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Abstract

We consider the Cauchy problem for the defocusing stochastic nonlinear Schrodinger
equations (SNLS) with an additive noise in the mass-critical and energy-critical set-
tings. By adapting the probabilistic perturbation argument employed in the context of
the random data Cauchy theory by Bényi et al. (Trans Am Math Soc Ser B 2:1-50,
2015) to the current stochastic PDE setting, we present a concise argument to establish
global well-posedness of the mass-critical and energy-critical SNLS.
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1 Introduction
1.1 Stochastic nonlinear Schrodinger equations

We consider the Cauchy problem for the stochastic nonlinear Schrodinger equation
(SNLS) with an additive noise:
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i0u 4+ Au = |u|P'u + ¢

(t,x) e Ry x R, 1)
uli=0 = uo,

where £(¢, x) denotes a space-time white noise on Ry x R? and ¢ is a bounded
operator on L?(R?). In this paper, we restrict our attention to the defocusing case. Our
main goal is to present a concise argument in establishing global well-posedness of
(1) in the so-called mass-critical and energy-critical cases.

Let us first go over the notion of the scaling-critical regularity for the (deterministic)
defocusing nonlinear Schrodinger equation (NLS):

i0u+ Au = |u|p_1u, (2)

namely, (1) with ¢ = 0. The Eq. (2) is known to enjoy the following dilation symmetry:

s D, B |
u(t,x) —> u”({t, x) = A »Tu(A™7t, A" "x)
for A > 0. If u is a solution to (2), then the scaled function u* is also a solution
to (2) with the rescaled initial data. This dilation symmetry induces the following
scaling-critical Sobolev regularity:

d 2
Scrit = 7 — —

2 p-—1

such that the homogeneous H it (R?)-norm is invariant under the dilation symmetry.
This critical regularity scrj; provides a threshold regularity for well-posedness and ill-
posedness of (2). Indeed, when s > max(sit, 0), the Cauchy problem (2) is known
to be locally well-posed in H* (R9Y [6,19,22,36].1 On the other hand, it is known that
NLS (2) is ill-posed in the scaling supercritical regime: s < scrit. See [9,26,28].

Next, we introduce two important critical regularities associated with the following
conservation laws for (2):

Mass: M (u(t)) :=/ lu(t, x)|*dx,
Rd

1 2 d-2 2d_
Energy: E(u(t)) = = [Vu(t, x)|“dx + —— lu(t, x)|4-2dx.
2 R4 2d R4

In view of these conservation laws, we say that the Eq. (2) is

(1) Mass-critical when s¢j = 0, namely, when p = 1 + 3,

(i) Energy-critical when s¢rj = 1, namely, when p = 1 + ﬁ and d > 3.

Over the last two decades, we have seen a significant progress in the global-in-time

theory of the defocusing NLS (2) in the mass-critical and energy-critical cases [5,11,
15-17,31,34,37]. In particular, we now know that

1 When p is not an odd integer, we may need to impose an extra assumption due to the non-smoothness of
the nonlinearity.
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(i) The defocusing mass-critical NLS (2) with p = 1 + 3 is globally well-posed in
L*(RY),

(i) The defocusing energy-critical NLS (2) with p = 1 + %, d > 3, is globally
well-posed in H'(RY).

Moreover, the following space-time bound on a global solution # to (2) holds:

lull 242 < C(lluoll gx) < o0 3)
L3472 (RxRT)

with (i) £ = 0 in the mass-critical case and (ii) k = 1 in the energy-critical case. This
bound in particular implies that global-in-time solutions scatter, i.e. they asymptoti-
cally behave like linear solutions as t — =00.

Let us now turn our attention to SNLS (1). We say that u is a solution to (1) if it
satisfies the following Duhamel formulation (= mild formulation):

t t
u(t) = S(t)uo—i/ S(z—t’)|u|f’*1u(/)dr’—i/ S(t — e, ()
0 0

where S(t) = ¢/'» denotes the linear Schrodinger propagator. The last term on the
right-hand side of (4) is called the stochastic convolution, which we denote by W.
Fix a probability space (2, F, P) endowed with a filtration {F; };>¢ and let W denote
the LZ(R? )-cylindrical Wiener process associated with the filtration {F;};>0; see (10)
below for a precise definition. Then, the stochastic convolution ¥ is defined by

t
U(t) = —i / St — t")pE(dt))
0 )
:=—i/ St —t)pdW ().
0

See Sect. 2 for the precise meaning of the definition (5); in particular see (11).

Our main goal is to construct global-in-time dynamics for (4) in the mass-critical
and energy-critical cases. This means that we take (i) p = 1 +§ in the mass-critical case
and (i) p =1+ % in the energy-critical case. Furthermore, we take the stochastic
convolution W in (5) to be at the corresponding critical regularity. Suppose that ¢ €
HS (L?; H*), namely, ¢ is a Hilbert-Schmidt operator from L2(R%) to H*(RY). Then,
it is known that ¥ € C(Ry; H® (R?)) almost surely; see [12]. Therefore, we will
impose that (i) ¢ € HS (L?; L?) in the mass-critical case and (ii) ¢ € HS (L?; H') in
the energy-critical case.

Previously, de Bouard and Debussche [14] studied SNLS (1) in the energy-
subcritical setting: s¢riy < 1, assuming that ¢ € HS (L2; H 1). By using the Strichartz
estimates, they showed that the stochastic convolution W almost surely belongs to
a right Strichartz space, which allowed them to prove local well-posedness of (1) in
H'(R?) with¢ € HS (L*; H') inthe energy-subcritical case: | < p < 1+ [/%2 when
d>3and 1 < p < oo when d = 1, 2. We point out that when s > max(scri, 0),
a slight modification of the argument in [14] with the regularity properties of the
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stochastic convolution (see Lemma 2.2 below) yields local well-posedness” of (1)
in H*(R?), provided that ¢ € HS(L?; H®). See Lemma 2.3 for the statements in
the mass-critical and energy-critical cases. We also mention recent papers [8,30] on
local well-posedness of (1) with additive noises rougher than the critical regularities,
ie. ¢ € HS (L2; H*) with s < scrit.

In the energy-subcritical case, assuming ¢ € HS (L?; H'), global well-posedness
of (1) in H'(R?) follows from an a priori H'-bound of solutions to (1) based on the
conservation of the energy E (u) for the deterministic NLS and Ito’s lemma; see [14].
See also Lemma 2.4. In a recent paper [7], Cheung et al. adapted the /-method [10] to
the stochastic PDE setting and established global well-posedness of energy-subcritical
SNLS below H!(R4). In the mass-subcritical case, global well-posedness in L2(R%)
also follows from an a priori L2-bound based on the conservation of the mass M ()
for the deterministic NLS and Ito’s lemma.

We extend these global well-posedness results to the mass-critical and energy-
critical settings.

Theorem 1.1 (i) (Mass-critical case). Let d > 1 and p = 1 + %. Then, given
¢ € HS (L?; L?), the defocusing mass-critical SNLS (1) is globally well-posed in
L2(RY).

(ii) (Energy-critical case). Let 3 < d < 6and p = 1 + %. Then, given ¢ €
H‘SI (Lfl; H"Y), the defocusing energy-critical SNLS (1) is globally well-posed in
H' (RY).

In the following, we only consider deterministic initial data ug. This assumption
is, however, not essential and we may also take random initial data (measurable with
respect to the filtration Fo at time 0).

In the mass-critical case (and the energy-critical case, respectively), the a pri-
ori L2-bound (and the a priori H!-bound, respectively) does not suffice for global
well-posedness (even in the case of the deterministic NLS (2)). The main idea for
proving Theorem 1.1 is to adapt the probabilistic perturbation argument introduced by
the authors [4,29] in studying global-in-time behavior of solutions to the defocusing
energy-critical cubic NLS with random initial data below the energy space. Namely,
by letting v = u — W, where W is the stochastic convolution defined in (5), we study
the equation satisfied by v:

{ia,v—l—Av:N(v—i—\I/) ©

v];=0 = uo,
where N (1) = |u|?~'u. Write the nonlinearity as
N+¥) =N + N+ ¥) —N©).

Then, the regularity properties of the stochastic convolution (see Lemma 2.2 below)
and the fact that their space-time norms can be made small on short time intervals

2 When p is not an odd integer, an extra assumption such as p > [s] 4+ 1 may be needed.
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allow us to view the second term on the right-hand side as a perturbative term. By
invoking the perturbation lemma (Lemmas 3.2, 4.3), we then compare the solution v
to (6) with a solution to the deterministic NLS (2) on short time intervals as in [4,29].
See also [24,35] for similar arguments in the deterministic case. In the energy-critical
case, we rely on the Lipschitz continuity of VN (u) in the perturbation argument,
which imposes the assumption d < 6 in Theorem 1.1.

Remark 1.2 'We remark that solutions constructed in this paper are adapted to the given
filtration {F;},>0. For example, adaptedness of a solution v to (6) directly follows
from the local-in-time construction of the solution via the Picard iteration. Namely,
we consider the map I" defined by

t
Tv(t) := St)ug — i/ St —tHN @+ W) ()dt .
0

Then, we define the jth Picard iterate P; by setting

Py = S(t)uo,
t

Pit1 =TPj = S(tyug — i/ St — YN (P; + W)(t)dr' )
0

for j € N. Since the stochastic convolution W is adapted to the filtration {F;};>0,
it is easy to see from (7) that P; is adapted for each j € N. Furthermore, the local
well-posedness of (6) by a contraction mapping principle (see Lemmas 3.1 and 4.1
below) shows that the sequence {P;} ;N converges, in appropriate functions spaces,
to a limit v = lim;_, o P;, which is a solution to (the mild formulation of) (6). By
invoking the closure property of measurability under a limit, we conclude that the
solution v to (6) is also adapted to the filtration {F;};>0. The same comment applies
to Lemma 2.3 below.

Remark 1.3 (i) Inthe focusing case, i.e. with —|u|?~'u in (1), de Bouard and Debuss-
che [13] proved under appropriate conditions that, starting with any initial data,
finite-time blowup occurs with positive probability.

(ii) Inthe mass-subcritical and energy-critical cases, SNLS with a multiplicative noise
has been studied in [1-3]. In recent preprints, Fan and Xu [18] and Zhang [39]
proved global well-posedness of SNLS with a multiplicative noise in the mass-
critical and energy-critical setting.

2 Preliminary results
In this section, we introduce some notations and go over preliminary results.

Given two separable Hilbert spaces H and K, we denote by HS (H; K) the space
of Hilbert—Schmidt operators ¢ from H to K, endowed with the norm:

Ipllas ) = (Z ||¢en||%<)2,

neN
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where {e, },cn is an orthonormal basis of H.
Since our focus is the mass-critical and energy-critical cases, we introduce N (1),
k=0,1,by

NoG) = luliu  and  Ny(u) == |u|T2u. (8)

Namely, kK = 0 corresponds to the mass-critical case, while k = 1 corresponds to the
energy-critical case.

The Strichartz estimates play an important role in our analysis. We say that a pair
(g, r) is admissible if 2 < g, r < o0, (¢, r,d) # (2, 00, 2), and

2 d d

q r 2°

Then, the following Strichartz estimates are known to hold; see [20,23,32,38].

Lemma 2.1 Let (q, r) be admissible. Then, we have
ISPl S N9llL2-

For any admissible pair (4, ), we also have

t
H/ St —tF(Hdt
0

SIEN, 7 5 9)

where ' and 7' denote the Hélder conjugates. Moreover, if the right-hand side of (9)
is finite for some admissible pair (,7), then fé S(t — tYF(t")dt' is continuous (in
time) with values in L*(R?).

Next, we provide a precise meaning to the stochastic convolution defined in (5). Let

(82, F, P)be aprobability space endowed with a filtration { ¥ };>¢. Fix an orthonormal
basis {e; },en of Lz(Rd). We define an Lz(Rd)—cylindrical Wiener process W by

Wt x, @) =Y Bult, w)en(x), (10)

neN

where {8, },,en is a family of mutually independent complex-valued Brownian motions
associated with the filtration {F;};>0. Here, the complex-valued Brownian motion
means that Ref, () and Img,(¢) are independent (real-valued) Brownian motions.
Then, the space-time white noise & is given by a distributional derivative (in time) of
W and thus we can express the stochastic convolution W as

t
V() = —i Z/O St — 1) pen dB (1), Y

neN

where each summand is a classical Wiener integral (with respect to the integrator
dpn); see [27]. Then, we have the following lemma on the regularity properties of the
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stochastic convolution. See, for example, Proposition 5.9 in [12] for Part (i). As for
Part (ii), see [30].

Lemma2.2 Letd > 1, T > 0, and s € R. Suppose that ¢ € HS (Lz; H).

(i) We have W € C([0, T1; H*(R?)) almost surely. Moreover, for any finite p > 1,
there exists C = C(T, p) > 0 such that

E|: sup ||\Il(t)||pvj| C||¢||HS(L2 H*)
0=<t<T

(i1) Given 1 < g < oo and finite r > 2 such that r < é% when d > 3, we have
W e L1([0, T]; WS (R)) almost surely. Moreover, for any finite p > 1, there
exists C = C(T, p) > 0 such that

|:||\Il||Lq([0 T1; WS- r(Rd)):I C||¢||HS(L2 H*)

By the Strichartz estimates (Lemma 2.1) and Lemma 2.2 on the stochastic con-
volution, one can easily prove the following local well-posedness (see Lemma 2.3
below) of the mass-critical and energy-critical SNLS (1) by essentially following the
argument in [14], namely, by studying the Duhamel formulation for v = u — W:

t
o(t) = S(tuo — i f S — YN (0 + W) (e
0

See also Lemmas 3.1 and 4.1 below. In the mass-critical case, the admissible pair

q =r = @ plays an important role. In the energy-critical case, we use the

following admissible pair

(12)

2d 2d?
d—2"d>—2d+4

(qa.ra) == (

ford > 3.

Lemma 2.3 (i) (Mass-critical case). Letd > 1, p = 1+ %, and ¢ € HS (L% L.
Then, given any ug € L*(RY), there exists an almost surely positive stopping time
T = T,(uo) and a unique local-in-time solution u € C([0, T1; L*(R?)) to the
mass-critical SNLS (1). Furthermore, the following blowup alternative holds; let
T* = T} (uo) be the forward maximal time of existence. Then, either

T =00 or lim |Jull 2a+2) = 00.
T/T* L4 (10,T)xR9)

(i1) (Energy-critical case). Let3 < d <6, p =1+ %, and ¢ € HS(L*; H").
Then, given any ug € H'(R?), there exists an almost surely positive stopping time

T = T,(up) and a unique local-in-time solution u € C([0, T1]; HY(RYY) to the
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energy-critical SNLS (1). Furthermore, the following blowup alternative holds;
let T* = T (uo) be the forward maximal time of existence. Then, either

k : _
T =00 or Tl;n;* letll aa 0,7y w-ra ety = OO

We note that the mapping: (#g, ¥) +— v is continuous. See Proposition 3.5 in [14].
In the energy-critical case, the local-in-time well-posedness also holds for d > 6
(see Remark 4.2 below). As mentioned earlier, the perturbation argument requires the
Lipschitz continuity of VA and hence we need to assume d < 6 in the following.

Lastly, we state the a priori bounds on the mass and energy of solutions constructed
in Lemma 2.3.

Lemma 2.4 (i) (Mass-critical case). Assume the hypotheses in Lemma 2.3(i). Then,
given Ty > 0, there exists Cy = C1(M (uo), To, ¢l gs (12:12)) > O such that for
any stopping time T with 0 < T < min(T*, Ty) almost surely, we have

E[ sup M(u(t))] <C(y, (13)
0<t<T

where u is the solution to the mass-critical SNLS (1) with u|;—o = ug and T* =
T (uo) is the forward maximal time of existence.

(i1) (Energy-critical case). Assume the hypotheses in Lemma 2.3(ii). Then, given Ty >
0, there exists Co = Cr(M (ug), E (ug), Ty, ||¢||HS(L2;H‘)) > 0 such that for any
stopping time T with 0 < T < min(T*, Ty) almost surely, we have

E[ sup M(u(t))} +E|: sup E(u(t))} < (y,

0<t<T 0<t<T

where u is the solution to the defocusing energy-critical SNLS (1) with u|;—o = ug
and T* = T} (ug) is the forward maximal time of existence.

For Part (ii), we need to assume that the equation is defocusing. These a priori
bounds follow from Ito’s lemma and the Burkholder-Davis—Gundy inequality. In
order to justify an application of Ito’s lemma, one needs to go through a certain
approximation argument. See, for example, Proposition 3.2 in [14]. In our mass-
critical and energy-critical settings, however, such an approximation argument is more
involved and hence we present a sketch of the argument in “Appendix A”.

3 Mass-critical case
In this section, we prove global well-posedness of the defocusing mass-critical SNLS
(1) (Theorem 1.1(i)). In Sect. 3.1, we first study the following defocusing mass-critical

NLS with a deterministic perturbation:

i0,v+ Av = Ny(v + f), (14)
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where A is as in (8) and f is a given deterministic function, satisfying certain regu-
larity conditions. By applying the perturbation lemma, we prove global existence for
(14), assuming an a priori L2-bound of a solution v to (14). See Proposition 3.3. In
Sect. 3.2, we then present the proof of Theorem 1.1(i) by writing (1) in the form (14)
(with f = W) and verifying the hypotheses in Proposition 3.3.

3.1 Mass-critical NLS with a perturbation

By the standard Strichartz theory, we have the following local well-posedness of the
perturbed NLS (14).

Lemma 3.1 There exists small no > 0 such that if

ISt —to)voll 2w+2) + £ 2wt <n
4 (IxRd) L, .4 (IxRd)

t,x t,x

for some n < ng and some time interval I = [to, t1] C R, then there exists a unique
2(d+2)

solution v € C(I; L*RY) N L, ,* (I x RY) to (14) with v(ty) = vo € L*(RY).
Moreover, we have

vl 2w@+2) <2n.
L (I xR4)

1,x

Proof We show that the map I" defined by

t
Tu(t) := St — to)vg — i/ St —tHNo(w + fH)Hdr

fo

2(d+2
is a contraction on the ball By, C L[;" ) (I x R?) of radius 277 > 0 centered at the
origin, provided that n > 0 is sufficiently small. Noting that the Holder conjugate of
Z(djz) is 2(‘;1;“42) = Z(djz) /(14 g), it follows from Lemma 2.1 that there exists small
no > 0 such that

(ITv]] 2d42) < ISt — to)voll 2d42)

+ITv = S —to)voll 2wr2
L (IxR%) d

tx rx? (IXRY L, T (IxRd)

1+%
<n+ C(llvll 2d+2) +F I 2w )
L, .7 (IxR9) L, .7 (IxR9)

1,x rx

<n+Cylti <2p

and

1
ITv; — T2l 2w+2 < zlvi —v2ll 2w+2
L7 (xR 2 L

t,x

(IxR4)

tox
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forany v, vy, v2 € By, and0 < n < no.Hence, I isacontraction on By,,. Furthermore,
we have

Il oo (r:L2Ray) = 1S = t0)voll poo(r: 12 Rey)

1+4
+ C(IIvII 2d42) + Il 2w )
4 (IxR9) L, .4 (IxR%)

1,x 1,x

< lluoll 2 + €'+ < 0o
for any v € By,. This shows that v € C(/; LZ(Rd)). O

Next, we recall the long-time stability result in the mass-critical setting. See [35]
for the proof.

Lemma 3.2 (Mass-critical perturbation lemma) Let I be a compact interval. Suppose
that v € C(I; L*>(RY)) satisfies the following perturbed NLS:

4
i0;v4+ Av = |v|dv + e, (15)
satisfying
vl ooz, L2may) + VI 2042 <R
L4 (IxR)

for some R > 1. Then, there exists g = €o(R) > 0 such that if we have

luo — v(to)ll 2ray + llell 2w@+2) <e¢ (16)
L, & (IxRd)

for some ug € Lz(Rd), some ty € I, and some & < g, then there exists a solution
u € C(I; L*(RY)) to the defocusing mass-critical NLS:

4
10;u+ Au = |uldu (17
with u(ty) = ug such that
”lfi”Loou;LZ(Rd)) + ||u|| 2(d+2) < C] (R),
L% (IxRd)
||M — v”LOO(I;LZ(Rd)) + ||M — U” 2(d+2) < Cl(R)&‘,
i (IxR9)

where C1(R) is a non-decreasing function of R.

In the remaining part of this subsection, we consider long time existence of solutions
to the perturbed NLS (14) under several assumptions. Given T > 0, we assume that
there exist C, 6 > 0 such that

£ 2w <cy’ (18)
L, .4 (IxR%)

1,x
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for any interval I C [0, T]. Then, Lemma 3.1 guarantees existence of a solution to the
perturbed NLS (14), at least for a short time. The following proposition establishes
long time existence under some hypotheses.

Proposition 3.3 Given T > 0, assume the following conditions (i)—(ii):

2(d+2)

(i) feL. (0, T]xR?) satisfies (18),
(ii) Given a solution v to (14), the following a priori L?>-bound holds:

vl o, 71,22y = R (19)

for some R > 1.

Then, there exists T = T(R, 0) > 0 such that, given any ty € [0, T), a unique solution
v to (14) exists on [ty, to + t] N [0, T]. In particular, the condition (ii) guarantees
existence of a unique solution v to the perturbed NLS (14) on the entire interval
[0, T].

Proof By setting e = No(v + f) — No(v), Eq. (14) reduces to (15). In the following,
we iteratively apply Lemma 3.2 on short intervals and show that there exists T =
(R, 0) > 0 such that (15) is well-posed on [#g, top + t] N [0, T'] for any 7y € [0, T').

Let w be the global solution to the defocusing mass-critical NLS (17) with w(fp) =
v(tp) = vo. By the assumption (19), we have ||w(#p)||;2 < R. Then, by the space-time
bound (3), we have

lwll 2w+2 < C(R) < o0.
L, .7 (RxR)

t,x

Given small n > 0 (to be chosen later), we divide the interval [fg, T] into J =
2(d+2)

J(R,n) ~ (C(R)/n) ¢ many subintervals /; = [t;, tj 1] such that

lwl 2w+ <. (20)
L (I xRd)

1,x
We point out that n will be chosen as an absolute constant and hence dependence of
other constants on 7 is not essential in the following. Fix 7 > 0 (to be chosen later in
terms of R and 0) and write [ty, fp+ 7] = UJJ-/:O ([to, to+1]N Ij) forsome J' < J—1,
where [19,f0 + t]1N1; # @ for0 < j < J and [to, to + 71N I; =P for j > J'.

Since the nonlinear evolution w is small on each I;, it follows that the linear
evolution (¢ — ¢;)w(t;) is also small on each /;. Indeed, from the Duhamel formula,
we have

t
St —tjpw(tj) = w(t) — i/ St — tHNo(w)(@)Hdt'.

1j
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Then, by Lemma 2.1 and (20), we have

14+5

1@ = 1)wEPI 2w = wll 2w + Cllwll” 5y
fx (1 xR?) Ly (I xR%) Lr.xd (I xR)
4
<n+Cp'ta
s e

forall j =0,...,J — 1, provided that n > 0 is sufficiently small.
Now, we estimate v on the first interval Iy. By v(f9) = w(#p) and (21), we have

IS¢t — to)v(E) |l 2w+2 =[St —tp)wo) |l 2w+2 <2n.
T (IpxRd) L, 7 (IoxRd)

Lt‘x 1,x

Let 7o > 0 be as in Lemma 3.1. Then, by the local theory (Lemma 3.1), we have

vl 2ws2 < 6,
L7 (IpxRd)

as long as 3n < no and T = t(n, #) = 7(0) > 0 is sufficiently small so that

11 2ws2 <c? <. (22)

Lo @ (lto,to+1))

Next, we estimate the error term. By Lemma 2.1 and (18), we have

d
llell 2a+2 §C<I|vll 2d+2) + IS 26 ) AN 2@
L, I (IgxRd) L9 (IgpxRd) L7 (IxR9) L7 (IpxR7)

4

< C(n + r9>319
<ctf (23)

for any small n, 7 > 0. Given ¢ > 0, we can choose 7 = 7(¢,6) > 0 sufficiently
small so that

llell 2w+2) <e.
L, 7 (IoxR9)

In particular, for ¢ < g9 with g9 = ¢9(R) > 0 dictated by Lemma 3.2, the condition
(16) is satisfied on Iy. Hence, by the perturbation lemma (Lemma 3.2), we obtain

”UJ — v||L°°(IQ;L2(R‘1)) + ||w — U” 2(d+2) < Cl(R)E
L9 (IgxR9)

t,x

In particular, we have

lw(t) — vt 2@y < C1(R)e. (24)
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We now move onto the second interval /;. By (21) and Lemma 2.1 with (24), we have

IS¢ — vl 2d42)

L7 (I1xR9)
= IS¢ —mw@)l 20+ + 1S — ) (w) — v 20+
L4 (I1xR9) L4 (I1xR9)
<2n+Co-Ci(R)e < 3n (25)

by choosing ¢ = ¢(R, ) = ¢(R) > 0 sufficiently small.
Proceeding as before, it follows from Lemma 3.1 with (25) that

vl 2w@+2) < 8n,
L (I xRd)

tx

aslongas4n < no and t > 01is sufficiently small so that (22) is satisfied. By repeating
the computation in (23) with (18), we have

llell 2@+ <ct’ <e
L, (I xRd)

by choosing T = 7(¢,0) > 0 sufficiently small. Hence, by the perturbation lemma
(Lemma 3.2) applied to the second interval /1, we obtain

lw = vllpoor: r2ray) + lw — vl 2042 < Ci1(R)(C1(R) + D)e.
L (I xR9)

t,x

provided that 7 = t (e, #) > Ois chosen sufficiently small and that (C;(R)+1)e < &p.
In particular, we have

w(r2) —v(®)llL2gdy = CLR)(C1(R) + De =: C2(R)e.
For j > 2, define C(R) recursively by setting
Cj(R) = C1(R)(Cj—1(R) + 1.
Then, proceeding inductively, we obtain
lw(j) — v 2wy < Cj(R)e,

forall0 < j < J',aslongas e = &(R, n, J) > 0 is sufficiently small such that

o Co-Cj(R)e < n (here, Cy is the constant from the Strichartz estimate in (25)),

e (Cj(R)+ De < &,
for j = 1,...,J. Recalling that J' +1 < J = J(R, n), we see that this can be
achieved by choosing small n > 0, & = ¢(R,n) = ¢(R) > 0,and 7 = t(¢,0) =
T(R,0) > 0 sufficiently small. This guarantees existence of a (unique) solution v
to (14) on [f9, ty + t]. Lastly, noting that 7 > 0 is independent of #y € [0, T), we
conclude existence of the solution v to (14) on the entire interval [0, T']. O
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3.2 Proof of Theorem 1.1(i)

We are now ready to present a proof of Theorem 1.1(i). Given a local-in-time solution
u to (1), let v = u — W. Then, v satisfies

(26)
V|t=0 = uo.

{ia,v L Av=Now + W)
Theorem 1.1(i) follows from applying Proposition 3.3 to (26) with f = W, once we
verify the hypotheses (i) and (ii).
Fix T > 0. From Lemma 2.4 and Markov’s inequality, we have the following
almost sure a priori bound:

sup M(u(t)) < C(w, T, M(uo), |pllys 2. 12)) < o0 27

0<t<T
for a solution u to (1) with p = 1 + 3. Then, from (27) and Lemma 2.2(i), we obtain

sup M(v(t)) = sup M(u(t) — V() = sup M(u(t))+ sup M(¥(1))

0<t<T 0<t<T 0<t<T 0<t<T

< C(w, T, Muo), |$llys12.12)) < ©

almost surely. This shows that the hypothesis (ii) in Proposition 3.3 holds almost
surely for some almost surely finite R = R(w) > 1. The hypothesis (i) in Proposition
3.3 easily follows from Holder’s inequality in time, Markov’s inequality, and Lemma
2.2(ii). More precisely, by fixing finite g > @ and noting @ < % ford > 3,
Lemma 2.2(ii) yields

E|||¥ d <C 2.72y.
[II ”L‘I([O,T];Lz( L42) (Rd))] < Cliollus 212

Then, Markov’s inequality yields

v < (Clw, . < 00, 28
l ”L‘i([O,T];LZ(da;rZ)(Rd))_ (@, 101l ms 12:12)) (28)

2(d+2)
which in turn implies ¥ € Lz,xd ([0, T] x Rd) almost surely. Moreover, it follows

from (28) and Holder’s inequality in time that

| 22 <P wy = Clo, 19llgs 2 02)) 11
LT (xR LazL™d (R)) ( s 1:12)
for any interval I C [0, T'], where 6 = 2(++2) — é > 0. This verifies (18).

Hence, by applying Proposition 3.3, we can construct a solution v to (26) on [0, T'].
Since the choice of T > 0 was arbitrary, this proves Theorem 1.1(i).
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4 Energy-critical case

In this section, we prove global well-posedness of the defocusing energy-critical
SNLS (1) (Theorem 1.1(ii)). The idea is to follow the argument for the mass-critical
case presented in Sect. 3. Namely, we study the following defocusing energy-critical
NLS with a deterministic perturbation:

i0v+Av=MN®w+ f), (29)

where N is as in (8) and f is a given deterministic function, satisfying certain regu-
larity conditions.

Let g4 and 4 be as in (12) and set pg = % for d > 3. A direct calculation
shows that

d+21 1 1 1 4 1
* —, —=—+———, and WYR?Y) < LPMRY). (30)
d—2qa q; 1y ra d—2py

4.1 Energy-critical NLS with a perturbation

We first go over the local theory for the perturbed NLS (29) in the energy-critical case.

Lemma 4.1 Let 3 < d < 6. Then, there exists small no = no > 0 such that if

1S = t0)voll paa 1. wira wayy + W1 W paa . wira ayy <1 (€29
for some n < nog and some time interval I = [to, t1] C R, then there exists a unique

solution v € C(I; HY(R?)) N L9 (I; Whrd (RD)) to (29) with v(fy) = vy € H (RY).
Moreover, we have

||v||L‘Zd(];W]~’d(Rd)) <27

Proof We show that the map I" defined by

t
Tu(t) := St — to)vg — i/ St —tHOM@ + fH)Hdr

0]
is a contraction on By, C L% (I; Wl7d (R4)) of radius 25 > 0 centered at the origin,

provided that n > 0 is sufficiently small. It follows from Lemma 2.1 and (30) with
(31) that there exists small ng > 0 such that

||Fv||L‘1d(I;W1-’d(]Rd)) <S¢ - tO)U()”L‘Id(];WL’d(Rd)) + CIINi(v + f)”qu/i(I;W]"z/i(Rd))

1+
= 77+C<||U||qu(1;Wl.rd(Rd)) + ”f”L‘id([;le’d(]Rd))>

4
<n+Cn'tE <2y
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forv € By, and 0 < n < no. Recall that VN is Lipschitz continuous when3 < d < 6
and we have

VN1 (u1) — VN (1) = (|u1|d% + |72 Vg — ug)
+ 0|75 + |ug |70y — ) Vup.  (32)

c\

See, for example, Case 4 in the proof of Proposition 4.1 in [29]. Then, proceeding as
above with (32), we have

[Tvy — FUZ”L‘M([;WI-’d(Rd))
< CINi@1+ ) = N1@2+ DI g it ey
_4

a2
< C(H”l I Laa (1;Lra weyy + V21 Laa (1. pra wayy + 1 | a1, pra (Rd))>
X flvp — 1’2||Lq,1(1;wl~rd(Rd))

+ C(nvlnw(,;wurd @ty + 1020l aa gt ety + 1 paa riwtoa ey

'&v

6—

=2
X <||U1 “qu(];LPd(Rd)) + ||U2||qu([O;LPd(]Rd)) + ||f||Lfld(1;L/’d (]Rd))>

X flvr — U2||qu(1;Lﬂd(Rd))

IA

_4
Cna2 vy — v2ll aa (7. wira (mey)

A

1
= EHUI - U2”L‘1d(];W1=’d(Rd)) (33)

for vy, vp € By and 0 < n < no. Hence, I is a contraction on By;. Furthermore, we
have

IVl poor: ey < 1S = 10)voll oo r: i rayy + CINT (v + )l L% (1 W )

< luoll 1 + Cy'* 77 < oo
for v € By,. This shows that v € C([; HLY(RYY). O
Remark 4.2 The restriction d < 6 appears in (32) and (33), where we used the
Lipschitz continuity of VN]. Following the argument in [6], we can remove this

restriction and construct a solution by carrying out a contraction argument on
By, C L9(1; wlra(R2Y) equipped with the distance

d(vi, v2) = [lv1 — U2||qu(1;er(Rd))-

Indeed, a slight modification of the computation in (33) shows d(I'vy, 'vy) <
%d(m, v2) for any vy, v2 € Byy.
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Next, we state the long-time stability result in the energy-critical setting. See [11,
25,33,35]. The following lemma is stated in terms of non-homogeneous spaces, the
proof follows closely to that in the mass-critical case.

Lemma 4.3 (Energy-critical perturbation lemma) Let 3 < d < 6 and I be a compact
interval. Suppose that v € C(I; H' (R?)) satisfies the following perturbed NLS:

4
i10;v 4+ Av = |v|72v + e,

satisfying
Vil Loor; 1 wayy + WVl Laa (1o w1ra may) = R

for some R > 1. Then, there exists &g = €o(R) > 0 such that if we have

lit0 = V) L1ty + Nell ., 1t gy = €

for some uy € H I(Rd), some to € I, and some & < g, then there exists a solution
u € C(I; H' (RY)) to the defocusing energy-critical NLS:

4
10;u + Au = |u|d-2u
with u(ty) = uo such that
lull poocr: t(may) + ||u||L!1d(1;W1~’d(Rd)) < Ci1(R),
lu — v||L<><>(1;H1(1Rd)) + flu — v”L‘/d(I;W]v’d(]Rd)) < Ci(R)g,
where C1(R) is a non-decreasing function of R.
With Lemmas 4.1 and 4.3 in hand, we can repeat the argument in Proposition
3.3 and obtain the following proposition. The proof is essentially identical to that
of Proposition 3.3 and hence we omit details. We point out that, in applying the

perturbation lemma (Lemma 4.3) with e = Nj(v + f) — N1 (v), we use (32), which
imposes the restriction d < 6.

Proposition4.4 Let3 <d < 6.GivenT > 0, assume the following conditions (i)—(ii):

() f e L94([0, T]; W74 (R?)) and there exist C, 0 > 0 such that

0
W Laa 1, wrra rayy = CI

for any interval I C [0, T].
(ii) Given a solution v to (29), the following a priori H'-bound holds:

vl oo o, 77: 1 (RY)) < R

for some R > 1.
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Then, there exists T = T(R, 0) > 0 such that, given any ty € [0, T), a unique solution
v to (29) with k = 1 exists on [to, to + t] N [0, T). In particular, the condition (ii)
guarantees existence of a unique solution v to the perturbed NLS (29) on the entire
interval [0, T1].

4.2 Proof of Theorem 1.1(ii)

As in Sect. 3.2, Theorem 1.1(ii) follows from applying Proposition 4.4 to (29) with
f =V, once we verify the hypotheses (i) and (ii).

Fix T > 0. As in Sect. 3.2, the hypothesis (i) in Proposition 4.4 can easily be
verified from Holder’s inequality in time, Markov’s inequality, and Lemma 2.2(ii),
once we note that

2d? - 2d
d?—2d+4 —d-2

rg =

Furthermore, the following almost sure a priori bound follows from Lemma 2.4 and
Markov’s inequality:

sup (M) + E@®)) = C(w, T, M), EGo), [@lls 12:11) < 00 (34)

0<t<T

for a solution u to (1) with p = 1 + ﬁ. Then, from (34) and Lemma 2.2(i), we
obtain

sup [[v@)llg1 = sup [lu()llgr + sup [W(@O)]l g

0<t<T 0<t<T 0<t<T

< C(w. T, M(uo), Eo). |¢ | s 12.1)) < 00

almost surely. This shows that the hypothesis (ii) in Proposition 4.4 holds almost surely
for some almost surely finite R = R(w) > 1. This proves Theorem 1.1(ii).
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Appendix A: On the application of Ito’s lemma

In this appendix, we briefly discuss the derivation of the a priori bounds on the mass
and the energy stated in Lemma 2.4. The argument essentially follows from that by
de Bouard-Debussche [14] but we indicate certain required modifications.

A.1. Mass-critical case

We first consider the mass-critical case. Given N € N, let Py denote a smooth fre-
quency projection onto {|§| < N} and set ¢y := Py o¢. Then, consider the following
truncated SNLS:

iduy + Auy = No(uy) + ¢né

(A.1)
un =0 = Pnuo,
where N\ is as in (8). Note that Pyug € Hl(Rd) and ¢y € HS (L?*; H"). Therefore,
it follows from [14] that (A.1) is globally well-posed for each N € N. Furthermore,
from Proposition 3.2 in [14], we have

t ——
M(un () = M(Pyug) +2Im 3 /0 /R N gwendxdBy (1) + 201681 s 2.1
neN
(A.2)

for any + > 0 and, as a consequence of (A.2) and the Burkholder—Davis—Gundy
inequality (see, for example, [21, Theorem 3.28 on p. 166]), the a priori bound (13)
holds for each u y, with the constant C1, independent of N € N.

Given Ty > 0,1et 0 < T < min(T*, Ty) be a given stopping time as in Lemma
2.4(i) and u be the solution to (1) constructed in Lemma 2.3(i). We now show that the
solution uy to the truncated SNLS (A.1) converges to u almost surely. Then, the a
priori bound (13) for u follows from that for # y mentioned above and the convergence
of uy to u.

In the following, we suppress the spatial domain R for simplicity of the presenta-
tion. Given R > 0, define a stopping time 7 by setting

T = T1(R) := inf {‘L’ >0 ull 20+2

> R
L% (0,7

and set 75 := min(7, T7). In view of the blowup alternative in Lemma 2.3, we have

lull 2w+2) < 00
L4 o1

almost surely and hence we conclude that 75 /' T almost surely as R — oo.
Given small n > 0 (to be chosen later), we divide the interval [0, T3] into J =
J(R, n) many random subintervals I; = I;(w) = [tj, tj11]withtp =0 <ty <--- <
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tj_1 < tj = T such that
lull 2wey  ~n (A.3)
L Up

forj=0,1,...,J — 1.
Define the truncated stochastic convolution Wy by

t
Wyt =—iy /O St — 1 pnendp(t)

neN

and set

CP (@, ug, ¢) = lut;) — un ()2

+ [V — YNl 202 + IV —¥nllpeqo 2y (A4
LY (10.72])
for j =0,1,...,J — 1. Then, it follows from the Lebesgue dominated convergence

theorem (applied to (Id — Py)ug) and Lemma 2.2 that
CY (@, up, ) — 0 (A.5)

almost surely as N — oo.
From the Strichartz estimates (Lemma 2.1), we have

lu—unll 202 S Nu() —un ()| 72

L7 (0.7])
4
d

+ <||M|| 2d+2) +llunll 2w > lu —unll 2a+2

L4 (o, L4 (0,7]) L4 (o,
+ IV — YN 2wt (A.6)
L4 ((0,7)

for any subinterval [0, T] C Iy = [0, #1]. Then, from (A.6) with (A.3) and (A.4), we
obtain

0
lu —unll 262 N C,(\,)(w, ug, @)
L,_XZ ([0,])
d
+ (77 + llunll 2@+2 > lu —unll 2a+2 (A7)
L% (o) L, .7 (0.1])

forany 0 < t < t1. By taking n > O sufficiently small, a standard continuity argument
with (A.7) and (A.5) yields

lunll 2042  ~m, (A.8)
L, (1o)

uniformly in N > Ny(w).
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Applying Lemma 2.1 once again with (A.3) and (A.8), we then have

lu —unllpoogy: L2y + llu —unll 2d42)
L,.“ (o)

4
S ) —un©)ll2 +n7llu —unll 2w+2
L4 o

H IV = Wl 2y + IV — Uil 2w
L")

uniformly in N > No(w). Thus, from (A.4) and (A.5), we conclude that

e = wnll oo gy 12y S €N (@, g, ¢) —> 0
as N — oo. In particular, we have

lu(t) = un ()2 S CY (@, 1o, ) —> 0 (A9)
as N — oo. By repeating the argument above, we have

lunll 2w+ ~ 1,
L.¢ U

uniformly in N > Nj(w). Together with (A.9), this yields
1

lu —unllpoor:r2) S c\ (@, ug, ¢) — 0

as N — oo.
By successively applying the argument above to the interval 7;, j =0, 1, ..., J—1,

we conclude that

lu = unlizoqn2) S CY (@, o, @) —> 0
as N — oo. Therefore, recalling that / = J(R, n) depends only on R > 0 and an
absolute constant > 0, we obtain

J-1
llu — MN”LOO([o,Tz];LZ) ,S Z CI(\;)(O), ug, ) — 0.

J=0

By the almost sure convergence of uy to u in C([0, T»]; L?(R%)), Fatou’s lemma, and
the uniform bound (13) for u y, we then have

E[ sup M(u(t)):|=E[ lim  sup M(uN(t))]

0<t<D, N—00 <<y

< lim IE|: sup M(uN(t))i| <Cj.

N—o0 0<t<T
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Finally, from the almost sure convergence of 7o = T>(R) to T, as R — oo, and
Fatou’s lemma, we conclude the bound (13) for u. This proves Lemma 2.4(i).

A.2. Energy-critical case

Next, we consider the energy-critical case. In the following, we only discuss the a
priori bound on the energy:

0<t<T

]E|: sup E(u(t))i| < Gy, (A.10)

since the a priori bound on the mass follows in a similar but simpler manner.

Lemma 4.5 Assume the hypotheses in Lemma 2.3(ii). Then, for any stopping time T
such that 0 < T < T* almost surely, we have

T
Eu(T)) = E(up) — Im Zfo fRd (Au — N1 @) (1" pendxd By (1)

neN

d r Ny s 2 / 2
+mZN/O /R ()72 e Palxdr’ + TSI oy (A1)
ne

where u is the solution to the energy-critical SNLS (1) with p = 1 + ﬁ, N1 is as
in (8), and T* is the forward maximal time of existence.

Once we prove Lemma 4.5, the bound (A.10) follows from the Burkholder-Davis-
Gundy inequality.

Proof A direct calculation shows that

E'(u(t)(v) = Re f (V) - o + Ny 0)7)d,

R4

E"(u())(v1,v2) = Re/ Vuy - Vuadx +Re/
R4

4
lu() |2 vivadx
Rd

4 4
to 5 o |u ()| 72~ *Re (u(r)v7)Re (u(1)3)dx

for v, v1, v2 € H'(RY). Thus, a formal application of Ito’s lemma to E(u(t)) yields
(A.11). It remains to justify the application of Ito’s lemma.

As in the proof of Proposition 3.3 in [14], given N € N, we consider the following
truncated problem:

iduy + Auy = PyN1(uy) + dné

(t,x) e Ry x RY, (A.12)
unlr=0 = Pyuo,
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where Py and ¢y are the same as those in Sect. 1. Since the frequency truncation is
harmless, the same well-posedness result as in Lemma 2.3 (ii) holds for the truncated
SNLS (A.12). Moreover, by considering the corresponding Duhamel formulation for
(A.12), we have uy = P3yupn. We can therefore apply Ito’s lemma (see Theorem
4.32in [12]) to E(uy(t)) and obtain

13
E(uy(1)) = E(Pyug) —Im Z/o /Rd (Auy — Ni(un)(t)pnendxdpu(t)

neN
t ———
—I—Im/ / Aun()(Ad — PN (uy)(tdxdt
0 JRd
S @l endxdt + xR
d—2 0 Rd Uun ¢Nen X ¢N HS(LZ;HI)

neN
(A.13)

for 0 < ¢ < Ty, where Ty, is the forward maximal time of existence for the solution

uy to (A.12).
Given R > 0, define a stopping 77 by setting

T =T (R) =inf [t = 0 lul oy 0,01, w10 = R

and set 75 := min(7T', T7), where T is the stopping time given in Lemma 2.4(ii) with
0 < T < min(T*, Tp). In view of the blowup alternative in Lemma 2.3, we have

et g o7 wieray < 0 (A.14)

almost surely and hence we conclude that 75 ' T almost surely as R — oo.
From (30) and (32), we have

IN1G) = PNNT@WL g s
S IId — PN )|
S IId — PN )|

+ N1 (@) = Niun) |l

!/ / !/ /
L (1;w""a) L ;W)

L9, w'a)
i
+ (”“”qu(I;WUd) + ||MN||qu(];W'=’d)) lu — uN”L‘Id([;Wl-’d) (A.15)

for any interval I C [0, T»]. It follows from the Lebesgue dominated convergence
theorem and (A.14) that the first term on the right-hand side of (A.15) converges to
0 almost surely as N — oo. Accordingly, proceeding as in Sect. 1, we conclude that
uy converges to u in C ([0, T>]; H'RY))N L4 ([0, T»]; W7d (R?)) almost surely. In
particular, there exists an almost surely finite number Ny(w) € N such that T;\; >T
forany N > Ny(w) and, as aresult, (A.13) holds forany 0 < ¢ < 7> and N > Ny(w).
Moreover, from the definition of 7> = T>(R), we may assume

||“N||qu([o,12];wlvrd) =R+1 (A.16)
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for any N > Ny(w).

This allows us to conclude that the third term on the right-hand side of (A.13) tends
to 0 almost surely as N — oo. Indeed, by (30), (32), (A.14), (A.16), and the almost
sure convergence of uy to u in L% ([0, T>]; wlra (]Rd)), we have, forany 0 <t < T»,

t
‘ f / Run@)(0d — PN () ()dxdt!
0 JRE

t
/ (Id — Py)Au(t’) - Ni(u)(t')dxdt’
0 JRA

t
/d (Au — Aupn)(t)(Ad — Py)N: (u)(t)dxdt’
R

t
i ‘ .[) /Rd Auy () (1d = Py) (N (@) = Ni(uy)) (t)dxdt’

< Idd - PN)MHLLM([(),TZ];WI-M) Vi (”)”Lq(’i (0. T51: W)

+ llu — “N”qu([()jz];wlv'd) NV (u)llL”g([O,Tz];W""a/l)

+ ”uN”L‘id([(),Tz];Wl-’d)”Nl (u) = Ni(un)|l

d+2

’ s
L94([0,T>1;W'd)

< I(Id — PN)“”L‘M( 0,T>;wh rd)”u”qu( 0.Ty]: Whrd)
d+2

)
+ <||M||qu([(),T2];W1~fd) + ||“N||qu([0jz];wl~fd)) llu — “N”qu([o,Tz];WWd)
-0 (A.17)

almost surely, as N — oo.
Let us now consider the second and fourth terms on the right-hand side of (A.13).
As for the second term, we first consider the contribution from N (uy)¢ye,. By
. 2d
Holder’s inequality with (8) and Sobolev’s embedding: H LRy — Li2(RY), we
have

d+2 d+2
<IIuNII 2a llonenll 24, S lun iy lenenl g

/ N (un)pnendx

Then, by Ito’s isometry along with the independence of {f,},en, we obtain

i

3 / / Ni@n ) @pnendxdfy(t)

neN

2(d+2)
} < thuNan([o, i lovenllZ

2(d+2)

S tllunll, T2 1o g i (A.18)
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By integration by parts (in x) and Ito’s isometry, we bound the contribution from
Auypnen by

t
> [ ], Sn@onendsap )
eN

2
2 2
i| S t||uN“L°°([(),t];H')”¢N||HS(L2;1:11)‘

(A.19)

As for the fourth term on the right-hand side of (A.13), it follows from Holder’s and
Sobolev’s inequalities that

T 2 72 2
E lun|7=2 |pnen|"dx < lluny |, E lénenll™ 2
R4 Ld-2 Ld-2

neN neN

_4_
S P A, (A.20)

Since 3 < d < 6, we have ﬁ > 1, which implies that difference estimates on the
contributions from uy and u for (A.18), (A.19), and (A.20) also hold. Therefore, by
in view of (A.17) and (the difference estimates for) (A.18), (A.19), and (A.20), we
obtain (A.11) by taking N — oo in (A.13) and then R — oo. This concludes the
proof of Lemma 4.5. O

References

1. Barbu, V., Rockner, M., Zhang, D.: Stochastic nonlinear Schrodinger equations with linear multiplica-
tive noise: rescaling approach. J. Nonlinear Sci. 24(3), 383—409 (2014)

2. Barbu, V., Rockner, M., Zhang, D.: Stochastic nonlinear Schrodinger equations. Nonlinear Anal. 136,
168-194 (2016)

3. Barbu, V., Rockner, M., Zhang, D.: Stochastic nonlinear Schrodinger equations: no blow-up in the
non-conservative case. J. Differ. Equ. 263(11), 7919-7940 (2017)

4. Bényi, A.,Oh, T., Pocovnicu, O.: On the probabilistic Cauchy theory of the cubic nonlinear Schrodinger
equation on Rd, d > 3. Trans. Am. Math. Soc. Ser. B 2, 1-50 (2015)

5. Bourgain, J.: Global wellposedness of defocusing critical nonlinear Schrodinger equation in the radial
case. J. Am. Math. Soc. 12(1), 145-171 (1999)

6. Cazenave, T., Weissler, F.: Some remarks on the nonlinear Schrédinger equation in the critical case. In:
Nonlinear Semigroups, Partial Differential Equations and Attractors (Washington, DC, 1987). Lecture
Notes in Mathematics, vol. 1394, pp. 18-29

7. Cheung, K., Li, G., Oh, T.: Almost conservation laws for stochastic nonlinear Schrodinger equations.
arXiv arXiv:1910.14558 [math.AP]

8. Cheung, K., Pocovnicu, O.: On the local well-posedness of the stochastic cubic nonlinear Schrodinger
equation on RY, d > 3, with supercritical noise (preprint)

9. Christ, M., Colliander, J., Tao, T.: Ill-posedness for nonlinear Schrédinger and wave equations.
arXiv:math/0311048 [math.AP]

10. Colliander, J., Keel, M., Staffilani, G., Takaoka, H., Tao, T.: Almost conservation laws and global rough
solutions to a nonlinear Schrodinger equation. Math. Res. Lett. 9(5-6), 659-682 (2002)

11. Colliander, J., Keel, M., Staffilani, G., Takaoka, H., Tao, T.: Global well-posedness and scattering for
the energy-critical nonlinear Schrodinger equation in R3. Ann. Math. 167(3), 767-865 (2008)

12. Da Prato, G., Zabczyk, J.: Stochastic Equations in Infinite Dimensions. Encyclopedia of Mathematics
and Its Applications, vol. 152, 2nd edn. Cambridge University Press, Cambridge (2014)

13. de Bouard, A., Debussche, A.: On the effect of a noise on the solutions of the focusing supercritical
nonlinear Schrodinger equation. Probab. Theory Relat. Fields 123(1), 76-96 (2002)

@ Springer


http://arxiv.org/abs/1910.14558
http://arxiv.org/abs/math/0311048

Stoch PDE: Anal Comp

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.
28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

. de Bouard, A., Debussche, A.: The stochastic nonlinear Schrodinger equation in H 1 Stoch. Anal.

Appl. 21(1), 97-126 (2003)

. Dodson, B.: Global well-posedness and scattering for the defocusing, L2-critical nonlinear Schrédin ger

equation when d > 3. J. Am. Math. Soc. 25(2), 429463 (2012)

. Dodson, B.: Global well-posedness and scattering for the defocusing, L2-critical, nonlinear

Schrodinger equation when d = 1. Am. J. Math. 138(2), 531-569 (2016)

Dodson, B.: Global well-posedness and scattering for the defocusing, L2-critical, nonlinear
Schrodinger equation when d = 2. Duke Math. J. 165(18), 3435-3516 (2016)

Fan, C., Xu, W.: Global well-posedness for the defocusing mass-critical stochastic nonlinear
Schrodinger equation on R at L? regularity. arXiv:1810.07925 [math.AP]

Ginibre, J., Velo, G.: On a class of nonlinear Schrodinger equations. I. The Cauchy problem, general
case. J. Funct. Anal. 32(1), 1-32 (1979)

Ginibre, J., Velo, G.: Smoothing properties and retarded estimates for some dispersive evolution equa-
tions. Commun. Math. Phys. 144(1), 163188 (1992)

Karatzas, 1., Shreve, S.: Brownian Motion and Stochastic Calculus. Graduate Texts in Mathematics,
vol. 113, 2nd edn. Springer, New York (1991)

Kato, T.: On nonlinear Schrodinger equations. Ann. Inst. Henri. Poincaré Phys. Théor. 46(1), 113-129
(1987)

Keel, M., Tao, T.: Endpoint Strichartz estimates. Am. J. Math. 120(5), 955-980 (1998)

Killip, R., Oh, T., Pocovnicu, O., Visan, M.: Global well-posedness of the Gross—Pitaevskii and cubic-
quintic nonlinear Schrodinger equations with non-vanishing boundary conditions. Math. Res. Lett.
19(5), 969-986 (2012)

Killip, R., Visan, M.: Nonlinear Schrodinger equations at critical regularity. Evolution Equations. Clay
Mathematics Proceedings, vol. 17, pp. 325-437. American Mathematical Society, Providence (2013)
Kishimoto, N.: A remark on norm inflation for nonlinear Schrédinger equations. Commun. Pure Appl.
Anal. 18(3), 1375-1402 (2019)

Kuo, H.S.: Introduction to Stochastic Integration (Universitext). Springer, New York (2006)

Oh, T.: A remark on norm inflation with general initial data for the cubic nonlinear Schrodinger
equations in negative Sobolev spaces. Funkc. Ekvac. 60, 259-277 (2017)

Oh, T., Okamoto, M., Pocovnicu, O.: On the probabilistic well-posedness of the nonlinear Schrodinger
equations with non-algebraic nonlinearities. Discret. Contin. Dyn. Syst. A. 39(6), 3479-3520 (2019)
Oh, T., Pocovnicu, O., Wang, Y.: On the stochastic nonlinear Schrodinger equations with non-smooth
additive noise. Kyoto J. Math. (to appear)

Ryckman, E., Visan, M.: Global well-posedness and scattering for the defocusing energy-critical
nonlinear Schrédinger equation in R!*4. Am. J. Math. 129(1), 1-60 (2007)

Strichartz, R.S.: Restrictions of Fourier transforms to quadratic surfaces and decay of solutions of wave
equations. Duke Math. J. 44(3), 705-714 (1977)

Tao, T., Visan, M.: Stability of energy-critical nonlinear Schrodinger equations in high dimensions.
Electron. J. Differ. Equ. 2005, 1-28 (2005)

Tao, T., Visan, M., Zhang, X.: Global well-posedness and scattering for the defocusing mass-critical
nonlinear Schrodinger equation for radial data in high dimensions. Duke Math. J. 140(1), 165-202
(2007)

Tao, T., Visan, M., Zhang, X.: The nonlinear Schrodinger equation with combined power-type nonlin-
earities. Commun. Partial Differ. Equ. 32(7-9), 1281-1343 (2007)

Tsutsumi, Y.: L2-solutions for nonlinear Schrodinger equations and nonlinear groups. Funkcial. Ekvac.
30(1), 115-125 (1987)

Visan, M.: The defocusing energy-critical nonlinear Schrodinger equation in higher dimensions. Duke
Math. J. 138(2), 281-374 (2007)

Yajima, K.: Existence of solutions for Schrodinger evolution equations. Commun. Math. Phys. 110(3),
415-426 (1987)

Zhang, D.: Stochastic nonlinear Schrodinger equations in the defocusing mass and energy critical
cases. arXiv:1811.00167 [math.PR]

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer


http://arxiv.org/abs/1810.07925
http://arxiv.org/abs/1811.00167

	On the stochastic nonlinear Schrödinger equations at critical regularities
	Abstract
	1 Introduction
	1.1 Stochastic nonlinear Schrödinger equations

	2 Preliminary results
	3 Mass-critical case
	3.1 Mass-critical NLS with a perturbation
	3.2 Proof of Theorem 1.1(i)

	4 Energy-critical case
	4.1 Energy-critical NLS with a perturbation
	4.2 Proof of Theorem 1.1(ii)

	Acknowledgements
	Appendix A: On the application of Ito's lemma
	A.1. Mass-critical case
	A.2. Energy-critical case

	References




