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Abstract

We make two complementary contributions to effi ciently estimate dynamic factor models: a 

frequency domain EM algorithm and a swift iterated indirect inference procedure for ARMA 

models with no asymptotic effi ciency loss for any fi nite number of iterations. Although our 

procedures can estimate such models with many series without good initial values, near 

the optimum we recommend switching to a gradient method that analytically computes 

spectral scores using the EM principle. We successfully employ our methods to construct 

an index that captures the common movements of US sectoral employment growth rates, 

which we compare to the indices obtained by semiparametric methods.

Keywords: indirect inference, Kalman fi lter, sectoral employment, spectral maximum likelihood, 

Wiener-Kolmogorov fi lter.

JEL classifi cation: C32, C38, C51.



Resumen

Realizamos dos contribuciones complementarias para estimar efi cientemente modelos 

factoriales dinámicos: un algoritmo EM espectral y un procedimiento de inferencia indirecta 

iterada rapidísimo para modelos ARMA sin pérdida de efi ciencia asintótica para cualquier 

número fi nito de iteraciones. Aunque nuestros métodos pueden estimar dichos modelos 

con muchas series sin buenas condiciones iniciales, cerca del óptimo recomendamos 

cambiar a un algoritmo del gradiente calculando analíticamente los gradientes espectrales 

usando el principio EM. Empleamos con éxito nuestros procedimientos para construir un 

índice que captura los movimientos comunes de las tasas de crecimiento del empleo a 

escala sectorial en Estados Unidos y lo comparamos con índices obtenidos con métodos 

semiparamétricos.

Palabras clave: inferencia indirecta, fi ltro de Kalman, empleo sectorial, máxima verosimilitud 

espectral, fi ltro de Wiener-Kolmogorov.

Códigos JEL: C32, C38, C51.
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Figure 1: A model with N = 10 series
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Figure 2: A model with N = 100 series



BANCO DE ESPAÑA 54 DOCUMENTO DE TRABAJO N.º 1619

���� ���� ���� ���� ����

���

��

�	

�


��

�

�




	

�

�
�
�
�
�
�
�
�
�
	


�
�
�
�

�

�

�
�����
����������
�����

��

���������
����������
�

Figure 3: Total nonfarm employment and smoothed employment factor (annualised monthly
frequency)
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Figure 4: Total nonfarm employment and non-parametric factor estimators (annualised monthly
frequency)
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Table 1: Performance of the Indirect Inference procedure for univariate Arma(1,1)

α β σ2
f Relative time

True values 0.95 -0.50 1.00
GMM 0.9428 (0.0291) -0.4457 (0.1461) 1.1200 (0.2496) 0.0029
Ind. Inf. (1 iteration) 0.9431 (0.0287) -0.4453 (0.1169) 1.1087 (0.2509) 0.0080
Ind. Inf. (3 iterations) 0.9429 (0.0287) -0.4473 (0.1117) 1.1076 (0.2477) 0.0208
Ind. Inf. (5 iterations) 0.9432 (0.0286) -0.4472 (0.1116) 1.1063 (0.2463) 0.0338
Iterated Ind. Inf. 0.9432 (0.0286) -0.4472 (0.1115) 1.1063 (0.2463) 0.0375
Direct ML (Quasi-Newton) 0.9432 (0.0286) -0.4472 (0.1115) 1.1063 (0.2463) 1

True values 0.95 0.50 1.00
GMM 0.9428 (0.0430) 0.4805 (0.1532) 1.0198 (0.1201) 0.0028
Ind. Inf. (1 iteration) 0.9420 (0.0344) 0.4800 (0.0856) 1.0093 (0.1133) 0.0073
Ind. Inf. (3 iterations) 0.9420 (0.0335) 0.4814 (0.0816) 1.0079 (0.1137) 0.0190
Ind. Inf. (5 iterations) 0.9420 (0.0334) 0.4816 (0.0818) 1.0079 (0.1139) 0.0307
Iterated Ind. Inf. 0.9420 (0.0334) 0.4817 (0.0818) 1.0074 (0.1135) 0.0384
Direct ML (Quasi-Newton) 0.9420 (0.0334) 0.4817 (0.0818) 1.0074 (0.1135) 1

True values 0.95 0.70 1.00
GMM 0.9079 (0.0936) 0.6633 (0.2522) 1.0488 (0.1928) 0.0023
Ind. Inf. (1 iteration) 0.9475 (0.0484) 0.6941 (0.1230) 1.0217 (0.1501) 0.0068
Ind. Inf. (3 iterations) 0.9464 (0.0456) 0.6924 (0.1027) 1.0126 (0.1294) 0.0172
Ind. Inf. (5 iterations) 0.9445 (0.0421) 0.6892 (0.0906) 1.0036 (0.1156) 0.0288
Iterated Ind. Inf. 0.9432 (0.0402) 0.6853 (0.0805) 0.9993 (0.1099) 0.0972
Direct ML (Quasi-Newton) 0.9424 (0.0396) 0.6837 (0.0786) 0.9970 (0.1075) 1

Monte Carlo medians and (interquartile ranges) of estimated parameters and computation time relative to direct

maximization of the log-likelihood. Model: (1− αL)xt = (1− βL)ft. Sample length=300. Replications=2,000.
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Table 2: Convergence properties of the EM algorithm

% maximum distance covered Log-likelihood. Relative time.

Initial values 0 -11519.2457 0
5 EM iterations 70.36 -4695.3231 0.0158
10 EM iterations 76.63 -4687.7697 0.0317
300 EM iterations 98.83 -4669.6352 0.9503
5 EM iterations + QN 100 -4669.5494 0.5341
10 EM iterations + QN 100 -4669.5494 0.5174
QN 100 -4669.5494 1

Monte Carlo averages of the percentage of the maximum distance covered, of the log-likelihood values and of the

computation time relative to Quasi-Newton. The maximum distance is assumed to be the L2 norm of the difference

between the parameter initial values and the QN estimates. Sample length=300. Replications=100.
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Table 3: Sample of NAICS 3-digits sectors for estimating the employment index

Oil and gas extraction (211) Warehousing and storage (493)
Mining, except oil and gas (212) Publishing industries, except Internet (511)
Support activities for mining (213) Motion picture and sound recording industries (512)
Construction of buildings (236) Broadcasting, except Internet (515)
Heavy and civil engineering construction (237) Telecommunications (517)
Specialty trade contractors (238) Data processing, hosting and related services (518)
Wood products (321) Other information services (519)
Nonmetallic mineral products (327) Monetary authorities - central bank (521)
Primary metals (331) Credit intermediation and related activities (522)
Fabricated metal products (332) Securities, commodity contracts, investments, etc. (523,5)
Machinery (333) Insurance carriers and related activities (524)
Computer and electronic products (334) Real estate (531)
Electrical equipment and appliances (335) Rental and leasing services (532)
Transportation equipment (336) Lessors of nonfinancial intangible assets (533)
Furniture and related products (337) Administrative and support services (561)
Miscellaneous durable goods manufacturing (339) Waste management and remediation services (562)
Food manufacturing (311) Ambulatory health care services (621)
Textile mills (313) Hospitals (622)
Textile product mills (314) Nursing and residential care facilities (623)
Apparel (315) Social assistance (624)
Paper and paper products (322) Performing arts and spectator sports (711)
Printing and related support activities (323) Museums, historical sites, and similar institutions (712)
Petroleum and coal products (324) Amusements, gambling, and recreation (713)
Chemicals (325) Accommodation (721)
Plastics and rubber products (326) Food services and drinking places (722)
Miscellaneous nondurable goods manufacturing (312,6) Repair and maintenance (811)
Wholesale trade, durable goods (423) Personal and laundry services (812)
Wholesale trade, nondurable goods (424) Membership associations and organizations (813)
Electronic markets and agents and brokers (425) Federal, except U.S. Postal Service
Motor vehicle and parts dealers (441) State government, excluding education
Furniture and home furnishings stores (442) Local government, excluding education
Electronics and appliance stores (443)
Building material and garden supply stores (444)
Food and beverage stores (445)
Health and personal care stores (446)
Gasoline stations (447)
Clothing and clothing accessories stores (448)
Sporting goods, hobby, book, and music stores (451)
General merchandise stores (452)
Miscellaneous store retailers (453)
Nonstore retailers (454)
Air transportation (481)
Rail transportation (482)
Water transportation (483)
Truck transportation (484)
Transit and ground passenger transportation (485)
Pipeline transportation (486)
Scenic and sightseeing transportation (487)
Support activities for transportation (488)
Couriers and messengers (492)

Notes: NAICS 3-digit codes in parentheses.
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Table 4: Dynamic loadings estimates

Series ci,0 std.err. ci,1 std.err. Series ci,0 std.err. ci,1 std.err.

1 0.510 (0.458) -0.183 (0.458) 42 0.956 (0.401) -0.469 (0.400)
2 0.606 (0.542) -0.201 (0.542) 43 0.026 (0.394) 0.275 (0.395)
3 0.233 (0.657) 1.180 (0.663) 44 0.049 (0.748) 0.178 (0.748)
4 1.757 (0.335) -0.957 (0.331) 45 1.080 (0.235) -0.522 (0.232)
5 2.004 (0.499) -1.343 (0.494) 46 0.279 (0.608) -0.136 (0.608)
6 2.195 (0.316) -1.351 (0.308) 47 -0.520 (0.461) 0.444 (0.461)
7 2.457 (0.385) -1.445 (0.377) 48 -0.341 (1.523) 0.836 (1.524)
8 2.031 (0.297) -1.226 (0.288) 49 0.572 (0.299) 0.011 (0.300)
9 1.582 (0.295) -0.135 (0.300) 50 0.312 (0.663) 0.241 (0.665)

10 1.060 (0.141) 0.038 (0.149) 51 0.877 (0.266) -0.486 (0.264)
11 0.720 (0.183) 0.479 (0.195) 52 0.290 (0.135) 0.247 (0.140)
12 0.447 (0.169) 0.236 (0.172) 53 1.518 (0.908) -1.227 (0.906)
13 0.741 (0.226) 0.166 (0.232) 54 -0.245 (0.216) 0.654 (0.221)
14 1.839 (0.483) -1.042 (0.478) 55 0.136 (0.232) 0.163 (0.233)
15 2.068 (0.243) -1.060 (0.234) 56 0.822 (0.339) -0.617 (0.338)
16 0.625 (0.168) -0.224 (0.167) 57 0.622 (0.430) 0.067 (0.430)
17 0.159 (0.200) -0.069 (0.200) 58 -0.018 (0.480) 0.106 (0.480)
18 2.786 (0.448) -1.992 (0.437) 59 0.030 (0.139) 0.010 (0.139)
19 2.037 (0.412) -1.298 (0.406) 60 0.212 (0.220) 0.337 (0.223)
20 1.760 (0.462) -1.068 (0.458) 61 0.029 (0.109) 0.040 (0.109)
21 0.677 (0.154) -0.289 (0.153) 62 0.416 (0.193) -0.174 (0.192)
22 0.391 (0.180) 0.212 (0.185) 63 0.456 (0.268) 0.212 (0.272)
23 0.329 (0.451) -0.316 (0.451) 64 -0.610 (0.745) 0.847 (0.746)
24 0.168 (0.132) 0.067 (0.133) 65 2.734 (0.272) -1.932 (0.255)
25 1.542 (0.236) -0.694 (0.232) 66 0.261 (0.323) -0.031 (0.323)
26 0.568 (0.358) -0.319 (0.357) 67 0.260 (0.085) -0.267 (0.085)
27 0.614 (0.098) -0.169 (0.098) 68 0.073 (0.063) -0.051 (0.063)
28 0.593 (0.125) -0.367 (0.123) 69 -0.092 (0.090) 0.038 (0.090)
29 0.778 (0.156) -0.502 (0.154) 70 -0.195 (0.301) 0.273 (0.301)
30 1.187 (0.136) -0.819 (0.132) 71 -1.157 (0.970) 1.437 (0.971)
31 2.035 (0.261) -1.352 (0.252) 72 0.093 (0.429) 0.174 (0.429)
32 1.547 (0.437) -0.925 (0.434) 73 0.736 (0.496) -0.374 (0.495)
33 1.668 (0.275) -1.202 (0.269) 74 0.953 (0.262) -0.544 (0.261)
34 0.119 (0.136) 0.031 (0.137) 75 0.683 (0.162) -0.479 (0.160)
35 0.171 (0.194) -0.006 (0.194) 76 0.967 (0.204) -0.587 (0.202)
36 0.205 (0.187) -0.016 (0.187) 77 0.520 (0.161) -0.310 (0.160)
37 1.621 (0.365) -1.326 (0.362) 78 0.182 (0.149) -0.134 (0.149)
38 1.238 (0.565) -0.821 (0.563) 79 -0.717 (1.330) 0.442 (1.329)
39 0.512 (0.318) -0.326 (0.318) 80 -0.156 (0.113) 0.203 (0.113)
40 0.828 (0.277) -0.303 (0.276) 81 -0.155 (0.137) 0.195 (0.137)
41 0.581 (0.420) -0.128 (0.420)
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Table 5: ARMA parameter estimates

Series α std.err. β std.err. ψ std.err. Series α std.err. β std.err. ψ std.err.

x 0.969 (0.015) -0.448 (0.092) 1.000

1 0.974 (0.017) 0.828 (0.044) 60.096 (4.986) 42 0.695 (0.092) 0.347 (0.120) 40.336 (3.358)
2 0.722 (0.130) 0.528 (0.159) 78.369 (6.502) 43 0.000 0.000 46.122 (3.826)
3 0.903 (0.034) 0.470 (0.069) 112.757 (9.371) 44 -0.299 (0.276) -0.473 (0.255) 144.746 (12.001)
4 0.941 (0.031) 0.754 (0.060) 29.177 (2.465) 45 0.000 0.000 15.325 (1.288)
5 0.000 0.000 70.792 (5.926) 46 0.468 (0.088) 0.830 (0.055) 211.881 (17.568)
6 0.961 (0.024) 0.811 (0.052) 24.725 (2.125) 47 0.000 0.000 63.006 (5.227)
7 0.898 (0.062) 0.767 (0.091) 37.122 (3.168) 48 0.000 0.000 689.215 (57.149)
8 0.000 0.000 22.695 (1.942) 49 -0.424 (0.221) -0.203 (0.239) 32.114 (2.673)
9 0.980 (0.014) 0.819 (0.043) 22.489 (1.908) 50 -0.043 (0.188) 0.273 (0.181) 183.986 (15.264)
10 0.983 (0.012) 0.797 (0.044) 4.482 (0.394) 51 0.000 0.000 20.391 (1.702)
11 0.978 (0.014) 0.761 (0.047) 8.523 (0.725) 52 0.935 (0.042) 0.811 (0.069) 5.039 (0.422)
12 0.913 (0.030) 0.432 (0.067) 7.197 (0.601) 53 0.087 (0.320) 0.266 (0.309) 291.773 (24.221)
13 0.981 (0.015) 0.886 (0.038) 14.162 (1.188) 54 0.000 0.000 13.672 (1.140)
14 0.025 (0.302) 0.220 (0.295) 80.586 (6.733) 55 0.968 (0.018) 0.715 (0.050) 14.950 (1.240)
15 0.931 (0.047) 0.819 (0.075) 13.359 (1.172) 56 0.954 (0.028) 0.811 (0.054) 32.269 (2.686)
16 0.921 (0.100) 0.877 (0.124) 7.852 (0.657) 57 0.934 (0.026) 0.509 (0.062) 48.497 (4.027)
17 0.653 (0.175) 0.778 (0.146) 13.743 (1.140) 58 0.000 0.000 68.358 (5.667)
18 0.000 0.000 53.176 (4.522) 59 0.933 (0.026) 0.518 (0.062) 5.091 (0.422)
19 0.000 0.000 47.095 (3.964) 60 0.944 (0.029) 0.740 (0.059) 13.408 (1.115)
20 0.975 (0.020) 0.883 (0.042) 59.655 (4.991) 61 0.900 (0.037) 0.558 (0.071) 3.167 (0.263)
21 0.969 (0.027) 0.898 (0.048) 6.569 (0.551) 62 0.000 0.000 10.871 (0.904)
22 0.000 0.000 9.236 (0.773) 63 0.000 0.000 20.938 (1.745)
23 0.000 0.000 60.368 (5.006) 64 0.924 (0.057) 0.832 (0.082) 158.608 (13.160)
24 0.937 (0.046) 0.841 (0.071) 4.965 (0.412) 65 0.000 0.000 15.862 (1.431)
25 0.903 (0.057) 0.763 (0.086) 13.737 (1.174) 66 0.000 0.000 30.885 (2.562)
26 0.000 0.000 37.754 (3.135) 67 0.974 (0.016) 0.791 (0.045) 1.986 (0.166)
27 0.937 (0.029) 0.673 (0.062) 2.344 (0.200) 68 0.935 (0.028) 0.619 (0.061) 1.084 (0.090)
28 0.000 0.000 4.314 (0.363) 69 0.961 (0.021) 0.735 (0.052) 2.248 (0.186)
29 0.966 (0.019) 0.758 (0.049) 6.406 (0.541) 70 0.000 0.000 26.847 (2.227)
30 0.908 (0.033) 0.485 (0.070) 3.934 (0.356) 71 0.000 0.000 278.380 (23.109)
31 0.970 (0.022) 0.869 (0.046) 16.520 (1.434) 72 0.032 (0.386) 0.183 (0.379) 63.386 (5.257)
32 0.000 0.000 54.725 (4.571) 73 0.000 0.000 72.657 (6.031)
33 0.870 (0.081) 0.743 (0.111) 19.082 (1.626) 74 0.055 (0.368) -0.107 (0.366) 17.384 (1.454)
34 0.000 0.000 5.503 (0.457) 75 0.000 0.000 7.423 (0.622)
35 0.000 0.000 11.180 (0.928) 76 0.843 (0.078) 0.665 (0.109) 10.737 (0.904)
36 0.000 0.000 10.322 (0.857) 77 0.000 0.000 7.504 (0.626)
37 0.000 0.000 37.501 (3.148) 78 0.879 (0.048) 0.604 (0.080) 6.007 (0.499)
38 0.000 0.000 93.621 (7.783) 79 0.000 0.000 525.057 (43.536)
39 0.000 0.000 29.886 (2.481) 80 0.942 (0.035) 0.803 (0.061) 3.619 (0.301)
40 0.000 0.000 22.070 (1.841) 81 0.000 0.000 5.515 (0.458)
41 0.000 0.000 52.014 (4.318)
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