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Energetic footprints of irreversibility in the
quantum regime
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In classical thermodynamic processes the unavoidable presence of irreversibility, quantified
by the entropy production, carries two energetic footprints: the reduction of extractable work
from the optimal, reversible case, and the generation of a surplus of heat that is irreversibly
dissipated to the environment. Recently it has been shown that in the quantum regime an
additional quantum irreversibility occurs that is linked to decoherence into the energy basis.
Here we employ quantum trajectories to construct distributions for classical heat and
quantum heat exchanges, and show that the heat footprint of quantum irreversibility differs
markedly from the classical case. We also quantify how quantum irreversibility reduces the
amount of work that can be extracted from a state with coherences. Our results show that
decoherence leads to both entropic and energetic footprints which both play an important
role in the optimization of controlled quantum operations at low temperature.
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laws of thermodynamics to the quantum regime!~4. Maximal

work extraction (or minimal work cost) has been discussed for
a range of protocols® 24, showing that energetic coherences can
be a resource for work extraction?*-2° while quantum correla-
tions can reduce the work cost of erasing information3°. How-
ever, many of these studies have focussed on the optimal limit of
reversible processes, i.e., unitary and quasi-static evolutions,
without discussing the limitations that irreversibility puts on
work extraction. On the other hand, the irreversibility of ther-
modynamic processes in the quantum regime has been explored
using stochastic thermodynamics31-3% leading to the notion of a
fluctuating quantum entropy production? that obeys a fluctua-
tion theorem analogous to those of classical nonequilibrium
dynamics*1-43, First experiments have now measured entropy
production rates in driven mesoscopic quantum systems for two
platforms, a micromechanical resonator and a Bose-Einstein
condensate*. Most recently, the average entropy production of a
quantum system that interacts with another (non-bath) system,
has been shown to include an additional information flow term*°.

In classical thermodynamics irreversibility occurs whenever a
nonthermal system is brought into contact with a thermal
environment. The ensuing relaxation of the system leads to
exchanges of energy that cannot be reversed with the same
thermodynamic cost. In thermodynamics this irreversibility is
quantified by the positive “irreversible entropy production”
Sir == AS — 5 >0, which measures the discrepancy between the
system’s entropy increase AS= Sz, — Sip; during any thermo-
dynamic process and the heat Q absorbed by the system from the
environment divided by the environment’s temperature T. Hence
when a process with entropy change AS incurs a non-zero
entropy production S;, this results in a surplus of heat*°,

Q(Silllsrs =T Sirr7 (1)
that is irreversibly dissipated from the system to the environment
(in comparison with a reversible process resulting in the same
entropy change AS). Irreversibility also puts a fundamental bound
on the amount of work W, that can be extracted during iso-
thermal processes*®47,

W —

ext —

I n recent years much effort has been made in extending the

AF — TS, < —AF, (2)

where AF = Fg, — Fyy; is the system’s free energy increase. The
more irreversible a process is, the less work can be extracted and
the term W, = TS;,, may be called the irreversible work, or non-
recoverable work#8. Eqs. (1) and (2) link entropy production, S,
to a surplus in heat dissipation, Q% >0, and a reduction in work
extraction, W, < —AF. These relationships are the well-known
energetic footprints of irreversibility in classical thermodynamics.

A quantum system can be out of equilibrium in two ways: by
maintaining energetic probabilities that are nonthermal, and by
maintaining coherences between energy levels. It has been shown
that contact with the thermal environment gives rise to a classical
and a quantum aspect of irreversibility>43°. Moreover, in addition
to the exchange of energy quanta between the quantum system and
the thermal environment—known as classical heat—whenever the
system has “energy coherence” it will exhibit a uniquely quantum
energy exchange known as “quantum heat233336,3749,50 How-
ever, thus far the link between quantum entropy production and its
energetic footprints has remained opaque.

In this paper we establish the energetic footprints of irrever-
sibility in the quantum regime, arising whenever a system is
brought in contact with a thermal environment. For concreteness,
we here consider a specific protocol that extracts work from a
quantum system’s coherences in the energy basis?’. We first
extend the protocol to capture irreversible steps that are una-
voidable in any experimental implementation and which will

affect heat and work exchanges. By employing the eigenstate
trajectory unraveling of the open system dynamics, where at the
start and end of each dynamical process the system is assumed to
be in one of the eigenstates of its time-local density matrix, we
identify the distributions of classical and quantum heat, and
evidence that purely quantum contributions to the entropy pro-
duction are not related to the average quantum heat, in stark
contrast to the classical regime, cf. Eq. (1). Instead, we show that
the average quantum entropy production, (s}, is linked with the
variance in quantum heat, Var(Q, ), a quantity that has recently
been connected to entanglement generation®!. Specifically, we
show that (si;) = 0 if and only if Var(Q,,) = 0, while both (si)
and the lower bounds to Var(Q,,) monotonically decrease under
Hamiltonian-covariant channels. In the special case of qubits, this
relationship becomes stronger, and we show that: (i) for the
family of states p with the same spectrum, but different eigen-
bases, (s{7) and Var(Q,,) are co-monotonic with the energy
coherence of the eigenbasis of p; and (ii) both (si;) and Var(Q,,)
monotonically decrease under the action of Hamiltonian-
covariant channels that are a combination of dephasing and
depolarization. Both of these strong monotonicity relationships
break down for systems with a larger Hilbert space, which we
illustrate with a simple example for a three-level system. We also
note that no such relationship exists between the average classical
entropy production (s¢) and the variance in classical heat
Var(Q,); even in the case of qubits one does not monotonically
increase with the other, and furthermore (s ) =0 is neither
necessary nor sufficient for Var(Qg) = 0, with the latter condi-
tion only being achieved in the limit of zero temperature. Finally,
we show that the classical and quantum entropy production
reduce the extractable work from coherence in equal measure, cf.
Eq. (2). The results show that when experimental imperfections
are unavoidable, any work-optimization strategy needs to con-
sider the trade-off between a system having a certain degree of
classical non-thermality or quantum coherence, or both. Besides
being of fundamental importance for the development of a gen-
eral quantum thermodynamics framework that includes irrever-
sibility, these relations will also be crucial for the assessment of
the energetic cost of quantum control protocols, that aim to
optimize performance of computation and communication in the
presence of decoherence and noise.

Results

Imperfect protocol for work extraction from coherences. We
here outline the protocol for optimal work extraction from
coherences introduced in ref. 27, and modify it so as to include
imperfections that result in both classical and quantum irrever-
sibility. This protocol can be implemented for any d-dimensional
system, but we shall pay special interest to the qubit case for
illustrative purposes. For a d-dimensional quantum system with
Hamiltonian H and quantum state p we denote by (p, H) any
nonequilibrium configuration of the system, and by (7, H)r with
7:=e /T /7 and partition function Z:= trle /(7)) its
equilibrium configuration at temperature T°2. The protocol will
involve quenching of the system Hamiltonian in N discrete steps,
denoted HO i+ HW > .5 HN),  Moreover, HU) for j=
0, 1, ..., N are chosen diagonal in the same basis, i.e., only the
spectrum of the Hamiltonian varies during the protocol. Speci-

fically, HO) := S¢ E,(Ci)l'l[ek], where E,Ei) are energy eigenvalues,
and I1[y] = |y)(y| denotes the projection onto the pure state |y).
The system is initially prepared in an arbitrary mixed state

d
p= ZP: M[y)], 3)
=1
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with p;> 0 for all /, ¥; p;=1, and {|y,)} an arbitrary orthonormal
basis.

The protocol transfers p to the fixed final state 77 chosen to have
the same energetic probabilities as the initial state p but with the
energetic coherences removed?’, i.e., the system’s final state is

2l (4)

n _Znek p e =

with 7, := (exlplex) quantifying the projection of p onto the energy
eigenstate |e,). The optimal, reversible, implementation of the p to #
transfer was proposed in ref. 27 and it was shown that the “average”
work extracted is (W) = kgT (Sn(#) — Sin(p)) 20, where SN
is the Von Neumann entropy, deﬁned as Sn(p) := —tr[p logp].
This is in agreement with equality in Eq. (2) assuming the free
energy of a quantum nonequilibrium configuration is defined as
F(p,H) := tr[H p] — kT Syn(p)*®*7>3->, and realizing that the
state change p to # carries no energy change, AU =0, and hence
AF = —kgT ASyn. We remark that only the “average” work was
provided in ref. 27 but no distribution of work was given with
respect to which (W,,,) is an “average”.

Generalizing first the steps of the optimal protocol?’ to include
irreversibility will allow us to investigate the impact of entropy
production on distributions of work and heat below.

The new protocol consists of the following five steps, and the
state evolution is visualized for a qubit in Fig. 1: (I) Use a unitary
V to rotate the quantum system’s conﬁguration (p, H®) into
configuration (p, H®)) where p:= VpVi = >opIy)). In the
reversible protocol, V is chosen such that |y,) := V’V/l> is a
Hamiltonian eigenstate, i.e., [f), H] = 0?7, Here we allow V to be
imperfect and hence [p, H®]#0; (II) Change the Hamiltonian
rapidly resulting in a quench from (p, H) to (p, HV). In the
reversible protocol, the energetic levels of H(1) are chosen such
that the configuration (p, H)) is thermal at temperature T%7,
This is possible because we assume that we can perform arbitrary
quenches of the Hamiltonian, and since the initial state p has full
rank, there exists some Hamiltonian with respect to which an
energy incoherent state p will be thermal. Here we consider the
case that the energetic levels of H(1) are adjusted imperfectly, and
hence configuration (p, H") is not necessarily thermal even if
[p, HY] = 0; (IlI) Put the quantum system in thermal contact
with a heat bath at temperature T, and wait for a sufficiently long
time so that (p, HV)) is brought into the thermal configuration
(t,, H) 5 (IV) Change the system’s Hamiltonian slowly from H
(M to HW), keeping the system in thermal contact with the heat
bath. The evolution is chosen quasi-static (i.e., very slow), such
that thermal equilibrium at T is maintained throughout this step.
The final Hamiltonian H®) is chosen so that the system’s thermal
state is the desired final state, ie, Ty=1; (V) Decouple the
system from the thermal bath and quench the Hamiltonian back
to H, changing the system’s configuration from (17, H)),. to
the desired configuration (1, H©).

Since Steps (I), (II), (IV), and (V) are either unitary or quasi-
static, they are thermodynamically reversible. The thermody-
namic irreversibility of the protocol occurs when the quantum
system is put in contact with the thermal bath in Step (III). The
irreversible thermalization (p, HV) — (7, HY), leads to a
reduction in free energy, ie, AFM) = —k,T D[p||r,] where
Dppl||t,] = tr[p(logp —log7,)] =20 is the quantum relative
entropy between the state before thermalization, p, and the state
after thermalization, 7;, which vanishes if and only if p = 7,.
Observing that no work is exchanged during thermalization
(Wext =0), and based on the assumption that Eq. (2) holds in the

10-) Je)

Fig. 1 State evolution during work extraction protocol for qubits. Initially,
the system is prepared in state py and is then unitarily evolved to p; (green
arrow) which has the eigenstates |0, ). Following a Hamiltonian quench
that changes the splitting of the energetic levels but does not alter the
energy eigenstates |e, ), the system is put in thermal contact with a bath
and allowed to relax to the thermal state z;. The full thermalization step
(purple arrow) can be split into quantum decoherence with respect to the
energy eigenbasis (blue arrow) pz—1 followed by classical thermalization
(red arrow) ng—1;. Next, the state transfer 7, 5y (orange arrow) is
effected by a quasi-static isothermal process. Finally, the Hamiltonian is
quenched back to its initial configuration. This protocol realizes the
thermodynamic removal of coherences, i.e., transforming pg to 54, while
irreversibility arises due to the mismatches between pj and 7 as well as 1
and 7.

quantum regime the term kzD[p||7,] is often identified with the

entropy S that is produced during the thermalization step3536.

As recently discussed in ref. 343>, the geometric measure of
irreversibility given by the relative entropy splits into a quantum
and a classical part,

Dipl[7,] = Dipl|n] + Dnl|7,], (5)

where in analogy with Eq. (4), we define 7 := >, II[e,] p II[e,].
As we will show below, Eq. (5) can be obtained as averages over
the entropy produced along decoherence trajectories and classical
thermalization trajectories®. This splitting reflects the fact that
the quantum configuration (p, H")) is out of equilibrium in two
distinct ways: it can have quantum coherences between energy
levels, and classical non-thermality due to non-Boltzmann
probabilities for the energies. In particular, D[p||7j] = S,n(7) —
Sen(p) is known in the literature as the “relative entropy of
coherence” which quantifies the coherence (or asymmetry) of the
state p with respect to the Hamiltonian H(15758, Similarly,
D[#||7,] can be seen as a measure of classical non- thermality

A special case: qubits. For the special case of qubits, we may
provide an intuitive illustration of the protocol in a geometric
fashion by use of the Bloch sphere. Specifically, we shall denote

the jth Hamiltonians as HU := 3hw;(Ille, ] —Tle_]), and
represent the initial and unitarily evolved states, p and p, in terms
of angles 8 and 0, respectively:

p=py=pll6 ]+ (1L-p)I6,].  p=pyi=plIo ] +

where 1>p> 3, and
0.) :=cos(6/2)|e. ) +e*sin(6/2)]e. ),
10, ) := cos(8/2)le. ) + e sin(6/2)]es).
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We note that, without loss of generality, we may assume that
¢ = ¢ = 0 due to the invariance of the work extraction protocol
with respect to unitary evolution generated by H, while 6 and 0
may be assumed to fall in the range [—n/2, n/2], since angles
outside this range would be accounted for by changing the sign of
the Hamiltonian. The decohered state # is thus defined as 7y =
rellle_] + (1 — rg)II[e] with rg:= (e_|pgle_), and # is similarly
defined. The imperfect work extraction protocol for qubits is
depicted in Fig. 1.

As stated above, the geometric distance between p, and the
equilibrium state can be split into a coherence term and classical
non-thermality term as per Eq. (5). These are shown by the blue
and red arrows in Fig. 1, respectively. Below, we shall offer an
intuitive quantification of coherence and classical non-thermality
of the state p;, named coh and nonth respectively, so that
coh(py) = nonth(py) = 0 if and only if p; = 7,. These will be
useful parameters in terms of which we may present our results
later in the paper.

The coherence of p; with respect to the Hamiltonian can be
quantified by the minimum overlap between the eigenstates of pj
and the eigenstates of H(), i.e,

coh(pp) = min [(eel6) | = I{e,[6)[* = sin*(6/2). (s

Hence coh(p;) = 0 for 6 = 0, and it monotonically increases as

|0] — /2, saturating at its maximum value of coh(p,;,) = 1/2.
The classical non-thermality of the qubit state p; compared with
the thermal state 7, for H) can be quantified by the logarithm of
the ratio of ground state probabilities, i.e.,

nonth(pg) := log %, (9)
6

where q; :=(e_|i|e_) and ry = (e_|pzle_) = (e_|nzle_) are the
ground state populations of 7; and py, respectively, see Fig. 1.
Hence nonth(pz) = 0 when g, = rj, while a positive (negative)
nonth(p,) corresponds to a lower (higher) ground state popula-
tion in py than that of the thermal state 7, corresponding to a
down (up) red arrow in Fig. 1.

Stochastic quantum trajectories. Working on the level of density
matrices of the system during the protocol (see Fig. 1 for the qubit
example) limits the discussion of thermodynamic quantities to
macroscopic expectation values only. In contrast, stochastic
thermodynamics associates heat Q(I'), work W(T'), and entropy
production s;,(T') to individual microscopic trajectories I' forming
the set of possible system evolutions®>0. In this more detailed
picture the macroscopic thermodynamic quantities (Q), (W), and
(S) arise as weighted averages over these trajectories. In the
quantum regime, quantum stochastic thermodynamics captures
the set of possible trajectories that, in addition to classical tra-
jectories, are determined by quantum coherences and nonthermal
sources of stochasticity3-38:01-64 These trajectories consist of
time-sequences of pure quantum states taken by an open system
in a single run of an experiment.

One way to experimentally “see” quantum trajectories is by
observing a sequence of stochastic outcomes of a generalized
measurement performed on a system®. Immense experimental
progress in the ability to measure quantum states with high
efficiency has enabled the observation of individual jumps in
photon number, and more recently the tracking of single
quantum trajectories of superconducting qubits3360-68, The
natural set of quantum trajectories is a function of how the
system is measured, and various quantum trajectory sets have
been discussed in the literature each corresponding to different
measurement setups: the so-called “unravelings”®®70. Averaging

the system’s pure states over many experimental runs then gives
back the density matrix describing the system’s mixed state,
whose evolution is governed by completely positive, trace
preserving maps, also known as a quantum channel. Using the
methods of quantum stochastic thermodynamics we here access a
system’s fluctuations in work, heat, and entropy production,
when quantum coherences are involved and irreversibility occurs.
This allows us to expose the microscopic links between
irreversibility and energetic exchanges in the quantum regime.

We here use “eigenstate trajectories” that describe a system that
travels through a sequence of eigenstates of its time-local density
operators. Namely, the system is measured at instances in time
j=1,2,... inthe instantaneous eigenbases of the states p; that are
assumed to be known, for example, from a master equation that
describes the open system dynamics. We note that this is an
idealized scenario as in general one does not know what the
density operators p; are and cannot guarantee to measure in the
correct eigenbases. The eigenstate trajectories are analytically
tractable, and provide a convenient analytical tool to investigate
the energetic footprints of irreversibility, as we will see below.

The ensemble of trajectories {I'} taken by a quantum system
when undergoing the work extraction protocol outlined in the
previous section can be broken up into trajectories for each of the
Steps (see Fig. 2 for the qubit example). We will here focus on
discussing the thermalization of the system in Step (III), for
which the initial density matrix p can host coherences D[p||7] >0
and classical non-thermality D[fj||7,] >0 at the point when it is
brought in contact with the thermal bath. The trajectories for the
full protocol are detailed in the “Methods”.

The thermalization process in Step (III) may be described by
the quantum channel A(p) := trgz[V(p ® 75)V'], where 75 :=
exp(—Hp/kgT)/Zy is the initial thermal state of the bath with
Hamiltonian Hy and partition function Zgz, and V is a unitary
operator that commutes with H!) 4+ H,. Hence A is a thermal
operation”!-73, We further demand that A is a fully thermalizing
map, i.e., A(p) =1, for all p. This map exists, for example, when
the bath is chosen as an infinite ensemble of identical particles,
each with the same Hamiltonian as the system, and with V
implementing a sequence of partial swaps between the system and
each bath particle, or a full swap with just a single particle”4.

Minimal trajectories for the thermalization process can now be
11
In

constructed as FE )) = |y,) — |e,) (see Fig. 2 for the specific case

where the system is a qubit, with |y;) = 6..)). The probability of

this transfer to occur is P(Fg%) = (W,1pl¥)) (e, |A(TI[y)]) le,,)

which is obtained by first projectively measuring the system with
respect to the eigenbasis |y;) of p, then applying the thermaliza-
tion channel A, and finally measuring the system with respect to
the eigenbasis |e,) of 7;. Since V commutes with the total
Hamiltonian while 75, commutes with the bath Hamiltonian, it
can be shown (see Theorem 1 in ref. 7%) that (e,|A(TI[y])le,) =

S lenlu) P (e | A(TT[e,,])|e,), where |e,,) are eigenstates of the
system Hamiltonian H1. We may therefore “augment” our
trajectories by projecting the system onto the energy basis |e,,)
first before letting it thermalize classically®*.
The augmented trajectories are denoted FS_IE_n) =|y)—
le,,) — |e,), with probabilities
i O -
P(T(,)) = @lplI) (enli) Pleslriles). (10)
It can be shown that the minimal trajectories 1"813 and the

augmented trajectories FSI;E n)

as they result in the same entropy production (see “Methods” for
details). However, the augmented trajectories have the benefit of

are thermodynamically equivalent,

4 COMMUNICATIONS PHYSICS| (2020)3:89 | https://doi.org/10.1038/s42005-020-0356-9 | www.nature.com/commsphys


www.nature.com/commsphys

COMMUNICATIONS PHYSICS | https://doi.org/10.1038/s42005-020-0356-9

ARTICLE

Steps (1) ) am)

decoherence
and classical
thermalization

unitary
rotation

quench

Py ——> Pg — > Pg > Tlg—> T1 —> T2

—> Enny—> Epy

quasistatic
isothermal
change of H

quench

—> Ng —> 7o

Fig. 2 Pure-state qubit trajectories for the work extraction protocol. Illustration of the evolution of the qubit during the work protocol on the trajectory
level and on the density matrix level. The qubit's trajectories are deterministic during Steps (1) (unitary, green arrows), (I1) (quench, black arrows), and (V)
(quench, black arrows), i.e., they take one state to a unique other state. In contrast, during the decoherence part in Step () (blue dashed arrows) the qubit
stochastically jumps from one of the states |ét) to one of the energy eigenstates |e, ), thus losing any quantum coherence in an irreversible manner.
During the classical thermalization part in Step (lll) (red arrows) the qubit stochastically jumps from one of the energy eigenstates to another energy
eigenstate, thus losing any classical non-thermality in an irreversible manner. The qubit’s trajectories during the classical quasi-static isothermal change of
H (Step (IV), orange arrows), are stochastic but reversible, due to infinitely small thermalizations taking place throughout.

naturally splitting into a “decoherence trajectory” F?W =y, —

le,,)» followed by a “classical thermalization trajectory” 1"81”0 =

le,,) —le,), as depicted in Fig. 2 for the qubit case. Their
probabilities to occur are

P(Mh) = 2P (M) = lplEealiF )

and

P = ZP( ) = (enlilen(enlnle). (12)

respectively which can be obtained as marginals of the probability
distribution given by Eq. (10) (see “Methods” for details). Here
F?l_m> are the trajectories the system undertakes as it undergoes

the decoherence process p+— #, while 1"‘(1%”> are the trajectories

that the system undertakes as it undergoes the classical
thermalization process 77— ;.

We note that while ref. 3° also considered augmented trajectories
to separate the quantum and classical contributions to the stochastic
entropy production, these constituted of the initial and final energy
eigenstates of the bath, together with initial and final eigenstates of
the system, neither of which are assumed to be energy eigenstates.
In our approach, the assumption that A(p) is energy incoherent
allows for the heat exchange of the process, in addition to the
entropy production, to be split into a quantum and classical
component, which we discuss below.

Stochastic quantum entropy production. Within quantum sto-
chastic thermodynamics the entropy production along a quantum
trajectory I is

P(I)
P "

exposing the entropy production’s microscopic origin as the
imbalance between the probabilities P(I') and P*(I'*) of a forward
trajectory T and its corresponding backward trajectory TI*,
respectively>84. The backward trajectory T'* can be understood
as the time-reversed sequence of eigenstates which constitute the
forward trajectory I'. In order to evaluate the probability for the
backward trajectory of the thermalization Step (III), we consider
the time-reversed process as one where the system and envir-
onment are initially in the compound state 7, ® 75, ie., the
system starts in the average state that it took at the end of the

1rr(r) = kB log

forward process, while the bath is in thermal equilibrium. On this
initial product state, the time-reverse of the forward evolution of
system and bath is applied, and projections are performed in
reversed order into the forward eigenstates |y;) and le,,). This
leads to Kraus operators given in (47) which describe the time-
reversed trajectories, see “Methods”.

We find that the stochastic entropy production for the
thermalization Step (III) can be expressed as

Sirr (F(IH)) ?r‘i (r? )) + Sirr (FEI ))

where we identify
(vilply)

qu
= (enlilen) (15)

as the stochastic quantum entropy production, and

(enlrilen)
r 1 m m
1rr( (m, n)) kB 0g <€m|T1|€m> (16)

as the stochastic classical entropy production. Since the prob-

ability of the augmented trajectories, P(Fglm n>) gives P(F( ))

(14)

F? ) = kglog

and P(T mn)) as marginals (see Egs. (11) and (12)), the average
entropy production in Step (III) can also be split into an average
quantum entropy production (sl'), and an average classical
entropy production, (s{!). One finds, see “Methods”, that each of
these averages reduces to a relative entropy between two pairs of
system states,

(s = > p(r,
Im
s = 2 P(Mun) s (T (18)

This shows that the relative entropies D[p||%] and DJ[j||t,], which
geometrically link density matrices, are physically meaningful as
the average entropy productions associated with the evolution of
the quantum system along ensembles of quantum trajectories.
The two separate contributions to the entropy production arise
because the system has two distinct nonequilibrium features,
coherence with reference to the Hamiltonian, and classical non-
thermality. Each is irreversibly removed when the system is
brought into contact with the thermal bath and undergoes
decoherence trajectories followed by classical thermalization
trajectories.

)) (FM) =k Dlpll)l,  (17)

) = ks Dlllr.]
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Finally, we show in “Methods” that the average entropy
production for the full protocol reduces to (si\) + (s} in the
limit where Step (IV) becomes a quasi-static process, i.e., in this
limit the average entropy production for the full protocol
coincides with the average entropy production for the therma-

lization step alone.

Classical and quantum heat distributions. We now analyze the
energetic fluctuations of the quantum decoherence and classical
thermalization trajectories, F?Zm and F?}% »)» Tespectively. Since no
external control is applied during these trajectories, such as a
change of Hamiltonian, no work is done on the system and hence
the energetic changes of the system consist entirely of heat. But
since we identified two contributions to irreversibility, namely
quantum decoherence and classical thermalization, it stands to
reason that we should obtain two types of heat36:37,

The microscopic mechanisms associated with classical therma-
lization of the system with the bath are the quantum jumps from
le,,) to |e,), which give rise to energetic fluctuations. The heat the
system absorbs from the bath is

Qu(Th) = B — BV, (19)
where E,@ := (e,|[HY|e,), which is the standard classical
stochastic heat. We note that Step (IV) also incurs classical heat,
but we do not discuss this contribution here, as the stochastic
thermodynamic description is well established for heat exchanges
during this classical quasi-static isothermal process®®¢0.

On the other hand, the microscopic mechanisms associated
with decoherence are the quantum jumps from |y,) to |e,,),
which give rise to energetic fluctuations of the system that are
entirely quantum mechanical. The system’s energy increase due
to decoherence is

Qqu(r?z.m>) =E, - <‘/71|H(1)“/71>-

It has no classical counterpart and is hence referred to as
quantum heat3%37, Contrary to the classical stochastic heat which
has fixed quantized values given by the Hamiltonian H() alone,
the stochastic quantum heat’s values vary as a function of the
eigenbasis of the state p. When this state has no quantum
coherences (D[p||7j] = 0) the only realized value of the stochastic
quantum heat is 0, i.e., in the absence of coherences, decoherence
has no effect on the system’s state and no energetic fluctuations
result from it. Fluctuations of the quantum heat take place as
soon as D[p||#] > 0. Histograms of the classical stochastic heat Q
and the quantum heat Qg for the qubit model are shown in
Fig. 3a, b for states p; that have only classical non-thermality
while coh = 0, and states that have only coherences while nonth
=0, respectively.

Note that we were able to split the energetic changes of the

thermalization process into Eqgs. (19) and (20) by first augmenting

the minimal trajectories FSIB) to I“glrln) ,

(20)

)» and then splitting these
into a decoherence trajectory F?l m followed by a classical
thermalization trajectory Fﬁlmvn). While the minimal trajectories

only consider transitions between the system’s time-local
eigenbases, and the projective measurements which realize them
are therefore “non-invasive”, the same is not true for the
augmented trajectories which require a projective energy
measurement on the system prior to thermalization, which
destroys any coherence present. Notwithstanding, since this
energy measurement does not alter the stochastic entropy
production one can consider it as a “virtual process” that need

1 * 1 |
(a) (b)
0.8 0.8
0.6 e 0.6 o
. °
0.4 0.4
026 - 8 028 -----r4 -8
[ J
*
0fe - 0fe ;
-1 0 1 -0.75-0.25 0.25 0.75
O/hw; O/hw;

Fig. 3 Heat distributions for a qubit undergoing the thermalization Step
(I). Histograms of classical heat Q. (red circles) and quantum heat Qg
(blue squares) for a an initial state p; that hosts classical non-thermality:
nonth(pa) = log (0.2/0.3) and coh(pz) = O, and for b an initial state pj that
hosts quantum coherence: coh(p;) = sin?(n/6) = 1/4 and nonth(py) = O.

For comparison, gray circles and gray diamonds in both panels show the

classical and quantum heat histograms, respectively, for when Step () is
fully reversible, i.e., p; = 7, and hence coh(p;) = O = nonth(p;). Note that
even then the system can exchange heat with the bath leading to a classical
heat distribution with non-zero but symmetrical values (dashed line) that
give a zero average classical heat. In a the only quantum heat value with

non-zero probability is O (no quantum heat when thermalizing a classical
state), while in b four nontrivial quantum heat values occur since

coh(pp) #0.

not be actually performed. But to physically observe the quantum
heat distribution would necessitate such an energy measurement,
and then the source of the quantum heat originates from the
projective energy measurement itself, and not from the thermal
bath, as first discussed in ref. 3°,

Heat footprints of classical and quantum irreversibility. We are
now ready to discuss the energetic footprints of irreversibility in
the quantum regime. The energetic footprints of classical entropy
production during Step (III) are made immediately apparent
from the stochastic equation (16) which, in conjunction with the
classical heat value given by Eq. (19), can be re-expressed as

- cl
Sd (rcl ) =k lOg <em|’7|em> _ Qd (r(m”))
irr 5 — "B .
(m,) <en|Tl‘en> T
When averaged over the classical thermalization trajectories
Ff}n »» the above expression links the average absorbed heat (Qq)

(21)

cl
irr

to the average entropy production (s ) as
<ch> )

<5icrlr> = ky(Son(71) — S (1)) — T

This thermodynamic equality, going back to Clausius, is the well-
known energetic footprint of entropy production in the classical
regime. It can be used to define the irreversibly dissipated heat,

(Qis) = —(Qa) + TASy = T{si;) = ksT D[fil|7,] 20, (23)

(22)

which is strictly positive when the entropy production (s} is

non-zero, which arises when forward and backwards probabilities
of the process deviate, see Eq. (13). In other words, the energetic
footprint of non-zero <Q§‘i‘srs> gives thermodynamic testament of
the arrow of time.

Meanwhile, the stochastic quantum entropy production
sff;(F?Z‘m)) in Eq. (15) is given purely by a stochastic quantum

entropy change and does not appear to involve any contributions
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from the stochastic quantum heat Qg, whatsoever. When
averaged over all quantum decoherence trajectories, the quantum
heat in fact vanishes, see “Methods”,

<Qqu>rq = 0?

while the average quantum entropy production can formally be
rewritten as

(24)

(s) = k(S (i) — Sox(5)) — +(Qa)-

This quantum thermodynamic equality shows that the energetic
footprint of quantum entropy production, i.e., a fixed relationship
between average heat absorption and average entropy production,
is mute in the quantum regime. This indicates a fundamental
difference in how quantum and classical heat relate to the entropy
production.

While prima faciae Eq. (25) seems to suggest that the quantum
entropy production is completely dissociated from quantum heat,
such a conclusion is premature. Indeed, on closer examination we
discover that the average quantum entropy production (sl) is
intimately linked with the variance in quantum heat, Var(Q,), a
quantity that has recently been connected to witnessing
entanglement generation®!. Specifically, we shall show that
(sI) = 0 is both necessary and sufficient for Var(Q,,) = 0, and
for the special case of qubits, they are co-monotonic w1th energy
coherence of the system’s state. Before discussing this, let us first
highlight that no such relationship exists between the average
classical entropy production (s/) and the variance in classical
heat, Var(Q); as shown in “Methods”, the variance in classical
heat as the system thermalizes to 7, takes the simple form of
Var(Qq) = AMHY, 7)) + AHY, ;) = AHD, p) + AHY, 1)),

(26)

(25)

where A(H, p) := tr[H? p] — tr[Hp]” is the variance of H in state
p. Clearly, (s!) =0 is neither necessary nor sufficient for
Var(Qg) = 0: (i) (s ) = 0 if and only if ## = 7,, whereas in such
a case Var(Qg) = 2A(HW, 7,) >0 with equality being achieved
only in the limit of zero temperature; (ii) Var(Q) = 0 if and only
if ACHY, %) = A(H",7,) = 0. This means that both 7 and 7,
only have support on a single energy subspace of the
Hamiltonian, such energy subspace of 7; necessarily being the
lowest one. However, if the subspace of 7 is disjoint from that of
7, then (s§,) = kyDlil|7,] = oo.

As shown in “Methods”, the variance in quantum heat for the
state p = > ,p,TI[§;] decohering with respect to the Hamiltonian
HW is the average variance of H(1) in the pure states |y,), i.e.,

ZPI (HY, ) = ZPI (HY, ),

where I(H, p) := tr[H? p] — tr[H p* H p'~¢] for a € (0, 1) is the
set of Wigner-Yanase-Dyson skew informations of the obser-
vable H in the state p7%~78, This variance in quantum heat obeys
the inequalities

AHY,p) > Var(Qqu> >1,(HY

Var(Q (27)

1.0, (28)

where the equalities in Eq. (28) are saturated when p is a

pure state.
Both I(H",p) and (s /k, = D[p||#i] quantify the asymme-
try of the state p with reference to the Hamiltonian H(1), and are
57,58,79-82

thus linked with the resource theory of asymmetry
Specifically, both I(H"),5) and D[p||#}] vanish if and only if p
commutes with H(), and monotonically decrease under
Hamiltonian-covariant quantum channels, i.e., quantum channels

& which satisfy E(e H" peitl") = ¢=itHY £(p)etH" for all t € R
and p. Therefore, by Eq. (27) we conclude that the average
quantum entropy production vanishes if and only if the variance
in quantum heat vanishes. In addition, given a pair of quantum
states p, and p, = £(p,), then: (a) the average quantum entropy
production as p, decoheres to 7, is no smaller than that obtained
when p, decoheres to #,; and (b) by Eq. (28), the lower bound to
the quantum heat variance as p, decoheres to 7, is no smaller
than that obtained when p, decoheres to #,. Of course, this
observation still allows for the existence of a pair of states p, and
p, = £(p,) such that the average quantum entropy production of
the former exceeds that of the latter, while the fluctuations in
quantum heat of the latter exceeds that of the former. In what
follows we shall show that, surprisingly, in the special case of
qubits, i.e., d = 2, the fluctuations in quantum heat are monotonic
with the average quantum entropy production. This link is
twofold: (i) for two states with the same probability spectrum, but
different eigenbases, the average quantum entropy production
and the variance in quantum heat are monotonically increasing
with the “energy coherence” of the eigenbasis; (ii) both the
average quantum entropy production and the variance in
quantum heat monotonically decrease under the action of
Hamiltonian-covariant channels that are a combination of
dephasing and depolarization. Both of these necessary links
break down for higher dimensions, which we illustrate with a
simple counter example for d = 3, see Fig. 4.

Let us first consider how Var(Q,,) and (s 1) are affected by the
relationship between the eigenbasis of the quantum state p, and
the eigenbasis of the Hamiltonian H(!). Specifically, we shall
consider a family of quantum states p(®) := U(®)p U'(®) for
O €10, 1], where p = > p,I1[¢;] commutes with the Hamiltonian,
with the one-parameter unitary operator

U :10,1] > O exp(Blog F), (29)
being generated by the discrete quantum Fourier transform33
F defined as

File)—18) : (30)

d
= a2 ey,

It is simple to verify that {|e;)} and {|;)} is a pair of mutually
unbiased bases, with the energy coherence of {|£,)} taking the
maximum value of coh := miny | (e;|&;) |> = 1/d. We shall denote
the eigenbasis of p(®) as #(®) := {|yP) =U(®)|e,)}, and the
probability spectrum of p(®) and #(®) := ", I1[e]p(O)I1[e,] as
p := (p,), and (), respectively. The Hamiltonian H() will map
2(0) to the symmetric doubly stochastic matrix M(®), which has
the matrix elements M,(g) = (e, |U(®)e))
heat variance and average quantum entropy production can
be computed by knowledge of these matrix elements: the
quantum  entropy production can be computed as

(siwr) = kp(Sx(71(©)) = S (p(©))) = ky( A (r(©)) — # (p)),
where A# denotes the Shannon entropy, and r(®) = M(O)p; the
variance in quantum heat can be computed, as Eq. (27), by

d 2
(1) (©) (1)
(Ek - Mk,JEk,> :
k=1

When d=2, we have Mfgzl = 1sin*(®7/2) = coh and
M;?) =1—1sin*(@7/2) = 1 — coh, where we recall that coh :=

sin?(8/2) for 6 € [—m/2,7/2] (see Eq. (8)). Consequently, by
Egs. (27) and (31), the variance in quantum heat takes the simple

. Both the quantum

ZM (31)

1

d
1)7 WZ
k=
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Fig. 4 Breakdown of monotonic relationship between quantum entropy production and fluctuations in quantum heat for dimensions greater than two.

Here, we choose Hamiltonians with uniformly gapped spectra, i.e., Eil1 — Ef(” = hw,. The probability spectra for the states p(®) are chosen to be

nondegenerate, but concentrated around \1;/1 > and }wd> For d=2, p=(0.9, 0.1), while for d =3, p =(0.49, 0.04, 0.47). a Variance in quantum heat and
average quantum entropy production as a function of @ defined in Eq. (29). For d = 2, both Var(Q,,(®)) and (s (®)) monotonically increase as @ — 1. For

irr

d =3, however, while (s (®)) monotonically increases with 0, Var(Q,,(®)) takes a maximum value at @ ~ 0.8, after which it decreases. b Here we choose
the initial states p(®) with @ = 0.3, and evaluate Var(Q,,(®,t)) and (si;(®,1)) for the states e'“(5(®)) with £ defined in Eq. (33). For d =2, both

irr

Var(Q,,(8,1)) and (s™(®,1)) monotonically decrease with t, while for d =3, Var(Qq,(®,1)) takes its maximum value at t = 1.

irr

form of

Var(Qy,) = (hw,)* (coh — coh®) =

for all probability spectrums p (see “Methods” for details). As
such, Var(Qg,) vanishes when © = 0= coh, and monotonically
increases with ®, or equivalently with coh, for all p and
Hamiltonians H(!). As for the entropy production, we note that
D[p(0)]]7(0)] = 0, and that for any ©, > @, there exists a @ such
that M(®,) = M(®')M(®,). Due to the properties of doubly
stochastic matrices and majorization, this is a sufficient condition
for #(r(®,)) — #(r(®,))=0, which implies that (s{") also
monotonically increases with ©, or equivalently with coh, for all p

and H184-87. The co-monotonic relationship between Var(Q,)

and (s]') with @ for qubits is demonstrated in Fig. 4a. Conversely,
when d =3 we see that while (s{") monotonically increases with
O, the same is not necessarily true for Var(Qg,) which in this
instance takes a maximum value at ® = 0.8. Here, we have chosen
the Hamiltonian to have a uniform spectral gap, ie,

E1(<1+)1 — E,((l) = hw,, with the nondegenerate probability spectrum

p concentrated around |1//1 ) and |1//3 ). The reason for this is that
A(HY,y®) is maximized when the probability distribution

(M,((@y) is concentrated around the smallest and largest energy

eigenvalues E ) and E 188 While this is certainly achieved at ®
=1 for qublts, this is no longer the case for larger systems, where
(M), = (1/d, ... . 1/d).

Next we con51der how Var(Q,,) and (s{%) are affected by a
Hamiltonian-covariant quantum channel €. As stated previously,
(s} is known to monotonically decrease with applications of &,
ie, for p, = E(p,), Dlpillm] = Dlp.lln2]. Moreover, as shown in
“Methods”, so long as & is a convex combination of pure
dephasing with respect to the Hamiltonian eigenbasis, and a
depolarization channel which takes the system to the complete
mixture, then for qubits coh(p)=coh(E(p)) for all p. Conse-
quently, by Eq. (32) the fluctuations in quantum heat for £(p) will
be smaller than that of p. We demonstrate this in Fig. 4b for the
Hamiltonian-covariant, = Markovian  dephasing  channels

E(p) = e*(p), where

£(p) = 3" e pTle) 5 S (TleJo + pile)).
k

k

(33)

It is simple to verify that (e, |e’“ (p)|e;) = e~ 7% (¢, |p|e;), and so
e Ml L (p)elHt = £ (e~ peill!")  As can be seen, for d =2 both
Var(Q,,) and (sfy) monotonically decrease with t. For d =3,
however, while (s!') monotonically decreases with ¢, Var(Q
does not.

For the qubit case, Fig. 5 puts in perspective the two drastically
different energetic footprints of irreversibility in the classical and
quantum regime. On the well-known classical side, see Fig. 5a, the
average entropy production (si) is equal to the difference
between the fixed entropy change AS associated with the transfer
s — 7, and an absorbed heat (Q,) when this transfer is
achieved by an irreversible thermalization process, divided by the
temperature T. The classical heat footprint (Q) scales as the
thermal energy kyT, an energy scale set by the temperature of the
bath that thermalizes the qubit. The more nonthermal the initial
(diagonal) qubit state # is, the more irreversibility will occur
during its thermalization. Hence the classical entropy production
(sd) increases as the classical non-thermality parameter
nonth(yz) deviates from 0. Moreover, Var(Q) is dissociated

from (sl ), since as nonth(r) approaches zero from below, (s )

qu)

irr irr

becomes vanishingly small, while Var(Q,,) grows larger.

On the quantum side, see Fig. 5b, the average entropy
production (s} equals the entropy change ASy, = kg(Syn(115) —
S, (pg)) associated with the decoherence p; — 75 and does not
link to an absorbed quantum heat (Q,), as this is always zero.
However, both (s};) and the quantum heat fluctuations Var(Q, )
vanish when coh(pz) =0, and monotonously increase with
coh(pp), showing the implicit link between quantum entropy
production and quantum heat for qubits. This behavior differs
markedly from the classical counterpart. Finally, we remark that
unlike the classical case, the heat footprint does not scale with
temperature but with the system energy gap, here iw;, an energy
scale set by the quantum character of the system rather than the
thermodynamics implied by the bath.

Fundamental bounds for work extraction. Finally, we check the
validity of the work footprint of entropy production, Eq. (2), in
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Fig. 5 Heat footprints of irreversibility for a qubit during Step (lll). a Positive (negative) non-thermality nonth corresponds to a lower (higher) ground
state population in #; than that of the thermal state 7;. Qubit spacing vs thermal energy (hm:/ksT) is here set such that g = (e_|rjle_) = 0.85 while p€
[0.5, 1]. Classical entropy production (sfrlr> plus the absorbed heat divided by the temperature, (Q4)/T, gives the entropy change AS for any classical non-
thermality parameter nonth(n;). At nonth =0, (s|) = O while the variance in classical heat, Var(Qy), is strictly positive. Moreover, as nonth grows more

negative, (scl) increases while Var(Q) decreases. This demonstrates that the two quantities have no connection. b coh = 0 implies that |6, ) are energy

irr

eigenstates, while as coh — 0.5, \éi)

monotonously as coh tends to its maximum value of 0.5.

the quantum regime. From the stochastic first law of thermo-
dynamics, we observe that for each trajectory I of the full pro-
tocol (see “Methods” for details) the stochastic extracted work is

WD) = AUP™(T) + Qg (I) + Qu(I) + Q3" (r™),
(34)

where AUP™Y(T) := tr[H (IT[y,] — I[e e, ])] is the decrease in

internal energy along the trajectory I' for the full protocol;
Qqu(T9) and Qu(T9) are the quantum and classical heat absorbed

during the thermalization process in Step (III); and QCl ( V) is
the heat absorbed during the quasi-static process of Step (IV).
Since (AUP™) = tr[H® (p — 5)] = 0, while (Qu) = tr[HW (77 —
p)] = 0, the average extracted work reduces to

(We) = (Qu)pa + <Q(IV)>r<m = —T(s) 4+ TAS, + TAS™).
(35)

Here we have assumed quasi-static isothermal trajectories TV) in
Step (IV) with < sV > = 0 and thus

<ng)>r(w) =TASYV =T kg(Sox () = Sin(71))-

Substituting the entropy change across the entire protocol

AS™' = AS,, + AS, + AS™),
and using AFPTOt= —TASPIO = —kpT(S,n(1) — Sunlp))  since
(AUP™Y) = 0, the result is
(We) = —AFP™ = T ({s5) + (s51)- (36)

Clearly, the optimum work value —AFP™! is obtained when
neither classical nor quantum entropy production are present and
the process is run fully reversibly, as discussed in ref. 27. Equation
(36) now shows how the work is reduced when irreversible steps
are included. It is evident that the classical and quantum entropy
productions, (s<) and (s{), limit work extraction in a completely
symmetrical manner and when these two contributions are
combined Eq. (36) becomes identical to the well-known work
footprint of irreversibility, captured by Eq. (2). This footprint is
shown in Fig. 6 for the qubit model, where (W,,,) is plotted as a
function of the two parameters that give rise to irreversibility, the
quantum coherence coh and classical non-thermality nonth of the
state py before thermal contact.

become equal superpositions of energy eigenstates. Initial state mixing probability is here set to p = 0.95 while
6 € [0,7/2]. Quantum entropy production (siv) plus zero average quantum heat (Q
parameter coh of initial states p. Also shown is the quantum heat variance Var(Q,,) in natural units (hw,)?

equals the entropy change ASg, for any quantum coherence
. Both, Var(Q,,) and (si), increase

irr

qu>

While work extraction is mathematically limited in a
symmetrical manner, the physical mechanism is drastically
different depending on if the irreversibility of the protocol is of
classical or of quantum nature. In the classical regime the
irreversibly dissipated heat (Q}Y%) is the physical cause of
nonoptimal work extraction and exactly compensates the non-
recoverable work, i.e., the term T (sf,) = (Q3) in Eq. (36). This
energetic footprint of irreversibility equals the average energy
change of the qubit during the irreversible thermalization step.
But the quantum decoherence step does not give rise to any
average energy change—the work extraction is here reduced
solely because the system entropy increases, reducing the
extracted work by a proportional amount T {s}') = T ASy,

To conclude, when a quantum system loses its energetlc
coherences in a perfectly reversible manner, such as during a
quasi-static thermodynamic protocol with a bath at temperature
T, the energetic footprint is coherence work?” while no quantum
heat occurs. On the other hand, when a quantum system loses its
energetic coherences in a fully irreversible manner, such as during
a quantum measurement, the energetic footprint is quantum
heat3¢ while no coherence work occurs. We here found that when
a quantum system loses its energetic coherences in a partially
reversible process, see Fig. 1, then the coherence work is in
general non-zero, see Fig. 5, albeit reduced from the reversible
case by a term proportional to the irreversible (quantum) entropy
production, while the quantum heat distribution is also non-zero,
see Fig. 3b. Surprisingly, it turned out that these two energetic
footprints of irreversibility are not linked through entropy
production in the same way as in classical physics.

Discussion

The notion of irreversibility, and how it affects heat and work
exchanges, is the core theme of thermodynamics. This paper
brings together several strands of recent research in quantum
thermodynamics, including stochastic thermodynamics and
quantum work extraction protocols, to provide a comprehensive
picture of when irreversibility arises in the quantum regime and
details the ensuing energetic footprints of irreversibility. Specifi-
cally, we have shown that the geometric entropy production as a
quantum system in state p thermalizes to 1,, kz D[p||t,], which
can be calculated using density matrices, can be understood as
arising from the time-reversal asymmetry of quantum stochastic
trajectories, Eqgs. (17) and (18), in a similar way to classical sto-
chastic thermodynamics. In addition, the quantum eigenstate
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102

0 (Wex)/ksT

Fig. 6 Average work extraction from a qubit as a function of coh and
nonth. Work (gray) for the full protocol is optimal when neither quantum
coherence nor classical non-thermality is present, i.e., coh = O = nonth, and
the protocol is run reversibly?’. (W,,,) decreases monotonously with
increasing coh(pz) (blue line for nonth = 0) and increasing and decreasing
nonth(p,) (red line for coh = 0). At large deviations from the reversible
protocol, (W) becomes negative (crosses yellow plane at zero) and work
would need to be invested to run the protocol. Parameter choices for initial
qubit state py are p=0.8 and 0= z/3.

trajectories allowed for a detailed assessment of work and heat
exchanges of a quantum system that can host coherences. While
reversible work extraction from quantum coherences has been
found?” to give an “average” work of (W, )™ = —AFP™, no
distribution of work was provided with respect to which (W)™
is an “average”. Here we showed that quantum trajectories
naturally give rise to heat as well as work distributions, for which
moments, such as the work “average”, can be readily calculated.
By here including irreversible steps in the work extraction pro-
tocol, the reduction of work due to irreversibility has been
quantified in Eq. (36). Understanding how imperfect experi-
mental control—which leaves either quantum coherences, or
classical non-thermality, or both present in a quantum system
before thermal contact—reduces work extraction is important for
identifying experimental protocols that are optimal within rea-
listic technical constraints.

While the first moments of heat and work coincide with the
values obtained on the density matrix level, the trajectories
approach allows access to higher moments. This proved insightful
for the discussion of the footprint of quantum irreversibility. We
found that the average classical entropy production is linked to
the surplus of dissipated heat, see Eq. (23), which is fully analo-
gous to the classical regime, see Eq. (1). Conversely, no such link
can be made in regards to quantum entropy production, see Eq.
(25). Instead, we show that the quantum entropy production is
linked with the fluctuations in quantum heat. Specifically, we
show that the average quantum entropy production vanishes if
and only if the variance in quantum heat vanishes, while both the
average quantum entropy production and the lower bounds to
the variance in quantum heat monotonically decrease under
Hamiltonian-covariant channels. In the specific case of qubits, we
further show that: (i) for a family of states with the same spec-
trum but different eigenbases, both the fluctuations in quantum
heat and the average quantum entropy production monotonically
increase with the energy coherence of the eigenbasis; (ii) both the
fluctuations in quantum heat and the average quantum entropy
production monotonically decrease under the action of
Hamiltonian-covariant channels that are a mixture of pure
dephasing and depolarization. For higher dimensions, however,
this necessary link breaks down in general. We note that a
comparable link does not exist in the classical regime where a
vanishing classical entropy production is neither necessary nor
sufficient for a vanishing variance in classical heat, and even for
qubits the two quantities have no monotonic relationship.

It would be interesting to see if the same conclusions hold true
when the eigenstate trajectories are replaced by experimentally
measured trajectories and their probabilities, for which the ana-
lysis presented here can be implemented in an analogous manner.
Another open problem is to establish a unique measure of the
fluctuations in quantum heat for degenerate states. It is known
that if a quantum state has degenerate eigenvalues, then it offers
infinitely many eigenstate decompositions, and hence the var-
iance in quantum heat as quantified by Eq. (27) will not be
uniquely defined by the quantum state alone. While the lower and
upper bounds in Eq. (28) are independent of such an eigenstate
decomposition, it would be interesting to introduce an opera-
tional procedure for measuring the fluctuations in quantum heat
which are independent of the eigenstate decomposition of the
system’s state.

Methods

In this section we provide detailed technical calculations for our main results,
presented in the main text above. First, we describe the eigenstate trajectories for
the full work extraction protocol, and the resulting entropy productions; Next we
evaluate the variances in quantum and classical heat as a quantum system ther-
malizes, both for general d-dimensional systems and for qubits; Finally we show
that the energy coherence for all qubit states decreases under quantum channels
that are a convex combination of dephasing with respect to the energy eigenbasis,
and depolarization to the complete mixture.

Trajectories for the full work extraction protocol. We now introduce the full
trajectories of the protocol, with expressions for their probabilities, and evaluate the
stochastic entropy production associated with each trajectory. We shall show that
the full entropy production can be split into entropy production terms associated
for each step. Next, we show that the average entropy production for the full
protocol reduces to the average entropy production for Step (III) in the limit that
the evolution in Step (IV) becomes quasi-static.

Recall that the work extraction protocol can be split as follows. Step (I): unitary
evolution p+— p; Step (II): Hamiltonian quench HO®) — H(D; Step (III): decoherence
p— 7 followed by classical thermalization 7 — 7,; Step (IV): quasi-static evolution
7y =+ Ty = 1; and Step (V): Hamiltonian quench H™) — H(), Since Steps (II) and
(V) are only Hamiltonian quenches, and do not alter the state, we shall not include
these when constructing our trajectories.

Each thermalization process that the system undertakes is described by the

channels A,; : p—trg [Vi(p @ TBI)V”, where B, = B and V, =V are the bath and
unitary used in Step (III), while B,, ... ,By and V,, ... ,Vy are the baths and
unitaries used in Step (IV). We shall decompose each thermalization channel into

their Kraus operators K, , := ,/{g;|75 ¢;) (v;|Vi|u;), where |;4i> and |v;) are
eigenstates of bath Hamiltonian Hy , with energy eigenvalues €,(i) and €,(i),
respectively. Such Kraus operators are constructed if, before and after the bath’s
joint unitary evolution with the system, we subject it to projective energy
measurements.

The full trajectory that the system takes during the protocol, therefore, can be
expressed as

L= Tty i)t ) )i ) (37)

where I's := (I, 1y, ..., ny) = |y;) = |§)) — e, ) — - —le, ) is the sequence of
time-local eigenstates of the system during the protocol. Note that, here, we
identify no=m and n; =n as the eigenstate labels during Step (III). The bath
indices (y;, v;) merely indicate the sequence of energy measurement outcomes on
the baths, and they only contribute to the probabilities of the system trajectories I's.
The probability of the trajectory T is evaluated to be

P(T) = (Hlpla 1K,

T " (38)
= (¥lpl) [(wile,, )] H<Hi|TB, lei) ‘(en,l/i‘vi‘en,,j”i)‘ ,
i1
where we have introduced the full Kraus operator for the protocol,
Ky :=Tle, K, - Te, K, , Te, Iy, (39)

with [|Kp [|:= max, \/<¢\K}l€r\¢> = \/(17/,|IC;KF|17/,> denoting the operator norm
of Kr. Averaging over all the measurement outcomes on the bath, meanwhile,
yields the probabilities for the system-only trajectories I's, given as

N

P(Ts) = (Wilplin) [(Wle,,)* e Imles,)-

i=1

(40)
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Note that we may recover the probability for any sub-trajectory of the system by
summing over all other indices of Eq. (40). For example, summing over the indices
of Steps (I) and (IV), and the classical thermalization of Step (III), the probabilities

for the system’s quantum decoherence trajectories I ‘(1, ) are obtained as

> P(Ts) =

Miso

il [ilen,) P = P(T,,). (a1)

Summing instead over the indices of Steps (I) and (IV), and the quantum
decoherence of Step (III), the probabilities for the system’s classical thermalization

trajectories T Eiﬂ_ﬁ) are

> P(Ts) =Y (Glply) [Wilen, ) (e, 71les,),
Ly ! (42)
= (eulilen) ealiles) = P(T5, )-
We may also reconstruct the full density operator for the system, at any point
along the trajectory, see Fig. 2, by weighting the pure states by the total trajectory

probabilities that include this term. For example, the average state after the
decoherence process in Step (III) is indeed

2 lenlleal 32 =2 lewlenl Cenlilen) =i (43)

Lny,...ny

The time-reversed trajectories can be defined by reversing the order of the
protocol. Here we have Step (IV): quasi-static reversed isothermal jumps
ey, ) -+ le, ); Step (IIT) reversed thermalization |e, ) — e, ) followed by
reversed decoherence [e, ) |7;); and Step (I): reversed unitary evolution
|1/7,> — ‘l[/l>. Moreover, we shall consider the time-reversed thermalization maps
A tptrg [V:\ (p ® 15)V;]. Note that the only difference between A; and A is
that we have applied the time-reversal operation on the unitaries V;, transforming
them to V}. But since the sequence of measurements on the bath during the
forward protocol was (u;, v;), we shall take the time-reversal sequence of these
outcomes, namely, (v;, #;). As such, the corresponding time-reversed Kraus
operators for the thermalization channels will be

K;.y, =/ <Vi|TB,‘Vi><.”i‘Vj|Vi> =

where q¥) := (e,
conservation of the thermalization unitary V,, it follows that

<Vi|TBl"/t> +
<}4i|TBL i)

|7jle, ). Here we have used the fact that, given the energy

e Q)
Wilts i) _ -t _ 6050 e _ e |Tilen ) _dh, o (44)
(en,Tiles,) q(')

;i

where EU) := (e, [H 0 |e,, ). Finally, the time-reversed trajectories can be denoted as

% _ T
T = Tl g ). ) ) (45)
which occur with the probability
(o 2
PUTY) = (e, [nlen NI 17 (46)
where we introduce the time-reversed Kraus operators for the full protocol,
Kr = Kt (47)

Now we may evaluate the entropy production for the full protocol, which is
given by Egs. (38) and (46) to be

PO _ o GBI

- (1) := kx| =
() = i log P 0g< rale, MK |17 48
(wlplyy) Z () “
=kglo %8 Loy ITxlen) TN en, +k‘* fo

-1

where we have used the fact that ||| =|| ICM . Note that the entropy
production is independent of the bath measurement results. In other words, the
entropy production can be purely determined by the system trajectories T's.

It is trivial to show that this entropy production can be split into the three terms

D) = 55 (T8, ) + 55 (T ) + 55 (1), (49)

where sM(I‘(Zm ) and ¢ (T (1 ) are defined in Eqs. (15) and (16), respectively, and

Z flog q”‘ Y

niy

sf,‘,(ﬂ ) = kg log + ks

is the entropy production of Step Iv).
Since the average entropy production is additive, i.e.,
(S = (sie) + (s5h) + (s ) pav» we will compute each term separately. Let us first

turn to the last term, namely, the entropy production in Step (IV). We verify that

averaging over the trajectory probabilities, one obtains

—ZZ%l

=2 n;_y

< irr rav

q (i—1) N

iy

(,-) :ZD[Tx’—lHTi]‘ (51)
qn,_, i=2

When Step (IV) approaches the quasi-static limit, we will have
Sy DIt [Im] — 0, and so (i) = (i) + (s5k)-

Now we turn to the average entropy production during Step (III). Using Eqs.
(11) and (15), and introducing the labels p; := (y,|p|y;) and r,, := (e,,|7|e,,), the
average quantum entropy production can be shown to be

(sf) = %‘:P(F“ m)) (r((l ))’
= kg ZPI

as stated in the main text. Here, we used the fact that
Sil{enl i) logr,, = r,logr,, and that tr[fjlog#j] = tr[plog 7). Meanwhile, the
average classical entropy production is given by Egs. (12) and (16) as

Zp(rd )) e (T ):kB;rmlog;—Z:kBD[ﬁHrl], (53)

where here g, := (e, T1]e,)-

enlin)” log == ky Dppl|7],

Fluctuations in quantum and classical heat. Here, we shall provide expressions
for the fluctuations in quantum and classical heat during the thermalization pro-
cess in Step (III) of the work extraction protocol. For notational simplicity, we shall
denote the Hamiltonian as H = Zd E, Il[e,], the initial state of the system as
p= El L Py, its state after decoherence as #7:= 3,7, I1[e,,], and its thermal
state as 7: = X,,q,11[e,].

As the system decoheres with respect to the Hamiltonian, we obtain trajectories
T = |w,>>—>\e ), with probabilities P(T; ) = pyl(wle,, )]* and quantum heat
Qqu(Ty ) = (emlHle,) —

decoherence process is always zero,

ZP Im

(v, H|y,). The average quantum heat for a

D (enlplen) (enlHle,) —

m

(T, Gm) = tr[H p] = 0.

(54)

Hence the variance in quantum heat is equal to its second moment:

Var(Qq,) = <qu>—<o =(Qh) = ZP () Qau(Tim):
*ZPI (vilew)|*(eml 2 le,) +ZP1 vilHly)? (55)
_ZZPI‘ vilen) V/I‘ijl><em|H|em>'

Noting that ¥, [(wile,)|*(em|H¥le,) = (wilHF|yy), the variance in quantum heat

reduces to
ZPI

Var(Q Zp; (w|H?[y,) —
where A(H, p) := tr[H2p] — tr[Hp]” is the variance of the Hamiltonian H in state p.
In other words, the variance in quantum heat is the average variance of the
Hamiltonian in the pure-state components of the initial state p.
We now give upper and lower bounds to the variance in quantum heat. For the
upper bound we have

A(H,p) — Var(Qq,) = Y pi(wi|Hly,)* — te[Hp = p((v|H|y,) — tr[Hp])* 0
1 1

(v)|Hly))*) (H,yy), (56)

(57)

To obtain a lower bound, we use the fact that A(H, p) = I(H, p) whenever p is a
pure state, where I, (H, p) = tr[H?p] — tr[Hp*Hp'~*] for a € (0, 1) is the
Wigner-Yanase-Dyson skew information of the observable H in p7°. Using the
Lieb concavity theorem?” it follows that

Var(Qqu) = Z‘Dl Ioc(Hv V’l) Zla(H‘rp)' (58)
1

Combining Egs. (57) and (58) shows that the variance in quantum heat obeys
A(H.p) 2 Var(Qy,) 2 L,(H. p), (9)

where the equalities are saturated if p is pure.
As the system thermalizes, we obtain trajectories Fflm_n) = le,,) —

probabilities P(Fflmqn

le, ), with

)) = T4, and classical heat
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Qq (Fflm‘”)) := (e,|Hle,) — (em\H \e ) The average classical heat is therefore

)= P(Th,)Q Z T, tr[H(Ie,] — e, ])]
o (60)
— tlH(r - )] = wlH(r - p),
while the second moment is
ZP rcl rcl ))2’
= Z [ Hl'[[e,,]]2 + tr[HH[em]]2 — 2tr[HI1[e,|]tr[HII[e,,]]), (61)
= tr[H(7 + 1)) — 2tr[Hr|tr[Hy)
= tr[H* (7 + p)] — 2tr[Hr|tr[Hp).
Note that here we have used the fact that tr[H ] = 3, tr[H*II[e, |pI1[e,]] =
te[H*p].
The variance in classical heat, therefore, is
Var(Qq) = (Q) — (Qu)* = A(H,n) + A(H,7) = A(H,p) + A(H,7).  (62)

Quantum and classical heat variances for a qubit. Let us first consider the
variance in quantum heat for the decoherence trajectories I'd of a qubit in state

= pI[6_] + (1 — p)TI[f, ] and with Hamiltonian H®) = h%(l'[[ar] —Mfe_]).
One finds that when d =2, the matrix elements of the doubly stochastic matrix M
(@) are M;Gt” =1sin*(@n/2), and M;f)) =1—1sin?(®m/2). By solving the
equation 6] =2 sm’l(sin(®ﬂ/ 2) / V/2), we may equivalently write these as
M;(J” = sin?(8/2) = coh, and M” = 1—sin?(6/2) = 1 — coh, as defined in Eq.
(8). We may therefore rewrite Eq. (31) as
).

AHW 8,) = coh Z(E,E ) _ g ))2 — col? (Zket (E,((l)
kex
(63)
2 2 (hwl)z s
= (hw,)* (coh — coh®) = Tsinz(e).

In the second line, we have used the fact that for the qubit model,
E}(l) - E(il) € {0, £ hw, }. Since the variance of the Hamiltonian is the same for
both eigenstates of the qubit, it follows that the variance in quantum heat is always
2
Var(Qy,) = A(HY, 6, ) = @smz(é), (64)
which monotonically increases as |8 increases from 0 to 7/2.

Let us now consider the variance in classical heat for the thermalization
trajectories I'l. Note that there are only two trajectories which contribute
nonvanishing values of classical heat: \e,)»—>|e 0> with absorbed heat /1w,
occurring with probability r5(1 — q,) with g, > 1/2; and |e, )—[e_), with absorbed
heat —hw,, occurring with probability (1 — r5)q,. From Eq. (62), we can obtain
the simplified expression for the classical heat variance as

Var(Qq) = AHY, ng) + AHY, 1),
= (hw,)* (rg = 3) + (hwy)*(a, — 7).

where r5 = g, exp(—nonth(p)) >1/2 is a function of the non-thermality of the
state p;. Hence Var(Q,) monotonously increases with nonth(py), see also Fig. 5.

(65)

Hamiltonian-covariant channels and energy coherence for qubits. In order to
see how Hamiltonian-covariant channels affect the energy coherence of the
eigenbasis of p, it will be useful to work in the geometric picture of the Bloch
sphere, where p =1 (1+ 7. 0’) and H = % ¢,. Here % := (n;, n,, n;) is the Bloch
vector such that n; € R and | 7| <1, and @ := (0}, 0,,0;) with o; the Pauli
matrices. As such, the spectral projections of H and p can be expressed as

1 1 o
Oe,]==(l%0;),  T0,]:=>(1+—=.7), (66)
2 2 |7
which give the energy coherence of the eigenbasis of p as
= mi Ly Iml
coh(p) := min, jtr[I1[e;]I1[6,]] = > 1 Gk (67)
[

In other words, the energy coherence decreases as the fraction of the Bloch vector
along the Hamiltonian axis x; := (0, 0, 1) increases, where we note that here, we
define 0/0 := lim ,_,jx/x = 1, meaning that the energy coherence of the complete

mixture is zero. Now let us consider the two states p =3 (1 + 7. 7) and

E(p) =1(1+7.7). We therefore have
lms|  [ns] § &

mwfmww)lgﬁfﬁaméi

Ims|”  Ins
2 z —2
i

(68)

Now we wish to see what subset of Hamiltonian-covariant channels £ will guar-
antee that coh(p) — coh(E(p)) =0 for all p.

Due to the convex structure of quantum channels®’, any quantum channel that
maps from a d-dimensional Hilbert space to itself can be constructed as a convex
combination of “extremal” quantum channels {£;} where extremality of &; is
defined as &; = AE; + (1 — V)&, with A € [0, 1], only if €; = & = £;. In the special
case of d = 2, as shown in Corollary 15 of ref. °°, a quantum channel &, is extremal
if either &; is unitary, or it is not a convex combination of unitary channels and the
rank of its corresponding Choi-state is 2. The Choi-state associated with a qubit
quantum channel £ is defined as

pe = (€@ VIO, ], (69)

where |@, ) := \/-(\q)+,(p+> +|o_,9_)) with {|]¢, )} any orthonormal basis of
C?. Therefore, we may always write a qubit channel £ as
E(p) = A U(p) + (1 =1)T (p), (70)
where 1 € [0, 1] and
p) = p Ulp) p) = a Tilp) (71)
J k

with p;, g >0 and Z/P/ 2iqx = 1. Moreover, U;(p) := U;pU; with U; unitary

j
operators, and T (p) = 3, KjxpK! 1o With Kraus operators

K, = 1w o, [, K_; = |yi){¢_|, where {|y}),|y})} are any pair of pure states,
not necessarily orthogonal. It is simple to verify, by Eq. (69) and the definition
of the Kraus operators above, that 7 have the Choi states pr = 3 (Il[y;, ¢, ]+
[y}, ¢_]), which are rank-2 and thus satisfy the extremality condition.

Now let us assume that &£ is covariant with respect to the Hamiltonian H, i.e.,
for any p and t € R, we have e ™ E(p)e™ = (e~ pe™). Of course, this means
that {; and 7 ; are also Hamiltonian-covariant, implying that U; = €%%, so that U
is a probabilistic rotation about the Hamiltonian axis x3. As for 7, let us note that

e—itHTk(p)eitH — Tk (e—itHPe[tH)
= ey ) (wele o, lplo,) + e yi) (wkle™ (o _lplo_)
= |vi) (il (o le ™ pe™ Lo, ) + [wi) (vl (o _le ™ pe™ g ),
(72)
implies that {|¢, )} = {|e, )}, while |y, |v}) must also be eigenstates of H

although, as stated before, they may be the same eigenstate. Therefore, there are
only three extremal channels 7: 7, (p) =1(1+03), 7,(p) =4(1 — 03), and

itH

T;(p) =3(1 — ny03). Consequently, 7 (p) =1 (1 + vos), with v=q, — g, — gsns.
It trivially follows that
Ims|* = | (P = trlosU(p)] + (1 = A)trlos T (p)]° 73)
= Any + (1= Apf* = P ns’,
where
1-Av
B= <1+7A Z) (74)

Moreover, denoting m, = (m;,, m,, 0) as the component of i that is orthogonal to
x3, s0 that |7|* = |ms|* + |m, |°, and similarly with n,, we obtain
Im, [ = |trl(oy + i) E(p)]|* = Nltrl(o, + iop)U(p)]|* = 6X*|tx[(0, + ioy)p][*
= n, |,
where § € [0, 1], with § =1 if U(p) = "% pe~#%, and § = 0 when U(p) =
f[o,ZH)dﬂ(¢)ei¢03P7i¢U3 =Y. HleJpl[e,] with y the Haar measure over [0, 27].
As such, we may write

(75)

2 2 2 2
Ims|” || _ |5 _ 5] (76)
7= p 7= p 7= 2 7
[ [ms]” + [m | Ims|* + X [n_|* BPlns|” + Oln, |
Consequently, as long as 82> 8, we have
ms* _ Iny[?
TR = Ohle) > coh(Ep). (77)
| | 5]

A sufficient condition to ensure that coh(p) = coh(E(p)) for all p, irrespective of
the value of A and 8, is if 7 is a depolarizing channel, i.e, 7 (p) =11 for all p. In
this case, v=0 and so fZ=1>4.

Code availability
The code used to produce the figures in this article is available from the corresponding
author upon reasonable request.
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