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Abstract

The concept Tripolar fuzzy set is a generalization of bipolar fuzzy set, intuitionistic fuzzy set and fuzzy set. In this
paper, the concept Tripolar fuzzy sub implicative ideals of KU-algebras are introduced and several properties are
investigated. Also, the relations between Tripolar fuzzy sub implicative ideals and Tripolar fuzzy ideals are given.
The image and the preimage of Tripolar fuzzy sub implicative ideals under homomorphism of KU-algebras are
defined and how the image and the preimage of Tripolar fuzzy sub implicative ideals under homomorphism of
KU-algebras become Tripolar fuzzy sub implicative ideals are studied. Moreover, the Cartesian product of Tripolar
fuzzy sub implicative ideals in Cartesian product KU-algebras is established.
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1. Introduction

Prabpayak and Leerawat [12, 13] introduced a new algebraic structure which is called KU-algebras. They
introduced the concept of homomorphisms of KU-algebras and investigated some related properties. Zadeh [15]
introduced the notion of fuzzy sets. At present this concept has been applied to many mathematical branches,
such as groups, functional analysis, probability theory and topology. Bipolar-valued fuzzy sets are an extension of
fuzzy sets whose membership degree range is enlarged from the interval [0, 1] to [-1, 1]. [see 3,4,5].Mostafa et al
[8] introduced the notion of fuzzy KU-ideals of KU-algebras and then they investigated several basic properties
which are related to fuzzy KU-ideals. Yagoob et al [14] introduced the notion of cubic ideals in KU-algebras.

They discussed relationship between a cubic ideals a cubic KU-ideals.. Muhiuddin [11] considered the
specifications of a bipolar fuzzy KU-subalgebra, a bipolar fuzzy KU-ideal in KU-algebras and discussed the
relations between a bipolar fuzzy KU-subalgebra and a bipolar fuzzy KU-ideal . In [ 9 ] Mostafa and Kareem
applied the bipolar-valued fuzzy set theory to n-fold KU-ideals and obtained some related properties. In [ 7 ] the
notions of ku-sub implicative ideals in KU -—algebras are introduced and some their related properties are
investigated. In this paper, the concept Tripolar fuzzy sub implicative ideals are introduced and several properties
are investigated .

Also, the relations between Tripolar fuzzy sub implicative ideals and Tripolar fuzzy KU-ideals are given .The image
and the preimage of Tripolar fuzzy sub implicative ideals under homomorphism of KU-algebras are defined and
how the image and the preimage of Tripolar fuzzy sub implicative ideals under homomorphism of KU-algebras
become Tripolar fuzzy sub implicative ideals are studied. Moreover, the Cartesian product of Tripolar fuzzy sub
implicative ideals in Cartesian product KU-algebras is established.
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2. Preliminaries

Now we will recall some known concepts related to KU-algebra from the literature which will be helpful in further
study of this article.

Definition2.1. [12,13] Algebra(X, *, 0) of type (2, 0) is said to be a KU -algebra, if it satisfies the following axioms:
(ku) (x*y)*[(y*2))*(x*2)]=0,

(ku,) x*0=0,

(ku;) O*x=x,

(ku,) x*y=0and y*x=0 impliesx=y,

(kug) x*x=0,forallx,y,ze X .

On a KU-algebra (X ,*,0) we can define a binary relation < on X by putting:
X<y yxx=0.

Thus a KU - algebra X satisfies the conditions:

(KU, ): (y*2)*(x*2) < (x* )

(ku,): 0<x

(kus\): X<Y,y<X implies X=1Y,

(Ku,): y*x<x.

6 4""4 B
For any elements x and y of a KU-algebra, y* X" denotes by (Y * X) * X)...... *X

Theorem 2.2. [8]: In a KU-algebra X , the following axioms are satisfied:

Forallx,y,ze X,

1): X<Yimplyy*z<Xx*Z,

() x*x(y*xz)=y=*(X*2) forall X,y,2e X,
3): ((y*x)*x)<y.

@ (y*x*)=(y*x)
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We will referto X is a KU-algebra unless otherwise indicated.
Definition2.3. [12,13] Let | be a non empty subset of a KU-algebra X . Then | is said to be an ideal of X , if
(1) Oel
(1,) vy,ze X,if (y*z)el and yel, implyzel.
Definition2.4. [8] Let | be a non empty subset of a KU-algebra X . Then | is said to be an KU- ideal of X, if
(1) Oel
(1) Vx,y,ze X,if x*(y*z)el and yel, implyx*zel.
Definition2.5.[ 7 1. KU- algebra X is said to be implicative if it satisfies (X y?) = (X * y) *(y *Xx?)
Definition2.6.[7] . KU- algebra X is said to be commutative if it satisfies
x <y implies(x * y?) = x

Lemma 2.7.[ 7] .Let X be a KU-algebra. X is ku -implicative iff X is ku -positive

implicative and ku — commutative.

Definition2.8[7 ]. A non empty subset A of a KU-algebra X is called a sub implicative ideal

of X, if VX,y,z€ X,
(1) 0eA
(2) z#((x*y)*((y*x*)) € A and Z€ A, imply(x*Yy?) e A.
Definition2.9[7]. Let (X,*0)be a KU-algebra, a nonempty subset Aof X is said to be a ku
- positive implicative ideal if it satisfies, for all X,y,z in X,
1) 0eA,
2 z*(x*y)e Aand Z*X e Aimplyz*ye A.

Definition2.10[7]. A non empty subset A ofa KU-algebra X is called a ku - sub
commutative ideal of X, if

1) OeA

2) z+{((y *x?)) *y*)}e A and Z€ A, imply(y*x?) € A.
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Definition 2.11.[7] A nonempty subset A of a KU-algebra X'is called a kp-ideal of X if it
satisfies

(1) Oe A,

2 (zxy)*(z*x)e A, ye A=XxeA
Remark2 12: If y fuzzy set, we denotes z(X) A u(y) = min{u(x), 1(y)} and

(X)) v u(y) = max{ z(x), 1(y)}
Definition2 13[8]. A fuzzy set w1 in a KU-algebra X is called a fuzzy sub -algebra of X if
u(xxy)z u(x) A u(y) VX yeX,

Definition 2.14[8]. Let X be a KU-algebra, a fuzzy set g in X is called a fuzzy ideal of X if it satisfies the

following conditions:

(F) wu(0)= pu(x)forall xe X.

(F) vx,y e X, u(y) = pu(X*y) A pu(X).

Definition2.15. [4] A bipolar valued fuzzy subset B in a nonempty set X is an object having the form
B={(x, " (), £ (X)) | x € X}Iwhere " : X —[-1,0]and x” : X —[0,1] are mappings. The positive
membership degree ,uP(X) denotes the satisfaction degree of an element X to the property corresponding to a

bipolar-valued fuzzy set B ={(X, " (X), £° (X)) | x € X}, and the negative membership degree z" (X) denotes
the satisfaction degree of Xto some implicit counter-property of a bipolar-valued fuzzy

setB={(x, 1" (x), 4" (x))| x € X}.

Definition2.16[10 ]. A non empty subset x of a KU-algebra X is called a fuzzy ku -sub implicative ideal of X , if
VX, y,ze X,

(F1) 2(0) > u(x)

(F1,) pe(x*y?) = minfu(z=((x* y) * ((y * X)), 1(2) }

Example 2.17. Let X ={0,1,2,3,4}in which the operation * is given by the table 1

Table 1
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Then (X,*,0)is a KU-Algebra. Define a fuzzy setp : X— [0,1]1 by p(0) = to,

HA) =p@) =t1, u(3) =pn 4) =t2,where to, t1, 2 € [0, 1] with to>t1 > t2 .
Routine calculation gives that W is a fuzzy ku -sub implicative ideal of KU- algebra
3. Tripolar fuzzy ku-sub-implicative ideal

Definition3.1 Let (X, *, 0) be a KU-algebra. A Tripolar fuzzy seton X is an object having the form
B ={(%, 12°(X), 1" (), 2°(X)): X € X |, where 1® : X —[04], 2" : X —>[-1,0]

and A° : X —[0,1] are the mappings such that 0< z® + AP <1,—1< 1" <0 .We use the positive membership
degree 1°(X)to denote the satisfaction degree of an element x to the property corresponding to a Tripolar fuzzy

set B and the negative membership degree yN (X) to denote the satisfaction degree of an element x to some
implicit counter property corresponding to a Tripolar fuzzy set B. Similarly we use the positive nonmember ship
degree AP (X)to denote satisfaction degree of an element x to the property corresponding to a Tripolar fuzzy set

B.

Definition3.2.(a) A Tripolar fuzzy set B = {(X,,up(x), 1N (), A7 (x)): x e X }in X is called a Tri-bipolar fuzzy
sub-algebras of X if it satisfies the following condition: forall X,y € X

(a) 4" (0) = p” (x)and 4" (0) < u™(X),
(2) 4" (xxy) =min{u” (x), 1" (Y)}, 1™ (x* y) < max{ 1" (), M (V)}
(a3) A7(0) < A°(x), A (x* y) <max{ A" (x), " (Y)} .

Definition3.2.(b) A Tripolar fuzzy set B = {(X,,up(x), 1N (), A (x)): x e X }in X is called a Tripolar fuzzy
ideal of X if it satisfies the following condition: for all X,y € X

@@ 67




MathLAB Journal Vol 5 (2020) ISSN: 2582-0389 http://www.purkh.com/index.php/mathlab

(b1) 7 (0) > P (x)and uM (0) < 1™ (X),
(b2) 42" (y) = min{u” (x* y), 1" ()}, 1™ (y) < max ™ (xx y), 1 (0}

(b3) A°(0) <A (X), A (y) < max{ A" (x*y), X (X)} .

Definition3.3 A Tribipolar fuzzy set B = {(X,yp(x), 1N (x), 2 (x)):x e X }in X is called a Tripolar fuzzy ku-
sub-implicative ideal of X if it satisfies the following condition: forall X,y,z € X

(Tby) 4" (0) = 4" (x)and p" (0) < 12" ()
(M) P (xxy?) = min{u® (2% ((xxy) = ((y X)), 1° (D)
p (e y?) < maxu® (2 ((xx y) * ((y % x2), 2 (2)
by A7(0) < A°7(X), A" (xx y?) S max {2 (z* ((x* y) * ((y * X)), X' (2)
Example 3.4 Let X ={0,1,2,3,4}in which the operation * is given by the Table 1

Define Tripolar fuzzy sets as follows :

Table 2
0 1 2 3 4
u -0.8 -0.8 | -0.7 -0.5 -0.3
u" 0.7 0.6 0.3 0.2 0.1
A7 0.1 0.2 0.4 0.5 0.6

By routine calculations ,we can prove , that B = (X,,uN ,,up,lp) is a Tripolar fuzzy ku -sub implicative ideal of
KU- algebra X.

Proposition 3.5 Every a Tripolar fuzzy ku-sub-implicative idealis a a Tripolar fuzzy ideal of X

proof. et B= (X,,uN ,,up,ip) be Tri-bipolar fuzzy ku- sub-implicative ideal of X; put x=y in (Th,) and (Th;)
Defintion3.3 , we get
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678
1P (x*x?) > min{y"(z e (X 3% X) * (X * xz)),yp(z)}, then

0 678
£ (%) = mind 2”2 ((xx) # (x*X2)), 47 (2) = min{u” (2 %), 2% (2)}

678
uN (x*x?) < max{yN (2% ((x % X) * ((x* x?)), " (z)}, hence

30 678
#M () < maxs g™ (2% (x5 X) % (x* X)), ™ (2) = max{u™ (z#X), 4 (2) } and

678
AP (x*x?) < max{ip(z*((x*x)*((x*xz)),ﬂp(z)}, then we get

10 678
A7 (X) < max{ A° (z# ((x* X) * ((x*x?)), A" (2) } = max{ﬂf’(z * x),ﬂf’(z)},
forall x, z€ X. Hence B= (X,,uN ,yp,/?,P) is Tripolar fuzzy ideal of X .

The proofis complete.
The following example shows that the converse of Theorem 3.5 may not be true.

Example 3.6. Let X ={0,1,2,3,4}in which the operation * is given by the Table 1

Define Tripolar fuzzy set B =(X, yN ,,up,ﬂp) by

Table 3
0 1 2 3 4
u® -0.8 -0.3 | -0.3 -0.3 -0.3
u” 0.6 0.1 0.1 0.1 0.1
A7 0.2 0.3 0.3 0.3 0.3

Then B = (X, ", ", A7) is a Tri-polar fuzzy ideal of X ,but it not Tripolar fuzzy ku -sub implicative ideal of KU-
algebra X, since ,forz=0,x = 1 and y = 2 we get that,

@@ 69




MathLAB Journal Vol 5 (2020) ISSN: 2582-0389 http://www.purkh.com/index.php/mathlab

(LH.S of Definition3.3 (Th,)): u"(1*2)*2)=u"(1)=0.1

1 0

(R.H.S of Definition3.3(Tb,): ( min{,up(O* ((1}* 2) % ((2%1) *1), ,uP(O)} = 4°(0) = 0.6, in this

case " (xx y?) % min{u” (2 ((xxy)*(y X)), 47 (2)},

(LHS of Definition3.3 (Th,) ): z¢" (A% 2) *2) = £ (1) =—0.3

1 0

R.H.S of Definition3.3(Th,): max{y’“ (0% ((1}* 2) # ((2%1) *1), p" (O)} = 1" (0) =—-0.8, in this case

aN (e y?) 2 maxdu® (2 (O y) * (Y *3), 4 (2)]
Finally L.H.S of Definition 3.3(Th,): A" ((1*2)*2)=A"(1)=0.3

1 0

(R.H.S of Definition3.3(Th,)): max{ﬂf’ (0= ((1}* 2) * ((2%1) *1),A° (O)} =1"(0)=0.2,

in this case A°(x* y?) £ max{l"(z #((x*y)*((y* xz)),/l"(z)}.

Proposition 3.7.1f B=(x, ", 1”7, A7) is a Tripolar fuzzy ku -sub implicative ideal of X and X<z, then
LX) <pt (@), gt ()2 p"(2)and () <A (2).

Proof:

If X<2z,then z*X=0, since B=(x, u", ", A7) is a Tripolar fuzzy ku -sub implicative ideal of X , put x=y in
(Tb2) and (Tbs) Defintion3.3  we get

1 (e x?) = g (x) < maxue® (2 (e # (e X)), 1 (2)) =

}O
max{u“(z*x).ﬂN (z)}= max " (0), 4" (2) =" (2)

w1 (ko x2) = " (%) 2 min{u (2 % (¢ X) * (X)), 17 (2)f =

}O
min{up(z *X),ﬂP(Z)}= min{" (0), 4° (2){= 4" (2)

finally ,we have
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AP (xxx*) =" (x) < max{ﬂbP (Z % ((x % X) * ((x* xz)),/lp(z)}:

max{ﬂp(z} x x),)f’(z)} = max{2" (0), 2° (2)} = ° (2)

This completes the proof.
Lemma 3.8. Tripolar fuzzy ku -sub implicative ideal of KU-algebra is an Tripolar fuzzy ku-sub-algebra of X.

Proof. Let B= (X,‘uN ,yp,/lp) is a Tri-polar fuzzy ku -sub implicative ideal of KU-algebra X, then by (Tby)
Defintion3.3 , we get

w1 (e y?) = min{u” (20 (oY) + (y #59)), 127 (2)] Lty = x

w7 (e x?) = min fu” (2 () * (7)), 127 (2)

, 1P (X) = min{u” (2% X), 4° (2)} and hence

w7 (2X) = min{us® (2 (2% X)), 4° (@) }=min{u” (), 1° (2)},

Now 22" (xxy?) < max{u™ (2 ((xx y) * ((y X)), ™ (2) Lty = x
pM () < maxu (2 () = (X)), 1 (2) f e

, 12" (x) < max{u" (), 1" (2)} and hence

M (2% x) < maxu (2% (2 X)), 4 (2) = max " (x), 4" (2),
finally ,we can prove that from (Tbs) Defintion3.3

AP(zxx) < max{/IP (z*(z%x)),A° (Z)}= max{/ip (X),ZP(Z)}. Then B=(x, ", ", A7) is an Tripolar fuzzy ku-
sub-algebra of X. The proofis complete.

The following example shows that the converse of Theorem 3.8 may not be true

Example 3.9 Let X = {0, 1, 2, 3, 4} in which * is given by the Table 1

Define a Tripolar fuzzy set B=(x, u", 1", A7) by

Table 4
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0 1 2 3 4
/JN 0.8 -0.3 -0.3 -0.3 -0.3
,uP 0.7 0.1 0.1 0.1 0.1
AP 0.1 0.6 0.6 0.6 0.6

Then B =(x, ", ", A7) is a Tripolar sub -algebra of X ,but it not Tripolar fuzzy ku -sub implicative ideal of KU-
algebra X, since For z=0,x=1 and y=2, we get from LH.S of (Th,) Defintion3.3 : z((1*2)*2)= u(1)=0.2

1 0

R.H.S of (Th,) of Defintion3.3: min{yP(O* ((1}* 2) * ((2*1) *1),yp(0)} = 1(0) =0.7, in this case

1P (e y?) # mindu® (25 ((xxy) * (Y X)), 1° (2) .
Lemma 3.10.

If X is implicative KU-algebra, then every Tripolar fuzzy ideal of X is and Tripolar fuzzy ku -sub implicative ideal of
KU-algebra X.

Proof. Let B=(x, 1", ", A") be an Tripolar fuzzy ideal of X, then for all X, y,z € X

(by) 17 (0)> g (X)and ™ (0) < u™ (x),

(b2) 4" (y) > min{u” (x*y), 1" (O}, 1" (y) < max{ g™ (x* y), 1" ()}

(b3) A7(0) < A7 (x), A" (y) <max{ 2" (x*y), A" ()} -

Substituting X *Yy” for y in (b,)and (b,) Definition 3.2(b) , we have

w° (xy?) = minfu” (2 (xxy2), 47 (@), 1 (xx y?) < max{u (2 (xx y?)), 1" (2) fand

A (xxy*) < max{lp(z *(x*y?)), A (z)},but KU- algebra is implicative i.e (X% Yy?) = (X*Yy)*(y*Xx?),
hence

p° (e y?) = minfu” (2 (xx y)), 47 (2)f=min{u® (2 (xx y) = (y #57), 147 (2)),
pM (e y?) < max{u (2 (o y?)), a1 (2) = mau (2% (x y) = (y #X)), 42" (2) fand

AP (x y?) < max {7 (2 (xx y2)), 27 (2) f = max {7 (2= (xx y) * (y * x2)), X (2) .

@@ 72




MathLAB Journal Vol 5 (2020) ISSN: 2582-0389 http://www.purkh.com/index.php/mathlab

Which shows that B = (X,,uN ,,up,/lp) is Tripolar fuzzy ku -sub implicative ideal of KU-algebra X. The proofis
complete.

Theorem 3.11. Let B=(x, u", 1", A") be a Tripolar fuzzy set in X satisfying the condition (Tb,)and (Th,)
Defintion3.3 , then B=(X,yN,yP,ﬂ,P) satisfies the following inequalities:

(Thy) 1" (xxy?) = p” ((x* y) = (y*x2)), p (x* y?) < p™ ((x* y) * (y *x*)) and
(Th) A7 (x*y?) < A7 (2% (x* y) *(y *X%)).

Proof. Let B=(x,u", 1", A") satisfying (Th,)and (Th,) of Defintion3.3. Take z=0in(Th,), (Th,) and using
( Kuy)then we get

2270 y2) = min{uP (0% () = ((y *X2)), 4° (0) }= 42 (X Y) = ((y X))
2N O y2) < maxu™ (0% (O y) = ((y #33)), 12 (0)f= ™ (xx y) # ((y * X)) - (Thy)

AP (xx y2) < maxi2® (0 ((xx y) = ((y *X2)), 2° (0) = 2 ((x y) % ((y * X7)) - (ThS)
The proofis complete.
We now give a condition for a Tripolar fuzzy ideal to be a Tripolar fuzzy ku-sub-implicative ideal.

Theorem 3.12. Every Tripolar fuzzy ideal B = (X, u", ", 2”) of X satisfying the condition (Th})and (Th)is

a Tripolar fuzzy ku-sub-implicative ideal of X.

Proof. Let B = (X, u", 117, ) be Tripolar fuzzy ideal of X satisfying the condition (Th/)and (Tb}) , then we
get " (x*y*)= p" (((x*y)*((y*x7)) , hence

ut(x*y?) > min{,up(z #((x*y)*((y*x?)), u” (Z)} (by Definition3.2.(b) - (D,) Tripolar fuzzy ideal ), hence

6444444444 4°BTYY 44444444428
pF (xxy?) 2 p® (e y) = ((y*x2)) 2 min{ﬂp(z #((xxy)*((y* Xz)),uP(Z)},

2N (e y2) < ™ (O y) * (Y *X3)) |, hence

uN(xxy?) < max{y“ (z# ((x*y)*((y *x°)), 1" (Z)} by Definition3.2.(b) Tribipolar fuzzy ideal ,
644444 B89Y 444448
hence 42 (X y?) < g2 (((x* y) % ((y # XP))< max ™ (2 (x> y) % ((y # X)), ™ (2)}, and

A (xxy2) < 0 (((x* Y) = ((y # X)) |, hence
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A (x*xy?) < max{/ip(z #((x*y)*((y*x?)), A" (Z)} (by Definition 3.2.(b) Tribipolar fuzzy ideal ),
6444444444 L8P% 4444444448
hence A° (x# y?) < A7 (((x* y) * ((y * X)) < max {27 (2 ((x y) = ((y * X)), 4 (2)},

which proves the conditions (Th,)and (Tb;). The proofis complete.

Proposition 3.13.Let B= (X,yN ,,uPJ.P) be a Tripolar fuzzy ku-sub-implicative ideal of X .If the inequality

X*y <z holdsinX then z"(X)< max{uN (y), 1™ (Z)},,uP(X) >min {yp(y),yp(z)} and
X (x) <max{& (y), A (2)} forall x,y,z€ X .

Proof. LetB = (X,,uN ,,uP,/IP) be a Tripolar fuzzy ku-sub-implicative - ideal of KU - algebra Xand let x,y, z €X
be such that y*x < z,then z* (y*x)= Oory*(z*x)= 0 i.e Z*X<Yy we get u(z*X)> u(y) ... ().

Lety =xin (Th,)and (Th,) Definition3.3, we get

By (Th,): 4" (x y?) = min{u” (2 ((x* y) * ((y *X2)), 47 (2)} . Lety = xin

678 6738
up(x*x2)>min{;ﬁ(z*«x*x)*«x*%»,up(z)} = min {47 (2 %), 17 (2)}, Le
w7 (x) = min{u” (2 x), 1° (2) = min{u” (), 47 (@)} (by @),
" (xx y?) <maxiu® (2 (xx ) * (Y +x2). 1 ()

678 678
uN(X*XZ)<maX{/JN(Z*((X*X)*((X*XZ)),MN(Z)} -

= min{,uN (z*X), " (z)},i.e

w™ () < max{u (2 x), 1" ()< max{u” (y), 4 (2) fand
By Defintion3.3  (Thy): A°(x* y2) < max {4 (z* ((x* y) * ((y *X%)), 2 (2)} .

678 678
AT (x*x?) < max{}f’(z s (X * X) % (X * x2)),/lp(z)}

= max{ﬂ"(z * x),ﬂp(z)},i.e (X)) < max{/IP(z * x),l"(z)}s max{yp(y),,up(z)} .

The proofis complete.

Definition3.14 Let B = (X, ", 1", A") be a Tripolar fuzzy set and t,u €[0,1], s €[-1,0].
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The set B""* ={x e X : " (X) >t, A" (X) <u, &" (X) < s}, is called (t,u, 5)- Tri cut of B=(x, ", 1", A7)

Theorem 3.15. A Tri-polars fuzzy set B = (X,,uN ,,up,ip) is Tripolar fuzzy ku-sub-implicative - ideal of KU -
algebraXifand only if B™*={xe X :u"(X)>t,A"(X)<u, " (X)<s}=D

is a sub-implicative ideal of X.

Proof: Suppose that B = (X,,uN ,,up,ip) Tripolar fuzzy ku-sub-implicative of KU - algebra

and B"®* ={xe X : z" (X) >t, 47 (X) <u, " (X) < s} # D foranyt,u €[0,1], s €[-1,0]. there exists X € B""*
sothat 1" (X)>t,4"(x) <u, 1" () <s. It follows from Definition3.3 (Th,) that

17 (0) = 1" (%) 2t, A2 (0) < A°(X) <u, 1M (0) < 1M (X) < s sothatO e B"*. Let X,y,z€ X be such that
z#((x*y)*((y*x*) €eB"™* and z € B""*. Using Definition3.3 (Th,), (Th,), we know that

pP (e y?) > mindu® (2 (0 y) * ((y *57), 1 (2) f=min .t} =t
pM (cxy?) <maxiu (2 ((x y) * ((y * X)), 4 (2) = max{s, s} = sand

22 (cx y?) < max (22 (2 ((x ) * (y * %)), 2° (2) Jmaxfu, u} =u
thus X*y® € B"™° Hence B""* is a sub-implicative ideal of X.

Conversely, suppose that B""* # @ is a sub-implicative ideal of X,

for everyt,u €[01],s €[-1,0] and anyx € X, let 1" (X) =t, A" (X) =u, x" (X) =S. ThenX € B""*.
Since 0 € B™*, it follows that 2" (0) > 1" (x) =t, 7 (0) < A”(x) =u, " (0) < 1" (X) =s forallX e X . Now,

we need to show that £2” (X), A (X), 12" (X) satisfies Definition3.3 (Tb,), (Th,). If not, then there
exista,b,c e X such that

4" (@*b?) <min{u” (c* ((axb) * ((b*a%)), 1° ()

Taking t, =%[(,up(a*b2)+ min{z” (c* ((a*b) * ((0*a2)), (c) ] then we have

4" (axb?) <ty <minju(c*((axb) = ((b*a*), 1 (©)

then there exista,b,c e X such that
p (axb?) = maxju® (c* ((axb) * ((b*a”)), 1" (©)

Taking ¢, :%[(,uN (a*b?)+max{u" (c* ((a*b) * ((b*a’)), 12" (c)}] then we have
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M (@xb?) > g > max{u (e ((@xb) =((b*a*)), 1" (¢)} and

P (@*h?) > max {4 (c*((a*b) * ((b*a2)), A (c)}
Taking 7, :%[(f (@*h?)+ max {4 (c*((a*b)* ((b *a2)), A* (c) | then we have

X (axb?) > g, > max{A (¢ * ((axb) * ((b*a?)), A (c)}

Hence in all cases C*((a*b)*(b*a®)) e B"*and c € B"*, but a*b? & B""* which means that B""*is not a

sub-implicative ideal of X, this is contradiction. Therefore B = (X,,uN,,uP,lP) is Tripolar fuzzy sub-implicative

ideal of X . The proofis complete.
4-Image (Pre-image) Tripolar fuzzy sub-implicative - ideals

efinition 4.1 Let (X ,*,0)and (Y,*',0") be KU-algebras. A mapping f : X —Y s said to be a homomorphism if
f(x*xy)=f(X)* f(y) forall X,ye X .Note thatif f:X —Y is ahomomorphism of KU-algebras, then
f(0)=0".

Let f:X —Y be ahomomorphism of KU-algebras for any Tri -polar fuzzy set B = (X, ", i”, A7) in Y, we
define new bipolar fuzzy set B, = (X, 1z, ", gt; 1A~ ) in X by gl (X) = u™ (£F(X)), 1F () = 1 (£ (X)) and
A7 (X) == A7 (f (X)) forall xe X.

Theorem 4.2 Llet f : X —Y be a homomorphism of KU-algebras. If B = (X,,uN ,,up,/"tp) is Tri -polar fuzzy ku -

sub-implicative ideal of Y, then B =(X, N 7 P,if F)) is Tripolar fuzzy ku -sub-implicative - ideal of X.

Proof. ;' ()= " (f (X)) 2 4" (0) = 1" (T(0)) = 15 (0),
py (¥) 1= p" (F(x)) < 7 (0) = 1" (£ (0)) = 7 (0), and

A7 (X) = A" (£ (X)) = A7 (0) = A° (£ (0)) = A% (O) for all X,y € X .
Now

wy (o y2)) = M (F (e y2) < maxa (F (2% (o y) = ((y X)), 1 (F (2))
p (xx y2)) = M (F (e y2)) < max (e (F (2 (o y) = ((y X)), " (F(2)}
p" (o y2) < maxu (F (2 () = ((y X)), 1 (F(2) | =

max ™ (((F (2) % ((F 00 £ (y) = ((F (y) * £ O, (F(2) | =

max (" (((F (2% ((x* y) * (y #3212 (F (2))

@ (e y) = (y XN A 18 (2))
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wf (e y2)) = w1 (F (e y2)) = minu® (F (2 (x y) * (v = X)), 2° (£ (2)
wP (e y2)) = P (F (o y2)) = min{u? (F (2% ((xx y) = ((y *33), 147 (F(2))
wP (e y2)) = min{u” (£ (2 (o y) * (Y *33), 1" (F (2) =
min{e” ((F (2) * ((F 00 * £ (y) = ((F (y) * O ° (F ()} =
min " (((F (2 % ((* y) = (y = X)), 1 (F (2) )=
=min{u! (2% (x*xy) = (y X245 (2)]  and
25 y2)) = 2 (F (xx y2)) < max2 (F (2 % ((xx y) = ((y X2, A" (F (2))}
27 (e y2)) = 2 (F (xx y2) < max{2 (F (2 % ((xx y) = ((y =2, A ( (2)))
2.7 (e y2)) < max 27 (F ((2 % (O y) * ((y = XA (F (2) )=
max {27 (((F (2) % ((F () £ (y) = ((F (y) * £ 0N, (F(2)} =
max {27 (((f (2% ((x* y) * (y = X)), 2 ( ()
max{z, (2 % (x* y) * (y =X, A, (2)]

Hence B, = (X, N 7 P,/if F))is Tripolar fuzzy ku- sub-implicative ideal of X.
The proofis complete.

Theorem 4.3 Let f : X —Y be an epimorphism of KU-algebras .If B, = (X, £ N ,,ufp,/IfP) is Tripolar fuzzy
ku- sub-implicative ideal of X, then B = (X,,uN ,,up,/IP) is Tripolar fuzzy ku- sub-implicative ideal of V.

Proof. For any a €Y , there exists X € X such that f(X) =a.Then
1 (@)= 1" (F00) = 21, (@) > 21, (0) = 2 (F (0) = 2™ 0).
17 (@)= (F(0) = g (@) < s (0) = 17 (£(0)) = 17 (0),

A @=2"(F00) =" (@) 2 p," (0) = " ((0) = 1" (0).

Leta,b,ceY.Then f(X)=a, f(y)=Db, f(z)=c, forsome X,y,Z € X .t follows that

pt(cxa®) = " (F(z* X)) = pf' (2% X7) <max{uy (2 * (x* y) * (Y *X°)), a5 (2)}
= max{ " (F((z* ((x* y) % (y *x*)), 1" (F (2))} =
= max{ " (F(2) * ((F () * £ (y)) * ((F(y)* £0)  £(), ™ (F(2))}

= max{ 1" (c * ((@*b) * (b =a”))), 4" (©)},
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H°(cxa?) = u” (F(z%x*)) = pf (2% x) = minfug ((2# ((x* y) = (y *X*)), 415 (2)}
= min{z” (£ ((z* (0o y) = (y =x), 17 (f (2))}
= min{z” (£ (2)*((F 00 = F(y))*((F(y)* £ () * £ (%)), 1" (f (2))}

=min{" (c* ((a*b) * (b*a’))), " (c)}.and

A(c*a®) =2 (f(z*x*) =4 (z*x*) <max{ 7, ((z* ((x*y) * (y *x*)),A; (2)}

= max{ A7 (f (2% ((x* y) * (y *x*)), 2" (f (2))}=
= max{ A" (F (2) % ((f (%) * £ (y) = ((F(y)* £ ) * £ (x)), 2" (F (2))}

=max{ A" (c * ((a*b) * (b *a*))), " (c)}. The proof is complete.
5. Product of Tripolar ku- sub-implicative ideals

Definition 5.1 Let 4 and A be two fuzzy sets in the set X. the product Ax z: X x X —[0,1] is defined
by (A x )(X, y) = min{A(x), u(y)}. forall X,y € X..

Definition 5.2 Let A= (X,,u/_’:l ,,uAP,ﬁ,i) and B= (X,,ué\l ,,uBP,l;) are two Tripolar fuzzy set of X, the Cartesian
product Ax B = (X x X, £y x a3, pin x p1f , Xo x A5 ) is defined by

(u > g )%, y) = max{_ g, (X), Ag (YD}, (4 x g ) (%, y) = ming g5 (X), A5 ()} and

(2 22, y) = e, (40, 25 (y)hawhere 2l x g X x X —[-10]
i x g X x X —[01],and A x A7 X x X —[0]], forall X,y e X.

Remark 5.3 Let X and Y be KU-algebras, we define* on X xY by:

For every (X,Y),(u,v) € X xY, (X, y)*(u,v) = (x*u,Yy=*V).Clearly (X xY;*(0,0)) is
KU-algebra.

Proposition 5.4 Let A= (X,y,t‘,y,f,/tf\) and B =(X,,u,'3\',,u§,ﬂg) are two Tripolar fuzzy ku- sub-implicative
ideals of X, then Ax B is Tripolar KU- sub-implicative - ideal of X x X .

Proof. For all X,y € X, we have
#n * g (0,0) = max{ sz (0), 15 (0)} < max{ uay (X), 12 ()3} = ap x sty (X,Y)
P_ P . P P . P P P_ P
% 1 (0,0) = min{ 2, (0), 245 (0)} = min{ 22, (X), 245 ()33 = 0 % 145 (X, Y) , and

% 25(0,0) = max{ 4, (0), 45 (0)} < max{ A, (X), 4 (Y)}} =42 x A5 (X, Y)

Now let (Xli XZ)’(yl’ y2)1(zl’ 22) € X X X 4 then
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max{(/u/’;l X;ugl H((Z1, 2,) #1044 %) * ((Yr) Vo) * ((Ya) Vo) * (%, Xz)z))]’ (/U/';I Xﬂé\l N2,2,)}=
max{(,uﬂ x 115 )((2 % (0% % Y) * (Y % X)), (2 % (% % Vo) * (Y, * %)), (> 12 (24, Zz)}:
= max{{un (7, * (06 * Y1) * (% %))t (2o % (0% * Y,) * (Yo * % ) 3un (2,), g (7)1} =

mex{imedq{ /u/';I (Z, % (O * ) = ((y, * X12)))’ ,UAN (z)} ITHX{/JE';‘ ((z * (O * y,) * (Y, * Xzz))' ILIBN (z,)}
<max{ sy (X *¥Y) o g (% % Y3) 3= (n X g ) (X % V7, %, % ¥3),

min{ (e x 15 (23 2,) #0060 %) = (Vs V) * (Vo Vo) * 04 %) DT (et > a5 (24, 2,)} =
min {(ﬂ: x 1t ) (2, % (04 * Y0 * (O % XD (2% (0 * ) * (Yo % %)), (ae % 125 ) (24, Zz)}:
min{{ﬂ; (z, % (0% * y) * ((yy * Xlz)))“ug ((Z * (% * y,) * ((y, * Xzz))}y min{ﬂ: (z), ;ug (z,)}}=

min{min{ sz, (z, * (%, * yy) * (Y, * X)), 5 (2)},
min{ﬂg ((z, * (X, * y,) * ((y, * XZZ)),,ug (z,)}<

mingze, (% * Y1 ), g (%o * Y3 )} = (e % 415 )X * Y5 X, * Y3)

Finally

max{( 4 x 2 (1, 2,) # [0, %) * (Y, Y2) * (Vs ¥2) * 04 %) D] (A x 5 )(21,2,)} =
maX{(/lf\ x A )((Z % (0% * ¥2) * (% %), (25 % (06 * o) * (Y, %%,7)), (A x 25 )(2, 22)}=
= max{{ 2 (2, * (04 * Y2) * (% ), A5 (2 * (0% * Yo) * (¥, )34 (2), A5 (2,)3) =
max{max{ A (2 * (04 * ¥) * (¥, # %)), A (23 max{ A (2, * (%, * Y,) * (¥, *%,7)), A (2,)} <
max{ A, (% ¥ Y1)\ A (% *Y;) Ino = (A x 2g) (% * Yin X, * V3)

then Ax Bis Tripolar ku- sub-implicative -ideal of X x X . The proofis complete..

Conclusion.

In this paper, we introduced the notion of a tripolar fuzzy set Tripolar as a generalization of a fuzzy set,
bipolar fuzzy set and an intuitionistic fuzzy set. We have studied the Tripolar fuzzy ku- sub-implicative -ideal in
KU-algebras. Also we discussed few results of Tripolar fuzzy ku- sub-implicative -ideal in KU-algebras under
homomorphism, the image and the pre- image of Tripolar fuzzy of ku- sub-implicative under homomorphism of
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KU-algebras are defined. How the image and the pre-image of Tripolar fuzzy of ku- sub-implicative under
homomorphism of KU-algebras become Tripolar fuzzy of ku- sub-implicative are studied. Moreover, the product
of Tripolar  fuzzy of ku- sub-implicative to product Tripolar fuzzy of ku- sub-implicative is established.
Furthermore. The main purpose of our future work is to investigate the foldedness of other types of fuzzy ideals
with special properties such as a Tripolar (interval value) fuzzy n-fold of ideals in some algebras.
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