
This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.

IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES 1

Multimode Equivalent Network for Boxed
Multilayer Arbitrary Planar Circuits

Celia Gómez Molina , Fernando Quesada Pereira , Member, IEEE,
Alejandro Álvarez Melcón , Senior Member, IEEE, Stephan Marini , Senior Member, IEEE,

Miguel Ángel Sánchez-Soriano , Senior Member, IEEE, Vicente E. Boria , Fellow, IEEE,

and Marco Guglielmi , Life Fellow, IEEE

Abstract— The multimode equivalent network (MEN) formu-
lation has been originally developed for the efficient and accurate
analysis of waveguide devices. In this article, we extend the use of
the MEN to the analysis of zero-thickness, planar printed circuits
in a metallic enclosure. The formulation is developed for metallic
areas of arbitrary shape and includes both internal and external
ports in the transverse plane to model connections to external
components, and coaxial input/output ports. The boundary inte-
gral resonant mode expansion (BI-RME) method is used for
the analysis of the arbitrary shape metallizations. On this basis,
shielded multilayered microstrip circuits of complex geometry are
analyzed in the common frame of the MEN technique. To validate
the theoretical formulation, several boxed microstrip structures
are analyzed, including multilayered configurations with several
metallization interfaces, showing good agreement with respect to
both other commercial tools, and measurements.

Index Terms— Integral equations (IEs), method of moments
(MoM), microwave filters, monolithic microwave integrated cir-
cuits (MMICs), multimode equivalent networks (MENs), numer-
ical methods, planar junctions.

I. INTRODUCTION

CURRENTLY, computational electromagnetics (CEM)
techniques [1], [2] are widely used to save develop-

ment time and manufacturing costs in the microwave indus-
try. In this context, therefore, new more efficient numerical
methods for the design of microwave components are of
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great interest in the electromagnetics research area. A large
variety of numerical techniques have indeed been reported
in the technical literature (see [3]–[5]), and are also imple-
mented in commercial software tools such as ANSYS
high-frequency structure simulator (HFSS), CST Studio Suite,
FEST3D, or Advanced Design System (ADS). Some of these
techniques [3], [4] can perform the analysis of arbitrary
microwave structures, at the expense, most of the time, of con-
suming high computational resources. Other techniques, on the
other hand, are based on modal methods and integral equations
(IEs) [6], and can analyze a more limited variety of geometries,
but with important reduction in computational time.

The analysis of planar structures, using an electric field
IE (EFIE), has already been discussed in the past by several
authors [7]–[9]. Melcón et al. [7] analyzed boxed microwave
circuits composed of rectangular printed metallizations. In
[8], the boundary integral resonant mode expansion (BI-RME)
method was efficiently used for the analysis of planar struc-
tures with complex geometries. In [9], on the other hand, arbi-
trary geometries are treated using subsectional rooftop basis
functions, instead of entire domain basis functions as in [7] and
[8]. Finally, the analysis of open microstrip structures based on
EFIE formulations using closed-form Green’s functions, where
rooftop or piecewise-sinusoidal (PS) basis functions are used,
is treated in great detail in other related works [10]–[14].

In this context, therefore, the objective of this article is
to extend the state-of-the-art of the analysis of planar struc-
tures by discussing an alternative IE technique based on the
multimode equivalent network (MEN) formulation [15]. This
technique begins with the individual MEN characterization of
the different planar circuits (or discontinuities) that compose
the structure under study. The various MENs are then properly
combined to perform the analysis of the complete device.
For each discontinuity, the formulation starts by imposing
the corresponding boundary conditions for the electromagnetic
fields to obtain the relevant IEs. A circuit interpretation of the
solutions of the IEs leads to an equivalent network, where
all modal interactions are rigorously accounted for through a
generalized impedance coupling matrix.

The MEN technique was initially developed for the analysis
of waveguide components [16]. Its usefulness and efficiency
are shown, for instance, in [17]–[19]. The first contribution
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in the context of the MEN formulation for the analysis of
planar structures can be found in [20], where the authors
derived the electric and magnetic MEN formulations applied
to the analysis of zero-thickness metal-strip gratings seen as
obstacles or apertures, respectively. In these original formula-
tions, the structures are excited by guided modes on both sides
of the discontinuity under study. This allows the analysis of
useful zero-thickness waveguide discontinuities, and frequency
selective surfaces (FSSs) (as treated in [21]). However, these
original formulations do not include the ports in the transverse
plane that are needed for the excitation of printed microstrip
and multilayer circuits. The first works to do so with the
MEN technique, to the authors’ knowledge, are [22] and [23].
In these works, the authors derived the MEN formulation for
the analysis of multilayer planar circuits composed of rectan-
gular printed metallizations using an electric field formulation.
In addition, the formulation in [22] and [23] is still limited
to areas with a rectangular shape, where entire domain basis
functions are known analytically.

In this article, we present an extension of the method pro-
posed in [22] and [23] to the case of multilayer circuits that are
composed of printed metallic patches with arbitrary shape (like
the one shown in Fig. 1). For this purpose, the BI-RME method
[24], [25] is used to obtain the basis functions needed to solve
the IEs with complex (arbitrarily shaped) planar geometries.
Note that the BI-RME method has been previously used
in MEN formulations applied to the analysis of waveguide
discontinuities [25]. However, this is the first time that a
MEN formulation is combined with BI-RME for the analysis
of arbitrarily shaped printed metallizations in a multilayered
environment. Another important difference with respect to [22]
and [23] is that we use a magnetic field formulation to derive
the fundamental IEs. Following this approach, the unknowns
of the problem are magnetic currents defined in the aperture,
instead of the electric currents induced on the metallic areas.
This formulation, therefore, complements the one presented in
[22], and allows the analysis of complex multilayered printed
circuits by combining electric and magnetic field formulations.
The idea of combining electric and magnetic formulations
was also proposed in [20], in the context of the analysis
of zero-thickness discontinuities inside waveguides. With the
extension proposed in this article, the same concept can now be
applied to the analysis of microstrip and multilayered printed
circuits. It is also important to note that the ports modeled
in this article allows to use the MEN technique with coaxial
input/output ports, and to connect external lumped-element
components to the printed circuits being analyzed.

The main difference between the formulation that we
discuss in this article, and the EFIE techniques discussed
in [7]–[9], is that we solve the problem in the frame of the
MEN representation, so that the analysis of planar circuits
can be seamlessly integrated with the analysis of complex
waveguide structures and antennas. A further advantage of
the formulation that we propose is related to the analysis of
multilayer circuits containing several layers of metallization.
In the direct EFIE implementations discussed in [7]–[9], all
the unknowns of the problem are included in one global IE.
This can lead to matrices of very large sizes when several

Fig. 1. 2-D zero-thickness printed circuit in planar technology. The gray areas
correspond to the printed metallizations and the dark areas to the excitation
and internal ports, both placed on the transverse (z = 0) plane. The media on
both sides of the discontinuity can be different, for instance the substrate and
the air of a microstrip structure. The size of the ports along the x- and y-axes
is denoted as �x and �y, respectively.

layers are analyzed. The MEN technique that we discuss,
on the other hand, formulates one separate IE to characterize
each discontinuity with a different multimode coupling matrix.
All discontinuities are then coupled together by cascading
the different multimode impedance coupling matrices. The
result is that, instead of one large global problem, we solve a
number of smaller problems that are then properly combined
at network level.

We should emphasize that the structures addressed in
this article are classic multilayered shielded planar circuits.
However, the work in [22], together with this article, can be
considered as the first applications of the MEN technique to
the analysis of this kind of structures. The extension of the
MEN technique to more complex structures including, for
instance, anisotropic sheets, will be considered in the future
research.

This article is organized as follows. In Section II,
we describe the theoretical details of the formulation. In par-
ticular, we put special emphasis on how to integrate ports
in the transverse plane with a magnetic field formulation.
To validate the theory, numerical results for several printed
microstrip structures (including internal ports and also more
than one metallic layer) are then discussed in Section III.
Finally, the main conclusions are outlined in Section IV.

II. FORMULATION

In this section, we formulate the rigorous MEN representa-
tion of a 2-D zero-thickness obstacle consisting of arbitrarily
shaped printed metallizations (see Fig. 1). The theoretical
derivations also include internal and external lumped ports
in the transverse plane, as shown in Fig. 1 (dark areas). An
important difference with respect to [22] is that in this article,
we use the magnetic field boundary condition to derive the
basic MEN. This allows for the rigorous inclusion in the MEN
of any number of ports in the transverse plane.

For the sake of simplicity, however, just one lumped exci-
tation port is included explicitly in our formulation. The
extension to more than one port (either external, or internal for
interconnection purposes) is straightforward. It is important to
note that, from now, we use text in bold to indicate vectors
and text in bold with bars to indicate matrices.

The formulation starts by imposing the continuity of the tan-
gential components of the magnetic field H(δ)

t in the aperture
at z = 0, including the excitation contribution

H(1)
t (s) − H(2)

t (s) = z0 × Jexc(s) (1)
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where δ = 1 or δ = 2 for z < 0 or z > 0, respectively, and
s = (x, y) indicates a point in the junction cross section of
Fig. 1. In (1), the excitation port has been accounted for by
including the surface electric current density Jexc. We stress
that in this article, we use a pulse excitation model [9]. It has,
in fact, been shown that this model can correctly represent the
coaxial connectors normally used as excitation in real shielded
planar structures. A delta-gap model [26] has also been used
for this purpose. However, the difference between pulse and
a delta-gap model is that the pulse model includes also the
effect of the width (�y) along the y-axis in the excitation.
Using the pulse model, we assume to apply at the excitation
port a current I0 that is constant along the width of a pulse
function. Therefore, the resulting expression for the surface
electric current density Jexc is

Jexc(s) = −I0
1

�y

∏ (
x − x0

�x

) (
y − y0

�y

)
x0 (2)

where (x0, y0) are the coordinates of the center of the pulse
and �x and �y are the widths of the pulse in the x-axis and y-
axis, respectively (see Fig. 1). Note that since in this example
the input line is directed along the x-axis, the current exciting
the circuit only has x-component. However, the scattered
field in the aperture is modeled with all vector components.
Therefore, the induced currents in the metallizations will be
correctly modeled with all needed vector components.

The amplitude of the pulse is normalized with the factor
1/�y to ensure that the power flow Pexc defined as

Pexc = 1

2

∫
Sexc

(
Eexc × H∗

exc

) · z0 d S (3)

is equal to that associated with the equivalent transmission line
P0 defined as

P0 = 1

2
V0 I ∗

0 (4)

where V0 is the voltage across the port, and I0 is the port
current. Moreover, the integral in (3) extends to the pulse area
denoted as (Sexc = �x �y).

By using this excitation model, and the well-known modal
expansion formalism [15], (1) can be written as

+∞∑
m=1

I (1)
m h(1)

m (s) −
+∞∑
m=1

I (2)
m h(2)

m (s)

= −I0

�y

∏(
x − x0

�x

)(
y − y0

�y

)
y0 (5)

where h(δ)
m (s) represents the magnetic vector mode function

of mode m in the medium (δ), and I (δ)
m refers to the modal

currents. It is important to note that m refers to all TE and TM
modes in the rectangular waveguide of cross section (a × b)
of Fig. 1.

To continue, we now separate the modes which contribute
to the storage of energy (localized modes) from the modes
that contribute to the energy exchange between cascaded dis-
continuities (accessible modes) [27]. This is done by splitting

the infinite modal series into two terms, thus obtaining

N(1)∑
n=1

I (1)
n h(1)

n (s) −
N(2)∑
n=1

I (2)
n h(2)

n (s)

+ I0

�y

∏(
x − x0

�x

) (
y − y0

�y

)
y0

=
+∞∑

m=N(1)+1

V (1)
m

Z (1)
m

h(1)
m (s) +

+∞∑
m=N(2)+1

V (2)
m

Z (2)
m

h(2)
m (s) (6)

where N(δ) is the number of accessible modes in each region.
In (6), V (δ)

m represents the modal voltage and Z (δ)
m the

characteristic modal impedance in medium (δ). Note that, for
the sake of clarity, the subscript on the left-hand side in (6)
has been changed from m to n.

We now recognize that, since the metallic circuit is zero-
thickness, and the waveguide cross section in region (1) is
identical to the one in region (2), the magnetic vector mode

functions in region (1)
(
h(1)

m
)

are identical to the ones in region
(2)

(
h(2)

m
)
. Then, knowing that h(1)

m (s) = h(2)
m (s) = hm(s) and

V (1)
m = V (2)

m = Vm , (6) is transformed into

N∑
n=1

I n hn(s) + I0
1

�y

∏ (
x − x0

�x

) (
y − y0

�y

)
y0

=
+∞∑

m=N+1

Vm Y T
m hm(s) (7)

where I n represents the total modal current at the interface,
defined as I n = I (1)

n − I (2)
n . Also, Y T

m is the total characteristic
modal admittance defined as Y T

m = Y (1)
m + Y (2)

m , where Y (δ)
m

represents the characteristic modal admittance of mode m in
the medium (δ). Note that the number of accessible modes in
both regions are assumed to be equal, N(1) = N(2) = N ,
however, a different number of accessible modes can also be
easily considered.

To continue the formulation, we now recall the following
relation between the modal voltage Vm and the electric field
in the aperture E:

Vm =
∫

ap

[
z0 × E(s′)

] · h∗
m(s′) ds′ (8)

where the integral extends over the entire aperture (ap) at the
junction (see Fig. 1) and ds′ = dx ′ dy ′.

Due to the linearity of the problem, the unknown transverse
electric field in the aperture [z0 × E(s′)] must be linearly
proportional to the excitation, so that it can be expanded into
a sum of partial surface magnetic current densities Mn(s′) and
M0(s′) as follows:

[
z0 × E(s′)

] =
N∑

n=1

I n Mn(s′) + I0 M0(s
′) (9)

where Mn and M0 are the unknown functions of our problem.
Substituting now (9) into (8), and by using the resulting
equation in (7), we can finally obtain the fundamental IEs
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of our problem

hn(s) =
∫

ap
Mn(s′) · K(s, s′) ds′

(10)
1

�y

∏(
x − x0

�x

) (
y − y0

�y

)
y0 =

∫
ap

M0(s
′) · K(s, s′) ds′

(11)

where K(s, s′) is the kernel of the IEs

K(s, s′) =
+∞∑

m=N+1

Y T
m h∗

m(s′) hm(s). (12)

In order to increase the efficiency of this formulation, we use
the Kummer’s transformation, as already described in [28], for
the acceleration of the kernel of the IEs. Using this strategy,
the kernel is divided into static and dynamic parts. As a
result, the dynamic part, that needs to be recomputed per each
frequency point, exhibits now a faster convergence rate.

To complete the rigorous network formulation, (9) is used in
(8) to write the modal voltages in terms of the modal currents

V0 = Z0,0 I0 +
N∑

n=1

Z0,n I n (13)

Vm = Zm,0 I0 +
N∑

n=1

Zm,n I n (14)

where Z0,0, Z0,n, Zm,0, and Zm,n are the elements of the
generalized impedance coupling matrix Z that are given by

Z0,0 =
∫

ap
M0(s

′) ·
(

1

�y

∏(
x − x0

�x

) (
y − y0

�y

)
y0

)
ds′

(15)

Z0,n =
∫

ap
Mn(s′) ·

(
1

�y

∏(
x − x0

�x

) (
y − y0

�y

)
y0

)
ds′

(16)

Zm,0 =
∫

ap
M0(s

′) · h∗
m(s′) ds′ (17)

Zm,n =
∫

ap
Mn(s′) · h∗

m(s′) ds′. (18)

The resulting multimode impedance coupling matrix is of size
(N + 1) × (N + 1). We can therefore write

Z =

⎡
⎢⎢⎢⎢⎢⎢⎣

Z0,0 Z0,1 Z0,2 . Z0,N

Z1,0 Z1,1 Z1,2 . Z1,N

. . .

. . .

. . .
Z N,0 Z N,1 Z N,2 . Z N,N

⎤
⎥⎥⎥⎥⎥⎥⎦

. (19)

In network terms, we finally obtain the representation shown
in Fig. 2.

In order to solve the IEs in (10) and (11), we now
expand the unknown partial magnetic current functions Mn(s′)
and M0(s′) using the method of moments (MoM) [15]. In
particular, we use the magnetic vector mode functions in the
aperture at the plane of the junction both as basis (hB

k ) and test
(hB

i ) functions, applying the Galerkin method [15]. Following

Fig. 2. MEN (generalized Z -matrix) representation for the zero-thickness
discontinuity with arbitrarily shaped metallic areas, shown in Fig. 1, including
one port in the transverse plane.

this approach, the unknowns Mn(s′) and M0(s′) can finally
be written as:

M0(s
′) =

Nb∑
k=1

α0,k hB
k (s′); Mn(s′) =

Nb∑
k=1

αn,k hB
k (s′) (20)

where Nb is the numerical parameter that determines the num-
ber of basis and test functions used in the MoM procedure, and
α0,k and αn,k are the unknown coefficients of the expansions.

Applying the test procedure, the IEs in (10) and (11)
are finally transformed into the following system of linear
equations:

Ci,n =
Nb∑

k=1

αn,k

+∞∑
m=N+1

Y T
m Ck,m Ci,m (21a)

Ci,0 =
Nb∑

k=1

α0,k

+∞∑
m=N+1

Y T
m Ck,m Ci,m . (21b)

The coefficients Ck,m and Ci,m represent the coupling
integrals between the localized modes of the rectangular
waveguide, and the aperture modes used as basis and test
functions, respectively

Ck,m =
∫

ap
hB

k (s′) · h∗
m(s′) ds′ (22)

Ci,m =
∫

ap
hB

i (s) · hm(s) ds. (23)

The terms Ci,n are the coupling integrals between the acces-
sible modes of the rectangular waveguide and the aperture
modes used as test functions

Ci,n =
∫

ap
hB

i (s) · hn(s) ds. (24)

The term Ci,0, on the other hand, refers to the coupling integral
between the test functions and the excitation pulse

Ci,0 =
∫

ap
hB

i (s)·
(

1

�y

∏(
x − x0

�x

)(
y − y0

�y

)
y0

)
ds. (25)
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It is important to mention that, since the metallization at the
junction is arbitrarily shaped, the coupling integrals in (22),
(23), and (24), that are related to the modes in the aperture,
can conveniently be computed numerically using the BI-RME
method [24], [25]. The coupling integrals Ci,0 can then be
computed analytically using the numerical expansion in terms
of rectangular waveguide modes of the basis functions [hB

i (s)],
which are also provided by the BI-RME method. To illustrate
the procedure, let hm(s) be the rectangular waveguide modes
used to expand the arbitrary aperture modes hB

i (s). Using the
BI-RME method we obtain the following expression:

hB
i (s) =

Nk∑
m=1

Ci,m hm(s) (26)

where Ci,m are the expansion coefficients calculated by BI-
RME [the same ones as those in (23)]. According to (26),
the coupling integral in (25) can be computed as

Ci,0 =
Nk∑

m=1

Ci,m ·
∫

ap
hm(s)

·
(

1

�y

∏(
x − x0

�x

) (
y − y0

�y

)
y0

)
ds (27)

where the remaining integral is now analytical.
According to this notation, the elements of the generalized

impedance coupling matrix Z can be rewritten in a more
compact form as

Z0,0 =
Nb∑

k=1

α0,k Ck,0; Z0,n =
Nb∑

k=1

αn,k Ck,0 (28a)

Zm,0 =
Nb∑

k=1

α0,k Ck,m; Zm,n =
Nb∑

k=1

αn,k Ck,m . (28b)

Note that, with this formulation, we have imposed the
boundary conditions that the tangential magnetic field must
satisfy at the aperture using (1). The continuity of the tan-
gential components of the electric field is imposed implicitly
when the modal voltages on both sides of the discontinuity
are assumed to be equal V (1)

m = V (2)
m = Vm (see Fig. 2).

It is also important to note that the circuit in Fig. 1 is only
an example of a possible microwave circuit. The formulation
presented in this article is not restricted to any particular
shape. In fact, the shape can be arbitrarily thanks to the use
of the BI-RME method [24], [25]. In addition, we should
emphasize that the formulation we discuss is valid also for
isotropic substrates. The analysis of anisotropic substrates
would, however, require to change the kernel of the IEs.
Furthermore, the formulation is strictly valid only for zero-
thickness metallization (or in practice, for a thickness that
is much smaller than the wavelength). For thicker structures,
the formulation presented is not valid and an alternative
formulation based on thick discontinuities must be developed.

A. Application to Lossy Microstrip Circuits

In this section, the MEN formulation is particularized to the
analysis of typical shielded printed microstrip circuits. In this

Fig. 3. Schematic of the shielded microstrip printed circuit under study,
excited with two coaxial connectors.

Fig. 4. Equivalent network representation for the microstrip circuit shown
in Fig. 3 using the MEN formalism. The metallization at the interface is
characterized by its equivalent impedance coupling matrix. Just one accessible
mode is considered, which is characterized with transmission lines in the air
(la ) and dielectric (ld ) regions, terminated with the impedance Zs representing
losses in the top and bottom covers of the cavity box (see Fig. 3). The
coaxial excitations are represented by transmission lines of characteristic
impedance Z0.

case, one single metallization between two different media,
will be discussed together with two lumped ports, to represent
the coaxial input/output connectors. For this structure, region
(2) in Fig. 1 is air, while region (1) represents the dielectric
substrate. A schematic of the structure under analysis is shown
in Fig. 3. The inclusion of losses in the structure is also
discussed.

Once we have characterized the metallization at the interface
using the MEN technique, the modes in the air region (height
la) and in the substrate (height ld ) are represented with
transmission lines on both sides of the discontinuity (see
Fig. 2). As a result, the equivalent circuit of Fig. 3 becomes the
one shown in Fig. 4. As we can see in Fig. 4, the transmission
lines that represent the accessible modes are terminated by a
surface impedance Zs that models the losses in the top/bottom
covers of the shielding cavity [29]. Thus, Zs can be zero
for a perfect electric conductor (PEC) box, or, if the box is
considered to be lossy, it can be computed with

Zs = (1 + j)

√
wμ

2σbox
. (29)

In this expression σbox is the finite conductivity of the metallic
shielding box. Moreover, w is the angular frequency and μ is
the permeability.

In addition, losses in the substrate [region (1)] can be taken
into account by using a complex propagation constant in the
transmission line model of each mode

γ (1)
m =

√
k2

cm − k2
0 ε′ (1 − j tan δ) = α

(1)
dm

+ jβ(1)
m (30)
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where kcm is the cutoff wavenumber of the mode m and k0 is
the free space wavenumber. In (30), the loss tangent (tan δ)
models the losses in the dielectric substrate.

Losses in the lateral metallic walls of the box can also be
considered by adding an attenuation term αcm , due to the finite
conductivity of the lateral walls of the box, to the propagation
constants of the transmission lines γ

(1)
m = α

(1)
cm + α

(1)
dm

+ jβ(1)
m .

This attenuation term can be calculated as described in [16]
for each mode propagating in the rectangular waveguide.

The last contribution to the losses in the structure of Fig. 3
is due to the printed metallizations. In [30], a formulation
was developed to account for these losses in the impedance
matrix of the discontinuity. However, in [30] the authors show
that the magnetic formulation does not offer accurate results,
while increasing the computational time. Furthermore, in most
practical microstrip circuits, the most important contributions
to the losses come from the dielectric layer(s) and from the
metallic enclosure. At the end, for an accurate prediction of
the losses, the fine tuning of the various loss constants it is
almost always required. In this context, therefore, although
theoretically possible, the exact computation of the losses in
the metallization is not included in this article. The small
contribution to the total losses due to the metallic circuit(s)
can be very effectively accounted for by the losses in the
dielectric(s), and the box.

An additional very important point that must be noted is
that, in this structure, as shown in Fig. 4, we only need to
consider one accessible mode. This is because the structure
contains only one metallic interface, and therefore the connec-
tion to other MENs is not required. This approach is rigorous,
if both localized and accessible modes are loaded with the
total impedance Ztl shown in Fig. 4. As a result, the mesh
equations for the equivalent network of Fig. 4 are written in
matrix form as⎡

⎣ Vp1
Vp2
V1

⎤
⎦ =

⎡
⎣ Z p1,p1 Z p1,p2 Z p1,1

Z p2,p1 Z p2,p2 Z p2,1
Z1,p1 Z1,p2 Z1,1

⎤
⎦ .

⎡
⎣ Ip1

Ip2

I 1

⎤
⎦ (31)

where only the interactions between the transversal ports P1
and P2 and the first accessible mode are considered. Recall
that, for this structure, the input/output coaxial transitions,
shown in Fig. 3, are represented by the pulse excitations and
the transmission line ports of characteristic impedance Z0
shown in the equivalent network of Fig. 4.

To obtain the S-parameters from the equivalent network in
Fig. 4, one of the pulse ports is loaded with the port impedance
(usually Z0 = 50 	), and the other one is taken as the
excitation. Since the equivalent impedance coupling matrix Z
relates the voltages and the currents in the network ports, as
shown in (31), we can solve the system to obtain the input
admittance in the excitation port (Yin = Ip1/Vp1), and the
transadmittance between the input and output ports, P1 and
P2 (Ytran = Ip2/Vp1). With this information, the S-parameters
can be calculated as

S11 = 1 − Z0Yin

1 + Z0Yin
(32)

S21 = Ytran
(−2Z0)

1 + Z0Yin
. (33)

Fig. 5. Circuit containing two metallic interfaces and three dielectric
substrates, excited with two coaxial connectors in the lower metallization
level.

Fig. 6. MEN of the multilayer geometry in Fig. 5.

B. Application to Multilayer Structures

In this section, we illustrate the use of the MEN formulation
described in Section II-A to analyze boxed planar circuits that
are composed of two metallic interfaces and three dielectric
substrates, as the one shown in Fig. 5. Following the same
strategy, the extension to an arbitrary number of dielectric and
circuit layers is straightforward.

As in [23], the idea is to analyze separately all the pla-
nar discontinuities (metallic interfaces) of the circuit under
study, using the formulation that we described. Once the
different individual equivalent networks are computed, they
can be simply cascaded as shown in Fig. 6. In this network,
the transmission lines represent the accessible modes in each
dielectric layer. The impedance coupling matrices represent
the different printed metallic circuits shown in Fig. 5. As we
can see, two coaxial connectors are used as input and output
ports. The connectors are modeled by two transverse ports
P1 and P2 in the first equivalent network shown in Fig. 6
(lower planar circuit). Again, as we can see, the top and bottom
covers of the box are modeled by terminating the transmission
lines representing substrates 1 (h1, εr1) and 3 (h3, εr3) with
a surface impedance Zs . As in Section II-A, this impedance
models the losses in the top and bottom covers of the box,
and is computed using (29).

Note that in our formulation we use TE and TM modes
which are transverse with respect to the axis perpendicular to
the dielectric layers (z-axis in Fig. 5). These modes do not
couple at the interface between two different dielectric layers.
Therefore, if no metallic obstacle is present at a dielectric
interface, there are no coupling effects between the modes at
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Fig. 7. Lowpass microstrip filter under study. The dimensions are in mm.
The dimensions of the shielding box are: a × b = 67.5 mm × 67.5 mm.
With respect to Fig. 3, the value of la is 9.83 mm. The dielectric relative
permittivity is εr = 2.33 and the substrate thickness is ld = 1.57 mm. The
filter is centered in the box.

the interface. This situation is easily tackled in the network
of Fig. 6 by just connecting, to each accessible mode, a new
transmission line with the constitutive parameters of the new
medium.

Once we have characterized the complete circuit with the
network in Fig. 6, the S-parameters are computed by using one
of the transverse port as excitation, and loading the other one
with the reference impedance of the port (Z0 = 50 	). The
total matrix (Z

T
) that models the complete problem can then

be written in terms of the following voltage–current relation:⎡
⎢⎢⎢⎢⎢⎢⎣

Vp1
0
0
.
.
0

⎤
⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

Z T
p1,p1 Z T

p1,p2 Z T
p1,1 . Z T

p1,N
Z T

p2,p1 Z T
p2,p2 Z T

p2,1 . Z T
p2,N

Z T
1,p1 Z T

1,p2 Z T
1,1 . Z T

1,N
. . . .
. . .

Z T
N,p1 Z T

N,p2 Z T
N,1 . Z T

N,N

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎣

Ip1
Ip2

I (1)
1
.
.

I
′(2)
N

⎤
⎥⎥⎥⎥⎥⎥⎦

.

(34)

This system relates the external voltages (Vn and V ′
n) and

the port voltages (Vp1 and Vp2) in Fig. 6 to the external

currents (I (1)
n and I

′(2)
n ) and the port currents (Ip1 and Ip2).

In (34), the external voltages have been replaced by their
corresponding voltage–current relations. The input admittance
(Yin = Ip1/Vp1) and the transadmittance between ports
(Ytran = Ip2/Vp1) can then be extracted by solving the system
in (34). The S-parameters are then calculated in terms of Yin
and Ytran using again (32) and (33).

III. NUMERICAL RESULTS AND APPLICATIONS

To validate the theoretical derivations, several examples
of practical microwave printed circuits are analyzed in this
section using the novel MEN formulation. The results are
compared to the simulations obtained using other commercial
software tools such as HFSS, other IE formulations [23] and
real measurements from the prototypes.

The first example consists of a stepped-impedance lowpass
filter implemented in microstrip technology, first presented
in [31]. The structure of the filter under analysis is shown
in Fig. 7. The dark areas correspond to the lumped ports. In
Fig. 8 we show the filter response calculated with the MEN
formulation proposed in this article. In the same figure, the

Fig. 8. Scattering parameters magnitude of the lowpass filter in Fig. 7
computed using the novel formulation, using a finite elements based electro-
magnetic analysis tool (HFSS), and compared to the measured response.

results obtained with a commercial software tool (HFSS) and
the measured results are also reported.

As we can see, the MEN results are in good agreement with
the response provided by HFSS, and also with measurements.
To obtain this result, we have used 4000 terms in the kernel
(3900 in the static part and 100 in the dynamic part of
the kernel [28]). Furthermore, 600 basis and test functions
(computed using the BI-RME method) have been used in the
MoM-Galerkin procedure. Losses have not been included in
this MEN simulation.

From the computational point of view, we first execute
the BI-RME module to obtain the relevant coupling integrals
and then run our MEN code. It is important to note that the
static part of the kernel and the coupling integrals are not
recomputed for each frequency point during the frequency
sweep, since they are frequency-independent. For the results
presented above, using an Intel (R) Core(T M) i7-6500U CPU
at 2.50 GHz with 12 GB of RAM, the computational time
required to obtain the coupling integrals is less than 3 min.
The MEN code takes about 11.85 s for all the frequency sweep
(100 points). The computational time of HFSS to obtain the
results presented in this article is also given for completeness.
In this case, HFSS takes 9 min and 3 s to obtain the response
reported in Fig. 8.

The next example is presented in Fig. 9. This is a hairpin
microstrip bandpass filter with two excitation ports in the
transverse plane, originally proposed in [32]. Fig. 10 shows
the in-band response obtained using our formulation. In this
figure, the MEN results are compared to those obtained using
the commercial software HFSS, and the simulated results
from [32]. No losses are considered in any of the simulation
results. For this example, we used 5000 terms in the kernel
(4500 in the static part and 500 in the dynamic part of the
kernel [28]) and 310 basis and test functions in the MoM-
Galerkin procedure. The computational time required for the
MEN simulation is about 6.08 s (200 frequency points). It is
important to mention that to obtain accurate results with HFSS,
we need to use, in this case, a selectively refined mesh around
the critical gaps. This increases to more than 30 min the
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Fig. 9. Hairpin microstrip bandpass filter geometry under study. The
dimensions are in mm. The dimensions of the shielding box are: a × b =
31.2 mm × 30 mm. With respect to Fig. 3, the value of la is 3.73 mm. The
dielectric relative permittivity is εr = 6.15 and the substrate thickness is
ld = 1.27 mm. The filter is centered in the box.

Fig. 10. In-band S-parameters magnitude of the hairpin bandpass filter
shown in Fig. 9, using the proposed MEN formulation, and using both the
electromagnetic analysis tool HFSS and results reported in [32].

computational time required by HFSS to obtain the results
presented in Fig. 10. Additionally, Fig. 11 shows the out-
of-band response of this filter. As we can see, in both the
in-band and out-of-band simulations, the MEN results show
good agreement with respect to HFSS and the simulation data
reported in [32].

The third example is the analysis of a dual-mode microstrip
filter, first presented in [33]. The geometry of the microstrip
circuit with the excitation port locations (dark areas) is shown
in Fig. 12. In Fig. 13, we present the passband response
obtained using our MEN formulation. In this case, losses are
included in the MEN analysis. Details of the insertion losses
in the passband are shown in the inset of Fig. 13, giving IL=
0.79 dB. In particular, the following values have been used for
modeling the losses: tan δ = 0.0047 and σbox = 3.8 · 107 S/m.
The response obtained is compared to the HFSS response and
also to the simulations and measurements reported in [33].
The simulations reported in [33] have been obtained using the
commercially available full-wave electromagnetic simulator
Sonnet. As it is reported in [33], all the simulations are
normalized in the frequency axis using f0 = 1.07 GHz (design

Fig. 11. Out-of-band S-parameters magnitude of the hairpin bandpass filter
shown in Fig. 9, using the proposed MEN formulation and the electromagnetic
analysis tool HFSS.

Fig. 12. Dual-mode microstrip bandpass filter under study. The dimensions
are in mm. The dimensions of the shielding box are: a×b = 25 mm × 20 mm.
With respect to Fig. 3, the value of la is 8.73 mm. The dielectric relative
permittivity is εr = 10.8 and the substrate thickness is ld = 1.27 mm. The
filter is centered in the box.

center frequency) and the measurements are normalized using
f0 = 0.9975 GHz (measured center frequency).

To obtain the in-band response, 4000 terms have been
used in the kernel (3700 in the static part and 300 in
the dynamic part of the kernel [28]). In the MoM-Galerkin
method, 450 basis and test functions (computed using the
BI-RME method) have been used. The computational time
required to obtain the coupling integrals is less than 6 min.
The MEN code takes about 11.41 s for the complete frequency
sweep (120 points). To obtain the results presented in Fig. 13,
HFSS takes 23 min and 6 s. Finally, the out-of-band response
is shown in Fig. 14, where the results obtained using the MEN
technique are also compared to the HFSS response and the
data from [33]. As we can see, the results are also in good
agreement with respect to the theoretical and experimental data
retrieved from [33].

The fourth example is the Wilkinson power divider shown
in Fig. 15. This circuit has been chosen to validate the for-
mulation for devices containing internal ports. In this circuit,
the resistor R is modeled as an internal port (hatched area)
with reference impedance equal to Z p = R = 2 Z0 = 100 	.
In addition, three external pulses (dark areas) are included to
model the three external ports (Ports 1–3) of the power divider.

In Fig. 16, we show the response of the structure obtained
using our MEN formulation and we compare it to the HFSS
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Fig. 13. In-band S-parameters magnitude of the dual-mode bandpass filter
shown in Fig. 12, using the proposed lossy MEN formulation, and the
electromagnetic analysis tool HFSS. Results of simulations (using Sonnet)
and measurements from [33] are also included.

Fig. 14. Out-of-band S-parameters magnitude of the dual-mode bandpass
filter shown in Fig. 12, using the proposed lossy MEN formulation, and the
electromagnetic analysis tool HFSS. Results of simulations (using Sonnet),
and measurements from [33] are also included.

Fig. 15. Wilkinson power divider in microstrip technology. The dimensions
are in mm. The dimensions of the shielding box are: a×b = 30 mm × 16 mm.
The value of la in Fig. 3 is 3 mm. The dielectric relative permittivity is εr = 4
and the substrate thickness is ld = 1.2 mm. The divider is centered in the
box.

results when the divider is excited through Port 1. As we
can see, the S-parameters obtained are in good agreement
with the HFSS simulation. At the design frequency, half of
the input power goes to Port 2 (|S21| ≈ −3 dB) while the
other half goes to Port 3 (|S31| ≈ −3 dB). Port 1 exhibits
good matching (|S11| < −20 dB). In this case, the resistor is
not influencing the response. To further validate the internal

Fig. 16. S-parameters magnitude of the power divider, shown in Fig. 15,
using the proposed MEN formulation and the commercial software HFSS.
The excitation is through Port 1.

Fig. 17. S-parameters magnitude of the power divider, shown in Fig. 15,
using the proposed MEN formulation and the commercial software HFSS.
The excitation is through Port 2.

port performance, in Fig. 17 we show the response obtained
using the MEN formulation and we compare it to the HFSS
results, when the structure is excited through Port 2. As
we can see, good agreement between our results and the
HFSS results is obtained also in this case. From Fig. 17,
we can verify the good performance of the internal port (used
to connect the resistor), since half of the power goes from
Port 2 to Port 1 (|S12| ≈ −3 dB) and Port 3 remains isolated
(|S32| < −37 dB). Additionally, the resistor dissipates half of
the power, since Port 2 remains with good matching levels
(|S22| < −20 dB).

In the last test, we show how the internal port behaves when
the value of the resistor is changed from the ideal nominal
value of R = 100 	, to a much lower value R = 10 	.
As we can see from Fig. 18, in this situation, Port 3 is not
isolated anymore, and Port 2 exhibits poor matching. Again,
the MEN results are in good agreement with the commercial
software tool HFSS. In particular, our formulation correctly
predicts a drop in the matching level of Port 2 and in the
isolation to Port 3, giving |S22| = |S32| = −7.61 dB at the
design frequency. The same values are also predicted by the
commercial tool HFSS.

To obtain the responses reported in Figs. 16–18, 4000 terms
have been used in the kernel (3900 in the static part and 100
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Fig. 18. S-parameters magnitude of the power divider, shown in Fig. 15,
when the internal resistor has R = 10 	. The simulations are obtained using
the MEN formulation and the commercial software HFSS. The excitation is
through Port 2.

in the dynamic part of the kernel [28]). In the MoM-Galerkin
procedure, 350 basis and test functions (computed using
the BI-RME method) have been used. The computational
time required to obtain the coupling integrals is less than 4
min. The MEN code takes about 4.54 s to obtain the results
in Figs. 16 and 17 (for 100 frequency points) and the same
computational time for the results in Fig. 18. The coupling
integrals do not have to be recomputed for the second case
(R = 10 	) since the metallization has not changed as
compared to the first case (R = 100 	). HFSS takes about
10 min to obtain the results in Figs. 16 and 17 and the same
time to obtain the results in Fig. 18.

It is important to mention that, for the four examples
discussed so far, only one accessible mode is required to
solve the problem, since all structures contain only one
discontinuity in the transverse plane (only one metallic
circuit, including the two input and output ports). Besides the
advantages discussed in this article, we should remark that
the analysis of structures with very thin dielectric layers and
several metallization interfaces in close proximity, will require
more computational effort. In the case of the MEN technique
discussed in this article, this situation will require the use of
more accessible modes in the equivalent network, to correctly
characterize the energy exchange process between closely
spaced discontinuities. The use of more accessible modes
will increase the size of the final matrix, and consequently
the time required to solve large systems of linear equations
will be also higher. This increase in computational time will
be evident in the examples that are discussed next.

The last example consists of a microwave resonator with
direct input and output coupling, implemented through a
multilayer stack as shown in Fig. 5. The circuit is composed
of three dielectric layers and two metallic interfaces (the
microstrip circuits). In this section, we discuss three different
implementations of this filter. The first implementation is
based on rectangular metallizations. The layout of the two
metallic interfaces is shown in Fig. 19. The first (lower) level
contains the input and output microstrip lines. The second
level contains a rectangular microstrip resonator. This mul-
tilayer implementation allows for a direct capacitive coupling

Fig. 19. First implementation of a microwave resonator with direct
input/output coupling, using two metallization interfaces. The dimensions
are in mm. Gray areas are the metallizations while dark areas represent the
excitation ports. The width of all lines is 1.49 mm. The dimensions of the
shielding box are a×b = 40 mm × 20 mm. With respect to Fig. 5, the heights
of the dielectric layers are: h1 = h2 = h3 = 5 mm. The relative dielectric
permittivities of the substrates are: εr1 = εr3 = 2.33 and εr2 = 1.07.

Fig. 20. S-parameter magnitude of the rectangular microwave resonator of
Fig. 19, obtained using the our formulation, compared with the results obtained
using the formulation reported in [23], and to the simulation results obtained
with HFSS.

between input and output ports (P1-P2 coupling), so that one
transmission zero (TZ) appears above the passband. Again,
the structure is completely shielded, and the excitations are the
two lateral coaxial connectors (see Fig. 5) that are modeled
with pulse ports (dark areas in Fig. 19).

The performance of the filter, obtained using our MEN
formulation, is presented in Fig. 20. In this figure, we compare
the results with the full-wave simulation using the electric
MEN formulation reported in [23], and the results from HFSS.
As we can see, the simulated S-parameters are in good agree-
ment with the results obtained using the commercial software
HFSS. Also, the response is similar to the one obtained using
the electric multilayer MEN formulation described in [23],
although with a slight frequency shift.

Another possible implementation of the structure is using an
elliptical resonator, as shown in Fig. 21. In this case, since the
resonator is not rectangular, the analysis cannot be performed
using the electric MEN technique described in [22] and [23]
or the direct EFIE formulation proposed in [7]. However, this
analysis can still be carried out using the MEN formulation
proposed in this article. The MEN results are compared to
HFSS simulations in Fig. 22. As we can see, good agreement
between the MEN simulation and HFSS results is obtained
also in this case. The resonator in Fig. 21 has been tuned
so that its response is similar to the rectangular resonator of
Fig. 19.
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TABLE I

NUMERICAL PARAMETERS AND COMPUTATIONAL TIME REQUIRED BY ALL THE MICROWAVE COMPONENTS ANALYZED IN THIS ARTICLE. N IS THE
NUMBER OF ACCESSIBLE MODES AND Nb REPRESENTS THE NUMBER OF BASIS/TEST FUNCTIONS USED IN THE MOM-GALERKIN PROCEDURE.

Fig. 21. Second implementation of a microwave resonator with direct
input/output coupling, using two metallizations. In this case, an elliptic
resonator is used in the second metallization level. The dimensions are in mm.
The width of the rectangular input/output lines is 1.49 mm. The dimensions
of the shielding box are a × b = 40 mm × 20 mm. With respect to Fig. 5,
h1 = h3 = 5 mm and h2 = 6.52 mm. The relative dielectric permittivities of
the substrates are εr1 = 2.33, εr2 = 1.07, and εr3 = 4.

Fig. 22. S-parameter magnitude of the elliptic microwave resonator of
Fig. 21, obtained using the presented formulation and compared to the
simulation results obtained with the commercial tool HFSS.

As discussed before, these two implementations have a
TZ above the passband due to the direct capacitive coupling
between input and output ports (P1-P2). If the TZ is required
to be below the passband, the sign of the direct coupling
P1-P2 should be changed. This can be implemented through
a direct inductive coupling between the ports.

The third design shows a practical implementation of this
concept (see Fig. 23). Here, we propose to use an inductor
L (connected to an internal port) between the input and the
output lines to change the sign of the direct P1-P2 coupling.
Fig. 24 shows the response obtained using our formulation.
In this figure, the MEN results are compared to those obtained
using the commercial software HFSS. As we can see, the MEN
simulation is in good agreement with respect to the analysis
performed using the commercial software HFSS. As expected,
with the inductance, the TZ is shifted below the passband. The
dimensions of the filter, given in Fig. 23, have been tuned for
the same center frequency as for the microwave resonators in

Fig. 23. Third implementation of a microwave resonator with direct
input/output coupling, using two metallization interfaces. An internal port is
used to introduce a direct inductive coupling between input/output ports. The
dimensions are in mm. The width of the input/output lines is 1.49 mm. The
internal port (hatched area) is used to connect an inductor L . The dimensions
of the shielding box are a × b = 40 mm × 20 mm. With respect to Fig. 5,
h1 = h3 = 5 mm and h2 = 7.5 mm. The relative dielectric permittivities
of the substrates are the same as in Fig. 21. The value of the inductor is
L = 25 nH.

Fig. 24. S-parameters magnitude of the elliptic microwave resonator with
inductive input/output coupling, as shown in Fig. 23, using the proposed MEN
formulation and the software tool HFSS.

Figs. 19 and 21. This example further validates the treatment
of internal ports presented in this article.

For these simulations, we have used 30 accessible modes
for the equivalent network of Fig. 6. To characterize the
two metallic interfaces, we have included 400 basis and test
functions in the MoM-Galerkin procedure, 3700 terms in the
static kernel, and 300 in the dynamic kernel. To analyze
the complete structure, the computational time required by
the MEN code for each design is about 1 min and 40 s (for
100 points in the frequency sweep). The computational time
required to obtain the coupling integrals is less than 3 min.
For each simulation of this last example, HFSS takes about
13 min using the same frequency sweep.

Finally, we summarize in Table I the simulation data
for all the examples analyzed using the MEN. With the
examples discussed in this section, the theory proposed for the
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rigorous analysis of zero-thickness printed circuits composed
of metallizations with arbitrary shape that can contain internal
and external ports has been fully validated. Structures that
contain more than one metallic level can also be efficiently
analyzed. These results also confirm once more that, although
other numerical methods are much more powerful from the
point of view of the structures they can analyze, if a modal
analysis formulation can be obtained, the computational time
required to perform the electromagnetic analysis is signif-
icantly reduced. In conclusion, in this section, we have
demonstrated that the MEN approach described in this article
for analysis of practical single-layer and multilayer shielded
printed circuits is both efficient and accurate.

IV. CONCLUSION

In this article, the applicability of the rigorous MEN tech-
nique has been extended to the analysis of planar circuits
(or discontinuities) that include arbitrarily shaped metaliza-
tions together with internal and external ports in the trans-
verse plane. Using the reported novel formulation, a very
large variety of practical single-layer and multilayer boxed
microwave printed circuits can be efficiently analyzed in the
common frame of the MEN technique. The inclusion of losses
in the structure under analysis has also been discussed. In
addition to theory, the analysis of a number of practical
planar structures has been performed, showing good agreement
with respect to other electromagnetic analysis tools, and with
measured results. The examples discussed fully validate the
theoretical formulation that we propose, and clearly confirm
the usefulness and efficiency of the novel procedure in the
analysis of real shielded planar microstrip circuits.
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