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QUASI-INVARIANT GAUSSIAN MEASURES FOR THE CUBIC
NONLINEAR SCHRODINGER EQUATION WITH THIRD ORDER
DISPERSION

TADAHIRO OH, YOSHIO TSUTSUMI, AND NIKOLAY TZVETKOV

ABSTRACT. In this paper, we consider the cubic nonlinear Schrédinger equation with
third order dispersion on the circle. In the non-resonant case, we prove that the mean-
zero Gaussian measures on Sobolev spaces H*(T), s > %, are quasi-invariant under the
flow. In establishing the result, we apply gauge transformations to remove the resonant
part of the dynamics and use invariance of the Gaussian measures under these gauge
transformations.

RESUME. Dans cet article, nous considérons I’équation de Schrodinger non linéaire cubique
avec dispersion d’ordre trois sur le cercle. Dans le cas non résonant, nous prouvons que les
mesures gaussiennes de moyenne nulle sur les espaces de Sobolev H°(T), s > %, sont quasi-
invariantes par le flot. En établissant le résultat, nous appliquons des transformations de
gauge pour éliminer la partie résonante de la dynamique et nous utilisons l'invariance des
mesures gaussiennes par rapport a ces transformations de gauge.

1. INTRODUCTION

1.1. Cubic nonlinear Schrodinger equation with third order dispersion. The main
goal of this work is to extend the result of our previous paper [29] to the more involved case
of lower order dispersion. Namely, we consider the following cubic nonlinear Schrodinger
equation with third order dispersion (3NLS) on T:

i0pu — i03u — BO2u = |u|*u

(x,t) € T xR, (1.1)
uli=o = uo,

where u is a complex-valued function on T x R with T = R/(27Z) and 5 € R. The
equation appears as a mathematical model for nonlinear pulse propagation phenomena
in various fields of physics, in particular, in nonlinear optics [19 I]. The equation
without the third order dispersion corresponds to the standard cubic nonlinear Schrédinger
equation (NLS) and it has been studied extensively from both theoretical and applied points
of view. In recent years, there has been an increasing interest in the cubic 3NLS with
the third order dispersion in nonlinear optics [32, 23], 24].
While the equation conserves the following Hamiltonian:

1 o 1
H(u) = —QIm/aiu&Bud:U—i—g/ |Opul*dz — 4/ |ul*dz,
T T T
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the leading order term is sign-indefinite and hence it does not play an important role in
the well-posedness theory of ([1.1)). On the other hand, the conservation of the mass M (u)
defined by

M) = | P,

combined with local well-posedness in L?(T), yields the following global well-posedness
of (L.1)) in L?(T).
Proposition 1.1. The cubic SNLS (1.1) is globally well-posed in H*(T) for s > 0.

The proof of local well-posedness in L?(T) follows from the Fourier restriction norm
method with the periodic Strichartz estimate. See [25]. We point out that Proposition
is sharp since (T.1)) is ill-posed below L?(T) in the sense of non-existence of solutions 18}, 26].

In studying 3NLS ([1.1) with the cubic nonlinearity, the following phase function ¢(n)
plays an important role:

(1) = ¢(n,n1,n2,n3) := (n* — fn) — (nf — Bni) + (n3 — Bnj) — (n3 — fn3)

:3(n—n1)(n—n3)(n1+n3—%ﬁ), (1.2)
where the last equality holds under n = n; — no + n3. Note that when % ¢ 7, the last
factor never vanishes. On the other hand, when % € Z, the last factor is identically 0 for

ng = —nj + %, ny € Z. We refer to the first case (% ¢ 7)) and the second case (% €7)
as the non-resonant case and the resonant case, respectively. In the following, we focus on
the non-resonant case.

1.2. Transport property of the Gaussian measures on periodic functions. Given
s > %, let s be the mean-zero Gaussian measure on L?(T) with the covariance operator
2(Id — A)~#, formally written asE|
dps = 77 e 2 el gy = I1 Z; e 2>l g, (1.3)
neL

More concretely, we can define ugs as the induced probability measure under the mapﬂ

weQ—u(r) =ulr;w) = Z gn(a:) e (1.4)
neZ <TL>
where (-) = (1+]- ]2)% and {gn }nez is a sequence of independent standard complex-valued
Gaussian random variables (i.e. Var(g,) = 2) on a probability space (2, F, P). It is easy
to see that u* in lies in H(T) \ Hsf%(’ﬂ‘) for o < s — 3, almost surely. Namely, i, is
a Gaussian probability measure on H?(T), o0 < s — % Moreover, for the same range of o,
the triplet (H®, H?, us) forms an abstract Wiener space. See [15] 21].

Our main goal is to study the transport property of the Gaussian measures ps on Sobolev
spaces under the dynamics of . We first recall the following definition of quasi-invariant
measures. Given a measure space (X, p), we say that u is quasi-invariant under a trans-
formation 7' : X — X if the transported measure Tyu = o T~! and p are equivalent,
i.e. mutually absolutely continuous with respect to each other.

1. Given a function f on T, we use both ﬁ and f(n) to denote the Fourier coefficient of f at frequency n.
2. In the following, we drop the harmless factor of 27 when it does not play any important role.
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‘We now state our main result.

Theorem 1.2. Let %6 ¢ Z. Then, for s > %, the Gaussian measure s S quasi-invariant
under the flow of the cubic SNLS (1.1)).

In probability theory, the transport property of Gaussian measures under linear and non-
linear transformations has been studied extensively. See, for example, [0} 20] 34} 111 12}, 5] 2].
On the other hand, in the field of Hamiltonian PDEs, Gaussian measures naturally appear
in the construction of invariant measures associated to conservation laws such as Gibbs
measures, starting with the seminal work of Bourgain [7], 8]. See [29, 4] for the references
therein. In [36], the third author initiated the study of transport properties of Gaussian
measures under the flow of a Hamiltonian PDE, where two methods were presented in es-
tablishing quasi-invariance of the Gaussian measures p as stated in Theorem [I.2] See also
the subsequent work [29] [3T], 28] on the transport property of the Gaussian measures under
nonlinear Hamiltonian PDEs.

e Method 1: The first method is to reduce an equation under consideration so that one
can apply a general criterion on quasi-invariance of a Gaussian measure on an abstract
Wiener space under a nonlinear transformation due to Ramer [34]. Essentially speaking,
this result states that u is quasi-invariant if the nonlinear part is (d+¢)-smoother than the
linear part for an evolution equation posed on T¢. Namely, the given nonlinear dynamics
is basically a compact perturbation of the linear dynamics.

e Method 2: This method was introduced in [36] by the third author to go beyond Ramer’s
general argument in studying concrete examples of evolution equations. It is based on
combining both PDE techniques and probabilistic techniques in an intricate manner. In
particular, the crucial step in this second method is to establish an effective energy estimate
(with smoothing) for the (modified) H*-functional. See, for example, Proposition 5.1 in [36]
and Proposition 6.1 in [29].

We refer readers to [30] for a brief introduction of the subject and an overview of these two
methods. We point out that, in applying either method, it is essential to exhibit nonlinear
smoothing for given dynamics. We also remark that the second method in general performs
better than the first method. See [36] 29] B1]. See also Remark

In [29], we studied the transport property of the Gaussian measure s under the following
cubic fourth order nonlinear Schrédinger equation (4NLS) on T:

i0pu — Ohu = |ul*u. (1.5)

Our main tool to show nonlinear smoothing in this context was normal form reductions
analogous to the approach employed in [3, 22, [I7]. In [3], Babin-Ilyin-Titi introduced a
normal form approach for constructing solutions to dispersive PDEs. It turned out that this
approach has various applications such as establishing unconditional uniqueness [22, 17, [10]
and exhibiting nonlinear smoothing [13]. In applying the first method, we performed a
normal form reduction to the (renormalized) equation and proved quasi-invariance of g
under for s > 1. On the other hand, in applying the second method, we performed
a normal form reduction to the equation satisfied by the (modified) H?*-energy functional
and proved quasi-invariance for s > % (which was later improved to the optimal range of
regularity s > % via an infinite iteration of normal form reductions in [28]).
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Now, let us turn our attention to the cubic 3NLS (L.1)). Let us first proceed as in [29]
and transform the equation. It is crucial that the Gaussian measure pus is quasi-invariant
under the transformations we consider in the following. (In fact, us is invariant under these
transformations. See Lemma, ) Hence, it suffices to prove quasi-invariance of us under
the resulting dynamics. Given ¢ € R, we define a gauge transformation G; on L?(T) by
setting

Gilf) = Iy, (1.6)
where f; f(2)dz := 5= [, f(z)dz. Given a function u € C(R; L*(T)), we define G by setting
Glul(t) := Gi[u(t)]-

Note that G is invertible and its inverse is given by G~ [u](t) = G_¢[u(?)].
Let u € C(R; L*(T)) be a solution to (I.1). Define u by

u(t) := Glu](t) = 2 F1OF 4y, (1.7)

Then, it follows from the mass conservation that u is a solution to the following renormalized
3NLS:

i0pu — id2u — fO*u = (]u\2 - 2][ \u\2dm> u. (1.8)
T
Let N(u) = (Jul?> — 2 f; [u]*dz)u be the renormalized nonlinearity in (1.8). Then, we have

N(u)=> €™ 3" Ty, T, lin, — Y €[,/ 8,

neL n=ni—n2+ns neL
n#ni,ng
n1+n3#¥
inx o~ =~ o~
+ E e E Up; Upy Upg
nez n=ni—nz+ns
n#ni,ng
n1+n3:%
=: Nl(u) + Ng(u) =+ N3(u). (19)

In view of , the first term corresponds to the non-resonant contribution, while the
second and third terms correspond to the resonant contribution. Moreover, under the
non-resonant assumption: % ¢ 7, we have N3(u) = 0. See Remark for more on the
renormalized equation .

At this point, we can introduce the interaction representation v of u as in [29] by

u(t) = S(—t)u(t), (1.10)

where S(t) = e!(92-1692) denotes the linear solution map for 3NLS ((1.1)). Under the non-
resonant assumption (% B ¢ Z), this reduces (1.8) to the following equation for {671}7162:@

I'(n)
=: No(v)(n) + Ro(v)(n), (1.11)

3. The non-resonant part Ao(v) is non-autonomous. For simplicity of notation, however, we drop the
t-dependence. A similar comment applies to multilinear terms appearing in the following.
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where the phase function ¢(n) is as in ([1.2]) and the plane I'(n) is given by
I'(n) = {(nl,ng,ng) €Z3: n=ni —ns+n3, n#ni,ns, and ng +ng # ?} (1.12)

In view of (L.2)), we refer to the first term Ny(v) and the second term Ro(v) on the right-
hand side of as the non-resonant and resonant terms, respectively. On the one hand
we do not have any smoothing on Ry(v) under a time integration. On the other hand,
Lemma below on the phase function ¢(n) shows that there is a smoothing on the non-
resonant term Ay(v) under a time integration. Hence by applying a normal form reduction
asin [29], we can exhibit (14 £)-smoothing on the nonlinear part if s > 1. See Lemma[2.4]
Then, by invoking Ramer’s result (Proposition , we conclude quasi-invariance of g
under (1.11) (and hence under ; see Lemma for s > 1. We first point out that
the regularity s > 1 is optimal with respect to this argument (namely, applying Ramer’s
result in a straightforward manner) due to the resonant part Ro(v). See Remark 5.4 in [29].
Moreover, due to a weaker dispersion for 3NLS as compared to 4NLS , the second
method applied to based on an energy estimate does not work for any s € R. Hence,
a new idea is needed to go below s = 1.

To overcome this problem, we introduce another gauge transformation, which is the main
new idea of this paper. Given t € R, we define a gauge transformation J; on L?(T) by

setting
Jilf] = Z e_i“ﬁ”zf(n)eim. (1.13)
nez
Define u by
u(t) = Jfu(t)]. (1.14)

First, by noting that [U,(¢)|> = [0d,(t)|?, it follows from (1.9) and (T.14]) that
6t(lan‘2) = 2Re(8tﬁnﬁ7n)
=2Im ( > eW(")amamansﬁn> : (1.15)
I'(n)
where the (time-dependent) phase function v (n) is defined by
() = (n,n1,n2,15)(0) 1= —[Un|” + Gy |* — [Ung |* + G, |-
Then, we see that u satisfies the following equation:
i0pu — i02u — BO%u = Ny (u) + Na(u), (1.16)

where the nonlinearities Ny (u) and No(u) are given by

Nl(u) _ Z einx Z eitw(ﬁ)anlﬁany

nez I'(n)
No(u) = 2t Z e G, Tm ( Z eiw(ﬁ)ﬁnlﬁmﬁn3ﬁn> .
nez T'(n)

Finally, we consider the interaction representation w of u given by

w(t) = S(—t)u(t). (1.17)
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Then, the equation (1.16)) is reduced to the following equation for {w, },ez:

at'l//}n =—1 Z eit(¢(ﬁ)+w(ﬁ))@n1@7mﬂ;ng
['(n)

9t @, Im ( 3 ez’tw(ﬁ)w(ﬁ))@m%@m@)
o)

=: Ni(w)(n) + Na(w)(n), (1.18)
where ¢(n) is as in ((1.2) and ¢(7) is now expressed in terms of w:
¥(R) = Y(n,n1,n2,n3) (W) = —|Dn|* + D, [* — [Dng|* + @, . (1.19)

By using the additional gauge transformation J;, we removed the resonant part at the
expense of introducing the second term Nj(w) in (1.18). While this second term looks
more complicated, it can be handled essentially in the same manner as the non-resonant

— —

term Ni(w) by noting that Ny(w)(n) is basically Nj(w)(n) with two extra (harmless)
factors of w,. See Lemma We also note that the phase function ¥ (n) in
depends on the time variable ¢, which introduces extra terms in the normal form reduction
step. See and below. The main point is, however, that there is no resonant
contribution in and, as a result, we can show (1 + ¢)-smoothing on the nonlinear
part for % < s <1 (Lemma and apply Ramer’s result to conclude quasi-invariance of
the Gaussian measure fis.

Given t,7 € R, let ®(t) : L? — L? be the solution map for and Wo(t,7) and
Wy (t,7): L? — L? be the solution maps for (T.11)) and (T.18), respectively, sending initial
data at time 7 to solutions at time t.ﬁ When 7 = 0, we denote ¥y(t,0) and ¥;(¢,0) by

Wy (t) and Wy(t) for simplicity. Then, it follows from (1.7)), (L.10), (L.14), and (L.17) that
D) =G 1 oS(t)oW(t) and  B(t) =G o T o S(t)oUy(t).

As we pointed out above, the Gaussian measure pg is invariant under S(t), G;, and J;
(Lemma and hence it suffices to prove quasi-invariance of ps under Wo(¢) or ¥4 (¢). In
applying Ramer’s result, we view Wo(t) and W(t) as the identity plus a perturbation. By
writing

Uy (t) = Id + Ko(t) and Uy (t) =1d + K (1), (1.20)

we show that Ko(t)(ug) and Ki(t)(ug) are (1 + ¢)-smoother than the random initial data
ug distributed according to ps in appropriate ranges of regularities (Lemmas and .
We conclude this introduction with several remarks.

Remark 1.3. Dispersion is essential in establishing quasi-invariance of p5 in Theorem
In [28], the first and third authors with Sosoe studied the transport property of 1, under
the following dispersionless model on T:

i0pu = |ul?u (1.21)
In particular, they showed that us is not quasi-invariant under the dynamics of (1.21)).

4. Note that (1.11) and (1.18) are non-autonomous. As in [29], this non-autonomy does not play an
essential role in the remaining part of the paper.
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Remark 1.4. (i) We point out that the regularity restriction s > % for the cubic 4NLS (|L.5))
in [29] was optimal in a straightforward application of the second method based on an energy
estimate of the form:

d

—E(u) < C(HUHLQ)HUH?L;H_%_ (1.22)

€

dt

for some 6 > 0 and for any solution u to E| Here, E(u) = ||ul|%. + R(u) denotes
a modified H®-energy with a suitable correction term R(u) obtained via a normal form
reduction applied to (the evolution equation satisfied by) ||u||3,.. Note that, in (1.22), we
are allowed to place only (at most) two factors of v in the H?-norm with o = s — % —¢ and
need to place other factors in the conserved (weaker) L?-norm. In particular, the regularity

restriction s > 2 (i.e. 0 > 1) comes from the following estimate [29, (6.14)]:

E Uy Umno Umes
/o

(m1,ma,m3)€l(n1) ny

0 —0
Sl 3 < Ml 27l (1.23)

which holds for o > i. We point out that, in applying the first method based on Ramer’s
result, we can place all the factors in the H?-norm. See Lemmas and

We stress that this regularity restriction s > % can not be removed unless one applies
an infinite iteration of normal form reductions as in [28], since, if we stop applying normal
form reductions within a finite number of steps, then we would need to apply to
estimate the contribution from the trilinear terms added at the very last step. The same
restriction applies to the cubic 3NLS . Namely, even if we apply the second method
based on an energy estimate to the transformed equation , we can expect, at best,
the same regularity range s > % as in Theorem not yielding any improvement over our
proof of Theorem based on the first method.

(ii) If we apply the second gauge transformation to the cubic 4NLS and apply
the first method based on Ramer’s argument, we can prove quasi-invariance of ug for s > %
While this is better than the regularity restriction s > % in [29], this approach does not
seem to yield an optimal result (s > %) as in [28] in view of below. One way in this
direction would be to apply an infinite iteration of normal form reductions at the level of
the equation as in [17].

Remark 1.5. After the completion of this paper, the second method based on the energy
estimate has been further developed in [33, [16]. In a recent preprint [14], Forlano-Trenberth
applied the approaches developed in [33] [16] to study the cubic fractional NLS:

i0pu 4 (—02)%u = |ul*u (1.24)

and showed that the Gaussian measure pu; in ([1.3)) is quasi-invariant under the flow of (1.24])
for
{max(g, %1 —a), fa>1
S

0ot if § <a<1.

In particular, this shows quasi-invariance of us under the standard NLS with the second
order dispersion for s > %.

5. We point out that one can also close an argument by establishing an energy estimate (1.22]) with
0 = 0. See [31].



8 T. OH, Y. TSUTSUMI, AND N. TZVETKOV

Remark 1.6. In [27], the second author with Nakanishi and Takaoka studied the low
regularity well-posedness of the modified KdV equation on T. In particular, the following
“gauge” transformation was used in [27, Theorem 1.3] under an extra regularity assumption
In| 220, (0) € £

Fucav[u(t) := 3 7o [ FG, (p)eine
nez
to completely remove the resonant part of the dynamics. Note that this extra regularity
assumption was needed to guarantee the boundedness of the transformation jmKdV; Instead
of J; in , one may be tempted to use an analogous “gauge” transformation J defined
by

Flal(t) ==Y eiho [anPa'G, () gine (1.25)
nezZ
(for solutions u to (|1.8))) since it would produce a simpler equation than and .
Note that, in our smooth setting, we do not need an extra regularity assumption thanks to
the global well-posedness in L?(T) stated in Proposition
We point out that one crucial ingredient in the proof of Theorem is the invariancelﬂ
of the Gaussian measure pug under the gauge transformation J; defined in . Note
that the transformation J in depends the evolution on [0, t], namely, it is not a well-
defined gauge transformation on the phase space L?(T). Hence, studying the transport
property of ps under J (such as quasi-invariance) would already require the understanding
of the transport property of us under (in particular, in a time average manner which
is highly non—trivial). Therefore, while the transformation J may be of use for the low
regularity well-posedness theory, it is not suitable for our analysis.

Remark 1.7. In [26], the second author with Miyaji considered the Cauchy problem for
the renormalized 3NLS ([1.8]) in the non-resonant case: % ¢ 7. By adapting the argument
in [35], they proved local well-posedness of (I.8) in H*(T), s > —¢.

It is of interest to study the transport property of the Gaussian measure ps in the resonant
case: % € Z. In this case, we can write N3(u) in ([1.9) as

Na(u) = 3 e (s 236){ S am)a( -+ 2?{3)}.
NneZ n1E€EZL
n#”ly—nl'f'%
Since there is no dispersion to exploit on this term, we do not have a result analogous
to Theorem [I.2] in the resonant case. We also point out that the well-posedness of the
renormalized 3NLS ([1.8) in negative Sobolev spaces is open in the resonant case.

In the following, various constants depend on the parameter [ ¢ %Z but we suppress
its dependence since 3 is fixed. In view of the time reversibility of the equation, we only
consider positive times.

6. In view of Lemma (iii), quasi-invariance would suffice.

7. Even in a situation where we have an invariant measure, it is not at all trivial to know how random
solutions at different times are correlated. In fact, it is an important open question to study the space-time
correlation of a random solution distributed by an invariant (Gibbs) measure for a dispersive PDE.
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2. PROOF OoF THEOREM [1.2]

In this section, we present the proof of Theorem under the non-resonant assump-
tion %B ¢ 7. Our basic approach is to apply Ramer’s result after exhibiting sufficient
smoothing on the nonlinear part. As mentioned in Section [} we first transform the original
equation to or . We then perform a normal form reduction and establish
nonlinear smoothing by exploiting the dispersion of the equation.

We first recall the precise statement of the main result in [34] for readers’ convenience.
In the following, we use HS(H) to denote the space of Hilbert-Schmidt operators on H and
GL(H) to denote the space of invertible linear operators on H with a bounded inverse.

Proposition 2.1 (Ramer [34]). Let (H, E, p) be an abstract Wiener space, where p is the
standard Gaussian measure on E. Suppose that T = 1d + K : U — E be a continuous
(nonlinear) transformation from some open subset U C E into E such that

(i) T is a homeomorphism of U onto an open subset of E.

(i) We have K(U) C H and K : U — H is continuous.

(iii) For each x € U, the map DK (x) is a Hilbert-Schmidt operator on H. Moreover,

DK :x €U — DK(z) € HS(H) is continuous.

(iv) Idg + DK (x) € GL(H) for each x € U.

Then, p and poT are mutually absolutely continuous measures on U.

2.1. Basic reduction. We decompose the solution map ®(¢) to as
() = G; 1 o S(t) o Wo(t)
for s > 1 and
d(t) =G, o T o S(t) o Uy(t)
3

for ¥ < s < 1. The following proposition shows that, in order to prove quasi-invariance
of the Gaussian measure ps under ®(t), it suffices to establish its quasi-invariance under

\I’o(t) or \I’l(t).

Lemma 2.2. (i) Given a complez-valued mean-zero Gaussian random variable g with vari-
ance o, i.e. g € Ng(0,0), let Tg = e~ 9% g for some t € R. Then, Tg € Nc(0,0).

(ii) Let t € R. Then, the Gaussian measure pus defined in is invariant under the linear
map S(t) = et(92=iB93) the map G in , and the map J; in .

(iii) Let (X, pu) be a measure space. Suppose that Ty and To are maps on X into itself

such that p is quasi-invariant under T for each j = 1,2. Then, p is quasi-invariant under
T=T0T5.

Proof. In view of Lemmas 4.1, 4.2, 4.4, and 4.5 in [29], it remains to prove invariance of p
under J;. Note that us can be written as an infinite product of Gaussian measures:

Hs = ®pnv

nEZ
where p,, is the probability distribution for u, = s defined in (1.4). In particular, p,
is a mean-zero Gaussian probability measure on C with variance 2(n)~2%. Note that the
action of J; on Uy, is given by T" in Part (i), which leaves the Gaussian measure p,, invariant.

Hence, we conclude that us is invariant under 7;. ]
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Fix s > % and 0 < s — % sufficiently close to s — % First, recall that us is a probability
measure on H?(T). Given R > 0, let By be the open ball of radius R centered at the origin

in H?(T). We also recall from (|1.20]), , and ((1.18) that
() =Td+ K1), j=0,1,
where K(t) is given by

Ko(t)(uo) = /0 No(w)(t')dt’ + /0 Ro(0)(¢')dt! = Ro(0)(t) + Ro(v) (1),

K3 () (o) = /0 Na(w) (t)dt! + /O Na(w)(t')dt = Ty (w)(t) + Ma(uw) (1),

where v and w are the solutions to and with initial data ug. Then, the
proof of Theorem is reduced to proving the following proposition, guaranteeing the
hypotheses of Ramer’s result (Proposition . See the proof of Theorem 1.2 for s > 1 in
[29, Subsection 5.2].

Proposition 2.3. Given s > %, letj=0ifs>1andj=1 if% < s<1. Given R > 0,
there exists T = T(R) > 0 such that, for each t € (0,7(R)], the following statements hold:
(i) V;(t) is a homeomorphism of Br onto an open subset of H°(T).
(i) We have K;(t)(Br) C H*(T) and K;(t) : Br — H*(T) is continuous.
(iii) For each ug € Bpr, the map DK;(t)|y, is a Hilbert-Schmidt operator on H*(T).
Moreover, DK;(t) : up € Br — DKj(t)|y, € HS(H*(T)) is continuous.
() Idgs + DK;(t)|y, € GL(H*(T)) for each ug € Bg.

Furthermore, arguing as in the proof of Proposition 5.3 in [29], we see that Proposition
follows once we prove the following nonlinear estimates (Lemmas and , exhibiting
(1 + e)-smoothing. See also Remark The first lemma shows nonlinear smoothing for
the v-equation . In particular, when o > %, this lemma exhibits nonlinear smoothing
of order 1 + ¢, yielding Proposition and hence Theorem for s > 1.

Lemma 2.4. Let o > % Then, we have

19 () ()| gov2 S N[0(0) 30 + [[0(®)I70 + ttSLﬁf’t] [ICO] 72 (2.1)
‘e ,
1980 () ()| 3o St sup [Jo()||7o- (2:2)
t'e(0,t]

The proof of Lemma follows closely that of Lemma 5.1 in [29]. Namely, we apply
a normal form reduction to and convert the cubic non-resonant nonlinearity into
a quintic nonlinearity (plus cubic boundary terms). See below. While we had a
gain of two derivatives for 4NLS in [29], it is not the case for our problem due to a
weaker dispersion. See Lemma On the other hand, the resonant part Ry (v) is trivially
estimated by ¢2 C £5 as in [29]. Note that the amount of smoothing for the resonant part
Ro(v) is 20, imposing the regularity restriction o > 1 in order to have (1 + &)-smoothing.

The next lemma shows nonlinear smoothing in the context of the w-equation ,
where the resonant part giving the regularity restriction is now removed. As in the case of
Lemma. [2.4], we perform a normal form reduction. However, more care is needed due to the
lower regularity under consideration.
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Lemma 2.5. Let i <o < % Then, we have

2

190 (W) () | o+ D sup [w(t)][F,
=0 t'€0,t]

192 (w) (@) || o1+ S Zt] b [RUCHI[Aas
7j=1

We present the proofs of Lemmas 2.4] and [2.5] in the next subsections. Before proceeding
to the proofs of the nonlinear estimates, we state the following elementary lemma on the
phase function ¢(n) under the non-resonant assumption 23 ¢ Z.

Lemma 2.6. Let ¢(n) and I'(n) be as in and (L.12)). Then, one of the following holds
on T'(n):

(i) With nymax = max(|n|, |n1],|n2|, |n3|), we have

where A = min (|n — n1l, |n — na, [n1 4+ n3 — %6’)

(i) n| ~ |ma| ~ [na| ~ |ns| and
(6(7)| 2 MmacA, (2.4)

where A = min(|n—n1||n—n3|, |n — nsllny + ng — %m, |n —ni||lng +ng — %BD

The proof of Lemma [2.6]is immediate from the factorization in (L.2)). See also [6, (8.21),
(8.22)] for a similar property of the phase function for the modified KdV equation.

2.2. Nonlinear estimate: Part 1. In this subsection, we present the proof of Lemma,
Fix o > % By writing ((1.11) in the integral form, we have

Bu(t) = 0) 1 [ 3 OB T () 4 / [0 250 (¢
0
I(n)

=:0,(0) + ‘ﬁo( )(n,t) + Ro(v)(n, ).

In view of Lemma we have a non-trivial oscillation caused by the phase function ¢(7)
in the non-resonant part 9y(v). We exploit this fast oscillation by a normal form reduction,
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i.e. integrating by parts:

No(v)(n, t N | O B Tt ) (¢
- - T =\ Yn n2 tl An3 ! — Anl Ang/\ng ! !
o(v)(n,t) I%:) ) Uy (80, ()0 (1) - +1;n) o) (Vg Uny Ung ) (1)
ztgb n) 1 _ ,\
Z ¢ ) Um (t)Un2 (t)vn3 (t) + Z Wﬁ)vnl (O)UHQ (O)Uns (0)

T'(n)
+2/“z:“¢ No(0) (1) + Ro(0) (1) Yomgtg ()"

zt (n) /\
/OZ ¢ ”m No(0)(n2) + Ro(0) (n2) Yo, (') dt’

~

:Hmw—mmm+mmn+ﬁm@. (2.5)

In view of Lemma the phase function ¢(n) appearing in the denominators allows us to
exhibit a smoothing for 9(v). In the computation above, we formally switched the order
of the time integration and the summation. Moreover, we applied the product rule in time
differentiation at the second equality. These steps can be justified, provided o > é. See [29]
for details.

We now present the proof of Lemma

Proof of Lemma[2.7) We first estimate the non-resonant term Mg (v) in 2.1)). If ¢(n) sat-
isfies in Lemma H then we can proceed as in the proof of Lemma 5.1 in [29] and
establish since the proof of Lemma 5.1 in [29] only requires two gains of derivative
from the phase function ¢(72) and the algebra property of H(T), o > % Moreover, the
resonant term Mp(v) in can be estimated exactly as in [29] with ¢2 C ¢8. Hence, it
remains to prove under the assumption that ¢(n) satisfies in Lemma In this
case, we have less gain of derivative from ¢(7) in the denominator and hence we need to
proceed with more care. Without loss of generality, assume

|p(7)] 2 Nmax|n — n1|[n — ngl.

Recall that we have |n| ~ |ni| ~ |n2| ~ |ns3| in this case.
We first consider the term I. It follows from Cauchy-Schwarz inequality that

[T prso+r S

n

3
1
3o —~
n E | | Up, (T
) F In —ni||n — ng| .7| ()
(n) j=1

1
1 2
< O30
a5 ) O
n

< o)1z (2.6)
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Next, we consider II. The contribution IIes from Ro(v) can be estimated as in ([2.6]).
With (T1.11]), Cauchy-Schwarz inequality, and £2 C £8, we have

||HrBS(t)||H5U+1 S/t sup

3
1
50 An " 3 An~ t
" FZ()|n—n1||n—n3||v (O LL )

t'€[0,t] n
1
<t sup (Z ; ) - sup [[u(t)]%e
n€Z \ . [n —n12n — ng| t'€[0,t]

Stosup [Jo(t)|3e-
t'€[0,t]

We now estimate the contribution I, from Ny(v) in II. Proceeding as in (2.6 with the

algebra property of H?(T), o > %, we have

[Mnr ()| rao+1 St sup
t'€(0,t]

1
30 N
<7’L> Z |n_n1”n_n3‘| 0 nla |H|Un]

n=ni—nz+ns n
n#ni,n3

St up INo () ()l [0 ()70

t'€l0,t
Stosup Hv( e
t'€0,t]

The fourth term III in (2.5) can be estimated in an analogous manner. Finally, by noting
that 3c +1 > o0+ 2 for o > %, we conclude that the estimate (2.1)) holds for o > % O

2.3. Nonlinear estimate: Part 2. In this subsection, we present the proof of Lemma
Fix o > i. By writing ((1.18) in the integral form, we have

W (t) = /M ntdt+/./\/2 )(n,t")
=: (w)(n t)+ ‘ﬁg(w (2.7)
As in the previous subsection, our basic strategy is to apply a normal form reduction. The

main difference comes from the time dependent nature of the phase function ¢(7) in (1.19).
For a short-hand notation, we set

0(n) = ¢(n) +(n)

and

=(n,t) =2Im Z eito(n, m)wmlwmem3wn> (2.8)

(m1,m2,m3)€l(n)
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where (n,m) = (n,my, ma, m3). Then, from (1.18]), we have

M (w' nt——z/OZ(

eit(n) N N N _ R
= o(7) Wy (£) Wiy (£) Wiy (£) + FZ(?;) me(o)wnz (0)tn, (0)

zt¢

> VY Gyy Dy Wiy (1) dlt!

zt@(n

( )+ t’at¢ }wmwmwn3 (t/)dt/

(Wrny Wiy Wi ) ey Dy (1)t

(n1,m2,n 3)€F(n) ¢(ﬁ)
(m1,m2, 3)€F(n1)

eit’(&(ﬁ)fG(ng,m)) P R

Wy (Winy Wing Winy ) Wi (t,)dt/

(
/ eit’(@(ﬁ)+9(n1,m))

(e )E ) p(n)
(m1,m2,m3)el ( 2)

eit'0(n L
— 2§ / — E(nl,t’)@n1@n2@n3(t’)dt’

Zt(’() _
+z/ t fun,t’@n@n@n tdt'
0 1% ¢(n) ( 2 ) 1 Wng 3( )

—:1(n,t) — I(n,0) + I(n, t) 4 I, (n, t)
+ 1My (n, t) + IV (n, t) + Va(n, t). (2.9)

As in (2.5]), switching the order of the time integration and the summation in the compu-
tation above can be justified for o > %. See [29]. Similarly, we have

— t ito(n)\ ., __
Ny (w)(n, t) = —2i / t’@n1m<Zat<e, _ >e“ ¢<">@m@n2@n3@n> (t")dt'
0 o ip(n)

zt@
= 2it w, Re < Z ()wmanwnswn> (t)
256
2i / t @, Re (Z o VMG, Dy @) (t)dt'
0 n = ¢(ﬁ) n1 Wno WngWn
t zt o(n) o
+ 2i/ t'w,, Im ( Z {¢ + ' 0pp(n }wmwmwmwn) (t')dt’
: 2 o)
t zt o(n _
— 2i/ (Oywn) R < Z e Ztlw(" wm@mwnswn> (t)at'
0

it’G(ﬁ)

t . R
- 4i/ t'w, Re <Z c ) etvn )(atwnl)wn2wn3wn> (t")dt'
0 ' o(n
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t it'0(n)

Y /An € it p(n ) N O, ! /

Z/O t'w Re( E 7¢(ﬁ) e ny (OpWn, )W Sw (t")dt
I'(n)

t it'o(n) -
g / Vi, Re < S ¢<n>@m@nﬁn3<a@n>) at
0 I'(n)

=: I(n,t) + ﬁ(n, t)+ I]QI(n, t)+ ﬁo(n, t)

p—

+IVi(n,t) + IVa(n, t) + IVs(n, t), (2.10)

Modulo the extra phase factor ¥ (n), the terms I, 1I;, and Iy in already appear
in . While the other terms in and are new, it turns out that they can be
estimated in a similar manner to I,IIl;, and Il with small modifications.

We now present the proof of Lemma

Proof of Lemma[2.5 In the following, we first estimate the terms I,1I;, and Iy in (2.9).
We then show how the estimates for the other terms in (2.9) and (2.10) follow from those
for I,1II;, and III,.

Main argument: We first consider I in (2.9). If ¢(n) satisfies (2.4]), then we estimate I
as in (2.6)). Next, suppose that ¢(n) satisfies (2.3). Without loss of generality, assume that

[6()] 2 M| — 11 (2.11)

Then, by Cauchy-Schwarz inequality with (n)? < max;—123(n;)? for 0 > 0, we have

(Y H |@n, (¢)

[ T#)[| o1+ S
In — n1\nmax

n=ni—n2+ns 7=1 n
n#ni,ns
1 2
5sup( 3 ) o) e
neZ n=ni—ns+ns |n | nmax
n#ni,ng
S Nlw(®)[[ e (2.12)

Next, we consider the fourth term II; in (2.9). The fifth term Iy in (2.9) can be
estimated in an analogous manner. In the following, we only estimate the integrand of III;.
With abuse of notation, we also denote the integrand as III;.

e Case (i): ¢(n) satisfies (2.3).

We first consider the case that - holds. In this case, for 1 5 <0< 1 , we have
o+1+
(n) 1 < 1

— 1 ~ 1 2.13
D] ()78 (n2)7 (ng) ™ (n)2t|n — na |1~ (ng)” () 219

ik

N|=

By the triangle inequality: <n1)"7% S man:Lg,g(mj)"*% and Sobolev’s inequality, we have

_1 ~ TN~
(n1)7" % Z Wy Wiy Wmg
s

(m1,ma,m3)€T(n1) ny

S lwl? yllwlae < el (2.14)
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for o > %. Then, it follows from Cauchy-Schwarz inequality with (2.13) and (2.14)) that

Z 1 1_ n H n;) |“’nj

1
(n1,n2,n3)€l(n) <n)2+‘n - n1]1 (n2)?(ns)z i

w 2 : %
Sl HH"( Z Z n) 1+ |ny — nal2=(n 2)20(n3>1+>

n,n3€Z na€Z
na#ng

L[| o1+ S llwllzgo

By first summing in ng, then in ng and n,
< wlfe (2.15)

for % <og< % The upper bound o < % is by no means sharp but it suffices for our purpose.
Next, suppose that

|¢(’ﬁ’)‘ Z nIQnaX’nl +ng — %6| = nrznax‘n +ng — %6|
In this case, we have

<n>a+1+ 1 < 1
6 (n2)7(n3)” ™ (n)2t(n + ny — 28)1- (n2)7~ (ng)

nt

N

Then, we can repeat a computation analogous to (2.15]) once we notice

1
2

D T

n,n3€Z nQGZ

Similarly, we can handle the case
|6(R)] Z Ninaxln — 13

by noting

<n>U+1+ 1 < 1
[6(R)] (n2)7(n3)7 ~ (n)2F(n — ng)l=(ng) 2+ (ng)o—

and

1
< Z Z 1+n_n3>2<n2>1+<n3>20> < oo.

n,no€7Z ngGZ

e Case (ii): ¢(n) satisfies (2.4).

In this case, we have |n| ~ |n1| ~ |na| ~ |n3|. We first consider the case

|¢(rﬁ)‘ Z nmax’n - n1|]n — n3|.
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By Cauchy-Schwarz inequality, we have

1
|00y || o1+ S Z —
(n1,n2,n3)€l(n) <n1> |n B ann - n3’
x Z H |wml| H n] |wnj
(m1,m2,m3)€l(ny) =1 2
1
5 HUJH%{U o— Z H ]wml (216)
(n1)°=(n —ni)(n — n3) (m1,ma,m3)€l(ny) i=1 s

By summing in ng and then in n and applying Holder inequality (in n;) and Young’s
inequality (with =27+ 4+ 2 = % + % + %)7

SR

(m1,m2,m3)€l(ny) i=1

S llwllre o S ol | @nlG
(T=20F

By Holder’s inequality,
_L_ ﬂ_t,_/\ 3
< llwlle (1(n) I 2a [l{n) 27 " @plle2)

021

< ol ] 1ge < ol

provided that PT‘” < o. This gives the regularity restriction o > i stated in the hypothesis.
When |[¢(7)| 2 max|n — nil||ln1 + ns — %m or |p(n)| 2 nmax|n — nslin1 + ng — %BL we

can proceed as in the computation above but we need to first sum in n and then in ng the

corresponding factors at .

Remaining terms: We now estimate the remaining terms. The main idea is to reduce

the estimates to the main argument presented above (for I,1Il;, and Ill3) by noticing that
the extra factors appearing in the remaining terms are all bounded in the £5°-norm. From

(1.19), we have

9@ ez S Nl @allfee < wlZ2, (2.17)
where £3° = £7°, . .,. On the one hand, it follows from (.15, (1.19), and (2.8) that
On the other hand, from (2.14]) with o = %, we have
2l < H{ﬁnnﬁﬁonw”i]% < HUJHZ%- (2.19)
Combining ([2.18)) and - we obtain
[0ep () |lege < HwHiI%- (2:20)

Hence, from the estimate (2.6)) and (2.12) on I with (2.17)) and (2.20]), we can estimate II

inby

IO o1+ S ¢ sup [fw(®)||Z +1* sup [lw(t')]F-
t'e(0,t] t'e€[0,t]
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for o > %. Noting that the terms IV;, j = 1,2, in (2.9) have the same structure as I with
an extra factors of Z(n;), it follows from the estimates on I and (2.19) that

IV ()| os1e S sup w(t')||Fo
t'€(0,t]

for j = 1,2. Similarly, by noting that I, II, and Il in (2.10) basically have the same structure
as Iin (2.9) with two extra factors of W, (and (7)) 4+ t'Opp(72) for 1), we have

1T o1 S tllw(@) 3o,

L@ ro+1+ St sup ()35,

t'€[0,t]
()| o1+ S 8 sup [Jw(t) ||+t sup [lw(t')|z..
t'e[0,t] t'e€[0,t]

As for No and ﬁg in (2.10), we first observe that

186@ulle S wll® ) + @l ol < Nl + el (2.21)

which follows from (|1.18)) and (2.14). Then, by noting that IV, and IV are basically I with
extra factors of 9w, and w,, we obtain

IV ()| gorsre S sup w(t)l[fe +1° sup [w(t')||3e
t'€[0,t] t'€[0,t]

for 5 =0,3.
It remains to consider IV;, j = 1,2, in (2.10)). Note that they are basically II; in (2.9)),
where we replaced

it 0(n. M) ~ T~ ~
§ : elt (9(71],m)wmlwm2wm3

(m1,m2,m3)el'(n;)

by Oyt,; and added two extra factors of @,. By a small modification of (2.21]), we have
1l
1{n)7 =5 Ovtbn, llege. < Nwllze + tlewlle (2:22)
for o > %. Then, by repeating the computation in Case (i) above with (2.22), we obtain

IV ()| gosre S sup w(t)[fo +1° sup [w(t')||3e (2.23)
t'€[0,t] t'€0,t]

for j = 1,2 when ¢(n1) satisfies (2.3). Lastly, noting from that the contribution

from j\m(nj) in Oy, is basically m(n]) with two extra factors of w,,. Hence, by

repeating the computation in Case (ii), we also obtain when ¢(n) satisfies .
This completes the proof of Lemma [2.5 ]

Remark 2.7. As mentioned above, once we have Lemma[2.5] we can prove Proposition [2.3]
with j = 1 and 2 < s < 1 by repeating the proof of Proposition 5.3 in [29]. In this case, we
need to interpret the nonlinear part K1 (t)(ug) = DM (w)(t) + N2 (w)(¢) of the dynamics
as those given by the right-hand sides of and . In particular, in computing the
derivative DK(t)l,, for up € Bgr C H?(T), we need to take derivatives of the complex
exponentials such as ¥ gince 1 (n) depends on w. While this introduces extra terms,
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it does not cause any issue since such derivatives can be easily bounded. For example, let
F(t) = ™) Then, with (T.19), we have

DF()]uo(w(0)) = it F(w)(t) D1 () (¢) uo (w(0))
= 2§t F(w)(t) Re(— Wy + B, Wy — Dy Wy + Wiy Vg ),

where w is the solution to the linearized equation for (2.7 around the solution w to (2.7))
with w|i—g = ugp. Hence, we have

[DE()]uo (W (0) || joe S tllw(®)l| 2w (t)]] 2 (2.24)
By combining this with (the proof of) Lemma we obtain
4
|03 DEL Oy (WOD ||y S 3¢ sup @2, w®),, (225)
=0 telod H""2

for % < s < 1. Note that when differentiation hits the complex exponentials, (2.24]

increases the value of j by 1 in the statement of Lemma [2.5] and hence we needed to include
j = 4 in (2.25). Once we have (2.25), one can follow the argument in [29] and prove
DEK{(t)|u, € HS(H*(T)) for any ug € Bg C H*"2~(T).

Acknowledgements. T.O. was supported by the European Research Council (grant
no. 637995 “ProbDynDispEq”). Y.T. was partially supported by JSPS KAKENHI Grant-
in-Aid for Scientific Research (B) (17H02853) and Grant-in-Aid for Exploratory Research
(16K13770).

REFERENCES
[1] G. Agrawal, Nonlinear Fiber Optics, Fifth Edition, Elsevier Academic Press, Oxford, 2013.

[2] L. Ambrosio, A. Figalli, On flows associated to Sobolev vector fields in Wiener spaces: an approach &
la DiPerna-Lions, J. Funct. Anal. 256 (2009), no. 1, 179-214.

[3] A.Babin, A. Ilyin, E. Titi, On the regularization mechanism for the periodic Korteweg-de Vries equation,
Comm. Pure Appl. Math. 64 (2011), no. 5, 591-648.

[4] A. Bényi, T. Oh, O. Pocovnicu, On the probabilistic Cauchy theory for nonlinear dispersive PDEs,
Landscapes of Time-Frequency Analysis. 1-32, Appl. Numer. Harmon. Anal., Birkh&user/Springer,
Cham, 2019.

[5] V. Bogachev, Gaussian measures, Mathematical Surveys and Monographs, 62. American Mathematical
Society, Providence, RI, 1998. xii+433 pp.

[6] J. Bourgain, Fourier transform restriction phenomena for certain lattice subsets and applications to
nonlinear evolution equations II: The KdV-equation, Geom. Funct. Anal. 3 (1993), 209-262.

[7] J. Bourgain, Periodic nonlinear Schrodinger equation and invariant measures, Comm. Math. Phys. 166
(1994), no. 1, 1-26.

[8] J. Bourgain, Invariant measures for the 2D-defocusing nonlinear Schrédinger equation, Comm. Math.
Phys. 176 (1996), no. 2, 421-445.

[9] R. Cameron, W. Martin, Transformations of Wiener integrals under translations, Ann. of Math. (2)
45, (1944). 386-396.

[10] J. Chung, Z. Guo, S. Kwon, Normal form approach to global well-posedness of the quadratic derivative
nonlinear Schrédinger equation on the circle, Ann. Inst. H. Poincaré Anal. Non Linéaire 34 (2017),
1273-1297.

[11] A.B. Cruzeiro, Equatians différentielles ordinaires: mon explosion et mesures quasi-invariantes,
(French) J. Funct. Anal. 54 (1983), no. 2, 193-205.



20

12
[13)
[14]

[15]
[16]

17
18]
[19]
[20]
[21]
[22]
23]
[24]
[25]
[26]
[27]
28]
[29]
[30]
31]
[32]
3]
[34]
135]

(36]

T. OH, Y. TSUTSUMI, AND N. TZVETKOV

A.B. Cruzeiro, Equations différentielles sur 'espace de Wiener et formules de Cameron-Martin non-
linéaires, (French) J. Funct. Anal. 54 (1983), no. 2, 206-227.

M.B. Erdogan, N. Tzirakis, Global smoothing for the periodic KdV evolution, Int. Math. Res. Not.
IMRN 2013, no. 20, 4589-4614.

J. Forlano, W. Trenberth, On the transport of Gaussian measures under the one-dimensional fractional
nonlinear Schrédinger equations, arXiv:1812.06877 [math.AP].

L. Gross, Abstract Wiener spaces, Proc. 5th Berkeley Sym. Math. Stat. Prob. 2 (1965), 31-42.

T. Gunaratnam, T. Oh, N. Tzvetkov, H. Weber, Quasi-invariant Gaussian measures for the nonlinear
wave equation in three dimensions, arXiv:1808.03158 [math.PR].

Z. Guo, S. Kwon, T. Oh, Poincaré-Dulac normal form reduction for unconditional well-posedness of
the periodic cubic NLS, Comm. Math. Phys. 322 (2013), no.1, 19-48.

Z. Guo, T. Oh, Non-existence of solutions for the periodic cubic nonlinear Schrédinger equation below
L?, Internat. Math. Res. Not. 2018, no.6, 1656-1729.

A. Hasegawa, Y. Kodama, Signal transmission by optical solitons in monomode fiber, Proc. IEEE, 69
(1981), 1145-1150.

H. Kuo, Integration theory on infinite-dimensional manifolds, Trans. Amer. Math. Soc. 159 (1971),
57-T78.

H. Kuo, Gaussian measures in Banach spaces, Lecture Notes in Mathematics, Vol. 463. Springer-Verlag,
Berlin-New York, 1975. vi+224 pp.

S. Kwon, T. Oh, On unconditional well-posedness of modified KdV, Internat. Math. Res. Not. 2012,
no. 15, 3509-3534.

F. Leo, A. Mussot, P. Kockaert, P. Emplit, M. Haelterman, M. Taki, Nonlinear Symmetry Breaking
Induced by Third-Order Dispersion in Optical Fiber Cavities Phys. Rev. Lett. 110 (2013), 104103.

C. Milidn, D. Skryabin, Soliton families and resonant radiation in a micro-ring resonator near zero
group-velocity dispersion, Opt. Express 22 (2014), 3732-3739.

T. Miyaji, Y. Tsutsumi, Exzistence of global solutions and global attractor for the third order Lugiato-
Lefever equation on T, Ann. Inst. H. Poincaré Anal. Non Linéaire. 34 (2017), no. 7, 1707-1725.

T. Miyaji, Y. Tsutsumi, Local well-posedness of the NLS equation with third order dispersion in negative
Sobolev spaces, Differential Integral Equations 31 (2018), no. 1-2, 111-132.

K. Nakanishi, H. Takaoka, Y. Tsutsumi, Local well-posedness in low regularity of the mKdV equation
with periodic boundary condition, Discrete Contin. Dyn. Syst. 28 (2010), no. 4, 1635-1654.

T. Oh, P. Sosoe, N. Tzvetkov, An optimal regularity result on the quasi-invariant Gaussian measures
for the cubic fourth order nonlinear Schrédinger equation, J. Ec. polytech. Math. 5 (2018), 793-841.
T. Oh, N. Tzvetkov, Quasi-invariant Gaussian measures for the cubic fourth order mnonlinear
Schrodinger equation, Probab. Theory Related Fields 169 (2017), 1121-1168.

T. Oh, N. Tzvetkov, On the transport of Gaussian measures under the flow of Hamiltonian PDFEs,
Sémin. Equ. Dériv. Partielles. 2015-2016, Exp. No. 6, 9 pp.

T. Oh, N. Tzvetkov, Quasi-invariant Gaussian measures for the two-dimensional defocusing cubic
nonlinear wave equation, to appear in J. Eur. Math. Soc.

M. Oikawa, Effect of the Third-Order Dispersion on the Nonlinear Schréodinger Equation, J. Phys. Soc.
Jpn. 62 (1993), 2324-2333.

F. Planchon, N. Tzvetkov, N. Visciglia, Transport of Gaussian measures by the flow of the nonlinear
Schrédinger equation, arXiv:1810.00526 [math.AP].

R. Ramer, On nonlinear transformations of Gaussian measures, J. Functional Analysis 15 (1974), 166—
187.

H. Takaoka, Y. Tsutsumi, Well-posedness of the Cauchy problem for the modified KdV equation with
periodic boundary condition, Int. Math. Res. Not. 2004, no. 56, 3009-3040.

N. Tzvetkov, Quasi-invariant Gaussian measures for one dimensional Hamiltonian PDE’s, Forum
Math. Sigma 3 (2015), €28, 35 pp.



QUASI-INVARIANT GAUSSIAN MEASURES FOR THE CUBIC THIRD ORDER NLS 21

TADAHIRO OH, SCHOOL OF MATHEMATICS, THE UNIVERSITY OF EDINBURGH, AND THE MAXWELL IN-
STITUTE FOR THE MATHEMATICAL SCIENCES, JAMES CLERK MAXWELL BUILDING, THE KING’S BUILDINGS,
PETER GUTHRIE TAIT ROAD, EDINBURGH, EH9 3FD, UNITED KINGDOM

Email address: hiro.oh@ed.ac.uk

YosHIO TSsuTsuMi, DEPARTMENT OF MATHEMATICS, KYOoTO UNIVERSITY, KYOTO 606-8502, JAPAN
Email address: tsutsumi@math.kyoto-u.ac.jp

NIKOLAY TzVETKOV, UNIVERSITE DE CERGY-PONTOISE, 2, AV. ADOLPHE CHAUVIN, 95302 CERGY-
PonTOISE CEDEX, FRANCE
Email address: nikolay.tzvetkov@u-cergy.fr



	1. Introduction
	1.1. Cubic nonlinear Schrödinger equation with third order dispersion
	1.2. Transport property of the Gaussian measures on periodic functions

	2. Proof of Theorem 1.2
	2.1. Basic reduction
	2.2. Nonlinear estimate: Part 1
	2.3. Nonlinear estimate: Part 2

	References

