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AN EXPLICIT ISOMORPHISM BETWEEN
QUANTUM AND CLASSICAL sl,

ANDREA APPEL AND SACHIN GAUTAM

ABSTRACT. Let g be a complex semisimple Lie algebra. Although the quan-
tum group Upg is known to be isomorphic, as an algebra, to the undeformed
enveloping algebra Ug[h], no such isomorphism is known when g # slz. In this
paper, we construct an explicit isomorphism for g = sl,,, for every n > 2, which
preserves the standard flag of type A. We conjecture that this isomorphism
quantizes the Poisson diffeomorphism of Alekseev and Meinrenken [2].

CONTENTS
1. Introduction 1
2. The isomorphism between Upsl,, and Usl, [h] 4
3. The Yangian of sl,, and Uysl, 9
4. RTT relations and determinant identities 15
5. The evaluation homomorphism 23
References 31

1. INTRODUCTION

1.1. Let g be a complex semisimple Lie algebra. The Drinfeld-Jimbo quantum
group Upg is a topological Hopf algebra over the ring of formal power series C[h],
which deforms the universal enveloping algebra Ug [12, 21, 22]. In [15], Drinfeld
pointed out that the algebra structure of Ug[A] remains unchanged under quanti-
zation, i.e., there exists an isomorphism of C[A]-algebras ¢ : Upg — Ug[h], which
is congruent to the identity modulo h. Due to its cohomological origin, such an
isomorphism is highly non—canonical and indeed unknown with the sole exception
of sly (e.g. [15, §5] and [9, Prop. 6.4.6]).

In this paper, we contruct an explicit algebra isomorphism ¢ : Ugsl, — Usl,[A]
for any n > 2. We refer the reader to Section 2, Theorem 2.5, for the formulae
defining . Here, we will explain how the isomorphism is obtained and state some
of its properties.

1.2.  Our construction relies on the homomorphism between the quantum loop
algebra and the Yangian of s, from [17]. Namely, ¢ is defined to be the following
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composition
UnLsl, Vsl
Unsly — Usl, [h]
where

e O is the algebra homomorphism between the quantum loop algebra and
(an appropriate completion of) the Yangian of sl,,, defined and studied by
the second author and V. Toledano Laredo in [17]. While the results of
[17] hold for any semisimple Lie algebra g, in this paper we only need them
for sl,, and even further, only the restriction of ® to Upsl,. We refer the
reader to Section 3 for a brief review of [17].

e ev is the evaluation homomorphism at 0. It is well known that the evalu-
ation homomorphism exists only in type A (see [9, Prop. 12.1.15] for both
these statements).

The homomorphism & in the diagram above is given explicitly in the loop pre-
sentation of Yangian (also known as Drinfeld’s new presentation [14]), while the
evaluation homomorphism ev is known only in either the J-presentation, or the
RTT presentation of Yangian (see, for example, [9, Chapter 12] and [24, Chapter
1]). Thus, in order to work out an explicit formula for ¢, defined via the diagram
above, we need to rewrite ev in terms of the Drinfeld currents of Y;sl,,.

1.3.  One of the main results of this paper, Theorem 5.1, achieves exactly this. A
large part of this paper is devoted towards proving Theorem 5.1, but we can briefly
explain the idea behind it, which could be of independent interest.

We construct a matrix T € End(C") ® Usl,, such that T(u) := uId—hT sat-
isfies the RTT relations with respect to the Yang’s R-matrix R(u) := uld+hP €
End(C" ® C™)[u, ] (here P is the flip operator). See Section 2.4 and Proposition
4.1 for these assertions. This observation allows us to work out the commutation
relations between the quantum minors of T(u) using the standard techniques of
RTT algebras (Proposition 4.6). Morally speaking, RTT relations make sure that
linear algebra carries over to the matrix T(u), even though its entries are from a
non—commutative ring. As a side consequence, one obtains another proof of a few
well-known results from the classical invariant theory of sl,,, see Proposition 4.7.
We would like to refer to [24, Chapter 1] for a more thorough treatment, which also
inspired most of our proofs in Section 4. The sole exception being Proposition 4.8,
which carries out an important reduction (to rank 1 and 2) step. Our proof of this
result is new and seems to be applicable to more general situations.

1.4.  'We now highlight some of the properties of ¢ : Upsl, — Usl,[h], which are
clear from the formulae given in Section 2.5.

(1) ¢ is defined over Q (see Remark 2.6 (ii)).

(2) ¢ preserves the standard flag of Levi subalgebras in sl,,. More precisely,
let k € {1,...,n — 1} and identify Upsl;41 with the subalgebra of Ugsl,
generated by {K;, E;, Fi}1<i<r (see Section 2.2). Similarly, let sl;41 be
viewed as a Lie subalgebra of sl,,, corresponding to matrices supported on
the top-left corner of order k + 1. Then ¢ (Upslp+1) C U(h + slp1)[],
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where b C sl,, is the Cartan subalgebra of diagonal matrices. The appear-
ance of the Levi subalgebra b + sl 11 is necessary since the diagonal entries
of T are supported on h and do not respect the standard embedding of
5lp41 in sl, (cf. Section 2.4).

(3) ¢ has a semi—classical limit, as we explain in the next paragraph.

1.5.  The identification of Urg and Ug[h] as algebras has a more geometric interpre-
tation as a quantization of the (formal) Ginzburg—Weinstein linearization theorem.
In [20], Ginzburg and Weinstein proved that, for any compact Lie group K with its
standard Poisson structure, the dual Poisson Lie group K* is Poisson isomorphic to
the dual Lie algebra ¢*, with its canonical linear (Kostant-Kirillov-Souriau) Poisson
structure. Subsequently, this result has been generalized in the works of Alekseev
and Meinrenken [1, 2, 3] and Boalch [7]. Finally, in [16], Enriquez, Etingof and
Marshall provided a construction, for any finite-dimensional quasitriangular Lie
bialgebra g, of a family of formal Poisson isomorphisms between the Poisson man-
ifolds g* and G*. We refer to such maps as formal dual exponential maps.

Formal dual exponential maps can be quantized by certain algebra isomorphisms
¥ : Upg — Ug[h] as we explain now. Let B be a quantized universal enveloping
algebra (QUE), i.e., an h-adically complete Hopf algebra over C[A], together with
a fixed isomorphism of Hopf algberas B/AB = Ua, where a is a Lie algebra over
C. According to the quantum duality principle of Drinfeld and Gavarini [13, 19],
any QUE B contains a quantized formal series Hopf subalgebra (QFSH)

B :={beB|VYn>1, p,(b) € "B*"} C B,

where, p,, := (id—1£)®"0 A : B — B®", Here, A™ is the n* iterated coproduct,
e : B — CJ[h] is the counit, and ¢ : C[h] — B is the unit.

The semi-classical limit of B is then defined as SC(B) := B’/hB’. We say that
an algebra homomorphism ¢ : A — B between two QUEs admits a semiclassical
limit if it respects the QFSH A’ and B’ and therefore it descends to a homomor-
phism SC(¢)) : SC(A) — SC(B). Alternatively, we say that 1 is a quantization of
SC(¥).

It is easy to see that, in the case of the QUEs Upg and Ug[h], one has (cf. [19])
SC(Ung) = Og-  and  SC(Ug[h]) = C[g*] =: Oy-.

Therefore, any isomorphism of algebras ¢ : Upg — Ug[hi] preserving the QFSHs
(Urg)' and (Ug[h]) is a quantized dual exponential map, i.e., it has a semi—classical
limit and it gives rise to a formal dual exponential map g* — G*.

1.6. In the case of g = sl,, the isomorphism ¢, which we construct in Theorem
2.5, is a quantized dual exponential map and SC(¢p) gives rise to a dual exponential
map sl = sl, — SL%. In [2, Thm. 1.2], Alekseev and Meinrenken show that such
Poisson morphism exists and it is uniquely determined by certain properties, which
are the analogues of (1) and (2) listed above. One verifies directly that for n = 2
SC(p) coincides with the Alekseev—Meinrenken map. This suggest the following

Conjecture. The isomorphism p is a canonical quantization of the Alekseev—Mein-
renken dual exponential map sl;, — SL¥ [2, Thm.1.2].
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We will return to this conjecture in [4].

1.7. Finally, it is worth mentioning that in the case n = 2 the isomorphism ¢
is easily seen to identify (up to a sign) the action of the quantum Weyl group
operator of Upsly with the exponential of the Casimir element of Usly. This simple
observation provides a direct and straightforward proof that the monodromy of
the Casimir connection is computed by the quantum Weyl group operators of the
quantum group (cf. [5, 26]). A further study of the isomorphism ¢ could lead to
a similar result for sl,,, n > 2, providing a direct proof which does not rely on any
cohomological results, in contrast with the methods used in [6, 27].

1.8. Outline of the paper. In Section 2, we recall the basic definitions of the
enveloping algebra Usl,,, the quantum group Ujsl,, and describe the isomorphism
between Upsl,, and Usl,[h] in Theorem 2.5. We then discuss the case of sly and we
give a direct proof that the proposed map is an algebra homomorphism. In Section
3, we review the definition of the Yangian Ysl,, and the main construction of [17],
yielding an algebra homomorphism from Ujsl, to the completion of Yjsl, with
respect to its Z>o—grading. In Section 4, we study the matrix T(u) € Usl,[h, u]
introduced in Section 2 and the relations satisfied by its quantum minors. In
particular, we show that T(u) satisfies the RTT = TT R relation (Proposition 4.1)
which leads to an analogue of the Capelli identity for sl,,. That is, the coefficients
of the quantum-determinant of T(u) are algebraically independent and generate
the center of Usl, (see Proposition 4.7). In Section 5, the determinant identities
obtained in the previous section are used to construct the evaluation homomorphism
from Ysl,, to Usl,[h] in the loop presentation of the Yangian (Theorem 5.1). This
is the last step in the proof of Theorem 2.5.
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the semi—classical limits and pointing us to the literature on Poisson geometry. We
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1255334. S. G. acknowledges the generous support of the Simons Foundation, in
the form of a collaboration grant for mathematicians, number 526947.

2. THE ISOMORPHISM BETWEEN Upsl, AND Usl, [h]

In this section, we recall the definition of the enveloping algebra Usl, and the
quantum group Upsl,. We state the main theorem, describing the isomorphism
between them. As an example, we prove the case of sly by direct computation.

2.1. Notations. Let n € Z>s andlet I ={1,...,n—1}. Let A = (a;;)i je1 be the
Cartan matrix of type A,,_1. Namely,
2 if i=j
Qi = -1 if |’L—j|:1
0 if Ji—j]>1
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Throughout this paper, we consider & to be a formal variable and set ¢ = e € C[A].
2.2. Quantum group. Upsl, is a unital associative algebra over C[h] (topologi-
cally) generated by {H;, E;, F; }ie1 subject to the following list of relations:
(QG1) For each i,j €1
[H;, Hj] = 0;
(QG2) For each 7,5 € I, we have
[Hl', EJ] = aijEj and [H17 FJ] = —aiij;
(QG3) For each 7,7 € I, we have
K, — K !
[Ei, Fj] = L —

where we set K; = ei/2,
(QG4) For ¢ 75 j, we have [Ei,Ej] =0= [Fl,F]] if Qi = 0. If Qi = —1:
E}E; — (¢+q ")E,E;E; + E,E; =0,
F?F; — (¢+q Y F,F,F, + F;F? = 0.
Upsl, has a structure of Hopf algebra, with coproduct and counit given, respec-
tively, by
A(El) =F K, +1® E;,
AF)=Fe1+K '®F,
and e(H;) = eE; = e(F;) = 0.
2.3. Universal enveloping algebra of sl,,. Recall that Usl, is a unital associa-
tive algebra over C generated by {hi, ex F1<i<n—1,1<ks1<n Subject to the following
relations: [hi,hj] =0, [hi,ekl] = (5ik — 0 — 6i+1,k + (51‘_;,_171)6;@1, and [e;w,eyw] =
01k €k,1r — Ok, ek 1, where we understand that h; = e;; — e;41,;41. Thus we have
exk —ey =hg+---+h_q1,for 1 <k<l<n.
Let b be the span of {h;}1<i<n—1. The standard bilinear form defined by the

Cartan matrix of sl, on h is given by (h;, h;) = a;;. With respect to (-,-), we
consider the fundamental coweights @, € b defined by (w,’, h;) = d;;, so that

i—1 n—1
1 . . .
w, = ~ (n—z)Zjhj—i—zZ(n—j)hJ
Jj=1 Jj=t

2.4. T-matrix. Let T = (T;j)1<i,j<n be n X n matrix with entries from Usl,
defined as ' :

Here we assume that wy = w,’ = 0. Note that the diagonal entries are uniquely
determined by the requirement that Z?:l T = 0 and that for every 1 < k <1 < n:

Tiw—Tu=epx —eu =h 4+ -+ hy—1. (2.1)

vV wY if 1=
Tij:{wz Wi—1 1 g J

n [11], De Sole-Kac—Valeri introduced a more general version of the matrix 7', which includes
the classical Lie algebras so, and sp,,.
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Define T(u) := uld—AT. Given 1 < m < n and a = (a1,...,as) and

b= (b1,...,bn) elements of {1,...,n}™, we consider the quantum-minor of T(u),
Ay (T) (u ) € Usly, [u, h], defined as:
Ag (T) (u) = Z (_1)0 Tag(1)7b1 (ul) e Tllg(m),bm (um)7 (22)
o€Gm

where u; = u+ A(j — 1). The quantum-minors of T(u) are studied in Section 4.
For each 1 < k < n, let Pg(u) be the principal k x k quantum-minor Py (u) =

Atk (w- oo 1)) Ths

yeeey

Pr(u) = Y (=1)" Toq)a (u - g(k: - 1)) To2),2 (u - g(k: - 3)>

ceSy
h
"Ta(k),k u+ g(k}—l) . (23)

We prove in §4.7 that the subalgebra generated in Usl,, by the coefficients appear-
ing in Pr(u), 1 < k < n, is maximal commutative and we denote by Ql(k), e C,i )
the roots of Py (u) defined in an appropriate splitting extension.

2.5. Isomorphism . Choose two formal series G* (x) € 1+ zC[x] satisfying the
following two conditions:
G (x) = G* (),
x/2 _ ,—x/2 (24)
GT ()G (z) = e -°
x
Consider the following assignment ¢ : Upsl,, — Usl,[h].

e o(H;)=h; for each i € 1.

e For each k € I we have

h
SD(Ek):q_qfl
(Mo (@ d e (o -d )
= [ G = cEr (¢ = =)
S TG !
(0 — Cikrt | s (2.5)
;1 I, = ) Hh
h
gD(Fk):q g !
i T e (¢ — 0 4 ) T e (¢ - )+ 1)
= ows G- (¢ = NG (Y = ¢ = n)
é Abk=t oy (68 b 3
Z(_l)kﬁ g )(Cl ( )8k+17j : (2.6)
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where 3 means that the index j is omitted.

Theorem. The assignment o given above is an isomorphism of algebras ¢ : Upsl, —
Usl,[R], which satisfies ¢ly = idy and ¢ =id mod A.

2.6. Remarks.

(1) The expressions given above of ¢(Fj) and ¢(Fy) belong to a splitting ex-
tension of {P;(u)}1<j<n. However, the proof of Theorem 2.5 will high-
light the fact that the right-hand sides of (2.5) and (2.6) are symmetric in

{ij), ce Cj(j)} for each j, and therefore live in Usl, [A].

(2) For the formal series G*(z) satisfying (2.4), there are two natural candi-
1
z/2 _ ,—x/2\ 2
e e

dates. The first one, used in [17], is GF(z) = <7> . With this
x

choice, the isomorphism ¢ is defined over Q[%]. The second choice, implic-
itly used in [18], is GF(z) = F(TL), where T' is the Euler’s gamma

X 27
function.

_ v _
2.7. The case of sl;. For n = 2, we have T(u) = { b hﬁew Y _’_hggv
—hez1

that here w" = h/2. Thus we have P1(u) = v — hw" and

} . Recall

Py(u) = u? — (7%)2 (2C+1),

where C' = e12€91 + e21€12 + h?/2 is the Casimir element of sly. As per our conven-
tion, we set Po(u) = P3(u) = 1. The roots of these polynomials are:

h
V=heYand G767 =+5vR0 L

Using Theorem 2.5 we get the following

p(E) = , _hq,l G* (hwv — g(l +V2C + 1)) Gt (hwv - 2(1 —V2C + 1)) €12,
(F) = . _hq,l G~ (hwv + g(l +V20 + 1)) G~ (hwv + g(l —V2C ¥+ 1)) ea1.

Note that our isomorphism ¢ differs from the one given in [9, §6.4]. To write
their formulae, we have to make the following changes: the element Q from [9, §6.4
B|is Q = %(20 + 1), and the deformation parameter there denoted by h is our %
With this in mind, the isomorphism of [9, Prop. 6.4.6], denoted by @cp, given as
follows: cp(H) = h, wcp(F) = e21, and

q‘/20+1 + q—\/2c+1 _ q—lK _ qK—l .
(¢ —q 1)2(2C + 2h — h?) 12

wcp(E) =4 (

Though not essential, we give a direct proof that our ¢ is an algebra homomor-
phism for the sly case below, which is analogous to the one in [9, Prop. 6.4.6].
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K—-K!
The only non-trivial relation to verify is [p(E), p(F)] = —————, where as
qa—4q

usual we write K = e2". For this we use the fact that C is central and for any
function P(w") we have P(w" — 1)e1z = e1nP(w"), P(w” 4 1)eas = ea1P(w").
Let us write a = hw" — g and 3 = %\/20 + 1. Then,
oy h h
P(E)p(F) = < 1) GT <hwv — 5(1 +Vv2C + 1)> GT <hwv — 5(1 —V2C + 1)) .
q—q

LG (hwv - g(l + m>) G~ (hwv - 2(1 - \/W)) 12621

h e pe B _ B
__<q—q‘1> a? — 32
el +e B et —e@
(g—q¢71)
where, the second equality follows from G+ (z)G~ (x) = (e*/? — e~%/?)/2 and the
last one from

€12€21

h2ei9e91 = h2 (% — w24 wv) = [32 — a2

Similarly, one gets
B =B _ oV _ o
e’ +e e e
o(F)p(E) = — )
(F)e(E) PEPEIE

where v = hw" + g Combining these, we obtain the desired identity as follows:

1 - @ —a
[@(E)aw(F)]Zm(€7+e T—et—e )

1 o _ _
:m(ql(—i-q K¢ 'K —¢K 1)
K-k

qg—q '

2.8. Evaluation homomorphism for n = 2. Let us illustrate our main idea in
the n = 2 example. That is, we will now explain how we obtained the expres-
sion of ¢ in the previous subsection. For this, we will have to write the algebra
homomorphism ev : Ysly — Usly[A] (see formulae (5.1), (5.2) and (5.3)):

ev(g(u)) = Palu) _ v ecty
Pt p)Pi(u=g)  (u-fh+D) (w-sk-1)

ev(at(u)) = (u _ g(h _ 1)) 7 hess

ev(z—(u)) = (u S+ 1)) " hen |

As explained in Corollary 3.5, if we write P2(u) in its splitting extension:

Py(u) = (u _ §m> <u+ gm) ,
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we readily obtain the formulae for ¢(E) and ¢(F'). This also highlights the reason
why the resulting composition is best expressed in terms of, while still independent
of, a choice of roots of the polynomials Py (u).

2.9. Proof of Theorem 2.5. The map ¢ given in Section 2.5 is obtained via the
following composition, where Yjsl,, is the Yangian of sl,, which is naturally an Z>o—

graded algebra, and Yjsl, is its completion with respect to the Z>o-grading (see
Section 3.1 below for the definition):

Unsly ———2—— Yysl,

Usl, [7]

The expressions (2.5) and (2.6) are obtained by combining Corollary 3.5 with the
explicit formulae for ev given in Proposition 5.6. Thus the fact that ¢ is an algebra
homomorphism follows from the corresponding assertions for ® (proved in Theorem
3.4) and ev (Theorem 5.1).

The reader can readily verify that modulo &, ¢ is the identity. Namely, let @ be
the induced map Uﬁﬁ[n/hUhﬁ[n — Usl,,. Then @(Ek) = €k, k+1 and @(Fk) = €k+1,k-
Since the quantum group Upsl, is a flat deformation of Usl,,, this implies that the
algebra homomorphism ¢ is in fact an isomorphism.

3. THE YANGIAN OF sl,, AND Upsl,

In this section, we review the definition of the Yangian Yjsl,, as given in [14].
We also review the main construction of [17] yielding an algebra homomorphism
between Upsl,, and the completion of Yjsl,, with respect to its Z>o—grading.

3.1. The Yangian of sl,,. Yjsl, is a unital associative algebra over C[h] generated
by {&.r, UCE‘?T}reZ)o,ieI subject to the following relations

(Y1) Forany i,j €I, r,s € Z>o
[gi,rvé.j.,s] = O
(Y2) Fori,j € Iand s € Zx
(&0, wj[s] = iaijwfs-

(Y3) Fori,j eI and r,s € Zx

h
[€i7T+17 xjfs] - [é.’i-,’l“a Ifs-‘rl] = iaijg(g’ifxfs + x;fsé.’i,"")'
(Y4) Fori,j eI and r,s € Zxg

sl

h
+ + _+ + + + .+
[Ii,r—i-l’xj,s )

- [Ii,r’ Ij,s—i—l] = iaijg(xi,rxj,s + 'rj,sxi,r :

(Y5) Fori,j eI and r,s € Zxg

[IZ—{_T’ IJ_,s] = 5ij§i,r+s.
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(Y6) Let i #j € I and set m =1 —a;;. For any r1,--- , 7, € Zxo and s € Zxg
+ + + +
S [t [t [ [ ati] ] =0
TES,

Note that Yysl, is a graded algebra, with deg(h) = 1 and deg(y;,) = r for
y=¢&at.
3.2. Formal currents. Define & (u), x5 (u) € Yu(g)[[u""]] by
&lu)=1+ ﬁz&mu_r_l and rE(u) = thi:Tu_T_l.
=20 =20

According to [18, Prop. 2.3], the relations (Y1)—(Y5) are then equivalent to the
following identities in Vs, [u, v;u™t, v

(V1) For any i,j €1
[§i(u), & (v)] = 0.
(¥2) For any i,j € I, and a = ha;;/2
(u—vFa) (u)xji(v) =(u—v+ a)xj-[ (v)&(u) F 2a:vj[ (uF a)é&;(u).
(¥3) For any i,j € I, and a = ha;;/2

(u—vF a)ai (u)z5 (v)

= (u—vxa)ay (v)a; (u) + h([5g, 25 (0)] - [ (u), 25,]) -

(V4) For any i,j €1
(u = o)z (u), 27 (v)] = =dih (& () — &(v)) .-

We also recall that the relation (Y6) follows from (Y1)—(Y5) and the special case
of (Y6) when all ry =--- =71, = s =0 [23].

Lemma. The relation (Y2) is equivalent to the following
1, 4+ u—vFa 4 2a n
Ad(&(u) ™ (25 (v) = mfﬂj (v) £ mfﬂj (u=+a), (¥2')
where as before a = a;;h/2.
PROOF. Setting v = u + a in (J2) we obtain
Ad(&; (u))x]i (uta)= xji (uFa).

Note that this relation can be similarly obtained from ()2’). Using this identity
we can deduce (Y2) from (Y2') and vice versa. O

3.3. Some elementary equivalences among relations of Yjsl,,. The following
proposition will be used to reduce the list of relations to be verified in order to
obtain an algebra homomorphism from Yysl,, to Usl,[h)].

Proposition.

(1) Assuming the relation (Y1), (Y2) follows from the following
e Thei=j case of (Y2) (or, equivalently (Y2')).



AN EXPLICIT ISOMORPHISM BETWEEN QUANTUM AND CLASSICAL sl, 11

e [Fori # j, either the following special case of (V2):
Ad({z(u))(xjto) = xfo + aijxf(u Faijh/2),
or the analogous special case of (Y2'):
Ad(&i(u)) " (@5) = 250 F aijay (u £ aijli/2).

(2) Assuming (Y1) and (Y2), the relation (¥3) follows from
e The following special case of (V3), for eachi,j € I such that i = j, or
Qi = 0.

(a0, ()] = [ (w), 2] = F 52 (aF (waf (w) + 2 (w)ar (u).

e The relation (Y3) for j =i+ 1.
(3) Again assuming (Y1) and (Y2), the relation (Y4) follows from its special
case: for each i,j €1

[ (), 5] = 045 (&i(u) — 1).

PROOF. We begin by proving ()2) assuming its special cases listed in (1) above
hold. Let 4,7,k € I and assume that we know the following relations from (S3)

Ad({z(u))(xio) = xio + aikxf (uF aixh/2),
Ad(¢; (u))(:ﬂfo) = xio + ajkxf(u Fajrh/2).

Now we compute Ad({i(u)(fj(v))xio in two different ways, since we know &;(u)
and §;(v) commute, from (J1).

Ad(&(w)&; () (@) = Ad(&(w) (7 + agnai (v F anh/2))
= xio + aipxif (u F aiphi/2) £ ajp Ad(& () (2 (v F a;1,li/2)).
Similarly we get
Ad(E (6:() () = Ad(E(0) (1 = ant (uF ah/2))
= xio + ajpi (v F ajph/2) £ ag Ad(E; (0) (@ (u F ainh/2)).
Combining we obtain the following equation
aje(Ad(&(w) — 1)@ (v F ajnfi/2))) = aw((Ad(€(v)) — 1)(@i (uF ainfi/2))).

The conclusion is that if we know Ad(&;(u)) (i (v)) for some i € I so that ag, # 0,
then we can compute Ad(¢; (u))(xf (v)) for any j € I. (1) asserts exactly that we
know ()’2) for one such pair and we are done.

The proof of the remaining relations uses (J2) which will be assumed. For in-
stance, let us prove (J4) from its special cases given in (3). The proof of (2) is
entirely analogous and is skipped here.

Apply Ad(§;(v)) to both sides of
(2" (w), 5] = 035 (& (u) — 1)
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Using (Y1), the right-hand side does not change, while the left hand side can be
computed as follows (where a = a;;//2):

A& ) (2 (), 770]) = |28 (0) - — 2% 4 (0 — a), a5y — 207 (0 + 1)

v—u—a v—u—a
Now, for i # j we get
(v—u+ a)[x;r(u),x;(v + h)] = 2alzf (v — a), z; (v + h)).
Set u = v 4+ a in the equation above to see that its right—hand side must be zero.

Thus so must be its left—hand side and we obtain (V4).

Assuming i = j, we can drop the subscript i and note that a = h. We have

AAEW) (), 75]) = TR ) — 1) = (v — )~ 1)
—2%@*(@@‘@%)“ [zt (v —h), 2 (v+ ).

v—u—~h
Setting this equal to {(u) — 1 we get the following equation, after clearing the
denominator and cancelling a factor of 2:

(u—v—"h)[zT(u), " (v+h)]+2h[xt(v—h), 2" (v+h)] = k(@ —h)—&(u)). (3.1)
Set u = v+ h to get 2h[z" (v — h),z~ (v + k)] = h(&(v — h) — (v + R)).
Now replace the commutator [z7 (v — k), 2z~ (v + h)] in (3.1) by this to get
(w—v=h)lz"(u),2” (v +h)] = h(Ev + k) - &(u)),
which is exactly (V4) for i = j. O

3.4. Homomorphism ® : Upsl, — ?h-sl\n Now let m be the completion of
Yysl, with respect to its Zso—grading. Again let G*(x) be two formal series in
1+ 2CJx] satisfying (2.4).

Following [17, §2.9], we define for each i € I:
ti(u) =h Z tiou "t = log(&i(u)),

T‘EZ;O

"
Bl(v) =h Z tiﬂ“ﬁ'

T‘GZ;O

(3.2)

Let Y be the subalgebra of Yjsl,, generated by {fz',r}iel,reZ;o- Define gzi(u) =
S ez Gimu™ € YO[u] by
+ 1 d +
) = g o (B0 (lou(@* ) ) 33)
Theorem. The assignment ®(H;) =& 0 and

O(E;) = Z g:mx:m and O(F;) = Z 9imTim

m€Z>o mGZ;o

defines an algebra homomorphism ® : Upsl, — @
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+ r.

i;ru

PROOF. In [17, Prop. 2.10] certain algebra homomorphisms A\ (u) = Dorezag A
Y? — YO[u] are constructed so that

h h
egaij’UQ _ 6750.”02

XE(v1)B; (v2) = Bj(v2) F - (3.4)

Note that we are in a simply-laced case, so we don’t need to introduce the sym-
metrizing integers present in (7) of [17, Prop. 2.10]. The necessary and sufficient
conditions prescribed in [17, Thm. 3.4, §4.7] for ® to be an algebra homomorphism
are:

(A) Foreachi,jel
g (WAL (w)(g5 (v)) = g5 (WA} (V)(g;" ().

(B) For every i € I, we have

SN W07 () = —— exp (B,(-0,)0, o (;» |

q—q
(C) For each i,j € I, we have
u vta uta v
+ + + e —c _ o+ + + € —€
9; (WA; (U)(gj (U))m =9; (U))\j (v)(9; (U))m-

Thus we need to compute A (u)(g;*(v)) for each i, € I and €1, €z € {£}. For
this we have the following

Claim. Let a = %aij. Then we have

G (v —u—a)>€11

A7 (u)(g5% (v) = g5 (v) (Géz (v—u+a)

Given the claim we can prove that the equations (A), (B) and (C) hold, as fol-
lows.
Proof of (A). This equation becomes

G (v—u—a) GY(u—v—a)
G-(v—u+a) GHlu—v+a)
which is true since G~ (z) = Gt (—z) as per (2.4).

Proof of (B). The left—hand side of condition (B) can be computed using the claim
above:

O (o () = gF (g () G
= g o (B0, 108 (67 (1) (@)

ev/2 _670/2
= — exp (Bi(—av)av -log (7>) ,
q—4q v

where we used that G*(z)G~ (z) = (e*/? — e=*/2) /v as required in (2.4).



14 A. APPEL AND S. GAUTAM

Proof of (C). This condition (for the + case) takes the following form:

Gtv—u—a)e* —e'™  GH(lu—v—a)e"t* —e’
Gtv—u+a)u—v—a GHlu—v+a)u—v+a’

which again follows from (2.4).

It remains to prove the claim above. Let us take ¢ = + and e = — for
definiteness, and as usual let a = Eaij. Then we get

A )lg; (0) = ) ex ((B5(-0.) - (_7;)38) 0,105(G (1))

= g W) exp (700 — = =0 L log(G~ (1)) )

., G (v-—u—a)
9 (U)G_(’U —u+a)
as claimed. 0

—a0,

3.5. Composition of a graded algebra homomorphism with ®. Let us fix
i € I and consider the following situation. Assume A is an Z>o-graded, unital
algebra over C[A], and assume that we are given a homomorphism of graded algebras
7 : Yisl, — A such that

e (& (u)) is expansion in ! of a rational function of the form:

u— ag

n(&w) =1

b
u—>b
k=1 k

where ay, by, € A are homogeneous elements of degree 1, for 1 <k < N.
e 7(x(u)) are again rational functions of the form:

where c}t € A are of degree 1 and Bjt € A are of degree 0.

Corollary. The composition o ® : Upsl, — A maps E;, F; to the following:

=1 \k=1
M /N _
1 G (¢, —ay _
ro g 3 (=)
Gt (h) —\5C (¢, —by)
PROOF. The proof follows a computation similar to the one given in [17, Section
N
. U — ap
- since n(e () = [[ =55 e e

r+1 r+1
b, —ay
r—+1

N N
n(ti(u)) = Z log(1 — apu™") —log(1 — bu™") = Z Z —r—1
k=1

k=1 \r>0
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Thus hn(t; ) = Z kR

This implies

— r+1
+ _ -1 1\ - b};ﬂ—a};ﬂ r+1 +
(g (w) = GH(h)exp [ D (1) (D G ) O les( G W)
r>0 k=1 ’

N
=G (h) texp <<Z e~k _ eb’“‘s“) log(G* (u)))

k=1

N
=GT(h)texp (Z log(G* (u — ag)) — log(GF (u — bk))>

k=1
1 u — CLk
H Gi u - bk
M
Finally from the expression of n(z(u) we get that n(xfm) = Z(c@t)mBgt. Sub-

=1
stituting this in the formula for ®(F;) and ®(F;) given in Theorem 3.4, we get

M M

m>0 =1 \m>0 =1
M /N
GE(ch — ap)
~ar oy (T ey ) o
=1 \k=1 G* (e —br)
as claimed. O

4. RTT RELATIONS AND DETERMINANT IDENTITIES

In this section, we study the algebraic properties of the matrix T(u). We show
that it satisfies the RTT relations and obtain commutation relations between quan-
tum minors of T(u). In particular, we prove the Capelli identity for sl,, i.e., the
coefficients of the quantum—determinant of T(u) generate the center of Usl,.

4.1. RTT relations. Let T(u) be the n X n matrix with coefficients from Usl,, [A, u]
as defined in Section 2.4.

We view this matrix as an element of End(C") ® Usl,[u, k] as follows. Let
{|#) }1<i<n be the standard basis of C™ and let |i) (j| be the elementary matrix
defined as: |7) (j||k) = d;x |i). Then

=D 1) (| @ Ty (w). (4.1)
2%
Thus, we have T(u)[j) = Y, i) ® T;j(u). Let P € End(C" ® C") be the flip of

the tensor factors, and let R(u) = uId 4+hP be the Yang’s R—matrix. The following
(Yang-Baxter) equation holds in End (((C")®3) [h, w,v]:

ng(u)ng(u + ’U)R23 (’U) = Ro3 (’U)ng(u + ’U)ng(’u), (YBE)

where, as usual, the subscripts indicate which tensor factors R acts on.
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Proposition. Set

Ty (u) = Z i) (jl ® 1 ® Tij(u) and  To(v) = Z 1® i) (j] ® Tij(v)

in End(C™ @ C™) ® Usl, [k, u,v]. Then,
R(u —v) T1(u) T2(v) = Ta(v) T1(u)R(u — v). (4.2)

PROOF. We apply both sides of (4.2) to an arbitrary basis vector |j) ®|l) € C"®@C™.
For the left-hand side, we get

(u—v) Y1) ® k) @ Tj(u) Tr(v) + Y |k) @ [i) @ T (u) Tra (v),
ik ik
while the right—-hand side gives
(u—v) Z [i) @ |k) @ Tri(v) Tij(u) + hz i) @ k) @ Tij(v) Talu).
ik i,k

Thus, we have to prove the following equation for each i, j, k, [

(u = 0)[Tij(w), Tra(v)] = h(Ti;(v) Tir(u) = Trj(u) Ta(v)) - (4.3)
Switching the roles of u <+ v, ij <> kl, the equation above is equivalent to
(u = 0)[Tij(u), Tra(v)] = b (Ta(u) Tij(v) = Ta(v) Tr;(w)) - (4.4)
Note that the entries of the matrix T satisfy the following relation
[Tij, Tra] = 6 Tar —0a Tiej - (4.5)

From this it is easy to deduce (4.3) as follows:
(u = )[Tij(w), Tra(v)] = 1 (u = 0)[Tij, Thi]
= h*(u — v)(0k; Tiz —0i1 Trj)
= h((dyu — hTy)(dkjv — hT;)—
(0iv — h'Ty)(0kju — h'Tkj))
= h(Ti(u) Tr;(v) = Ta(v) Te;(u)) -
This finishes the proof of the proposition. O

4.2. Several variables generalization. For N > 2, consider the following ele-
ment of End (((C")®N), depending on uq, - ,uN:

R(ui,...,un) :=Rn-1n - (RN—2NRn_an-1) - (Rin-- Ri2) =

= (Riz---Rin) - (Rn—2N—1Rn—2,N) - Rn_1.n
where R;; = Rij(u; — uj) acts on i*® and j' tensor factor. The equality of the
two expressions given above follows by a repeated application of the Yang-Baxter
equation (YBE) (see also the proof of the following proposition).

Proposition. The matriz T(u) satisfies

R(u1,...,un) Ti(ur) - Tn(un) = Tn(un) - Ti(ur)R(ug, ..., un). (4.6)
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PRrOOF. We proceed by induction. For N = 2, one has (4.2). For N > 2, one has
(Rin - Ri3)Ri12 Ty To(T3---Ty) =
=(Rin - Ri3) To Ty Ria(T3 - Tn) =
=To(Rin -+ Ria)Ri3 Ty T3(Ty---Ty)Ri2 =
=(Ty-- - Tn) T1(Riy - - - Ri2).
Since R(uq,...,un) = R(ua,...,un)(Rin - Ri2), we get
R(uy,...,uny)Ty--- Ty =
=R(ug,...,un)(Rin - -Ri2) Ty Tn =
=R(ug,...,un)(Ta---Tn) T1(Rin - Ri2)

and the result follows by induction. 0

o

4.3. Specialization. Let Ay be the antisymmetriser operator Ay = 3 . (=1)70.

Proposition. If u; —u;y1 = —h foralli=1,...,N — 1, then
R(uy,...,un) = cNAn,
where cx € C[h] is a scalar. Explicitly, ey = (—=h)NWN=D/2(N —1)!...11.
PrOOF. For N =2, R(—h) = (=h)(1 — P) = —hAs. For N > 2, one has
R(ui,...,un) = cy—1Ay_1(Rin -+ Ri2),
where Ay_ is the antisymmetriser operator on {2,..., N}. Then
R(uy,...,un) :cN_lgN_l(RlN -+ Ryg) =
1
N -1
=cnAn_1(1 — Pz — - — Piy) = cnAn
as desired. O

=cn_1(=h)NTHN = 1)1 AN, (1 - P1N> (1= Ppy) =

For future reference, we will write the equation given by the proposition above
as R(ul, [P ,UN) ~ AN.

Corollary. Set u; =u+ h(i —1). Then
AN Tl(ul) cee TN(UN) = TN(’U,N) s -Tl(ul)AN.

4.4. Quantum determinants. The quantum determinant of the matrix T(u) is
the element qdet(T(u)) defined by the relation

Ay qdet(T(u)) = Ap Ti(ur) -+ - T (un), (4.7)
where u; =u+ (i —1) fori=1,...,n.
Proposition. For every p € &,
adet(T(w) = (=1)" > (=1)7 To),u() (1) - To(m) s (un)-
oeS,
In particular,

qdet(T(u)) = Z (_1)0 To’(l),l(ul) e To(n),n(un)'

ceS,
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Proof. Tt is enough to apply both sides of (4.7) to the vector |u(1)) ® -+ ® |u(n))
in (C™)®", O
Similarly, from Corollary 4.3 with N = n, one has the relation
A, qdet(T(w)) = Th(un) -+ - T1(ug) Ay,

providing a description of qdet(T(u)) as a row—determinant.

4.5. Quantum minors. The quantum minors of T(u) are also defined by the
relation derived in Corollary 4.3. Let N < n and let a,b € {1,...,n}". For
convenience, we write |a) for the basis vector |a1) ® - -+ ® |an). Let Ay (u) be the
operator given in Corollary 4.3. Then we define A (T) (u) as the following matrix
coefficient of Ay (u): -

An(b) = la) @ A (T) (u). (4.8)
The following is an obvious generalisation of 4.4. For any a € {1,...,n}", we
denote by a \ a; the tuple obtained from a by removing the i‘" entry a;.

Lemma. Let uj = u+ h(j — 1) as before. Then we have the following:
(1) For any tuples a = (a1,...,an), b= (b1,...,bn),

A (T) (w) = Y (=1)7 Tayq (1) - Tay by ()

4SSN

= Z (=1)7 Ta11b0(1) (un) - Tanbd(N) (u1).

oceG N

(2) For every o € Gy,
Ag(ﬂ) (T) (u) = (—1)‘7A§ (T) (u) = Ai@ (T) (u).

()N EARSE (T) (u) - Tagpy (u+ h(N = 1))

()N FAGYN (T) (u+ B) - Tan, (u)
(=1)F" Tay, () - AR (T) (u+ h)

(=1)F " T, (w+ AN — 1)) - AR (T) (u)

4.6. Commutation relations with quantum minors. For any a a 6 {1,...,n}¥,
we denote by p;.(a) the tuple obtained from a by replacing the i*® entry a; with
x.

Proposition. For every 1 < k,l <n and a,b € {1,...,n}", we have

N
(u=0) [T (), A _Z( 2 o (T (©) Tap, () = Taa(w) - AFH (T) (v))
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(= v = BN = 1)[ i), A (T) ()] = 8Y_ (T, (w) - A2 (T) (0)

CALHE (T) () Tail(u)) _

Proor. Consider the generalised RT'T relation
R(u,v,v+hy...,v+hA(N —1)) To(u) T1(v)---Ty(v+ (N — 1)) =
=Tyw+ AN —-1))---T1(v) To(u)R(u,v,v + A,...,v+ A(N — 1)).

From the definition given in Section 4.2, we get
o
R h,... AN —-1))~ A — AN Po;.
(U,U,U+ ) U+ ( )) N+U—’U; N1L0

The first equation then follows by applying the identity above to the vector |I) ®
|b) and computing the coefficient of |k) ® |a). The proof of the second one is
analogous. 0

Corollary. Fora,be {1,...,n}"N and 1 <i,j <N,
[Tap, (u), Ayt 53 (T) (v)] = 0.

4.7. Center of Usl,. An easy application of Corollary 4.6 is that the coefficients of
the principal minors of T(u) commute with each other. We record this observation
and the well-known fact about the center of Usl,, below. Recall that we defined in
(2.3):
h
Pr(u) = A}IZ (T) (u - §(k - 1)) for each 1 < k < n.

.....

Note that Py (u) is a (monic in «) homogeneous polynomial of degree k in Usl, [7, u],
where the grading is understood to be 0 for elements of Usl, and 1 for u and h.
Let us denote its coefficients as:
k—1
Pi(u) = u® + Zg;k)ﬁkfjuj.
§=0
We observe that 3\, = Tr (T) = 0.

Proposition.
(1) The elements {3§-k)}1gkgn,ogjgk_1 form a commutative subalgebra of Usl,,.

(2) The elements {5§n)}0<j<n,2 are algebraically independent and generate the
center of Usl,,.

Z(Usly) = Cls5™, 30,
(3) The roots of Pi(u) are distinct.

PROOF. As remarked earlier, (1) follows directly from Corollary 4.6. We briefly
sketch the proof of (2) which is otherwise well-known. One identifies the center
Z(Usl,) with the algebra of invariants C[h]®» (see, for instance, [10, §7.4]). The

latter is a polynomial ring in n — 1 variables, pa,...,p, (power sum symmetric

functions). The reader can easily check that under these identifications ;,;n) =Djt2

which proves the claimed assertion.
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(3) follows from (2) using the following standard argument. Let P(u) be a
monic polynomial with coefficients from a (unital) commutative ring A. Define
Disc(P) = H#J (a; —a;) where {a;} are the roots of P(u). Note that the expression
of Disc(P) is symmetric in {a;} and hence it is a polynomial in the coefficients of
P(u). By definition Disc(P) = 0 if, and only if P(u) has some root with multiplicity
> 1. In this case one obtains a non—trivial algebraic relation among the coefficients
of P(u). O

4.8. )—operators. Let 0 < k < n—2and m =n — k. For each 4,5 € {1,...,m}
define

B\t ; h
W [T (u) 1= Ay 75 (T) (u - 5"3) ALk (T) <u - §k> - (49)

We will skip the dependence on T from the notation when no confusion is pos-
sible. We view this wg-c) (u) as an element of Usl, [h][u; u™]].

Proposition.
(1) The m x m matriz ) satisfies the RTT relations with R(u) = uId +hP €
End(C™®@C™)[h, u|. More explicitly, the following relations hold for a,b, c,d
{1,...,m}

(w— o) ), 08 @] = b (v @y ©) - & P w) . @10
(2) The following iteration relation holds for the 1p—operator

$® [ 1] = v+ [Ty,

PROOF. We prove (2) first. For that it is enough to prove the assertion for k = 1 (the
general case follows from repeated application of k = 1 case). Let us assume that we
have a matrix ¢(u) € End(C™)® Usl, [h][u; u™1]] satisfying the RTT relations. The
reader can verify easily that the equation v [¢®) [¢]] = ¢(+1) [¢], is equivalent
to the following determinant identity:

7

Ai:::::i;?+1(¢><>A1 ----- L) (u+ By, (4.11)

where a,b > [ + 2. The proof of this identity uses Lemma 4.5. For notational
convenience we will write [ for the sequence 1,...,0 and [\ i for the sequence
1,...,?,...,1, for any 1 < ¢ < I. As before, let u; = w + jh. Then we have the
following column expansion from the second equation of Lemma 4.5 (3).

AL (@) () AYTI6) (u o+ ) = Ay (9) () Ay (6) (u+ h) =

ATTH(9) (u0) = AT 1(6) (u0) bap(wisr) — ALy, () (w0) Gt (i)
l

+ 3 (=D)AL (8) (uo) b (urg)-
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Substituting this expression in (4.11) gives us

l
(Z(—l)l+iA§;\lfle’a(¢) (uo) ¢i,b(ul+1)> 'Af(@ (u1) =

i=1

AFF(9) (wo) (A5 (6) (1) = dup(ur:1)AF(6) (1))
I+1

— AL () (uo) (AL () (w1) = Grnp(urs) Af(6) (1)) . (4.12)

Now we use (2) of Lemma 4.5 and the row expansion formula (the fourth equality
of Lemma 4.5 (3)):

A5 (9) (w) = ASH(8) (w) = da,s(w) AL() (w) +

P

to rewrite the right—hand side of (4.12) as

MN

R.H.S. = Aii_i(d)) (Uo) ( (—1)l+j+1¢a,j (UlJrl)Aé\j;b((b) (ul))

1

<.
Il

— 2B () (up)

1

HMN

(=) gy (uH*l)Aé\j;b(gb) (M))

J

l
= (=1 (ATEH@) (o) s (ta41)
j=1

—AF(9) (o) b, (Uz+1)) Aé\j;b((b) (u1)
l
= Y ()AL (0) (u0) b (i) AR 4 (6) (ua) |
i,j=1

where in the last equality we used the column expansion of a matrix with a repeated
column:

0= AP (6) () = AFTEL(@) (w) duy(wir1) — AFFL () (w) duyrj (wisr)
!
+ (=D)AL (6) (w) ¢ (wia).
=1

This turns the equation (4.12) that we need to verify into the following

l
S (=D)AL (9) (uo)
7=1

l
(Z(—l)j%‘ (1) A (0) (1) = (= 1) s (wr41) A (0) (ul)) =0. (413)

Now we only need to observe that each it™ term in the equation above is the row
expansion of Al (¢) (u1) which is zero since i € {1,...,1}. This finishes the proof
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of (2).

In order to prove (1) we observe that an easy induction argument, using (2),
reduces it to the case of £ = 1. Again we revert back to a more general set up
where we are given a matrix ¢(u) € End(C™) ® Usl,, [h][u; u™!]] satisfying the RTT
relation. We need to prove the following equation (see (4.3)):

(u - U)[wac (u)7 wbd(v)] = h(wbc(v)wad(u) - wbc(u)wad(v))7 (414)
where ;;(u) = A}%(¢) (u) for any i,j € {2,...,m}. Our proof is based on the
idea behind Proposition 4.6. Namely, we take the R—matrix R(u, v+ h,v,v 4+ h) in
End ((Cm)®4) and use the generalisation of the RTT relations given in (4.6) for
N = 4:

R(u,u+ h,v,v + h)gr(w)dz(u + h)ds(v)da(v + h) =
da(v+ h)p3(v)p2(u + h)d1 (u)R(u, u+ hyv, v+ h).
We will apply this operator to the basis vector |1cld) and compute the coefficient
of [1alb). For this, we rewrite R(u,u+ h,v,v + h) using the Yang—Baxter equation
(YBE), where = u — v:
R(u, U+ FL, U,V + h) = (R34(—h)R12(—h)) R14($ — h)R24(£L')R13(£L')R23 ($ + h)
= Roz(x + h)Raa(w) Rz (x) Ria(z — h) (R3a(—h) Ri2(—h))
Thus the operator we are interested in, say T (u,v), takes the following form.
T (u,v) = [¢a(v + h)d3(v) Raa(=h)] - [p2(u + h)p1 (u) Ria(—R)] -
R14(I — ﬁ)R24(I)R13($)R23 (I —|— h)
= Rgg(x + h)R24($)R13(£L')R14($ — h)
[Riz(=h)¢1(u)d2(u + )] - [Rsa(—h)d3(v)¢a(v + h)]

Thus the coefficient of [1alb) in T (u,v) |1cld) computed using the first expression
of T (u,v) gives the following answer, using the definition of quantum minors given
in (4.8):

x + 2h
x+h

+EAL) (0) Al3(0) <u>) C(415)

(1a1b| T (u,v) [1cld) = (ha)*(2® — h?) < > (A16(0) (v) AL () (u)

Similarly, using the second expression of T (u,v), the same coefficient turns out
to be:

x + 2h
x+h

+EAL() (u) Al5(9) <v>) - (4.16)

(1al1b| T (u,v) [1cld) = (ha)*(2® — h?) < > (A12(0) (u) Aa(9) (v)

Combining equations (4.15) and (4.16) we get the desired equation (4.14). O
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5. THE EVALUATION HOMOMORPHISM

In this section, we complete the proof of Theorem 2.5 by describing the evalu-
ation homomorphism from the Yangian Yzsl, to Usl,[h] with respect to the loop
generators of the Yangian.

5.1. Evaluation homomorphism. Recall the definition of the generating series
{&(u), 2 (u)}rer from Section 3.2. Let Py(u) be given by (2.3), i.e.,

Pafu) = ALE () (- 5= 1).

yeeey

and define

__ Prea(w) Prya(u)
Py (u+5) Pr (u—5)

ev(z) (u)) =Py <u + g) - [ek,kﬂ, Py (u - g)] (5.2)

ev(ay (u)) = Py (u - g) B [Pk (u - g) M] (5.3)

Theorem. The formulae above define an algebra homomorphism

ev(&r(u))

ev: Yysl, — Usl,[h)].

Remark. We are grateful to Maxim Nazarov for pointing out that the defining
formulae of the morphism ev are similar to those appearing in [8, 14, 24, 25], which
define an embedding ¢: Y3sl,, — Yggl,, and describe the Drinfeld generators of Yssl,
in terms of quantum minors in Yjgl,,. The relation with the homomorphism ev is
easily explained. Since the matrix T(u) satisfies the RTT relation (4.2), there is
an induced algebra homomorphism evr: Yygl,, — Usl,[h]. Then, ev = evy o .

PROOF. We note that the coefficients of the polynomials {P(u)}1<r<n commute,
because of Corollary 4.6. Thus we get [&;(u),&;(v)] = 0 for every 4,j € I which is
the relation (Y1) of Section 3.2.

Comparing the coefficients of hu~! in the definition of ev, and observing that
Pp(u) = u® — ha)ub~1 4 ...

it follows that ev(&x0) = 2wy —w@)_; — @) = hi, ev(z] ) = ek p+1 and ev(zy o) =
€r+1,k- Thus the relation (Y6) of Section 3.1 holds for Fp=- =1y, =s=0 from
the Serre relations defining Usl,,. In turn this special case of (Y6) implies the gen-
eral case (see remark preceding Lemma 3.2).

Our proof of the rest of the relations uses the ¥—operator introduced in Section
4.8 and the expression of ev in using 9, as proved below in Section 5.2.

The proofs of (J2), (¥3) and (V4) are given below in Sections 5.3, 5.4 and 5.5
respectively. O
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5.2. ¢Y—operators and evaluation homomorphism. We begin by making the
observation that the definition of the evaluation map ev is obtained recursively
using the i—operator introduced in Section 4.8. To state this precisely, we begin
by rewriting (5.2) and (5.3) using the following easily verified identities:

h h h
[ek,k+17Pk (U + 5)} = _Aiﬁﬁﬁﬁj%m (T) (U - §(k -1+ 5) :

5 R
{Pk (u - 5) ,€k+l,k:| = -4

Note that the formulae (5.1), (5.2) and (5.3) for k = 1 take the following form:

ev(&r (1) = Ty (u + g) T (u _ g)l AL (T) (u _ g) 5

|

>

=
=
x>
+
—
—
!

S~—
S
<

|

| S
>

|

—_

N—
|

| S
~__

vt @) =~ T (w3 ) R (us2). 55)
ev(@T (1)) = — Ty <u— g)le (u— g) (5.6)

Lemma. For each k > 1, we have

vty = vft ™ (us 2) i (u-2) s (0) (u- ) )
vt = ot (we 2) o (e D), 6.5
evta (1) = ~ofi ™ (- S) (0 (u-5)- (59)

PROOF. The proof of this lemma is a direct verification, which we carry out below.
Let us start with the assertion for 2} (u) from (5.8). We expand the right-hand
side of this equation:

.....

=P, <u+ g) - . [ek7k+1,Pk (u + g)] = ev(z} (u)).

Now consider the right—hand side of (5.9):

.....
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Finally for & (u), the right-hand side of (5.7) can be expanded as below:

yeeey yeeey

- h h h B\ L
AP (T) (U —5k=1)— 5) CATTE(T) <u -5k -1) - 5)

_ h i -1 A B
Ai,::—i (T) (U - 5(]{3 —-1)- 5) i:::i} (T) <u _ E(k 1) 5)

AL (D) (u = B0k = 2) - AL (T) (u = 1)

5.3. Proof of (¥2). Using Proposition 3.3, it suffices to prove the following two
relations:

e Foreachi el
Ad(&()) (27 (v) =
e Foreachi#jel
h
[@(u),xfo] = :I:aij&(u)xj[ (u + §aij) . (5.11)

Below we prove these for the + case, for definiteness. The — case is entirely
analogous.

U_'U:Fhi 2h {L‘i

w—oin W E T s . (510)

The equation (5.11) for j ¢ {i—1,i+1} holds, since in that case e; j ;1 commutes
with {P;_1,P;,P;11} defining ev(&;(u)). For j =i+ 1 one only has to observe that
€it1,i+2 commutes with P;_; and P;. Similarly the case j =¢ — 1.

Thus we are left with proving (5.10) for any ¢ € I. Using Lemma 5.2, we can write
ev(&;(u)) and ev(z; (u)) in terms of the ¢-operator. Below we omit the superscript

i

(i — 1) from =1 (u).

) = v (wr2) v (u-2) At (a-3),

N AN h
ev(z; (u) = =11 (u+ 5) Yz{utz).
Note that [¢)(u), % (v)] = 0 and we have the following relation between 117 and 12
u—v-—

Ad (11 (1) - s (0) = 2Py 0) +

(7 v u—"v

P12 (u)hrr (v)hr1 (u) ™' (5.12)

Setting u = v + h in this equation gives the following:

Pr2(v)11(0) = Pua (v + h) " o (v + h). (5.13)
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Combining these observation, the equation we need to verify, namely (5.10) takes

the following form, after using (5.13) and renaming variables u,v — u + 5, v + %:
Ad (= B () - 120 — ) = S R 0 )
u— u)) - v—h)= ——— v —
11 11 12 w o nle
2h
e @vn @) n (v - h),

which is a direct consequence of repeated application of (5.12).

5.4. Proof of (¥3). Recall that we need to prove the following relation for every
pair i,5 € L.

(u—vF a)xli(u)xjt (v)=(u—v=£ a)xji (v):z:li(u)

+ + +
+ h([:z:ito,xj ()] = [=; (u),x]yo]). (5.14)
For @ = j or for a pair with a;; = 0, it suffices to prove the following special case
(see Proposition 3.3).
Qs 4
[, 25 ()] = [ (u), 2] = ¢7J($?(U)$f(w +ay (u)zf (u)). (5.15)
Let us prove this relation for the + case only. Note that for 7,7 € I such that
aij = 0, this relation follows from [z (u), x;fo] = 0 which is true since e; ;11 com-
mutes with e; ;41 and P;.

Next, let us assume ¢ = j. In this case we need to show that [:E;Lo,x:r(u)] =
—xf(u)Q. Below, we will use the fact that e; ;41 commutes with the commutator
[€i,i+1, Pi(u)]. This is because this commutator can be written as a quantum-minor:

e Prlu)] = ~AL (0) (- 5= D).

.....

and e; ;41 is an entry of the indicated submatrix, and we can use Corollary 4.6 to
conclude that it commutes with the quantum-minor. Thus we have the following
computation, with © = u — % for convenience:

[;v;fo,x;r(ﬂ)] = [ei,z‘+1=Pi(“)_l[ei,iﬂapi(u)u
= —P;(u) esiv1, Pi(w)] Pi(u) e ivr, Pi(w)]
— ot @

as intended. Note that we used the identity [a, 371 = =87, 8]~ in the cal-
culation above.

Finally, we are left with the case j = i + 1. We will reduce this case to rank
2 using the Y—operator. To do this, we need to rewrite the commutators on the
right—hand side of (5.14) as follows. For convenience, below we write & = u — %
and v = v — % Using the definition, and the fact that e; ;11 commutes with P;;

(see Corollary 4.6) we get

[0, 2, (V)] = Pii1(v) " [eiiv2, Pig1(v)]

; AN h.
= Ay (D) (v - 52) AT 142 (D) (v - 52) :
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Similarly we get

@0l = ~AL ) (- 36 -1) AL a0 (- 26 1).

Clearing the inverses of the principal quantum-minors from both sides of (5.14)
and using the properties of the y¥—operator from Proposition 4.8, we get the follow-
ing version of (5.14):

(=0 5 ) vaaliw) (v-5) - (u=v-5 ) aBw) (v-5 ) ) =
n(vnag @) (v-5) + a8 (v-5) nw).

Rearranging the terms of this equation, and replacing v — % by v, we get the
following equation that we need to verify:

(u—v —h) [r2(u), A3 () (v)] =
h (Y1 (W) A% () (v) + AL (¥) (v) Y13 (u) — 2 (WAL (¥) (v)) . (5.16)
Since the ¢-matrix also satisfies the RTT relations (see Proposition 4.8) we can
use the commutation relations derived in Proposition 4.6. Using the second identity
given there, with N =2 and k=1, =2,a1 = 1,a2 = 2,b; = 1,bs = 3, we get
(u—v=h) [$1a(u), A3 (¥) (v)] =
R (P11 (w) A3 (1) (v) + Y13 (W) A3 (¥) (v) — AL (¥) (v) P12 (w)) -

Thus the required relation follows from the following claim:

Claim. The following equation holds:

[15(w), AL (¥) (V)] + [$r12(u), A13 () (v)] = 0. (5.17)

Proof of the claim. Multiply the left—hand side by (u —v) and use the first relation
given in Proposition 4.6 to get

[Y13(u), A13 () (v)] = R (=455 (¥) (v) ¥ (u) + A3 (¥) (v) P12 (w)
—13(w)AL3 (¥) (v))
[ (1), ALZ () (0)] = B (AL () (0) 11 () + 1o () A2 () (0)
—AL (¥) (v) Yi3(w)) -
Adding the two, we get that
(u =) ([¢13(u), A3 (¥) (v)] + [r12(u), A33 (V) (v)]) =
= ([t1s(u), AY3 (¥) (v)] + [12(u), AY3 () (v)]) -
This prove the claim and the relation ()3).

5.5. Proof of (J4). Again using Proposition 3.3, it is sufficient to prove the fol-
lowing two versions of (Y4).

e For each i € I, we have

(u—v)af (u), 27 (v)] = h(&i(v) — &(w)). (5.18)
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e For i # j, we have
[ (u),z;0] = 0. (5.19)

Note that (5.19) follows easily since ;41 ; commutes with P; for i # j. We will
now prove (5.18) using the ¢—operator as before. Recall that by definition, we have
(again we omit the superscript (i — 1) from =1 (u)).

ev(z!(uv)) = =1 (u + g) - P12 <u+ 7—;) ;

vt ) = s (= 2) " (u-1)

In order to carry out the proof, we will need to use the following relations:

Ad @) b12(0) = R 0) - g ) e e, (5.20)
Ad @) aa(0) = R (0) + ) e 0 (), (5:21)
P12(0)h11 (0) 7 = Y11 (v + h) " ra(v + ), (5.22)
Po1 ()11 (v) " = P11 (v — h) " ehar (v — ), (5.23)

(u —v) [th12(w), Y21 (v)] = A1 (w)h22(v) — P11 (V)22 (V). (5.24)

By definition, we have

[z (u), 27 (v)] = Y11 (u+ g)lwlg (u—|— g) i1 (v _ g) 71%1 (U N 7%)

—¥n (U_ g) Yo (U—gL) Y1 (u—i-g) P12 (u—l—g) .

To make the computation less cumbersome, let us write the equation above as
(u —v)[zf (u), z; (v)] = T1(u,v) — T2(u,v). The two terms on the right-hand side

% [

can be simplified using (5.20) and (5.21).

en(erd) o -2)
: ((u—v+h)¢12 (u+§> — hp1a (u—l—g) P12 (v— g) 11 (v—§>_l>-
()

en(erd) o (-2)
. (W_HWN (o= 2) s (o= ) i (s ) o (o h)) .
12 (u—l—g)
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Thus we get using (5.22), (5.23) and (5.24), that (5.18) holds, upon carrying out
the simplification of its left—hand side as follows:

L.H.S.—1/)11<u+g)11/111<v—§>1-(u—v+ﬁ){¢12<u+g>,¢21(v—g)]
() o (- 2) o e+ (-2)
o 2] o 5-8) o (5B o)
o 2) o (-2) (D) on2)-
on(e8)on (-4)
s 2) o (o-2) (o (2o
)

= h(&i(v) = &(u)).
5.6. Partial fractions. The following proposition is needed to compute the com-

position evo®, where ¢ : Upsl,, — EB[\H is the algebra homomorphism from Section
3.4. For this, let us recall that {ka), ce ng)} are the roots of the polynomial Py (u).

Proposition. For each k € I, we have

- : APt ) (¢ - Bk - 1)
ev(a; (u)) = )kt ¢t
z; u+ % wtrb—® ; e =)
‘ ‘ Ayt @ (¢ - Bk-3)
_ h 1 J k [ 2
ev(zy (u)) = 1)htd Loedos .
; p— Z; Hc#(c(’“ ) ’

J
ProOOF. From the definition (5.2), (5.3), and the observation made in Section 5.2,
we have the following:

v @) =Py (w4 2) ALk ) (w2 R ),

ev(wy (u) = — Py <u - g) B Ay PP <u g - 1>> :

Using the column and row expansions of quantum minors (first and third equa-
tions of Lemma 4.5 (3)), we get

k =
AL (T) () = D (DR AP L8 (T) (w) T e (w + h(k — 1)),
j=1
k
Ai;...:z 1,k+1 (T) (w) = Z(_l)kﬂAi:::::k:ik (T) (w + B) Tps15 (w)
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Note that, for j € {1, .. .,k}, Tj7k+1(w) = —ﬁ6j1k+1 and Tk+17j(w) = —hekJrLj.
Combining these, we arrive at the following expressions:

A . hoh
ev(z) (u)) = hPy <u+ §> Z(—l)k“A}:::::i:;k (T) (u + 5~ E(k — 1)) €j.k+1,
j=1
B A bbd ALkl Lok
ev(ay (u)) = Py (u—3 2(—1) AP (M) (ut g -5k = 1) ) ey
iz

Now Py(w) commutes with the quantum minors involved in the expressions
above. Moreover, the degree of each quantum minor in the right—hand side of the
equations is strictly less than that of Py. Thus, if {CYC), cee C,gk)} are the roots of
P (u), then we have the following partial fraction decomposition.

Qud-4-1) 1 (7 -50-)

Pl HurE0 e -
Rj(u+g—g(k—1))_z 1 R (P Hn-Bk-)
Pe(u—3) CFu--Y -

where

.....

Note that we have used Proposition 4.7 (3) here, and the following well-known
identity for a rational function vanishing at co and whose denominator has distinct
roots (deg(p) < r in the equation below):

ple) Z 1 p(ai)
[l (@ — ai) o LT I1;.i(ai — aj)
This proves the proposition. 0

5.7. Evaluation homomorphism in J—presentation. It is perhaps worth point-
ing out that our homomorphism ev is the evaluation homomorphism at 0 from |9,
Prop. 12.1.15], denoted below by evep. The significant difference being that evep
is explicitly given in the J-presentation of the Yangian.

To see that ev = evep one begins by making the observation that Yjsl, is
generated by {& o, :vfo}iel and ¢17 defined as 11 :=§11 — %530. This is because
we have the following relations

[h,l,ﬂifT] = :I:2xfr+1 and [tlyl,xiT] = :inr_i_l.

Thus, we can get {.’L';-%T}j:l)g from {xfo}j:172 and t1 1. In turn, using [23 ., 25 ] =
&2 r+s We can obtain ¢ 1. Continuing in this fashion, we see that every element from
+ . : +
{xw, §irbielrezs, can be written in terms of {:vi_ro, &0 tier and tq 1.

Using the argument given above, and the fact that both ev and evcp map
xio > €ii1 and ;5 > €414, we are left with checking that ev(ty,1) =evep(tia).
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Computation of ev(t11). Recall that we have the following formula for ev(&; (u)),
from (5.4) (see also the n = 2 example from Section 2.7). Below Cy = ej2e21 +
2
es1e12 + % is the Casimir of sls corresponding to the node 1.
(u—B=y)? = 220, +1)
{0+ - he]) (u~ &~ )

ev(&i(u)) =

h2
— (1 — ﬁw¥u71 — 1(201 —+ 1 — (w2V)2u2> .

(o3 (or(ar-3))

Recall that & 1 is the coefficient of hu=2 in & (u). A straightforward computation
gives the following answer:

h
ev(tin) = 5 (w3 hi — e1gea1 — ea1e12) - (5.25)

Computation of evep(t1,1). Combining the expression of evep given in [9, Prop. 12.1.15]
with the isomorphism between the J—presentation and the loop presentation of
Ypsl, from [9, Thm. 12.1.3] (see also [14]), we get the following:

h o
ever ()= > Tr(ha (D I+ L D)) DI, = > (B 1) (@hay +azah) | (5.26)
)‘)H B>0

where

e {I,}, is an orthonormal basis of sl, (with respect to the inner product
(X,Y) =Tr(XY) when X,Y € sl, are viewed as n X n matrices).

e In the first term, hq, Iy, I, are to be multiplied as n x n matrices and Tr is
the trace of the resulting matrix.

e 3> 0 refers to the set of positive roots of sl,,.

We carry out the simplification of the right-hand side of (5.26). Let us write T3
and Ty for the two terms there. Then

T1:T10+Zf£1j—21£2j and T2:21112+Z/€1j—2112j7

j>2 Jj>2 j>2 Jj>2
where k;; = e;5€5 + ejjej; and Tl0 is the Cartan part of the first term 77, namely
when Iy, I, € h. That is,

9 = Y Tr(ha(Idy + Ldx) I,

A p
I,\,Iueh

h h
Finally, it is enough to observe that in Ul one has §w§ hi = ZTlo .
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