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Abstract:

We give an elementary deduction of the Choi-Lee-Srivastava’'s identities involving the Euler Mascheroni's
constant, thus from them is immediate the identity of Wilf.
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1. Introduction

Wilf [1] proposed to prove the identity [2-4]:

cosh (g) = % e’ 7, et (1 + % + 21?) (M

where y =0.5772 1566 4901 5328 6060 ... is the Euler-Mascheroni's constant [4, 5].

In Sec. 2 we use properties of the gamma function [4-9] to give an elementary deduction of (1), and in Sec. 3
this process allows generalize (1) to obtain the Choi-Lee-Srivastava's expressions [2]:

1 2,1 .
_ 2, 1 P -= 1, a°+7 i
cosh(art)—n(a +Z)ey [172: e 1<1+7+ ].24), a#t -, 2)
which implies (1) for a = % and:
_2 2
sinh(Bm) = B (B2 +1) e [y e ) (1+§+ﬁj:1), B#+i. 3)
2. Wilf's formula
In [10] we find the following relation involving an infinite product and the gamma function:
e (k+2)2-b _ T(z+m—-Va)T(z+m+Va) )
k=m 4+ 2)2—a ~ T(z+m-Vb)T(z+m+ D)’
where we can employ a = —b = i ,m=1 and z= % to obtain the expression:
o RE+1D2+1 _ o 1 _ 1 _ 2
Hk:l Qk+1)2-1 - Hk:l [1 + 2k (k+1)] - F(%) I,(371-1') - F(%) 1,(174-1')- (5)
On the other hand, we know the property [7]:
T 1 . 1 .
cosh(mrx) r (E -t x) F(E +ix), (6)
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that we can apply with x = % into (5) to deduce the identity:

s T 0 1
cosh (5) =5 Mems [1+ e ) g

Now we observe the relation:

1
1+ik _1+2k(k+1)' )

then (7) is equivalent to:

o) —l 1 1
cosh(z) _m Me=ae KA +5+52)
2

1

Tk ©)
MZie 7@+

but the Newman (1848)-Weierstrass (1856) formula [7]:

w - 1
zwznﬁler(1+§=r®, (10)

with z = 1 gives the expression:

| | ) e'% (1 + %) =e7,

(1n
whose application in (9) implies the Wilf's identity (1) [1-4, 11], gq.e.d.
3. Choi-Lee-Srivasatava’s relations
The process indicated in Sec. 2 permits to prove (2) and (3), in fact, we use (4) with a = % ,b=—a? m=1,
z=1,and (6)for x=a#+ 1 :
M, Srieed e, 12
however, we have the property:
2k+1)2+4a% 1+ % + azk:%
@+nz-1 142 (13)
hence the application of (11) and (13) into (12) implies (2), g.e.d.
Similarly, from (4) for a =m =z =1, b = —2, and the companion relation of (6) if g # +i:
s = TR T(=ip), (14)

we deduce the expression:

ne (k+1)%2+p%2 2 sinh(B m)
L ernz-1 T B2+ ’

. (15)
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but we have the decomposition:

(k +1)2 + p2 1+%+sz;1 16
k+12-1  1+2 (16)
and from (10) with z = 2:
2
Mege 7 (1+42) =262, (17)

then the use of (16) and (17) into (15) gives (3), g.e.d.
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