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Abstract

This paper studies the contribution of flame annihilation events to the sound radiated by tur-
bulent, premixed flames. Previously published direct numerical simulation (DNS) datasets of
stoichiometric and lean (φ = 0.7) flames (Haghiri et al. 2018) are first examined using an effi-
cient formulation of the method of Griffiths et al. (2015) to identify the annihilation events. Four
classes of annihilation event are observed. Three of these - pocket burn-out, tunnel closure and
tunnel formation - were defined by Griffiths et al. A ‘multi-feature’ event is also defined in this
paper as any combination of the other three annihilation events occurring close enough such that
their radiated sound can be considered as originating from a single event.
Further post-processing of these stoichiometric and lean datasets shows that the fluctuations in
heat release rate associated with these 4 observed types of annihilation events are responsible
for the broadband sound radiated by both flames. This, in turn, suggests that flame annihilation
is the physical mechanism by which air-fuel ratio affects the radiated sound amplitude at high
frequencies. This result is supported by previous works which have shown that the sound radi-
ated from individual annihilation events scales with the laminar flame speed and the temperature
ratio.
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1. Introduction

Commercial and regulatory requirements continue to demand increased efficiency and re-
duced emissions from gas turbines. Lean premixed combustion is a means of achieving these
goals. However, combustors operating under lean premixed conditions are susceptible to so-
called ‘thermo-acoustic instabilities’, which is an unstable coupling between the flame and the
combustor acoustics [1–3]. One mechanism that leads to this coupling involves sound gener-
ation by the flame only, referred to as ‘direct combustion noise’ [4–9]. Therefore, achieving
a better understanding of the sound production by premixed flames is important for mitigating
these instabilities.

Early studies on combustion noise appeared in the 1960’s and involved experimental and the-
oretical investigations. Various authors [10–13] suggested that the main source of noise in open
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premixed, turbulent flames were monopolar sources inside the reaction zone. The experimen-
tal study of Smith & Kilham [11] revealed the broadband nature of combustion noise, with the
frequency of peak amplitude and the total acoustic power depending on the inlet flow velocity,
the burner diameter and the laminar flame speed. These dependencies were confirmed in sev-
eral subsequent studies (e.g. [14–18]), although these works proposed different scalings for the
radiated sound spectra.

The importance of heat release rate fluctuations to the sound generation process has also been
highlighted by many authors (e.g. [8, 9, 19–21]). One mechanism that may lead to rapid fluc-
tuations of the heat release rate is flame annihilation [22, 23]. When two flame surfaces collide,
the unburned gas trapped between them is rapidly consumed, resulting in quick variations of the
local heat release rate. Thomas & Williams [22] were the first to recognize that an inwardly radi-
ally propagating flame, leading to flame annihilation, produces pressure fluctuations. They also
emphasized the importance of the flame displacement speed in the sound generation process.
Several experimental studies subsequently investigated the significance of annihilation events in
the generation of sound by forced laminar premixed flames. Kidin et al. [24, 25] analyzed sound
produced by tunnels and bubbles of reactants being consumed. Both events were found to be as-
sociated with acoustic pressure peaks in the far field and Kidin’s simple theoretical model relating
annihilation to the radiated sound was reported to be in reasonable agreement with experimental
observations.

More recently, Schuller et al. [5] showed that strong variations of the flame surface area due
to annihilation events could lead to self sustained oscillations of the flame front. If the pres-
sure fluctuation produced by the annihilation event was in phase with the velocity fluctuations
at the burner’s inlet, the flame would be unstable, showing therefore their potential involve-
ment in flame instabilities. Using forced laminar premixed flames to study sound produced by
flame/plate, flame/flame and flame/vortex interactions, Candel et al. [26] then found that those
three interactions were strong sources of noise, and that mutual flame annihilation could be a
major source of noise in turbulent combustors.

Following these experimental investigations, several numerical studies on annihilation events
have since been published. Talei et al. [23, 27] analyzed the sound produced by planar, axisym-
metric and spherically symmetric flame annihilations in a one-dimensional (1-D), laminar, pre-
mixed flame. They also developed a theoretical framework for calculating the sound produced.
In subsequent studies, flame annihilation was also observed as a significant source of sound in
two-dimensional (2-D) forced laminar premixed flames [28, 29]. More recently, Haghiri et al.
[30] performed direct numerical simulation (DNS) of sound generation by turbulent premixed
flames with equivalence ratios of φ = 1.0 and φ = 0.7. They confirmed that annihilation events
were a significant source of noise and developed a simple model to estimate the contribution of
annihilation events to the far-field sound.

However, the simple theory of Haghiri et al. [30] did not distinguish between different types
of annihilation events and their relative contributions to the far-field noise. This study therefore
reconsiders the dataset of Haghiri et al. [30] by using the method proposed by Griffiths et al. [31]
for finding different forms of flame interaction events. We then relate these events to the overall
far-field sound produced by the flame.

2. DNS dataset

The compressible DNS used in this study was performed using a version of S3D [32] featuring
a simple chemistry scheme, referred to as S3D-SC [33–35]. This combustion solver uses an
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Quantity Units φ = 1.0 φ = 0.7
D mm 3.94 4.63
cre f m · s−1 562 560.8
ρre f kg · m−3 0.421 0.426
Tre f K 800 800

Table 1: Inlet values used for non-dimensionalisation.

8th order central differencing scheme for spatial derivatives, combined with a 6-stage, 4th order
explicit Runge-Kutta time integrator.

The DNS featured a subsonic round jet of unburned premixed mixture issuing into an open
environment of combustion products at the adiabatic flame temperature. Methane/air combustion
was considered at two different equivalence ratios (φ = 1.0 and φ = 0.7), with the reactants
preheated to 800K at 1 atm. The jet Reynolds number was equal to 5300 for both cases and a
synthetic turbulence field with a turbulence intensity of 3.7% at the jet centerline was fed into the
mean velocity field using Taylor’s hypothesis. A single step, irreversible chemistry model based
on Arrhenius’ law was used to reduce the computational cost with the fuel mass fraction Y f

defined as progress variable. The single-step model used matched several important parameters
including the laminar flame speed, the flame thickness and the temperature ratio. We refer to the
original paper from Haghiri et al. [30] for more details about the single-step chemistry model.

Dimensional quantities, represented with the superscript ‘*’ , are non-dimensionalised using
inlet values (see table 1), which are denoted by the re f subscript:

x =
x∗

D
, t =

t∗cre f

D
, u =

u∗

cre f
, ρ =

ρ∗

ρre f
,

T =
T ∗

(γ − 1)Tre f
, p =

p∗

ρre f c2
re f

, (1)

where D is the jet diameter, t is the time, c is the sound speed, u is the velocity vector, ρ is
the density, T is the temperature, γ is the heat capacity ratio (considered to be 1.4) and p is the
pressure. The spatial coordinate vector is represented as x = [x, y, z], with x, y and z denoting
the streamwise, tranverse and spanwise coordinates, respectively. In the following, subscripts in
and b correspond to dimensionless values at the inlet and in the burnt gas, respectively, and the
overline · refers to the temporal ensemble average.

The simulation was performed on a three-dimensional (3-D) structured cartesian mesh, with a
grid size in the jet region that was 14 times smaller than the laminar thermal flame thickness δth.
All non-reflecting outflow boundaries were carefully treated to avoid spurious noise reflections.
The boundary conditions were based on the so-called ‘Navier-Stokes Characteristic Boundary
Conditions’ (NSCBC) [36, 37]. Moreover, a sponge region [38] was added from x = 20 to
x = 25 to gradually damp the velocity fluctuations at the outflow boundary.

The data were collected for about 1.3 flow-through times with a sufficient time resolution for
capturing annihilation events. Table 2 summarizes the DNS parameters and a representation
of the φ = 1.0 flame with the iso-surface of maximum reaction rate can be seen in Fig. 1.
More details on the flow configuration and numerical setup can be found in the original paper of
Haghiri et al. [30].
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Parameters φ = 1.0 φ = 0.7
Domain size (Lx × Ly × Lz) 20D × 16D × 16D
Grid resolution (Nx × Ny × Nz) 2412 × 1040 × 1040
Mean inlet Mach number (M = uin/cin) 0.35 0.26
Heat release parameter (α) 0.675 0.637
Jet Reynolds number
(Re = uinD/ν) 5300 5300
Inlet turbulent intensity (u′/uin) 3.7% 3.7%
Kolmogorov scale (η) 0.014 0.014
Turbulent Reynolds number (ReT = u′lt/ν) 58.8 58.8
Thermal flame thickness (δth) 0.07 0.07
Laminar flame speed (S L) 4.22 · 10−3 3.25 · 10−3

Flow through time 57 time units 77 time units
Zeldovich number (β) 7.9 5.5
Damkohler number (Da) 8.6 3.24
Prandtl number (Pr) 0.72 0.72
Lewis number (Le) 1 1

Table 2: Parameters of the DNS dataset from Haghiri et al. [30]. All quantities are dimensionless. The streamwise
flow velocity, the sound speed, the kinematic viscosity and the integral length scale are represented by u, c, ν and lt ,
respectively.

3. Methodology

3.1. Acoustic theory

Lighthill’s acoustic analogy is commonly used to study sound generation by turbulent flows
[39]. This equation is a rearrangement of the continuity and momentum equations into a wave-
like equation as follows:

1
c2

b

∂2 p
∂t2 − ∇

2 p =
∂

∂xi∂x j
(ρuiu j − τi j) −

∂2ρe

∂t2 , (2)

where τ is the viscous stress tensor and ρe is the excess density as defined in [21] :

ρe = ρ − ρb − (p − pb)/c2
b . (3)

The right hand side of Eq. (2) can be reformulated such that the rate of change of heat release
rate ∂Q̇/∂t appears as one of the source terms. In the context of low Mach number, open, tur-
bulent premixed flames, direct combustion noise induced by ∂Q̇/∂t has been demonstrated to be
the dominant source of sound (e.g. [12, 19, 21]). This is also verified in section 4.2 of this paper
for the considered dataset. Assuming that this term is dominant we obtain,

1
c2

b

∂2 p
∂t2 − ∇

2 p ≈
γ − 1

c2
b

∂Q̇
∂t

, (4)
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Figure 1: Front and rear views of the φ = 1.0 turbulent premixed flame represented by the iso-surface of maximum
reaction rate.

The contribution of ∂Q̇/∂t to the far-field pressure fluctuations p′ can be determined numeri-
cally using a free space Green’s function,

p′(x, t) ≈
γ − 1

c2
b

Ncells∑
i=1

∂Q̇/∂t
(
xi, t −

|x−xi |

cb

)
· Vi

4π | x − xi |
, (5)

where Ncells is the total number of computational cells, and xi and Vi are the centre and volume of
the ith cell, respectively. As ∂Q̇/∂t is not explicitly computed in the DNS, an analytical expression
is derived to compute it. For unity Lewis number, Poinsot & Veynante [7] explain that

θ + Y f = 1 , (6)

where Y f is the fuel mass fraction and θ is the reduced temperature defined as θ = (T −Tin)/(Tb−
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Tin). We can therefore express the heat release rate Q̇ as

Q̇ = −∆ho
f ω̇ f = ∆ho

f

[
ρDaY f exp

(
−βY f

1 − αY f

)]
, (7)

where ω̇ f is the fuel reaction rate, ∆ho
f is the fuel’s enthalpy of formation, Da is the Damkohler

number (which corresponds to the dimensionless pre-exponential factor from the Arrhenius law),
α is the heat release rate parameter and β is the Zeldovich number. The time derivative of Q̇ can
be expressed using the chain rule,

∂Q̇
∂t

=
∂Q̇
∂ρ

∂ρ

∂t
+
∂Q̇
∂Y f

∂Y f

∂t
. (8)

The two derivatives ∂Q̇/∂ρ and ∂Q̇/∂Y f can be easily derived from Eq. (7). The two terms
∂ρ/∂t and ∂Y f /∂t are estimated using the continuity and the species equations, respectively:

∂ρ

∂t
= −∇ · (ρu) , (9)

∂Y f

∂t
= −u · ∇Y f +

1
ρ
∇ ·

(
ρD f∇Y f

)
+
ω̇ f

ρ
, (10)

where D f the mass diffusion coefficient of the fuel. Using Eq. (7) to (10), ∂Q̇/∂t is then computed
without any knowledge of the previous or next timesteps,

∂Q̇
∂t

= −
Q̇
ρ
∇ · (ρu)︸        ︷︷        ︸

I

+ f (ρ,Y f )

×

[ ω̇ f

ρ︸︷︷︸
II

−u · ∇Y f︸  ︷︷  ︸
III

+
1
ρ
∇ ·

(
ρD f∇Y f

)
︸             ︷︷             ︸

IV

]
, (11)

where

f (ρ,Y f ) = ∆ho
fρDa exp

(
−βY f

1 − αY f

) (
1 −

βY f

(1 − αY f )2

)
. (12)

Term I in Eq. (11) expresses the effect of compressibility on the rate of change of the heat
release rate. Terms from II to IV represent respectively the contribution of the reaction rate,
convection and diffusion. The term ∂Q̇/∂t can be also expressed as a function of the displacement
speed S d [40]:

∂Q̇
∂t

= −
Q̇
ρ
∇ · (ρu) − f (ρ,Y f ) (u + S dn) · ∇Y f , (13)

where n is the flame’s normal vector ∇Y f / | ∇Y f | and

S d = −
ω̇ f

ρ | ∇Y f |
−
∇ ·

(
ρD f∇Y f

)
ρ | ∇Y f |

. (14)

Equation 13 shows the potential of an increased flame displacement speed to quickly change
the heat release rate and therefore, to be a strong source of sound, as shown by several authors
(e.g [23, 26, 30]).
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3.2. Identifying flame annihilation
The method proposed by Griffiths et al. [31] is used to identify the location of annihilation

events. Considering that flame annihilation occurs when two flame surfaces collide, a critical
point in the progress variable field will be formed. The critical point, defined as the location
where the spatial gradient of the progress variable is zero, can then be used to represent an
annihilation event.

Figure 2 shows that to find critical points, we first performed a linear interpolation of the
gradient vector for each computational cell using the values at its 8 vertices. If this indicated
that a given cell contained a point with the gradient of the progress variable equalling zero, a
Newton’s optimization was performed to calculate the location of the critical points, using the
centre of the cell as the first guess. Iteration using Newton’s step formula was performed until
convergence is reached (see Appendix A for more details about the interpolation method used in
Newton’s algorithm). Once the critical point had been found, it was used only if the conditions
discussed later in section 3.3 were satisfied.

The critical points were then tracked in time in order to analyze the statistics related to
the flame annihilation events. The convection velocity at the critical points from the previous
timestep was used to estimate their current position. If any current critical points matched one of
those estimations, it was assumed that this point was the same annihilation event that had been
convected by the flow.

It should be noted that several annihilation events might occur simultaneously at different
spatial locations. The number of annihilation events occurring at a given time varied from 1 to
18, therefore resulting in a total number of events shown in table 3.

3.3. Conditioning flame annihilation events
Even though all annihilation events feature a critical point on a flame iso-surface, not all anni-

hilation events are a significant source of noise. The following conditions were therefore imposed
on the annihilation event algorithm:

1. The critical point was in a given Y f range, and

2. ∂Q̇/∂t at the critical point was following the behaviour of a normally propagating annihila-
tion event.

The first condition removed annihilation events in which their rate of change of heat release
rate was close to zero. Using 1-D laminar flame simulations of annihilation events under the
same conditions as the DNS cases, we determined the range of Y f corresponding to small values
of the ∂Q̇/∂t. A threshold of 5% of the maximum spatially integrated ∂Q̇/∂t was used. This
corresponds to Y f = [0.002, 0.35] and Y f = [0.01, 0.45] for the φ = 1 and φ = 0.7 cases,
respectively.

The second condition also removed critical points that were not associated with significant
generation of sound. An annihilation event at a constant propagation speed features a positive
∂Q̇/∂t for Y f > Y f−peak, where Y f−peak refers to the point of maximum reaction rate. Outside
this range, a negative ∂Q̇/∂t is observed. To demonstrate this, the red line in Fig. 3 denotes a
planar annihilation event at a constant propagation speed of 10S L as an example. We track all the
critical points in time and those which belong to the same event should all satisfy the following
conditions:

∂Q̇/∂t > 0, if Y f > Y f−peak and
∂Q̇/∂t < 0, if Y f < Y f−peak
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Start at first cell

Compute gradient vector at 8
surrounding nodes and linear
interpolation inside the cell

Cell contains
a zero gradient?

Move to
next cell

No

Computation of interpolation
tensor T from tri-cubic
convolution algorithm

Yes

Newton’s method step:
xi+1 = xi +H−1G using
interpolated gradient G
and Hessian matrix H

Has it converged?
No

Flame annihilation
conditions satisfied?

Yes

Track flame annihilation and
save relevant information

Yes

No

Figure 2: Flowchart for identifying flame annihilation events.

Figure 3 shows ∂Q̇/∂t at all critical points in the Y f range of interest for the φ = 1.0 flame. As
can be seen, this conditioning identifies the critical points with high values of ∂Q̇/∂t.

3.4. Topologies of annihilation events
Figure 4 shows the four different 3-D flame interaction topologies defined by Griffiths et al.

[31], namely ‘reactant pocket’, ‘tunnel formation’, ‘tunnel closure’ and ‘pocket burn-out’. The
reactant pocket features a region of burnt gas with the flame propagating outwards whereas a
pocket burn-out is a pocket of unburnt gases with the flame propagating inwards. Tunnel for-
mation occurs when a hole appears in the progress variable iso-surface due to the interaction of
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Figure 3: ∂Q̇/∂t at all critical points in the Y f range of interest for φ = 1.0. Flame annihilation events satisfying the
second ∂Q̇/∂t condition are shown with full black circles whereas the remaining events are represented by hollow white
circles. The red line represents the ∂Q̇/∂t that results from a planar annihilation at a constant propagation speed of 10S L.

Type Schematic Visualization
Eigenvalues’

signs

Reactant Pocket (RP) N\A + + +

Tunnel Formation (TF) + + -

Tunnel Closure (TC) + - -

Pocket Burn Out (PBO) - - -

Multi-features (MF)
Combination of the

above
Combination
of the above

Figure 4: Different interaction topologies.

two flame surfaces. Finally, a tunnel closure appears when a pocket of unburnt gas pinches off

from the flame, resulting in two distinct unburnt regions. These different topologies are identified
through analysis of the eigenvalues of the Hessian matrix at the critical point, as shown in Fig. 4.

Another type of interaction topology is defined in this paper when several of the canonical
topologies described earlier occurred less than two flame thicknesses apart, so that their radiated
sound can be considered as originating from a single event. This category is termed ‘multi-
feature’ interactions.

Figure 5 shows a snapshot of the stoichiometric flame as well as all four types of interaction
topologies found in the dataset, i.e. tunnel formation, tunnel closure, pocket burn-out and multi-
feature interactions. No reactant pockets were observed since in flames with a moderate level
of turbulence, reactant pockets only appear during auto-ignition events, which do not occur in a
stable premixed flame. The four topologies found in the dataset mainly destruct flame surface,
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0.4
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Figure 5: a) A snapshot of the flame and examples of b) pocket burn-out (PBO), c) tunnel closure (TC), d) tunnel
formation (TF) and e) multi-feature annihilation events (MF) for φ = 1.0. The two iso-surfaces represent the progress
variable range used in the searching algorithm.

as it will be shown in the results section, and are therefore labelled as ‘annihilation events’ in the
following. The multi-feature event shown in Fig. 5e was initiated with a tunnel formation, which
led to two tunnel closures. These closure events then resulted in formation of a separate pocket
of unburnt gas, leading to a pocket burn-out event.

3.5. Defining annihilation regions

To determine the contribution of annihilation events to the total generated sound, one needs to
define a region around a given critical point that accounts for the associated ∂Q̇/∂t. For an iso-
lated pocket burn out, a sphere with its centre located at the critical point is an obvious approach.
However, it was not straightforward to define such regions for other topologies. Acknowledging
this complexity, we therefore define the region of significant heat release around each critical
point as a sphere with 3δth diameter after significant sensitivity analysis and noting that the re-
sults presented later in this paper suggest that this is a reasonable choice. The transparent spheres
in Fig. 4 represent those regions, which are called ‘annihilation regions’ in this work.

4. Results and discussion

4.1. Dynamics of annihilation events

The location of flame annihilation events with different topologies for the φ = 1 and φ =

0.7 cases are shown in Fig. 6. This figure shows that all four types of annihilation events are
10



Type φ = 1 φ = 0.7
Pocket burn out 50 (28.5%) 67 (29%)
Tunnel closure 85 (48.6%) 115 (49.7%)
Tunnel formation 40 (22.9%) 49 (21.3%)
Multi-feature 84 157

Table 3: Number of canonical and multi-feature annihilation events per jet flow through time. The percentages take into
account the canonical events only.

Type φ = 1 φ = 0.7
Multi-feature 84 157
* Pocket burn out 37 (20.6 %) 70 (21.5 %)
* Tunnel closure 90 (50.5 %) 166 (50.8 %)
* Tunnel formation 51 (28.9 %) 90 (27.7 %)

Table 4: Composition of multi-feature annihilation events.

distributed across both the stoichiometric and lean flames. Comparison of the φ = 1 and φ = 0.7
cases shows a similar behaviour between the two flames in terms of distribution of different types
of events. Different types of events start to occur from x/L f lame = 0.2, where L f lame is the average
flame length. However, the average streamwise location of the tunnel formation events is closer
to the nozzle exit than that of the tunnel closure events. The average location of the pocket burn-
out events is observed to be further downstream. This is expected because a tunnel formation
commonly leads to one or more tunnel closures, followed by one or more pocket burn-outs, as
seen in Fig. 5e. Closer inspection of the results showed that tunnel formation→ tunnel closure
→ pocket burn-out and tunnel closure → pocket burn-out were by far the most common event
sequences. It is also interesting to note that the multi-feature events are distributed similarly for
each type.

The normalized flame displacement speed S d/S L is now computed for each annihilation event.
As the critical points result in a displacement speed singularity, the mean S d at the progress vari-
able iso-surface of maximum reaction rate in the annihilation region is computed. The resulting
histogram of the mean S d/S L is shown in Fig. 7, showing that the displacement speed is com-
monly an order of magnitude larger than the laminar flame speed. As shown by Eq. (5) and Eq.
(13) and discussed later, large flame displacement speeds will result in rapid fluctuations of the
heat release rate and, therefore significant pressure fluctuations.

Table 3 shows the number of annihilation events, classified by their topology, per jet flow
through time for the φ = 1.0 and φ = 0.7 cases. The percentages shown in brackets represent
the relative frequency of each canonical event type. Tunnel closures and multi-feature events
occur more frequently while pocket burn-outs and tunnel formations are less frequent. Closer
inspection of multi-feature events indicate that they most commonly include either a combination
of a tunnel formation and a tunnel closure or a tunnel closure and a pocket burn-out (Table 4).
All annihilation events are also more common in the φ = 0.7 case. This is perhaps surprising
since the flames have the same Reynolds number and turbulent Reynolds number (table 2), and is
likely due to the lean flame having a more wrinkled flame surface due to weaker relaminarisation
associated with its lower flame temperature.
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Figure 6: Location of flame annihilation events for pocket burn-outs (full circle), tunnel closures (hollow circle), tunnel
formations (full square) and multi-feature events (hollow square) in the φ = 1.0 (top) and φ = 0.7 (bottom) flames. The
dashed lines represent the average streamwise location of the events.

The ensemble averaged pressure fluctuations for the three canonical types of annihilation event
at their critical points are plotted in Fig. 8. The reference pressure was chosen when the inte-
gral of ∂Q̇/∂t in the annihilation region was equal to zero. The pocket burn out (black circles)
and tunnel closure (white circles) events exhibit similar pressure fluctuations. The pressure fluc-
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Figure 7: Histogram of the mean normalized flame displacement speed occurring in annihilation regions for φ = 1 (top)
and φ = 0.7 (bottom).

tuations associated with tunnel formation (black squares) events feature a positive bias but the
peak-to-peak amplitude is similar to the other two. Overall, different annihilation event types
show similarity in terms of time scale and amplitude for a given equivalence ratio. This has
implications for modelling flame interactions and suggests that the different topologies behave
similarly in producing sound. This therefore supports the idea of the simple model proposed
previously by Haghiri et al. [30], where all annihilation events were approximated as spherically
symmetric.

A comparison between the φ = 1.0 and φ = 0.7 results shows a strong similarity, again
implying a universality of flame annihilation behaviour. Note however that Figs. 8a and 8b have
different scales. The φ = 0.7 annihilation events have a smaller amplitude and occur over a
longer period. This behaviour is likely the result of the lower S L (and therefore lower S d) in lean
combustion compared with that in stoichiometric combustion. This is supported by Eq. (13) and
the scaling from Talei et al. [23], who found that the sound amplitude produced by a spherically
symmetric annihilation event is proportional to S 2

L.

The ensemble averaged integral of ∂Q̇/∂t in the annihilation regions for different canonical
event types is shown in Fig. 9. The integrated ∂Q̇/∂t again shows a weak dependence on to the
event type, consistent with the observation in Fig. 8 and giving further evidence that a simplified
approach to modelling the sound generation process is justified.
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Figure 8: Temporal evolution of ensemble averaged pressure fluctuations at the critical points for pocket burn out events
(black circles), tunnel closures (white circles) and tunnel formations (dark squares) for φ = 1 (top) and φ = 0.7 (bottom).
t = 0 corresponds to the instant when the flame iso-surfaces of maximum reaction rate collide.

4.2. Sound generation by annihilation events
Equation (5) is now used to compute the pressure fluctuations in the far field, by considering

all computational cells. This approach will determine the generated sound by the fluctuations
of heat release rate of the whole flame, i.e. the overall direct combustion noise. A second order
interpolation in time was used to compute ∂Q̇/∂t at time t − |x − xi|/cb.

The pressure fluctuations induced by ∂Q̇/∂t and the equivalent DNS results are compared in
Fig. 10. While both traces demonstrate strong correlation at location 1, the correlation weakens
as the probe is moved closer to the inlet (location 3). This shows that other phenomena, such as
inlet noise, play an important role in that region, as discussed in Haghiri et al. [30]. Nonetheless,
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Figure 10: Pressure traces at the locations [x, y, z] shown in the right panel, obtained from the DNS data (solid line) and
Eq. (5) with the whole computational domain (dashed line), for φ = 1.

combustion noise is clearly dominant when the receiver is far enough from the inlet. The same
analysis was performed on the φ = 0.7 flame and is shown in Fig. 11. The same qualitative
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Figure 11: Pressure traces at locations shown in the right panel of Fig. 10, obtained from the DNS data (solid line) and
Eq. (5) conditioned with the whole computational domain (dashed line), for φ = 0.7.

observations as those in Fig. 10 are made and therefore location 1 will be considered in the
following analysis.

Figure 12 shows the spectra of the pressure fluctuations at location 1 from the DNS and those
due to ∂Q̇/∂t in the whole computational domain. The spectra were computed using 3 tapered
cosine windows with a 50% overlap. The non-dimensional time interval ∆t was equal to 0.1
and each window had a length of 25 time units (N = 250 samples) and 40 time units (N = 400
samples) for the stoichiometric and lean cases, respectively. The associated frequency range was
therefore [S tmin ; S tmax] = [ fmin ; fmax]*D/uin = [1/(N∆t) ; 1/(2∆t)]*D/uin. Considering the
Strouhal number being defined as S t = f D/uin, where f denotes the frequency, the range of
Strouhal numbers were therefore equal to [0.11 ; 14.3] and [0.10 ; 19.2] for the stoichiometric
and lean cases, respectively. The agreement of these two spectra to within 3dB is confirmation
that direct combustion noise via ∂Q̇/∂t dominates the sound generation process.

Figure 13 shows the sound induced by the four different types of annihilation events at location
1 defined in Fig. 10, for both equivalence ratios. In this case, Eq. (5) is used to compute the
far-field sound from the annihilation events while considering only the cells located inside the
annihilation regions. Figure 13 also shows that tunnel closures and multi-feature events are the
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Figure 12: Pressure spectra at location 1 in Fig. 10, obtained from the DNS data (solid line) and Eq. (5) with the whole
computational domain (dashed line), for φ = 1 (top) and φ = 0.7 (bottom).

dominant sources of noise whereas tunnel formation events are the weakest among all. This is
not because of the relative strength of each event type as a source of sound, as discussed earlier in
reference to Fig. 8 and 9, but because of the relative frequency of occurrence of each annihilation
event. Thus, all annihilation event topologies are important to the sound generation process and
event frequency rather than individual event strength appears important.

The overall contribution of these annihilation events to the far-field sound is now considered.
To do this, Fig. 14 compares the spectra of the sum of the pressure traces presented in Fig. 13
to those calculated using Eq. (5) and the whole computational domain. Two features of Fig.
14 are of note. First, the stoichiometric and lean spectra have similar amplitude for S t < 1,
suggesting similar low frequency flame dynamics, but increasingly differ as S t increases above
unity. Furthermore, the close agreement between the two sets of spectra for a given φ and S t > 1
is clear evidence that annihilation events are the dominant source of sound at these frequencies,
even though there is some divergence at higher St and the smallest amplitudes for the lean case.
The annihilation event timescale τ = δth/S d is taken as τ=1.5 and τ=3 for the stoichiometric and
lean cases respectively (see Fig. 8). This leads to a typical S d of 11S L and 7S L for the stoichio-
metric and lean cases, respectively. Figure 7 shows that displacement speeds of this magnitude
are common during annihilation. In addition, the aforementioned annihilation timescale equates
to Strouhal numbers S t = D/(τuin) ≈ 1. These points show that annihilation events are expected
to have a strong acoustic signature around S t = 1 and above.

17



210 220 230 240 250

p
′ P
B
O

×10
−5

-2

-1

0

1

210 220 230 240 250

p
′ T
C

×10
−5

-2

-1

0

1

210 220 230 240 250

p
′ T
F

×10
−5

-2

-1

0

1

210 220 230 240 250

p
′ M

F

×10
−5

-2

-1

0

1

a)

260 280 300 320

p
′ P
B
O

×10
−5

-2

-1

0

1

260 280 300 320

p
′ T
C

×10
−5

-2

-1

0

1

t

260 280 300 320

p
′ T
F

×10
−5

-2

-1

0

1

t

260 280 300 320

p
′ M

F

×10
−5

-2

-1

0

1

b)

Figure 13: Pressure traces at location 1 in Fig. 10 for the pocket burn-out (top left), tunnel closure (top right), tunnel
formation (bottom left) and multi-feature (bottom right) events, in the a) φ = 1.0 and b) φ = 0.7 flames.

The following scaling between the amplitude of the sound radiated by individual, canonical
annihilation events to several fundamental flame parameters [23] suggests a dependence on φ,
particularly through variations in the temperature ratio Tb/Tu, the laminar flame speed S L and
the thermal flame thickness δth,

p′ ∝ (S L)1+(n/2)
(
δth

ξ

)n/2 (
1 −

Tu

Tb

) (
Tb

Tu

)(2−n)/4

, (15)

where n = 0 for a planar case, n = 1 for an axisymmetric case, n = 2 for a spherically symmetric
case and ξ represents the distance between the annihilation event and the receiver. Thus, leaner
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Figure 14: Pressure spectra at location 1 in Fig. 10 using Eq. (5) and considering either the whole computational domain
(solid line) or the annihilation regions only (dot-dashed line) for φ = 1 (top) and φ = 0.7 (bottom).

combustion, characterized by lower S L and Tb, appears to result in a quieter flame via individual
annihilation events becoming weaker acoustic sources.

5. Conclusion

This paper studied the contribution of flame annihilation events to the sound radiated by tur-
bulent, premixed flames. Previously published direct numerical simulation (DNS) datasets of
stoichiometric and lean (φ = 0.7) flames [30] were first examined using an efficient formulation
of the method of Griffiths et al. [31] to identify the annihilation events. Four classes of annihila-
tion event were observed. Three of these - pocket burn-out, tunnel closure and tunnel formation -
were defined by Griffiths et al [31]. A ‘multi-feature’ event was also defined in this paper as any
combination of the other three annihilation events occurring close enough such that their radiated
sound can be considered as originating from a single event.

Further post-processing of these stoichiometric and lean datasets also showed that fluctuations
in the heat release rate were the dominant source of flame noise, as several other studies have
found. However, this study also showed that the fluctuations in heat release rate associated with
the 4 observed types of annihilation events were responsible for the broadband sound radiated by
both flames. This, in turn, suggested that flame annihilation is the physical mechanism by which
air-fuel ratio affects the radiated sound amplitude at high frequencies. This result was supported
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by prior works by the group [23, 28] which have shown that the sound radiated from individual,
canonical annihilation events scales with several fundamental flame parameters, in particular the
laminar flame speed and the temperature ratio.
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Appendix A. Interpolation method

In order to apply Newton’s optimization algorithm on a scalar field c, one must know the
gradient vector G and the Hessian matrix H at any point in space. When this method is applied
to a cartesian grid, an interpolation is therefore required to interpolate between different cells.
The convolution algorithm developed by Keys [41] can be used for this purpose. By using an
interpolation kernel, which must be correctly defined, the discrete data can be converted into
a continuous function. Meijering et al. [42] found the coefficients defining the best quintic
convolution kernel. Using the matrix notation, the kernel can be used to define the interpolate
value q(x) for a 1-D case:

q(x) =
1
2

XmTmiCi , (A.1)

where X is the local coordinate vector
[
1 x x2 x3 x4 x5

]
, with x between 0 and 1, Ci is the

data vector
[
c−2 c−1 c0 c1 c2 c3

]
containing values of c at x =

[
−2 −1 0 1 2 3

]
, and T is the interpolation kernel matrix:

T =
1

64



0 0 64 0 0 0
3 −38 0 38 −3 0
−12 80 −136 80 −12 0
18 −36 0 36 −18 0
−12 −19 126 −144 46 3

3 13 −54 54 −13 −3


. (A.2)

Note that Einstein summation applies in Eq. (A.1) and in the following. With this quintic
formula, the interpolant will be element of C3, ensuring continuity up to the third derivative.
Equation (A.1) can be derived to find the first and second order derivatives of q(x):

q̇(x) =
1
2

ẊmTmiCi , (A.3)

q̈(x) =
1
2

ẌmTmiCi . (A.4)
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Equation (A.1) can be extended to a 3-D case by interpolating successively in the first, second
and third dimensions, leading to the following formula:

q(x, y, z) =
1
8

XmYnZpTmiTn jTpkCi jk . (A.5)

The 3-D data tensor Ci jk contains the information of the scalar field in a volume surround-
ing the interpolated cell. The gradient vector and the Hessian matrix components can then be
computed by deriving the appropriate local coordinate vectors.
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