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Chapter

Z7-Convergence of Arithmetical
Functions

Vladimir Baldz and Tomds Visnyai

Abstract

Let #>1 be an integer with its canonical representation, n = p{'p3*---p;*. Put
H(n) = max{ay, ..., }, h(n) = min{a, ..., }, o(n) =k, Qn) = a1 + - + o,
fn) =[lydand f*(n) = S Many authors deal with the statistical convergence

n
of these arithmetical functions. For instance, the notion of normal order is defined

by means of statistical convergence. The statistical convergence is equivalent with
7 ,-convergence, where Z is the ideal of all subsets of positive integers having the
asymptotic density zero. In this part, we will study Z—-convergence of the well-
known arithmetical functions, where 7 =7@ = {ACN: Y _,a71< + oo} isan

admissible ideal on N such that for g € (0, 1) we have Z\¢ ¢ 7, thus 79—
convergence is stronger than the statistical convergence (Z,—convergence).

Keywords: sequences, Z-convergence, arithmetical functions, normal order,
binomial coefficients

1. Introduction

The notion of statistical convergence was introduced independently by Fast and
Schoenberg in [1, 2], and the notion of Z-convergence introduced by Kostyrko et al.
in the paper [3] coresponds to the natural generalization of statistical convergence
(see also [4] where Z—convergence is defined by means of filter — the dual notion to
ideal). These notions have been developed in several directions in [5-18] and have
been used in various parts of mathematics, in particular in number theory and
ergodic theory, for example [15, 19-28] also in Economic Theory [29, 30] and
Political Science [31]. Many authors deal with average and normal order of the well-
known arithmetical functions (see [20, 21, 23, 24, 26, 28, 32, 33] and the monograph
[34] for basic properties of the well-known arithmetical functions). In what fol-
lows, we shall strengthen these results from the standpoint of Z-convergence of

sequences, mainly by Z'?'—convergence and Z,—convergence. On connection with
that we can obtain a good information about behaviour and properties of the well-
known arithmetical functions by investigating 7—convergence of these functions
or some sequences connected with these functions. Specifically in [28] by means of
T ,-convergence, there is recalled the result that normal order of Q(n) or w(n)
respectively is log logzn. We managed to completely determine for which ¢q € (0, 1)

the sequences 102(1732;1 and 102’(122" are 7\9—convergent. As consequence of our results,
we have that the above sequences are 7,-convergent to 1, what is equivalent that

normal order of Q(n) or w(n) respectively is log logn. Further in [26], there is
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ap(n)
logn

proved that the sequence (log p- ) is 7,—convergent to O (see also [21]). We
shall extend this result by means of Z,—convergence of the sequence (log p- ?’;—gg)

So we can get a better view of the structure of the set B(e) = {n eN: logp - alf)fgnn) < 6},

¢> 0. We also want to investigate the Z9—convergence of further arithmetical
functions.

2. Basic notions

Let N be the set of positive integers. Let A CN. If m,n €N, m <n, we denote by
A(m,n) the cardinality of the set A N [m,n]. A(1,n) is abbreviated by A(n). We recall
the concept of asymthotic, logarithmic and uniform density of the set A CN (see
[35-38]).

Definition 1.1. Let A CN.

a. Putd,(A) = ‘% = 15 wxa(k), where y, is the characteristic function of the
set A. Then the numbers d(A) = lim inf, ..d,(A) andd(A) =
limsup, . _d,(A) are called the lower and upper asymptotic density of the set A,
respectively. If there exists lim, ...d,(A), then d(A) = d(A) = d(A) is said to

be the asymptotic density of A.

b. Put 5,(A) = 1>, “T(k), where s, = >, _; %. Then the numbers 5(A) =
lim inf, . 6,(A) and §(A) = lim sup, . 35,(A) are called the lower and
upper logarithmic density of A, respectively. Similarly, if there exists
lim,, .o 6,(A), then 5(A) = 5(A) = 5(A) is said to be the logarithmic density of
A. Sinces, = logn +y + O(3}) forn — oo and y is the Euler constant, 5, can be
replaced by log# in the definition of 5,(A).

c. Put g, = min,>0A(n + 1,7 +5) and & = max,>0A(n + 1,7 +5). The
following limits u(A) = lim ... ¢, #(A) = lim,_.., % exist (see [17, 37,
39, 40]) and they are called lower and upper uniform density of the set A,
respectively. If #(A) = u(A), then we denote it by #(A) and it is called the
uniform density of A. It is clear that for each A CN we have

u(A) <d(A)<5(A) <5(A)<d(A) <u(A). (1)

Further densities can be found in papers [11, 12].

Let n = p{'p5*---p;* be the canonical representation of the integer #» € N. Recall

some arithmetical functions, which belong to our interest.
1.w(n) — the number of distinct prime factors of # (w(n) = k),

2.Q(n) — the number of prime factors of # counted with multiplicities
(Qn) = a1 + - + ),

3.d(n) - the number of divisors of # (d(n) = del) ,

4.define h(n) and H(n), put k(1) = 1, H(1) = 1 and for » > 1 denote
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h(n) = min a;, H(n) = :
(n) Jmin, aj, () [max @),

50(m) =T1lgnds 7 (n) = f) wheren =1,2, ...,

n

6.a,(n) is defined as follows: a,,(1) = 0 and if n > 0, then a, () is a unique integer
j> 0 satisfying p/|n, but p 7 4n i.e., p™||n,

7.y(n) and 7(n) — were introduced in connection with representation of natural
numbers of the form n = a’, where a, b are positive integers. Let

_ b _ b by

be all such representations of given natural number 7, where a;, b; € N. Denote by
T(?’Z) = b4 +b2—|—"'+by(n), (n>1).

It is clear that y(n) > 1, because for any z > 1 there exist representation in the

form nl.

3. Ideals

A lot of mathematical disciplines use the term small (large) set from different
point of view. For instance a final set, a set having the measure zero and nowhere
dense set is a small set from point of view of cardinality, measure (probability) and
topology, respectively. The notion of ideal Z C 2% is the unifying principle how to
express that a subset of X # @ is small. We say aset A CX isasmall setif Ae€Z.
Recall the notion of an ideal Z of subsets of N.

Let Z C2V. 7 is said to be an ideal in N, if 7 is additive (if A,B€Z then AUB€T)
and hereditary (if A €7 and BC A then B€Z). An ideal 7 is said to be non-trivial
ideal if T # @ and N ¢ Z. A non-trivial ideal 7 is said to be admissible ideal if it
contains all finite subsets of N. The dual notion to the ideal is the notion filter. A
non-empty family of sets F C 2MNisa filter if and only if @ ¢ F, for each A,Be F we
have AnBe F and for each A € F and each B> A we have B € F (for definitions see
e.g. [4, 41, 42]). Let 7 be a proper ideal in N (i.e. N ¢ 7). Then a family of sets
F(Z) ={BCN : there exists A€Z such that B = N\A} is a filter in N, so called
the associated filter with the ideal 7.

The following example shows the most commonly used admissible ideals in
different areas of mathematics.

Example 1.2.

a. The class of all finite subsets of N forms an admissible ideal usually denoted
by 7 fe

b. Let ¢ be a density function on N, the set Z, = {ACN: 9(A) = 0} isan
admissible ideal. We will use namely the ideals 7, Z5 and Z,, related to
asymptotic, logarithmic and uniform density, respectively.

c. A wide class of ideals Z can be obtained by means of regular non negative
matrixes T = (tn,k)n,keN (see [43]). For ACN we put dglfl) (A) = 1 tupxalk)
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for n e N. If lim n_mdr(lfl )(A) = dr(A) exists, then drt(A) is called T-density of
A (see [3,44]). PutZ,, = {ACN :dyp(A) = 0}. Then Z,, is a non-trivial ideal
and 7, contains both 7; and Z; ideals as a special case. Indeed Z,; can be
obtained by choosing ¢, , = % fork <m,t,; = 0 for k>n and Z; by choosing

1
tag =k fork<m,t,; = 0 for k>n where s, = ZZ:U% forneN.

For the matrix T = (tﬂ,k)n,keN’ where t, ), = @ fork<n,klnandt,, =0
otherwise we obtain 7, ideal of Schoenberg (see [2]), where ¢ is Euler
function.

Another special case of 7, is the following. Take an arbitrary divergent
series ) . ° ,c,, where ¢, >0 for n € N and put t,,, = & for k <n, where S, =

Sn
St ici,and t,, = O for k>mn.

d. Let u be a finitely additive normed measure on a field S C2". Suppose that S
contains all singletons {n}, n € N. Then the family 7, = {ACN: u(A) = 0} is
an admissible ideal. In the case if 4 is the Buck measure density (see [13, 45]),
7, is an admissible ideal and 7, € Z,.

e. Suppose that y, : 2" — [0,1] is a finitely additive normed measure for n € N.
If for A CN there exists u(A) = lim, .. p,(A), then the set A is said to be
measuvable and pu(A) is called the measure of A. Obviously u is a finitely
additive measure on some field S C2". The family Z, = {ACN: u(A) = 0} is

a non-trivial ideal. For y, we can take for instance d,,, &, or dr(lfl ),

f.Let N = U°;-’:1Dj be a decomposition on N (i.e. D, nD; = @ for k # ).
Assume that D; ( j = 1,2, ...) are infinite sets (e.g. we can choose D; =

{2j_1 (25—-1): SEN} forj =1,2, ...). Denote Zy the class of all A CN such
that A intersects only a finite number of D;. Then Zy is an admissible ideal.

g. Forange(0,1) theset 79 = {ACN: ", _,a79< + oo} is an admissible
ideal (see [23]). The ideal Igl) = {A CN: ZaeAa’l < + oo} is usually
denoted by Z,. It is easy to see, that for any ¢,,4, € (0,1), 4, <q, we have

1,¢7 e e, 1,01, 2)

The fact Z, ¢ 7, in Eq. (2) follows from the following result. Let A CN and

-

Y oaca % < oo thend(A) = 0 (see [46]) thus if A €Z, then A € Z,. The opposite is not
true, consider the set of primes P, for which we have d(P) = 0 but Zp cP }% = oo thus
PeZ,butP ¢ 7, (I. £ I,).

The fact that for any ¢,,¢, € (0, 1), g, <q, we have Ic(ql) c Ic(qz) in Eq. (2) is clear.

For showing that Ic(ql) + Ic(qz) it sufficesto findaset H = {h1 <hy < <h, <---} CN
such that >0 14, 7' = +o0 and > 57 1, < + o0, Put by, = [kﬂ . Since
hy<hy <+ <hy<--and hi* <k we have S5 b, " > 3737 k™' = +o00. On the other

L 1 . 07— o g 12 .
side iy, > kit — 1> ki for k >2, so we obtain Y 14, 72 <2923 k701 < + oo since

1
22 >1.
91
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4. Z- and T *-convergence

The notion of statistical convergence was introduced in [1, 2] and the notion of
Z-convergence introduced in [3] corresponds to the natural generalization of the
notion of statistical convergence.

Let us recall notions of statistical convergence, Z— and 7 * —convergence of
sequence of real numbers (see [3]).

Definition 1.3. We say that a sequence (x,),._; is statistically convergent to a
number L € R and we write lim statx, = L, provided that for each ¢ > 0 we have
d(A(e)) = 0, where A(e) = {neN:|x, — L| >¢}.

Definition 1.4.

i. We say that a sequence (x, ), ; is Z—convergent to a number L € R and we
write Z — limx, = L, if for each ¢ >0 theset A(¢) = {n eN:|x, — L| >¢}
belongs to the ideal 7.

ii. Let Z be an admissible ideal on N. A sequence (x,)," ; of real numbers is
said to be 7 *—convergent to L € R, if there is a set H € Z, such that for M =
N\H = {mi1<my<--<my, <---} € F(T) we have limj_ . x,,, =L, where
the limit is in the usual sense.

In the definition of usual convergence the set A(¢) is finite, it means that it is
small from point of view of cardinality, A(e) €Zs. Similarly in the definition of
statistical convergence the set A(¢) has asymptotic density zero, it is small from
point of view of density, A(¢) € Z,. The natural generalization of these notions is the
following, let 7 be an admissible ideal (e.g. anyone from Example 1.2) then for each
e> 0 we ask whether the set A(¢) belongs in the ideal Z. In this way we obtain the
notion of the Z—convergence. For the following use, we note that the concept of
TZ—convergence can be extended for such sequences that are not defined for all z €N,
but only for “almost” all » € N. This means that instead of a sequence (x,),._,
we have (x;), ., Where s runs over all positive integers belonging to SC N and
SeF(T).

Remember that Z-convergence in R has many properties similar to properties of
the usual convergence. All notions which are used next we considered in real
numbers R. The following theorem can be easily proved.

Theorem 1.5 (Theorem 2.1 from [9]).

i.If 7 — limx, =Land Z — limy, = K, thenZ — lim (x,, j:yn) =L +K.
ii. If 7 — limx, =L and Z — limy, = K, thenZ — lim (x,, -yn) =L-K.

The following properties are the most familiar axioms of convergence
(see [47]).

(S) Every constant sequence (x,x, ...,X, ... ) converges to x.

(H) The limit of any convergent sequence is uniquely determined.

(F) If a sequence (x,),.; has the limit L, then each of its subsequences has the
same limit.

(U) If each subsequence of the sequence (x,),. ; has a subsequence which
converges to L, then (x,),.; converges to L.

A natural question arises which above axioms are satisfied for the concept of
Z—convergence.
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Theorem 1.6 (see [14] and Proposition 3.1 from [3], where the concept of
T—convergence has been investigated in a metric space) Let Z C 2" be an admissible ideal.

i. T—-convergence satisfies (S), (H) and (U).
ii. If 7 contains an infinite set, then Z—-convergence does not satisfy (F).

Theorem 1.7 (see [3]) Let I be an admissible ideal in N. If T* — limx, = L then
7 — limx, = L.

The following example shows that the converse of Theorem 1.7 is not true.

Example 1.8. Let Z = Ty be an ideal from Example 1.2 f). Define (x,),._; as
follows: For n € D; we put x,, = ]l forj =1,2, .... Then obviously Z — limx, = 0.
But we show that Z* — limx,, = 0 does not hold.

If H €7 then directly from the definition of 7 there exists p € N such that
HCDyUD,U--UD,.Butthen D, 1 CN\H = {my <my <--<myp <--}€F(T)and
so we have x,,, = p+r1 for infinitely many indices k € N. Therefore lim_.X;,, = 0
cannot be true.

In [3] was formulated a necessary and sufficient condition for an admissible
ideal Z under which Z7- and 7 * —convergence to be equivalent. Recall this condition
(AP) that is similar to the condition (APO) in [7, 35].

Definition 1.9 (see also [40]) An admissible ideal Z c 2" is said to satisfy the
condition (AP) if for every countable family of mutually disjoint sets {41, A>, ... }
belonging to 7 there exists a countable family of sets {Bj, By, ... } such that sym-
metric difference A ;AB; is finite forje Nand B = U 4B €T

Remark. Observe that each B; from the previous Definition belong to 7.

Theorem 1.10 (see [14]) From T — limx, = L the statement 7* — limx, = L
follows if and only if T satisfies the condition (AP).

In [44] it is proved that Z,,— and 7 ; —convergence are equivalent in R provided
that T = (), from Example 1.2 c) is a non-negative triangular matrix with
> e—itnr = 1for n €N. From this we get that Z,, Z5, 7 ,~convergence coinside with
Z,,Z;,I,-convergence, respectively. On the other hand for further ideals from
Example 1.2 e.g. Z,,, Zry and 7, respectively, we have that they do not fulfill the
assertion that their Z7-convergence coincides with 7 * —convergence. Since these
ideals do not fulfill condition (AP) (see [13, 38, 40]).

The following Theorem shows that also for all ideals Z'%) for g € (0,1) the
concepts Z— and Z * —convergence coincide.

Theorem 1.11 (see, [20, 23]) For any q € (0, 1) the notions ng)— and IE’J) _
convergence are equivalent.

Proof. It suffices to prove that for any Z%, g € (0, 1) and any sequence (x,)>*_, of
real numbers such that 79 — limx, = L for g € (0, 1) there exists a set M =
{mq<my < - <my, <} CNsuch that N\M € Z@ and lim}, ..x,n, = L.

For any positive integer k let &, =y and A;, = {n €N:lx, —L|> 2%}

As I@ — limx, = L, we have A, Efgq), ie.

Za_q < oo.

ach,

Therefore there exists an infinite sequence 77 <7, < -+ <m;, < --- of integers such
that for every k = 1,2, ...
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_ 1
Z a q<2—k.
a>ny
a €Ay

Let H = U2 [(ng, np41) NAg]. Then

Za—qsza—q_|_ Z a d+ ... + Z a1+ ...

a€H bt a>ny a>mn,
a€eA, a€eAy
Sl <y
4 J— cee —1 cee 0.
2 22 2k

Thus HeZYW. Put M = N\H = {m; <my < --- <my, < ---}. Now it suffices to
prove that lim_...x,,, = L. Let € > 0. Choose ko € N such that 2,%0 <e. Let my >ny,.

Then m,, belongs to some interval (n s ]-+1> where j > ko and does not belong to
Aj (j>ko). Hence m; belongs to N\A j, and then |x,,, — L| < e for every m;, >ny,,
thus lim;_ X, = L.

Corollary 1.12 Ideals T for q € (0,1) have the property (AP).

It is easy to prove the following lemma.

Lemma 1.13 (see [3]). If 71 CZ, then the statement T, — limx, = L implies
7, — limx, = L.

5. Z-convergence of arithmetical functions

We can obtain a good information about behaviour and properties of the well-
known arithmetical functions by investigating Z—convergence of these functions or
some sequences connected with these functions. Recall the concept of normal order.

Definition 1.14. The sequence (x,),_; has the normal order (y,)"_, if for every
€> 0 and almost all (almost all in the sense of asymptotic density) values #» we have
(1—ely, <x,<(1+e)y,.

Schinzel and Sal4t in [28] pointed out that one of equivalent definitions to have
the normal order is as follows. The sequence (x,),; has the normal order (y, )™
if and only if Z; — lim jf—: = 1. The results concerning the normal order will be
formulated using the concept of statistical convergence, which coincides with Z ;-
convergence. For equivalent definitions of the normal order and more examples
concerning this notion see [34, 38, 48].

In the papers [21, 27, 28] and in the monograph [38] there are studied various
kinds of convergence of arithmetical functions which were mentioned at the begin-
ning. The following equalities were proved in the paper [28] by using the concept of
the normal order.

7, — lim () =7,;— lim Q(n) =
log logn log logn
and
7, — tim M _ 7,y H®) g,
logn logn
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Similarly for the functions f(n) and f* (n). In [27] it is proved the following
equality:

7, lim glogf() _ oy leglogf"(n)

log logn log logn =1+ log2.

Let us recall one more result from [26], there was proved that the sequence

(log p- %) ::2 is Z,—convergent to 0. Moreover the sequence (log p- Iogn> 00:2

is 7 _convergent to 0 for ¢ = 1 and it is not Z'9'—convergent for all g € (0, 1),
as it was shown in [21]. In [19] it was proved that this sequence is also
1,—convergent.

The following theorem shows that the assertions using the notion Z,, instead of

T\, g €(0,1) need to use a different technique for their proofs. First of all we
recall a new kind of convergence so called the uniformly strong p—Cesaro conver-
gence. This convergence is an analog of the notion of strong almost convergence
(see [6]).

Definition 1.15. A sequence (x, ), is said to be uniformly strong p—Cesaro

k+N

convergent (0 <p <oo) to a number L if im y—oo 7 2 51

in k.

The following Theorem shows a connection between uniformly strong p—Cesaro
convergence and 7 u—convergence

Theorem 1.16 (see [6]). If (x,),._, is a bounded sequence, then (x,), s T~
convergent to L if and only zf (% ),y is uniformly strong p—Cesaro convergent to L for
some p, 0 <p < oo.

|x; — L[ = 0 uniformly

a,m)\ ™ . . .
logn> s 7,-convergent to zero i.e. for arbitrary £ >0

The sequence <logp .
the set A(e) = {n eN: logp - logn >e> 0} has uniform dens1ty equal to zero.

Theorem 1.17 (see [19]). We have Z,, — lim logp - = 0.

logn
Proof. The sequence (log p- fg—g)> is bounded. Using Theorem 1.16, it is

") p=2

sufficient to show that the sequence (log p-L ;"2) 7 s uniformly strong p—Cesaro
convergent to 0 for p = 1. For the reason that all members of (log p- loéi) oi are

k+N ap (”)

positive, we shall prove that lim y_.co x>, jos1 ogn

= 0, uniformly in k. a,(n) = a
log N

if p*||n. Let ag = [ } This immediately implies that p* <N <p®*1. Then for

alln € (k,k + N| we have a,(n) = a<ag with the possible exception of one

ny € (k, k + N| for which we could have a,(n1) = a1 > ag. Assume that there

exist two such numbers 71,7, € (k, k + N| for which a,(n1) = a1 > ag and a,(n,) =
ay > ag, then ny = myp™, ny = myp™ hence p®*ln; —ny. We have potl

<|n1 — ny] <N, what is a contradiction with p®* > N. When we omit such an 7,

(nl) 1o
N logn - N(x

from the sum, the error is less than % logp. Using the Holder’s inequality

we get

1 k+N 1
DI C RIS DA BYES DA G
w1 1087 (logn)*
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We are going to estimate the first factor of Eq. (3)

= Z (ay(n)) %’NZa Z 1=
n=k-+1 a=0 n—k+1
ay(n)=a
1S L([k+N k k + N k B
ﬁ — @ p(x el p(z+1 B a+1 -
1 & N N 1 1\ & 1 01X ,
-y o +O(1)>:—N(1——> o —+ LN
Na:O e pa+1 N p ; pa N ;
Formula o0 0a2 = P(ao) where P(x) = w and simple estimations give
Z e S Za Op
So we get
1 k+N 5
N > (@) =0(). (4)
n=k+1

Estimate the second factor Eq. (3)

W™ 1
Z since — 0. (5)

N 4= (logn)* = Niz logn (logn)®

Let N — oo, from Egs. (4) and (5) we obtain

1 N 4 N+1
N Z logn \/ Z

n=k+1

— 0,
logn

uniformly in k.

Remark. It is known that 7, C 7, (see e.g. [5, 6]) but the ideals Z, and Z,, are
not disjoint, and moreover 7, £Z, and Z, £ 7,,. For example the set of all prime
numbers belongs to 7, but not belongs to Z.. On the other hand there exists the set
B = U} By, where B, = {k3 + 1,k 42, ..k + k} which not belongs to Z, but it
belongs to Z,.

Under the fact that 79 ¢ Z, for all g € (0, 1) and Lemma 1.13 it is useful to
investigate 7'9—convergence of special sequences described in the introduction.
Under the Lemma 1.13 it is clear that if there exists the Z'?—limit of some sequence
for any g € (0, 1), then it is equal to the Z,-limit of the same sequence. There are no
other options.

Consider the sequences (h(n))oo and ( )>°° X In [45] it was proved that these

logn J | logn

sequences are dense on <0, %gZ) and moreover they both are statistically conver-

gent to zero. The same result we have for Z@—convergence, but only for the
sequence <%) L forallq €(0,1).

Theorem 1.18 (see [20]). We have

9 _ lim h(n)
logn

=0, for all q€(0,1).
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Proof. Let k€N and k > 2. It is easy to see that the following equality holds

. 11
1+ ) ”q:H(1+]ﬁ+p4(k+1>q+"'>’ (6)
neN peP
h(n)>k

where PP denotes the set of all primes.
The right-hand side of the equality Eq. (6) equals

1 1 1
pl;[IP (1 +pkq 1- ) _pI;[IP’(l Jrp(k—l)q - (p1 — 1))‘

Then for g > 1, the product on the right-hand side of the previous equality
converges. Thus, the series on the left-hand side of Eq. (6) converges.

Let e>0. Put A(e) = {neN : f‘o(g; Ze>0}. There exists an nf)k) eNforallk>2

such that for all n > nge) and n € A(e) we have h(n) > ¢ - logn > k (it is sufficient to
put nge) = [elf]).
From this A(e) N {nge) + 1,ng€) +2, ... } C{neN:h(n)>k}forallk>2,keN.

Therefore 4 n < + oo forallk>2and 7@ — lim % = 0 since the series

Eq. (6) converges for all g > %. If & — oo for sufficient large then Ig 9) _ lim <>(ng =0
forallg € (0,1).
Corollary 1.19. We have

h(n)
logn

79* — lim

c

=0 for all q€(0,1).

For the sequence (ﬁg‘i) we get the result of different character.
-2

Theorem 1.20 (see [20]). The sequence (ﬁ(g?)l) 0072 is not ng )—convergent for every
q€(0,1).
Proof. In the paper [21] is proved, that the sequence <log p- Iogﬂ) . is not 79—

convergent for any g € (0, 1). The sequence (‘;ﬁ gg)w 5 is also not Z'%—convergent to
n=

zero. The inequality H(n) >0zp( n) holds for allz = 1,2, ... and for any prime num-

ber p. Then we have lo(gr)t > logn ) foralln = 2,3, ... This implies that the sequence

(%g"i) ::2 is also not Z'9—convergent to zero for every g € (0,1).

Theorem 1.21 (see [20]). For ¢ = 1, we obtain

H(n)

Z,— lim
logn

=0.

Proof. We will show that

for any £> 0.

10
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. . 2 .
Every non-negative integer n can be represented as n = ab”, where a is a square-
free number. Hence H(a) = 1 and

n)e {H(b*),H(b*) +1}.

If n € A(e) then from H(n) > ¢ - logn we have
H(b*) +1 H(b*) +1
log (ab®) < (78)+ and so loga < &

Therefore
H(b?) +1
A(e)CB = {neN ‘n = ab?, loga < i, beN}.
€

It is enough to prove that }_, (571 < + oo. We have

k

We use the inequality S, = > 4

have the following inequality

Z sz( / 1+1>. %)

nEB

114 logk for the harmonic series. Then we

Because the b_12 = %2 < + oo, it is enough to prove that the

opoZ
Z 1(92)<—|—oo. (8)

b=1

For any n €N we have n = p§'---p%* > 2f") and from this H(n) < logg. Therefore

= H(b?) 2 logh
< < + oo

We have shown that the sum in Eq. (8) is finite and therefore the sum in Eq. (7)
is also finite.
Moreover B €Z, and because A(e) C B we have A(¢e) €

The situation for sequences (1 o:(l?g n) (1 o log n) is followmg

Theorem 1.22 (see [20]). The sequences (log(lo)gn> and <1og (lzzén)oo are not

T9—convergent for all q € (0,1).

Proof. We prove this assertion only for <log (l?gn)oo . The proof for the sequence

(1 0{;(1223 n) ::2 is analogous. Let ¢ = 1. On the basis of the Theorem 2.2 of [28] and

Lemma 1.13 we can assume that Z, — lim ; O‘g(&n = 1. Take e € (0, 1) and consider
the set

11
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Ale) = {neN:

_ot) gl
log logn )

—t — 1‘ > ¢ holds
log logp

for all prime numbers p > p,,. Therefore the set A, contains all prime numbers

greater than p,,. For these p we have: 3, >p0% = 400 and so A(e) ¢ Z.. From this
Z, — lim lo‘g(l?gn # 1. Under the inclusion Z9 ¢ 7 = 7, and according to Lemma
1.13 we have 79 — lim % # 1 for q € (0,1). This complete the proof.

Further possibility where the results can be strengthened by the way that the

Put n = p, where p is a prime number, then w(p) =1 and

statistical convergence in them is replaced by Z9—convergence is the concept of the
tamous Pascal’s triangle. The n-th row of the Pascal’s triangle consists of the numbers

o ) vt

Let I'(t) denote the number of times the positive integer t, £ > 2 occurs in the Pascal’s
n n
triangle. That is, I'(¢) is the number of binomial coefficient (k ) satisfying (k ) =

t. From this point of view I is the function which maps the set N in the set NU {Xo }
(I'(1) = Rp). Let us observe that for everyte N, I'(¢) > 1.

In [32] it is proved that the average and normal order of the function I'is 2. Since
the normal order is 2, we have

T, — limT() =2

(see [28]). We are going to show two results which strengthen the result of [32]
and their proofs are outlined in [24].

Theorem 1.23 (see [24]). Z, — limI'(¢) = 2.

Proof. The values of the function I' are positive integers for ¢ # 1. Thus for ¢ >0
theset A, = {teN:|['(t) — 2| > ¢} is a subset of the set H = {1} U {2} UM, where
M = {teN:T'(¢)>2}. Note that I'(2) = 1. Therefore is suffices to show that
> et < + oo. Evidently this is equivalent with

neEHn
1
g — < + oo, 9)

neMn
We shall prove Eq. (9). Firstly, we write the left-hand site of Eq. (9) in the form

Z1 M(1) M(2) - M(1) M(k) ~ M(k—1)

—n 1 2 k
_ M)  M(Q2) M(k)
BRI +k-(k—l—1)+

In [32] it is shown that M(x) = O(/x). Therefore there exists such ¢; > 0 that for
every k €N, M(k) <c;vk holds. But then

M(k> 1 -
et S kb2

According these inequalities by comparison test of the convergence of the series
in Eq. (9) follows.

12
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Now we shall use the concept of Z'?'—convergence.
Theorem 1.24 (see [24]). For every q > 3, 79 — im () = 2 holds and
9 — lim['(t) = 2 does not hold for any q, 0<q < 1,
Proof. Let 0 <q <1and let M have the same meaning as in the proof of Theorem

1.23. Let us examine the series ), .\, 4. We write it in the form

1 _M(1)  M@) M) M(k) - Mk~ 1)

0 N oo
1 1 1 1
> 1 1
=m0 (5~ gy

In virtue of Lagrange’s mean value theorem we have
(k+1)? k! =qz1!, k<zm<k+1 (k=12 ..).

Therefore the series Eq. (10) can be written in the form

-1 )
k)gzy qM (k)
qu qu (k + 1) qu(k—i—l)qz;_q' (11)

keM k=1

But z,i*q >k, (k 4+ 1)7 > k7 and so

(e o]

1 M(k)
> S1) i
k=1

neM

We have already seen, that M(k) <c;Vk, (k = 1,2, ...) (in the proof of Theorem

n
1.23). Consider that every binomial coefficient ¢ = (2 ) , >4 occurs in Pascal’s

] . n n t t
triangle at least four times | as )\, o 1)) Therefore every

number of this form belongs to M. Consequently for x > 4, x € N the number M(x)
is greater then or equal to the number V(x) of all numbers of the form (Z > ,n>4

not exceeding x. But V(x) >s — 3, where s is the integer satisfying
(3)==<(")
<x< .
2 2

1
x<s(s—2|— ), s>V2x — 1.

From this we get

So we obtain

M(x)>V(x)>s — 3>V2x — 4, M) S pot >v2-1>0.
X S~

13
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4
Now it is clear that if x > ( 5 ) then

ev/x <M(x) <civ/x, ¢ =vV2—-1>0. (12)

Therefore by Eq. (11) we get

But 2, <k + 1, hence z,ifq <(k+1)""7 and so

(55) = 1 . 1

2q >q= Y —— =40 if 0<gq<<.

zﬂ; Z k+1” Z;Ueﬂﬁ*q 2
Thus ), cp = +o0, and s0 ), 4 L = o0 for every &> 0.

Similar results we can prove for functions f(z) and f~ (n).
Theorem 1.25 (see [20, 27]). The sequence (M) . is not ng)—convergent for

log logn
all q €(0,1).
Proof. According to Theorem 2.1 of [27] suppose that the

log logn

where g € (0,1). Let e € (0, log2) and define the set

log logf(n)

w, >
log logn (1+log2)2

Ae) = {nEN:

Put n = p, where p is a prime number, then f(p) = p and izg iggi = 1. Therefore

the set A(¢) contains all prime numbers. Next we have:

Zn 9> ij_qZij_lz—{—oo, q€(0,1).
=1

neAle j=1
Hence A(e) ¢ 79 and 79 — lim % # 1+ log2 forallg €(0,1).
Theorem 1.26 (see [20.2]). The sequence (M) . isnot T gq)—convergent for

log logn
all q €(0,1).
Proof. According to Theorem 2.2 of [27] again suppose that the

9 _ lim log log f~ (n)

log logn =1+ log2,

14
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where g € (0, 1). The proof is going similar as in the previous Theorem. Putn = p;p ;,

i # j, where p;, p ; are distinct prime numbers. Then f ™ (n) = f* (pip j) = % =
J

pip' piP; . . log logf* pip; .
}Epj 2 =PiPjt 7. HenCQWp(ij]) = 1. Let e € (0, log2) and define the set

>ef.

This set contains all numbers of the type p;p;, i #j. For g € (0, 1) we have:

log log f* (n)

log log — (14 log2)

Ae) = {neN:

(oo}

1
GZA%)”_qZ Z 2_1%’ (Pi = 2)-
n &€ ]:1

Pﬂéz

Since the series Z?’Zl i diverges, we have A(e) ¢ 79 for all g € (0, 1). There-
J

fore ng) — lim %ﬁ;@) # 1+ log?2 and the proof is complete.
There exists a relationship between functions f(z) and d(n) (where d(n) is the

number of divisors of 7). The following equality holds: logf(n) = &2") - logn, (n>e)

(see [34]). From this we have
1
log logf(n) = log 5+ logd(n) + log logn, n>¢.
Therefore

log logf(n) _ 14 logd(n) N log 3 .y
log logn log logn = log logn’ '

From Theorem 1.25 we have the following statement.

logd(n)
log logn

Corollary 1.27. The sequence ( >°° is not T gq)—convergent forall g€ (0,1).

n=2
The following results concerning the functions y(z) and z(n).
In [33, Theorem 3, 5] there are proofs of the following results:

2

2y(n) -1 —tm) -1 _
; . —1, Z " _1+6.

n=2

In connection with these results we have investigated the convergence of series
for any a € (0, 1),

“\y(n) —1 = 7(n) — 1
2 2
n:z na 5 na b

n=2

that we need for Z'?—convergence of functions y(#) and z(#). The following
results are outlined in [21].
Theorem 1.28. The series

Z"’: y(n) —1
n=2 n®
diverges for 0 <a < % and converges for a> %

15
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Proof.

a.LetO<a< % PutK = {k2 ckeN, k> 1}. A simple estimation gives

Clearly y(n) >2 for n € K. Therefore
= y(n) —1 1 &1 =1
> —r= — > — = +o0.
nZ:; na —Zna Zka—Zk + (13)
b. Let a> 1. We will use the formula

= yn) -1 =1 1
nZ_; e —ZZW—Zm- (14)

For a sufficiently large number k (k > ko) we have ;£ <2. We can estimate the
series on the right-hand side of Eq. (14) with

° 1 ko 1 1
kz_;k"(k“ EEVR kz_;k“(k" 2

k>k()

Since 2a>1 we get

= -1
PIA
n=2

n

Corollary 1.29. The sequence y(n) is
1. Z.—convergent to 1,
ii. 79 —divergent for g € (0, 3) and Z\?—convergent to 1 forg € (1,1).

Proof.

i. Let £> 0. The set of numbers {n e N,n>1:|y(n) — 1| > ¢} is a subset of

H={n=t:neN,t>1,s>1}and >,y < + co. From the definition of

7 ~convergence Cor. 1.29 i. (Cor. is the abbreviation for Corollary) follows.

ii. Let ¢ >0 and denote A, = {n €N :|y(n) — 1| > ¢}. When 0 <q < 3 then for the
numbersn €K, K = {k2 :k €N, k>1} considering Eq. (13) for ¢ = a holds

1 1
Yoz ga = T

neA, nek
Therefore y(n) is T\ -divergent. If 1 <¢g <1, g = a then A, CH and

=1 > 1
Zn—af Zszs-

(o]
n=2 k=2 s=2

The convergence of the series on the right-hand side we proved previously in
Theorem 1.28. Therefore y(n) is Z\9'—convergent to 1if g € 3,1).

16
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Remark. We have lim stat y(z) = 1.
Theorem 1.30 The series

. (n) —1
y

n=2

diverges for 0 <a < 1 and converges for a > 1.
Proof. Let 0 < a <1. We write the given series in the form

PLImLEY ) S (15)

oo

We shall try to use a similar method to Mycielski’s proof of the convergence of
S %1 t6 explain the equality Eq. (15). Since g=—td (1), _ and Y7, L =

ne adt

W the right-hand side of Eq. (15) is equal to

Denote by b, = k% and consider that lim_., Z—’; = 2. Hence the series ) - a;,

converges (diverges) if and only if the series )~ b, converges (diverges). Since
> by, is convergent (divergent) for any a > % (O <a< %) so does the series > a;, and

therefore the series > | %
Corollary 1.31. The sequence t(n) is

1. Z,—convergent to 1,
ii. ng)—divergent forqe (0, %> and ng)—convergent tolforqe (% , 1).

Proof. Similar to the proof of Corollary 1.29.
Remark. We have lim statz(n) = 1.

6. Conclusions

It turns out that the study of Z—convergence of arithmetical functions or some
sequences related to these arithmetical functions for different kinds of ideals 7 (see
[18]) gives a deeper insight into the behaviour and properties of these arithmetical
functions.

On the other hand Algebraic number theory has many deep applications in
cryptology. Many basic algorithms, which are widely used, have its security due to
ANT. The theory of arithmetic functions has many connections to the classical
ciphers, and to the general theory as well.
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