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Abstract

The propagation of electromagnetic surface waves guided by the planar interface of two isotropic chi-
ral materials, namely materials A and B, was investigated by numerically solving the associated canonical
boundary-value problem. Isotropic chiral material B was modeled as a homogenized composite material,
arising from the homogenization of an isotropic chiral component material and an isotropic achiral, non-
magnetic, component material characterized by the relative permittivity €. Changes in the nature of the
surface waves were explored as the volume fraction f3 of the achiral component material varied. Surface
waves are supported only for certain ranges of f3; within these ranges only one surface wave, characterized
by its relative wavenumber g, is supported at each value of f2. For Re {Ef} > 0, as |Im {Ef}’ increases
surface waves are supported for larger ranges of f2 and |Im {q}| for these surface waves increases. For
Re {5115} < 0, as Im {Ef} increases the ranges of f2 that support surface-wave propagation are almost un-
changed but Im {g} for these surface waves decreases. The surface waves supported when Re {¢5} < 0 may
be regarded as akin to surface-plasmon-polariton waves, but those supported for when Re {eaB } > 0 may not.

1 Introduction

Electromagnetic surface waves are guided by the planar interface of two dissimilar materials. Various types
of electromagnetic surface wave have been identified since the early 1900s right up to the present day.
The type assigned to a given surface wave depends upon whether the partnering materials are isotropic or
anisotropic, dissipative or nondissipative, homogeneous or nonhomogeneous, etc. [1]. The planar interface of
a plasmonic material and a dielectric material guides the surface-plasmon-polariton (SPP) wave [2,3], which
is the most well-known type of electromagnetic surface wave. The partnering materials for SPP waves may
be isotropic or anisotropic [4]. Uses for these waves are found in optical sensing [5,6]. Another well-known
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type of electromagnetic surface wave is the Dyakonov wave [7,8], which is guided by the planar interface of
an isotropic dielectric material and an anisotropic dielectric material [9,10]. Dyakonov waves are generally
associated with small angular existence domains [11] but larger angular existence domains can be supported
if the partnering materials are dissipative [12,13]. Surface waves that are intermediate in character, in part
akin to SPP waves and in part akin to Dyakonov waves, can be supported by hyperbolic materials [4,14,15].

Owing to their inherent magneto-electric coupling, chiral materials [16] offer wider opportunities for
surface-wave propagation than achiral materials. To date, there have been relatively few studies of the
surface waves supported by chiral materials [17-20], as compared to achiral materials. Most of these studies
have concentrated on interfaces of nondissipative chiral materials and isotropic plasmonic materials. The
corresponding surface waves in these studies are akin to SPP waves. Recently, surface waves guided by the
planar interfaces of chiral materials and anisotropic achiral materials were explored numerically [21]. In
this study surface waves akin to Dyakonov waves were found to be supported when the achiral partnering
material was a dielectric material while surface waves akin to SPP waves were found to be supported when
the achiral partnering material was a plasmonic material.

In the following we consider the previously-unexplored case of surface waves guided by the planar interface
of two isotropic chiral materials. The dispersion relation corresponding to the canonical boundary-value
problem [1] is derived and numerical solutions are extracted. To allow greater flexibility for our numerical
investigations, both isotropic chiral partnering materials are modeled as homogenized composite materials
(HCMs) [22]. Furthermore, a novel type of chiral material that can simultaneously support attenuation and
amplification of plane waves [23], depending upon circular polarization state, is utilized.

As regards notation, the permittivity and permeability of free space are written as €, and p,, respectively.
The free-space wavelength is A\, = 2m/k, with the free-space wavenumber being k, = w,/Eofl, and w being
the angular frequency. The operators Re{ ¢ } and Im { « } deliver the real and imaginary parts of complex-
valued quantities, and i = /—1. Single underlining signifies a 3 vector and the triad of unit vectors aligned
with the Cartesian axes are {Q ) . U Z}. Matrixes are enclosed by square brackets.

2 Theory: canonical boundary-value problem for surface-wave
propagation

Let us consider the canonical boundary-value problem for surface waves [1] guided by the planar interface
of two different isotropic chiral materials. Both partnering materials are homogeneous. The isotropic chi-
ral material, labeled A, fills the half-space z > 0 and is characterized by the frequency-domain Tellegen
constitutive relations [16]

D(r) = eocaE(r) + iy/Eopio§ AL (1) } 2>0 (1)

B(r) = —i\/Eofto€AE(r) + propaH(r)

while the isotropic chiral material, labeled B, fills the half-space z < 0 and is characterized by the frequency-
domain Tellegen constitutive relations [16]

D(r) = eoeBE(r) + i\/EoftoBH (1) } R

2
B(r) = —i\/Eofte§sE(r) + popsH(r) ?

The relative permittivity scalars €4 3, the relative permeability scalars p14 5, and the relative chirality
pseudoscalars {4 s are frequency dependent and generally complex valued, per the principle of causality
embodied by the Kramers—Kronig relations [24].

The electromagnetic field phasors in the partnering materials A and B are represented by

Ey(r)=£&,exp(ik, 1)

) te{A B}.
ﬂg(ﬂ):ﬂg eXp(iE€~£) } E{ } (3)



The amplitude vectors £, and H , have complex-valued components, and so does the wave vector k,. The
field phasors (and the wave vector) can vary with angular frequency w. Without loss of generality, we
consider surface-wave propagation parallel to @, in the xy plane; i.e., 4, -k, = 0.
Assuming an exp(—iwt) time-dependence, the Maxwell curl postulates yield
Ee X ée —w (_i\/goﬂogééz + Moﬂéﬂz) =0
kyx Hy+w(cose€ o + /el =0 |

with £ = A for half-space z > 0 and ¢ = B for half-space z < 0. The wave vector

: (5)

k { ka=ko(qi, +ioat,), 20
Ry =

kp=ko(qu, —iagt,), zj0

with Re{ay} > 0 (¢ € {A,B}) for surface-wave propagation. On combining Eqgs. (4) and Eq. (5), a bi-
quadratic dispersion relation emerges for ay (£ € {A, B}). The two «y roots with non-negative real parts are

identified as
Q1 = o/ q* - H%R
Qpo = 4/ q2 - FJ%L

Ker = \/Eette + &
Ker = \/Eette — &

being associated with the relative wavenumbers for right and left circularly-polarized light, respectively, in
an unbounded chiral medium [16]. Accordingly the field-phasor amplitudes are given as

(6)
with the complex-valued scalars

(7)

éz = Cm éel + CZ2§£2

€o € ’ te {Av 8}7 (8)
Hy= 2L (Craty +Crty)
MoV He

Eam=aml, +rArl, +iql,

where the vectors

§A2:—04A2@$+HALQy—iQQZ (9)
Hop = —taarl, —ikarl, +qu,
H oy = —iaas i, +ikari, +qi,
and .
Epl = —ap1il, + KBRU, +1qU,

Epy=0apal, +kpLl, —iqu, (10)
Hp =top b, —ikprl, +qU,

Hpo =iapal, +ikgri, +qu,

The four scalars Ca12 and Cpy o introduced in Egs. (8), as well as the relative wavenumber ¢, are
determined by enforcing boundary conditions across the planar interface z = 0, as follows. The continuity of
tangential components of the electric and magnetic field phasors across the planar interface z = 0 imposes
four conditions [25] which may be represented compactly as

Ca

Caz
M] -
[M] Cisy

Cho2

OO OO



wherein the 4x4 matrix

@Al —QA2 aB1 —aB2
KAR KAL —KBR —KBL
€A €A €B EB
(M] QAL = QA2 [ — QB[ — QB[ — (12)
A Hna uB UnB
€A €A B EB
“KAR{\[ —— KAL\/—— KBRy/—— —KBL\/—
L HA HA I225] B
For a nontrivial solution to Eq. (11), the matrix [M] must be singular. Hence the dispersion equation
det[M]=0 (13)

arises, from which ¢ may be extracted, generally by numerical means [26]. Once ¢ is known, relative values of
the four scalars C 41,2 and Cpy 2 can be determined from Eq. (11) by straightforward algebraic manipulations.

3 Numerical studies

The partnering materials A4 and B are both isotropic chiral materials [16], per the Tellegen constitutive
relations (1). To allow flexibility in specifying the constitutive parameters for these materials, both partnering
materials A and B are modeled as HCMs. Specifically, partnering material £ € {A, B} arises from the
homogenization of two component materials, namely component material ¢, which is an achiral, nonmagnetic,
isotropic material characterized by the relative permittivity . and component material ¢, which is an
isotropic chiral material characterized by the relative constitutive parameters ej, uf and & per the Tellegen
constitutive relations (1). Both component materials in each half-space z < 0 are assumed to be randomly
distributed as electrically small spheres, with the volume fraction of component material ¢, being f¢ and
that of component material £, being ff =1-f.

Estimates of the constitutive parameters of the partnering materials A and B, namely &,z and &°
(¢ € {A,B}), are provided by the Bruggeman homogenization formalism [22,27]. This process involves
numerically solving the following nonlinear matrix equation

Fo (K] = [K) « {+ [D] « (K] - K]} =
£ ([K] = [K5)) {1+ [D] « (&3] - [K])} (14)

wherein the constitutive 2x2 matrixes

et 0
[Kﬁ] = [ 0 1 ]
B Eé i{é
Kf)=| ke 4 (15
£ el
K= [ e ]
the depolarization 2x2 matrix
0 _ 1 pt _55}
D] = 5 [afu“r(ﬁf)z} { ¢ (16)

and [I] is redthe 2x2 identity matrix.
For the isotropic chiral component material, for both partnering materials A and B, we fixed 5;)4 = Ef =
3 4 0.01%, ,u;)‘l = ,ubB = 0.95 4+ 0.0002¢, and fg“ = fff = 0.1 + 0.001%, these values being consistent with



certain mildly dissipative, isotropic chiral metamaterials [28]. For the isotropic achiral component material
for partnering material A, we fixed e = 2 — 0.02i. Thus, the component material A, is an active material.
The selected value of £ falls within the range commonly used for active components of metamaterials
in the visible regime. For example, a mixture of Rhodamine 800 and Rhodamine 6G, yields a relative
permittivity with real part in the range (1.8,2.3) and imaginary part in the range (—0.15,—0.02) for the
frequency range 440-500 THz, depending upon the relative concentrations and the external pumping rate [29].
The volume fraction of component material A, was fixed at fA = 0.3. Consequently, the Bruggeman
equation (14) delivers the constitutive parameter estimates e = 2.6721 — 0.0007i, p* = 0.9645 + 0.0001,
and €4 = 0.0675 + 0.0006i. Hence, partnering material A is an isotropic chiral material that simultaneously
supports amplification and attenuation of plane waves, depending upon the state of circular polarization [23].
Several manifestations of simultaneous amplification and attenuation of plane waves have been reported
recently [30], including within the context of surface waves [31,32].
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Figure 1: Bruggeman estimates of the real and imaginary parts of the relative constitutive parameters 5,

uB, and €8 plotted against volume fraction fZ for e8 =2 — 0.02di. Key: d = 1.0 (thick dashed red curve),
0.5 (thick broken dashed blue curve), 0.2 (thick solid green curve), —0.2 (thin dashed red curve), —0.5 (thin
broken dashed blue curve), and —1.0 (thin solid green curve).

We begin our presentation of numerical results with the case where the achiral component material B,
is specified by the relative permittivity e = 2 — 0.02di. Let us consider d € {—0.2,—0.5,—1} for which
component material B, is a weakly dissipative dielectric material and d € {0.2,0.5,1} for which component
material B, is an active dielectric material. Estimates of the relative constitutive parameters of partnering
material B, as provided by the Bruggeman equation (14), are plotted as functions of volume fraction f3
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Figure 3: Magnitudes of £ 4 5(2@ ) * n,and H 4 g(24,) * n, along with P 4 5(2@ ) * n, plotted versus z/\,,
when 8 = 2 —0.02di, f8 =0.85,d = 0.5, and C4; = 1 Vm~!. Key: n = @, solid red curves; n = Uy
dashed blue curves; n = @&, broken dashed curves.

in Fig. 1. The real parts of €5, 1, and £B are almost independent of the parameter d; they vary in an
approximately linear manner as f5 varies. The imaginary part of €7 is negative valued for d > 0 and positive
valued for d < 0. And the magnitude {Im {53 }| is larger when the magnitude of d is larger. The imaginary
parts of 1B and €8 are both much less sensitive to d than is Im {58 }; both are positive valued for all values
of d and both decay to zero in the limit fZ — 1.

For d € {—1,-0.5,-0.2,0.2,0.5, 1}, a surface wave is supported for certain ranges of volume fraction f2.
The real and imaginary parts of the relative wavenumber g for these surface waves are plotted against f2 in
Fig. 2. The volume fraction ranges of that support surface waves are as follows: f5 € (0.75,1] for d = —1,
1B € (0.78,1] for d = —0.5, f8 € (0.83,1] for d = —0.2, fB € (0.90, 1] for d = 0.2, f5 € (0.73,1] for d = 0.5,
and fB € (0.70,1] for d = 1. Notably, surface waves are not supported at all for small values of f5. The
real parts of ¢ decrease approximately linearly as fZ increases, and these values are almost independent of
d. The imaginary parts of ¢ decrease slightly as f2 increases, with the magnitude |Im {q}| being greater
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Figure 5: Real and imaginary parts of the relative wavenumber ¢ plotted against volume fraction f5 for
eB = —240.02di. Key: d = 50 (solid red curve), 100 (dashed blue curve), and 200 (broken dashed green
curve).

when the magnitude of d is greater. Also Im {g} > 0 when d < 0 and Im {¢} < 0 when d > 0; that is, the
surface wave attenuates in the direction of propagation when the component material B, is dissipative and
the surface wave is amplified in the direction of propagation when the component material B, is active.
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Further illumination on the nature of these surface waves is offered in Fig. 3 wherein profiles of the
electric and magnetic field phasors are provided. Specifically, plotted are |E (24 ,) * n| and |H ,(24,) * nl,
(€ {A, B}, versus z/\, forn € {ii,, i, 4}, whend = 0.5 and f2 = 0.85, with C.sy = 1 Vm~*. Also plotted
are the corresponding profiles of the Cartesian components P ,(zt,) *n, ¢ € {A,B} and n € {ngy,gz},
of the time-averaged Poynting vector [25]

P,(r) = gRe[E, () x Hyr)], (€ {AB), (1)

where the asterisk denotes the complex conjugate. The surface wave is rather loosely localized to the planar
interface z = 0, with significant spreading of the fields into both the half-spaces z > 0 and z < 0 even at
z = £40),. The surface wave is a little more tightly bound to the planar interface z = 0 in the half-space
z > 0 than in the half-space z < 0. Profiles of the field phasors are qualitatively similar for the other values
of d considered here.

Next let us explore the case where the achiral component material B, is a plasmonic material. To this
end, we select the relative permittivity €8 = —2 4+ 0.02di with d € {50,100,200}. In Fig. 4 estimates of
the relative constitutive parameters of partnering material B, as provided by the Bruggeman equation (14),
are plotted as functions of volume fraction f5. The real parts of €% and &5 are generally larger when the
parameter d is larger, especially for mid-range values of fZ, whereas the real part of 1 is almost independent
of d. The imaginary part of €8 is larger for larger values of d. In contrast, the imaginary parts of u and ¢8
are larger for smaller values of d and these quantities both decay to zero in the limit f2 — 1.

With the plasmonic component material B, and d € {50,100, 200}, a surface wave is supported for wide
ranges of volume fraction f3, but not for all values of f5. The real and imaginary parts of the relative
wavenumber ¢ for these surface waves are plotted against f5 in Fig. 5. Surface waves are supported for the
following ranges of volume fraction: f5 € (0.06,1] for d = 50, f5 € (0.06, 1] for d = 100, and f5 € (0.05,1]
for d = 200. Notably, surface waves are not supported in the limit ff — 0. The real parts of ¢ increase
quite sharply as f3 increases, depending upon the value d. Likewise, the imaginary parts of ¢ increase as f5
increases, with the largest values of Im {¢} arising when the magnitude of d is smallest. Also, for all values
of d, Im {q} > 0 which indicates that the surface waves are attenuated in the direction of propagation.



Profiles of the electric and magnetic field phasors are presented in Fig. 6, for the case where component
material B, is a plasmonic material, in order to shed further light on the nature of these surface waves. For
these computations, d = 100 and f5 = 0.85, with C4; = 1 V m~!. Also plotted are the corresponding
profiles of the Cartesian components of the time-averaged Poynting vector. The surface wave is quite tightly
localized to the planar interface z = 0, much more so than the corresponding surface wave represented in
Fig. 3, with the surface wave being essential confined to the region —\, < z < A,. The surface wave is
rather more tightly bound to the planar interface z = 0 in the half-space z < 0 than in the half-space z > 0.
Profiles of the field phasors are qualitatively similar for the other values of d considered here.

4 Closing remarks

The planar interface of two isotropic chiral materials has been shown to support surface-wave propagation for
certain constitutive parameter ranges. When the component material B, is a plasmonic material the surface
waves are akin to SPP waves. But when the component material B, is a dielectric material the surface wave
is not akin to a SPP wave, since Re {E‘A} > 0 and Re {E—ZB } > (. Furthermore when the component material
B, is a dielectric material the surface wave is not akin to a Dyakonov wave, since both partnering materials
are isotropic. These surface waves are not akin to any of the well-established types of surface wave [1].

Notably, for all surface-wave solutions reported herein the constitutive parameters of the partnering ma-
terials are complex-valued with non-zero imaginary parts. The question arises: Is surface-wave propagation
possible for the idealized case in which the constitutive parameters of the partnering materials are real-
valued? Owing to the intractability of the dispersion equation (13), a definitive answer is not available.
However, extensive numerical searches were undertaken in an attempt to find surface-wave solutions for
real-valued constitutive parameters but none were found. Therefore, our numerical evidence suggests that
the answer to this question is ‘no’.
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