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In this work we prove the existence and uniqueness up to a stopping time for the stochastic counterpart of Tosio
Kato’s quasilinear evolutions in UMD Banach spaces. These class of evolutions are known to cover a large
class of physically important nonlinear partial differential equations. Existence of a unique maximal solution
as well as an estimate on the probability of positivity of stopping time is obtained. An example of stochastic
Euler and Navier-Stokes equation is also given as an application of abstract theory to concrete models.
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1 Introduction

In a seminal paper [10], Tosio Kato established the existence and uniqueness of local in time mild solutions of
the Cauchy problem for various quasilinear equations of evolution. He showed that a wide range of important
physical problems can be modeled in a unified manner by a class of quasilinear evolution equations in a Ba-
nach space. These examples include the first order symmetric hyperbolic systems, second order nonlinear wave
equations, Korteweg-de Vries (KdV) equation, Navier-Stokes equations, Euler equations of fluid dynamics, equa-
tions of compressible fluid flow, compressible viscoelastic fluid flow equations, magnetohydrodynamic (MHD)
equations, coupled Maxwell and Dirac equations of quantum electrodynamics, and Einstein field equations of
general relativity. As a stochastic counterpart of Kato’s theory, the paper [7] considered the stochastic quasilinear
evolution equation in a separable Hilbert space with Gaussian cylindrical Wiener noise and outlined the ideas
for existence and uniqueness of local mild solutions using fixed point arguments. In this work we consider the
stochastic quasilinear evolution equation in a reflexive UMD Banach space with more general noise coefficient
and prove the existence and uniqueness of local pathwise mild solution up to a stopping time as well as the
existence of a maximal solution. This paper also improves several other aspects of the Hilbert space case pre-
sented in [7] such as the introduction of stopping time in the arguments along with an estimate of its probability
of positivity and a clarification on the conditions on the covariance structure of the noise. We demonstrate the
application of abstract theory to concrete models by giving an example of the stochastic Euler and Navier-Stokes
equations perturbed by Gaussian cylindrical Wiener noise. The current literature on stochastic evolutions, for
example [3, 4, 21, 27, 22, 26], do not cover linear and quasilinear evolution equation of hyperbolic type. To the
best of the authors knowledge, a systematic treatment for the local solvability of stochastic quasilinear evolution
equation of hyperbolic type by extending Kato’s theory is only treated in [7] and this paper.
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2 M. T. Mohan and S. S. Sritharan: Stochastic quasilinear evolution equations

2 Stochastic quasilinear evolution equation

Let us consider the Cauchy problem for the stochastic quasilinear evolution equation

du(r) + A(t, u(t)u(t)dt = ®AW(t), 0 < 1 < T’} 2.1)

ll(O) = Uy,

in a Banach space X. Let £(X,Y) denotes the space of all bounded linear operators from X to Y and D(A)
denotes the domain of any operator A. Let us begin with a set of assumptions as in [10] and [7].

2.1 The main assumptions are;

(A1) Let X be a reflexive UMD Banach space of type 2 (defined in section 2.1). There is an another reflexive
UMD Banach space Y C X of type 2 which is continuously and densely embedded in X. There exists an
isomorphism S : Y — X and the norm of Y is chosen so that S becomes an isometry, i.e., |Jully = ||Su|x.

(A2) Let W be an open ball in Y. Let A(-, ) € £(Y,X) be a function on [0, 7] x W into G(X, 1, 5(y)) (defined
in section 2.1), where /3(-) is a real number and is a constant fory € W, i.e.,

He—”‘A“vy)H < W5 se0,00), te[0,T], y €W. 2.2)
L(X,X)

(A3) Forallt € [0,T] andy € W, we have
SA(t,y)S™' = A(t,y) + B(t,y), (2.3)
where
B(t,y) € LX,X) and B, y)llxx) < Ai(y), (2.4)

where A\ (y) > Oisaconstant fory € W. Including the domain relation, (2.3) is satisfied in the strict sense.
That is, a function x € X which is in D(A(¢,y)) if and only if S™'x € D(A(t,y)) with A(t,y)S~!x € Y.

(A4) Forallt € [0,T) and y € W, we have A(t,y) € L(Y,X) (in the sense that Y C D(A(¢,y)) and the
restriction of A(¢,y) to Y is in £(Y, X)) and

A ) zerx) < A2 (y), (2.5)

where A2(y) > 0is a constant fory € W. Also,
(i) forally € W, A(¢,y) is continuous in the £(Y, X)—norm,
(i) forallt € [0,T], A(¢,-) is Lipschitz continuous, that is,

[A(t,y1) — Alt,y2)llcovx) <y y2)llyr — y2llx, (2.6)

where 1(y1,y2) > 01is a constant for y1,y, € W.
(A5) Letyy be the center of W. Then A(t,y)yo € Yforallt € [0,7],y € W, and

HA(t7y)YO||Y S >\3(Y)v te [OvT]a yc Wa (27)

where A3 (y) > 0is a constant fory € W.

In (2.1), Wy(+) is a cylindrical Wiener process in H, where H is a separable Hilbert space, and & is a
~vy—radonifying operator (defined in section 2.1) in X with the following properties:

(i) @ € y(H,X) with [|®||, 5 x) < oo,
(i) S® € y(H, X) with [|S®||, . x) < oo,
(i) S*® € y(H, X) with [|[S*®|, (m,x) < o0,
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where «(H, X) is the space of all y—radonifying operators from H to X. If X is a Hilbert space, then v(H, X) =
% (H, X) isometrically, where % (H, X) denotes the space of all Hilbert-Schmidt operators from H to X.

Remark 2.2 The theory discussed in this paper works for any reflexive UMD Banach space, with some
suitable modifications in the above properties (i)-(iii).

Definition 2.3 Let 7(w) be a given stopping time and uy € W C Y, a.s. An (#;),¢o,-)—adapted stochastic
process {u(t),t > 0} € C(0,7(w); W), a.s., is a local pathwise mild solution in Y of the stochastic quasilinear
evolution equation (2.1) if

(i) {u(t),t > 0} is jointly measurable with respect to (t,w) and E
0<t<7(w)

sup u(t)llgz] < 00,

(i) (Ft)iep0,r)—adapted paths of u(-) are continuous,
(iii) forall ¢ € [0, 7(w)),

u(t) = U (£, 0)ug + U™(,0) / ' BAWi(t) + / U 1 5)A (s, u(s)) ( / f’ @dWH(r)> ds, (2.8)

0 0 s

holds with probability one (in (2.8) U" (-, -) is the random evolution operator, see Section 2.3),
(iv) foragiven 0 < § < 1, P{r(w) > 6} > 1 — §° M, where M is a constant dependent of uy and ®, and
independent of 4.

A local pathwise mild solution (u(t))ico,-) is called maximal pathwise mild solution in Y consisting of
C(0,7(w); W)—valued admissible processes, if for any other local pathwise mild solution (u(t));co,7) in Y,
almost surely we have 7 < 7 and u = u| 0,7)" Clearly, a maximal local mild solution in Y is always unique in Y.

We say that 7 is an explosion time if for almost all w € Q with 7(w) < T,

lim [sup ||u(s,w)||y} = o0. 2.9
17 (w) l0<s<t

The main theorem of this paper is

Theorem 2.4 Let (2, .7, (% )1>0,P) be a given filtered probability space. Let Assumption 2.1 be satisfied
andletuy € W C Y, a.s. Then, for the stopping time Ty defined by
t
/ S‘I)dWH(S)
0

> N}, (2.10)
X

>0

Tx :=inf {t L B(u()) V A (u(®) V s (u(t)) V As (u(t) V p(u(t)) v

X

for N € N, we have

(i) fort € [(),f A TN ), T < T, there exists an (gt)te[o.f/\w
continuous trajectories satisfying (2.8) with probability one in 1% (2; C(0, T A ™5 ; W)),

)—adapted stochastic process u(-) having

(ii) El sup  u(t)|3 | < 3N {E[HuOH%{]—f—NQ (1+4N2T)},

0<t<T ATy
(iii) fora given 0 < § < 1,

P{ry(w) > 0} 21— C8* {Ellug|3] + C (3IS®I 515, + SIS sz, + 8IS @I s ) |
where C'is a positive constant independent of 9,

(iv) there exists a unique pathwise maximal solution (u(+), Teo ), where Tog = Nlim ™.
— 00
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4 M. T. Mohan and S. S. Sritharan: Stochastic quasilinear evolution equations

To establish the existence and uniqueness of local pathwise mild solution of (2.1), we proceed as follows:

1. For certain function ¢ — v(t) € Y, we consider the stochastic linear evolution equation with random drift

du(t) + A(t, v(t)u(t)dt = 2dWs(r), 0 <1 < T’} @11

u(0) = uy.

2. We prove that (2.11) has a unique solution u = u(t) forug € W C Y, a.s., where W is an open ball in
Y of radius R (throughout this manuscript), by constructing a random evolution operator to the problem
(2.11), and then we define a mapping v — u = ¥(v).

3. We show that the map ¥(-) has a fixed point, which is the unique solution of (2.11), by using the contraction
mapping theorem.

2.1 Preliminaries
In this subsection, we give some basic concepts of UMD Banach spaces and stable family of generators of a
Cy—semigroup.
Definition 2.5 Let (v, )52 be a sequence of independent standard Gaussian random variables on a probability

space (ﬁ, F I@) (we use the notation (§2,.%,P) for the probability space on which our process is defined). A
bounded linear operator R € £(H, X) is said to be y—radonifying if there exists an orthonormal basis (e, )32 ,

[ee]
of H such that the Gaussian series Z'y,,,,Ren converges in L2 (ﬁ; X). Then, we define

n=1

1
2
R[5 = | E : (2.12)

2
X

9]
Z ’YnRen
n=1

and the number ||R ||, ,x) does not depend on the sequence (7, )72, and the basis (e, )72 ;. It defines a norm on
the space v(H, X) of all y—radonifying operators from H into X.

Definition 2.6 Let 1 < p < 2. A Banach space X is called of fype p if there exists a constant o > 0 such that
for all finite sequences (,,)"_; in X, we have

N

E T'nIn

n=1

P N
E ] <o’y |zl (2.13)

X

n=1

where (7,,),,>1 be a Rademacher sequence, i.e., a sequence of independent random variables taking the values
+1 with probability 1/2.

The least admissible constant is denoted by «, x.

Definition 2.7 Let (M,,)Y_, be an X—valued martingale. The sequence (d,,)"_; defined by d,, := M,, —
M,,_; with My = 0 is called the martingale difference sequence associated with (M,,)N_;.

We call (d,,)_, an P —martingale difference sequence if it is the difference sequence of an L” —martingale.

Definition 2.8 Let 1 < p < 2. A Banach space X is of martingale type p if there exists a constant x > 0 such
that for all all finite X—valued martingale difference sequences (d,, )fIV: 1> we have

N

S

n=1

p N
E ] <k E[|dn %] (2.14)

X

n=1

The least admissible « is denoted by «,, x. Since every Gaussian sequence is a martingale difference sequence,
every Banach space of martingale type p is type p, with constant o, x < k) x.
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Definition 2.9 A Banach space X is called a UMD—space (unconditional martingale differences) if for
some p € (1,00) (equivalently for all p € (1,00)), there exists a constant 7 > 0 such that for all X—valued

LL» —martingale difference sequences (d,,))_, and all signs (g, = £1)2_,, we have
N p N P
E (> endn 1 <R || dy 1 : (2.15)
n=1 X n=1 X
forall N > 1.

The least admissible constant in Definition 2.9 is called the UMD,, —constant of X and is denoted by 7, x.

Remark 2.10 Let 1 < p < 2 and X be a UMD Banach space with type p, then X is of martingale type p and
Kpx < 1p.x0p x (see Proposition 5.3, [23]).
We now consider UMD Banach spaces of type 2. A Banach space X has type 2 if and only if we have the
inclusion
L?(0, T57(H, X)) = v(L*(0, T3 H), X),

for any T' > 0. Let Wy be an H—valued cylindrical Wiener process on (€2, .%,P). An H—strongly measurable
process ® : [0,7] x Q — L(H,X) satisfying the equivalent conditions of Theorem 3.6, [20] will be called
IL? —stochastically integrable with respect to Wy. The stochastic integral of ® with respect to Wy () is denoted

T
by /0 B(1)dW(t).

Theorem 2.11 Let X be a UMD—space and let p € (1,00). If X has type 2, then every H—strongly mea-
surable and adapted process ® which belongs to 1P (€; 1.2 (0, T; v(H, X))) is IL? —stochastically integrable with
respect to Wy and we have

p

E / " () aWat)

< Gy xE 22,
0

(o,m(H,x»} . (2.16)

X

Proof. See Corollary 3.10, [20], section 5, [24]. O]

Hence if X is a UMD Banach space and has type 2, then for every adapted and strongly measurable ® <
t
L7 (£;1.2(0, T; v(H, X))), the non-anticipating stochastic integral process ( / @(s)dWH(s)> exists and
0 te[0,T]

is pathwise continuous. Hence, for all p € (1, 00) there exists a constant C), x independent of ®(-) such that the
following one-sided estimate holds:
p/2Y /P

1/p T
{E } <Cpx IEI[/O ||<I>(t)||3(H‘X>dt] . (2.17)

For the Burkholder-Davis-Gundy inequality in UMD,, Banach spaces, for 1 < p < oo, see Theorem 4.4, [20]. For
more details on y—radonifying operators and stochastic integration in UMD Banach spaces, interested readers
readers may look into [19, 20, 23].

Let G(X) denotes the set of all negative generators of Cy—semigroup on X, i.e., a linear operator A in a
Banach space X is in G(X) if it generates a semigroup U = {U(¢) = e7'4;0 < ¢t < oo} of class Cy ([11]).
Following Kato [10], let us give some basic definitions:

Definition 2.12 Let G(X, M, 3) denotes the set of all linear operators A in X such that —A generates a
Co—semigroup {e '} with

¢ p
sup / O (s)dWpl(s)
tef0,7] 1o

X

lle ™ |z < Me’',0<t < 00,8 €R.

The operator A is m—accretive if A € G(X, 1,0), in which case {e~**} is a contraction semigroup. A is said to
be quasi—m—accretive if A € G(X, 1, §).
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6 M. T. Mohan and S. S. Sritharan: Stochastic quasilinear evolution equations

Definition 2.13 A family A = {A(¢)} of elements of G(X), is said to be stable if there are constants M and
(3 such that

(A(t;) + M) <MOA=8)"" N> 5, (2.18)

L£(X,X)

=E

1

J

for every finite family 0 < ¢; < -+ <t < T,k = 1,2,--. The pair (M, 8) is called the stability index for
{A(%)}. In (2.18), the operator product is time-ordered, i.e., if t; > t;, then the operator A(¢;) will be on the left
of the operator A(¢;).

It can be shown that (2.18) is equivalent to ([8])

k
T[esa < MPlsrtrtsn), (2.19)
j=1 L(X.X)

for all t; such that 0 < t; < --- < ¢ < T,k = 1,2,--- and all s; > 0, and the product on the left is
time-ordered. The family {A(¢)} is trivially stable with stability index (1, 3) if A(¥) € G(X, 1, 3).

Definition 2.14 ([25, 6]) Let A be a linear operator in X such that —A generates a Cy—semigroup and Y be
a subspace of X which is closed with respect to the norm || - ||y. Then Y is called A—admissible if e 7*AY C Y,
fort > 0, i.e., Y is an invariant subspace of e ** and the restriction of e ~*A to Y is a Cy—semigroup in Y, i.e.,
it is strongly continuous in the norm || - ||y.

2.2 The Class .

Let us assume that u(0) = up € W C Y, a.s., where W is an open ball in Y of radius R (here R is deterministic).
Since W is an open ball in Y containing uy, we can choose the R > 0 such that ||uy — yo|ly < R, a.s., where yq
is the center of the ball W. Let .# be the set of all functions v (-, -) from [0, A 7] X €2 to Y such that

(1) |Iv(t,w) —yolly < R, as.sothatv e W, as., (2.20)
(ii) v(-,-) is continuous from [0,7 A 7] X Q to X, (2.21)
(#91) v(-,-)is (yt)te[(].f/\n\«] — adapted, (2.22)
where T is a positive number and T < T, which will be determined later, and 7y is the stopping time defined
below (see (2.25)). B

Forv € ., let us denote AV (¢t) = A(¢,v(t)) € L(Y,X) for all ¢ € [0, T]. With this notation, one can reduce
@2.11) to

du(t) + A (Hu(t)dt = BAW(t), 0 < ¢ < T,} (2.23)

u(0)=uy eWcCy,

for0 < T < T. Since & € y(H,X), from (2.17), it can be easily seen that, for all p € (1, c0), there exists a
constant C, x independent of ® such that the following one-sided estimate holds:

p

t
E / BAW(s)
0 X

sup

T
<yt [ 18I ) dt = Gy O (2.24)
t€[0,T] 0 ’ ’

Also, it is clear that (2.23) is a stochastic linear evolution equation in u(t). But unlike the linear evolution system
described in [10] for the deterministic setting, here the drift is random due to the dependence of v(¢,w) and we
need to construct a random evolution operator in this context. Let us first define the sequence of stopping times

TN to be
t
7y = inf {t BV VALVE)) V A (V1) V A (V) V (v (1) V / SPAWg(s)
- 0 X
(© 0 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.biometrical-journal.com
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t
/ S2ddWi(s)
0
for N € N.

Remark 2.15 Since v(-, ) is random, the constants 3, A1, A2, A3 and p in Assumption 2.1 depends not only
on the radius of the open ball W, but also on N, where NN is given in the definition of the stopping time (2.25).
Hence, by making use of the stopping time, we have

\

> N} ) (2.25)
X

(i) [[e=sAlv () ||[:(X,X) < eNs forall s € [0,00), v(-) € Wand ¢ € [0,T A 7y],

(i) [|A(t, V(1) eevx) < N, forallv(-) € Wandt € [0,T A 1y],

(i) [|B(t, v(t))|lcxx) < N, forallv(-) € Wandt € [0, A7y,

Av) [JA(t,vi(t)) — A(t,va(t))llzov,x) < Nly1 — yal[x forall vi(-),va(-) € Wand ¢ € (0,7 A7x]s

) A, v(t))yolly < N, forall v(-) € Wand ¢ € [0, A 7x], where y is the center of the open ball W.

By Assumption 2.1—(A2), AY(¢) € G(X, 1, 5(v)) and hence the family {AY (¢)} is stable with stability index
(1, B(v)).

Lemma 2.16 Let 7y be the stopping time defined in (2.25), then the map A (-) : [0,T A 7y] — L(Y,X) is
continuous in its norm.

Proof. See Lemma 9.1, [10]. O

By Assumption 2.1—(A3), we have
SAY(t)S™! = AV (t) + BY(t), BV (t) = B(t,v(t)) € L(X,X), |IBY(t)|lzxx) < N. (2.26)

Lemma 2.17 Let Ty be the stopping time defined in (2.25), then the map B () : [0,T A 7x] — L(X,X) is
weakly continuous and hence strongly measurable.

Proof. See Lemma 9.2, [10]. O]

2.3 Random Evolution Operator

Let us now construct the random evolution operator to the problem (2.11). We consider the homogeneous random
evolution equation

Ul At vitu) =0, 0<t < T,

dt (2.27)

uy € W C Y, as., where u(t,w) and v(t,w) € . are random. We construct the random evolution operator
with the help of Assumption 2.1 (A1) — (A4)(i), Lemma 2.16 and Lemma 2.17.

Theorem 2.18 Let 7 be the stopping time defined in (2.25). Under Assumption 2.1 (A1) — (A4)(@), there

exists a unique evolution operator {U" (t,s)} = {U(¢, s, (v(r,w))s<r<t)} defined on the triangle A\ := 0 <
s <t < T ATy, with the following properties:

1. UY(t, s) is strongly continuous on A to L(X,X), with U¥ (s, s) = L
2. UY(t,s)UY(s,r) =TU"(t,r).
3. UY(t,s)Y C Y, and U¥ (t, s) is strongly continuous on A to L(Y,Y).
4. Foreachy €Y, UY(-,-)y satisfies the following:
t
Uty -y == [ AV s)ydr, (2.28)

(@© 0 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.biometrical-journal.com
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8 M. T. Mohan and S. S. Sritharan: Stochastic quasilinear evolution equations

¢
UY(t,s)y —y = 7/ UY(t,r)A(r, v(r))ydr, (2.29)
vt Vit
so that BUT(t,s) = —A(t,v(t))UY (¢, s), WT(’S) = UV(t, s)A(s,v(s)) exist pointwise in Q in the
S ~
strong sense in L(Y,X) and are strongly continuous on A\ to L(Y,X).
Proof. Letus construct the piecewise constant families {A,, (¢, v (%))}, cj0.7»" = 1,2, for approximating
ko~
the family {A (¢, v(zﬁ))}te[0 sy as follows: Let £} = —(T A71n), k=0,1,--- ,nand let
A, (t,v(t)) = A, v(ty)) forty <t <tp.,, k=0,1,---,n—1, (2.30)
AT Ay, v(T ATx)) = AT A7y, v(T A7) (2.31)

From these piecewise constant families, we can construct the random evolution approximations UY (-,-) to
UY(-,-)in [0, T A 7y] using the similar methods described in Theorem I, [9], Theorem 5.3.1, [25] such that

%UX (t,s)y = =AY (t)UY (t,s)y fort # ¢,k =0,1,--- ,n, (2.32)
%UX (t,8)y = Uy (t,s)AY (s)y fors # ¢, k=0,1,--- ,n, (2.33)
fory € Y and
UY(t,s)x = nh_)rrolo Uy (t,s)x, forx e X,0<s<¢< T ATy, (2.34)
where AY (-) = A, (-, v(:)) and Uy (¢t,5) = UY (¢, s, (Vv(r,w))s<r<t)- O

Theorem 2.19 Let Ty be the stopping time defined in (2.25). Under Assumption 2.1 (A1)—(A4)(i), let
{Uv (t7 S)} = {U(t7 S, (V(?", w))sgrgt)}

be the unique evolution operator defined on the triangle A=0<s<t<TA TN with the properties described
in Theorem 2.18. Then, we have

sup [[UY (¢, )|l cixx) < e’ <N, (2.35)
t,sEN
sup [[UY (¢, 8) || cy,y) < ePOIFMONT < 2NT (2.36)
t,seEN

Proof. From Assumption 2.1—(A2), we know that {A(¢, v(t))}te[o,wa] is a stable family of infinitesimal
generators in X with stability index (1, 8(v)). Assumption 2.1—(A2) also implies that Y is A(¢, v(¢))—admissible
for every ¢ € [0,T A 7y] (Theorem 4.5.8, [25], Lemma 7.8.1, [6]). Let A(t, v(t)) be the part of A(t, v(t)) in
Y. Then by Theorem 4.5.5, [25], INX(t, v(t)) is the infinitesimal generator in Y. By using Theorem 5.2.3, [25],
A(t,v(t)) + B(t, v(t)) from (2.26) is quasi stable with a stability index (1, 3(v) + A1 (v)) (Corollary 7.8.2, [6]).
Hence, by making use of Theorem 5.2.4, [25], A(t, v(t)) is quasi-stable with stability index (1, 3(v) + A1 (v)).
The construction of the random evolution operator in Theorem 2.18 (Theorem I, [9], Theorem 5.3.1, [25]) and
the use of stopping time given in (2.25) yield the estimates (2.35) and (2.36). O]

Hence the (%) —adapted solution of the problem (2.27) in [0, 7' A 7] can be written as

te[0,T ATy ]

u(t) = UY(¢,0)ug

with u € C(0, T A 7n;Y) a.s., since by using part (3) of Theorem 2.18 and

sup  Ju@)ly = s [UV(EOumolly = sup  [|SUY(£0)S Sugll,
0<t<TATx 0<t<T ATy 0<t<TATx
(@© 0 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.biometrical-journal.com
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< sup HSUV(t,O)S_IHK(X‘X) [|Suo ||

0<t<T ATy
< sup [SlleewnllUY (0l eww IS™ ey lhuolly
0<t<T Aty
< 62N7~"||u0||y < 00, (2.37)
where we used the fact that ||S|| £y x) = [|S™!||z(x,v) = 1, since S is an isometric isomorphism from Y to X.

Remark 2.20 Also from (2.37), foruy, € W C Y, a.s., we have

E

sup  [u(®)|ly| < e™TE [[luo]lF] < oo, (2.38)
0<t<TATx

which implies u € L2(Q; C(0, T A 7y; Y)).

2.4 Stochastic Linear Evolution Equation with Random Drift

Let us consider the non-homogenous evolution equation with random drift as

du(t) + A(t, v(t))u(t)dt = @dWg(t), 0 <t < T»} (2.39)

u(0) =0,
where v (t) := v(t,w) belongs to the class .’ defined in section 2.2. The random evolution operator {UY (¢, s)} :=
{U(t, s, (v(r,w))s<r<¢)} constructed in Theorem 2.18 is only .%; —measurable and not .%; —measurable. Hence
t
the solvability of (2.39) involves an anticipative stochastic convolution / UY(t,s)®dWy(s) and is not well de-

0
fined as an It6 stochastic integral. Then by using the integration by parts formula ([26]), we can write down this
stochastic integral as

t t t t
/ UY(t,s)®dWpy(s) = Uv(t,O)/ OdWp(s) +/ UY (t,5)A(s,v(s)) </ fI)dWH(r)) ds,
0 0 0 5
(2.40)

in Y. With the representation (2.40), the stochastic integral is well defined and (.%;)
next proposition states that (2.40) satisfies (2.39) in X.

Proposition 2.21 If® € L2(Q;12(0, T A7y ; y(H, X))) is (%)
of u(t) given in (2.40) is adapted and satisfies

re[0, T Ary ] —adapted. The

re[0. T ATy ] —adapted, then the representation

t

u(t) = —/O/A(&v(s))u(s)ds—k/o/@dWH(s), (2.41)

forogtgf/\TN.

Proof. See Proposition 4.2, [26] for the case of bounded A(:,-) and a straightforward extension proves
Proposition 2.21. O

Let us now consider the stochastic linear evolution equation with random drift

du(t) + A(t, v(t))u(t)dt = dWg(t), 0 < t < T,} 04

u(0) = uy,

uy € W C Y, a.s., and prove the existence and uniqueness of a pathwise mild solution.

Theorem 2.22 Assume that the condition (A1)—(A4) (i) of Assumption 2.1 are satisfied. Let Ty be the
stopping time defined in (2.25) and uy € W C Y, a.s. Then there exists a unique pathwise mild solution of the
problem (2.42).

(© 0 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.biometrical-journal.com

This article is protected by copyright. All rights reserved.



10 M. T. Mohan and S. S. Sritharan: Stochastic quasilinear evolution equations

Proof. Let 7y be the stopping time defined in (2.25) and let uy € W C Y, a.s. We use the notation
Av(:) = A(-,v(:)) and BY(-) = B(+,v()) in the rest of the proof. The (.%;)

1[0, T Arx ) —adapted stochastic
process

u(t) = UY (£, 0)ug + U" (£,0) /0 BAW (s) + /0 UY (¢, $)A(s, v(s)) (/ @de(r)) ds,
’ (2.43)

in Y, where UV (¢, s) is the evolution system provided by Theorem 2.18, is the unique pathwise mild solution of
the problem (2.42). In order to prove u € C(0,7 A 7y;Y), a.s., we first estimate ~ sup  ||u(¢)||y as

0<t<TATN
sup  [lu()[ly
0<t<TAry
¢ ¢ ¢
= sup UY(t,0)uy +Uv(t,0)/ OdWy(s) +/ UY(t,s)AY (s) </ @dWH(r)> ds
0<t<T ATy 0 0 s Y

t
< s [SUEO)wll,+ swp  |SUY(40) / BAWs (s)
0<t<T ATy 0<t<T ATy 0

S /0 UV (., 5)AY (s) ( / t cdeH(r)) ds

The first term from the right hand side of the inequality (2.44) can be estimated using (2.36) as (see (2.37))

X

+  sup
0<t<T ATy

(2.44)

X

sup  [[UY(t,0)uglly < e [y (2.45)
0<t<T ATy

For the second term from the right hand side of the inequality (2.44), we use (2.36) and (2.25) to get

sup
0<t<TATx

SUY(1,0) / ' BAWa(s)
0

X

= sup
0<t<T ATy

sup (||SUV<t,o>sl|£<X7X)

0<t<T Aty

t
SUY(t, o)s—ls/ BdWy(s)
0

X

‘s /0 t AW (s)

IN

y

ISlleevsy  swp UV &) e IS ey sup
0<t<TAry 0<t<TAry

/  SBdWa(s)

AN

S /0 t AWy (s)

X

<N sup

0<t<T ATy

< Ne2NT. (2.46)
X

The third term in the right hand side of the inequality (2.44) can be simplified using Assumption 2.1-(A2),
Holder’s inequality, (2.4), (2.5), (2.36), and (2.25) as follows:

t t
sup SUV( s)AY (s) (/ CIDdWH('r)> ds
te[0,T ATy ] s X
= sup / SUY (t,s)AY (s (/ SPAWy(r )> ds
€0, Aty ] X
t
sup / SUY(t,s) [STAY(s) + ST'BY (s)] </ S@dWH(r)) ds
te0,Tary] 11/0 E X
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t t
< sup SUv (t,s)STTAY(s) (/ S@dWH(r)> ds
te[0,T Aty ] s X
sup / SUY(t,5)S™'BY (s ( / SOAdWy(r )) ds
tGUT/\T\] X
T/\TN
g/ ’SUV(t,s)S—lAV(s)/ SOdWy(r)|| ds
0 S X
f/\TN t
+ / ‘SU"(t,s)S‘lB"(s) / SeAWw(r)|| ds
0 s X
T/\TN t
< / ISUY (t,8)S™ |l 2ix.x) [|AY (s)S™ / S?®dWy(r)|| ds
0 Bl X
T/\TN t
+/ SUY (¢, 8)S ™| £ix.x) B"(s)/ SeAWxg(r)|| ds
0 s <
TNATN t
< s [Uley [ IAYES e | [ S0dWa()| ds
s,t€[0,TATN] 0 s X
f/\TN t
bosw Uy [ B G)een || SedWa()| ds
$,t€[0, T ATN | 0 s X
- T/\T\
<Nt [ sup ||Av(8)||£<y,x)||S_1||£<x.y)/ / S*@dW(s)|| dt
s€[0,T ATy ] X
T/\T\
oo Bl [ | [ seaws dt]
S€0,TATN] X
- T/\T'\ T/\T\
< NeNT / / S?ddWy(s)|| dt + / / SBdWy(s)|| dt
X X
< ON2TeNT (2.47)
Finally, a substitution of (2.45), (2.46) and (2.47) in (2.44) yields
ONT =
sup  |[ul®)|ly < e {HUOHY +N (1 + 2NT)} < . (2.48)

0<t<TATN

By using (2.48), part (3) of Theorem 2.18, part (A4)-(i) of Assumption 2.1 and the pathwise continuity of the
stochastic integral t@dWH(s), it can be easily seen that u(t) given in (2.43) is pathwise continuous in Y, and
is adapted to (‘%‘/)te[o,f/\m]’ by Proposition 2.21. Thus u(t) given in (2.43) is (%)
u € C(0,T A7y;Y) as. A similar calculation of (2.48) yields

re[0, T ATy ] —adapted and

E| suwp [u@)f

0<t<T ATn

< 3e!NT {E [uolf2] + N2 (1 n 4N2f)} < o0, (2.49)

and hence u € L2(€2; C(0,T A 7, Y)). The uniqueness of u is a consequence of the representation (2.43). [

2.5 Existence and Uniqueness of the Pathwise Mild Solution of (2.1)
Let us first prove that the unique pathwise mild solution of the problem (2.42) lies in the class .% (section 2.2).
From Theorem 2.22, it is clear that the solution (2.43) is (%) te[0,F ATy ] —adapted and hence the condition (2.22)
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12 M. T. Mohan and S. S. Sritharan: Stochastic quasilinear evolution equations

is satisfied. Let us now verify the condition (2.20). Let us set u = u — y,, where yy is the center of the open ball
W C Y. Then u satisfies the equation

du(t) + AY (t)a(t)dt = —A ()yedt + dWg(t), 0 <t < T A TN’} (2.50)

u(0) = uy — yo,

uy —yo € W CY, as. By using Theorem 2.22, the (.%;)
250)in0<t< TA Ty can be written as

te[0,F Ay ) —adapted unique pathwise mild solution of

f(t) = UY (¢, 0)iiy — /U UY (¢, 5)A (s)yods + UV (¢, 0) /0 BAW 3 (5)

¢ ¢
+/ UY(t,s)AY (s) (/ (I)dWH(T)> ds. (2.51)
0 s
Hence, from (2.51), we get
¢ ¢
u<t) —Yo = U (ta 0)(110 - y()) - / uY (ta S)AV(S)yods +UY (ta O) / (I)dWH(S)
0 0
¢ ¢
+/ UY(t,s)AV(s) (/ @dWH(T)> ds, (2.52)
0 s
fort € [0,T A 7). Now we prove that [|[u(t) — yo|ly < R a.s. so that u(t) € W, a.s.

Proposition 2.23 Let 7y be the stopping time defined in (2.25) and let ug —yy € W C Y, a.s. Let the
Assumption 2.1 be satisfied and if u(t) satisfies (2.52), then u(-) € W, a.s., and satisfies the condition (2.20).

Proof. Inorder to prove u € W, a.s., we first estimate ||u(t) — yo||y as

u(t) — yolls < [U¥ (£.0) (a0 — o)y + H [ v onr@ms

Y

t t t
+ HUV (t,0) / BAW(s)|| + ’ / UY (¢, 5)A" (s) ( / @de(r)> ds
0 Y 0 s Y
53)
The first term in the the right hand side of the inequality (2.53) can be evaluated by using (2.36) as
[UY (,0)(ag — yo)llv < [UY(£,0)[l v luo = yollv < ¥ g — yollv- (2.54)

For the second term in the right hand side of the inequality (2.53), we use (2.36) and (2.7) to get

t t
/ UY (1, 5)AY (s)yods|| < / U™ (£, 5)A” (s)yo | vds
0 Y 0

t
< [ 107 ) eqen A yalds
0
f/\TA\' - A~
< sup [|[UY(t, )| zev,v) / |AY (5)yo|lyds < TNe*NT. (2.55)
s,tEA 0
Let us apply (2.36) to the third term in the right hand side of the inequality (2.53) to find (see (2.46))

< Ne2NT . (2.56)

HUV (t,0) /Ot dAWi(s) y
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By using (2.47), the final term in the right hand side of the inequality (2.53) can be estimated as
< 2N2Te2NT (2.57)

‘ /0 U (1 $)AY (s) ( / t cdeH(r)) ds|

Now we substitute (2.54), (2.55), (2.56) and (2.57) in (2.53) to obtain

lu(t) - yollv < ¥ {Jluo - yolly + N (T[1+2N] +1) }, (2.58)

where N is from definition of the stopping time (2.25). For u(t) to be in W, a.s., the right hand side of the
inequality (2.58) should be less than or equal to R. Since |[uy — yolly < R, a.s., this is possible if T" > 0

is chosen sufficiently small. Thus for sufficiently small 7, u € W, a.s., and hence the condition (2.20) is
satisfied. O]

Using the fact that |Ju(t)||x < ||u(¢)||y, we have

sup  [u(®)|[x < sup  [u(t) = yolly + lyolly < R+ llyollv, as. (2.59)
0<t<T ATy 0<t<T ATy

The condition (2.22) can be proved using Proposition 2.23, (2.59), strong continuity of UY (-, ) on A to L(X,X)
(see Theorem 2.18, part (1)), continuity of ¢ — AV (¢) in the £L(Y,X) (see Assumption 2.1-(A4) (i), and the
t

pathwise continuity of the stochastic integral / ®dWpy(s). Hence, u(+, -) is continuous from [0, T A Tn] X Q to

0
X.

By choosing T sufficiently small, the map v +— u = ¥(v) sends . to .. Let us now make . into a
complete metric space by the distance function

A(v,w)=E sup  |[v(t) = w(®)|x| = E[d(v,w)], (2.60)
0<t<T ATy
where d(v,w) = sup |v(¢) —w(t)[[x. Since a closed ball in Y is a closed ball in X (Lemma 7.3, [10]), the
0<t<T Aty

function space . is a complete metric space. Now we show that the map ¥(-) : .¥¥ — . is a strict contraction
map if we choose T sufficiently small.

Theorem 2.24 Let Tn be the stopping time defined in (2.25). Let the Assumption 2.1 be satisfied and let
uyg € WY, as. Thenthe map V(-) : ¥ — % is a strict contraction map.

Proof. Let ¥(vy) = u; and ¥(vy) = uy satisfy
duy (t) + AV (H)uy (8)dt = 2dWg(t), ui(0) = o, (2.61)
and
dug(t) + AY2 (t)uz (t)dt = @dWg(t), uz(0) = uy, (2.62)

respectively. Let us denote z(t) = u; (t) — u2(¢) and take the difference between the equations (2.61) and (2.62)
to obtain

dz(t) + A ()z(t)d

Z(O;s i (),(AV1 (1) — AV ()w (t)dt,} (2.63)

Note that (2.63) is a stochastic linear evolution equation in z(¢) with random drift A2 (¢) = A(¢,va(t)). The
unique pathwise mild solution of (2.63) is given by

a(t) = / U™ (1, 5) [A (5) — A¥2 (5)] wy (5)ds, (2.64)

(@© 0 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.biometrical-journal.com

This article is protected by copyright. All rights reserved.



14 M. T. Mohan and S. S. Sritharan: Stochastic quasilinear evolution equations

fort € [0, T A 7n ). Hence by using (2.35), (2.6), and Theorem 2.22, we have

d(W(v1), ¥(v2)) = sup  [[¥(vy) = ¥(va)llx

0<t<T ATy

sup
0<t<T ATy

/0 UV (1, 5) [AY" (5) — AY? ()] w1 (5)ds

X

IN

T NTN
/0 10 (1, ) [A (5) — A% (5)] s (5) 1 s
f/\ﬂ\r
< / 10V (6, 5) | ) IAY () — A (5)] s (5) I s

TATN
< sup [[U™ (t78)||c(x,x>/0 [AY (s) = AY ()| £ v x) [l ()l ds
s,teN

_ T ATN
<NV sup i (s)lly / v (s) — va(s)[ly ds
0

0<t<T ATy

< TN {Jluglly + N (142NT) ) sup  vi(t) = va(0)x

0<t<T ATy
< TSNTN { [uolly + N (1 + 2NT) } d(vi,va), (2.65)
Taking expectation on both sides of (2.65), we find
AT (1), U(vy)) < TENT N {R +N (1 + QNT) } A(v1,v2), (2.66)
since uyg € W C Y, a.s. Now by choosing T sufficiently small, we get ¥(-) is a contraction map. O

Theorem 2.25 Let Ty be the stopping time defined by

Ty = inf {t B®) V M (u(t)) V Ao (u(t) V s (u(t)) V p(u(t)) v

t
Y% / S*®dWy(s)
0

for N € N. Let the Assumption 2.1 be satisfied and let uy € W C Y, a.s. Then there exists a unique local
pathwise mild solution (u(t))te[(),f/\m) of the problem (2.1) in C(0,T A 7n; W) a.s.

t
/ SBAWy(s)
0

> N} , 2.67)
X

X

Proof. From Theorem 2.24, by choosing T sufficiently small, we obtain the map W(-) as a contraction map.
By an application of the contraction mapping theorem, it follows that ¥(-) has a unique fixed point. Hence for
the stopping time 7 defined by (2.67) there exists an (.%; ), €[0T Ary ) —adpated unique pathwise mild solution of
the problem

du(t) + A(t,u(t))u(t)dt = @dWH(t),}

2.68
u(0) = (269
uy € W C Y, a.s., which is given by the stochastic process
u(t) = U"(¢,0)uy +U“(t,0)/ OAdW (¢ / U (¢, s)A(s,u(s)) (/ AWy (r )) ds.
(2.69)
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From Theorem 2.22 and Proposition 2.23, we have u € C(0, T A 7n; W) a.s., and the estimate

E| swp u@l}| <3¢ {E [Juol] + N (1+4N°T)}, (2.70)
0<t<T ATy
implies in u € L2(Q; C(0, T A 7y ; W)). O

Theorem 2.26 Let 0 < § < 1 be given. Then, we have

P{ry > 6} 21— C6* {E [[ull}] +C (SIS®IE sz, + SlISOI s, + 8IS I s ) }

2.71)
for some positive constant C independent of 6.
Proof. Letuy € W C Y, a.s. For the given 0 < § < 1, there exists a positive integer N such that
1 1
— < —.
Nr1S0°WN
Then, (u, T A 7x ) is a local mild solution of (2.68) for the stopping time given by
¢
™ ::tir>1(f) {t s Bu(t)) Vi (u(t)) vV a(a(t)) v As(u(t)) v p(u(t)) v / SPdWi(s)
¢
v / S?edWy(s)|| > N} .
0 X
Also it can be easily seen that
P{ry > &} > P{ sup (ButATy)) VA (utATy))VI(uEATN))V As(utATy))
0<t<s
tATN tATN
vu(u(t ATy)) Vv / SedWy(s)|| V / S?®dW(s) ) < N}
0 X 0 X
> IE”{ sup |lu(t A7)y < ICN} , (2.72)
0<t<s

where K is a positive constant defined by

K =sup {C €ER” ‘C (Bu(t)) v Ar(u(t) V Az (u(t)) vV Az (u(t) vV p(u(t))

t t
v /S@de(s) v /S2<I>dWH(s) )g u(t)]y, forallueY}. (2.73)
0 x 0 x
Now, we consider E sup  ||u(t)||3| and use (2.44) to get
0<t<TATx
E| sup IIU(t)H%]
0<t<TATN
¢ 2
<3E| swp  [SUNEOwIE| +E| sup SUV(t,O)/ BAWsa (s)
0<t<T ATy 0<t<T ATy 0 X
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S /O t UY (t, s)AY (s) ( / t @de(r)) ds 3 } (2.74)

Using (2.45), the first term from the right hand side of the inequality (2.74) can be estimated as

+E sup

0<t<T ATy

E sup IIUY (¢, O)uo||§{] < NTR [Huo\@{] . (2.75)

0<t<T Ay

The second term from the right hand side of the inequality (2.74) can be simplified using (2.24), (2.46) as

2

t _ t 2
E sup SUV(t,O)/ OdWp(s) <MNTE sup / S®dWy(s)
L0<t<T ATy 0 X 0<t<T A7y 1140 X
< ATTSP|2 e - (2.76)

The third term from the right hand side of the inequality (2.74) can be evaluated using (2.47) as

/0 "suv (t, s)AY (s) ( / t @de(r)> ds 3

E sup

te[0,T ATy ]

2

N T ATy ¢ T ATy t 2
<2NZ2AMNT LR / / S2ddWy(s)|| dt| +E / / SOdWg(s)|| dt| .
0 s X 0 s X
(2.77)
TATN t 2
Let us consider the term [£ / / S2®dWy(s)|| dt| from (2.77), and use Holder’s inequality and (2.24)
0 5 X
to obtain
T/\T'\ 2
E / / S2BdWi(s)| dt
X
T/\’T\ 2
=E / / S?®dWy(s) / S?®dWy(s)|| dt
X
T NATN 2 T/\T\ 2
<2E l/ / S?®dWy(s)|| dt| +2E / / S?DdWy(s) dt]
X X
- t 2 . s 2
<2TE| sup / S?ddWy(s)|| | +2TE / S?ddWp(s) 1
t€[0,T ATy ] X 0 X
- YN—'/\TN - T
28112 28112
< 2CTE /0 IS0 g 5 dt | + 2CTE /0 IS @w,(H’X)dtl
<ACT[S*®|2 1y ) (2.78)
where C'is a positive constant independent of T. Similarly one can prove that
T/\T\ 2 .
E / / SOAWg(s)|| dt| < 4CT?(|S® g - (2.79)
X
Substituting (2.78) and (2.79) in (2.77), we get
t t 2
E sup / SUY(t,s)AY(s) (/ (I)dWH(T)> ds
te[0,T ATy ] 0 s X
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< 8CT2N2eMNT [Hs?@n%j,(H,X) + 1152 5| - (2.80)

Finally, a substitution of (2.75), (2.76) and (2.80) in (2.74) yields

E| swp o Ju@l?
0<t<TATNn
< VT LR [Jugl] + OT [ (1+ 8TN?) S®I12 515, + STN?|S @I 5] } - (2.81)

From (2.81), it can be easily seen that
E ( sup |Ju(t A TN)”%{)
0<t<s
< VLR [uglly] + C (S1SPI2 1.5 + 86 N2ISPI2 g5y + 8N [S20]2 )} (2:82)
for all t € [0, T]. Then by using Markov’s inequality and (2.82), we obtain

P{ry >0} > IP’{ sup |lu(t A7y)|ly < ICN}
0<t<s

= IP’{ sup |lu(t ATn)|3 < ICQNQ}

0<t<s

1
>1— WE ( sup ||11(t/\7iv)|§{>

0<t<s
64N5
> 1 - s {E [Iuol3] + € (818012 ) + 82 N2ISOI2 1) + 85 N2 (S2@ )2 ) |

> 1- 08 {E [uoll3] + C (9IS g1.5) + SISPIZ 0, + SIS @I s ) } (2.83)

where C'is a positive constant independent of u(t) and 4. O

Similar ideas for proving the positivity of stopping time can be found in [14, 16, 15, 18].
A characterization of the maximal pathwise mild solution for the stochastic quasilinear evolution equation of
hyperbolic type (2.1) is given in the next theorem (Theorem 2.27).

Theorem 2.27 Let the Assumption 2.1 be satisfied and let ug € W C Y, a.s. Then there exists a unique
maximal pathwise mild solution (u(t))(o -y in C(0, Too; W), a.s. of (2.68).

Proof. Let us denote by L, the set of all stopping times such that 7 € L if and only if there exists a process
u(+) such that (u, 7) is a local mild solution the problem (2.68). It can be easily seen that

7'1,7'2€£:>7'1\/’7'2,7'1 /\TQG,C. (284)

For each k € N, let us take 7, € £ such that (uy, 7 ) be the unique local mild solution of (2.68). Then for each
Tk, the process uy (+) having continuous paths such that (uy, 7 ) is a local mild solution of (2.68) with

7e = b {t: Blwe(6) VA (we(t) V Ao (i (1)) V s (i () V (e (1))

t t
/ SOedWy(s) / S?BdWy(s)
0 0

for some T' > 0. Let us now show that for n > k, 7, > 7, a.s. For n > k, let us define a sequence of stopping
times 7y, ,, such that

Tkn = flgg {t D 8w, (1) V AL (u, (1) V Ag (un (t) V A3 (u, (t)) Vv p(uay, (t))

V V

X

zk:}/\T,keN,
X
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t t
v / SedWy(s)|| v / S2dWy(s)|| > k} AT, k,n€N.
0 X 0 X
Since (u,,, 73, ) is also a local mild solution, where
Tn :gr>1(f) {t: B, (1) VAL (u, (1) V Az (u, (1) V Az (w, () V p(u, (t))
t t
v / SedWy(s)|| Vv / S?BdWy(s) Zn}/\T,nEN,
0 X 0 X

it is clear from the definition of 7, that 75, ,, < 7,, a.s., for n > k. Thus (u,, 7} , ) is also a local mild solution
of (2.68). If 7, < 7,, a.s., then from above, we have 7, < 7, < 7,, a.s., and hence we are done. Let us
now assume that 7, > 73, a.s. Since (uy, ;) and (u,, 7, ) are both local mild solutions of (2.68), by the
uniqueness of local mild solution, we have uy (t) = u, (¢), a.s., forall ¢ € [0,7; A 7)) = [0, 7% ). Thus, 7% ,,
is the first exit time for u;(-) at k with 7, , < 7, a.s., which is a contradiction. Hence 7, < 7,, a.s., for all
k < n. Thus {7}, : k € N} is an increasing sequence in £ and hence it has a limit in £. Let us denote the limit by
Too i= lem 7. By letting k& — o0, let {u(t),0 < ¢ < 7} be the stochastic process defined by
oo

u(t) =w(t), tem1,m), k>1, (2.85)

where 79 = 0. By making use of uniqueness results, we have u(t A 7,) = uy (¢t A7) forany ¢t > 0. As k — oo,
we are thus justified to define a process (u, 7,) such that (u, 7o) is a local mild solution of (2.68) on the set
{w : Too(w) < T'} and hence we have

lim [sup ||u<s>||y} zum[ sup ||u<s>||y} =nm[ sup ||uk<s>|y]
700 [0<s<t ktoo [0<s<ry ktoo [0<s<ry

>/cnm[ sup (B (1)) V A (we () V Ao (e (£)) V g (1 (8)) V (e (1))

ktoo [o<s<ry
t

Y% / S?®dWy(s) )] = 00, (2.86)
0 X

\%
X

t
/ SPAWg(s)
0

where K is defined in (2.73). Thus 7o, (w) is an explosion time of u(t) € C(0, 7o0; W), a.s. O

Similar ideas of proving maximal local solutions can be found in [5, 2, 16, 15]. Let us now give an example
for which the abstract theory we discussed above is applicable.

Example 2.28 Let us apply the abstract theory to the Euler and Navier-Stokes equations for incompressible
fluids. We write the combined stochastic Euler and Navier-Stokes equation as

du(t) — vZAu(t)dt + Z(u(t) - Vu(t)dt = &dWg(t), t € (0, T]’} (2.87)

u(0) = uy,
where u(t) = (u1(t, z,w), - ,u,(t,x,w)), (t,z,w) € [0,T] x R" x £, is the velocity field, v > 0 is the
coefficient of kinematic viscosity, and &2 is the Helmholtz-Hodge projection operator (see [16]). The operator
& annihilates gradients and maps into divergence free vector fields. & is a bounded operatoron L, 1 < p < oo,

into itself, and commutes with translation. Hence it is also bounded on 2 := J~*L”(R"), where J := (I—-A)!/2,
for any real s. Let us now choose the basic spaces H, X and Y, and the isomorphism S as

H=PL2,X=PL_, Y=PLl CW'® S=12=1-A1<p<oo,s>1+—. (288
p

Note that X and Y consisting of divergence free vector fields are closed subspaces of vector-valued L?_, and IL?
respectively, and inherits their norms || - ||s_2, and || - ||s ,. Thus X and Y are UMD Banach spaces of type 2
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(see Theorem 4.5.2, [1], Corollary A.6, [3]) with |jul|s,, = ||Sul|s—2,, and hence verifying the condition (A1) of
Assumption 2.1.
For each w € Y, we define the operator A(w) by

Aw)z=—vPAz+ P (w-V)z=—vPA\z+ PV (WR2z). (2.89)

The operator A (w) is quasi—m—accretive with Sy as a core, where S denotes the subset of the Schwartz space
S consisting of divergence free vector fields (see Proposition 3.3, [13]), and hence it verifies the condition (A2)
of Assumption 2.1.

Using Proposition 3.3, [13], we obtain the operator C(w) € L(Y,X) with ||C(W)||z(v,x) < C||w||y such that

(T2, A(w)[Y = C(w), forallp € Sy, [J2,A(w)|[b = PP(A(w)) — A(w)I*, (2.90)

where A(w) = Z(w-V) and [, -] is the commutator. Thus (2.90) implies that J2A(w)p = A(w)J?Pp+C(W).
Let us take ¢ = J?1 and an application of S~ = J~2 yields

A(W)S™'p =S A(W)P + ST'B(w)d, forall p € Sy, (2.91)
where B(w) = C(w)J 2 € £L(X,X) with
IBW)llzxx) < Cllwlly. (2.92)

Since, Sy is the core of A(w) in X, (2.91) verifies the condition (A3) of Assumption 2.1.
By using the algebra property of I.? norm for s > n/p and Holder’s inequality, for all v € Y, we have

[A(W)v][x < | ZAV|[s—2p + |2V - (WRV)[ls—2p < (L4 [[W]ls=1,p) [[V]¥s (2.93)
and

[(A(w1) = A(wo))vlx < [ Z((w1 —w2) - V)V][s_a, < [[W1 — Walls—2, | VV[Le
< Cllwy — wa[x|lv]ly, (2.94)

for s > n/p + 1, verifying the condition (A4) of Assumption 2.1.

By taking the center of the open ball W C Y as the origin, the condition (A5) of Assumption 2.1 follows
easily. Thus, we can apply our abstract theory to the problem (2.87) for v > 0. Hence, for uy € Y, a.s., there
exists a unique local pathwise mild solution to the problem (2.87) in L% (£2; C(0, T ATy Y)), where 7y is the

stopping time given by 7y := }gg {t a@®)|ly = N } The P —theory for stochastic Navier-Stokes equations

perturbed by Lévy noise is established in [17] and this method establishes the IL? —theory in the case of Gaussian
noise.

Remark 2.29 If we consider the problem

du(t) + A(t)u(t)dt = ®dW(t), 0 <t < T
u(t) + A(t)u(t) (t), 0<t< } 2.95)

u(0) = uy,
where {A(t)}o<i<r is a deterministic stable family of generators in G(X) with the stability index M and S,
then one can establish a global pathwise mild solution for this problem. The deterministic evolution operator

U(t,s) € L(X,X) defined on the triangle A := 0 < s < ¢ < T can be constructed same as in Theorem I, [10]
under the assumption (i)-(ii1), page 29, [10], satisfying

sup U, )|l cxx) < Me?T and sup 10 ) vy < ISlecrsolIS™ e MeTHMY
s,t€ s,t€

-
where V = / IB()| 2. dt, with SA(£)S™! = A(£) + B(t), B(t) € L(X,X),0 <t < T.
0
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Then the unique global mild solution u(t) of (2.95) is given by

u(t) = U(t, 0)uy + /0 Ut 5)DAWr (s), (2.96)

and

(i) if ug € L2(9;X), then u € L2(€; C(0, T; X)),
(id) if uy € L2(Q;Y), then u € L2(Q; C(0, T; Y)).

Also, we have
. : 2
(i) E [OE?ETHu(t)H%] < 2M2e2PT [E [[[aoll%] +OTH<D||7(H,X)]’

.. A — 2
() B | sup (O] < 2020750 [5 [Juall) + OIS0 sy 1812
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