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The observation of lepton flavor violating processes at colliders could be a clear signal of a nonminimal
neutrino sector. We define a 5-parameter model with a pair of TeV fermion singlets and arbitrary mixings
with the three active neutrino flavors. Then we analyze several flavor violating transitions (l → l0γ,
l0l00l̄000, or μ − e conversions in nuclei) and Z → l̄l0 decays induced by the presence of heavy neutrinos. In
particular, we calculate all the one-loop contributions to these processes and present their analytic
expressions. We focus on the genuine effects of the heavy Majorana masses, comparing the results in that
case with the ones obtained when the two heavy neutrinos define a Dirac field. Finally, we use our results to
update the bounds on the heavy-light mixings in the neutrino sector.
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I. INTRODUCTION

In the original formulation of the standard model (SM)
[1–3], the lepton flavor and the lepton number are acci-
dentally conserved quantities due to the assumption of
massless neutrinos. However, this framework must be
extended to account for the well-established evidence of
neutrino oscillations [4–6], which implies nonzero masses
and mixings for the active neutrinos. A possible minimal
extension is the so-called νSM [7], which adds right-
handed components (gauge singlets) for the three neutrino
families and generates Dirac masses via Yukawa couplings
with the Higgs doublet, just like for all the other fermions.
In the νSM, the mixing in the leptonic sector is described by
a 3 × 3 unitary matrix called the Pontecorvo-Maki-
Nakagawa-Sakata (PMNS) matrix [8,9], analogous to the
Cabibbo-Kobayashi-Maskawa (CKM) matrix of the quark
sector [10,11]. Nevertheless, the νSM requires extremely
tiny Yukawa couplings to explain the observed masses,
which suggests that other mechanism may be at work. If, in
addition to the Dirac mass terms (mD) that combine them
with the active neutrinos, the singlets have Majorana
masses (mM) that define a new scale, then the tiny neutrino
masses appear naturally for a very large value of mM (i.e.,

mM ≫ mD). In this seesaw mechanism [12–14] the new
mass terms break lepton number. The physical states after
diagonalization of the mass matrix include light (ν) and
heavy (N) sectors of Majorana neutrinos with masses

mν ≈m2
D=mM; mN ≈mM ≫ mν: ð1Þ

Like in the νSM, in this model the mixings among the three
active families may be large, as required from oscillation
experiments, but the mixing with the heavy fields is of
order

sν ≈mD=mM ≈
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mν=mN

p
: ð2Þ

Both in the νSM and this high scale (type I) seesaw
model, the rate of lepton flavor violating (LFV) processes
at colliders is suppressed by a factor of ðmν=EÞ2, being E
the scale of the process. In the second scenario LFV can
also be mediated by the neutrinos in the heavy sector, but
the heavy-light mixing implies then a suppression of order
of ðE=mNÞ2, equally small. In particular, the LFV decays
l → l0γ, l → l0l00l̄000, and Z → l̄l0, where l;l0;…
denote the usual charged leptons (τ, μ, e) will have a
branching ratio below 10−50 [15–21]. It is then apparent
that any experimental observation of flavor violation
involving charged leptons (cLFV) would unambiguously
imply the existence of new physics at the TeV scale in an
extended neutrino sector [22–28].
Well-motivated variants of the two minimal models

described above include the inverse seesaw [29,30] or
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the linear seesaw [31]. These scenarios allow for arbitrary
masses in the heavy neutrino sector and then unsuppressed
heavy-light mixings, constrained only by the experimental
limits. They are usually known as low-scale seesawmodels,
although the masses in both sectors are not necessarily
correlated. They are justified by approximate symmetries or
some ansatz on the neutrino mass matrix that relaxes the
restriction in Eq. (2). This type of models may be adequate
in scenarios like little Higgs (the heavy Majorana in seesaw
models would introduce quadratic corrections to the Higgs
mass [32–34]), supersymmetry [35–37], TeV gravity mod-
els (with the cutoff right above that scale) [38,39], or
composite Higgs models [40]. In the next section we
present a simple model that captures all the relevant effects
that may appear in cLFV processes induced by the presence
of heavy neutrinos.
Another possibility in these scenarios that is interesting

from the phenomenological point of view is to test the
Dirac or Majorana nature of the neutrinos in the heavy
sector through lepton number (L) violating processes with
ΔL ¼ 2. Apart from the long-explored neutrinoless dou-
ble-beta decay [41,42], this has been undertaken in tau
decays τ− → lþM−

1M
−
2 (M1, M2 ¼ π, K mesons) [43–45],

meson decays Mþ
1 → lþ

1 l
þ
2 M

−
2 and hyperon decays, like

Σ− → Σþe−e−, Σ− → pμ−μ− [46,47], etc. All these studies
are based on scenarios where the new sterile Majorana
neutrinos have non-negligible mixings and some of them
require masses low enough to be produced on-shell
(resonant-enhancement).
Currently there is no evidence for cLFV, but intense

experimental efforts have provided strong limits on an
extensive list of processes; some of them are reported in
Table I. The sensitivity to these transitions will be consid-
erably improved in near-future experiments. The MEG-II
and Mu3e experiments will reach branching ratios of order
6 × 10−14 [48] and 10−16 [49] for μ → eγ and μ → eeē,
respectively, whereas the expected bounds from PRISM
and COMET will be near 10−18 [50] for μ − e (Ti)
conversion and 10−17 [51] for μ − e (Al). For the third
family, the bounds on the τ → l0γ and τ → l0l00l̄000

branching ratios could be improved by two orders of
magnitude at Belle-II when the experiment achieves its
maximum luminosity [52,53]. LHCb has already set a
stringent limit (competitive with the present ones at Belle)
of 4.6 × 10−8 [54] on the τ → μμμ̄ process. In its high-
luminosity phase the LHC is expected to improve this
bound by one order of magnitude. Additionally, the
possibility of running at the Z pole in the electron-positron
version of a Future Circular Collider (FCC-ee) [55,56] or in
the Circular Electron Positron Collider (CEPC) [57] would
improve the current limits on Z → l̄l0 by about four orders
of magnitude. Finally, the expected sensitivity of the
HL-LHC (3000 fb−1) will be around 5 × 10−4 for both
the h → eτ and h → μτ branching fractions [58].

In this work we focus on the most phenomenologically
relevant cLFV observables in the framework of low-scale
seesaw scenarios. In Sec. II we introduce a model for the
mixings of the active neutrinos with two singlet fermions
defining Majorana fields. The mass splitting between these
heavy fields parametrizes the breaking of lepton number;
when the splitting vanishes the heavy sector reduces to a
single Dirac neutrino. In Sec. III we provide detailed
expressions for the amplitudes and decay rates of the
processes under consideration. In Sec. IV we use these
observables to derive constraints on the heavy-light mixing
angles as a function of the masses of the two heavy states.
Our conclusions are given in Sec. V.

II. A MODEL FOR THE HEAVY-LIGHT
NEUTRINO MIXING

As mentioned before, in the usual type-I seesaw model
with one Majorana singlet per family the heavy-light
mixings are correlated with the neutrino masses: to obtain
mν < 1 eV with mD ≈ 1 GeV we need mM > 109 GeV,
and this implies negligible heavy-light mixings, sν < 10−9.
As it is well known by the practitioners, however, this is no
longer the case when the singlet fermions are introduced in
pairs (see [71] for a recent review). In particular, all the
heavy-light mixing effects can be captured by considering
a model with just one extra pair. Let us see how this
works.

TABLE I. Present limits and future sensitivities for the branch-
ing ratios or capture rates of several LFV processes. We denote
Z → l1l2 ≡ Z → l̄1l2 þ l1l̄2, and similarly for h decays. For a
more extensive list including hadronic modes see [59,60].

Reaction Present limit 90% C.L. Future sensitivity

μ → eγ 4.2 × 10−13 [61] 6 × 10−14 [48]
μ − e (Au) 7.0 × 10−13 [62] …
τ → eγ 3.3 × 10−8 [63] 3 × 10−9 [52]
τ → eeē 2.7 × 10−8 [64] ð2 − 5Þ × 10−10 [52]
τ → eμμ̄ 2.7 × 10−8 [64]
τ → eeμ̄ 1.5 × 10−8 [64]
μ → eeē 1.0 × 10−12 [65] 10−16 [49]
μ − e (Ti) 4.3 × 10−12 [62] 10−18 [50]
τ → μγ 4.4 × 10−8 [63] 10−9 [52]
τ → μμμ̄ 2.1 × 10−8 [64] ð2 − 5Þ × 10−10 [52]
τ → μeē 1.8 × 10−8 [64]
τ → μμē 1.7 × 10−8 [64]

Reaction Present limit 95% C.L. Future sensitivity

Z → μe 7.3 × 10−7 [66] 10−10 [55]
Z → τe 9.8 × 10−6 [67] 10−9 [55]
Z → τμ 1.2 × 10−5 [68] 10−9 [55]
h → μe 3.4 × 10−4 [69] …
h → τe 6.2 × 10−3 [70] 5 × 10−4 [58]
h → τμ 2.5 × 10−3 [70]
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We take two bispinors N and Nc of left-handed chirality
(undotted), sterile and with opposite lepton number, and
define the four-spinors

NL ¼
�
N

0

�
; NR ¼

�
0

N̄c

�
; νLi ¼

�
νi

0

�
; ð3Þ

where νi¼e;μ;τ are the SM neutrinos. After the breaking of
the electroweak symmetry the SM charged leptons get
masses through Yukawa interactions with the Higgs field;
the left-handed mass eigenstates are obtained after a unitary
transformation,

lLi ⇝
X3
j¼1

Ul
ijlLj; ð4Þ

that we also perform in the space of the three active neutrinos
νLi. Then we assume that in this basis the 5 Majorana fields
χi ¼ χLi þ χcLi with χL ≡ ðνL1; νL2; νL3; NL; Nc

RÞ have mass
terms

LM ¼ −
1

2
χcLMχL þ H:c:; ð5Þ

with

M ¼

0
BBBBBB@

0 0 0 0 m1

0 0 0 0 m2

0 0 0 0 m3

0 0 0 0 M

m1 m2 m3 M μ

1
CCCCCCA
: ð6Þ

Notice that we have ordered the fields according to their
lepton number (positive for the first four neutrinos), and that
the Majorana mass μ corresponds to the neutrino with
negative lepton number (the fifth one). The mass eigenstates
are obtained diagonalizing this symmetric matrix by an
orthogonal transformation and applying a field redefinition
(χL4 → iχL4) to guarantee real and positive mass eigenval-
ues. Three eigenvalues are zero (mχ1;2;3 ¼ 0) and the other
two are

mχ4 ¼
1

2

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4ðm2

1 þm2
2 þm2

3 þM2Þ þ μ2
q

− μ
�
; ð7Þ

mχ5 ¼
1

2

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4ðm2

1 þm2
2 þm2

3 þM2Þ þ μ2
q

þ μ
�
: ð8Þ

Defining m≡ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

1 þm2
2 þm2

3

p
and M0 ≡ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m2 þM2
p

, the
mass eigenstates are given by the replacement

χLi ⇝
X5
j¼1

Uν
ijχLj; ð9Þ

where the mixing matrix reads

Uν ¼

0
BBBBBBBBBBBBB@

− m2ffiffiffiffiffiffiffiffiffiffiffi
m2

1
þm2

2

p − m1m3

m
ffiffiffiffiffiffiffiffiffiffiffi
m2

1
þm2

2

p − m1M
mM0 −i m1mχ5

M0 ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

χ5
þM02p m1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m2
χ5
þM02p

m1ffiffiffiffiffiffiffiffiffiffiffi
m2

1
þm2

2

p − m2m3

m
ffiffiffiffiffiffiffiffiffiffiffi
m2

1
þm2

2

p − m2M
mM0 −i m2mχ5

M0 ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

χ5
þM02p m2ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m2
χ5
þM02p

0

ffiffiffiffiffiffiffiffiffiffiffi
m2

1
þm2

2

p
m − m3M

mM0 −i m3mχ5

M0 ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

χ5
þM02p m3ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m2
χ5
þM02p

0 0 m
M0 −i Mmχ5

M0 ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

χ5
þM02p M0ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m2
χ5
þM02p

0 0 0 i M0ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

χ5
þM02p mχ5ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m2
χ5
þM02p

1
CCCCCCCCCCCCCA

: ð10Þ

Several comments are in order:
(i) μ is the only mass parameter breaking lepton

number. This parameter defines the mass splitting
of the two heavy Majorana neutrinos: when μ ¼ 0
both states form a heavy Dirac neutrino singlet of
mass M0.

(ii) The two heavy neutrinos (N1;2 ≡ χ4;5) have compo-
nents of order mi=M along the corresponding active
neutrinos, where mi ¼ Yνiv=

ffiffiffi
2

p
are Dirac mass

terms coming from Yukawa couplings with the
SM Higgs doublet. If the heavy fields have TeV

masses, the heavy-light mixings can be as large as
∼0.1 for couplings of order one.

(iii) The three (mostly) active neutrinos (χ1;2;3), to be
identified with the light neutrinos (ν1;2;3) observed so
far, are exactly massless. A deformation of the
pattern in Eq. (6) with a Majorana mass μ0 for NL
(like in inverse seesawmodels) would imply that one
of these neutrinos gets a mass mν ≈ μ0ðm=MÞ2.
Since mν < 1 eV, however, the new term μ0 must
be small and have no effect on flavor physics (it does
not change the heavy-light mixings). An analogous
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argument applies to possible Dirac mass terms m0
i in

the fourth row/column.
(iv) The pattern that we propose must be understood as

approximate: these 5 entries are the dominant mass
terms, and any deformation must respect that the
third neutrino gets a mass below 1 eV (i.e., it must be
much smaller than these 5 terms). Notice also that no
symmetry protects the entries assumed to be zero,
and that loop corrections will actually introduce
contributions to all of them (see [71]). The pattern
must then be established at the loop level where we
work, which may require the addition of tree level
terms canceling radiative corrections. In particular,
large values of μ would induce 1-loop values of μ0
that must be canceled to obtain the proposed pattern.
This fine tuning disappears for μ → 0, when the
resulting pattern is justified by the conservation of
lepton number.

(v) The generation of small masses and light-light mix-
ings for the three active neutrinos would require the
addition of extra singlets. This could be accommo-
dated with the usual mechanisms (in νSM or Type I
seesawmodels) or through the deformationsdescribed
above (in inverse seesaw models). In any case, it will
not introduce sizeable heavy-light mixings.

We will trade the five arbitrary mass parameters in
Eq. (10) for the masses of the two heavy neutrinos and
three heavy-light mixings,

mN1
≡mχ4 ; mN2

≡mχ5 ; sνi ≡
miffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffimN1
mN2

p : ð11Þ

The 5 × 5 matrix Uν
ij above will introduce tree-level

charged and neutral currents involving neutrinos:

LW� ¼ −
gffiffiffi
2

p W−
μ

X3
i¼1

X5
j¼1

Bijl̄iγ
μPLχj þ H:c:; ð12Þ

LZ ¼ −
g

4cW
Zμ

X5
i;j¼1

χ̄iγ
μðCijPL − C�

ijPRÞχj; ð13Þ

LG� ¼ −
gffiffiffi
2

p
MW

G−
X3
i¼1

X5
j¼1

Bij

× l̄iðmliPL −mχjPRÞχj þ H:c:; ð14Þ

where G� is the charged would-be-Goldstone field, g is the
weak coupling constant, cW¼cosθW and PL;R¼ 1

2
ð1∓γ5Þ

are the left and right-handed projectors, respectively.
Notice that in Eq. (13), the neutral current induced by
the Majorana states involves couplings of different flavors
with both left and right-handed components.1 The

dimension of the rectangular B mixing matrix is 3 × 5,
whereas C is a 5 × 5 matrix,

Bij ¼
X3
k¼1

δikUν
kj; Cij ¼

X3
k¼1

ðUν
kiÞ�Uν

kj: ð15Þ

One can see that the elements of these matrices involving
heavy neutrinos can be expressed in terms of heavy-light
mixings and the squared mass ratio r ¼ m2

N2
=m2

N1
as

BkN1
¼ −

ir
1
4ffiffiffiffiffiffiffiffiffiffiffiffi

1þ r
1
2

p sνk ; BkN2
¼ 1ffiffiffiffiffiffiffiffiffiffiffiffi

1þ r
1
2

p sνk ; ð16Þ

CN1N1
¼ r

1
2

1þ r
1
2

X3
k¼1

s2νk ; CN2N2
¼ 1

1þ r
1
2

X3
k¼1

s2νk ;

CN1N2
¼ −CN2N1

¼ ir
1
4

1þ r
1
2

X3
k¼1

s2νk : ð17Þ

These are the same as in [19,72] up to an irrelevant global
phase for B. In addition, the matrices B and C satisfy some
identities that are essential to keep the renormalizability of
the model:

X5
k¼1

BikB�
jk ¼ δij;

X3
k¼1

B�
kiBkj ¼

X5
k¼1

CikC�
jk ¼ Cij;

X5
k¼1

BikCkj ¼ Bij; ð18Þ

X5
k¼1

mχkCikCjk ¼
X5
k¼1

mχkBikC�
kj ¼

X5
k¼1

mχkBikBjk ¼ 0:

ð19Þ

III. LFV PROCESSES

We now present the amplitudes and decays widths or
transition rates for the LFV processes l → l0γ, Z → l̄l0,
l → l0l00l̄000, and μ − e conversion in nuclei. All of them
involve the effective interaction of a neutral vector boson
with a pair of on-shell fermions, Vll0 (V ¼ γ, Z), through a
loop with Majorana neutrinos. Since theW couples only to
left-handed fields, the effective Vll0 vertices (l ≠ l0) can
be written in terms of the following form factors:

iΓγ
μðq2Þ ¼ ie½Fγ

Lðq2ÞγμPL þ i2Fγ
Mðq2ÞPRσμνqν�; ð20Þ

iΓZ
μ ðq2Þ ¼ ie½FZ

Lðq2ÞγμPL�; ð21Þ

where q is the momentum of the V boson. Actually, the
most general Lorentz structure for on-shell fermions con-
tains two additional (anapole) form factors, FS and FP.

1For the case of heavy left-handed neutrinos being sequential
Dirac (active) neutrinos, replace Bij → Uν

ij, Cij → δij, C�
ij → 0.
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However, they do not contribute when the V boson is on-
shell, due to the transversality condition qμϵμ ¼ 0. The
same happens for an off-shell V boson when the masses of
the external fermions can be neglected [73]. On the other
hand, the dipole form factors (chirality flipping) are
proportional to the external lepton masses.
In the limit q2 → 0, appropriate for l → l0γ and for the

penguin contributions to l → l0l00l̄000 and μ − e conversion
(Fig. 1), we may write:

Fγ
Lðq2Þ≡ q2A1L; Fγ

Mðq2Þ ≃ Fγ
Mð0Þ≡ml

2
A2R: ð22Þ

The vector form factor Fγ
L for an on-shell photon vanishes

by current conservation due to the electromagnetic gauge
invariance, and hence only the dipole form factor Fγ

M
contributes to l → l0γ. Then the amplitude reads:

Mðl → l0γÞ ¼ iemlA2Rūðpl0 ÞPRσ
μνqνuðplÞϵγμðqÞ; ð23Þ

where ϵγμ is the photon polarization vector and we have
neglected the mass of the lighter lepton. The partial decay
width is given by

Γðl → l0γÞ ¼ αm3
ljFγ

Mð0Þj2: ð24Þ

The Z → l̄l0 decay proceeds through the Zll0 vertex
with q2 ¼ M2

Z. Here we can take both external leptons as
massless and ignore the corresponding dipole form factor
FZ
M, hence omitted in (21). The amplitude is then given by

MðZ → l̄l0Þ ¼ eFZ
LðM2

ZÞūðpl0 ÞγμPLvðplÞϵZμ ðqÞ; ð25Þ

where ϵZμ is the Z polarization vector and the partial decay
width is

ΓðZ → l̄l0Þ ¼ α

3
MZjFZ

LðM2
ZÞj2: ð26Þ

Regarding l → l0l00l̄000, we distinguish the three types
of decays in Table II. Apart from the photon-penguin and
Z-penguin diagrams containing the effective Vll0 vertices,
these decays involve box diagrams (Fig. 1):

Mðl → l0l00l̄000Þ ¼ Mγ þMZ þMB; ð27Þ

where

Mγ ¼
e2

q2
ūðpl0 Þðq2A1LγμPL þ imlA2RPRσμνqνÞuðplÞ

× ūðpl00 Þγμvðpl000 Þ − ðl0 ↔ l00Þ; ð28Þ

MZ ¼ −
e2

M2
Z
FZ
Lð0Þūðpl0 ÞγμPLuðplÞ

× ūðpl00 ÞγμðgZLPL þ gZRPRÞvðpl000 Þ − ðl0 ↔ l00Þ;
ð29Þ

MB ¼ e2FBūðpl0 ÞγμPLuðplÞūðpl00 ÞγμPLvðpl000 Þ; ð30Þ

with gZL;R the charged lepton couplings to the Z boson in
units of e,

gZL ¼ 1

2sWcW
ð−1þ 2s2WÞ; gZR ¼ sW

cW
; ð31Þ

and the box diagrams are evaluated in the limit of zero
external momenta. Channels of type 3 receive only box
contributions, as they require two flavor-changing vertices.
We have written the vector form factor Fγ

L in terms of A1L

(22) to emphasize that the photon propagator cancels the q2

prefactor. However, the dipole form factor Fγ
M, written here

in terms of A2R (22), will introduce a logarithmic depend-
ence with the external lepton masses (they cannot be
neglected) after phase-space integration of the squared
amplitude. Notice that crossed diagrams with l0 and l00
exchanged must be added, except for channels of type 2. In
the box amplitude, the form factor FB includes the crossed
contribution thanks to a Fierz identity [see Eq. (A4) of the
Appendix A]. The expressions for the partial decay widths
of l → l0l00l̄000 as a function of A1L, A2R, FZ

Lð0Þ, and FB
are given in Appendix B.
The μ − e conversion in nuclei follows from similar

diagrams as l → l0l00l̄000 replacing the last two leptons by a
quark q ¼ u or d (Fig. 1). It involves the same photon-
penguin and Z-penguin and a couple of new box form
factors, FBu

, FBd
:

Mq
B ¼ e2FBq

ūðpμÞγμPLuðpqÞūðpeÞγμPLuðp0
qÞ: ð32Þ

FIG. 1. Generic penguin and box diagrams contributing to l →
l0l00l̄000 (f ¼ l00 ¼ l000) and μ − e conversion in nuclei
(f ¼ u, d).

TABLE II. Possible LFV l → l0l00l̄000 channels.

Type Flavors l → l0l00l̄000

1 l ≠ l0 ¼ l00 ¼ l000 μ → eeē τ → eeē τ → μμμ̄
2 l ≠ l0 ≠ l00 ¼ l000 τ → eμμ̄ τ → μeē
3 l ≠ l0 ¼ l00 ≠ l000 τ → eeμ̄ τ → μμē
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The expressions for the μ − e conversion rate in nuclei as a
function of A1L, A2R, FZ

Lð0Þ, FBu
, and FBd

are given in
Appendix C.
We have calculated in our model the one-loop contri-

butions to the form factors introduced above, in the
Feynman-’t Hooft gauge and using dimensional regulari-
zation. The effective LFV Vll0 vertex is obtained from the
diagrams of Fig. 2 supplemented by similar ones with the
W� fields replaced by the would-be-Goldstone fields G�.
The resulting photon form factors in the low q2 limit are

Fγ
Lðq2Þ ¼

αW
8πM2

W

X5
i

B�
liBl0if

γ
Lðxi; q2Þ; ð33Þ

Fγ
Mð0Þ ¼

αW
8πM2

W

ml

2

X5
i

B�
liBl0if

γ
MðxiÞ; ð34Þ

where αW ¼ α=s2W , xi ≡m2
χi=M

2
W and

fγLðx; q2Þ ¼
�
x2ðx2 − 10xþ 12Þ ln x

6ðx − 1Þ4

þ ð7x3 − x2 − 12xÞ
12ðx − 1Þ3 −

5

9

�
q2 þ 2M2

WΔϵ; ð35Þ

fγMðxÞ ¼
3x3 ln x
2ðx − 1Þ4 −

2x3 þ 5x2 − x
4ðx − 1Þ3 þ 5

6
: ð36Þ

The term Δϵ ¼ 2=ϵ − γE þ ln 4π þ lnðμ2=M2
WÞ regulates

the ultraviolet divergence in 4 − ϵ dimensions and cancels
in (33) for l ≠ l0 due to the properties of B (18). As
expected, Fγ

Lð0Þ is zero.
From (34) one may derive the contribution δa of heavy

neutrinos to the muon dipole moment anomaly, ðg − 2Þ=2.
Subtracting that of light (massless) neutrinos, it reads:

δa¼ αW
4π

m2
μ

M2
W

X5
i¼4

jBμij2
�
3x3i lnxi
2ðxi−1Þ4−

2x3i þ5x2i −xi
4ðxi−1Þ3

�
ð37Þ

that is negative, enhancing the disagreement with the
current experimental measurement [64], but anyway neg-
ligible because the prefactor is ∼4 × 10−11, jBμNi

j2 ≤ s2νμ ≲
10−3 and the absolute value of the remaining function is
smaller than 0.5.
Regarding the FZ

L form factor of the effective Zll0
vertex we find

FZ
Lðq2Þ¼

αW
8πsWcW

X5
i;j

B�
liBl0j½δijFðxi;q2Þ

þC�
ijGðxi;xj;q2ÞþCij

ffiffiffiffiffiffiffiffi
xixj

p
Hðxi;xj;q2Þ�; ð38Þ

where

Fðx; q2Þ ¼ 2c2W ½q2ðC̄1 þ C̄2 þ C̄12Þ − 6C̄00 þ 1�
− ð1 − 2s2WÞxC̄00 − 2s2WxM

2
WC̄0

þ 1

2
ð1 − 2c2WÞ½ð2þ xÞB̄1 þ 1�; ð39Þ

Gðx; y;q2Þ ¼ −q2ðC0 þ C1 þ C2 þ C12Þ þ 2C00 − 1

−
1

2
xyM2

WC0; ð40Þ

Hðx; y; q2Þ ¼ M2
WC0 þ

1

2
q2C12 − C00 þ

1

4
; ð41Þ

in full agreement with [19]. Here we have used the
following shorthand notation for the standard Passarino-
Veltman loop functions [74],

Cf0;1;2;12.00gðx; yÞ ¼ Cf0;1;2;12;00gð0; q2;0;M2
W;xM

2
W;yM

2
WÞ;
ð42Þ

C̄f0;1;2;12;00gðxÞ ¼ Cf0;1;2;12;00gð0; q2; 0; xM2
W;M

2
W;M

2
WÞ;
ð43Þ

B̄1ðxÞ ¼ B1ð0; xM2
W;M

2
WÞ; ð44Þ

defined with the same conventions as the computer pack-
ages LoopTools [75] and COLLIER [76], that we have
employed for numerical evaluations. Analytic expressions
for these functions in the low q2 limit, appropriate for the Z-
penguin contribution to l → l0l00l̄000, can be found in [72]
and have been cross-checked with the help of PACKAGE-X

[77]. They are

Fðx;0Þ¼ 5x2 lnx
2ðx−1Þ2−

5x
2ðx−1Þþ

1

4
−
�
5

2
−2s2W

�
Δϵ; ð45Þ

FIG. 2. One-loop diagrams contributing to the Vll0 vertex.
We have omitted here and elsewhere diagrams with would-be-
Goldstone fields, needed in the Feynman-’t Hooft gauge.
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Gðx; y; 0Þ ¼ 1

2ðx − yÞ
�ðy − 1Þx2 ln x

ðx − 1Þ −
ðx − 1Þy2 ln y

ðy − 1Þ
�

þ 1

2

�
Δϵ −

1

2

�
; ð46Þ

Hðx; y; 0Þ ¼ 1

4ðx − yÞ
�
xðx − 4Þ ln x

x − 1
−
yðy − 4Þ ln y

y − 1

�

−
1

4

�
Δϵ þ

1

2

�
: ð47Þ

The ultraviolet divergences cancel in (38) using the proper-
ties of the mixing matrices (18) and (19).
The box form factors are all finite. The amplitude for

l → l0l00l̄000 receives the contribution of diagrams with
explicit lepton number violating (LNV) vertices (Fig. 3). To
implement the LNV vertices we have followed the algo-
rithm in [78] that circumvents the explicit introduction of
the charge conjugation matrix in the Feynman rules and
allows to use Dirac propagators also for Majorana particles.
In particular, the diagrams on the right of Fig. 3 contain
genuine LNV contributions from Majorana particles that
should vanish if lepton number is conserved. We have
verified that this is indeed the case when the two fermion
singlets form a Dirac field, i.e., when μ ¼ 0 (r ¼ 1). The
Lorentz structure of all box diagrams can be reduced to the
form in (30) after some algebra (see Appendix A). In
agreement with [72], we find

FB ¼ αW
16πM2

Ws
2
W

×

	X5
i;j

½B�
liBl0iB�

l000jBl00j þ ðl0 ↔ l00Þ�fBd
ðxi; xjÞ

þ
X5
i;j

B�
liBl0jB�

l000iBl00jfLNVB ðxi; xjÞ


; ð48Þ

where

fBd
ðx; yÞ ¼

�
1þ xy

4

�
d̃ðx; yÞ − 2xydðx; yÞ; ð49Þ

fLNVB ðx; yÞ ¼ ffiffiffiffiffi
xy

p ½2d̃ðx; yÞ − ð4þ xyÞdðx; yÞ�; ð50Þ

and

d̃ðx; yÞ ¼ x2 ln x
ð1 − xÞ2ðy − xÞ þ

y2 ln y
ð1 − yÞ2ðx − yÞ

−
1

ð1 − xÞð1 − yÞ ; ð51Þ

dðx; yÞ ¼ x ln x
ð1 − xÞ2ðy − xÞ þ

y ln y
ð1 − yÞ2ðx − yÞ

−
1

ð1 − xÞð1 − yÞ : ð52Þ

The one-loop contributions to the box form factors of
μ − e conversion come from the diagrams in Fig. 4. We
obtain:

FBd
¼ αW

16πm2
Ws

2
W

X5
i

X3
j

B�
μiBeijVjdj2fBd

ðxi; xuj Þ; ð53Þ

FBu
¼ αW

16πm2
Ws

2
W

X5
i

X3
j

B�
μiBeijVujj2fBu

ðxi; xdj Þ; ð54Þ

where xqi ¼ m2
qi=M

2
W , Vij is the CKM matrix and

fBu
ðx; yÞ ¼ −

�
4þ xy

4

�
d̃ðx; yÞ þ 2xydðx; yÞ: ð55Þ

Neglecting all quark masses, except that of the top quark,
and defining xt ¼ m2

t =m2
W , we may write:

X3
j

jVjdj2fBd
ðxi; xuj Þ

¼ jVtdj2½fBd
ðxi; xtÞ − fBd

ðxi; 0Þ� − fBd
ðxi; 0Þ; ð56Þ

X3
j

jVujj2fBu
ðxi; xdj Þ ¼ fBu

ðxi; 0Þ: ð57Þ

In Appendix D we show how to express all these form
factors in terms of the contributions of heavy neutri-
nos only.

FIG. 3. Box diagrams contributing to l → l0l00l̄000. The dia-
gram on the right introduces explicit LNV contributions.

FIG. 4. Box diagrams contributing to μ − e conversion in
nuclei.
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IV. NUMERICAL RESULTS

Next we analyze the predictions of our model for different
values of its free parameters: the three heavy-light mixings
sνe , sνμ and sντ , the mass mN1

of the lightest heavy neutrino
and the mass ratio r ¼ m2

N2
=m2

N1
. If r ¼ 1 the two heavy

Majorana neutrinos become a single Dirac field.
In order to be consistent with perturbative unitarity, the

Yukawa couplings cannot exceed an upper limit. We will
take

Yνi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2mN1

mN2

p
v

sνi ¼
ffiffiffi
2

p

v
mN1

r1=4sνi <
ffiffiffiffiffiffi
4π

p
: ð58Þ

This means that, given mN1
and r,

sνi <

ffiffiffiffiffiffi
2π

p
v

mN1
r1=4

; ð59Þ

that constrains the mixings if mN1
r1=4 ≳ 620 GeV. In

particular, sνi < 0.12 for mN1
r1=4 ¼ 5 TeV. Given the

mixings sνi this condition also implies

mN1
r1=4 <

ffiffiffiffiffiffi
2π

p
v

maxfsνig
: ð60Þ

On the other hand, the heavy-light mixings must respect
indirect constraints. We take 2σ limits from the global fit
to electroweak precision observables and lepton flavor
conserving processes in [79], where the effects of extra
neutrinos are encoded in effective operators2:

sνe < 0.050; sνμ < 0.021; sντ < 0.075: ð61Þ

Then (60) implies that mN1
r1=4 < 8.2 TeV if all mixings

are fixed to the upper limits, but it could be larger
otherwise.

A. μ− e transitions

LFV processes involving only μ − e transitions further
constrain the masses and mixings of the heavy neutrinos in
our model. Let us first consider the case of one singlet Dirac
neutrino (mN1

¼ mN2
¼ mN). Figure 5 shows the contours

in the sνe − sνμ plane that saturate present experimental
bounds (solid lines) and the future sensitivities in Table I
(dashed lines) for mN ¼ 0.1, 5 TeV. In general the ampli-
tudes for Z → μ̄e, μ → eeē and μ − e conversion in nuclei
depend on all three heavy-light mixing angles through the
Z-penguin contribution, that involves the Cij matrix ele-
ments (17). Here we have assumed sντ ¼ 0, so the regions

below the curves in Fig. 5 enclose the most conservative
values for sνe and sνμ (i.e., a nonzero sντ would imply
stronger bounds). Actually, μ → eγ sets stringent constrains
only on the product sνesνμ ; for mN ≳ 1 TeV we find that
this process does not depend on the heavy neutrino masses
and that its branching fraction can be approximated by

BRðμ → eγÞ ≈ 3α

8π
s2νes

2
νμ ; ð62Þ

which yields the conservative direct limit:

s2νes
2
νμ < 5.1 × 10−10: ð63Þ

FIG. 5. Contour plots in the sνe − sνμ plane assuming degen-
erate heavy neutrino massesmN1

¼ mN2
¼ mN ¼ 0.1, 5 TeV that

saturate present limits (solid lines) and future sensitivities (dashed
lines) of several μ − e transitions. A conservative value sντ ¼ 0 is
assumed when needed. The black dot-dashed lines show current
indirect limits. The gray-shadowed region is beyond the pertur-
bative limit Y2

νi < 4π.

2In a recent work [80] a global fit to modified neutrino
couplings has been performed that alleviates the Cabibbo-angle
anomaly and is compatible with the bounds we use.

G. HERNÁNDEZ-TOMÉ et al. PHYS. REV. D 101, 075020 (2020)

075020-8



Figure 5 also reveals that in forthcoming experiments μ − e
(Ti) and μ → eeē will be more constraining than μ → eγ.
Another point that we would like to emphasize is that the

amplitudes for μ → eeē, μ − e conversion in nuclei and
Z → μe introduce terms of order s4νi that cannot be ignored,
since they imply a strong quadratic dependence on the
heavy neutrino masses. Indeed, these terms dominate the
amplitude when the splitting between the two heavy masses
is large. Our results differ then from those in [79], where as
a first approximation the terms proportional to s4νi are
neglected.
From a phenomenological point of view it is also

interesting to investigate whether the model can accom-
modate values of the different observables involving μ − e
transitions near the current experimental bounds. What are
the maximum values of μ → eγ, μ → eeē, μ − e (Ti) and
Z → μe consistent with all the bounds in heavy neutrino
models? To answer this question we have considered the
cases with low (r ¼ 1) and high (r ¼ 25) neutrino mass
ratio and different values of sνesνμ , mN , and sντ that respect
the indirect and perturbative limits.
In Fig. 6 we plot the ratio of the different observables to

their current bound. In general, it is μ → eγ the most
constraining process, so in the plot we set the maximum
value of sνesνμ compatible with that process and vary the
rest of the parameters. The lower (upper) curves of each
band correspond to sντ ¼ 0ðsνmax

τ
¼ 0.075Þ, whereas the

drop in the μ − e conversion amplitude at neutrino masses
≲2 TeV is due to the opposite sign in the form factors FBd

and FBu
.

We find that μ − e (Ti) may also saturate its present
bounds if the neutrino masses are large enough: mN >
5.5 TeV for a Dirac neutrino (r ¼ 1) and mN > 4.7 TeV if
r ¼ 25. In contrast, in these models the processes μ → eeē
and Z → μe cannot reach their current experimental limits
consistently with μ → eγ and μ − e (Ti) for any values of
the free parameters. We find

BRðμ → eeēÞ < 5.2 × 10−13; ð64Þ

and

BRðZ → μeÞ < 6.5 × 10−13: ð65Þ

These limits do not change for lower values of sνesνμ , so our
result implies that the observation at future experiments of
any of these processes at a rate between the current bounds
and these upper limits would exclude heavy neutrinos (both
Dirac or Majorana) as a possible explanation. Larger values
of the Majorana mass ratio r than the one shown in the
second plot of Fig. 6 would result in similar allowed
regions just cutting off the higher masses to meet the
perturbative unitarity limit.

Looking at the improvement factor of the sensitivities in
future experiments (Table I) we conclude that μ − e (Ti)
will take the lead in constraining the parameter space of our
model, rather than μ → eγ, except for a tiny region of
masses between 1.5 and 2 TeV that would be probed better
by μ → eeē.

B. τ − e transitions

The constraints on our model from current limits on LFV
τ − e transitions (Table I) turn out to be less restrictive than
those involving the first two lepton families. In Fig. 7 we
show our predictions for the maximum possible rates for

FIG. 6. Predictions normalized to current limits assuming fixed
maximum mixings smax

νe and smax
νμ compatible with μ → eγ (63)

and the indirect limits (61), for two values of the neutrino
mass-ratio r. The predictions for μ → eeē and μ − e (Ti) get
constrained to the corresponding bands whose upper (lower)
boundaries are determined by sντ ¼ 0ðsmax

ντ Þ. Higher masses are
forbidden by perturbative unitarity (60) for these mixings. The
ratio of BRðZ → μeÞ to current limits is always much smaller
than the others, below 10−6.
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several LFV τ decays consistent with current bounds from
μ → eγ and μ − e (Ti), the indirect limits (61) and pertur-
bative unitarity (60).
The maximum branching ratio for τ → eγ, independent

of heavy neutrino masses as for μ → eγ, is

BRðτ → eγÞ < 2.0 × 10−9; ð66Þ

close but still below the future sensitivity of Belle-II.
The predictions for τ → eeē and τ → eμμ̄ are very

similar because the dominant contribution comes in both
cases from the Z penguin diagram. They can reach:

BRðτ → eeēÞ < 7.3 × 10−9; ð67Þ

BRðτ → eμμ̄Þ < 6.0 × 10−9; ð68Þ

which, unlike τ → eγ, are well within the expected sensi-
tivity of Belle-II. These maximum values correspond to a
Dirac neutino singlet (r ¼ 1) with a mass just below the
perturbative limit for the largest posible mixings,
mN ¼ 8.2 TeV. For smaller masses there is room for
r > 1 that enhance the decay rates up to the upper part
of the shaded band in Fig 7.
The decay τ → eeμ̄ (double flavor change) is generated

through box diagrams only, so its amplitude is always
proportional to s2νesντsνμ and hence more suppressed than
the other channels (see lower plot of Fig. 7), with a
maximum at

BRðτ → eeμ̄Þ < 2.3 × 10−14: ð69Þ

Nevertheless, it is important to remark that this decay is
sensitive to the genuine effects of Majorana neutrinos
encoded in the LNV vertices of one of its box contributions.
Unlike the other processes, the rate of this for two non-
degenerate Majorana neutrinos can be enhanced by more
than two orders of magnitude when compared to the case of
a Dirac singlet. In fact, the maximum branching ratio above
is obtained for r ≈ 16.9 and mN1

≈ 4.1 TeV.
For Z → τe our model predicts

BRðZ → τeÞ < 6.0 × 10−8; ð70Þ

which is at the reach of future circular colliders.
Concerning the maximum values for the rates of τ − μ

transitions, we get similar results as above by exchanging e
and μ and applying some approximate correction factors. In
particular, taking the maximal possible mixings from the
indirect limits (61), the processes τ → μγ, τ → μμμ̄,
τ → μeē, and Z → τμ are suppressed by a factor of
ðsmax

νμ =smax
νe Þ2 ≈ 0.18, whereas τ → μμē is enhanced

by smax
νe =smax

νμ ≈ 2.4.

V. CONCLUSIONS

The lepton sector of the SM is still poorly known. In
particular, we do not know whether the observed neutrinos
are Dirac or Majorana particles or if the sector includes
additional fermion singlets (sterile neutrinos). These extra
neutrinos, if any, would enhance cLFV processes that are
otherwise very suppressed by the tiny masses of the
observed neutrinos.
In this work we have introduced the simplest neutrino

model that captures all the effects that are relevant to these
processes: a minimal number of Majorana neutrino fields
(three active and two sterile), two of them heavy and the
rest massless, allowing unsuppressed heavy-light mixings

FIG. 7. Maximum values of τ − e transition rates compatible
with current constraints on μ → eγ, μ − e (Ti) and the indirect
limits (61). These maximum rates get constrained to the corre-
sponding bands whose lower (upper) boundaries are determined
by r ¼ 1ðr ≫ 1Þ.
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and the possibility of LNVencoded in the mass splitting of
the heavy states (μ ¼ mN2

−mN1
¼ ð ffiffiffi

r
p

− 1ÞmN1
Þ. Larger

splittings, however, imply an increasing amount of fine
tuning required to cancel loop corrections that deform the
proposed pattern, which is only stable in the lepton number
conserving case with μ ¼ 0. In any case, only five
parameters describe the model, that are expressed in terms
of the two heavy masses and the three heavy-light mixings
(s2νk , k ¼ e, μ, τ). The model could be perturbed to account
for the extremely light neutrino masses (mνi < 1 eV) and
the observed Pontecorvo-Maki-Nakagawa-Sakata (PMNS)
mixings, but this would have no impact on cLFV.
We have explored the predictions of our model for the

most relevant reactions involving one or two flavor
changes. We have presented analytical expressions for
all of them and calculated their expected rates compatible
with present direct and indirect limits. Our computation is
exact at one loop, including all orders in the heavy-light
mixings, and the genuine Majorana effects have been
singled out. This work completes and updates previous
results and is in agreement with an effective field theory
analysis of the most general seesaw extension of the SM
[81]. We conclude that forthcoming LFV experiments will
probe a significant fraction of the parameter space of
models with heavy Majorana neutrinos.
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APPENDIX A: USEFUL IDENTITIES

In the limit of zero external momenta the Lorentz
structure of all box diagrams can be reduced to the same
form using several identities based on the decomposition in
the chiral basis of Dirac matrices, transpositions and Fierz
rearrangements:

ūðp1ÞγμγαγνPLuðpÞūðp2ÞγνγαγμPLvðp3Þ
¼ 4ūðp1ÞγμPLuðpÞūðp2ÞγμPLvðp3Þ; ðA1Þ

ūðp1ÞγμγαγνPLuðpÞūðp2ÞγμγαγνPLvðp3Þ
¼ 16ūðp1ÞγμPLuðpÞūðp2ÞγμPLvðp3Þ; ðA2Þ

ūðp3ÞγμγνPLuðpÞūðp2ÞγμγνPLvðp1Þ
¼ 4ūðp3ÞPLuðpÞūðp2ÞPRvðp1Þ
¼ −4v̄ðpÞPLvðp3Þūðp2ÞPRvðp1Þ

¼ −
1

2
v̄ðpÞγμPRvðp1Þūðp2ÞγμPLvðp3Þ

¼ −
1

2
ūðp1ÞγμPLuðpÞūðp2ÞγμPLvðp3Þ; ðA3Þ

ūðp2ÞγμPLuðpÞūðp1ÞγμPLvðp3Þ
¼ −ūðp1ÞγμPLuðpÞūðp2ÞγμPLvðp3Þ: ðA4Þ

APPENDIX B: PARTIAL DECAY WIDTHS
FOR LFV THREE-BODY DECAYS

Given the generic form factors in Eqs. (27)–(30) the
expressions for the partial widths of the three types of
decays in Table II are [82]:

Γ1 ¼
α2m5

l

96π

	
3jA1Lj2 þ 2jA2Rj2

�
8 ln

ml

ml00
− 13

�

þ 2jFLLj2 þ jFLRj2 þ
1

2
jFBj2 − ½6A1LA�

2R − FLLF�
B

− ðA1L − 2A2RÞð2F�
LL þ F�

LR þ F�
BÞ þ H:c:�



; ðB1Þ

Γ2 ¼
α2m5

l

96π

	
2jA1Lj2 þ 4jA2Rj2

�
4 ln

ml

ml00
− 7

�

þ jFLLj2 þ jFLRj2 þ jFBj2 −
�
4A1LA�

2R −
1

2
FLLF�

B

− ðA1L − 2A2RÞ
�
F�
LL þ F�

LR þ 1

2
F�
B

�
þ H:c:

�

;

ðB2Þ

Γ3 ¼
α2m5

l

192π
jFBj2; ðB3Þ

where

FLL ¼ −
FZ
Lð0ÞgZL
M2

Z
; FLR ¼ −

FZ
Lð0ÞgZR
M2

Z
: ðB4Þ

and the Z couplings gZL;R are given in Eq. (31).

APPENDIX C: THE μ− e CONVERSION RATE

In terms of the form factors in Eqs. (27), (28), (29), and
(32), the μ − e conversion rate in a nucleus with Z protons
and N ¼ A − Z neutrons is given by
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R ¼ α5Z4
eff

ΓCaptZ
F2
Pm

5
μj2ZðA1L þ A2RÞ

− ð2Z þ NÞðFu
LL þ Fu

LR þ Bu
LÞ

− ðZ þ 2NÞðFd
LL þ Fd

LR þ Bd
LÞj2; ðC1Þ

where

Fq
LL ¼ −

FZ
Lð0ÞgZLq
M2

Z
; Fq

LR ¼ −
FZ
Lð0ÞgZRq
M2

Z
; ðC2Þ

gZLu ¼
1 − 4

3
s2W

2sWcW
; gZRu ¼ −

2sW
3cW

; ðC3Þ

gZLd ¼
−1þ 2

3
s2W

2sWcW
; gZRd ¼

sW
3cW

; ðC4Þ

and the rest of the parameters are in Table III.

APPENDIX D: EXPRESSIONS IN TERMS OF
MASSIVE NEUTRINOS ONLY

Using the relations between mixings matrices (18) and
(19) with l ≠ l0, one may write the generic contributions to
all form factors in terms of massive neutrinos only,
mN1

¼ mχ4 , mN2
¼ mχ5 :

X5
i

B�
liBl0ifðxiÞ ¼

X2
i

B�
lNi

Bl0Ni
½fðxNi

Þ − fð0Þ�; ðD1Þ

X5
i;j

B�
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B�
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Þ − 2fð0; 0Þ�
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NiNj
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; xNj
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X5
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i;j

B�
lNi

Bl0Nj
δl00l000δNiNj

½fðxNi
; 0Þ − fð0; 0Þ� þ
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