatural
tonotehowmanyexceptionallinesareonapointP,yetweneedalessstraightforward
numberassignedtothepoints.

Definition24. LetSbeasemi-resolvingset. ForapointP,lettheithindexofP,
denotedbyindi(P),bethenumberofi-secantstoSthroughP. LettheindexofP,
denotedbyind(P),be2ind0(P)+ind1(P).Forthesakeofsimplicity,denotetheindex
oftheidealpoint(m)byind(m)insteadofind((m)).

NotethatifP/S,thenind0(P)⩽1(asthereisatmostoneskewlinethroughP);if
P S,thenind(P)⩽1(astherearenoskewlinesandatmostonetangentthroughP).
Wewillusethefollowingalgebraicresult.For r R,letr+:=max}0,r|.

Result25 (Sz̋onyi-WeinerLemma[8,9]).Letu,v GF(q)[X,Y]. Supposethatthe
termXdeg(u)hasnon-zerocoefficientinu(X,Y)(thatis,thedegreeofuremainsun-
changedaftersubstitutinganelementintothevariableY). Fory GF(q),letky:=
deggcd(u(X,y),v(X,y)),wheregcddenotesthegreatestcommondivisorofthetwopoly-
nomialsinGF(q)[X].Thenforanyy GF(q),

∑

y′∈GF(q)

(ky′ ky)
+⩽(degu ky)(degv ky).
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Proposition26.LetP ∪√S.Assumeind(P)⩽q 2,andβ⩽2q 4.Lettbethe
numberoftangentstoSplustwicethenumberofskewlinestoS.Then

ind(P)2 (q β)ind(P)+t⩾0, (1)

and

ind(P)2 (q β)ind(P)+2q+β⩾0. (2)

Proof.Asind0(P)+ind1(P)⩽ind(P)⩽q 2,thereareatleastthreelinesthroughP
intersectingSinatleasttwopoints,andallotherlinesintersectSinatleastonepoint
exceptpossiblytheuniqueskewline. Amongthesethree(⩾2)-secants,theremustbe
oneintersectingSins⩽q 1points,otherwise\S\⩾3q+q 3=4q 3wouldhold,
contradictingβ⩽2q 4.
Chooseacoordinatesystemsuchthatthiss-secantlineisthelineatinfinityℓ∞,

(∈)/SandP≠(∈). Thiscanbedoneass⩽q 1. Letthesetofthe\S\ s

affinepointsofSbe}(xi,yi)|
|S|−s
i=1 . DenotebyDthesetofnon-verticaldirectionsthat

areoutsideS,D→GF(q).As(∈)/S,\D\=q s.
Let

R(B,M)=

|S|−s∏

i=1

(Mxi+B yi) GF(q)[B,M]

betheŔedeipolynomialofS{AG(2,q).IfwesubstituteM =m(m GF(q)),thenthe
multiplicityoftherootboftheone-variablepolynomialR(m,B)isthenumberofaffine
pointsofSonthelineY=mX+b.Fixm GF(q),andrecallthatℓ∞ isa(⩾2)-secant.
Definekm askm =deggcd(R(m,B),(B

q B)2). Thuskm equalsthenumberofsingle
rootsplustwicethenumberofrootsofmultiplicityatleasttwo.
Ifm D,thenthenumberoflineswithslope(m)thatintersectS{AG(2,q)in

atleastonepointorinatleasttwopointsisq ind0(m)andq (ind0(m)+ind1(m)),
respectively,thuskm=q ind0(m)+(q ind0(m) ind1(m))=2q ind(m).
WeusetheSz̋onyi-WeinerLemmawithu(B,M)=R(B,M)andv(B,M)=(Bq B)2.

NotethattheleadingcoefficientofbothpolynomialsinBisone,soResult25applies.
LetP=(p)beourpointonℓ∞ whoseindexshallbeestimated.BytheLemma,

∑

m∈D

(km kp)⩽
∑

m∈GF(q)

(km kp)
+⩽(\S\ s kp)(2q kp)=(ind(P)+β s)ind(P).

Ontheotherhand,letδ=
∑
m∈Dind(m);thatis,wecountthetangentsandtheskew

lineintersectingℓ∞ inDwithmultiplicityoneandtwo,respectively.Then
∑
m∈D(km

kp)=
∑
m∈D(ind(P)ind(m))=(q s)ind(P)δ.Combinedwiththepreviousinequality

weget

ind(P)2 (q β)ind(P)+δ⩾0. (3)
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Asδ⩽t,weobtaininequality(1).Furthermore,asthe(possiblynotexisting)skewline
(countedwithmultiplicitytwo)mayhaveaslopeinD,andthe(possiblynotexisting)
tangentsthroughthes(s⩾2)pointsin[ℓ∞]{Sarenotcountedinδ,thenδ⩽\S\s+2⩽
\S\=2q+β.Thisgivesinequality(2).

Proposition27.Supposeβ⩽q/4 5/2.LetP/S. Thenind(P)⩽2orind(P)⩾
q β 2.

Proof.SupposethatP/Sandind(P)⩽ q 2(inordertousetheinequality(2)
inProposition26). Substitutingind(P)=3orind(P)=q β 3into(2),weget
β⩾(q 9)/4,acontradiction.Thuseitherind(P)⩽2,orind(P)⩾q β 2.

Hence,ifβ⩽q/4 5/2,wemaycalltheindexofapointlargeorsmall,accordingto
thetwopossibilitiesabove.

Proposition28.Assumeβ⩽q/4 5/2andq⩾4.ThenoneverytangenttoSthereis
atleastonepointwithlargeindex,andonthe(possiblynotexisting)skewlinethereare
atleasttwopointswithlargeindex.

Proof.Letℓbeaskewline. Atangentlineintersectsℓinapointwithindexatleast
three,henceinapointwithlargeindex.Iftherewereatmostonepointwithlargeindex
onℓ,thentherewouldbeatmostqtangentstoS,whencetheparametertinProposition
26wouldbeatmostq+2. ApointPonℓwithsmallindexhasindextwo,whileby
inequality(1)wehaveind(P)2 (q β)ind(P)+q+2=2β+6 q⩾0,incontradiction
withβ⩽q/4 5/2underq⩾4.
SupposethatℓistangenttoS.Supposethatallindicesonℓareatmosttwo.Then

thereisnoskewlinetoSastheintersectionpointwouldhaveindexatleastthree.
Thenwehavet⩽ 1+q.IfthereisapointP [ℓ]√Swithindextwo,(1)gives
4 2(q β)+q+1=β+5 q⩾0,acontradiction.Ifallpointsonℓhaveindexone,
thent=1,and(1)yields2 q+β⩾0,againacontradiction.

Theorem29.LetSbeasemi-resolvingsetinPG(2,q),q⩾4.If\S\<2q+q/4 3,
thenonecanaddatmosttwopointstoStoobtainadoubleblockingset.

Proof.Proposition27works,andbyProposition28weseethatifthereisnopointwith
largeindex,thenSisadoubleblockingset,hence\S\⩾τ2.Hencewemayassumethat
therearepointswithlargeindex.
SupposethatthereexistsalineℓskewtoS. Assumethatthereexistthreepoints

withlargeindexonℓ. ThenthenumberoftangentlinestoSthroughthesepointsis
atleast3(q β 4)>3(3q/4 1)=9q/4 3. Ontheotherhand,thereareatmost
\S\<2q+q/4 3ofthem,acontradiction.Thusthereareatmosttwopointswithlarge
indexonℓ.
SupposethatthereisapointPwithlargeindexnotonℓ.Thentheintersectionpoints

oftheq β 2>3q/4+1>3tangentsthroughPwithℓwouldhaveindex⩾3,hence
alargeindex,whichisnotpossible.Thuseverypointwithlargeindexisonℓ,andhence
thereareatmosttwoofthem.
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IfthereisnoskewlinetoS,thenthenumberofpointswithlargeindexisalsoatmost
two,asonthreepointswithlargeindexwewouldseeatleast3(q β 2) 3>9q/4
tangentstoS,againacontradiction.
RecallthatthepointswithlargeindexarenotinS.Addthepointswithlargeindex

toS.Then,byProposition28,weobtainadoubleblockingset.

Corollary 30(Theorem4).LetSbeasemi-resolvingsetinPG(2,q),q⩾4. Then
\S\⩾min}2q+q/4 3,τ2 2|.

Recallthatτ2(PG(2,q))=2q+2 q+2ifq⩾9isasquare(Result21).Thusifq⩾121
isasquare,thenτ2 2<2q+q/4 3,henceµS(PG(2,q))⩾2q+2 q.Proposition22(ii)
showsthatequalityholds.AsPG(2,q)isisomorphictoitsdual,Theorem4holdsforlines
aswell,thatis,ifwewanttoresolvethepoint-setofPG(2,q)byasetoflines,thesame
boundsapply.Hencethedoubleoftherespectiveboundsarevalidforsplitresolvingsets,
soCorollary5follows.Fromtheresultsof[4]itfollowsthatinPG(2,q),q=ph,pprime,
q>256ifp>3andq>224ifp=2,3,anydoubleblockingsetofsize2(q+ q+1)is
theunionoftwodisjointBaersubplanes.Consequently,assumingtherespectivebounds
onq,allsemi-resolvingsetsofsize2q+2 qareobtainedinProposition22(ii).
Weremarkthatforsmallvaluesofq,therearesemi-resolvingsetssmallerthanτ2 2.

Threepointsingeneralpositionshowτ2(PG(2,q))=3.Avertexlesstriangle(theunion
ofthepointsetofthreelinesingeneralpositionwithouttheirthreeintersectionpoints)is
easilyseentobeasemi-resolvingsetofsize3q 3forq⩾3.Ifq⩾4,wemaytakeout
onemore(arbitrary)pointtoobtainasemi-resolvingsetofsize3q 4.(Infact,thereare
nosmallersemi-resolvingsetsthanthepreviousonesforq=2,3,4.)Ontheotherhand,
τ2(PG(2,q))=3qforq=2,3,4,5,7,8(mentionedin[1];thisresultisduetovarious
authors).
Finally,letusmentionanimmediateconsequenceofTheorem29onthesizeofa

blockingsemioval.Formoreinformationonsemiovals,wereferto[6].

Definition31.Apoint-setSinafiniteprojectiveplaneisasemioval,ifforallP S,
thereisexactlyonetangenttoSthroughP.AsemiovalSisablockingsemioval,ifthere
arenoskewlinestoS.

Lowerboundsonthesizeofblockingsemiovalsareofinterest.Uptoourknowledge,
thefollowingisthebestboundknown.

Result32(Dover[5]).LetSbeablockingsemiovalinanarbitraryprojectiveplaneof
orderq.Ifq⩾7,then\S\⩾2q+2.Ifq⩾3andthereisalineintersectingSinq k
points,1⩽k⩽q 1,then\S\⩾3q 2q/(k+2) k.

Corollary33.LetSbeablockingsemiovalinPG(2,q),q⩾4.Then\S\⩾9q/4 3.

Proof.ByProposition20,Sisclearlyasemi-resolvingset.Supposetothecontrarythat
\S\<9q/4 3.ThenbyTheorem29,wefindtwopoints,PandQ,suchthatS∩}P,Q|
isadoubleblockingset,thatis,PandQblockallthe\S\tangentstoS.Ontheother
hand,\S\⩾τ2 2>2q+1(hereweuseq⩾4andτ2=3qforq⩽8,τ2⩾2q+2 q+2
forq⩾9.)HenceShasmorethan2q+1tangents.However,PandQcanblockatmost
2q+1ofthem,acontradiction.
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Note that Dover’s result is better than Corollary 33 if there is a line intersecting the
blocking semioval in more than q/4 points (roughly).
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Clarificationsandminorcorrectionsregardingthe32typesof

smallestresolvingsetsinfiniteprojectiveplanesoforderq⩾23
asappearedin

TaḿasH́eger, MarcellaTaḱats:Resolvingsetsandsemi-resolvingsetsinfinite
projectiveplanes.ElectronicJ.Comb.19:4#P30(2012)

January31,2017

Aimandscopeofthecorrigendum

Theoriginalpapercontainsnomajorerrors,allmainresultsarevalid;weonlywishto
clarifyhereafewsubtledetailsduetoincoherentemphasesinthelistofthe32typesof
resolvingsetsofsize4q 4inSection3andinthecorrespondingFigure3,andtofixone
minorinaccuracy.Allthesecorrectionshavesignificanceonlyifoneneedsthecomplete
listofresolvingsetsofsize4q 4,inparticularwhenrelyingonFigure3;somesubcases
mayeasilybemissedifonestudiestheoriginalfigure.Theupcomingadditionsandthe
upgradedversionofFigure3foundonthenextpageandappearingasFigure4clearup
theseproblems.

Clarificationsandcorrections

RegardingSection3,thefollowingremarksshouldbetakenintoaccount.

⊂4.Inthiscase,U=R′mayalsooccur.Thus

1.in(C10)(p13,l-10),wemayaddR′QaswelltosolveP2’;

2.in(C12)(p13,l-9),wemayaddthelineconnectingR′andℓ0{RQtosolve
P2’.

⊂9. b)Tobecoherent,itisworthemphasisingthatZ=ℓ0{R
′Qisforbiddenin

(C29)aswell,andthatZ=Qisalsopossiblein(C30)(p14,l4).

Parts(C10),(C12),(C15),(C29),(C30),(C31),(C32)andthelegendofFigure3
havebeenupdatedaccordingly.Thesechangesmostlyclarifyspecialcases;e.g.,in(C29),
Z ℓ0maybePorℓ0{R

′Taswell,andthus,nottosuggestthecontrary,thesepoints
arenotdepictedasouterpointsanymorebutaspossiblyaddedpoints.Soapossibly
addedpointW isin∪SifandonlyifwechooseZ=W. Anothertypeofcorrection
regardstheaddedlines;e.g.,in(C10),theaddedlinemayintersecteinanypointof∪S
includingtheaddedpointR′;hencewehavenotdepictedtheintersectionasapointof
S∗.Furthermore,somesubtleaestheticalchangeshavebeenmadewithoutmention.
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Figure4: The32typesofresolvingsetsofsize4q 4with\∪S\⩽\OS\.
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