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1 Introduction

Following the introduction of fuzzy set by L. A. Zadeh in 1965 ([26]), the fuzzy
set theory developed by Zadeh himself and can be found in mathematics and
many applied areas. The concept of a fuzzy group was introduced by A. Rosen-
feld in [24]. The notion of fuzzy ideals in a ring was introduced and studied
by W. J. Liu [20]. T.K. Dutta and B. K. Biswas studied fuzzy ideals, fuzzy
prime ideals of semirings in [14, 16] and they defined fuzzy ideals of semirings
and fuzzy prime ideals of semirings and characterized fuzzy prime ideals of
non-negative prime integers and determined all it’s prime ideals. Recently, Y.
B. Jun, J. Neggeres and H. S. Kim ([16]) extended the concept of a L-fuzzy
(characteristic) ideal left(resp. right) ideal of a ring to a semiring. S. I. Baik

and H. S. Kim introduced the notion of fuzzy k-ideals in semirings [6].

Also a hypergroup was introduced by F. Marty ([23]), today the literature
on hypergroups and related structures counts 400 odd items [8, 9, 25]. Among
the several contexts which they aries is hyperrings. First M. Krasner studied
hyperrings, which is a triple (R, +,.), where (R, +) is a canonical hypergroup
and (R, .) is a semigroup, such that for all a,b,c¢ € R, a(b+ ¢) = ab+ ac, (b +
c)a = ba + ca ([18]). Zahedi and others introduced and studied the notion of
fuzzy hyperalgebraic structures [3, 4, 5, 11, 12, 19, 27]. In [15] we introduced
the notion of fuzzy weak (strong) k-hyperideal and then we obtained some
related basic results. In this note we investigate the behavior of them under
homomorphisms of semihyperrings. Also we define the quotient of fuzzy weak
(strong) k-hyperideals by a regular relation of semihyperring and obtain some

results.
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2 Preliminaries

In this section we gather all definitions and simple properties we require of

semihyperrings and fuzzy subsets and set the notions.

A map o: H x H— P,(H) is called hyperoperation or join operation.

A hypergroupoid is a set H with together a (binary) hyperoperation o.
A hypergroupoid (H, o), which is associative, that is z o (yo z) = (zoy) o
z,Vx,y, z € H is called a semi-hypergroup . A hypergroup is a semihypergroup
such that Vo € H we have x o H = H = H o x, which is called reproduction
axiom.

Let H be a hypergroup and K a nonempty subset of H. Then K is a
subhypergroup of H if itself is a hypergroup under hyperoperation restricted
to K. Hence it is clear that a subset K of H is a subhypergroup if and only if
aK = Ka = K, under the hyperoperation on H.

A set H together a hyperoperation o is called a polygroup if the following
conditions are satisfied:

(1) (xoy)oz==xo(yoz) Vx,y,z € H,;

(2) de € H as unique element such that eox =x =zo0e Vz € H;

(3) Vx € H there exists an unique element, say ' € H such that

ec€xoxr' Nz’ ox ( wedenote 2/ by 7).

(4) Vz,y,2 € H, z€xoy= s €20y l=yeca oz

A non-empty subset K of a polygroup (H,o) is called a subpolygroup if
(K, o) is itself a polygroup. In this case we write K <p H.

A commutative polygroup is called canonical hypergroup.

Definition 2.1. A hyperalgebra (R, +,.) is called a semihyperring if and only
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if

(1) (R,+) is a semihypergroup and (R, .) is a semigroup;

(i7) a.(a+b) =a.b+a.c and (b+c).a=b.c+ca Ya,bce€ R.

A semihyperring is called with zero, if there exists an element, say 0 € R
such that 0.z =0=z0and 0+z=2=2+0 Vo € R.

Also a semihyperring (R, +,.) is called a hyperring provided (R,+) is a
canonical hypergroup.

A hyperring (R, +,.) is called

(1) commutative if and only if a.b = b.a Va,b € R;

(19)with identity, if there exists an element, say 1 € R such that 1.z =
rl=z VreR.

Let (R,+,.) be a hyperring, a nonempty subset S of R is called a subhy-
perring of R if (S, +,.) is itself a hyperring.

Definition 2.2. A subhyperring I of a hyperring R is a (resp. left) right
hyperideal of R provided that (resp. x.r € I) ra €l Vre R, Vx e l. [is
called a hyperideal if I is both left and right hyperideal.

We use I = [0, 1], the real unit interval as a chain with the usual ordering, in
which A\ stands for infimum (inf ) (or intersection ) and \/ stands for supremum
( sup ) (or union), for the degree of membership.

A fuzzy subset of a given set X is a mapping p : X — [. We denote the
set of all fuzzy subsets of X by F'S(X). For € FS(X), the level subset of 1
is defined by

we=A{zr e X| pulx) >t} Vtel.

For a fuzzy subset p of X we denote by I'm(u) the image of u. Let {u; |
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i € I} be a family of fuzzy subsets, intersection of p;’s is defined by

(ﬂ i) () = /\ i ().

i€l iel
Definition 2.3. Let (G,.) be a group and p € FS(G). Then p is said to be
a fuzzy subgroup of G if Va,y € G we have :

(1) plzy) = p() A ply);
(i) p(e™) > pla).
Definition 2.4. If f: X — Y be a function and p € FS(X) , then we say

i is f—invariant if and only if

fla) = f(b) = p(a) = p(b).

In the sequel by R we mean a semihyperring.
Definition 2.5.[1] A nonempty subset I of R is called
(1) a left (resp. right) hyperideal of R if and only if

(1) (I,+) is a semihypergroup of (R, +);

(2) rz € I (resp. ar € I), for all r € R and for all z € I.
(77) a hyperideal of R if it is both a left and a right hyperideal of R. By
I <5, R, we mean hyperideal of R.
(7ii) a left hyperideal I of R is called weak left k-hyperideal of R if for a € I

and x € R we have
a+xCI or x+aCl] — xz€l.

A left hyperideal I of R is called strong left k-hyperideal of R if for a € 1

and x € R we have

at+xrx~I or x+ar~] = x€l,
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where by A &~ B, we mean AN B # (), for all nonempty subsets A and B
of R.

A right(resp. strong) weak k-hyperideal is defined dually. A two sided
(resp. strong) weak k-hyperileal or simply a (resp. strong) weak k-hyperideal
is both left and right (resp. strong) weak k-hyperideal. We denote I <, xn R
(resp. I < R) for weak (resp. strong) k-hyperideal of R.

Clearly, every (strong) weak k— hyperideal is a hyperideal, but the converse

1s not true.

Example. Consider Z, the set of integer numbers. Define new hyperopera-

tions @ and o on Z as follow
m@&n={m,n} and mon=mn VYm,n € Z.

Clearly (Z,,0) is a semihyperring. Now it is easy to verify that I =<
2 >= {2k | k € Z}, is a hyperideal of Z, but it isn’t strong k—hyperideal, since
3@2={32}~Tand2€Tbut3¢1I.

Definition 2.6 .[7] Let R and S be semihyperrings. A mapping f: R — S
is said to be
(1) homomorphism if and only if
fle+y) € f(z)+ fly) and
f(zy) = f(2).f(y) Vo,y € R.
(13) good homomorphism if and only if
fl@+y)=f(x)+ f(y) and
flzy) = f(z).fly) Y,y € R.

Definition 2.7 .[15] A fuzzy subset p of a semihyperring R is called a fuzzy
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left hyperideal of R if and only if

@) N\ nz) > p@) \ply) Yoy eR;

z€x+y
(11) plzy) > ply) Vo,y € R.

A fuzzy right hyperideal is defined dually. A fuzzy left and right hyperideal
is called a fuzzy hyperideal. We denote p <y, R for fuzzy hyperideal of R.

Definition 2.8.[15] A fuzzy hyperideal p of R is called

(1) a weak fuzzy k-hyperideal of R if and only if
p@) = (A w) \ CA s A#w)  Veyer
uer+y VEY+xT

(17) a strong fuzzy k-hyperideal of R if and only if
pla) > (uz) V() Aply)  Vzeax+y Ve eyt

Note that if (R, +) is a commutative semihyperring, then the above condi-

tions reduce to the following conditions:
pa) > ( N\ w@w) \uy) VoyeR
uexr+y
and

(@) = p(z) Aply)  Vzex+y.

We denote by 1 <y fxn R (resp. g <. frn R), for a weak fuzzy k—hyperideal
(resp. strong fuzzy k—hyperideal) of R.

Proposition 2.9.[15] Let R be a semihyperring and p € F'S(R). Then
(1) p is a fuzzy hyperideal of R if and only if every nonempty level subset,
1 is a hyperideal of R.
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(79) p is a weak fuzzy k-hyperideal of R if and only if every nonempty level
subset, 1, is a weak k-hyperideal of R.

(7ii) p is a strong fuzzy k-hyperideal of R if and only if every nonempty
level subset, p; is a strong k-hyperideal of R.

Lemma 2.10. Let R be a semihyperring with zero and p be a fuzzy hyperideal
of R. Then p(z) < u(0) forall z € R.

3 Homomorphisms of Fuzzy k-Hyperideals

In this section we investigate the behavior of fuzzy weak (strong) k-hyperideals

under homomorphisms of semihyperrings.

proposition 3.1. Let f : R — R’ be a homomorphism of semihyperrings. If
v <s.prn R, then f7H(v) < prn R.
proof. We know that f~1(v)(z) = v(f(z)). Let x, y € R and 2z € x + ¥, then
we have f(z) € f(x+y) C f(z) + f(y), and since v <;p, R, it concluded that
v(f(2)) = v(f(@) Av(f(y)

Also

v(f(ey) = v(f(@)f(y) = v(f(x) Vr(fy).

Therefore f~!(v) <; R.
Now let z € z + y and 2/ € y + =z, thus f(2) € f(z) + f(y) and f(2') €
f(y) + f(x), then v <, sx, R implies that

v(f(x)) = (f(2) Vv(FENIAv(f(y)

as required.
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proposition 3.2. Let f : R — R’ be a good homomorphism of semihyper-
rings. If v <y fin R', then 7Yv) <wjrn R.
proof. We know that f~'(v)(z) = v(f(x)). First we prove that f~!(v) is a

fuzzy hyperideal of R. Let z, y € R and z € x + y, we should prove that

v(f(z)) 2 v(f(@) Av(f(y) (1)

(1) is valid because v is a fuzzy hyperideal and f is a good homomorphism,
then for z € x + y we have f(2) € f(x +y) = f(x) + f(y).

Also similar previous proposition

v(f(zy)) = v(f(x)) vV v(f(y)).

Therefore f~1(v) <;5 R.
Now we prove that f~(v) <, sin R, that is

7@ 2 {CA OV N FFOEORANFT 0 @

Note that since f is a good homomorphism, then ¢t € x + y if and only if
f(t) € f(z) + f(y), and also v <y frn R', we have

v(f@)={C N von\VC N O \vFw).
FOEF(@)+F(y) FAEF)+f(x)

The last relation implies (2), and this complete the proof.

proposition 3.3. Let f : R — R’ be a good epimorphism of semihyperrings.
If f <w.fin R (resp. p <sfrn R) and p be f—invariant, then f(u) <y frn R

(resp. f(p) <s.prn R).
proof. First we show that f(u) <;, R
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Let a, b € R and ¢ € a + b, we should prove that

f(u(e)) = f(u

We have

Since p is f—invariant, then

(@) A f(u(b)).

320 € f7H(e), f(u(c)) = n(z),

dzy € f_1<a)7 f(:u(a)) = N('ro)v
o € f71(b), f(u(b)) = ulyo),

therefore

f(z0) =¢, f(xo) =a, f(yo)=b =

—

!

—

f(z0) € f(xo) + f(yo)

20 € 0 + Yo ( fis a good homomorphism )
(o) = p(wo) A p(yo) (1 <pn R)

f(u(e)) = flu(a)) A f(u(b)).

For proving the second condition of a fuzzy hyperideal, we should prove

that

F(r'a) 2 f(u) @) v f()e) ¥ e eR
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Since f is onto, then ' = f(r) and 2’ = f(x) for some r and z in R, Thus

fer'a) =\ ulra)
reef~1(r'2")
= u(roze) FIro € fH), 20 € fH(2)  (uis f-invariant)
> pu(wo) V pu(ro) (1 <rnR)

= fW)(@)V () (s f-invariant).
Therefore
f()(r'a") = f() (') v f()(2).

Now we prove that f(u) <.k R'. Let a, b € R, we show that

F)(@) = [CA SN CA FEDIA e 1)

t€a+b t' eb+a

Since f is onto and p is f—invariant, then

/ /

f()(a) = p(xo), f()(t) = p(z0), f(p)(t) = p(zp), f()(b) = p(yo),

where

2o € fHa), yo € FHD), 20 € fTH), 2 € fUH).

Hence (1) reduced to the form
wlzo) = [C N\ #E) VN 1) Nnlwo) — (2)

On the other hand from above discussion and since f is a good homomor-
phism ¢ € a + b if and only if f(z9) € f(zo) + f(yo) if and only if zg € o + yo.
Similarly, t' € b+ a if and only if 2} € yo + 2.
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Therefore by (2), it is enough that we prove that
plao) 210 N\ u) VO AN )] A\ o),
z20€x0+Yo zéEyo—l—zo

but clearly the last statement is true, since p <, fr.p 2. This complete the

proof.

In this part we define the quotient of fuzzy weak (strong) k-hyperideals by
a regular relation of semihyperring

Let R be a semihyperring and 6 be an equivalence relation on R. Naturally
we can extend 6 to 6 to the subsets of R as follow:

Let A, B be nonempty subsets of R. Define
AOB < Yac A IbeB: abb, YoeB 3 ac A: bla.

An equivalence relation € on R is said to be reqular if for all a, b, x € R
we have

(i) ahb => (a + 2)0(b+ x) and (z + a)0(x + b),

(17) ab = (ax)0(bx) and (za)f(bx).

By R : 6 we mean the set of all equivalence classes with respect to @, that
is

R: 0 = {ry|r € R}.

Remark 3.4. We know that if R is a semihyperring and 6 is a regular equiv-
alence relation on R , then R : 6 by hyperoperations @& and © is defined as
follow

e B yg = {wg|z € v+ y},

Ty © yo = (xy)o.
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is a semihyperring. For p € FS(R), define (u : 0)(xy) = \/ p(y). Also
yEzg

we know that the mapping ¢ : R — R : 0 defined by ¢(a) = ay is a good
epimorphism. Now if 1 <, . R and pu be p—invariant then by proposition

3.3 it concludes that ¢(p) = p: 60 <y fxn R:60 .

Proposition 3.5. If u <, s, R and R has zero, then p, = {z € R | u(z) =
1(0)} is a weak k—hyperideal of R.

Proof. First we prove that u, <, R. For z, y € u, and z € x + y, then
wu(z) > p(z) A p(y) = p(0), hence by Lemma 2.10 u(z) = u(0), therefore
2 € [y

Let r € R and = € u,, then we have

plre) = p(r)Vop(z)
= pu(r) VvV u(0) (z€p)
= (0) ( by Lemma 2.10 )
(

= u(rz) =p(0) ( by Lemma 2.10 )

Now suppose r +x C u, or x +r C p, and x € p,, we show that r € p,.
From p <y fr.n R then we have :

n() 210N\ 1) NN 1\ ).

zEr+x z'ex+r

Since p(x) = p(0) and /\ pu(z) = p(0) and /\ w(z") = w(0), then
zZEr+z Zlex+r

w(r) > u(0), and then by Lemma 2.10, u(r) = 1(0). Therefore p, <yppn R-

Proposition 3.6. If y <, x5 R, then p* = {x € R | u(z) > 0} is a strong
k-hyperideal of R.
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Proof. Let z, y € p* and z € x + y, then by hypothesis yields

u(z) = p(x) A ply) >0,

thus z € p*.
If r € R and z € p*, then we have

p(re) = p(r) vV p(z) = p(z) >0,

therefore rx € p*. Similarly zr € p*. Thus pu* <, R.
Nowifr+x~p*orx+r~pu* and x € p*.

By hypothesis we have
w(r) > (u)Vup() Apx) >0  Veer+amu, Vi er+ru,
that is r € p*, and hence p* <g . R.

Proposition 3.7. Let R be a semihyperring with zero and z,y € R:

(0) f o < prn R and p(t) = p(0) = p(t') forall t € x4y and t' € y+u,
then p(z) = p(y).

(i0) If p <sppn R and p(u) = p(0) = p(v) for some uw € x4y and
v € y+x, then pu(z) = pu(y).
Proof. (i) Since p <y fxn R and pu(t) = p(0) = pu(t') forall ¢t € x+y and
' €y+a then N\ p(t)=p0)= A pt), thus

p) = [N wO)NCAN v\ sy
= p(0) A p(y)
= u(y) (by Lemma 2.10)

= () = p(y)-
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Similarly we conclude that p(y) > u(z). Therefore p(x) = u(y).

(77) Suppose u € x +y and v € y + x such that pu(u) = p(0) = p(v), since

p <s.pkn R, then

u(y) > () V (@) Ap(z) = p(0) Ap(x) ( by hypothesis )
= u(x) (by Lemma 2.10)

= u(y) > p(x).

Similarly we obtain p(z) > u(y). Therefore u(x) = pu(y).
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