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Introduction 

Let  pA  denote the class of functions of the form 

     
= 1

= = 1,2,3, ,p n

n

n p

f z z a z p




   (1) 

which are analytic in the open unite disc  = : ; < 1U z z z . We note that   AA =1  the class of 

univalent analytic functions. 

We say that f  is subordinate to ,g  written gf   or    ,zgzf   if there exists a Schwarz function   in 

U  with   0=0  and   1<z   Uz  such that     zgzf =   .Uz  In particular, if the function g  

is univalent in U  the subordination is equivalent to    0=0 gf  and     UgUf    ]18,19[see . 

Definition 1.  [15] A function    pAzf   is said to be  uniformly p -valent starlike functions of order ,  

if satisfies . 

 
 

 

 

 
 , 0,0 < , .

' 'zf z zf z
Re p p p

f z f z
   

  
      

  

 

The set of all this functions is denoted by  .,
pUS   

Definition 2.  [15] A function    pAzf   is said to be  uniformly p -valent convex functions of order  ,

 if satisfies 

 
 

 

 

 
   1 1 , 0,0 ,< , .

'' ''

' '

zf z zf z
Re p p p

f z f z
   

  
        

  

 

The set of all this functions is denoted by  .,pUCV  

We note that   ,pUCVf   if and only if   , p

'

US
p

zf
.  

Definition 3.  [1] A function  pAzf )(  is said to be  uniformly p -valent close-to-convex of order   

and type ,  if there exist   ,)(  pUSzg such that 

 
 

 

 

 
 > , 0 , < , 0, .

' 'zf z zf z
Re p p p

g z g z
    

  
     

  

 

The set of all this functions is denoted by  .,, pUK   

Definition 4.  [1] A function  pAf   is said to be  uniformly p -valent quasi convex functions of order 

  and type   if there exist   ,)( pUCVzg   such that 
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 > 0 , < , 0, .

' '
' '

' '

zf z zf z
Re p p p

g z g z
    

 
 

     
  

 

The set of all this functions is denoted by   ,,
pUK . 

 We note that   ,, pUKf  if and only if 
 

  ,,p

'

UK
p

zzf
   

Also, we note that: 

1)         ,=,1
 USUS  and     ,=,1 UCVUCV   1<0   (see [13] and [24]); 

2)        
pp SUS =,0   p<0   (see [22] and [23]) ;  

3) 
  

    pp CUCV =,0   p<0   (see [22]) ;  

4)       ,=,0, pp KUK   p<,0   (see [3]) ;  

5)     ,=,0, 
pp KUK   p<,0   (see [6]). 

Geometric properties: It is known that  , pUSf  or   ,pUCVf  with  

  
 
 

 
 

 
,1=or=

zf

zzf
zp

zf

zzf
zp

'

'''

  

respectively, if and only if  zp  takes all the values in the conic domain in the right half plane  ,,pR  which 

is given by 

   2 2

, , = = : > , ( 0 and 0 < ) .pR w u iv u u p v p             

By some computation,  ,,pR appears as conic sections that symmetric around the real axis as follows: 
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We note that  

    ,,, zQzp p   (2) 

with the explicit forms of function  zQp  ,,  given by 
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where 

    = , 0,1
1

z x
u z x

x z





 

and )(xK  is such that 

 
 
 

.
4

cosh=
xK

xK'
  

By virtue of  2  and the properties of the domains, we have 

       .
1

>> ,,









p
zQRezpRe p  (3) 

Making use of the principal of subordination between analytic functions and the definition of  ,,, zQp   we 

may rewrite the subclasses   ,
pUS ,  ,,pUCV    ,,pUK  and   ,,

pUK  as the following: 

    
 
 

  ,:=, ,,












 zQ
zf

zzf
pAfUS p

'

p    

 

    
 

 
  ,1:=, ,,












 zQ
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zzf
pAfUCV p'
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USzgpAfUK p

'

pp    

 



 

73 

        
  
 

  .,,:=,, ,,














 zQ
zg

zzf
UCVzgpAfUK p'

''

pp    

 

El-Ashwah and Durbk [7] (see also [4]) introduced the modified an Erdelyi kober type integral operator 

   pApAI ca
p :,

,  for 0,>  ,, Cca    paRe >  and   0,>acRe   (see [16]) as follows: 

  
 

   
    



 
1

0

11,
, 1= dtztftt

acpa

pc
zfI aacca

p






 

                  
 

 

 

 = 1

= ,p n

n

n p

c p a n
z a z

a p c n

 

 





   

   

  

                 .=,
, zfzfI aa

p   

It is easy to obtain the following recurrence relations. If    ,pAzf   then 

       .= ,
,

1,
,

,
, zfI

a
zfI

pa
zfIz ca

p
ca

p

'ca
p 






 
 (4) 

         .,,= 1,
,

,
,

1,
, zfI

c
zfcaI

pc
zfIz ca

p
ca

p

'ca
p

 









 (5) 

The operator  zfI ca
p
,
,  has been extensively studied by many authors with suitable restrictions on the 

parameters. For examples, see the following: 

I.             1, 1

,1 0 0= , , / , = 0, 1, 2,...a c

p pI f z L a c f z a c       (see [26] and [27]) ;  

II.            zfDzfpnLzfI pn
p

apn
p

11,
,1 =,1= 

   pn >  (see [12]); 

III.        zfRzfI



 ,1,

1,1 =


  1>;1,;0>    (see [2]); 

IV.        zfQzfI 



=

,
1,1


  1>0;    (see [14] and [17]); 

V.          zfcaLzfI ca ,=11,
1,1


   0 0, / , = 0, 1, 2,...a c      (see [9]) ;  

VI.        zfIzfI l
l




,
1,

1,1 =


  1>0;> l  (see [10]) ;  

VII.        zfDzfI  =,0
1,1   1>   (see [25]) ;  

VIII.        zfIzfI nn =1,
1,1   0n   (see [20] and [21]).  

Next, using the operator  ,,
, zfI ca

p   we introduce the following  uniformly subclasses of p-valent 

functions, for ,p   0 , ,p    0,  0>  ,, Cca    ,> paRe   and   0,>acRe   
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Definition 5.  Let    .pAzf   Then     ,;,,caUSzf p
  if and only if 

   .,,
, 

 p
ca

p USzfI   

Definition 6 . Let    .pAzf   Then     ,;,,caUCVzf p  if and only if 

   .,,
,  p
ca

p UCVzfI    

Definition 7.  Let    .pAzf   Then     ,,;,,caUKzf p  if and only if 

   .,,,
,  p
ca

p UKzfI    

Definition 8.  Let    .pAzf   Then     ,,;,,caUKzf p
  if and only if 

   .,,,
, 

 p
ca

p UKzfI   

We not that 

    
 

  ,;,,,;,, caUS
p

zzf
caUCVzf p

'

p
  

and 

    
 

 .,,;,,,,;,,  caUK
p

zzf
caUKzf p

'

p  
 

In this paper, we investigate several inclusion properties of the subclasses  ,,;,, caUSp


 

 ,,;,, caUCVp   ,,,;,, caUK p  and  .,,;,, caUKp


 Also, some applications involving 

integral operators are considered associated with the operator  zfI ca
p
,
, . 

Inclusion Properties 

Unless otherwise mentioned, we shall assume throughout this paper that ,<,0 p  0,  0,>  ,a  

,Cc    paRe >  and   0.>acRe   In order to prove our results, we need the following lemmas. 

Lemma 9.  [11] Let  zh  be univalent convex in the unit disk U  with    ).,0(> C  zhRe  If  zp  is 

analytic in U  and    0=0 hp  then  

  
 

 
 zh

zp

zzp
zp 

 


'
 

implies    .zhzp    

Lemma 10. [18] Let  zh  be convex function in U  and let 0.D   Suppose that  zE  is analytic in U  with 

   .DzERe   If g  is analytic in U  and    ,0=0 hg  then  
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              .zhzgzhzgzzgzEzDzg '''    

Theorem 11. Let  pAf   and 
 

,
1

>











paRe
 

 
.

1
>












pcRe
 Then  

       ,;1,,,;,,,;,1,   caUScaUScaUS ppp . 

Proof. To prove the first part of this theorem. Let   ,;,1,caUSf p  
 and set  

 
  
 

   ,=
,
,

,
,

Uzzp
zfI

zfIz

ca
p

'ca
p






 

where   ...,= 2
21  zpzppzp is analytic in U  with   pp =0  and   0,zp  for all .Uz  

 From  ,4  we can write 

 
 

 

 

 
,=

)(

,
,

1,
,

,
,

,
,











 a

zafI

zfIpa

zfI

zfIz

ca
p

ca
p

ca
p

'ca
p








 


 

 

 
 

 
  .=

,
,

1,
,







 a
zp

zfI

zfIpa

ca
p

ca
p








 


 (6) 

By logarithmically differentiating both sides of the equation  ,6  we get 

 
 

 
 

 

 
.=

)(
,,1,

,

1,
,








p

'

ca
p

'ca
p

Q
a

zp

zzp
zp

zfI

zfIz









 (7) 

Since  

 0.>,, 











a

QRe p  

Applying Lemma 9 to  ,7  it follows that 

    ,,, zQzp p   

that is    .,;,, caUSzf p
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To prove the second inclusion relationship asserted in Theorem 11 , let   ,;,,caUSf p
  and put  

 
  
 

   ,=
1,

,

1,
,

Uzzq
zfI

zfIz

ca
p

'ca
p









 

where the function  zq  is analytic in U  with   .=0 pq  Then by arguments similar to those detailed above 

with  5 , we have  .,;1,,   caUSf p  The proof is completed.    

Theorem 12.  Let  pAf   and 
 

,
1

>











paRe
 

 
1

>











pcRe
. Then  

      .,;1,,,;,,,;,1,   caUCVcaUCVcaUCV ppp  

Proof. Applying  

    ,;,1,caUCVzf p   

 
  ,;,1,caUS

p

zzf
p

'

 
 

 
  ,;,,caUS

p

zzf
p

'
  

   .,;,, caUCVzf p  

The second part of the theorem can be proved by using similar arguments, which evidently proves Theorem 

12 .    

Theorem 13.  Let  pAf   and  

 
   

.
1

>,
1

>




















pcRepaRe
 

Then 

      .,,;1,,,,;,,,,;,1,   caUKcaUKcaUK ppp  

Proof. Let  ,,,;,1, caUKf p   then, in view of the definition, we write 

 
  

 
 ,

,,

1,
,

UzQ
z

zfIz

p

'ca
p










  (8) 

for some    .,  pUSz  Choose the function  zg  such that    ,=1,
, zzgI ca

p 


 so we have  
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,,1,

,

1,
,
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p

'ca
p

Q
zgI

zfIz






    .Uz  

Now, we set 

 
  
 

 zp
zgI

zfIz

ca
p

'ca
p

=
,
,

,
,




 (9) 

where   ...,= 2
21  zpzppzp  is analytic in U  with   pp =0  and   0zp  for all .Uz  Using 

identity  4 , we have 
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a
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zzfI
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zgI

zfIz
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zzfI
a
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zzfIz
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p
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p
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p

'ca
p

ca
p

''ca
p

 

Since     ,;,1,caUSzg p  
 and by Theorem 11 , we can write  

 
  
 

 ,=
,
,

,
,

zr
zgI

zgIz

ca
p

'ca
p




 

where    ,
1

>






p
zrRe   Uz  and 



 

78 

 
  
 

   
 

 

 
.=

,
,

,
,

1,
,
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a
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zp
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zzfIz

zgI

zfIz ca
p

''ca
p

ca
p

'ca
p

 (11) 

From  ,9  we consider that 

       ,= ,
,

,
, zpzgIzfIz ca

p

'ca
p   (12) 

differentiating both sides of  12  with respect to z  and divide by    ,,;,,,
, zgcaI ca

p   we have 

 

  

 
     .=

,
,

,
,

zpzrzzp
zgI

zfIz
'

ca
p

'
'ca

p















 (13) 

Using  11  and  ,13  we obtain 
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zzp
zp

a
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zp
a

zpzrzzp
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zfIz '
'
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p

'ca
p

==
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,

1,
,

 (14) 

 

  
 

 
.,, 



p

'

Q
a

zr

zzp
zp 











  (15) 

Putting 0=D  and  
  












a
zr

zE
1

=  in Lemma 10,  we obtain 

   

 

  0.>
1

=
2

































a
zrRe

a
zr

zERe  

Therefore, the inequality  15  satisfies the conditions required by Lemma 10. Hence,   , , ,pp z Q    so 

 .,,;,, caUKf p  
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For the second inclusion relationship in Theorem 13 , using argument similar to those detailed above, 

we obtain    .,,;1,,,,;,,   caUKcaUK pp  Thus, we have completed the proof of Theorem 

13 .    

Theorem 14.  Let  pAf   and  

 
   

.
1

>,
1

>




















pcRepaRe
 

Then 

      .,,;1,,,,;,,,,;,1,    caUKcaUKcaUK ppp  (16) 

Proof. From the expression  

    ,,,,,,,,,,,  caUK
p

zf
caUKf p

'

p  
 

and Theorem 13 , we observe that 

   

 
 

 
 

   

1, , ; , ,

1, , ; , ,

, , ; , ,

, , ; , , .

p

'

p

'

p

p

f z UK a c

zf z
UK a c

p

zf z
UK a c

p

f z UK a c

   

   

   

   





 

  

 

 

 

The second part of the theorem can be proved by using similar arguments, which evidently proves Theorem 

14 .    

Next, we study the closure properties of generalized Bernardi integral operator [8] defined by Staioh 

et al. [28] as follows: 

       .>,=£
0

1
, ppAfdttft

z

p
zf

z

p 
  

 
  (17) 

Theorem 15.  Let  pAf   and 
1

>










p
. If    ,,;,, caUSzf p

  then 

    .,;,,£ ,  caUSzf pp
  

Proof. From  17 , we have  

          .£=£ ,
,
,

,
,,

,
, zfIzfIpzfIz p

ca
p

ca
p

'

p
ca

p     (18) 
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Setting 
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p
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p




 

where    ...= 2
21  zpzppzp is analytic in U  with   ,=0 pp    0zp  for all Uz . 

From  ,18  we have 

  
 

  
  .=

£ ,
,
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,
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zfI
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p

p
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p
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p

 (19) 

By logarithmically differentiating both sides of the  ,19  we have 
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£

£
=  

  
 

 
.= ,, 


p

'

Q
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zzp
zp 


  

Since   0,>,,  pQRe  then by applying Lemma 9, we obtain the result.    

Theorem 16.   Let  pAf   and .
1

>










p
 If    ,,;,, caUCVzf p  then 

    .,;,,£ ,  caUCVzf pp 
 

Proof. Consider the following 

     ,;,,caUCVzf p  

 
 

 
   

 


,;,,
£

,;,,
,

caUS
p

'zfz
caUS

p

zzf
p

p
p

'
   

    .,;,,£ ,  caUCVzf pp   

The proof is completed.    

Theorem 17.  Let  pAf   and 
1

>









p
. If    ,,,;,, caUKzf p  then 

    .,,;,,£ ,  caUKzf pp 
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 Proof. Let    .,,;,, caUKzf p  Then, in view of the definition, we can write 
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  (20) 

for some    .,  pUSz  Choose the function  zg  such that    ,=,
, zzgI ca

p   so we have  
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where   ...,= 2
21  zhzhpzh  is analytic in U  with   ,=0 ph    0zh  for all Uz . 

Also, we have from  18  
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Since     ,;,,caUSzg p
  and by Theorem 15 , we have    .,;,,£ ,  caUSzg pp

  

Setting  
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Also, from  21  we obtain 
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        ,.£=£ ,
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p   (23) 

differentiating both side of  23  with respect to ,z  we have  
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Using  22  and  ,24  we obtain  
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This in conjunction with 
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UzzQ
zgI

zfIz
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leads to 

  
 

 
 .,, zQ
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zzh
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  (26) 

Putting 0=D  in Lemma 10  and 

  
 

,
1

=
zH

zE  

we obtain    0,>zERe  if .
1

>









p
 Therefore, the inequality  26  satisfies the condition required by 

Lemma 10. Hence,    zQzh p  ,,  and the proof is completed.    

Theorem 18.  Let  pAf   and 
1

>









p
. If    ,,,,,, caUKzf p

  then 

    .,,,,,£ ,  caUKzf pp


 

Proof. The proof of Theorem 18   can be derived from the proof of Theorem 17 .    
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Remark 19.  

(i) Putting 1,=p  in the above results, we obtain the results obtained by EL-Ashwah and Drbuk [5]; 

(ii) By varying some parameters involved in the above subclasses of functions defined, we can obtain 

several other results.  
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