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A mia nonna Fernanda

Imagination is more important than knowledge. For knowledge is

limited, whereas imagination embraces the entire world, stimulating

progress, giving birth to evolution. It is, strictly speaking, a real

factor in scientific research.

Albert Einstein





Acknowledgements

In this work I have reported part of the scientific results I dealt

with during my PhD studies. Most of the achievements pre-

sented here would not have been reached without the intense

and fruitful collaboration among the experimental and theoret-

ical research groups I have had the honor of working with.

I want to thank above all my supervisor, Prof. Daniele Faccio,

for his guidance, support and endless enthusiasm. He motivated

me through the entire doctoral period and he inspired me with

the passion for his work, physics and Science in general. I also

want to thank him and his family (Silvia and Cesare) for their

hospitality during the period I spent at the Heriot-Watt Uni-

versity of Edinburgh.

I am grateful for having had the opportunity of working with

many brilliant scientists from very different research areas. I

want to thank each of them for having teaching me so much

during the last three years. I wish to thank Prof. Paolo Di

Trapani for letting me work in his laser laboratory at the Uni-

versity of Insubria, during the first period of my PhD and for

the opportunity to participate to three editions of the STELLA

School. I thank Dr. Sergio Cacciatori, Dr. Francesco Belgiorno

and Prof. Vittorio Gorini for the patience they have shown in

introducing me to the basic concepts of general relativity and

theoretical physics. I wish to thank Prof. Arnaud Couairon
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Introduction

The scattering of electromagnetic radiation is an essential and fundamental

tool by which we may study light-matter interaction. In usual conditions,

the medium is considered as stationary and scattering is characterized by

a change in the wave-vector spectrum of the light beam. The frequency of

the beam is not affected. On the other hand, when the medium is moving

the scattering leaves the light beam wave-vector unaffected and changes its

frequency. The basics of scattering from a time-changing boundary were

discussed in detail by Mendonça and co-workers (see e.g. [1] and references

therein) in terms of a refraction from a “time-boundary”. Examples of

“time refraction” have been predicted and observed from a moving plasma

front [1, 2, 3] and in waveguide structures [4, 5, 6].

In this thesis we study the scattering from a moving dielectric perturba-

tion (DP) induced through the nonlinear Kerr effect. Light is scattered and

resonantly transferred to two output modes identified by distinct frequen-

cies, one positive and the other negative in the reference frame comoving

with the DP. We first describe the process in terms of linear scattering in the

first Born approximation, where we predict photon number amplification

(at the expense of the DP) as arising by the mixing of positive and neg-

ative modes. Our predictions have been verified numerically [7] and, only

partly, experimentally [8]. This implies that DPs, generated for example

by soliton-like pulses in dielectric media, may be used to excite quantum

vacuum fluctuations and provides an experimental link to quantum field

studies in curved space-times.

The laser pulse induced DP is therefore described, using the tools of

transformation optics and general relativity, in terms of a flowing medium

which curves the effective space-time metric as seen by the light rays. Fig-

ure 1 shows a sketch of the two different visions presented in this thesis. The



2 Introduction
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Figure 1: Different visions for the resonant transfer of energy mediated by a
moving DP. (a) refers to the scattering interpretation in the first Born approxima-
tion; while (b) refers to the analogue gravity point of view and portrays the curved
space-time metric which is actually seen by light rays in the vicinity of an event
horizon.

analogue of an event horizon associated with the space-time curvature is

then predicted to excite spontaneous emission of photons in a process sim-

ilar to Hawking radiation from a gravitational black hole [9, 10, 11, 12, 13].

The thesis is not organized in a chronological order, but rather we

decide to present the results from the most recent [7, 8] to the oldest ones

[12, 13]. The reason for that is essentially the sake of clarity. The tools we

developed during the years allowed us to realize the intimate analogy with

the gravitational Hawking-like emission and thus describe it with terms

and tools that are more suitable (and understandable) for the nonlinear

optics community.

The thesis is organized as follows. Chapter 1 is devoted to a gen-

eral overview of the ultrashort laser pulse propagation effects in dispersive

isotropic media, both in the linear and nonlinear regime. In Chapter 2

we introduce the terminology and the analytical tools which are generally

used to describe the resonant radiation as a scattering event. The numeri-

cal model adopted in this thesis is also described here. Negative frequencies

in optics and other systems are presented in Chapter 3, where we provide a

physical interpretation of the existence of the negative resonant radiation

(NRR) based on: (i) the comoving frame description of the dispersion re-

lation; (ii) the revisited first Born approximation and (iii) a Manley-Rowe

relation generalized to the case of moving perturbations. In Chapter 4 we

report on the numerical results of NRR generation and photon number

amplification, while in Chapter 5 we present the experimental results of

seeded and self-seeded NRR generation in Kerr media. Finally, in Chap-

ter 6 we describe the optical analogue for gravity and we reinterpret the
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previous results with the tools of transformation optics and general relativ-

ity. In Chapter 6 we also derive the thermality for the stimulated Hawking

emission and we present experimental evidences of spontaneous emission of

photons from ultrashort laser pulse filamentation in Kerr media, that are

in quantitative agreement with the Hawking model. Chapter 7 is devoted

to the conclusions.





Chapter 1

Ultrashort pulse

propagation in isotropic

media

In this Chapter we shall introduce the role of dispersion in linear and non-

linear propagation of ultrashort laser pulses in isotropic dielectric media.

In particular we shall describe the main features characterizing propagation

of intense ultrashort pulses in presence of a third-order Kerr nonlinearity.

We will give a brief overview of phenomena such as supercontinuum gen-

eration, soliton and dispersive-wave regime in optical fibers. We will also

describe some space-time effects allowing the formation of filaments and

conical X-waves in bulk Kerr media.

1.1 Dispersion

All optical materials own the fundamental property of dispersion, which

manifests itself as a dependence of the phase velocity of a wave on its

frequency, or wavelength. Optical dispersion is also called chromatic dis-

persion to emphasize its wavelength-dependent nature. For example, it

is responsible for separation of colors in a prism, or for the formation of

rainbows.

For transparent dielectric media, the wave phase velocity, vφ, is simply

defined as the ratio between the velocity of light in vacuum, c = 299792458
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Figure 1.1: Schematic representation of phase, vφ = ω/k, and group velocity,
vg = (dk/dω)−1, at ω = ω0, in the normal dispersion region of a transparent
dielectric medium.

m/s, and the refractive index of the material, n,

vφ =
c

n
. (1.1)

For light pulses, the velocity at which energy, or information, is conveyed

along the wave is the group velocity, defined as,

vg = 1/k�(ω) =

�
dk

dω

�−1

, (1.2)

where k(ω) = ωn(ω)/c is the modulus of the wavevector at frequency ω;

the corresponding wavelength (in vacuum) is λ = 2πc/ω. Evaluating Eq.

(1.2), we obtain,

k
�(ω) =

dk

dω
=

1

c

�
n(ω) + ω

dn

dω

�
, (1.3)

and thus [14],

vg =
c

ng

, with ng(ω) = n(ω) + ω
dn

dω
. (1.4)

As we see, the group refractive index, ng, depends itself on frequency via

the relation (1.4). Figure 1.1 shows the schematic relationship between

the phase and the group velocity, evaluated at the same frequency, ω0, in

an ordinary transparent medium. The phase velocity, vφ(ω0) = ω0/k0,

measures the propagation speed of the single plane-wave component of

the pulse in the medium; where k0 = k(ω0). This plane-wave component

does not carry any information, because of its infinite duration. On the

other hand, the group velocity, vg(ω0) = (dω/dk)ω0 , is the slope of the
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Figure 1.2: Optical pulse dispersion: cartoon (a) and numerical simulation (b) of
linear propagation in ∼ 250 µm of fused silica glass. Input pulse carrier wavelength
at 600 nm and input pulse duration 2 fs.

line tangential to the dispersion curve at ω = ω0, and is the rate at which

changes in pulse amplitude (known as the envelope) will propagate. In

ordinary matter, vg < vφ (normal dispersion).

Due to the dependence of the group velocity on frequency, a short pulse,

because of its wide spectral width, undergoes a phase distortion inducing

an increase of its duration as it propagates through the material [15, 16].

The parameter which measures this frequency-dependent variation of the

group velocity is the second order derivative of the propagation factor,

k
��(ω) =

d2k

dω2
=

d

dω

�
1

vg

�
=

λ3

2πc2
d2n

dλ2
. (1.5)

This term is called group velocity dispersion (GVD) and is responsible for

progressive chirp of optical pulses during propagation. This means that the

instantaneous frequency, ω(t), defined as the time derivative of the phase ϕ

acquired by the pulse in propagation, ϕ(ω, z) = k(ω)z, varies linearly with

time, i.e.,

ω(t) =
∂ϕ

∂t
= ω0 + αt, (1.6)

where α is a real parameter, function of the input pulse duration, propaga-

tion distance and k��0 = k��(ω0). For example, an initially transform limited

pulse in the normal GVD spectral region(k��0 > 0), acquires in propagation

a positive chirp, where lower frequencies (red) concentrate in the leading

part while higher frequencies (blue) concentrate in the trailing part of the

pulse. As a consequence, the pulse envelope is distorted during propagation

and undergoes a duration broadening. For a Gaussian pulse, with input
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pulse duration τp, the pulse duration at propagation distance z reads [16]:

τ(z) = τp

�

1 +

�
2k��0 z

τ2
p

�2

. (1.7)

Figure 1.2 shows the numerically evaluated behavior of an ultrashort Gaus-

sian pulse (input pulse duration τp = 2 fs, centered at 600 nm) propagating

in a linear, dispersive medium. After propagation over ∼ 250 µm of com-

mon fused silica glass, the pulse spreading in time is evident, as well as the

growth of a positive frequency chirp.

For completeness, we define also the group delay dispersion (GDD) of an

optical element, which is the second derivative, with respect to the angular

frequency, of the change in the spectral phase:

GDD =
∂2ϕ

∂ω2
. (1.8)

It always refers to some optical element or to some given length of a medium

(e.g. an optical fiber) and is measured in fs2 or ps2. Positive (negative)

values correspond to normal (anomalous) GVD, which is the GDD per unit

length (in units of s2/m).

1.1.1 The Sellmeier dispersion formula

Before moving to the nonlinear propagation effects, it is worth spending few

words to introduce the Sellmeier dispersion relation. This is an empirical

relation for the refractive index n = n(λ) of a material, derived by Sellmeier

in 1871, that relies on the classical Lorentz model1 and provides a very good

approach for estimating the optical behavior of insulators (or dielectrics).

The Lorentz Oscillator theory describes the polarization of dielectrics

as arising from the motion of simple harmonic oscillators and this is based

on the fact that the potential energy of an electron at the bottom of the po-

tential well (in equilibrium) may be approximated by a quadratic function

which simplifies to the simple harmonic oscillator function. The refractive

index of a dielectric is thus expressed, combining the Clausius-Mosotti and

Lorentz equations, as a summation of the contributions of j-oscillators of

1The problem may also be treated quantum-mechanically [15].
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strength fj and damping constant γj , related to the resonance ωj , of any

atom/molecule of the medium (see, e.g., [15] for a complete treatment):

n2 − 1

n2 + 2
=

4πNe2

3�0me

�

j

fj

ω2
j
− ω2 + iγjω

,

where N is the number of molecules per unit volume, �0 the vacuum per-

mittivity, e and me the electron charge and mass, respectively. Colorless,

transparent media have their characteristic resonances outside the visible

spectrum: the electronic polarization frequencies are in the UV, where they

induce a strong absorption (related to the imaginary part of the refrac-

tive index), while the molecular polarization frequencies lie in the infrared

spectral region. In between, the refractive index has a weak frequency

dependence, decreasing with increasing wavelength (normal chromatic dis-

persion).

Far from resonances, the refractive index is well described by the Sell-

meier relation, i.e. an expansion of n(λ) in the form of a series of single-

dipole oscillator terms each of which has the usual λ2/(λ2−λ2
j
) dependence

as in [17],

n(λ)2 = 1 +
A1λ

2

λ2 − λ2
1

+
A2λ

2

λ2 − λ2
2

+
A3λ

2

λ2 − λ2
3

+ . . . , (1.9)

where λi and Ai are called Sellmeier coefficients, which are determined by

fitting this expression to the experimental data. The λi are the effective

resonance wavelengths corresponding to the centre of gravity of the absorp-

tion band in the relevant spectral range. It can be shown that all dispersion

curves of optical glasses may be expressed by using two effective resonance

wavelengths in the UV (e.g between 50 and 150 nm) and one in the IR

spectral region (typically from 7 to 10 µm).

In Table 1.1 we report the Sellmeier coefficients for three optical mate-

rials (i.e., fused silica [18], calcium fluoride [19] and diamond [20]) used for

Materials A1 A2 A3 λ1 (µm) λ2 (µm) λ3 (µm)

SiO2 0.6961663 0.4079426 0.8974794 0.0684043 0.1162414 9.896161
CaF2 0.5675888 0.4710914 3.8484723 0.050263605 0.1003909 34.649040
Diamond 4.3356 0.3306 0.1060 0.1750

Table 1.1: Sellmeier coefficients for various materials adopted for the experimental
and numerical results of this thesis. Refs. [18, 19, 20].
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Figure 1.3: Sellmeier dispersion curve for SiO2 (silica) glass, according to the
Sellmeier coefficients of Table 1.1.
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Figure 1.4: Refractive index, n (solid red) and group index, ng (dashed blue) for
SiO2 (silica) glass (a) and diamond (b), over the 0.2÷6 µm wavelength range. The
shaded area in (a) indicates the anomalous GVD region for fused silica (k�� < 0).

the experimental and numerical results presented in this thesis. The Sell-

meier dispersion curve, n(λ), for fused silica is also shown in Figure 1.3 in

the spectral range between 10 nm and 11 µm, with highlighted the position

of the three effective resonance wavelengths, λ1, λ2, λ3. Finally, in Fig-

ure 1.4 we compare the dispersion curves for fused silica (a) and diamond

(b), over the spectral region 0.2÷6 µm, which is free of resonances. In both

Figs. 1.4(a)-(b) the refractive index, n (solid red curve), is over-imposed

to the group index, ng (dashed blue curve), evaluated from relation (1.4).

We immediately note that, while in diamond (which, according to Table

1.1, is transparent from the ultraviolet region to less than one THz) the

GVD is always normal (k��0 > 0); in fused silica the GVD parameter k��0 is

positive for visible light, but becomes negative for wavelength longer than

approximately 1.3 µm [shaded area in Fig. 1.4(a)]. This fact makes a huge
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difference in the interplay between linear and nonlinear effects suffered by

ultrashort optical pulses propagating in the two media. In particular, as we

will see in Section 1.4, the anomalous GVD region is a primary ingredient

for the formation of optical solitons in Kerr media.

1.2 Kerr nonlinearity

When the intensity of the light pulse is high enough, it is no longer pos-

sible to consider the polarization of the medium as linearly proportional

to the electric field and nonlinear effects should be taken into account. In

isotropic media, such as a liquid or amorphous solid, the propagation of

high intensity laser pulses induces a local variation of the refractive in-

dex which depends on the laser pulse intensity and which is at the basis

of many third-order, χ(3), phenomena: e.g. self- and cross-phase modula-

tion, self-focusing, self-steepening, supercontinuum generation and conical

emission.

In this Section we shall describe the origin of these effects, starting to

consider the general equation for the electric field E in a dielectric medium:

∇× (∇×E) + µ0
∂2P

∂t2
+

1

c2

∂2E

∂t2
= 0, (1.10)

where µ0 is the permeability of free space and P is the polarization density.

Using ∇× (∇×E) � −∇2E, we obtain,

∇2E− 1

c2

∂2E

∂t2
= µ0

∂2P

∂t2
, (1.11)

where the Laplacian operator ∇2 = ∂2
zz

+ ∇2
⊥, being ∇2

⊥ = ∂2
xx

+ ∂2
yy
.

We now write the material polarization response, excited by a sufficiently

intense laser pulse propagating in an isotropic medium (i.e., χ(2) = 0 for

symmetry constraints), as [21]:

P = ε0

�
χ
(1)E+ χ

(3)EEE
�
, (1.12)

where �0 is the vacuum permittivity, χ(1) is the linear susceptibility that

is related to the (background) linear refractive index n0 =
�

1 + χ(1), and

χ(3) is the third-order nonlinear susceptibility (also know as the Kerr non-

linearity). In a scalar theory, we can write the linearly polarized electric
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Materials Wavelength (nm) n2 (cm2/W) Ref.

SiO2 1064 3.2× 10−16 [22, 23]
CaF2 1064 2.0× 10−16 [24, 23]
Diamond 545 12.6× 10−16 [25, 23]

Table 1.2: Nonlinear Kerr coefficient, n2, for various materials adopted for the
experimental and numerical results of this thesis.

field as E = 1
2A exp [i(kz − ωt)]+ c.c., and the third-order nonlinear polar-

ization term PNL = �0χ
(3)E3, becomes:

PNL = �0
χ(3)

8

�
A

3
e
i(3kz−3ωt) + 3|A|2Ae

i(kz−ωt) + c.c.

�
. (1.13)

The first term oscillates at 3ω, which means that it acts as a source for third

harmonic generation, and in general it may be neglected (unless the beam

or the medium are specifically engineered so as to enhance this process).

The second term oscillates at the input frequency ω and may be interpreted

as an effective linear polarization term in which the refractive index is

proportional to the intensity of the electric field I = |A|2/2 (measured in

W/cm2). This effect is called Kerr effect and is usually written, introducing

an effective refractive index, as:

n = n0 + n2I, (1.14)

where n2 is the nonlinear Kerr coefficient and I, in the most general case,

has a spatio-temporal distribution I = I(r, t). From Eq. (1.13) we have,

n =

�
1 + χ(1) +

3

8
χ(3)|A|2 = n0

�

1 +
3

8

χ(3)|A|2
n2
0

� n0 +
3χ(3)|A|2

16n0
,

(1.15)

and by comparison of Eq. (1.15) with (1.14), we obtain an expression for

the nonlinear index,

n2 =
3χ(3)

8n0
, (1.16)

which depends on the specific medium. In Table 1.2 are reported the

nonlinear Kerr coefficients (measured in units of cm2/W) for the materials

used for the experimental and numerical results of this thesis.

We note that the intensity profile of a laser pulse usually has a Gaussian-

like form, i.e. I = I(z − vt) = exp−[(z − vt)/σ]2, where the pulse speed is

given by the group velocity of light in the medium, v = vg. In other words,
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in virtue of the almost instantaneous response of the Kerr nonlinearity, an

intense laser pulse propagating in a nonlinear Kerr medium will create a

dielectric perturbation (DP) of the refractive index,

δn(z − vt) = n2I(z − vt), (1.17)

that travels with exactly the same features, e.g. speed and amplitude

evolution, of the pump laser pulse.

This Kerr-induced moving perturbation (which travels close to the speed

of light) is one of the principal actors of this thesis work and is responsi-

ble for all the phenomena presented in the next chapters. For the moment,

we put aside the surprising implications related to the existence of a “rel-

ativistically” moving DP, to describe in more detail the state-of-the-art of

the self-action effects in Kerr media.

1.2.1 Self-action effects

The intensity-dependent variation of n occurs in a very short time (of the

order of the electronic cloud response time ∼ 10−16 s), so the response of

the Kerr nonlinearity is, to all extents, instantaneous over the time scale

of the input pulse duration (typically tens, or hundreds, of femtoseconds).

Light itself is affected by this local modification of the refractive index, in

the form of a self-modulation of the temporal, or spatial phase.

A plane wave traveling along the z axis for a length L suffers a phase

variation:

δϕ = δϕ0 +
ω0

c
n2IL, (1.18)

where δϕ0 is the phase variation in the absence of nonlinear effects. The

third-order nonlinearity thus induces a phase delay proportional to the

instantaneous intensity of the wave, which determines the phenomena of

self-phase modulation and self-focusing.

Self-phase modulation

In the case of a light pulse centered at frequency ω0, it is possible to consider

the instantaneous frequency along the pulse as the first derivative of the

phase δϕ(t) with respect to time. For a propagation along a distance L the
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instantaneous frequency in the presence of the Kerr nonlinearity is given

by:

ωist =
∂

∂t
(ω0t− δϕ) = ω0 + n2L

ω0

c

∂I(r, t)

∂t
. (1.19)

Since the intensity of a light pulse has a temporal profile, Eq. (1.19) deter-

mines the generation of new frequencies: this process is called self-phase

modulation (SPM). In particular, since n2 is usually positive, the leading

edge (∂tI > 0) generates lower frequencies, while higher frequencies are

generated in the trailing part of the pulse.

Self-focusing

If one considers a Gaussian transverse intensity profile in Eq. (1.14), the

refractive index in the center of the beam, where the intensity is higher,

is greater than the index seen by the tails of the beam: the material acts

as a focusing lens. This spatial self-phase modulation leads to so-called

self-focusing for n2 > 0 and self-defocusing for n2 < 0. An intense colli-

mated beam traveling through a Kerr medium starts to contract because of

self-focusing; this determines an increase of the peak intensity and the ef-

fect becomes stronger and stronger (the focal length of the “effective” lens

becomes smaller).

In real experiments, the collapse of the beam is avoided by the onset of

defocusing effects, originating by saturation mechanisms, which lower the

total energy (and therefore limit the intensity) of the beam and/or defocus

the beam itself.

1.2.2 Plasma effects

Nonlinear Kerr-induced phase distortions lead to frequency broadening and

self-focusing. These are “cumulative” effects in the sense that they require

propagation (i.e., dispersion and diffraction) in order for the Kerr-induced

phase-distortions to accumulate and thus dramatically modify the pulse

and beam profile. Alongside nonlinear propagation effects on the pulse, im-

portant modifications occur also within the medium itself, namely plasma

generation viamultiphoton ionization. Close to the collapse point the inten-

sity of the pulse becomes high enough to trigger ionization of the medium

by means of nonlinear (multi-photon) absorption. The plasma of free elec-

trons generated by the high intensity peak contributes to the arrest of the
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collapse by two main processes: (i) it locally reduces the refractive index;

and (ii) it can be further accelerated by means of an inverse Bremsstrahlung

effect, thus lowering the intensity.

The sum of all these linear (dispersion and diffraction) and nonlinear

(Kerr-induced self-phase modulation and self-focusing, multiphoton ab-

sorption and ionization) effects can lead to a dramatic reshaping of the

laser beam itself that may either breakup under the effect of the modula-

tion instability or form a filament [26]. In Section 1.3 we shall describe the

complicated spatio-temporal dynamics of ultrashort laser pulse filamenta-

tion, also with the help of numerical simulations based on the solution of

the extended nonlinear Schrödinger equation [26].

1.2.3 Cross-phase modulation and Four-Wave mixing

Until now we have considered only the self-action effects of the Kerr non-

linearity, i.e., the effects that the nonlinearity has on a single input pulse.

Nevertheless, in the presence of fields at different frequencies, the Kerr non-

linearity can lead also to a strong interaction resulting in strong inter-pulse

phase effects and frequency conversion. The former is referred to as cross-

phase modulation (XPM) and the latter as four-wave mixing (FWM).

The XPM refers to the nonlinear interaction between a strong pump

field Ep, that excites the nonlinearity, and a weaker seed field Es, oscillating

at frequency ωp and ωs, respectively. In this case, the total electric field

becomes, E = 1
2 {Ap exp [i(kpz − ωpt)] +As exp [i(ksz − ωst)] + c.c.}. By

substituting this relation into the relation for the nonlinear polarization

(1.12) and retaining only the terms oscillating at frequency ωs, we obtain,

PNL ∝ χ
(3)

�
A

2
s
+ 2A2

p

�
Es. (1.20)

The first term describes the SPM of the seed and may thus be neglected,

being the seed indeed weak; the second term describes the XPM induced

upon the weak seed wave by the intense pump wave. The strong pump

of peak intensity Ip, thus induces a change in the refractive index for the

weaker seed pulse which is twice as large as that self-induced Kerr effect of

Eq. (1.17), i.e.,

δn = 2n2Ip. (1.21)



16 1. ULTRASHORT PULSE PROPAGATION IN ISOTROPIC MEDIA

Under similar working conditions as for XPM, it is also possible to

observe generation of new frequencies and parametric amplification. These

processes fall within the so called FWM, in which the Kerr nonlinearity

mixes energy between four different fields. FWM is commonly described

within a context in which the interacting waves are treated as plane waves

of frequency ωj and wave vectors kj = ωjn(ωj)/c. The total electric field

reads:

E =
1

2

4�

j=1

Aj exp [i(kjz − ωjt)] + c.c., (1.22)

and the total nonlinear polarization (1.13) will also be composed of four

terms. In order to have efficient transfer of energy among different fields,

the four waves involved must obey to strict energy and momentum con-

straints, namely they should satisfy the so-called frequency-matching (∆ω =

0) and phase-matching (∆k = 0) relations [21]. For example, the phase-

matching condition below,

∆ω = 2ω1 − ω3 − ω4 = 0

∆k = 2k1 − k3 − k4 = 0,

refers to a degenerate (same frequency, ω2 = ω1) FWM interaction, in

which a strong input pump at frequency ω1 generates two new difference

frequency fields, at frequencies ω3 and ω4.

1.3 Ultrashort laser pulse filamentation

Ultrashort laser pulse filamentation refers to the spontaneous formation

of a dynamic optical pulse structure with an intense core that is able to

propagate over extended distances, much larger than the typical diffraction

length (Rayleigh range), while keeping a narrow beam size without the help

of any external guiding mechanism [26].

The underlying mechanism for the formation of a spontaneous filament

is the interaction between the intense laser pulse and the medium Kerr

nonlinearity which induces a reshaping of the pulse along both the trans-

verse (x, y) and longitudinal (z) coordinates. In the transverse plane, the

input pulse will start to shrink under the so-called self-focusing effect and

in the longitudinal coordinate self-phase-modulation and dispersion will
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create new frequencies and distort the pulse. These effects occur concomi-

tantly and the input pulse focuses to a so-called nonlinear focus point at

which the highest intensity is reached. This intensity is typically “clamped”

to a maximum value that depends mainly on the material properties (e.g.

dispersion, nonlinear absorption and ionization) and will vary only slightly

with the laser pulse input energy. After the nonlinear focus, a filament

will emerge, i.e. in the transverse plane a tightly focused intensity spike

(∼ TW/cm2 in condensed media) is observed that propagates apparently

without diffraction over long distances. This intensity is surrounded by a

much weaker photon reservoir which co-propagates with the intensity spike

and continues to refuel it [26].

1.3.1 Space-time effects

It is important to note that the interplay of the various linear (dispersion

and diffraction) and nonlinear (self-phase modulation, self-steepening, mul-

tiphoton absorption and ionization, plasma creation) effects lead to very

complicated dynamics that may be collectively described only qualitatively

by analytical models. A quantitative prediction of the full spontaneous fil-

ament evolution relies on numerical simulations. These are usually based

on the numerical solution of the extended nonlinear Schrödinger equation

(NLSE) [26]. This equation is used also in this work to model filament

propagation and gives, as an example, the results shown in Figures 1.5 and

1.6.

Pulse-splitting

After the nonlinear focus, the intensity of the central spike will typically

start to decay, concomitantly with the formation of two split daughter

pulses, one travelling faster and the other slower with respect to the in-

put laser pulse. Figure 1.5(a) shows the pulse evolution in fused silica at

x = y = 0 (i.e. at the pulse centre in the transverse dimensions) along the

comoving longitudinal coordinate τ = t− z/v, where v is the input Gaus-

sian pulse group velocity vg. The evolution is shown just after the nonlinear

focus as the pulse clearly splits into two daughter pulses with the trailing

(leading) pulse travelling slower (faster) than the input pulse. Moreover,

the self-compression of the longitudinal dimension of each of these pulses is

also evident: for example, the trailing pulse reaches a pulse duration of few
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Figure 1.5: Pulse-splitting and self-steepening. (a)Numerically calculated tempo-
ral profile of the filament: close to the nonlinear focus the pulse splits into a faster,
leading and a slower, trailing pulse. (b) Variation of the trailing peak velocity with
propagation distance.

fs (starting from an input pulse duration of ∼ 1 ps). Fig. 1.5(b) shows in

more detail the evolution along propagation of the velocity v of the trailing

daughter pulse: the colored points (blue, green and red) indicate the prop-

agation distances at which the longitudinal profiles are sampled and shown

in Fig. 1.5(a) (with the same colors). As can be seen, the pulse velocity

at the nonlinear focus is significantly lower than vg ∼ 2.05 × 108 m/s (in

fused silica) and accelerates during propagation, asymptotically reaching

vg. This behavior is qualitatively reproduced in all spontaneous filaments

and the details, e.g. the precise values of the pulse velocities, depend on

the specific experimental settings and mainly on input wavelength, input

pulse duration and on the Kerr medium.

Self-steepening

The process of self-steepening occurs because of the intensity-dependent

refractive index: the velocity of the intensity peak of the pulse is smaller

than the velocity of the wings. This causes a steep edge in the trailing

edge because the back part of the pulse catches up the peak [27]; a shock

front is formed in correspondence of this edge, which is responsible, in the

Fourier temporal spectrum, of the generation of higher (blue) frequencies.

Fig. 1.6 shows the details of the trailing daughter pulse. The white dashed

line highlights the trailing edge of the pulse where a steep shock front

forms and which clearly shows a relatively flat profile that does not vary

significantly along the transverse coordinate ρ. The weaker features at

longer delay times are ripples resulting from the formation of the shock
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Figure 1.6: Near field intensity profile of the filament after the nonlinear focus.
The trailing daughter pulse develops a steep shock front, highlighted by the vertical
dashed white line.

front.

The input parameters used for the simulation in Figures 1.5 and 1.6

were chosen to reproduce those of the experiments presented in Chapter 6,

i.e. 1 ps pulse duration, 1055 nm laser wavelength, 0.3 mJ input energy

and w0 = 0.5 mm input width at 1/e2. The pulse was loosely focused with

a 20 cm focal length lens into a 2 cm long sample of fused silica. These

input conditions lead to the pulse shapes shown in Fig. 1.5(a). The trans-

verse profile in Fig. 1.6 is characterized by a localized central peak that has

a diameter of ∼ 5 µm.

Supercontinuum and Conical Emission

Filamentation is accompanied by a strong broadening of the initial spec-

trum of the pulse, called super-continuum. In particular, with the term

“supercontinuum generation” we indicate the generation of an extremely

broadband (it may span more than 1 octave), coherent emission with a

low angular divergence. Nevertheless, the white light beam generated dur-

ing filamentation generally does not consist only of a white central (axial)

core, but is is surrounded by a structure of colored rings (see Fig. 1.7).

This second phenomenon is called conical emission (CE) and is commonly

accepted to arise from the interplay of diffraction, dispersion, and nonlin-

ear response. The emission angle increases with the frequency shift with

respect to the pump frequency. Usually, in filamentation in gases, higher

frequencies are observed in the external rings of this structure, while redder

frequencies constitute the internal rings. The phenomenon of CE depicts

a strong space-time coupling dynamics during the process of filamentation
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Figure 1.7: Supercontinuum (central white spot) and conical emission measured
at 25 m from a 5 mJ, 45 fs, 800 nm laser pulse. Image from Ref. [28].

because every new generated frequency corresponds to a specific angle of

emission, i.e. θ = θ(λ), an effect known as angular dispersion.

Several mechanisms have been proposed to explain this phenomenon:

Cerenkov radiation [29], self-phase modulation, four-wave mixing [30] and

X-waves [31, 32, 33, 34], which we shall introduce in the next Section 1.3.2.

1.3.2 Conical X-waves

Filament dynamics in condensed media with normal group velocity dis-

persion (k�� > 0) may be well understood in terms of spontaneous forma-

tion and successive interaction of nonlinear X-waves [33, 34]. X-waves, or

more generically, conical waves, are particular solutions of the propagation

equation with the notable feature of being stationary, i.e. non-dispersive

and non-diffractive, in both the (i)-linear (low intensity) [35, 36] and (ii)-

nonlinear (high intensity) [31] regimes.

(i)- In the linear regime, to counteract material (intrinsic) GVD, one can

exploit the angular dispersion (i.e., the dependence of propagation angle on

frequency). The prototype of such conical wave packet (CWP) is indeed the

linear X-wave [37, 38]: a non-monochromatic, yet nondispersive, superpo-

sition of non-diffracting cylindrically symmetric Bessel -“Durnin”- beams

[39], with different colors propagating at different angles, i.e. θ = θ(λ).

Importantly, in the case of wave packets with relatively narrow spectral

content, both temporally and spatially, X-waves requires normally disper-

sive media (k�� > 0). X-waves show an intense central peak surrounded by

an energy reservoir storing the major amount of their energy. This wave

packet exhibits a biconical structure (or an “X” structure, if only one spa-

tial dimension is considered) both in the near field (r, t) and in the far field
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(k, ω). In the case of conical X-waves the relation between angles of prop-

agation and frequencies induces an effective dispersion which compensates

for the dispersion of the medium. The non-dispersive behavior of polychro-

matic conical waves is described by imposing a linear dependence of the

longitudinal component of the wave-vector, kz, on the angular frequency

ω, thus ensuring a constant group velocity in the z direction. In the ref-

erence system centered around the pulse carrier frequency ω0, the conical

wave dispersion relation may be written as,

k⊥ =
�
k2 − k2

z
with kz(ω) = β +

ω − ω0

v
(1.23)

and thus the “X-wave relation” reads:

k⊥(ω)
2 = k

2(ω)−
�
β +

ω − ω0

v

�2

, (1.24)

with v = 1/k�0 the group velocity of the X-wave and β the longitudinal

wavevector, linked to the angular aperture θ0 of the beam at the carrier

frequency ω0, as β = k0 cos θ0.

(ii)- The spontaneous formation of X-waves in the presence of nonlin-

earity was first demonstrated in a second-order nonlinear crystal [31] and

afterwards in Kerr media [33, 34, 40]. The concept of X-waves was then

used to explain the properties of the propagation of laser pulse filaments

in transparent media. The interpretation is that, regardless the way of its

formation, the evolution of the filament is governed by the interactions of

one or more stationary non-diffractive and non-dispersive spatio-temporal

profiles in the form of CWPs, so that the central high intensity core is

the result of an interference effect, continuously refilled by the surround-

ing low-intensity energy reservoir. Kolesik et al. demonstrated by means

of numerical simulations [33] that filamentation in condensed media may

be interpreted as a dynamical interaction of these spontaneous nonlinear

X-waves.

The X-wave model therefore considers these non-diffractive and non-

dispersive solutions as attractors for the filamentation process and the fil-

ament itself may be interpreted and effectively described as an X-wave,

justifying most of the properties of the filamentation regime common to

CWPs. Each of the daughter peaks generated during the filamentation

regime is then regarded as corresponding to an effective X-wave solution.

In particular, these X-wave profiles related to the leading and the trailing
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Figure 1.8: Farfield (θ, λ) spectra from filamentation regimes of 800 nm laser
pulses in (a) sapphire and (b) air. Superimposed to the spectra, best fitting curves
with the X-wave relation (1.24), for v < vg (solid curve) and v > vg (dashed
curves). Courtesy of A. Lotti [41].

peak exhibit an envelope velocity larger and smaller than the group velocity

of the initial Gaussian pulse, respectively. This interpretation is supported

by experimental spectra and numerical simulations. Typical experimental

filamentation angular spectra (θ, λ) are shown in Figure 1.8, with the cor-

responding fit with the X-wave spectral relation, Eq. (1.24), for the cases:

(a) filamentation in sapphire (external angles, measured in air) and (b) fil-

amentation in air. In both cases the initial laser pulse was centered at 800

nm. In Fig. 1.8(a) two curves are visible: one corresponding to the X-wave

with envelope velocity v < vg (trailing pulse, solid curve) and one with ve-

locity v > vg (leading pulse, dashed curve). In Fig. 1.8(b) only the curve

with v > vg is visible.

1.4 Solitons

In much the same way that X-waves form spontaneously in (bulk) Kerr

media, at high enough powers, solitons may form spontaneously in a fiber.

Under certain circumstances, the effects of Kerr nonlinearity and disper-

sion can exactly cancel each other, apart from a constant phase delay per

unit propagation distance, so that the temporal and spectral shape of the

pulses is preserved even over long propagation distances. The stationary 3-

dimensional X-wave is thus replaced by the stationary 1-dimensional fiber

soliton [42, 43, 44]. In strong contrast with nonlinear X-waves, the basic

condition for (fundamental) soliton pulse propagation in a lossless medium

is the anomalous (k�� < 0) GVD, for a positive value of the nonlinear Kerr
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Figure 1.9: Numerics: 1D propagation of a sech2-soliton.

coefficient n2 (as occur for most media). Moreover, the temporal shape of

the pulse has to be that of a Fourier transform limited sech2-pulse (assum-

ing that the group delay dispersion is constant, i.e. there is no higher-order

dispersion). We may appreciate this, considering the equation that de-

scribes the propagation of optical pulses through the dispersive nonlinear

optical medium, which in this case is the 1-dimensional NLSE [21]:

∂AS

∂z
+ i

k��0
2

∂2AS

∂τ2
= iγ|AS |2AS , (1.25)

where τ = t − z/vg is the retarded time and the term on the right-hand

side is the nonlinear Kerr contribution to the propagation constant, i.e.,

∆kNL = n2
ω0

c
I = 2n0�0n2ω0|AS |2 := γ|AS |2. (1.26)

Equation (1.25) is solved identically by a pulse whose amplitude is of the

form:

AS(z, τ) = A
0
S
sech(τ/τ0)e

iksolz, (1.27)

where τ0 is the soliton pulse duration, related to the input pulse amplitude

as |A0
S
|2 = −k��0/(γτ

2
0 ), and where ksol = −k��0/(2τ

2
0 ) = γ|A0

S
|2/2 repre-

sents the nonlinear phase shift experienced by the pulse upon propagation.

These conditions also imply that k��0 and n2 must have opposite signs in

order for Eq. (1.27) to represent a physical quantity and this manifests

also from Eq. (1.25), where k��0 and γ must have opposite signs in order for
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the GVD to compensate for self-phase modulation. As an example, Figure

1.9 shows the numerically evaluated 1D propagation of a sech2 soliton-like

pulse, launched in the anomalous dispersion region of fused silica [shaded

area in Fig. 1.4(a)], where the nonlinearity and GVD are balanced over a

distance of ∼ 1.8 mm.

The most remarkable fact is actually not the possibility of the mentioned

balance of dispersion and nonlinearity, but rather that soliton solutions of

the nonlinear wave equation are very stable: even for substantial deviations

of the initial pulse from the exact soliton solution, the pulse automatically

“finds” the correct soliton shape while shedding some of its energy into a

so-called dispersive wave [43, 44, 45, 46], which is also known as resonant

radiation, or Cherenkov radiation [47].

1.4.1 Dispersive waves: phenomenology

When an optical pulse is launched into a fiber with anomalous chromatic

dispersion so that the pulse parameters do not exactly match those of a

soliton, the pulse will evolve (within some propagation distance in the fiber)

into a soliton pulse and some temporally spreading background. The latter

is called a “dispersive wave”, because it is spreading due to the effect of

GVD (k�� > 0), and this is not compensated by the fiber nonlinearity [44].

The closer the parameters of the initial pulse are to the parameters of a

soliton, the higher is the percentage of the pulse energy which ends up in

the soliton rather than in the dispersive wave.

Dispersive waves emitted by fiber solitons in presence of higher order

dispersions have been known for a long time. In 1987 Wai et al. [45]

theoretically predicted that, if launched close to the region of minimum

dispersion, solitons would emerge from pulses of any arbitrary shape and

amplitude, provided that, with increasing input amplitude, the soliton au-

tomatically “recoils” and shifts toward redder frequencies, while the fre-

quency of the dispersive wave component would correspondingly increase

(blue-shift). This theoretical prediction was then experimentally verified

by Gouveia-Neto et al. in 1988 [48]. Figure 1.10 shows the numerically

evaluated propagation of a soliton launched at the zero dispersion wave-

length (ZDW) in fused silica (∼ 1.3 µm). The top row (a)-(b) refers to

an almost stationary propagation thanks to the balance of GVD and non-

linearity (low intensity regime). By changing only one parameter, i.e. by
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increasing the input intensity, the spectrum splits into two peaks at the ei-

ther sides of the ZDW [Figure 1.10(d)]: the Kerr nonlinearity downshifts

the frequency, moving the soliton further into the anomalous dispersion re-

gion, which simultaneously transfers energy into a blue-shifted dispersive

wave, or resonant radiation (RR), in the normal dispersion region.

The self-frequency shift of the soliton is also known as spectral recoil ef-

fect and has been reported to arise in photonic crystal fiber (PCF) [49, 50],

and explained in terms of an overall photon energy conservation. In mi-

crostructured fibers, Tartara et al. [46] show evidence of spectral broad-

ening based upon the fission of higher-order solitons into red-shifted fun-

damental solitons and blue-shifted dispersive waves. They tentatively pro-

pose an explanation of this effect by invoking pulse-trapping phenomena

controlled by the group-velocity matching of infrared and visible pulses.

Moreover energy exchange between the soliton and the resonant dispersive

wave is expected to reach its maximum close to the zero GVD wavelengths,

since energy is fed into the wave from the most intense central part of the

soliton spectrum. This is because the amplitude of the emitted radiation

is primarily determined by the spectral amplitude of the soliton at the

radiation frequency ωRR [47].
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Kolesik et al. re-interpreted the soliton shedding of light towards the

RR frequency as a linear scattering event in the first Born approximation

[51]. In Section 2.2 we shall recall this powerful picture, comprising many

spectral broadening phenomena, from supercontinuum generation to RR,

induced by the nonlinear propagation of both solitons in 1D optical fibers

[51] and X-waves in 3D bulk Kerr media [33, 52, 53, 54, 55].



Chapter 2

Scattering theory of SC

and RR

In this Chapter we shall treat the phenomenon of resonant radiation (RR)

analytically, by means of two different approaches: i.e., the theory of

Akhmediev and Karlsson [47], and the effective three-wave mixing (ETWM)

picture of Kolesik et al. [51], which describes the process as a linear scat-

tering event in the contest of the first Born approximation. This picture

has been shown to provide an accurate analytic description of supercontin-

uum (SC) spectral properties in both 3D bulk media and 1D optical fibers.

In the last Section we shall derive the Unidirectional Pulse Propagation

Equation (UPPE) which will be numerically solved in the next chapters to

investigate the scattering mechanism inducing RR.

2.1 Akhmediev theory of Resonant Radiation

In 1995, Akhmediev and Karlsson developed an analytic, although approx-

imate, method of calculating the amount of radiation emitted by solitons

perturbed by higher-order dispersion effects in fibers [47]. Following their

perturbative analysis, we rewrite the NLS Equation (1.25) as,

i
∂AS

∂z
+

1

2

∂2AS

∂t2
+ |AS |2AS = εP̂ (AS), (2.1)

where we have included a perturbative operator P̂ in the right-hand side,

which, e.g. in the case of third-order dispersion (TOD), is P̂ = i∂3/∂t3.
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The parameter ε is assumed to be sufficiently small for the soliton to exist.

The unperturbed (ε = 0) soliton solution is again, as Eq. (1.27),

AS(z, t) = A0 sech(A0t)e
iksolz, where ksol =

A2
0

2
. (2.2)

The basis of Akhmediev’s reasoning is that the soliton wave number ksol

lies in a range that is forbidden for linear dispersive waves, and thus en-

ergy cannot be transferred from the soliton to the linear waves. For the

same reason, solitons are sensitive to perturbations having the soliton wave

number. The resonance condition for the radiation frequency is thus found

by imposing:

klin(ω) = ksol, (2.3)

where the linear dispersion relation corresponding to Eq. (2.1) is obtained

by substituting exp [i(klinz + ωt)] into Eq. (2.1) and neglecting the nonlin-

ear term. For example, in the case of TOD we have,

klin(ω) = −1

2
ω
2 − εω

3
, (2.4)

and thus the soliton is in resonance with the dispersive wave at the resonant

frequency ωRR, defined by Eqs. (2.3)+(2.4):

A2
0

2
= −1

2
ω
2
RR − εω

3
RR, (2.5)

which is the phase-matching condition for instability. To lowest orders

in ε, the frequency of the resonant radiation (with respect to the soliton

frequency) reads,

ωRR = −1

ε

�
1

2
+ 2(εA0)

2 +O(εA0)
4

�
, (2.6)

which is proportional to the soliton amplitude A0.

It is also possible to find a fully analytical expression for the radiation

intensity f(z, t), considering the general solution of Eq. (2.1) as,

A(z, t) = AS(z, t) + f(z, t), with |f(z, t)| � |AS(z, t)|,

over the body of the soliton. By linearizing Eq. (2.1) in f , it is found that

the radiated energy is mostly governed by a source term given by εP̂ (AS).

The modulus of the Fourier amplitude of the radiation is thus characterized
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Figure 2.1: Resonant radiation can be viewed as a Cherenkov process, where the
“Cherenkov angle” φ, is defined by Eq. (2.8). Figure adapted from Ref. [47].

by a dominant factor equal to the spectral value of the source term at the

resonant frequency, i.e., P (ωRR), where,

P (ω) =

� +∞

−∞
P̂{AS(t)}e−iωtdt. (2.7)

This confirms that resonant generation of the emitted radiation is propor-

tional to the spectral content of the soliton at the radiation frequency. It is

the spectral tail of the soliton in the normal GVD regime that boosts the

radiation. Moreover a conservation of momentum holds, which explains

the spectral recoil effect. Indeed the spectral center of mass is an invariant

of Eq. (2.1). Thus, if a soliton loses energy by emitting linear waves in the

normal dispersion region, it will “recoil” into the anomalous regime.

2.1.1 Relation to Cherenkov radiation

Classical Cherenkov radiation appears when a small object (particle) moves

in a medium with a velocity exceeding the phase velocity of the waves in

the given medium [56]. The source of the radiation may be either a real

particle, or e.g., a polarization wave induced by some nonlinear interaction

in a dielectric medium. If the size of the source is comparable with the

wavelength at least in one direction, then the radiation is defined in this

direction by the “Cherenkov conditions” rather than full phase-matching

conditions. The concept of Cherenkov radiation in nonlinear optics was

introduced by Tien et al. in 1970 to describe the “tilted” second harmonic

generation from a thin-film waveguide [57].
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The radiation emitted by solitons in optical fibers can be interpreted

as a Cherenkov-like radiation, if the retarded time t is interpreted as a

“transverse” coordinate, as in Fig. 2.1. Then the emitted radiation can be

considered as phase-matched along the z direction, but not phase-matched

along the “transverse” t axis. Moreover the phase velocity of the soliton in

the z direction is higher than the phase velocities of linear waves outside the

soliton. The physical consequence of this fact is that radiation is emitted at

the “Cherenkov angle” φ, with respect to the soliton propagation direction

z, defined by the longitudinal phase-matching condition klin = ksol, i.e.,

sinφ =
ωRR�

k2sol + ω2
RR

, (2.8)

in a reference frame centered on the soliton frequency (ωS = 0). As shown

in [47], the intensity of this radiation is proportional to the square of the

spectral component of the source. It decreases when the width of the

source increases, but becomes higher for small soliton widths, as would be

expected for Cherenkov radiation.

2.2 First Born approximation

The soliton shedding of light towards the resonant peak can be described

as a linear scattering event in an effective three-wave mixing (ETWM) pic-

ture, developed by Kolesik et al. to describe the supercontinuum spectral

properties and revealing the dynamics within the high-intensity core of a

collapsing filament. Kolesik demonstrates that in one- [51], two- [58] or

three- [33, 52] dimensions, the physical interpretation of the process is the

same: the input (soliton or pump) pulse is self-scattered by the nonlin-

early modified refractive index, induced through the Kerr effect (1.17), i.e.,

δn = n2I (I is the peak intensity and n2 the nonlinear Kerr coefficient).

This moving DP (or inhomogeneity), effectively acts as a “scattering po-

tential” which may be described within the context of the first Born ap-

proximation. This means that the involved waves interact only once before

detaching apart and no further “cascading” effects take place due to the

law scattering amplitude of higher orders terms [21].

As in all the scattering processes, the input and output scattered mode

should obey precise momentum conservation laws, which define the pre-

cise spectral location of the scattered frequency, ωRR. A phase-matching
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Figure 2.2: Scattering from a moving scatterer in the first Born approximation.

condition holds between the soliton and the resonant “scattered” mode

wave-vectors [51, 59]:

k(ωRR) = k(ωS) +
ωRR − ωS

v
+∆kNL, (2.9)

where k = ωn(ω)/c is the material (or fiber) dispersion, v is the soliton

velocity and the last term on the right is the nonlinear correction term that

for a soliton is ∆kNL = ωSn2I/(2c), that may be small or even negligible at

low intensity, I [43]. We note that Eq. (2.9) is a momentum conservation

law among three “waves” as long as the term (ωRR−ωS)/v is interpreted as

the momentum associated to the moving dielectric perturbation. Moreover,

Eq. (2.9) is the optical fiber counterpart of the X-wave relation (1.24). In

bulk media, a stationary 3D X-wave sheds light, in a fashion similar to

the 1D soliton, towards a blue-shifted peak which will form one of the two

X-wave tails [54, 55]. Hence the dispersion relations (1.24)-(2.9) describe

essentially the same scattering processes.

Kolesik et al. slightly modified the first Born approximation for the su-

percontinuum, in order to take into account that at each z, the velocity and

the central frequency of the “incident” IN-wave changes due to the soliton

self-frequency shift, i.e., ωS = ωS(z). Then the first Born approximation

for the spectral amplitude S(L, ω) (at propagation distance L) reads,

S(L, ω) ≈
�

dt

�
L

−∞
dz ei[ωt−k(ω)z]

R(z, t) e−i[ωS(z)t−k(ωS(z))z]
. (2.10)

Reading right to left, the first term is the IN-wave contained within the soli-

tonic pulse, followed by the “scattering potential” R, given by the nonlinear

local change in the index of refraction, δn(z, t) = n2I(z, t) and, finally, the



32 2. SCATTERING THEORY OF SC AND RR

resulting, “scattered” wave at ω. Making a few approximations it is possi-

ble to derive a simple analytic formula which well describes the dispersive

peak in the supercontinuum spectrum [51].

We note that Eq. (2.10) is very general since it may describe the scat-

tering process between an input IN-mode which has being scattered by

an “arbitrarily” generated moving perturbation δn, towards a frequency-

shifted resonant output mode (see e.g. Fig. 2.2). With this in mind, in

Section 3.2 we will generalize the ETWM picture so to model the scattering

potential R(z, t) as a linear moving DP.

2.3 UPPE derivation

The numerical results presented in Chapter 4 are based on the numerical

solution of a “Unidirectional Pulse Propagation Equation” (UPPE) code

[60]. These numerics shall provide an accurate description of the scatter-

ing mechanism inducing RR which, together with the scattering approach,

allow us to explain new spectral features ascribable to a new kind of reso-

nant radiation, excited on the negative frequency dispersion branch [8, 7].

In the following we derive an expression for the UPPE and we describe in

detail our numerical model.

We consider the temporal Fourier domain of the wave equation (1.11)

in the scalar wave approximation, which holds for loosely focused linearly

polarized electric fields (Ê = Êex, P̂NL = P̂NLex):

(∂2
zz

+∇2
⊥)Ê + k

2(ω)Ê = −µ0ω
2
P̂NL, (2.11)

where ∂2
zz

= ∂2/∂z2 and ∇2
⊥ = ∂2

xx
+ ∂2

yy
. The real fields E,P may be

written as the real parts of the corresponding complex fields E,P.

By performing a Fourier transform over the transverse coordinate x, y,

Eq. (2.11) for the complex fields becomes:

(∂2
zz

+ k
2
z
)Ẽ(kx, ky, z, ω) = −µ0ω

2P̃NL(kx, ky, z, ω), (2.12)

where the longitudinal wave vector is linked to the transverse components

as kz = [k2(ω)− k2
x
− k2

y
]1/2. In the linear case, when the left-hand side of

Eq. (2.11) is zero, the general solution is a superposition of two solutions,

which represent waves propagating in the forward and backward directions,

Ẽ = Ẽ(+) + Ẽ(−) = f
(+)(kx, ky, ω)e

+ikzz + f
(−)(kx, ky, ω)e

−ikzz.
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In the nonlinear case, the polarization density acts as a coupling between

the forward and backward propagating components. To avoid this we make

the “unidirectional propagation approximation”, which consists in consid-

ering, in the nonlinear term, only the contribution given by the forward

propagating electric field. We can safely neglect the backward propagating

component since we are interested in processes that requires long propa-

gation distances compared to the typical laser-matter interaction length.

This approximation translates in the requirement that |Ẽ(−)| � |Ẽ(+)|. If

we formally decompose the operator in the left hand side of Eq. (2.12) into,

(∂z + ikz)(∂z − ikz)Ẽ(kx, ky, z, ω) = −µ0ω
2P̃NL(kx, ky, z, ω), (2.13)

the unidirectional approximation implies that (∂z + ikz) = 2ikz, where

Ẽ now represents only the forward propagating component and we are

assuming P̃NL as a function of this forward component only.

We can apply a similar procedure to the Equation (2.11) for the com-

plex fields, assuming [∂z+ ik(ω)] ∼ 2ik(ω), which implies a further approx-

imation: the “paraxial approximation” that is equivalent to have small

transverse propagation angles, i.e. (k2
x
+ k2

y
) � k(ω). We thus obtain the

forward Maxwell equation:

∂zÊ = i

�
1

2k(ω)
∇2

⊥ + k(ω)

�
Ê+ i

µ0ω
2

2k(ω)
P̂NL. (2.14)

It is useful to solve the propagation equation in the reference frame comov-

ing with the pulse, by using a new set of coordinates:

ζ = z

τ = t− z/v,

where v is the velocity at which the new reference frame is moving. This

transformation implies ∂z = ∂ζ − 1/v∂τ and ∂τ = ∂t. Equation (2.14)

becomes:

∂ζ Ê = i

�
1

2k(ω)
∇2

⊥ + k(ω)− ω

v

�
Ê+ i

µ0ω
2

2k(ω)
P̂NL. (2.15)

2.3.1 Numerical model

The code adopted for the numerical results presented in this thesis is a 1D

UPPE solver [60] for the spectral components, Eω(z) = Ê(z, ω) of the real
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field E(z, t). The model equation in the pulse, or dielectric inhomogeneity,

frame reads [7],

∂zEω − i[kz(ω)− ω/v]Eω = i
ω2

2�0c2kz(ω)
Pω, (2.16)

being �0 the vacuum permittivity, c the speed of light in vacuum and Pω

the spectral component at frequency ω of the real-valued nonlinear polar-

ization, that refers to the Kerr nonlinearity,

P (z, t) = ε0n0n2|E(z, t)|2E(z, t), (2.17)

where E is the complex valued analytical signal and (1/2)n2|E(z, t)|2 gives

the dimensionless refractive index variation.

For the linear “toy-model” case presented in Chapter 4, the polarization

source term P (z, t) has been implemented as a linear DP, travelling at

velocity v along the z direction, i.e.,

P (z, t) = �0{[n0 + δn(t− z/v)]2 − n
2
0}E(z, t), (2.18)

where the background term, n0, is the refractive index at the input carrier

frequency and τ = t − z/v is the local time coordinate. The “artificial”

DP (δn) has a super-Gaussian longitudinal profile of amplitude δn0 and

thickness σ:

δn(τ) = δn0 exp[−(τ − t0)
m
/σ

m], (2.19)

being m a positive even number identifying the Gaussian order and t0 the

initial temporal position.

Moreover, we extend the model in order to include also the more general

case of a cross-scattering event, between a soliton-induced inhomogeneity

and a weaker probe pulse. We thus added in the UPPE solver a second

equation for the real field of the probe pulse, E2(z, t), coupled to the equa-

tion for the soliton (2.16):

∂zE2,ω − i[kz(ω)− ω/v]E2,ω = i
ω2

2�0c2kz(ω)
P2,ω. (2.20)

The coupling is indeed given by the “cross-phase modulation” term of the

nonlinear polarization (see Section 1.2.3),

P2(z, t) = 2ε0n0n2|E(z, t)|2E2(z, t), (2.21)
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where E is the complex valued analytical signal of the pump (soliton), as

in Eq. (2.17). We intentionally neglect all the other nonlinear terms, e.g.

third harmonic generation, four-wave mixing and Raman scattering, in or-

der to highlight the generation of the resonant modes.

The numerical results reported in this thesis are mostly obtain with the

UPPE code described above. Nevertheless, we perform simulations using

also: (i) the Finite-Difference-Time-Domain (FDTD) technique applied to

the discretized Maxwell equations [61]; and (ii) the Pseudo-Spectral-Space-

Domain (PSSD) technique [62] that is a variation of the more common

FDTD technique. With both the FDTD and the PSSD codes we obtain

essentially the same results, as reported in [13] and [63].





Chapter 3

Negative frequencies

Resonant radiation frequency-conversion describes an energy transfer be-

tween specific modes identified by Eq. (2.9). In this Chapter we will show

that, in the presence of a moving DP, coupling among positive and neg-

ative frequency branches of the dispersion relation allows excitation of a

new resonant mode which lies on the negative-frequency branch, and hence

called negative resonant radiation (NRR) [8, 7]. We shall provide a phys-

ical interpretation of the existence of negative frequencies and, in Section

3.2, we propose a mathematical description of the NRR mode, based on

the framework of the first Born approximation. In Sec. 3.3 we shall de-

rive a “generalized” Manley-Rowe relation for the photon numbers of the

modes involved in the scattering process. We predict photon number am-

plification mediated by the moving scatter (or DP) every time that negative

frequencies are being generated.

3.1 Negative frequencies in optics and other

systems

Light always oscillates with both positive and negative frequencies. This

is a simple mathematical consequence of Fourier analysis: a light wave E

is made of its frequency spectrum Ẽ by Fourier transformation,

E =

� +∞

−∞
Ẽ(ω)e−iωtdω,
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Figure 3.1: Negative-frequency waves in water. Space-time diagrams of a
positive-frequency wave (a) and a negative-frequency (negative phase slope) wave
(b). Figure from Ref. [66].

where the (angular) frequency ω runs over all real numbers, including neg-

ative ones. As the electromagnetic field E is a real-valued quantity, the

complex conjugate E∗ equals E and hence

Ẽ(−ω) = Ẽ
∗(ω).

The positive spectrum of light is always “shadowed” by a negative spectrum

that is the complex conjugate. Since the negative-frequency part is directly

related to its positive-frequency counterpart it has always been considered

redundant for light waves [64]. On the other hand, light particles (photons)

have positive energies, E = �ω, and are associated with positive frequencies

only [65]. A process which mixes positive and negative frequencies is thus

expected to change the number of photons, leading to amplification or even

particle creation from the quantum vacuum [68, 69].

The negative-frequency dispersion branch is usually neglected, while in

reality, it may host mode conversion to new frequencies. In Sec. 2.2 we

saw that a soliton interacts with the self-induce refractive index variation

and scatters light to the RR mode through a process that is well known

and usually referred to as resonant or dispersive-wave radiation. More

recently, we have demonstrated that this same process may generate a

second, negative-frequency mode [8, 7], the NRR mode, which finds an

explanation in terms of scattering from a moving DP (see Sec. 3.2).
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Figure 3.2: Negative frequencies in a type-I seeded OPA process. Signal (a)
and idler (b) phase-fronts in the pump pulse phase velocity reference frame. The
phase modulation in both fields is due to the chirp of the input seed pulse. Figure
adapted from Ref. [67].

These results are not limited only to nonlinear optics, but are a gen-

eral property of wave propagation in a dispersive medium: if the disper-

sion relation allows coupling between the positive and negative disper-

sion branches, then a similar excitation of negative modes may be ex-

pected. Relevant examples of experimentally realizable systems are gravity

waves in water [66, 70] or acoustic oscillations in Bose-Einstein condensates

(BECs) [71]. In [66], Rousseaux et al. report on the first direct observa-

tion of negative-frequency waves converted from positive-frequency waves

in a moving medium (water). Positive- (negative-) frequency water waves

have been shown to have phase-fronts with positive (negative) slopes, cor-

responding to positive (negative) phase velocity in the reference frame of

the moving water flow. Figure 3.1(a)-(b) show the space-time diagrams of

positive- and negative-frequency water waves, respectively.

We see that the scattering picture from a moving medium is very general

and, in principle, we may apply the “first Born approximation” approach

also to second-order, χ(2), nonlinear processes such as, e.g., the optical para-

metric down conversion (PDC) [21]. The input pump pulse at frequency

ωp is converted into a “signal” and an “idler” field, at frequencies ωs and

ωi respectively, following energy and momentum conservation constraints:

i.e., ωp = ωs + ωi and kp = ks + ki, with k = |k| = ωn(ω)/c. If plot-

ted in the reference frame comoving with the phase velocity of the pump,

the phase-fronts of signal and idler present positive and negative slopes,

respectively. Figure 3.2 (adapted from Ref. [67]) shows the space-time di-

agrams for signal (a) and idler (b) respectively, plotted in the reference

frame of the pump pulse phase velocity. The process can thus be inter-
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preted within the first Born approximation theory (Sec. 2.2), in which the

“scattering potential”, or “polarization wave”, is now proportional to the

electric field (and not to the envelope) of the pump wave and is moving

with the pump phase velocity. Moreover, if seeded by an external coherent

field, PDC supports optical parametric amplification (OPA) of the signal.

3.1.1 Lab and comoving frame description

In the presence of a moving medium negative frequencies are not just a

mathematical artifact, but they allow true energy transfer, in the sense of

an increase in the photon number, towards a different resonant mode. To

better understand this, we first look at the dispersion curve in the labora-

tory frame and in the reference frame comoving with the moving scatterer

(Figure 3.3). These curves are obtained from the original dispersion rela-

tion by transforming via a Doppler shift to the dielectric perturbation (or

soliton) comoving coordinate system:

ω
� = γ(ω − vk) (3.1)

k
� = γ

�
k − ωv

c2

�
, (3.2)

where γ = 1/
�
1− (v/c)2, c is the speed of light in vacuum and v is the

velocity of the moving DP. Figure 3.3 shows diamond (left-hand side) and

fused silica (right-hand side) dispersion curves in the laboratory (ω, k) and

in the comoving (ω�, k�) reference frame, as described in the caption. For

fused silica glass only optical dispersion branches are considered, while

phononic branches are neglected. Dashed curves indicate the (laboratory

frame) negative frequency branches, also known as the complex conjugate

(c.c.) domains. Grey shaded areas indicate the domains of the backward

propagating modes (namely, the 2nd and 4th quadrants), which are not

considered in this work. In Fig. 3.3(f) we present the dispersion relation

for fused silica in a format that has been used when describing optical

solitons [72]. D(ω) is a Taylor expansion of the dispersion k(ω) around the

input frequency ωIN,

D(ω) =
�

n

(kn)|ωIN

(ω − ωIN)n

n!
, with kn =

dnk(ω)

dωn
. (3.3)
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Figure 3.3: Dispersion curves k = k(ω) for diamond (left-hand side) and fused
silica (right-hand side). The curves are plotted in the laboratory reference frame
(a)-(b) and in the comoving reference frames (ω�, k�) (c)-(d) and (ω, ω�) (e) for
diamond only. For fused silica we plot also the dispersion D = D(ω) as described
in the text (f), for n ≥ 2. Dashed curves indicate the complex conjugate (c.c.)
domain, while grey shaded areas indicate the regions of the backward propagating
modes.
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Figure 3.4: (a) Dispersion relation of diamond in the lab. frame (ω, k) and (b)
in the reference frame (ω�, k�) moving at velocity v. Solid (dashed) red curves
correspond to positive (negative) dispersion branch in the lab. frame. Straight
blue lines indicate the momentum conservation condition, Eq. (3.4) (solid blue),
and its “phase-conjugate” counterpart (dashed blue). Grey shaded areas indicate
the domains of backward propagating modes in the lab. frame, which are not
excited by a forward propagating input pulse and are not considered in this work.

In order to understand the origin of the negative RR mode, it is useful

to find its coordinates on the dispersion curve k(ω) by graphically solv-

ing Eq. (2.9), where for simplicity we take the nonlinear correction term

∆kNL = ωINn2I/(2c) = 0,

k(ωRR) = k(ωIN) +
ωRR − ωIN

v
, (3.4)

where v is the DP velocity, and ωIN the input carrier frequency. We recall

that the last term in Eq. (3.4), (ωRR−ωIN)/v, is related to the momentum

transferred to the incoming pulse from the DP. We note that by Taylor

expanding the output wave vector k(ωRR) as defined by (3.3), the first

two lowest-order terms cancel out in Eq. (3.4), which therefore reduces to

D(ω) = 0, with n ≥ 2 [Figure 3.3(f)].

Without any loss of generality, in Figure 3.4 we now consider a sim-

ple dispersion relation such as that of diamond, which does not exhibit

any resonances over a very broad bandwidth (from less than one Terahertz

through to ultraviolet wavelengths). Equation (3.4) is a straight line when

represented in (ω, k) coordinates, as in Fig. 3.4(a) (blue solid line). The

frequency and wave-vector values of the propagating modes are thus deter-

mined by the overlap of this line with the actually allowed modes in the

medium, i.e. by the intersection with the medium dispersion relation (red

solid curve). Red dashed curves indicate the negative frequency branch (in

the lab. frame) of the dispersion relation as in Fig. 3.3.
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A first intersection is identified as the incoming mode IN. A second

mode can be found, RR to which light may be resonantly scattered. Al-

though the generation of resonant radiation is typically considered to be

a property of self-scattering from intense nonlinear soliton pulses, we note

that actually it is a more general process that only requires the existence

of some kind of inhomogeneity in a linear medium, as discussed here. A

third intersection is found on the negative frequency branch of the disper-

sion curve: this is the negative frequency resonant radiation mode, NRR*.

Light may be resonantly transferred to this mode too, alongside the RR

mode, as we have observed in recent experiments [8]. We stress that the

existence of a solution at negative frequencies is not unphysical, being the

electromagnetic field a real -valued quantity, that naturally oscillates at pos-

itive and negative frequencies. Indeed, the mode that is actually measured

in an experiment is obtained by adding the three modes described above

with their complex conjugate counterparts. These are found from the inter-

sections of the dispersion curve with the straight dashed line in Fig. 3.4(a),

obtained from Eq. (3.4) by substituting ω with −ω and using the fact that

the dispersion relation is an odd function, i.e., k(−ω) = −k(ω), and thus,

k(ωNRR) = −k(ωIN) +
ωNRR + ωIN

v
, (3.5)

Physically, this describes the momentum conservation condition in which

the complex conjugate of the IN mode, IN*, is being scattered towards RR*

and NRR. In Fig. 3.4(b) we then consider the same dispersion relation in

the reference frame that is comoving with the DP, i.e. in (ω�, k�) given

by the Doppler transformations (3.1)-(3.2). In this reference frame the

momentum conservation relation (3.4) transforms into a condition on the

comoving frequencies, ω� = ω�
IN, and therefore represented as a horizontal

line in the graph. Specifically, we find that the conditions for the RR (3.4)

and NRR (3.5) become:

ω
�
RR = +ω

�
IN (3.6)

ω
�
NRR = −ω

�
IN, (3.7)

since ω�
NRR∗ = +ω�

IN. The RR (NRR) mode is thus naturally described by

a positive (negative) frequency in the comoving reference frame, reflecting

the fact that RR (NRR) builds from frequencies with positive (negative)

local phase velocities. Following the recipe of Rousseaux et al. [66], we
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Figure 3.5: Diamond-like comoving dispersion curve with the numerically evalu-
ated phase-fronts of the RR and NRR modes space-time diagram (z, τ), comoving
with the inhomogeneity DP.

indeed verified that the RR (NRR) space-time diagrams present positive

(negative) slopes. Figure 3.5 shows the numerically evaluated conversion

to the RR and NRR mode on a “diamond-like” dispersion curve, together

with the corresponding phase-fronts in the (z, τ) domain, being τ = t−z/v

the retarded time.

3.2 The first Born approximation revisited

In scattering theory the linear relation involving input and output modes

may be modeled with the scattering matrix S, which is a unitary matrix

connecting asymptotic states and which describes all the scattering chan-

nels of the process. Physically the square moduli |Sj,i|2 of the S-matrix

elements represent the number of photons for the j−output mode, which

is being scattered by the i−input mode. Following Kolesik et al. [51],

we evaluate the elements of the S-matrix in the first Born approximation

(presented in Section 2.2), giving an analytical formulation for the spec-

tral amplitude of the scattered wave. We also generalize the treatment in

order to include the possibility of a third output scattered mode, i.e. the

NRR mode that, as argued above may also be generated during the scat-

tering process. The role of the “scattering potential”, R(z, t), is played

by the moving DP, which for simplicity we assume to be stationary along
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propagation, i.e.,

R(z, t) = R(t− z/v) = δn(t− z/v), (3.8)

where v is the DP velocity. With this approximation Eq. (2.10) would

become:

S(L, ω) ≈
��

dt dz R(t− z/v) ei(ω−ωIN)t
e
−i[k(ω)−kIN]z

. (3.9)

For our “revisited first Born approximation” we now want to derive

Eq. (3.9) starting directly from our model equation for the laser pulse

evolution, i.e. the UPPE Eq. (2.16), in the laboratory reference frame:

∂zEω − ikz(ω)Eω = i
ω2

2�0c2kz(ω)
Pω, (3.10)

where the polarization source term P (z, t) has been implemented as a linear

dielectric perturbation, moving at v, as (2.18),

P (z, t) = �0

�
[n0 + δn(t− z/v)]2 − n

2
0

�
E(z, t)

� 2�0n0δn(t− z/v)E(z, t), (3.11)

so that the spectral component reads,

Pω =
1

2π

�
dt 2�0n0δn(t− z/v)E(z, t)eiωt

. (3.12)

We now want to solve Eq. (3.10) perturbatively by writing,

Eω(z) = E
(0)
ω

(z) + E
(1)
ω

(z) + E
(2)
ω

(z) + . . . ,

where E
(l)
ω (z) is of order (δn)l. We then get the equations,

∂zE
(0)

ω − ikz(ω)E
(0)

ω = 0, (3.13)

∂zE
(1)

ω − ikz(ω)E
(1)

ω = i
ω2n0

c2kz(ω)
1
2π

�
dt

�
δn(t− z/v)eiωt

�
e−iω�tE(0)

ω� (z)dω
�
�
,

(3.14)

...

From (3.13) we get E(0)
ω (z) = eikz(ω)zE0

ω
, where E0

ω
is constant. We solve

up to the first-order Eq. (3.14) and, assuming that for z → −∞ there is



46 3. NEGATIVE FREQUENCIES

only the unperturbed solution, we find,

E
(1)
ω

(z) = i
ω2n0

2πc2kz(ω)
e
ikz(ω)z

�
z

−∞
dξe−ikz(ω)ξ×

×
��

δn(t− ξ/v)eiωt

�
e
−iω

�
t+ikz(ω

�)ξ
E

0
ω� dt dω�

�
.

We can rewrite this as,

E
(1)
ω

(z) =

�
dω�

σ(z, ω, ω�)E(0)
ω� (z), (3.15)

where σ is the S-matrix density:

σ(z, ω, ωIN) = i
ω2n0

2πc2kz(ω)
e
i[kz(ω)−kz(ωIN)]z×

×
�

dt

�
z

−∞
dξei[ωt−kz(ω)ξ]

δn(t− ξ/v)e−i[ωINt−kz(ωIN)ξ]
.

By using the new set of variables, u = t − ξ/v and w = t + ξ/v, we can

evaluate the integrals in the last expression, to obtain:

σ(z, ω, ωIN) ≈i
vω2n0

2c2kz(ω)
e
i[kz(ω)−kz(ωIN)]z

δ

�
ω − ωIN − v · [kz(ω)− kz(ωIN)]

�

× R̂

�
1

2

�
ω − ωIN + v ·

�
kz(ω)− kz(ωIN)

���
, (3.16)

where δ{·} is the Dirac delta function, which is nonzero only for,

ω − ωIN − v [kz(ω)− kz(ωIN)] = 0, (3.17)

and R̂(ω) is the Fourier transform of the scattering potential δn(u),

R̂(ω) :=

�
du δn(u)eiω u

. (3.18)

We can now substitute (3.16) in Eq. (3.15) and by performing the integra-

tion, using the delta function condition (3.17), we finally obtain:

E
(1)
ω

(z) = S(z, ω, ωIN)E
(0)
ωIN

(z), (3.19)

where the S-matrix element is:

S(z, ω, ωIN) = i
v ω2n0

2c2kz(ω)
e
i z(ω−ωIN)/v

R̂(ω − ωIN). (3.20)
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Summarizing, the scattering matrix elements that describe the scattering

of a laser pulse from a DP may be explicitly evaluated from Eq. (3.20):

the amplitude of the scattered wave is directly proportional to the Fourier

transform of the scattering potential, i.e. of the moving DP, R̂(ω). More-

over, Eq. (3.4) is equivalent to the Dirac delta function condition Eq. (3.17),

and therefore emerges as natural condition that has to be satisfied in order

for the scattering process to occur. This provides a firm grounding for the

fundamental momentum conservation relation used in this work, Eq. (3.4).

Including also the possibility of scattering to the NRR mode [by sub-

stituting ω with −ω and using the fact that the dispersion relation is an

odd function of ω, namely k(−ω) = −k(ω), as we did to derived Eq. (3.5)]

we finally find that the amplitude of each resonant scattering channel (RR

or NRR) is proportional to the amplitude of the corresponding Fourier

component of the DP, R̂(ω):

S(z, ωRR) ≈ v

2
R̂(ωRR − ωIN) (3.21)

and, accounting also for the negative frequency branch,

S(z, ωNRR) ≈ v

2
R̂(ωNRR + ωIN), (3.22)

These relations (3.21) and (3.22) state that energy may be transferred to

two modes, RR and NRR, and in order to do so the spectrum of the scatter-

ing potential must have non-zero Fourier components at frequencies equal

to the relative distances between ωIN and the resonant frequencies. Physi-

cally, this means that the DP must present a sufficiently steep gradient (its

temporal profile should exhibit a fast transient intensity) so as to effectively

excite the desired output modes. Experimentally, since the scattering po-

tential R(t−z/v) is the moving dielectric perturbation induced by the soli-

ton (or pump) through the nonlinear Kerr effect, δn(t−z/v) = n2I(t−z/v),

this condition is reasonably satisfied for a suitable choice of input parame-

ters, namely intensity and pulse duration.

3.3 The Manley-Rowe relation and

amplification

We now observe that we may derive a photon number balance equation

by generalizing the Manley-Rowe relation, adopted e.g. in nonlinear optics

[21], to the case of a moving scatterer [73, 74, 75].
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For the scattering process under study, starting from an input pulse

at frequency ωIN, the photon number of the output waves is linked to the

photon number of the input mode, |IN|2, by

sign(γRR)|RR|2 + sign(γNRR)|NRR|2 = sign(γIN), (3.23)

where |RR|2 and |NRR|2 are the photon numbers of the RR and NRR

modes normalized to the input photon number, |IN|2, and γi = (v2
φ
−vvφ)i,

where vφ is the phase velocity of the i-mode. We note that,

sign(γi) = sign(ωi − vki) = sign(ω�
i
); (3.24)

while the real-valued RR mode will have positive frequency in the comoving

frame, i.e. ω�
RR > 0, the real-valued NRR mode will always have a negative

comoving frequency, ω�
NRR < 0. Hence, Eq. (3.23) assumes the following

interesting form:

|RR|2 − |NRR|2 = 1. (3.25)

So the difference between the normalized number of output photons has to

be equal to the photon number in the input mode. As a consequence, the

total output photon number,

|RR|2 + |NRR|2 > 1, (3.26)

i.e. we have amplification. The scattering process mediated by the trav-

elling DP will amplify photons as a result of the coupling between the

positive and negative frequency modes. We note that these are the same

relations that hold for a χ(2) optical parametric amplifier : photon sum is

increased at the expense of the δn.

In the Chapter 4 we shall verify this important theoretical prediction

with numerical simulations based on the UPPE model presented in Section

2.3.1.



Chapter 4

Linear and nonlinear

moving inhomogeneity

We verified our predictions by numerically simulating the one dimensional

propagation of a scalar, real valued, field propagating along the z direction

in a transparent and isotropic dielectric medium (diamond and fused silica)

that is arranged to scatter from a co-propagating inhomogeneity (DP).

The code is a 1D, Unidirectional Pulse Propagation Equation solver [60].

Details of the code are given in Section 2.3.1. We recall that, in order to

capture the coupling between positive and negative frequencies, the model

equation (and especially the source term), must be correctly implemented

by calculating the ω-frequency component of the real polarization P (z, t).

This is achieved for each propagation step by means of back and forth

Fourier transforms allowing for an evaluation of the real electric field E(z, t)

from its complex spectral components Eω(z). In this Chapter we consider

three separate cases: (i) the underlying physics are first exemplified by

taking a “toy-model” situation in which the DP is simply a variation in

the linear refractive index (Sec. 4.1); (ii) the DP is generated by an actual

soliton-like laser pulse through the nonlinear Kerr effect and light from

the soliton itself is self-scattered (Sec. 4.2); (iii) the DP is generated by a

soliton-like pulse and a second, very weak probe pulse is scattered by the

soliton (Sec. 4.2.1). Moreover, in Section 4.3 we generalize the results to a

2-dimensional scattering in a planar waveguide. The whole output angular

spectrum (which comprises the IN, RR and NRR modes) is very precisely

described by the conical X-wave dispersion relation Eq. (1.24). Finally, in
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Figure 4.1: Schematic representation of scattering from a dielectric inhomogene-
ity: an incoming laser pulse, IN, interacts with a co-propagating DP, or scatterer
(δn) that transfers energy into two output blue-shifted modes, RR and NRR. Elec-
tric field E (left-hand side) and power spectrum (right-hand side), at the input
(z = 0) and at the end of the interaction after a propagation distance z = L. The
retarded time is τ = t− z/v, where v is the δn velocity.

the last Section we evaluate the efficiency (gain) of the linear scattering

process as a function of the input comoving frequency.

4.1 Toy-model DP

A schematic representation of the specific process we are considering is

shown in Fig. 4.1. An incoming laser pulse, IN, with group velocity vg,

interacts with a co-propagating inhomogeneity, or scatterer (δn), with a

slightly slower velocity, v � vg. The momentum conservation law that gov-

erns the scattering process (3.4) predicts that light may resonantly scatter

into two blue-shifted modes. After some propagation distance z = L (bot-

tom row in Fig. 4.1) the IN mode is fully converted in the two output modes,

RR and NRR. Due to dispersion the two blue-shifted modes both travels

slower than the input mode and eventually detach from the perturbation:

i.e., in the DP reference frame they appear to travel backwards.

The moving perturbation is simulated as a linear propagating refrac-

tive index inhomogeneity that moves with a speed v = 1.23× 108 m/s that

is just slightly slower than the group velocity of an input probe pulse in the

medium, vg = 1.25×108 m/s. In this case, as a dielectric medium we choose
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diamond, which does not exhibit any resonances over a very broad band-

width (from less than one Terahertz through to ultraviolet wavelengths) as

can be seen from the Sellmeier coefficients reported in Table 1.1. The probe

pulse is very weak so that no nonlinear effects are excited and the physics

are dominated solely by linear scattering from the DP. Figures 4.2(a)-(b)

show the evolution along propagation of the envelope (plotted in the frame

moving at the DP velocity) and of the spectrum, respectively. We launch

an input Gaussian probe pulse (carrier wavelength 2 µm, pulse width 20

fs), together with a super-Gaussian shaped DP as defined by Eq. (2.19),

δn(τ) = δn0 exp[−(τ − t0)
m
/σ

m],

with amplitude δn0 = 0.08, t0 = −60 fs, σ = 50 fs and super-Gaussian

order m = 40 corresponding to a rising time ∼ 3 fs. This ensures a wide

DP Fourier spectrum �δn(ω), so as to meet both conditions (3.21) and (3.22).

After ∼ 0.2 mm the probe pulse reaches the moving DP [whose position is

highlighted in Fig. 4.2(a) by the vertical black dotted lines] and slows down

due to the DP increase of refractive index. Scattering occurs towards two

blue-shifted resonant modes, RR and NRR, which due to dispersion both

travel slower than the DP. The medium dispersion relation is shown in Fig.

4.2(f) in (ω�, ω) coordinates where the comoving frequency ω� is given by

the Doppler shift (3.1). As explained in Sec. 3.1.1, the absolute value of

scattered mode frequencies are determined in the comoving frame by the

input mode comoving frequency (ω� = ω�
IN, blue horizontal solid line and

ω� = −ω�
IN, blue dashed line): the corresponding laboratory reference frame

frequencies can be seen to be in perfect agreement with the numerically

observed values of Fig. 4.2(b).

We note that, as predicted by the first Born approximation model, NRR

is a few orders of magnitude weaker than RR since the spectral amplitude

of the scattering potential is weaker at higher frequencies. This is clearly

visible in Figure 4.2(d) that shows, in Log-scale, the numerically evaluated

DP Fourier spectrum, �δn(ω) (blue curve). Two other curves in the figure

represent the Fourier spectrum for a higher (m = 200, red curve) and lower

(m = 4, black curve) inhomogeneity steepness, corresponding to rise times

from the background refractive index to the maximum of the DP of ∼ 0.7

fs and ∼ 20 fs, respectively.
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Figure 4.2: Scattering from a “toy-model” DP in diamond: IN pulse at 2 µm;
super-Gaussian moving DP with m = 40 (3 fs rise-time), δn0 = 0.08. Envelope (a)
and spectral (b) evolution along propagation, in Log-scale. (c) Photon number evo-
lution along propagation: the total sum (photon number amplification) increases
with increasing DP steepness (increasing parameter m). (d) Fourier spectrum of

the DP, �δn(ω), for three steepness values, i.e., m = 4 (black), m = 40 (blue) and
m = 200 (red); inset shows the corresponding DP temporal profiles. (e) Propaga-
tion cross-correlation. (f) Comoving dispersion curve with indicated the allowed
optical modes.
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4.1.1 Photon number amplification

In order to verify the photon number amplification predicted by the Manley-

Rowe relation (3.25), we evaluated the photon number evolution, as shown

in Fig. 4.2(c) for the two highest DP gradients, obtained by varying the

order of the super-Gaussian function that describes the DP, i.e., m = 40

and m = 200. Dotted, solid and dashed lines correspond to the normalized

photon numbers in the IN mode, total output photons |RR|2+ |NRR|2 and

output photon difference |RR|2 − |NRR|2, respectively. As can be seen,

the difference in photon numbers is conserved while the sum of photon

numbers is larger than 1 (amplification) and increases with increasing DP

steepness. This simplified “toy-model” therefore gives a direct confirmation

of the predictions based on the first Born approximation model.

As a closing remark, we note that in this simulation we have specifically

chosen the velocity v and the amplitude δn0 of the DP to be such that

the local increase in refractive index experienced by the approaching IN

mode is sufficient to slow it down and achieve a group velocity equal to v.

Similar mode-conversion is observed also when the group velocity matching

condition is not met however with a much reduced efficiency: in this case,

the transmitted (un-converted) part of the input mode undergoes common

cross-phase modulation while passing through the δn, and then escape with

unaffected frequency.

4.1.2 Propagation cross-correlation

In Figure 4.2(e) we plot the propagation cross-correlation map as described

in [76]. This correlation is positive if frequencies are created simultaneously,

i.e. at the same propagation distance z, and negative if one frequency is

used to create the other. For each pair of frequencies the propagation

cross-correlation is defined as:

C(ω1, ω2) =
Cov {I(ω1), I(ω2)}�

Cov {I(ω1), I(ω1)}Cov {I(ω2), I(ω2)}
, (4.1)

where,

Cov {I(ω1), I(ω2)} = �[I(ω1, z)− �I(ω1, z)�] [I(ω2, z)− �I(ω2, z)�]�, (4.2)

where �·� indicates the expectation value, i.e. the average evaluated over

the propagation distance z. The two resonant modes, RR and NRR, are
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perfectly correlated (correlation equal to +1), implying that they are born

together, whereas they are both anti-correlated with the input mode. This

provides further confirmation that indeed the RR and NRR modes are the

result of the same scattering process seeded by the IN mode.

4.2 Soliton-induced DP

In this Section we consider the case in which the DP is physically generated

by an intense soliton-like laser pulse through the nonlinear Kerr effect,

i.e. δn = n2I, where I is the peak intensity and n2 the nonlinear Kerr

coefficient (as described elsewhere in this thesis). The soliton interacts with

the self-induced refractive index variation and scatters into new output

modes. As a Kerr medium we choose common fused silica glass, whose

dispersion relation and Kerr coefficient n2 are given in Tables 1.1 and 1.2,

respectively. We launch a soliton-like mode in the anomalous dispersion

region, with central wavelength 2 µm, pulse width 7 fs and input intensity

10 TW/cm2. Figures 4.3(a)-(b) show the envelope and spectral evolution,

respectively, along propagation over a distance z = 0.4 cm. The input

pulse initially self-steepens, forms a shock front and, concomitantly, the

spectrum starts to broadening towards higher frequencies, exhibiting the

typical super-continuum [indicated with SC in Fig. 4.3(a)]. At z ∼ 0.3

mm, when conditions (3.21)-(3.22) are met, energy starts to resonantly

transfer from the input mode towards two blue-shifted modes, RR and

NRR, both travelling slower with respect to the input soliton. At the end

of the interaction the soliton frequency is red-shifted due to the spectral

recoil effect and subsequently emerges with a slightly lower propagation

velocity. The frequencies of these modes are, again, in perfect agreement

with the theoretical predictions as shown in Fig. 4.3(f).

In Figure 4.3(c)-(d) we compare the nonlinear propagation with a nu-

merical simulation in which the nonlinear source term has been replaced

with a DP in the linear polarization with the same amplitude, steepness and

propagation velocity of the soliton induced perturbation of Figs. 4.3(a)-(b).

We observe a nearly perfect agreement with the nonlinear case confirming

that soliton shedding of RR and NRR modes is nothing more than a specific

realization of the more general linear scattering process. The “toy-model”

DP scattering is indeed able to capture all the essential features of the reso-

nant energy transfer, and coupling between positive and negative frequency
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Figure 4.3: Soliton-induced scattering dynamics in fused silica. Comparison
between a soliton-induced (via the nonlinear Kerr effect) DP (a)-(b) and the “toy-
model” DP with the same shape as the soliton-induced inhomogeneity, in a purely
linear medium (c)-(d). Envelope (left hand side), and spectral (right hand side)
evolution in propagation. Propagation cross-correlation map for the nonlinear case
(e). Theoretical positions of input (IN) and resonant (RR, NRR) modes on the
comoving dispersion curve ω� = ω�(ω), indicated with filled circles (f).

modes. Figure 4.3(e) shows the propagation cross-correlation Eq. (4.1) for

the nonlinear case. Here too, the map shows obvious signs of correlation

between the resonant modes. The not so perfect anti-correlation with the

input mode may be explained as due to the soliton spectral recoil towards

redder frequencies.

4.2.1 Probe scattering from a soliton-induced DP

Finally, we consider the case in which the soliton is accompanied by a sec-

ond, delayed probe pulse. This second pulse is much weaker and therefore
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SC

Figure 4.4: Weak probe scattering in fused silica, from the soliton-induced DP
of Fig. 4.3(a)-(b). Probe envelope (a) and spectral evolution in propagation (b).
Normalised photon number evolution (c) for the probe (black solid curve) and for
the soliton (blue dashed curve).

does not form a soliton or excite any nonlinear Kerr effects. Figure 4.4

shows the results for a 1.9 µm central wavelength probe pulse, pulse width

8 fs and input intensity 5 × 109 W/cm2. The probe pulse is scattered by

the soliton induced DP shown in Fig. 4.3(a)-(b). The initial probe pulse

delay, t0 = 15 fs, is adjusted such that it encounters the soliton when it

forms the steepest shock-front and is then scattered relatively efficiently,

simultaneously spectrally recoiling to a slightly red-shifted wavelength and

emitting two blue-shifted RR and NRR modes.

In Fig. 4.4(c) we show the overall photon number evolution for the

probe pulse (black solid line) and for the soliton pulse (blue dashed curve).

In order to highlight the cross-scattering dynamics, the two curves have

been normalized at each propagation distance with respect to two indepen-

dent simulations for the probe and soliton pulses alone. We thus note that

the overall probe pulse photon number increases by nearly 1%, followed by

some weaker oscillations that are originating from a remnant of the probe

pulse that is trapped and thus continuously interacts with the soliton [see
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Figure 4.5: 2D numerics of linear scattering from a spatially localized DP. Near
field (z, y) profiles of the electric field amplitude at the input (a) and (b) and
after z = 3 mm propagation (in logarithmic scale). The white circle indicates the
position and dimensions of the scatterer (δn = 0.005, v = 0.995 c/n.)The angular
spectrum (ω, k⊥) in (c) clearly shows that light concentrates around three distinct
spectral features that correspond very precisely to the ωIN, ωRR and ωNRR modes,
as predicted by the theory (dashed lines).

Fig. 4.4(a), trapped light is visible for z > 1.5 mm, around t ∼ 0 fs]. This

clear photon number increase thus indicates that soliton-induced scatter-

ing in this regime, very differently from standard cross-phase modulation,

may lead to true amplification of the weaker pulse.

4.3 Two-dimensional scattering numerics

Although the results presented so far were limited to the 1-dimensional

case, they are far more general and apply also to higher dimensions. For

example in Fig. 4.5 we show a numerical result for a linear scattering process

in 2-dimensional space, e.g. a planar waveguide. The host medium is

diamond. With respect to the 1D simulations, a single transverse spatial

dimension, y is also included. The input pulse has a Gaussian profile with

1/e2 width, σy = 34 µm and input wavelength 2.5 µm. The scatterer has

speed v = 0.995 c/n(ωIN), is also taken with a Gaussian profile with 1/e2

width ∼ 10 µm and maximum δn amplitude of 0.005.
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Figure 4.5 shows the spatio-temporal near field profiles of the laser pulse

at the input (a) and after 3 mm propagation (b). The white circle indicates

the position and shape of the DP. The angular spectrum (c) is shown after 3

mm of propagation in (ω, k⊥) coordinates, where k⊥ is the transverse wave-

vector (proportional to the emission or scattering angle). A precise relation

is predicted between ω and k⊥, namely the conical X-wave dispersion re-

lation Eq. (1.24). This is based on the simple identity k⊥ =
�
k(ω)2 − k2

z

and kz(ω) = k(ωIN)+(ω−ωIN)/v, i.e. the momentum conservation relation

that must be satisfied along the z-propagation direction [53]. These rela-

tions are plotted, for the parameters given, as dashed lines in Fig. 4.5(d).

As for the 1D case, the output frequency ω is allowed to run over both pos-

itive and negative values. Alongside the positive valued hyperbolic branch,

a second branch is found also at negative frequencies (corresponding to the

single NRR point in the 1D case) that matches perfectly with the observed

spectrum.

4.4 Gain

From the Manley-Rowe relation Eq. (3.25) derived in this thesis, we found

that the resonant scattering from a moving DP contemplates photon num-

ber amplification for the total output photons, i.e., |RR|2 + |NRR|2 > 1.

It is therefore natural to evaluate the gain of the process as a function,

e.g., of the input frequency. To this end we set up a series of numerical lin-

ear “toy-model” simulations in a diamond-like medium, for different input

wavelengths. All the other input parameters, e.g. DP velocity v, steepness

m and amplitude δn0 are fixed.

Figure 4.6(a) shows the diamond-like comoving dispersion curve with

highlighted the positions of the IN, RR and NRR modes, for different in-

put wavelengths, ranging from 2 − 40 µm (only a few points are plot for

clarity). The output spectra are shown in Fig. 4.6(b) for increasing input

wavelengths. We note that, for λ → ∞, which means for ω or ω� → 0, the

output modes come closer and the efficiency of the process seems increas-

ing. In order to quantitatively evaluate this efficiency we define the gain

as:

G = |RR|2 + |NRR|2, (4.3)
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being |RR|2 and |NRR|2 the output photon numbers of each resonant mode,

normalized to the input photon number |IN|2. In Figure 4.7 we plot the

gain G(ω�) as a function of the input comoving frequency. Surprisingly we

find that the gain diverges for ω� → 0, i.e.,

G ∼ 1

ω� ,

as demonstrated also by the best fit (red curve) superimposed to numeri-

cal data (blue circles).

Summarizing, we have shown that moving DPs scatter light to higher

frequencies in an unusual way: they amplify light by the mixing of positive
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and negative frequencies, as we describe using a first Born approximation

and numerical simulations. Likewise, if the probe pulse were to be reduced

to the level of quantum fluctuations, we may expect to see the DP excites

the vacuum states. In Chapter 6 we shall demonstrate that the motion

of photons in the vicinity of a moving DP may also be described in terms

of an effective curved space-time metric [77, 78]. We therefore expect that

measurements of vacuum fluctuations excited by a DP would give an exper-

imental direct window into the physics of the quantum vacuum in curved

space-times [68, 12, 13]. These results therefore open the perspective for

novel all-optical control schemes that may be implemented in a wide va-

riety of geometries and applications together with a novel numerical and

experimental approach for the investigation of fundamental phenomena.



Chapter 5

Experiments: Negative

Resonant Radiation

In this Chapter we shall present direct experimental confirmations of the

negative frequency mode generation that we have theoretically and nu-

merically investigated in the previous chapters. The negative RR mode is

predicted to arise, alongside the RR mode, from a linear scattering process

fed by a moving perturbation. In Sec. 5.1 we describe possible experimen-

tal realizations of the moving DP. We performed two sets of experiments

in order to capture the formation of the NRR mode: in a bulk medium

(Sec. 5.2) and in a few-millimiter-long photonic crystal fiber (Sec. 5.3). In

Sec. 5.4 we reports on preliminary measurements in diamond, where we

seed the resonant scattering process with THz radiation which is expected

to enhance the photon number amplification. The measurements reported

in this Chapter were taken in the following laboratories: at the Heriot-Watt

University of Edinburgh (Sec. 5.2), at the University of S. Andrews (UK) by

the group of Prof. Ulf Leonhardt (Sec. 5.3) and at INRS-EMT of Montreal

(Canada) in the UOP group of Prof. Roberto Morandotti (Sec. 5.4).

5.1 Creating an effective moving medium with

light pulses

There are various methods by which the Kerr medium may be excited to in-

duce a moving DP. However, successful measurements of negative resonant
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Figure 5.1: Sketch of three different methods employed to generate intense laser
pulses with quasi-stationary propagation over long distances. Photonic crystal
fibers have micro-structured cores that allow to both tightly confine light and
control the material dispersion. Spontaneous filaments are obtained by loosely
focusing an intense laser pulse in a bulk Kerr medium, e.g. fused silica glass, while
Bessel filaments are generated by pre-shaping the input Gaussian pulse with an
axicon.

radiation do impose some additional constraints:

- The intensity profile should be stationary during propagation in order

to recreate stationary excitation conditions. This is not a trivial

requirement due to the fact that the same Kerr effect that generates

the perturbation also leads to back-reaction on the pump laser pulse

and detrimental effects such as pulse splitting, self-focusing and white

light generation;

- Similarly to the RR mode, the negative mode will only be excited

if a sufficiently steep shock front is formed within the pump pulse,

as predicted by the “revisited first Born approximation” Eq. (3.22).

This condition guarantees that the pulse contains spectral compo-

nents at sufficiently blue-shifted frequencies to actually seed both RR

and NRR generation. The NRR, which is even further blue-shifted

with respect to RR, thus requires even steeper shock fronts;

- The velocity of the perturbation, v, plays an important role in the

momentum conservation condition, Eq. (3.4), that selects the spectral

position of the resonant frequencies, thus, ideally, we would also like

to control it.

Bearing this in mind, a few experimental setups have been proposed and

are summarized in Fig. 5.1.
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5.1.1 Soliton in photonic crystal fibers

The simplest scenario in which these effects may be observed is within the

initial stages of optical soliton propagation in highly nonlinear photonic

crystal fibers (PCF): a steep shock front develops that may efficiently scat-

ter into relatively intense positive and negative RR. PCFs are fibers with

micro-structured cores that on the one hand allow one to tightly confine

light within the core region, so as to increase the pulse intensity and ampli-

tude of the perturbation and on the other allow to engineer the dispersion

relation and thus the group velocity of the stationary soliton. The max-

imum perturbation amplitude, δn0, generated by these solitons is usually

of the order of 10−4. NRR generation in PCF is reported in Sec. 5.3.

5.1.2 Spontaneous filaments

Another option is to attempt to harness the nonlinear propagation of laser

pulses in bulk media, e.g. the spontaneous filament, whose properties have

been extensively described in Section 1.3. In fused silica the self-steepened

trailing daughter pulse may generate a perturbation of amplitude δn0 ∼
10−3. In Chapter 6 we shall report on spontaneous photon emission from

ultrashort laser pulse filamentation in Kerr media.

5.1.3 Bessel filament

A further possibility is the use of Bessel filaments. In this case the trans-

verse profile of the input Gaussian laser beam is re-shaped into a Bessel-like

pattern using a conical lens (also called axicon). The axicon transforms the

laser beam by redirecting light along a cone at an azimuthally symmetric

angle θ towards the optical axis, z. The angle θ of the output Bessel beam

is related to the axicon base angle α by Snell’s law of refraction that gives

the relation nair sin(θ+α) = naxicon sinα, where nair and naxicon are the re-

fractive indices of the surrounding medium (usually air) and of the axicon

material (typically fused silica), respectively. Light propagating towards

the axis will therefore interfere and the resulting interference pattern will

be a non-diffracting Bessel pattern (see the sketch in Fig. 5.2). Using the

fact that the input pulse is Gaussian, it is also possible to determine the

evolution of the peak intensity along the propagation direction z [79]:

I(z) = I02πk0z tan
2
θ e

(z2 tan2
θ)/w2

0 (5.1)
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Figure 5.2: Sketch of Bessel beam generation with an axicon (left) an Bessel
intensity profile I(z) along propagation (right).

where I0 and
√
2w0 are the input Gaussian peak intensity and radius at

1/e2. A plot of Eq. (5.1) is shown in Fig. 5.2 which gives the peak intensity

for an input Gaussian pulse of 1 ps duration, w0 = 5 mm and I0 = 1

GW/cm2. Moreover, simple geometric considerations show that the high

intensity interference peak propagates along the z-axis with velocity

v =
vg

cos θ
,

where vg is the input Gaussian pulse group velocity. Therefore, by simply

changing the angle of the axicon, it is possible to control the propaga-

tion velocity of the Bessel pulse. Contrary to the spontaneous filament,

the Bessel filament allows direct control of both pulse velocity and peak

intensity. However, if the Bessel filament is generated with an axicon, v

may only be made larger than vg whilst the spontaneous filament delivers

two pulses, one faster and the other slower than vg. Finally, an impor-

tant feature of Bessel pulses is the possibility to strongly suppress or even

completely eliminate the modulation instability and the formation of su-

percontinuum [81].

As an example (see Ref. [80]), in Fig. 5.3 we show the real (δn, left-hand

side) and imaginary (δκ, right-hand side) components of the total refractive

index variation induced by an high-angle Bessel beam (cone angle θ = 7

deg in water), for different input pulse energy conditions, and compared

with a Gaussian pulse, focused (in water) with the same numerical aper-

ture of the axicon (N.A.∼ 0.11). Plasma generation was characterized by

a holographic microscopy technique. We observe that the Gaussian pulse
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under the input conditions (beam profile and energy) as indicated in the figure. P
indicates the pulse position, T the solvated electron tail and S the position of the
onset of thermalized solvated electron-induced absorption. Figure from Ref. [80].

generates very intense white light, even at the lowest energies, while the axi-

con focusing generates no observable spectral broadening even at the high

1 mJ energies, indicating a strong suppression of the Kerr-induced tempo-

ral and spectral dynamics (e.g., self-phase-modulation and self-focusing).

Moreover we find the Bessel beam induces a δn that is roughly two times

larger than that of the Gaussian beam.

For the experiments reported in this Chapter, the ability to suppress

any background or spurious radiation is extremely important in order to

measure background-free signals. This suppression is obtained by placing

the nonlinear Kerr medium as close as possible to the axicon so as to enter

the medium with as low an intensity as possible. The Bessel peak intensity

then grows slowly inside the sample and modulation instabilities are not

amplified so that the the pulse propagates without significant spectral or

temporal distortion [82]. This specific propagation regime was adopted for

the experiments reported in both Sec. 5.2 and Chapter 6.

5.2 NRR in bulk calcium fluoride

In the first experiment, we chose a 2-cm-long bulk calcium flouride sample

(CaF2) as host material (the nonlinear Kerr coefficient is reported in Table
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Figure 5.4: Experimental setup for NRR generation in CaF2.

1.2). This material was specifically chosen due to the significantly lower

dispersion with respect to common fused silica glass [19]. Indeed this allows

a wider spectral broadening in the UV spectral region and consequently the

formation of steeper shock fronts which is an important requirement for

efficient NRR generation, derived by the first Born approximation analysis

of Section 3.2. We hence find that the use of low-dispersion media was

beneficial for these measurements.

5.2.1 Experimental setup

The experimental layout for the Bessel-pulse measurements is shown in

Fig. 5.4. Light pulses of 60 fs duration and 800 nm carrier wavelength

are provided by an amplified Ti:sapphire laser system of 1 kHz repetition

rate. Under these conditions (3D geometry), we do not excite a soliton,

but the nonlinearity will nevertheless excite a resonant instability that is

governed by the same physics — and by Eq. (3.4) — as RR in optical fiber

solitons. We reshape the pulses into Bessel beams with a cone angle (in the

medium) of θ = 0.6 degrees, using a fused silica axicon with α = 2 deg base

angle. The Bessel-beam geometry plays an important role in the sense that

it creates a localized and extended high-intensity interaction region. The

spectrum at the output of the sample is collected with a lens and a fiber-

based spectrometer. A filter with a flat response in the visible-near-UV

region is placed before the spectrometer in order to reduce the input pump

intensity without affecting the shape of the spectrum between 300 − 720

nm. The input pulse energy is varied from 10 − 50 µJ, at which point

the input pulse is in a strongly nonlinear regime and develops a complex

and structured spectrum. Generation of negative RR modes is observed

at intermediate energies ∼ 15 µJ, where the maximum amplitude of the
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DP, estimated from the nonlinear Kerr index of CaF2 is δn = n2I ∼ 0.002.

The IN mode is supplied by the pump pulse itself, which scatters from the

self-induced perturbation towards the resonant modes RR and NRR.

5.2.2 Experimental data and numerics

Examples of the resulting spectra for varying input energies are shown

in Fig. 5.5. The spectra are vertically displaced in order to render them

visible. At lower energies (12−14 µJ) the output spectrum shows a distinct

single peak that shifts to shorter wavelengths with increasing input energy.

This process has been described in detail [54] in similar conditions and is a

direct manifestation of the formation of a steep shock front on the trailing

edge of the pump pulse. As energy is increased, the shock front steepens

and the spectral peak shifts toward shorter wavelengths. Between 15 and

20 µJ input energy, a different regime sets in, characterized by two distinct

peaks in the spectrum that do not shift with increasing energy. The first

peak is located around 620 nm; the second is much weaker and is located

around 341 nm wavelength. Examples of these spectra (15 and 16 µJ)

are shaded in red in the figure. At higher input energies, the pulse starts

to develop complex dynamics, typical of the filamentation regime, during

which the pulse breaks up and creates a broad-band, highly structured

spectrum known as supercontinuum [26].

We focus our attention, for example, on the spectrum measured for an

input energy of 16 µJ: the spectrum is not substantially modified if we

account for the filter response, as shown in the inset to Fig. 5.5(a). Three

clear peaks are indicated with λIN, λRR and λNRR, and we identify these

with the IN, RR, and negative RR modes, respectively. Indeed, these peaks

correspond exactly to the positions for the RR and NRR modes given the

IN mode and the dispersion relation for CaF2, as shown in Fig. 5.5(b). We

note that attempts to generate similar features in other glasses or media

(e.g., BK7, fused silica, and water) failed. Spectral broadening through

self-phase-modulation and the steepness of Kerr-induced shock fronts are

both strongly limited by dispersion. Our experiments in fused silica and

water (data not shown) showed that even at the highest input energies,

spectral broadening exhibited a sharp cutoff around ∼ 450 nm, whereas

the negative RR peak was, in all cases, predicted to appear at shorter

wavelengths. On the other hand CaF2 (as other fluoride glasses) is quite
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Figure 5.5: Experimental results for NRR generation in bulk CaF2. (a) Measured
spectra for increasing input energies (indicated next to each curve). The spectra
are vertically displaced to increase visibility. The inset shows a sample spectrum
(16 µJ input energy) corrected for the filter response. (b) CaF2 dispersion relation
in the comoving frequency versus laboratory-frame wavelength coordinates (ω�, λ),
with the predicted positions of the RR and NRR spectral peaks. The inset is a
20× enlargement of the curve around the RR wavelength.
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unique, as it exhibits significantly lower dispersion [19], in particular in the

UV spectral region, and thus allows the formation of steeper shock fronts

and broader continua. In this specific case, it allows a relatively efficient

excitation of the NRR peak in the ultraviolet region.

In Figure 5.6 we compare the experimental data of Fig. 5.5, input energy

∼ 15 µJ, with a 1D+1 (time t and propagation coordinate z) linear nu-

merical simulation, as described in Section 4.1, using a quadratic dispersion

relation that fits the dispersion curve of CaF2 in the relevant experimental

spectral range. We underline that a perfect agreement cannot be expected

due to the fact that the numerical simulations do not account for the full

3D+1 geometry of the experiment nor do they account for any nonlinear ef-

fects such as cross-phase modulation between the pump pulse and the newly

generated RR and NRR modes [21]. Nevertheless, the “toy-model” based

on linear propagation in 1D+1 geometry is able to capture the essential

features of the frequency conversion process observed in the experiments,

thus lending further evidence of negative frequency generation.
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Figure 5.7: Near-field (r, λ) and far-field (θ, λ) spectra (external angles) of Bessel
pump and RR in CaF2. Near-field spectra for pump, lin-scale (a), and resonant
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5.2.3 Far-field spectra

As a further analysis, we want to study the spatial and angular distribu-

tion of the resonant radiation (RR+NRR) generated by the Bessel pump

in the 2-cm-long CaF2 sample. Figure 5.7 shows the experimental data

for pump (left-hand) and resonant modes (right-hand), for a pump in-

put energy of ∼ 20 µJ. The near-field (r, λ) spectra were acquired with

the fiber spectrometer in the image plane of a 100-mm-long focal length

lens, by manually scanning the fiber transverse r-position (scan step ∼ 20

µm). A series of neutral density filters were employed to avoid damage of

the fiber. The set of spectra at different r-positions were then processed

together to obtain the image of Fig. 5.7(a)-(b). The same procedure was

adopted for the angularly resolved (θ, λ) spectra of Fig. 5.7(c)-(d), acquired

in the focal plane of the 100-mm focal length lens, in the far-field config-

uration with respect to the output facet of the CaF2 sample. Angles θ in

the Figure are to be understood as external angles (i.e, in air), which are

linked to the internal propagation angles θi by the Snell law of refraction:

θ = arcsin(ncaf sin θi/nair). With nair = 1, ncaf = 1.4305 (at 800 nm) and
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Figure 5.8: Resonant radiation X-wave fit. (a) Best fit with the X-wave relation
(1.24) for v = 2.0838 × 108 m/s, and (b) superimposed to the measured far-field
spectra of Fig. 5.7(d).

θi = 0.65 deg, θ ∼ 1 deg, as visible in both Figures 5.7(c)-(d). We note

that the internal cone angle θi is slightly larger than the nominal value

(∼ 0.6 deg) derived from the base angle of the fused silica axicon adopted

to generate the Bessel pulse, as discussed above.

The pump spectra show, in both the (r, λ) and (θ, λ) domains, clear

evidence of unbalanced Bessel filamentation, as reported by Polesana et

al. in [81, 82]. In particular the presence of the two side-bands peaks (at

∼ 745 and ∼ 840 nm) reveals phase-matching on-axis due to the Bessel

pulse nonlinear propagation regime. Interestingly, the spatially resolved

spectrum in Fig. 5.7(b) reveals that for a fixed position, e.g. r = 700

µm, only the NRR peak at ∼ 350 nm is clearly distinguishable from the

supercontinuum.

Finally, in Figure 5.8 we tried to fit the (θ, λ) spectrum of Fig. 5.7(d)

with the theoretical X-wave dispersion relation Eq. (1.24),

k⊥(ω)
2 = k

2(ω)−
�
β +

ω − ω0

v

�2

,

with ω spanning from negative to positive values and where the propagation

angle θ is linked to the transverse wave vector component as k⊥(ω) =

k(ω) sin θ(ω). The best fit in Fig. 5.8(a) is superimposed to the measured

angular spectrum in (b). The perturbation velocity v was derived by the

measured external angle, i.e. v = vg/ cos θ ∼ 2.0838 × 108 m/s, being vg

the Gaussian pulse group velocity at 800 nm, vg = 2.0835 × 108 m/s. We

note that the fit is not perfectly superimposed to the measured spectrum;

nevertheless, work in this direction is still ongoing in order to acquire more

precise angular spectra. Even so, the far-field measurements presented
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here provide a very good idea of the spatial and angular distributions of

the resonant radiation generated by a Bessel-like pump.

5.3 NRR in photonic crystal fiber

In a second experiment, we sent 7 fs light pulses, centered around 800 nm,

with a 77 MHz repetition rate, into a fused silica photonic-crystal fiber

(that has anomalous dispersion at 800 nm). PCFs have the advantage

of enhanced nonlinear effects due to tight mode confinement, combined

with a remarkable flexibility in tailoring the waveguide dispersion, that can

therefore strongly modify the corresponding bulk medium dispersion and,

thus, allow observation and control of a variety of novel effects. We selected

fibers where the spectrum of the incident light lies in a region of anomalous

group-velocity dispersion such that it can propagate as a soliton-like pulse.

Figure 5.9 shows the output spectrum after 5 mm of fiber for three dif-

ferent input energies (246, 324, and 366 pJ). The UV part of the spectrum

[Fig. 5.9(a)] was measured with a monochromator and a photomultiplier

tube. It shows a clear peak that we identify with the negative RR mode.

The part of the output spectrum that lies in the visible range, shown in

Fig. 5.9(b), was measured with a compact CCD spectrometer. The peak

observed here corresponds to the RR: the frequency of this mode shifts to

shorter wavelengths with increased input pulse energy due to the nonlin-

ear modification of the refractive index from the pulse, Eq. 2.9. Figure

5.9(c) shows the predicted RR and negative RR frequencies based on the

dispersion relation for the PCF. The measured peaks at λRR and λNRR are,

similarly to the bulk measurements, the main spectral features in the whole

spectrum and both correspond very precisely to the predictions. We note

that the NRR peak does not shift noticeably with input energy because the

nonlinear refractive index change from the pulse is negligible compared to

the dispersive index changes in the UV. Experiments were also repeated for

a series of PCFs, with different dispersions, and in each case the measured

resonant peaks correspond precisely with the theoretical predictions.

In closing, we note that the NRR measurements in both bulk and PCF

may not be explained in terms of four-wave mixing (FWM) between the

RR and IN modes, as a simple calculation shows that this would generate

a blue peak at 230 nm and 180 nm in the bulk and fiber case, respectively.
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Figure 5.9: Experimental results for NRR generation in a photonic-crystal fiber.
(a)–(b) Measured spectra in the visible and UV regions for three different input
energies: 246 pJ (dotted line), 324 pJ (dashed line), and 366 pJ (solid line). (c)
Full fiber dispersion relation: positions of the predicted λRR and negative λNRR

spectral peaks are indicated. The inset is a 25× enlargement of the curve around
the RR wavelength.

5.4 NRR seeded with THz

So far we have studied only the “self-seeded” resonant scattering mecha-

nism, in which an intense laser pump is scattered by a self-induced moving

perturbation of the refractive index, and we have reported on efficient NRR

generation in both bulk CaF2 sample and in photonic crystal fibers. Now

we want to move a step forward in the study and understanding of the

resonant scattering process.

In this third experiment (carried on at the ALLS facility of the INRS-

EMT research center of Montreal, Canada) we probe the scattering process

with an external weak seed, as described in Sec. 4.2.1. We decide to probe

the process as close as possible to the “zero-frequency” mode as, in this

regime, maximum gain is predicted by the preliminary numerical studies

presented in Sec. 4.4. Diamond is the perfect candidate, showing negligible

absorption both in the terahertz and in the far-infrared bandwidth. Indeed

diamond dispersion, contrary to e.g. fused silica or CaF2, exhibits no

resonances in the IR spectral region and passes through the (ω�, ω) = (0, 0)
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Figure 5.10: Diamond dispersion curves in (ω�, ω) coordinates (a) and (ω�, λ)
coordinates (b), in the reference frame comoving with a perturbation travelling at
v = 1.2286× 108 m/s, which is the group velocity of an 800 nm carrier wavelength
Gaussian pulse in diamond. The two resonant modes (RR and NRR) would be
generated around λ0 = 468 nm.

point, thus allowing efficient seeding for ω� → 0 [see Figure 5.10(a)-(b)].

5.4.1 Experimental setup

A sketch of the experimental setup is depicted in Fig. 5.11. We gener-

ate the moving perturbation, DP, with an intense 800 nm Gaussian pump

pulse (pulse duration 70 fs, input energy 1 µJ), focused over an area of

radius σx ∼ 10 µm into a 500 µm long diamond sample. The Kerr in-

duced variation of the refractive index, δn = n2I, is estimated to be of

the oder of ∼ 0.005, being n2 = 12.6 × 10−16 cm2/W the nonlinear in-

dex of diamond (Table 1.2). The moving scatterer is then probed with a

co-propagating THz radiation, which has been slightly focused in the sam-

ple so as to enhance spatial overlap with the pump. The temporal overlap

is ensured with a remotely controlled delay-line on the pump path. After

the filter, the output resonant radiation is collected with the spectrometer.

The theoretical positions of the resonant frequencies are predicted from

the diamond comoving dispersion curve in Fig. 5.10(a)-(b), for a perturba-

tion velocity v = vg with vg the 800-nm-carrier-wavelength Gaussian pump

group velocity in diamond: vg = 1.2286× 108 m/s. Since the two resonant

modes (RR and NRR) are so close to each other (spectral separation ∼ 9

nm), we expect to actually measure a single intense resonant peak around

the zero-comoving-frequency, i.e. at λ0 = 468 nm.

As a THz pulse source we employ the setup developed by Clerici et al.

and explained in detail in [83]. The 1.8 µm output wavelength from a com-
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Figure 5.11: THz pulse seeding for NRR generation in diamond. (a) Instanta-
neous electric field and (b) power spectral density for the terahertz pulse employed
as seed in our experiments; sketch of the experimental setup below. Figure adapted
from Ref. [84].

mercial optical parametric amplifier (OPA) is focused in air together with

its second harmonic generated by a frequency doubling crystal. Figures

5.11(a)-(b) show the THz instantaneous electric field and power spectral

density, respectively, delivered by the terahertz source and employed as

seed in our experiments. We note that the THz spectrum is peaked at

νIN = 6 THz (corresponding to a λIN = 50 µm) with a bandwidth sustain-

ing a pulse of ∼ 90 fs duration.

5.4.2 Experimental results

Figure 5.12 shows the measured output spectrum in logarithmic-scale with

(red curve) and without (blue curve) the THz seed. The spectral broaden-

ing of the pump (SC) reaches 500 nm, while generation of radiation (RR)

seeded by the THz pulse is evident around 430 nm. The peak at ∼ 400 nm

is the so-called electric field induced second harmonic (EFISH), resulting

from a four-wave mixing interaction between the 800 nm pump pulse and

the THz wave (see e.g. [84] and references therein). The new peak at 430

nm may not be explained as electric field induced SH generation, being too

far from the phase-matching condition of this process. Still, we note that



76 5. EXPERIMENTS: NEGATIVE RESONANT RADIATION

300 400 500 600 700 800

1

10
2

  (nm)

SH RR
SC

S
p
e
c
tr
u
m
  (
a
.u
.)

10
4

Figure 5.12: Measurements in diamond: overall spectrum (log-scale) from pump
pulse at 800 nm down to the ultraviolet spectral region, with (red curve) and
without (blue curve) THz seed. SH is the electric-field-induced second harmonic
and RR is the resonant radiation at ∼ 430 nm, seeded by the THz pulse. SC is
the supercontinuum generation from the pump.

the spectral position of the RR peak is further blue-shifted with respect to

the theoretical prediction of Fig. 5.10, which was expected to be around

468 nm. We explain this shift as due to the highly nonlinear propagation

dynamics of the intense Gaussian pump, which may form a steep shock

front that slows down till v ∼ 1.222× 108 m/s. Preliminary 1D UPPE nu-

merical simulations (see Sec.5.4.3) go in this direction, although a full 3D

theoretical model for nonlinear propagation in diamond (which accounts,

e.g., also for plasma effects and nonlinear absorption) is still missing.

In Figure 5.13 we report additional measurements for characterizing

the resonant peak. Fig. 5.13(a) shows the spectrogram, namely the delay-

resolved spectrum, between 405 and 465 nm. We note that the peak around

430 nm is a truly different feature with respect to the electric-field-induced

SH which lasts for longer delays (until ∼ 1 ps) being enhanced by a THz

backward-propagation interaction, as demonstrated in [84]. On the con-

trary, the intense RR peak close to delay zero lasts for ∼ 30 fs FWHM, as

highlighted by the line-out of the spectrogram at fixed wavelength, λ0 = 430

nm, plotted in Fig. 5.13(c). A line-out of the spectrogram at delay zero is

shown in Fig. 5.13(d) with highlighted the SH and RR components. As a

last analysis, in Fig. 5.13(b) we show the polarization behavior of the res-

onant radiation (obtained by varying the angle of a polarizer on the beam

path), which appears to be polarized as the SH component.
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Figure 5.13: Measurements in diamond: spectrogram (a) and polarization of SH
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spectrum at delay zero (d).

5.4.3 Numerics

Finally, we compare the measurements with a linear “toy-model” simula-

tion based on the same UPPE solver used for the numerical results of Chap-

ter 4. The THz pulse is modeled as a single-cycle pulse having φ0 = π/2

carrier-envelope phase (CEP):

E =
�
I0e

−(t/t0)
2

cos(ωINt− φ0),

n THz

0

E

Figure 5.14: Sketch for the configuration adopted in the toy-model numerics of
Fig. 5.15: the THz seed is scattered by a co-propagating linear inhomogeneity, δn,
having super-Gaussian temporal profile. The local time is τ = t− z/v, with v the
perturbation velocity.
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Figure 5.15: Linear numerics for pump-probe scattering in diamond. Envelope
(a) and spectral evolution (b) along propagation in log-scale. The input THz pulse
is centered at λIN = 30 µm with pulse duration 40 fs. Comparison between the
experimental spectrum of Fig. 5.13(d) (blue shaded area) and the numerical one
(red-curve), evaluated at propagation distance z = 500 µm. Diamond comoving
dispersion curve with the theoretical position of the modes (RR and NRR), pre-
dicted for a perturbation velocity v = 1.22175× 108 m/s.

with input pulse duration t0 = 40 fs and input wavelength λIN = 2πc/ωIN =

30 µm. The THz field is launched together with a super-Gaussian shaped

DP, δn(t−z/v), as defined by Eq. (2.19), moving at velocity v = 1.22175×
108 m/s. Figure 5.14 shows a sketch of the scattering configuration at the

beginning of the interaction.

The envelope and spectral evolution (log-scale) are shown in Fig. 5.15(a)-

(b), respectively, over a propagation distance of 800 µm in diamond. In

Fig. 5.15(c) we compare the numerically evaluated spectrum (red curve)

with the experimental result of Fig. 5.13(d) (blue shaded area). Compari-

son with the theoretical predictions for the resonant modes (RR and NRR)

is plot in Fig. 5.15(d) on the diamond comoving dispersion curve (ω�, λ).

Although in a very simplified setting and with slightly different input

conditions, the position of the numerically evaluated resonant peak is in

perfect agreement with the measured spectrum. The toy-model numer-

ics thus confirm to be able to capture the essential features of the resonant
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scattering and transfer of energy. Nevertheless we recall that a full 3D theo-

retical model is needed which would describe the complete spatio-temporal

dynamics occurring during nonlinear propagation in diamond.

Summarizing, we have shown how the same frequency-conversion pro-

cess that leads to a resonant transfer of energy from an input laser pulse

to a typically blue-shifted peak (RR mode), generates a second, so far

unnoticed, peak that corresponds to a resonant transfer of energy to the

negative-frequency branch of the dispersion relation (NRR mode). The

energy transfer is favored in the presence of steep shock fronts or, more

generically, by a “nonadiabatic” variation within the pump pulse as also

predicted by the first Born approximation developed in this thesis and by

the numerical results of Chapter 4. Here we performed experiments in

both bulk media and waveguides with optimized dispersion landscapes so

as to allow the process to occur with a relatively high efficiency. In the last

Section we have reported also on efficient seeding close to ω� → 0 regime,

experimentally realized with a pump-and-probe experiment in diamond,

using THz radiation as seed.





Chapter 6

Implications: optical

analogue for gravity

Laser physics and optics in general have the ability to reproduce, even if to a

limited extent, many features of the physics of completely different systems.

We mention, among others, semiconductor physics and electrons quantum

behavior reproduced in photonic crystals and periodic optical waveguides

[85, 86]. This also implies that the behavior of light may be understood

or reinterpreted using the tools developed in very different fields. In this

Chapter we show how the physics of the resonant scattering from a moving

DP may be reinterpreted as the classical-limit of the analogue Hawking

radiation from an optically-induced event horizon [11]. We can therefore

describe it using the tools of the so-called transformation optics, which

describes the optical systems in terms of curved space-time geometries,

and general relativity. The Chapter is organized as follows: a very general

introduction with an overview of the theoretically predicted features of

the analogue Hawking radiation (Sec. 6.1), followed by numerical studies

which allow us to verify the predicted thermality behavior of the stimulated

Hawking emission (Sec. 6.2). The last Section 6.3 is devoted to direct

experimental evidences of spontaneous emission of photons [12, 13] from

ultrashort laser pulse filamentation in Kerr media, that are in quantitative

agreement with the Hawking model, although have stimulated an ongoing

discussion regarding the precise origin of the emission [87, 88, 89].
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6.1 Analogue gravity in moving media

“Analogue gravity” is the study of phenomena traditionally associated to

gravitation and general relativity, by means of analogue models that can be

realized in very different physical systems and that do not directly rely on

gravity at all [77]. In the case of the optical analogue, the underlying idea is

that the refractive index of a given medium in which light is propagating,

acts as a “transformation medium”, i.e. it “transforms” the euclidean

space-time in which light rays propagate, into some other effective curved

space-time. The result is that the light paths followed by the rays appear

to be bent and this is a consequence of the effective space-time curvature

induced by the medium [90]. A very simple example of this is the optical

mirage which also finds a precise mathematical description in terms of

Fermat’s principle and which may therefore be considered as a precursor

of transformation optics.

When the refractive index perturbation (DP) is set in motion, the prop-

agation of light rays inside the medium can be described, using the tools

of general relativity, in terms of an effective metric for which the light ray

paths are the null geodesics [77, 11, 91, 92], without any further reference

to the original picture involving Maxwell equations. All relevant dielec-

tric properties are reabsorbed in the effective metric which is actually seen

by photons. This is in analogy with the description of light rays in the

presence of a metric induced by a gravitational body.

Notably, these features also apply to the quantized electromagnetic field

[93]. In other words, there are certain, fundamental aspects of quantum

field theory in the presence of curved space-times [68] that may be inves-

tigated using transformation optics [77, 90, 94]. According to a milestone

prediction in this sense, astrophysical black holes evaporate, i.e. they emit

particles and photons with a blackbody spectrum known as Hawking radi-

ation [9, 10]. In 1974 Hawking predicted that the space-time curvature at

the event horizon of a black hole is sufficient to excite photons out of the

vacuum and induce a continuous flux. In a simplified description of the

process, vacuum fluctuation pairs close to the horizon are split so that the

inner photon falls in and the outside photon escapes away from the black

hole. As the outgoing photon cannot return to the vacuum, it necessarily

becomes a real entity, gaining energy at the expense of the black hole.
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The particularity of Hawking radiation is that it is predicted to exhibit

a blackbody spectrum with a temperature given by [10, 95],

TH =
�κ

2πc kB
, (6.1)

where � is the reduced Planck constant, c the speed of light in vacuum and

kB the Boltzmann’s constant. The surface gravity κ may be interpreted as

the gravitational acceleration experienced at the horizon. For a black hole

κ = c4/4GM ∼ 3×1043/M m/s2, where G is the gravitational constant and

M the mass of the black hole. Therefore, for a solar-mass black hole the

temperature is extremely low, of the order of 10 nK, and Hawking radiation

has little hope of being detected. On the other hand, it is now widely

accepted that Hawking radiation does not actually require a gravitational

mass but rather the essential ingredients are a quantum field, e.g. density

perturbations in a fluid, or the electromagnetic field and an event horizon

associated with a curved space-time metric that blocks the quanta of this

field, namely phonons or photons [77, 96].

Many physical systems that may exhibit event horizons have been pro-

posed as analogue models. We recall, e.g., flowing water [66, 70], Bose-

Einstein condensates (BECs) [71, 97, 98], or moving perturbations of the

refractive index in a dielectric medium [11, 12, 13] (see also the review pa-

per [77]). All these analogue gravity models are based on the formation of a

kinematic horizon induced by a moving background that can be interpreted

in terms of a flow according to the so-called “river model”, which is based

on the fact that the speed of light vφ in a uniform and flowing medium

depends on the flow velocity v [99]. The “river model” also provides a di-

rect link with the space-time metric in the presence of an astrophysical

black-hole [100, 99]. In 1981 Unruh was the first who proposed an acous-

tic analogue in order to probe the existence of Hawking radiation in the

laboratory [96]. He studied sound waves in a flowing medium which is ac-

celerated so as to pass from a subsonic to a supersonic region. The point at

which the flow velocity equals the speed of sound is the sonic event horizon

for the sound waves that will be blocked by the counterflow [71].

On the contrary, in the “moving dielectrics” analogue model, that we

study here, the medium itself is not flowing at all; rather, all that is neces-

sary is a localized perturbation of the refractive index that travels at speeds

close to c. The idea is based on nonlinear and transformation optics and
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Figure 6.1: The “flowing river” of space for the effective geometry induced by
a 1-dimensional DP moving from right to left. In the frame comoving with the
perturbation, space flows as shown by the arrows (longer arrows indicate larger
velocities). The black hole, zBH, and white hole, zWH, horizons are the points at
which space flow becomes equal to c/(n0 + δn). Figure from Ref. [99].

was originally proposed by Leonhardt, Philbin et al. in 2008 [11]. They

suggested to use an intense optical soliton pulse propagating in a fiber. As

we saw in the first introductory Chapter (and in more detail in Section

1.4), the soliton intensity is sufficient to induce a DP in the fiber medium,

through the nonlinear Kerr effect Eq. (1.17),

δn(z − vt) = n2I(z − vt),

which is moving at velocity v that is very close to the speed of light in the

medium c/n0. This in turn acts as a space-time curvature of the metric as

seen by the quantum electromagnetic vacuum. Due to material dispersion,

the DP will become superluminal in the sense that it will move faster than

the velocity of sufficiently blue-shifted wavelengths. These wavelengths will

therefore be blocked by the DP, i.e. a blocking horizon is formed. Moreover,

theoretical predictions suggest extremely high Hawking temperatures in the

range of thousands of Kelvins and many orders of magnitude higher than

in any other physical system proposed to date.

According to the “river model” an increase in the local refractive index,

from a background value n = n0 up to a maximum value n = n0 + δn,

is equally perceived by light as a local increase in the flow velocity, i.e.

both lead to a slowing down of the light pulse. Figure 6.1 illustrates the

geometry of a one-dimensional δn perturbation. The arrows indicate the

equivalent flow of space: interestingly, the flow of space is such that a

single perturbation may recreate the analogue of both a black hole (BH),

on the leading edge, and a white hole (WH) on the trailing edge. Indeed

light approaching from behind the trailing edge of a perturbation (with



6.1 Analogue gravity in moving media 85

v � c/n0) will reach the DP and consequently slowed down by the higher

refractive index or, equivalently, by the faster space flow. The pulse will

then be blocked at the point zWH for which v = c/(n0 + δnWH). In our

optical analogue model we will always considered this time-reversed version

of a black hole horizon, i.e. the analogue of a white hole horizon. We

moreover proposed an alternative approach for generating controllable DPs

in Kerr media, namely ultrashort laser pulse filamentation (see Sec. 1.3),

that we use in the experiments presented in Section 6.3.

6.1.1 Dielectric metrics and white hole horizons

In the dielectric analogue context, the relevant metric is the Gordon metric

[100] that has been derived in detail in [101, 102] by Cacciatori, Belgiorno

and co-workers and is associated with the eikonal (“plane-wave”) approxi-

mation of the field Equation (1.11). Here we recall that the metric in the

laboratory frame can be written as [101]:

gµν = diag

�
c2

n2
,−1,−1,−1

�
, (6.2)

where n ∼=
�
1 + χ(1) + χ(3)|E|2 is the effective medium refractive index,

accounting also for the nonlinear Kerr term. The two-dimensional (one

spatial dimension + time) version of this metric is obtained by neglecting

any dependence on the transverse (x, y) coordinates with respect to the DP

propagation direction, z and reads,

ds2 =
c2

[n(z − vt)]2
dt2 − dz2. (6.3)

where the DP is induced by the laser pulse on top of a uniform background

refractive index, n0, and is travelling along the z direction with velocity v:

n(z − vt) = n0 + δn(z − vt), being δn(z − vt) = n2I(z − vt).

For simplicity, the perturbation δn is considered smooth and with a Gaus-

sian profile. We then pass from the laboratory frame to the pulse (pertur-

bation) comoving frame by means of a boost,

t
� =γ(t− v

c2
z),

z
� =γ(z − vt),
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being γ = 1/
�

1− (v/c)2, so that Eq. (6.3) becomes,

ds2 =γ
2 c

2

n2

�
1−

�
nv

c

�2
�
dt�2+

+ 2γ2 v

n2

�
1− n

2
�
dt�dz� − γ

2

�
1−

�
v

nc

�2
�
dz�2, (6.4)

where primed coordinates indicate comoving coordinates. There is an er-

gosurface defined by g00 = 0, i.e. for 1 − nv/c = 0, which corresponds to

an horizon in the 1D+1 case [102], and exists when

c

n0 + δn
< v <

c

n0
. (6.5)

The external region corresponds to z < zWH and to z > zBH. The leading

horizon z = zBH is a black hole horizon, whereas the trailing one z = zWH

is a white hole horizon. These points are indicated also in Figure 6.1.

Although relation (6.5) was not originally derived from a dispersive

theory, recent models that account also for dispersion, i.e. n0 = n0(ω),

arrive at exactly the same equation [93]. Equation (6.5) may be read in

two different ways: for a given background index and DP amplitude, only

perturbations with a certain velocity will give rise to an analogue horizon.

Alternatively, for a given perturbation velocity and amplitude, only those

frequencies that propagate with a refractive index that satisfies Eq. (6.5)

will experience the effect of the horizon. Therefore, in presence of dis-

persion, relation (6.5) defines a precise spectral window of frequencies for

which a phase horizon exists.

6.1.2 A comment on the horizon condition

To avoid confusion, we briefly analyze the existence and features of different

kinds of horizons that may appear in analogue models for gravity. We

will first introduce the general concepts of “phase” and “group” velocity

horizons and then discuss in more detail the dispersion landscapes in our

experiments reported in Section 6.3. In particular we discuss the case of

DPs generated by a “superluminal” Bessel filament, or by a “subluminal”

spontaneous filament.
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Figure 6.2: Phase and group horizon on the diamond dispersion curve: labo-
ratory (a) and comoving frame (b), for different perturbation amplitudes, δn, as
indicated in the figure. Red curves represent the refractive index, n, while blue
curves represent the group index, ng . For δn = 0 the positions of the the phase
and the group horizons are indicated with red and blue circles, respectively. The
frequency ω ∼= 2.15 rad/fs encounters a group horizon (GH) for δn = 0.01 and a
phase horizon (PH) for δn = 0.043, indicated with yellow circles in (a)-(b).

- Phase velocity horizons: the phase velocity horizon (PH) is defined

as the point within the perturbation, i.e. at δnPH with 0 < δnPH <

δnmax, at which the phase velocity is slowed down to zero in the

comoving frame. The comoving phase velocity is given by v�
φ
= ω�/k�,

the condition v�
φ
= 0 means ω� = 0 and hence ω/k = vφ = v, where

k(ω) = ω/c(n0 + δnPH);

- Group velocity horizons: the group velocity horizon (GH) is the point

within the perturbation, i.e. at δnGH with 0 < δnGH < δnmax, at

which the group velocity, v�
g
= dω�/dk�, of a wave is slowed down

to zero in the comoving frame. In the laboratory frame, the group

velocity thus equals the perturbation velocity, vg = v. At the group

horizon the incoming pulse will be completely blocked and thus this

kind of horizon is also referred to as blocking horizon.

In normal dispersive media we have vg < vφ (see e.g. Fig 1.1). The

consequence of this is that the same frequency will in general feel different

“kinds” of horizons for different perturbation amplitudes and in particular

it has δnGH < δnPH. In Figure 6.2 we exemplify this on the diamond

dispersion curve (refractive index, n, in red; group index, ng, in blue) in

the laboratory (a) and comoving frame (b), for a perturbation velocity v =

1.2286 × 108 m/s. We note that the geometry of the comoving dispersion

curve changes with increasing perturbation amplitudes, from δn = 0 up

to δn = 0.043, as indicated in the figure. For example, we see that the



88 6. IMPLICATIONS: OPTICAL ANALOGUE FOR GRAVITY

frequency ω ∼ 2.15 rad/fs encounters a group horizon (GH) for δn = 0.01

and a phase horizon (PH) for δn = 0.043, where its comoving frequency is

ω� = 0. The two points are indicated with yellow circles in Fig. 6.2(a)-(b).

On the other hand, recalling the terminology of the resonant scattering

model adopted in the previous Chapters, we may note that, as the comov-

ing dispersion curve is bent down, longer and longer wavelengths (namely

when both ω�
IN, ωIN → 0) would be blocked at the group horizon and would

therefore be efficiently scattered towards blue-shifted resonant modes. In

this case, far from the perturbation (asymptotic states) input and output

modes would anyway lie on the same dispersion curve with δn = 0 (red solid

curve). Hence, the GH condition is a condition for the input mode that, as

approaching the perturbation, experiences an increase in the local refrac-

tive index, is consequently slowed down and, possibly, frequency-converted

towards blue-shifted output modes.

“Superluminal” Bessel filament

It is also generally believed that a GH at the input frequency is strictly

required in order to observe Hawking emission and mode conversion. In

Figure 6.3 we show the dispersion relation for fused silica (solid curve) in

the frame comoving with a DP generated by a 1055 nm carrier wavelength

Bessel pulse with cone angle θ ∼ 7◦, as in the experiments described be-

low (Section 6.3). The Bessel pulse velocity vB = vg/ cos θ ∼ 2.065× 108 is

such as to predict a PH around 850 nm (at ω ∼ 2.22 rad/fs in the figure).

The lack of an extremum in this curve implies the absence of a blocking

horizon, in the sense that a light pulse approaching from −∞ will never

catch up with the superluminal DP. However, the Sellmeier relations used
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Figure 6.3: Fused silica dispersion relation in the comoving frame of a superlu-
minal perturbation generated by a 7◦ Bessel filament. Solid curve refers to δn = 0
while dashed curve refers to δn = 0.003
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Figure 6.4: Prediction of the Hawking emission spectral range according to
Eq. (6.5) for the spontaneous (a)-(c) and Bessel filament (b)-(d). The fused silica
dispersion curve is plotted in the laboratory (top row) and in the comoving frame
(bottom row). Solid red curves represent the background refractive index n0(λ),
while dashed red curves represent n0(λ) + δn with δn = 0.001. Horizontal dot-
ted lines select the points for which n = c/v, being v the perturbation velocity, or
alternatively the points for which ω� = 0.

to derive Fig. 6.3 are valid only in a limited frequency range. We can there-

fore imagine two different scenarios for the photon emission measured in

the experiments of Fig. 6.13: either (i) the modes generated around the

PH are seeded by very long wavelengths, beyond the infrared fused silica

resonance (10 µm), which we may expect to encounter a group horizon; or

(ii) the emission at the PH is seeded from waves propagating inside the

perturbation and that are gradually converted at the trailing DP bound-

ary, as they propagate with a group velocity smaller that the DP velocity

(vg < v, or v�
g
= dω�/dk� < 0 in the comoving frame). In this case input

and output modes would lie on two different dispersion curves (in Figure

6.3 red dashed and red solid curves, resperctively). In Section 6.3.3 we re-

port on linear, 1D+1 numerical simulations which confirm the possibility

of this kind of mode conversion.
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“Subluminal” spontaneous filament

For the case of the spontaneous filament we consider the DP induced by the

trailing daughter pulse which is travelling slower with respect to the input

laser pulse. Moreover, the trailing pulse develops an high intensity peak and

a steep shock front (see Section 1.3). Figure 1.5 of the first Chapter shows

the numerically evaluated pulse splitting dynamics for input parameters

that reproduce those of the experiments presented below (Section 6.3). As

shown in Fig. 1.5(b), the trailing pulse velocity varies in propagation, so

that a certain range of velocity values is covered during propagation, with

low velocity at the beginning of the filament and higher velocity at the end.

This has the effect of broadening the emission window, which is predicted

from our model (6.5) to be between 270 and 450 nm.

In Figure 6.4 we summarize the PH conditions predicted for the DP

induced by the spontaneous (a)-(c) and Bessel (b)-(d) filament adopted in

the experiments, as described in the caption. These predictions have to be

compared with the experimental data of Figures 6.12 and 6.13, respectively.

6.1.3 Analogue Hawking temperature

From the comoving frame metric (6.4) of the dispersionless model, we may

deduce the equivalent of a surface gravity at the horizon which is found to

be [12]:

κ = γ
2
v
2 dn

dz�

����
PH

(6.6)

where n = n0 + δn and the DP gradient is evaluated at the phase horizon

(PH), i.e.,
dn

dz�

����
PH

=
dn

dz�
(z�PH), with z

� = γ(z − vt).

Equation (6.6) may thus be substituted into Eq. (6.1) to obtain the actual

temperature in the comoving frame, T �, for the Hawking radiation emitted

from the optical analogue horizon, i.e.,

T
� = γ

2
v
2 �
2πc kB

dn

dz�

����
PH

(6.7)

Laser pulse induced perturbations may be extremely steep, with a rise from

n0 to n0+δn over a distance of the order or 1 µm or even less. This leads to

temperatures, measured in the comoving frame, that are easily of the order
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of 1−30 K, i.e. many orders of magnitude higher than in any other system

proposed to date. The corresponding temperature, T , in the laboratory

frame reads,

T =
1

γ

1

1− (v/c)n0 cos θ
T

�
, (6.8)

where θ is the angle of the observation direction with respect to the prop-

agation axis of the perturbation. The multiplicative γ factor in Eq. (6.8)

is simply the Doppler shift that transforms the temperature from the co-

moving to the laboratory frame. When viewed from the forward direction,

θ = 0 deg, the temperature measured in the laboratory frame is therefore

predicted to be of the order ∼ 1000 K or more [11, 12, 13].

These formulas only show that if Hawking radiation is emitted by the

analogue horizon, then it is expected to have a certain temperature. A

full quantum electrodynamical model of the moving DP accounting for

the interaction with quantum vacuum, has been developed in Ref. [102].

The model starts by considering the electromagnetic vacuum state in the

absence of any perturbation and then compares this with that in the pres-

ence of the travelling DP. From a physical point of view, compared to the

common S-matrix approach of quantum field theory, the scheme does not

rely on perturbation theory and is associated with linear maps, called Bo-

goliubov transformations, which relate the input creation and annihilation

operators to the output ones. The so-called Bogoliubov coefficients can

be used to directly evaluate the number of photons produced in such a

scenario. The results clearly show a logarithmic phase divergence of the

electromagnetic field under conditions identical to Eq. (6.5) and the spec-

tral emission is found to follow the expected blackbody dependence, with

temperature given by Eq. (6.8) [102].

In the absence of dispersion the phase divergence will be infinite and

eventually leads to trans-Planckian wavelengths (the so-called “transPlanck-

ian” problem). However, dispersion limits this divergence before unknown

physical regimes are reached. Indeed, as the electromagnetic wave is blue-

shifted by the phase increase at the horizon, it also slows down due to the

increasing refractive index. The wave will be slowed down so much that it

will be left behind the DP and eventually detaches from the horizon.
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6.2 Stimulated Hawking emission and

amplification

Hawking radiation is “seeded” by the vacuum state and this therefore im-

plies that information regarding the features of the emission process may be

gained by directly seeding the conversion process with a large amplitude,

classical pulse. We refer to this as stimulated Hawking emission (SHE).

Analogue systems that cannot resort to the of study of quantum vacuum

have successfully investigated SHE demonstrating remarkable results re-

lated to Hawking emission.

SHE is predicted to lead to mode conversion from the input (IN) wave

to two output waves that have positive (P-mode) and negative (N-mode)

frequencies in the comoving reference frame, exactly in the same way in

which positive (RR) and negative (NRR) resonant modes are scattered by

a moving DP in nonlinear Kerr media. In the optical analogue, the SHE

mode conversion is thus just a different way to name the resonant shedding

of light from the input pump pulse towards the blue-shifted modes [8, 7].

The condition for the output frequencies is given by imposing a conservation

of the comoving frequency. Indeed, by deriving the hamiltonian for a space-

time varying medium it can be demonstrated that ω� is a constant of motion

[96]. The “frequency-matching” conditions are thus identical to Eqs. (3.6)-

(3.7), i.e.,

ω
� = +ω

�
IN, (6.9)

for the P-mode and

ω
� = −ω

�
IN, (6.10)

for the N-mode. We note that the two output modes are generated at the

either sides of the PH condition ω� = 0, as shown in Figure 6.5 on the

diamond comoving dispersion curve of Fig. 4.2(f).

The P and N modes together form the classical analogues of the Hawk-

ing pairs emitted from an horizon. The existence of these modes is a very

general feature and is related only to the form of the dispersion relation

and to the existence of a natural comoving frame in which frequency con-

servation leads to the excitation of negative frequencies. In Chapter 3

we saw that the first observation of the generation of negative-frequency

waves in water was given by Rousseaux and co-workers [66] and more re-

cently the process was shown by Weinfurtner, Unruh et al. to also exhibit
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Figure 6.5: Diamond comoving dispersion curve [from Fig. 4.2(f)] with the po-
sitions of the modes, named with the terminology adopted for the SHE in the
analogue gravity context, namely IN, P and N. PH indicates the position of the
phase horizon, i.e. ω� = 0.

a thermal-like behavior [70]. This highlights the importance of these stud-

ies. Hawking radiation in both the gravitational and analogue context is

characterize by precise relations that link the norms (photon numbers, or

numbers of particles in the astrophysical case) of the emitted waves to the

norm of the input wave |IN|2 [9, 10, 96]:

|P|2 − |N|2 = 1 (6.11)

|N|2

|P|2 = e
−αω

�
, (6.12)

where |P|2 and |N|2 are normalized to the norm of the input wave. Equa-

tion (6.11) is identical to the generalized Manley-Rowe relation derived for

the scattering model Eq. (3.25) and, like that, implies

|P|2 + |N|2 > 1,

The Hawking effect will thus lead to amplification. Moreover (6.11) and

(6.12) allow to directly evaluate the nature of the Hawking emission, also

in the spontaneous regime and imply a thermal emission for the N mode,

|N|2 =
1

eαω
� − 1

, (6.13)

where α may be linked to the blackbody temperature:

T
� =

�
αkB

, (6.14)

where in our case the Hawking temperature is given by (6.7) and is pro-

portional to the DP gradient evaluated at the horizon. Thermal emission
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is a standard result of the Hawking emission process and is often regard-

ing as one of its fundamental traits. However, it is important to point out

that this result was originally derived without dispersion.

Gerlach gave a description of the black hole horizon in terms of a para-

metric amplifier [103]. In the absence of a probe pulse the horizon will

amplify vacuum fluctuations but it will of course likewise convert and am-

plify any classical probe pulse that is sent onto it [95]. Parametric ampli-

fication is a well studied phenomenon in wave physics, in particular in the

context of nonlinear optics. Very efficient excitation and amplification of

vacuum states is achieved for example using crystals with a second order,

χ(2) nonlinearity [21]. The photon distribution of the radiation excited by

these optical methods is also thermal. However the thermal emission ob-

tained by standard nonlinear optical parametric processes is thermal with

a different temperature characterizing each mode (i.e. frequency in the

monochromatic limit) [104, 105]. Conversely, Hawking emission is com-

posed of radiation that has exactly the same temperature over the whole

spectrum [103, 105].

In the following Section we present 1D+1 (one spatial coordinate and

time) numerical simulations of SHE, based on the numerical solution of

Maxwell equations by means of a Finite-Difference-Time-Domain (FDTD)

code [61]. Numerics confirm the thermal behavior for the emitted radiation

with a temperature that is in close agreement with our perturbative model

(6.7).

6.2.1 Numerical results: thermality

We performed numerical simulations of SHE with the aim of explicitly eval-

uating the ratio R = |N|2/|P|2 and thus the characteristics of the spectral

emission in the presence of dispersion in our system.

In Fig. 6.6 we show the result of a typical simulation example obtained

with the FDTD code. We note that Fig. 6.6 describes exactly the same

process shown in Fig. 4.2 for the linear “toy-model” of the resonant scat-

tering event. The input (IN) wavelength is 4 µm and the super-Gaussian

DP (2.19) is moving with velocity v = 0.996 c, which is slightly smaller

than the group velocity of the input pulse, i.e. vg = c/ng > v. The DP

steepness parameter is m = 26, corresponding to a rise time of 4 fs (∼ 1.2

µm). Figures 6.6(a)-(d) show the electric field evolution of the input pulse
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Figure 6.6: Evolution of the electric field in presence of a perturbation δn which
is moving with velocity v = 0.996 c (from left to right). Panels (a)-(d) show the
field profile at different times, while panels (e)-(h) show the corresponding spectra.
The yellow shaded area in (a)-(d) shows the DP (scaled so as to render it clearly
visible). The input spectrum IN is fully converted into the blue-shifted P and
N-modes.

at four different times. As it approaches the DP it is slowed down by the

local increase of the refractive index until it is completely blocked at the

point in which c/v = ng + δnGH, i.e., at the group horizon. This group

velocity matching is essential to enhance the efficiency of the mode conver-

sion process as the input pulse and the DP propagate at the same speed.

At the end of the interaction (d)-(h), the IN mode is fully converted into

the output modes (P and N) according to relations (6.9)-(6.10) and, due

to dispersion, they will finally lag behind the DP. Photon numbers evolu-

tions corresponding to the numerics of Fig. 6.6 are reported in Figure 6.7.

As expected from (6.11), at the end of the interaction photon difference

is conserved (red dashed curve), while photon sum is amplified (blue solid

curve).

In the same way in which we have evaluated the gain G = |RR|2+|NRR|2
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for the resonant scattering process (Section 4.4), we now want to directly

evaluate the ratio R = |N|2/|P|2 to demonstrate the predicted thermal

behavior for the emitted radiation (6.12). Figure 6.8 shows the spectral

dependence of the ratio R as a function of the input comoving frequency

ω�
IN. This set of simulations was performed with a fixed DP velocity v =

0.97 c and a varying input wavelength λIN, thus ensuring that the whole

output spectrum experiences the same horizon and, from relation (6.7),

would be amplified at the same temperature T �. We found that the blue

circles in Figure 6.8 follow an exponential law with best fit (red solid curve)

given by R = 0.99 exp(−18.2× 10−14ω�).

We note that for ω�
IN → 0, we have R → 1 to a very good approximation,

as should be expected. This is consistent with the numerical results of

Fig. 4.7 in which we found that G → ∞ for ω�
IN → 0: this means that

efficiency of the emission is higher when the P and N modes approach the

zero-comoving frequency (phase horizon). We may therefore expect that

successful measurements of spontaneous analogue Hawking emission should

account for this important finding and look for photon emission close to

the PH condition, namely in the spectral region predicted by relation (6.5).

Indeed in the absence of a narrowband IN pulse, we should consider vacuum

fluctuations as a source for seeding the Hawking process: the IN state now

has a “white” spectrum and high-gain spectral regions will be favored over

low-gain regions. This is the rationale behind the experiments in [12, 13],

presented in Section 6.3.

Moreover, from the decay constant of the exponential fit, we may es-

timate the Hawking temperature T �, by substituting into relation (6.14).
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between 2 and 20 µm. The numerical data (blue circles) show a clear exponential
dependence with best fit (red curve) R = 0.99 exp(−18.2×10−14ω�), corresponding
to a blackbody emission with temperature T � ∼ 263 kelvin. DP velocity v = 0.97 c
and DP amplitude δnmax = 0.09.

This corresponds to a blackbody emission with temperature T � ∼ 263 K.

Impressively, this numerical evaluation results is in perfect agreement with

the prediction of the perturbative model, Eq. (6.7), where the gradient of

the perturbation is evaluated for a position of the horizon corresponding

to δnPH ∼ 0.032.

What remains to study is how the Hawking temperature varies as a

function of the DP amplitude so as to verify the accuracy of the perturba-

tive model for smaller values of δnmax. To this end we repeat the set of

simulations above to evaluate T � for different values of δnmax. Figure 6.9
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Figure 6.9: Comoving Hawking temperature dependence on DP amplitude
δnmax. Numerical data (red circles) compared to the theoretical model (black
curve) of Eq. (6.7).
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shows the numerical data (red circles), retrieved by the exponential fit of

the ratio R versus ω�
IN as in Fig. 6.8, compared to the theoretical model

(6.7) which is proportional to the perturbation gradient evaluated at the

horizon (in this set of simulations δnPH ∼ 0.005). The agreement between

theory and numerics is impressive. We also note that the maximum tem-

perature is achieved for δnmax ∼ 2 δnPH and for smaller DP amplitudes

the temperature depends linearly on δnmax.

6.3 Experiments: analogue Hawking

radiation

In this Section we report the experimental verification of spontaneous emis-

sion of radiation at the horizon associated with moving dielectric pertur-

bations [12, 13]. We extended the original idea by Philbin et al. [11],

who proposed to employ a soliton-induced perturbation in photonic crystal

fibers, to filament-induced DP. An overview of the Kerr nonlinearity and of

the ultrashort laser pulse filamentation is reported in Section 1.2, while the

requirements and issues for generating a moving medium with light pulses

are reported in Section 5.1.

6.3.1 Experimental setup

The experimental layout is depicted in Fig. 6.10: the input laser pulse

is provided by a regeneratively amplified, 10 Hz repetition rate Nd:glass

laser. The pulse duration is 1 ps and energy is varied between ∼ 50 µJ

and 1.2 mJ. The input pulse (carrier wavelength 1055 nm) is sent on to a

2 cm long sample of pure fused silica glass after a reshaping of the beam

by means of the focusing element (lens or axicon). Indeed filaments were

formed by either loosely focusing the input pulse with a 20 cm focal length

lens (spontaneous filaments) or by replacing the lens with a 20◦ fused sil-

ica axicon so as to generate a Bessel filament with cone angle θ = 7◦.

Light emitted in the forward direction is extremely intense with an average

photon number of the order 1015 photons/pulse. Considering that Hawk-

ing radiation is unlikely to provide more that 1 photon/pulse, a huge and

extremely challenging suppression of the laser pump pulse radiation is re-

quired. The photons emitted from the sample were therefore collected at

90◦ rather than in the forward direction. The spectrum is then recorded
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Figure 6.10: Sketch of the experimental layout. The input laser beam is fo-
cused into the Kerr sample (fused silica glass) using either a 20 cm focal length
lens (to induce spontaneous filamentation) or an axicon with a 20◦ base angle (to
create a Bessel filament). The inset shows a schematic representation of the laser
induced δn: the perturbation propagates following the arrows and photon pairs,
corresponding to the negative and positive Hawking pairs, are excited.

with an imaging spectrometer coupled to a 16 bit, cooled CCD camera.

This arrangement was chosen in order to strongly suppress or eliminate

any additional nonlinear effects (e.g. four wave mixing and self phase mod-

ulation). Moreover, by using horizontally polarized pump pulses, Rayleigh

scattering is effectively suppressed so that scattered photons at wavelengths

in the predicted Hawking emission range are below 0.001 photons/pulse.

By employing both spontaneous and Bessel filaments in separate measure-

ments it was possible to measure radiation emitted from DPs with various

velocities.

Finally, another spurious effect that could affect any measurements of

spontaneous photon emission is the presence of fluorescences from material

defects. We experimentally characterized fluorescences excitation via multi-

photon absorption from an infrared laser source in fused silica. Figure

6.11 shows the output spectrum at 90 degrees over the whole UV to near

infrared spectral range. We identified three main contributions: R is the

spontaneous Raman scattering, centered at the laser pump wavelength;

F1 is the fluorescence due to non-bridging oxygen hole centers (NBOHC),

while F2 is due to oxygen-deficient centers (ODC) and has a cumulative

nature. These fluorescence peaks are well documented features of fused

silica [106, 107]. This therefore allows us to fit the peaks with Gaussian

functions (in the frequency domain) and subsequently subtract out the
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Figure 6.11: Fused silica fluorescences induced by a spontaneous filament. R
denotes Raman scattering from the 1055 nm pump pulse; F1 and F2 are denote
fluorescence peaks at 650 and 470 nm. Shaded areas indicate the expected spectral
emission from the spontaneous (S) and Bessel (B) filaments.

fluorescence signals, thus leading to greatly improved contrast and cleaner

spectra. The shaded areas in Fig. 6.11 highlight the spectral regions in

which we expect to observe the analogue Hawking radiation as summarized

in Figure 6.4: i.e., around ∼ 350 nm for the spontaneous filament and at

∼ 850 nm for the Bessel filament. Notice that we intentionally tune the

Bessel velocity vB = vg/ cos θ ∼ 2.065× 108 m/s so as to excite Hawking-

like radiation in a spectral region which is free from fluorescences.

6.3.2 Experimental results

The results for the spontaneous filament, adapted from Refs. [12, 13], are

shown in Figure 6.12. In particular, Fig. 6.12(a) shows the full spectrum

(black curve), integrated over 3600 laser shots, obtained by keeping the

input slit of the spectrometer fully open, in order to collect photons emit-

ted from the whole filament. The filament, imaged at 90◦, is shown in

Fig. 6.12(b). The colored areas in 6.12(a) indicate spectra measured for

two different positions of the imaging spectrometer input slit, i.e. when

collecting light from either the i)-beginning, or the ii)-end region of the

filament, highlighted also in (b) by the vertical lines. The measured spec-

trum agrees well with the predicted emission region that is indicated by

the shaded region in Figure 6.4(a)-(c). Remarkably, different sections of

the filament emit only at selected portions of the overall spectrum, and this

peculiar behavior is in quantitative agreement with the predictions (6.5).

Figure 6.13 shows the results for the Bessel filament. In this case there is

no spread of the perturbation velocity and it was possible to probe the emis-
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Figure 6.12: Spectra generated by the spontaneous filament (a) and image of
the filament from the side, at 90◦ (b). The colored areas in (a) indicate spectra
measured for two different positions of the imaging spectrometer input slit, i.e., i)-
beginning and ii)-end section of the filament, highlighted also in (b) by the vertical
lines. The black curve in (a) shows the spectrum measured with the input split
fully open.

sion for increasing peak intensities, i.e. increasing δn amplitudes, which

produce higher DP gradients and consequently, higher Hawking temper-

atures, Eq.(6.8). The bandwidth of the emitted radiation increases with

intensity and increases predominantly to longer wavelengths. This is pre-

cisely in agreement, also at a quantitative level with Eq. (6.5).

On the basis of these results, these measurements have been proposed as

the first experimental evidence of Hawking-like emission from an analogue

horizon [12, 13]. However, this is not generally considered to be conclusive
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Figure 6.13: Spectra generated by the Bessel filament. Five different curves
are shown corresponding to a reference spectrum obtained with a Gaussian pulse
(black line) and indicated Bessel energies (in µJ). Dashed lines are guides for the
eye.
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evidence and further measurements are called for in order to verify some

open issues: the measured photon numbers, of the order of 0.1 − 0.01

photons/pulse appear to be too high to be accounted for on the basis of a

blackbody emission. Yet other models [93] appear to give predictions that

confirm the measurements. Moreover, the theory predicts that photons

will be generated in correlated pairs. The photons collected at 90 degrees

are likely to have suffered strong scattering after emission in the forward

direction and it will therefore be very unlikely to observe any kind of pair-

correlation with such a setup. Other experimental layouts, e.g. based on

fibers which will confine the photon pairs along the same direction, are

therefore required.

6.3.3 “Superluminal” dispersion: numerics

As a conclusive remark, in this Section we try to better understand the

origin of the photon emission in the case of the superluminal DP generated

by the Bessel filament (Fig. 6.13). In Section 6.1.2 (and precisely in Figure

6.3) we proposed a naive interpretation based on the possibility that the

PH frequencies were excited by input vacuum modes propagating inside

the dielectric perturbation. During the mode conversion process, energy

is transferred from the IN mode, which lies on the dispersion curve with

δn = δnmax, towards the output zero-frequency mode, which lies on the

background dispersion curve (with δn = 0).

In the spontaneous Hawking radiation, the emission at the horizon PH

is seeded by the vacuum state which has a broadband (white) spectrum, we

therefore numerically study the mode conversion for classical, narrowband,

input pulses having different carrier wavelengths centered around the zero

comoving frequency. In Figure 6.14 we show the comoving fused silica

dispersion curve for the numerics of Fig. 6.15. The perturbation velocity is

close to the experimental value, namely v = 2.064× 108 m/s. We estimate

the theoretical positions of the output (P and N) modes for three different

input wavelengths around the zero comoving frequency (points A, B, C) as

indicated in the caption. Notice that the IN modes lie on the dispersion

curve with n = n0 + 0.08.

Figure 6.15 show the numerical results (envelope and spectra) for a lin-

ear, super-Gaussian DP having amplitude δnmax = 0.08 and input wave-

lengths given by points A, B and C: i.e., 2.8 µm (a)-(b), 1.501 µm (c)-(d)
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Figure 6.14: Prediction of the modes position on the fused silica dispersion curve
in the frame comoving with the superluminal DP (v = 2.064 × 108 m/s). Points
A, B, and C (black circles) refer to λIN = 2.8, 1.51 and 1 µm, respectively. The
IN modes lie on the dispersion curve having n = n0 + δnmax, with δnmax = 0.08,
while output modes lie on the background dispersion curve (δn = 0).
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propagation for three input wavelengths λIN around the zero-frequency condition:
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the right indicates the position of the PH (yellow circle in Fig. 6.14).
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Figure 6.16: Ratio R = |N|2/|P|2 versus input comoving frequency, by varying
λIN around ∼ 1.501 µm which corresponds to the zero comoving frequency as in
Fig. 6.15. Figure courtesy of N. Westerberg.

and 1 µm (e)-(f), respectively. At the beginning of the interaction the in-

put mode is “under” the DP [whose trailing boundary is indicated by the

vertical black dotted lines in Fig. 6.15(a)-(c)-(e)] and during propagation it

gradually slides out having group velocity vg < v. At the boundary it scat-

ters towards the predicted P and N modes. We note that passing from the

input condition ω�
IN > 0 (a)-(b), to ω�

IN < 0 (e)-(f), the P and N modes ex-

change positions and are indistinguishable exactly when seeded at the PH,

ω�
IN = 0 (c)-(d).

Finally, in Figure 6.16 we verify that the ratio R = |N|2/|P|2 between

the photon numbers in the N and P mode, Eq. (6.12), develops a divergence

for ω� → 0 as already found for the subluminal case in Fig. 6.8. More

importantly, in this case we found that the divergence exists also when

approaching the condition ω� = 0 from negative frequencies, i.e.,

lim
ω�→0±

R = 1. (6.15)

This thus further corroborates the interpretation presented so far, accord-

ing to which spontaneous Hawking-like emission may more likely be de-

tected close to the region of maximum gain, i.e. close to the PH condition.

These results are part of a work not yet completed and numerical studies

in this direction are still in progress. We recall that, strictly speaking, a

“group” horizon does not exist in the superluminal case. Therefore, it is

still an open question whether this can be called Hawking radiation or
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not. Nevertheless, these preliminary studies have provided a secondary,

yet surprising, outcome: contrary to the subluminal case, here a blocking

horizon is not really required in order to have full (100%) conversion from

the input to the output modes.





Chapter 7

Conclusions

Laser pulses have been demonstrated in a variety of settings to generate

analogue white holes and horizons that transform light according to the

predictions of models that are derived within the context of general rel-

ativity. On the other hand, analogies between black hole kinematics and

flowing media are extending the limits of our understanding across vari-

ous disciplines, e.g. waves in fluids, acoustics and optics. In this thesis we

have reported on experimental evidence of Hawking-like emission at the

analogue of a white hole horizon, induced by a moving perturbation of the

refractive index (DP) [12, 13]. The spontaneous photon emission is found

to be in quantitative agreement with the Hawking model, although there

is an ongoing discussion regarding the precise origin of the emission, es-

pecially for the superluminal Bessel filament case [87, 88, 89]. Here we

provided also a naive interpretation for the superluminal dispersion land-

scape, corroborated by preliminary one-dimensional numerical results. We

moreover numerically verify important theoretical predictions such as mode

conversion from positive to negative-frequencies wave and thermality of the

stimulated Hawking emission (SHE) with a temperature which is in close

agreement with our perturbative model.

From a purely optical point of view, we have shown that phenomena

arising from the curved space-time metric induced by the moving DP may

as well be interpreted as linear scattering events within the context of the

“revisited” first Born approximation. We indeed extended the theory in

order to include the possibility of scattering also on the negative-frequency

branch of the material dispersion relation. This powerful tool allows us
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to directly predict the existence of the so-called negative-frequency reso-

nant radiation (NRR) alongside the usual RR peak, which is well known in

literature to arise from the soliton resonant shedding of light towards the

blue-shifted normal GVD spectral region. Moreover, we found that cou-

pling among positive and negative frequencies leads to amplification (at

the expense of the DP) of the output photon numbers, as predicted in the

analogue context for the norms of the positive (P) and negative (N) modes,

i.e.,

|P|2 − |N|2 = 1 ⇒ |P|2 + |N|2 > 1.

In the optical context, this has been mathematically derived from a Manley-

Rowe relation, generalized to the case of a moving DP,

|RR|2 − |NRR|2 = 1 ⇒ |RR|2 + |NRR|2 > 1.

In the thesis we have reported on experimental [8] and numerical [7] ver-

ification of NRR generation and photon number amplification. Moreover,

in close analogy with the gravitational context, we numerically found that

maximum gain is achieved close to the zero comoving frequency, i.e. at the

phase horizon:

|RR|2 + |NRR|2 → ∞ for ω
� → 0.

For this reason, we reported also on the first experimental evidence of

resonant radiation seeded at the horizon by a long-wavelength THz probe

pulse.

Although the optical analogue is still in its infancy, technologies which

require the presence of an horizon have already been proposed. For ex-

ample, Demircan et al. have recently studied an optical transistor that

acts through a soliton-induced event horizon [108]. Moreover, the resonant

scattering mediated by a soliton-induced DP [7], or the stimulated Hawk-

ing mode conversion [13] presented here, represents a novel kind of optical

amplifier which is still awaiting a conclusive experimental demonstration.

Such an amplification mechanism could in turn lead to the first “black hole

laser”: a wave is trapped between two horizons that form a cavity and

at each reflection from the white hole horizon light is amplified through a

stimulated Hawking process with a resulting laser-like behavior [63].
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D. Papazoglou, and S. Tzortzakis, Nonlinear light-matter interaction
with femtosecond high-angle Bessel beams, Physical Review A 85,
1–6, March 2012. Cited on pages 64 and 65.

[81] P. Polesana, A. Couairon, D. Faccio, A. Parola, M. A. Porras, A. Dubietis,
A. Piskarskas, and P. Di Trapani, Observation of Conical Waves in
Focusing, Dispersive, and Dissipative Kerr Media, Phys. Rev. Lett.
99, 223902, Nov 2007. Cited on pages 64 and 71.

[82] P. Polesana, A. Dubietis, M. A. Porras, E. Kučinskas, D. Faccio, A. Coua-
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