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Abstract

The aim of this paper is to introduce the notions of lower and up-
per approximation of a subset of a hyper BC' K-algebra with respect
to a hyper BCK-ideal. We give the notion of rough hyper subalgebra
and rough hyper BC K-ideal, too, and we investigate their properties.
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1 Introduction

In 1966, Y. Imai and K. Iseki [2] introduced a new notion, called a BC'K-
algebra. The hyper structure theory (called also multi algebras ) was intro-
duced in 1934 by F. Marty [6] at the 8th Congress of Scandinavian Math-
ematicians. In [3], Y. B. Jun, M. M. Zahedi, X. L. Xin, R. A. Borzooei
applied the hyper structures to BC K-algebras and they introduced the no-
tion of hyper BC' K-algebra (resp. hyper K-algebra) which is a generalization
of BC K-algebra (resp. hyper BC'K-algebra). They also introduced the no-
tion of hyper BC' K-ideal, weak hyper BC'K-ideal, hyper K-ideal and weak
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hyper K-ideal and gave relations among them. In 1982, Pawlak introduced
the concept of rough set (see [7]). Recently Jun [5] applied rough set theory
to BC K-algebras. In this paper, we apply the rough set theory to hyper
BC K-algebras.

2 Preliminaries

Let U be a universal set. For an equivalence relation © on U, the set

of elements of U that are related to x € U, is called the equivalence class
of z and is denoted by [z]e. Moreover, let U/© denote the family of all
equivalence classes induced on U by ©. For any X C U, we write X¢ to
denote the complement of X in U, that is the set U\X. A pair (U, ©) where
U # ¢ and O is an equivalence relation on U is called an approximation
space.
The interpretation in rough set theory is that our knowledge of the objects
in U extends only up to membership in the class of © and our knowledge
about a subset X of U is limited to the class of © and their unions. This
leads to the following definition.

Definition 2.1. [7] For an approximation space (U, ©), by a rough approxi-
mation in (U, ©) we mean a mapping Apr : P(U) — P(U) x P(U) defined
for every X € P(U) by Apr(X) = (Apr(X), Apr(X)), where

Apr(X) = {z € Ullalo € X},

Apr(X) = {z € Ul[z]le N X # ¢}.

Apr(X) is called a lower rough approzimation of X in (U, ©), whereas Apr(X)

is called an upper rough approzimation of X in (U, ©).

Definition 2.2. [7] Given an approximation space (U, 0), a pair (A, B) €
P(U) x P(U) is called a rough setin (U, ©) if and only if (A, B) = Apr(X)
for some X € P(U).

Definition 2.3. ([7]) Let (U,©) be an approximation space and X be a
non-empty subset of U.

(i) If Apr(X) = Apr(X), then X is called definable.
(ii) If Apr(X) = ¢, then X is called empty interior.
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(iii) If Apr(X) = U, then X is called empty exterior.

Let H be a non-empty set endowed with a hyper operation “o”, that is o is
a function from H x H to P*(H) = P(H) — {¢}. For two subsets A and B
of H, denote by A o B the set UaeA’beB a o b. We shall use x o y instead of

zo{y}, {z} oy, or {z}o{y}.

Definition 2.4. ([3]) By a hyper BC K -algebra we mean a non- empty set H
endowed with a hyper operation “o”and a constant 0 satisfying the following
axioms:

(HK1) (zoz)o(yoz) < xoy,
(HK2) (xoy)oz=(xoz)oy,
(HK3) 20 H < {z},

(

HK4) 2z < y and y < z imply = = v,

forall z,y, z € H, where x < y is defined by 0 € oy and for every A, B C H,
A < B is defined by Va € A,3b € B such that a < b. In such case, we call
“<”the hyper order in H.

Theorem 2.5. ([3]) In any hyper BC' K-algebra H, the following hold:
al) 000 = {0},

(

(

(

(

(ab) A < 0 implies A = {0},
(ab

(

(

(

roy = {0} implies (roz2)o(yoz)={0} and z0z <K yoz,
(al2) Ao {0} = {0} implies A = {0},
for all z,y, z € H and for all non-empty subsets A and B of H.
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Definition 2.6. ([3]) Let H be a hyper BC K-algebra and let S be a subset
of H containing 0. If S be a hyper BC'K-algebra with respect to the hyper
operation “o”on H, we say that S is a hyper subalgebra of H.

Theorem 2.7. ([3]) Let S be a non-empty subset of hyper BC K-algebra
H. Then S is a hyper subalgebra of H if and only if xroy C S, forall x,y € S.

Definition 2.8. ([3]) Let I be a non-empty subset of hyper BC K-algebra
Hand 0 € 1.

(i) I is said to be a hyper BCK-ideal of H if x oy < I and y € I imply
x el forall x,y e H.

(ii) I is said to be a weak hyper BCK-ideal of H if toy C I and y € [
imply x € [ for all z,y € H.

(iii) [ is called a strong hyper BCK -ideal of H if (xoy)NI # ¢ and y €
imply z € [ for all x,y € H.

Theorem 2.9. ([3]) If H be a hyper BC K-algebra, then
(i) every hyper BC'K-ideal of H is a weak hyper BC' K-ideal of H.

(ii) every strong hyper BC'K-ideal of H is a hyper BC'K-ideal of H.

Definition 2.10. ([4]) Let H be a hyper BC'K-algebra. A hyper BCK-
ideal I of H is called reflexive if x ox C I for all x € H.

Definition 2.11. ([1]) Let © be an equivalence relation on hyper BC'K-
algebra H and A, B C H. Then,

(i) AOB means that, there exist a € A and b € B such that a©b,

(ii) A©®B means that, for all a € A there exists b € B such that a©b and
for all b € B there exists a € A such that a©b,

(iii) © is called a congruence relation on H, if 20y and 2'©y’ imply x o
'Oy oy for all x,y, 2,y € H.

(iv) © is called a regular relation on H, if z o y©{0} and y o 20{0} imply
xOy for all z,y € H.
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Example 2.12. Let H; = {0,1,2}, Hy = {0,a,b} and hyper operations
“o;”and “oy”on H; and H, are defined respectively, as follow:

o] 0 1 2 0| 0 a b
0 {0} {0} {0} 01 {0y {0y {0}
L {1y {0y {1} a | {a} {0,a} {0,a}
2 {2y {2} {0,2} b | {b} {a,b} {0,b}

Then (Hy,01) and (Hy, 09) are hyper BC' K-algebras. Define the equivalence
relation ©; and ©, on H; and Hs, respectively, as

@1 = {(07 0)7 (17 1)7 (27 2)7 (07 2)7 (27 0)}7
and
@2 - {(07 0)7 (a7 CL), <b> b)? (07 CL), (CL, O)}

It is easily checked that ©; is a congruence relation on H;. But O, is not a
congruence relation on Hs, since bOyb and 00,a but b o 005b 0 a is not true.

Example 2.13. Let (Hj,01) be a hyper BC K-algebra as Example 2.12.
Let Hy = {0, a,b,c} and define the hyper operation “oy”on Hj as follow:

os | 0 a b c
01|{oy {o} {0} {o}
a | {at {0,a} {0}  {a}
b {o} {b} {0,a} {0}
c | {ct A A {0,

Then (Hs,09) is a hyper BC'K-algebra. Define the congruence relation ©
and ©5 on H; and H,, respectively, by

@1 = {(070)7 (17 1)7 (272)7 (07 1)7 (17 0)}7

and
@2 = {(07 0)7 (a7 CL), <b> b)v (Ca 0)7 (07 b)’ (bv O)}

It is easily checked that ©; is a regular congruence relation on Hy, but O is
not a regular relation on Hy, since aobO9{0} and boa®,{0} but (a,b) & Os.

Theorem 2.14. ([1]) Let © be a regular congruence relation on hyper
BCK-algebra H. Then [0]g is a hyper BC'K-ideal of H.
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Theorem 2.15. ([1]) Let © be a regular congruence relation on H, I = [0]g
and & = {I, : # € H}, where I, = [z]e for all z € H. Then ¥ with hyper

(1)

operation “o”and hyper order “<”which is defined as follow, is a hyper BC' K-
algebra which is called quotient hyper BC' K -algebra,

Liol,={I,:z€xoy},

and
I, <l 1€l ol,

Theorem 2.16. ([1]) Let I be a reflexive hyper BC' K-ideal of H and rela-
tion © on H be defined as follow:

10y<—=zxoyClandyox C 1

for all z,y € H. Then © is a regular congruence relation on H and I = [0]e.

3 Rough hyper BC K-ideals

Throughout this section H is a hyper BC K-algebra. In this section first
we define lower and upper approximation of the subset A of H with respect
to hyper BC'K-ideal of H and prove some properties. Then we give the
definition of (weak, strong) rough hyper BCK-ideals and investigate the
relation between them and (weak, strong) hyper BC' K-ideals of H.

Definition 3.1. Let © be a regular congruence relation on hyper BC'K-
algebra H, I = [0]e, I, = [z]e and A be a non-empty subset of H. Then the
sets

Apr (A) = {z € H|I, C A},
Apri(A) = {o € HIL N A # 6},

are called lower and upper approzimation of the set A with respect to the
hyper BC'K-ideal I, respectively.

Proposition 3.2. For every approximation space (H, ©) and every subsets
A, B C H, we have:

(1) Apr, (A) € AC Apr (A),

(2) Apr (¢) = ¢ = Apr,(9),



(3)
(4)
(5)
(6)
(7)
(8)
(9)
(10)
(11)
(12)
(13)
(14)

(15)
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@I(H) :H:A_pr[(H)?

if A C B, then Apr (A) C Apr (B) and Apr,(A) C Apr,(B),
Apr (Apr (A)) = Apr,(A),

Apr; (Apry(A)) = Apry(A),
Apry(Apr (A)) = Apr (A),

Apr (Apry(A)) = Apry(A),
Apr,(A) = (Apr(A%)),

Apr (4) = (Apr (A°))",

Apr1(AN B) € Apry(A) 0 Apry(B),
Apr (AN B) = Apr,(4) N Apr (B),
Apr1 (AU B) = Apr,(A) U Apr,(B),
@](A UB)D @I(A) U@I(B),

Apr (1) = H = Apr,(1,) for all z € H.

Proof. (1), (2) and (3) are straightforward.

(4)

For any = € Apr (A) we have I, C A C B and so x € Apr (B). Now,
suppose that 2 € Apr;(A). Then I, N A # ¢ and so I, N B # ¢. Hence
z € Apr(B).

Since Apr (A) C A, by (4) we have Apr (Apr (A)) C Apr (A). Now,
let z € MI(A). Then I, € A. Since for any y € I, we have I, = I,
then I, C A and so y € Apr (A). Therefore, I, C Apr (A) and then
we obtain z € Apr (Apr (A)).

By (1) and (4), Apr;(A) C Apr;(Apr;(A)). On the other hand, we
assume that » € Apr;(Apr;(A)). Then we have I, N Apr;(A) # ¢ and
so there exist a € I, and a € Apr;(A). Hence I, = I, and [, N A # ¢
which imply I, N A # ¢. Therefore, x € Apr;(A).
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(7) By (1), we have Apr (A) C A_pr[(@I(A)) Now, let x € A_])?“I(@I(A))
Then I, N Apr (A) # ¢ and so there exist a € I, and a € Apr (A).
Hence I, = I, and I, € A which imply I, € A. Therefore, x €
Apr, (4).

(8) By (1), we have @I(A_WI(A» C Apr;(A). Now, we assume that
x € Apr;(A). Then I, N A # ¢. For every y € I,, we have I, = I,
and so I, N A # ¢. Hence y € Apr;(A) which implies I, C Apr;(A).
Therefore, z € MI(A_WI(A))

(9) For any subset A of H we have:

(Apri(A%))° = {w € H : 2 ¢ Tpr,(A%)}
={zxeH:I,NA= ¢}
={reH:I,CA}
={reH:zeApr (A}
= Apr (4).

(10) For any subset A of H we have:

(Apr (A°))° = { € H - & ¢ Apr (A%)}
={zreH: I, ¢ A}
={reH:I,NA# ¢}
—{re H: e A (4))
— i, (A).

(11) Since ANB C A and AN B C B, then by (4), Apr;(ANB) C Apr;(A)
and Apr(ANB) C Apr;(B). Hence Apr;(ANB) C Apr (A)NApr(B).
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(12) For any subset A and B of H we have:

z€Apr (ANB) =1, CANB
<~— [, CAand I, CB
< x € Apr (A) and z € Apr (B)
< x € Apr (A) N Apr (B).

(13) For any subset A and B of H we have

v € Apr(AUB) <= I,N(AUB) # ¢
— ([, NA)UI,NB)#¢
= LNA#bor LNB+#6
= € Apri(A) or x € Apr(B)
= x € Apri(A) U Apr(B).

(14) Since A C AUB and B C AU B, then by (4), Apr (A) C Apr (AUB)
and Apr (B) C Apr (AU B), which imply that Apr (4) U Apr (B) C
Apr (AU B).

O

(15) The proof is straightforward.

Corollary 3.3. Let (H,©) be an approximation space. Then
(i) for every A C H, Apr (A) and Apr;(A) are definable sets,

(ii) for every x € H, I, is definable set.

Proof. (i) By proposition 3.2 (5) and (7), we have Apr (Apr (A)) = Apr (A) =
Apr(Apr,(A)). Hence Apr (A) is a definable set. On the other hand
by proposition 3.2 (6) and (8), we have Apr;(Apr;(A)) = Apr;(A) =
Apr, (Apr;(A)). Therefore Apr;(A) is a definable set.

(ii) By proposition 3.2 (15) the proof is clear. O
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Theorem 3.4. Let O be a regular congruence relation on H, I = [0]g be
a hyper BC'K-ideal of H and A, B are non-empty subsets of H. Then

(1)
(i)

A_Z”"I(A) OA_PTI(B) = A_]W‘I(A o B),
MI<A) O@[(B) C MI(A o B).

Proof. (i) Let z € Apr;(A) o Apr;(B). Then there exist a € Apr;(A) and

b € Apr;(B) such that z € aob. Hence I, N A # ¢ and I, B # ¢ and
so there exist ¢ € I, N A and d € I, N B such that a®c¢ and bOd. Since
© is a congruence relation on H, then we have a o bOc o d and because
z € aob, then there exist y € c o d such that 20y. Hence y € I..
On the other hand, y € cod C A o B which implies I, N (Ao B) # ¢
and so z € Apr;(Ao B). Therefore Apr;(A)o Apr;(B) C Apr;(Ao B).
Now, suppose that # € Apr;(Ao B). Then I, N (Ao B) # ¢. Let
z € I, N (Ao B), then there exist a € A and b € B such that z € aob
and I, = I,. Thus we have I, € I, 0 I, and so I, € I, o I,. Hence
v €aobC Ao B C Apr;(A) o Apr;(B). Therefore, Apr;(Ao B) C
Apr(A) o Apry(B). O

Let z € Apr (A) o Apr (B). Then there exist a € Apr (A) and b €
@I(B) such that z € aob, I, C A and I, C B. For every y € I, we
have I, =1, € [0l andsoy € aob C Ao B. Then y € Ao B and so
I, C Ao B. Therefore z € Apr (Ao B). O

Example 3.5. Let H = {0,1,2} and define the hyper operation “o”on H
as follow:

0 1 2
{0y {0} {0}
{1y {0y {1}
{2+ {2 {02}

— O 0

[\

Then (H, o) is a hyper BC' K-algebra. Define the equivalence relation © by

0 ={(0,0),(1,1),(2,2),(0,1),(1,0)}.

Then © is a regular congruence relation on H and so we have:

I= [0]9 = {07 1}711 = [1]@ = {07 1}7[2 = [2]9 = {2}
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Now, if we let A = {1,2} and B = {0, 2}, then we have Ao B = {0, 1,2} and
SO

Apr (Ao B) = {z € H|L,N (Ao B) £ ¢} = {0,1,2},
APTI A) © APTI( ) =10,1,2},
Apr (A) o Apr (B) = {0,2}.

Therefore, we see that Apr (A) o Apr (B) # Apr (Ao B) but Apri(A) o
Apri(B) = Apri(Ao B).

Apr (A) = {x € H|L, C A} = {2},
Apri(A) ={z € H|IL, N A # ¢} ={0,1,2},
Apr (B) ={z € H|I, C B} = {2},
Apr;(B) ={r € H|I, N B # ¢} = {0,1,2},
Apr (Ao B) ={x € H|I, C Ao B} ={0,1,2},
(A
(
(A

Apr

Definition 3.6. Let © be a regular congruence relation on H, I = [0]g be
a hyper BCK-ideal of H and A be a non-empty subset of H. If Apr (A) and

Apr;(A) are hyper subalgebra of H, then A is called a rough hyper subalgebra
of H.

Theorem 3.7. If I be a hyper BC'K-ideal and J be a hyper subalgebra of
H, then

(i) Apr;(J) is a hyper subalgebra of H.
(i) If I C J, then Apr (J) is a hyper subalgebra of H.

Proof. (i) Since 0 € J C Apr;(J), then Apr,;(J) # ¢. Now, we assume
that x,y € Apr;(J). We must prove that z oy C Apr;(J). Since
I.NJ #¢and IyNJ # ¢, wecanlet t € I, NJ, s € I, NJ and
z€xoy. Hence I, € [0, = I;ol;and so z € tos C J. Thus we
have z € J and z € I, and so I, N.J # ¢. Therefore, z € Apr;(.J) and
o 20y C Apry ().

(ii) Since I = Iy C J, we have 0 € @I(J) # ¢. Now, suppose that
a,be MI(J). Then I, C J and [, C J. For every z € aob and every
yel, wehave I, =1,€ l,ol,andsoy € aob C J. Hence I, C J,
which implies that z € Apr (). Therefore, aob C Apr (J). O
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Theorem 3.8. Let © and ® be two regular congruence relations on H and
I = [0]e, J = [0]s¢ be two hyper BC K-ideals of H such that I C J. Then
for any nonempty subset A of H, we have:

(i) Apr (A) € Apr (A),
(i) Apr;(A) € Apr,(A).

Proof. (i) First we show that if I C J, then I, C J,. Let y € I,. Then
1Oy. Since O is a congruence relation on H and 0z, then xoxOzxoy.
Since 0 € x o x, then there exist ¢ € z oy such that 00¢ and so
t € [0]o =1 C J = [0]e. Thus by hypothesis, t € [0]¢ and so zoy®{0}.
By the similar way, we can show that y o x®{0}. Since ® is a regular
congruence relation, we get x®y and so y € [z]e = J,. Therefore,
I, C J,. Now, let x € MJ(A). Then J, C A and so I, C A which
implies x € Apr (A).

(i) Assume that x € Apr;(A). Then I, N A # ¢. Since I, C J,, we have
J. N A # ¢. Therefore, z € Apr,(A). ]

Corollary 3.9. Let © and ® are two regular congruence relations on H,
I = [0]g, J = [0] be two hyper BC'K-ideals of hyper BC K-algebra H and
A be a non-empty subset of H. Then

(i) Apr (A)nyApr,(A) € Apr,(A),

s

(ii) Apr,(A) © Apr (A) 0 Apr,(A).

Proof. By theorem 3.8, the proof is clear. n

Definition 3.10. Let O be a regular congruence relation on H, I = [0]e
be a hyper BC'K-ideal of H, A be a non-empty subset of H and Apr;(A) =
(@I(A),A_pr](fl)) be a rough set in the approximation space (H,©). If
MI(A) and Apr;(A) are hyper BC K-ideals (resp, weak, strong) of H, then
A is called a rough hyper BC' K -ideal (resp, weak, strong) of H.

14
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Example 3.11. Let H = {0,1,2,3} and hyper operation “o”on H is de-
fined as follow:

0 1 2 3
{0y {0} {0} {0}
{1 {01} {0} {1}
2y {2 {01} {2}
313 3y {3t {03}

Then (H,0,0) is a hyper BC'K-algebra. We define the regular congruence
relation on H as follow:

© ={(0,0),(1,1),(2,2),(3,3),(0,1),(1,0)}.

N — O| 0

So we have:
-[:-[0 :-[1 - {Oa]-},IQ - {2}7-[3 - {3}

Now, let A ={0,1,3} be a subset of H, then
Apr (A) ={z € H|I, C A} ={0,1,3},
Apr,(4) = {x € HILNA# 6} = {0,1,3).

Easily we give that Apr (A) and Apr;(A) are hyper BC K-ideals. Therefore,
A is a rough hyper BC'K-ideal of H.

Example 3.12. Let H = {0,a,b,c}. By the following table (H,0) is a
hyper BC'K-algebra.

0 a b c
{oy {0} {0} {0}
{a} {0,a} {0}  {a}
{or {0t {0,a} {0}
{c¢t A{t { {0}

Now, let relation © on H is defined as follow:

© = {(0,0), (a,a), (b,b), (¢, c), (0,b), (b,0),(0,a), (a,0), (a,b), (b,a)}.
Then,

o T ® OO0

=1, = I, = {0,a,b}, I. = {c}.

Let J; = {0,c}, Jo = {0,b} and J5 = {c}. Then,
MI(‘]D = {C}>A_prl(<]l) = {O7avb7 C}’
@I(‘&) = {}7A_WI(J2> = {O7a7b}7
Apr (J5) = {c}, Apr () = {c}.

15
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Hence we can see that J; is a hyper BC K-ideal of H but @I(Jl) is not a
hyper BC K-ideal. Moreover .J, is not a hyper BC K-ideal but Apr,(.J,) is a
hyper BCK-ideal of H. In follows, J3 is not a hyper BC'K-ideal and neither
Apr (J3) nor Apr;(Js) is a hyper BC'K-ideal of H.

Theorem 3.13. Let O be a regular congruence relation on H and I = [0]g
be a hyper BC'K-ideal of H. Then

(1)

(i)

(iii)

If J be a weak hyper BCK-ideal of H containing [, then Apr (J) is a
weak hyper BC K-ideal of H,

If J be a hyper BCK-ideal of H containing I, then @I(J) is a hyper
BCK-ideal of H,

If J be a strong hyper BC'K-ideal of H containing I, then MI(J) is
a strong hyper BC'K-ideal of H.

Proof. (i) Since I = Iy C J, then 0 € Apr (J). Now, Let z,y € H be such

(i)

that z oy C Apr (J) and y € Apr (J). We must prove that I, C J.
Let a € I, and b € I,. Then a®©z and bOy. Since O is a congruence
relation on H, we have a0 bOz oy and so for every z € aob, there exist
t € z oy such that 20t. Since x oy C Apr (J), we have t € Apr (J)
and so I; = I, C J which implies z € J. Thus aob C J. On the
other hand, b € I, C J. Since J is a weak hyper BC K-ideal, we have
a € J and so I, C J. Hence x € Apr (J). Therefore, Apr (J) is a
weak hyper BC'K-ideal of H.

Let z,y € H be such that x oy < Apr (J) and y € Apr (J). We
must prove that I, € J. Let a € I, and b € I,. Then aOx and
bOy. Since O is a congruence relation on H, we have a o bOx o y and
so for every z € a o b, there exist 2z’ € x oy such that 202’. Since
2" € xoy < Apr,(J), then there exists t € Apr (J) C J such that
7' <« t and so from 20z’ we have Iy € I,;ol;, =1,01;. Hence 0 € zot
and then z < t. Thus we have proved that for every z € a o b, there
exist t € J such that z < t which means that a o b < J. On the other
hand we have b € I, € J. Since J is a hyper BCK-ideal of H, we
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have a € J. Thus I, C J which implies that « € Apr (J). Therefore,
Apr (J) is a hyper BC'K-ideal of H.

(iii) Suppose that z,y € H be such that (z oy) N MI(J) # ¢ and y €
Apr (J). Let a € I, and b € I,. Then aOz and bOy. Since O is a
congruence relation on H, we have aobOzoy. Since (zoy)NApr (J) #
¢, then there exist ¢t € H such that t € zoy and t € MI(J). Now,
t € x o yOa o b implies that there exist z € a o b such that 20t and so
I, =1, C J. Hence z € J and so (aob)NJ # ¢. On the other hand, we
have b € I, C J. Since J is a strong hyper BC K-ideal of H, then we
have a € J which implies I, C J that means x € Apr (J). Therefore,
Apr (J) is a strong hyper BC'K-ideal of H. O

Theorem 3.14. Suppose that I be a hyper BC'K-ideal of H and © be a
regular congruence relation on H which is defined as follow:

10y« rzoyClandyox C 1.

(i) If J be a weak hyper BCK-ideal of H containing I, then Apr;(J) is a
weak hyper BC'K-ideal of H,

(ii) If J be a hyper BCK-ideal of H containing I, then Apr;(.J) is a hyper
BCK-ideal of H,

(iii) If J be a strong hyper BC K-ideal of H containing I, then Apr,(J) is
a strong hyper BC K-ideal of H.

Proof. (i) Since I C J C Apr;(J), then we have 0 € Apr;(J). Let x,y €
H be such that xoy C Apr;(J) and y € Apr;(J). Then I,NJ # ¢ and
for every z € roy, we have z € Apr;(J) which means I, N.J # ¢. Thus
there exist a,b € H such that a € I, N J and b € I, N J which imply
that a®y, Oz and a,b € J. Thus yoa C I C Jand zobC I C J and
so we get y, z € J, since J is a weak hyper BC' K-ideal. Thus we have
proved that for any z € x oy, we have z € J and so x oy C J. Since J
is a weak hyper BC'K-ideal and y € J, obviously we have z € J. Since
x € I, then I, N J # ¢. Therefore x € Apr;(J) and so Apr;(J) is a
weak hyper BC' K-ideal of H.
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Let z,y € H be such that z oy < Apr;(J) and y € Apr;(J). Then
I,NJ # ¢ and for every z € x oy, there exist ¢t € Apr;(J) such that
z < tand I; N J # ¢. Thus, there exist ¢,d € H such that c € I, N J
and d € I, N J and so cOt, dOy and c¢,d € J. Hence toc C I C J
and yod C I C J. Since J is a hyper BCK-ideal and c¢,d € J, we
have y,t € J. Thus, we have proved that for every z € x oy, there
exist t € J such that z < ¢t which means that z oy < J and so from
y € J we get x € J. Consequently, I, NJ # ¢ and so x € Apr;(J).
Therefore, Apr;(J) is a hyper BCK-ideal.

Let x,y € H be such that (z oy) N Apr;(J) # ¢ and y € Apr;(J).
Then I, N J # ¢ and so there exist z € H such that z € z oy and
z € Apr;(J). Hence I, N.J # ¢ and so there exist ¢,d € H such that
cel.NJandd e I,NJ. Hence cO©z and dOy where c,d € J. Thus we
have zoc C I C Jand yod C I C J. Since J is a strong hyper BC K-
ideal and ¢,d € J, we have z € J and y € J. Thus we have proved
that (roy)NJ # ¢ and y € J. Since J is a strong hyper BC K-ideal,
we have z € J and so I, N J # ¢ which means that Apr;(.J) is a strong
hyper BC'K-ideal of H. m

Conclusion

This paper is intend to built up connection between rough sets and hy-
per BCK-algebras. We have presented a definition of the lower and upper
approximation of a subset of a hyper BC K-algebra with respect to a hyper
BCK-ideal. This definition and main results are easily extended to other
algebraic structures such as hyper K-algebra, hyper [-algebra, etc.
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