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UNIQUENESS OF COXETER STRUCTURES
ON KAC-MOODY ALGEBRAS

ANDREA APPEL AND VALERIO TOLEDANO LAREDO

ABSTRACT. Let g be a symmetrisable Kac-Moody algebra, and Upg the cor-
responding quantum group. We showed in [1, 2] that the braided Coxeter
structure on integrable, category O representations of Upg which underlies the
R-matrix actions arising from the Levi subalgebras of Uyg and the quantum
Weyl group action of the generalised braid group By can be transferred to
integrable, category O representations of g. We prove in this paper that, up
to unique equivalence, there is a unique such structure on the latter category
with prescribed restriction functors, R—matrices, and local monodromies. This
extends, simplifies and strengthens a similar result of the second author valid
when g is semisimple, and is used in [3] to describe the monodromy of the ra-
tional Casimir connection of g in terms of the quantum Weyl group operators
of Urg. Our main tool is a refinement of Enriquez’s universal algebras, which
is adapted to the PROP describing a Lie bialgebra graded by the non—negative
roots of g.
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2 A. APPEL AND V. TOLEDANO LAREDO

1. INTRODUCTION

1.1.  This is the second of three papers whose goal is to extend the description of
the monodromy of the rational Casimir connection of a semisimple Lie algebra in
terms of quantum Weyl groups given in [25, 26, 27, 28] to the case of an arbitrary
symmetrisable Kac-Moody algebra g.

In [2], we introduced the notion of braided Coxeter category, which is informally
a tensor category carrying commuting actions of Artin’s braid groups and a given
generalised braid group on the tensor product of its objects. We showed that
such a structure arises from the quantum group Ujg, specifically on the category
Oy of integrable, highest weight representations of Upg. The corresponding Artin
group actions are given by the universal R—matrices of the Levi subalgebras of Upg,
and the action of the generalised braid group of g by the quantum Weyl group
operators of Urg. The main result of [2] is that this structure can be transferred to
the category O™ of integrable, highest weight modules for g. The transfer relies on
a 2—categorical, relative version of Etingof~Kazhdan quantisation, which takes as
input a split inclusion of Lie bialgebras a C b, and allows to construct an equivalence
Op+ = O™ which is compatible with a given chain of Levi subalgebras of g [1].

1.2. The goal of the present paper is to prove that O™ possesses, up to unique
equivalence, a unique braided Coxeter structure with prescribed restrictions func-
tors, R—matrices and local monodromies. This is used in [3] to prove that the
monodromy of the rational Casimir connection of g is described by the quantum
Weyl group operators of Upg, by showing that the monodromy of the rational KZ
and Casimir connections arise from a braided quasi-Coxeter structure on Q™.

1.3. The uniqueness of braided Coxeter structures on O™ is obtained from a co-
homological rigidity result, as is the case for a semisimple Lie algebra. The proof
of this result, however, differs significantly from that given in [26, 27]. Indeed, the
latter relies on the well-known computation of the Hochschild (coalgebra) coho-
mology of the enveloping algebra Ug in terms of the exterior algebra of g. For an
arbitrary Kac-Moody algebra, the tensor powers of Ug need to be replaced by their
completion Ug%" with respect to category O. Indeed, Ug and Ug®? do not contain
the Casimir operator C of g and the invariant tensor 20 = A(C) - C®1 -1 C
respectively, and are therefore not appropriate receptacles for the coefficients of the
Casimir and KZ connections. While the computation of the Hochschild cohomol-
ogy of Ug holds for an arbitrary Lie algebra, it is not known to do so, and may in
fact fail, for the topological coalgebra Ugep, which seems to have a rather unwieldy
cohomology.

1.4. Rather than using the completions U g%n, we rely on a refinement of En-
riquez’s universal algebras U®" . [10]. These arise from the PROP of Lie bialge-

bras, and were used by Enriquez to give a cohomological construction of quantisa-
tion functors for Lie bialgebras [12]. They are universal in the following sense: for
any Lie bialgebra b with Drinfeld double gy = b & b* and any n > 1, UB" . maps

univ

IMore precisely, for an arbitrary symmetrisable Kac-Moody algebra only the normally ordered
version of the Casimir connection introduced in [18] can be defined. We show in [3], however, that
its monodromy can be modified by a cocyle so as to become equivariant under the Weyl group,
and that the resulting action of the braid group action is described by the quantum Weyl group
operators of Uxg.
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to a completion U g?" of the n—fold tensor product of the enveloping algebra of g.
For n =1, the image of US" . in Ug, is the subalgebra spanned by the interlaced
powers of the normally ordered Casimir operator of gg, i.e., the elements

K = Z bi by -+ biyy - BT le(V =1 L ple() (1.1)

where {b;}, {b'} are dual bases of b and b*, N is an arbitrary integer, and o a
permutation in Gy .

The completion U g?" is with respect to the category &y, of equicontinuous ge—
modules, which are those on which the action of b* (and therefore the sum (1.1))
is locally finite. If g is a symmetrisable Kac-Moody algebra with negative Borel
subalgebra b, the realisation of g as a quotient of the Drinfeld double of b gives rise
to an embedding of category O for g as a full subcategory of &, .

The co;iqd\uct on Ugy, gives rise to a cosimplicial structure on the tower of

algebras {Ugy" }n>0. The latter can be lifted to {US", },>0, and gives rise to a
Hochschild complex. Enriquez’s crucial insight is that this complex contains enough
elements to allow for the construction of quantisation functors, yet has a manageable

cohomology, which is given by a universal version of the exterior algebra of gp.

1.5.  We give in this paper an alternative, and perhaps more natural construction
of UBT . by using Drinfeld—Yetter modules over a Lie bialgebra b. Such a module
is a triple (V, 7, 7*) where 7 : b® V — V gives V the structure of a left b—module,
™ V. — b®V that of a right b—comodule, and 7, 7* satisfy a compatibility
condition [15]. The latter is designed so as to give rise to an action of the Drinfeld
double of b, with ¢ € b* C gy acting on V by ¢ ® idy om*.

The symmetric tensor category DY of such modules coincides with that of
equicontinuous gp—modules, with the coaction of b on V' € &;, given by 7*(v) =
>, b ® b'v [14]. Under this correspondence, the action of the normally ordered
Casimir £ = Y, b;b" of go on V € DY, is simply given by m o 7*. More gener-
ally, the interlaced Casimir %, (1.1) acts on V' by the composition of the iterated
coaction (7*)V) : V — b®N @ V followed by the permutation ¢~ ® idy and
the iterated action 7(N) : b®N @ V' — V. Similarly, the r-matrix of g, given by
r=>y,b® b’ € b&b* acts on a tensor product V @ W as the composition

ryw = Ty & idy O(l 2) oidy ®7T?;V

For any n > 1, we introduce a colored PROP DY" which describes a Lie bialgebra
b, together with n Drinfeld—Yetter modules Vi,...,V,, over b. We then consider
the algebra 43, = Endpy» (V1 ® --- ® V,,), and show it to be isomorphic to En-
riquez’s algebra U®T, . . This alternative construction makes the algebra structure
on UB” . and its action on equicontinuous gy—modules far more transparent.
1.6. We then introduce three refinements of the algebras Ug, . The first one, Uppy,
is obtained from the colored PROP describing a split inclusion of Lie bialgebras
a C b, together with n Drinfeld-Yetter modules over b. The image of Uppy in @
is spanned by the interlaced products of the normally ordered Casimir operators
of the doubles of a and b. The Hochschild cohomology of the tower gy, can
be computed via the calculus of Schur functors developed in [12], and shows in
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particular that the relative quantisation functor constructed in [1] is unique up to
unique isomorphism.?

The second refinement, 42, is obtained in a similar way from a PROP describing
n Drinfeld—Yetter modules over a Lie bialgebra b which is graded by a partial
abelian semigroup S. The image of g in @, is then spanned by the interlaced
products of the normally ordered Casimir operators of the subspaces b, @ b}, C g,
a € S. When S is the partial semigroup Ry U {0} consisting of the positive roots
of a symmetrisable Kac-Moody algebra g together with zero, this makes s an
appropriate receptacle for the coeflicients of the Casimir connection of g.

The third refinement, {2, is prompted by the following. We show in [2] that the
braided (pre—)Coxeter structure transferred from OI"* to O™ is diagrammatic, i.e.,
compatible with the Lie subalgebras gp generated by the root vectors {e;, fi}icn
corresponding to a subdiagram B of the Dynkin diagram of g. In particular, this
structure cannot be lifted to a braided (pre—)Coxeter structure on g, since the
latter only accounts for the Cartan subalgebra of g and not its subspaces h g spanned
by {a) }iep-

The definition of Lg relies on a diagrammatic semigroup S, and accounts for
both the root space decomposition of g as well as for its diagrammatic subalgebras
gp. The braided (pre—)Coxeter structures coming from the quantum group and
the Casimir connection can then both be realized in 4§, as we show in [2] and
[3], respectively. The computation of the Hochschild cohomology of Lg yields the
required rigidity result, thus allowing to prove they are isomorphic.

1.7. The use of the algebras g leads to far stronger uniqueness results than had
been obtained in [26, 27] for a semisimple Lie algebra g. Indeed, as is the case
for the universal algebras U®”, , the tower {4}, >0 has trivial first Hochschild
cohomology, which implies that the isomorphism of two braided, Coxeter structures
is unique up to a wunique gauge. This raises the hope that the equivalences we
construct may be convergent as series in the deformation parameter A, and could
in particular be specialised to numerical, non-rational, values of &. It is also worth
pointing out that the vanishing of the first Hochschild cohomology removes the need
for the use of Dynkin diagram cohomology developed in [27] to deal with secondary
obstructions, thereby simplifying the proof of rigidity even for a semisimple Lie
algebra.

1.8.  We now review our results in more detail. A PROP is a categorical realisation
of an algebraic structure. More precisely, given a field k of characteristic zero, a
PROduct—Permutation category is a k—linear, symmetric monoidal category with
objects the non—negative numbers and tensor product [n] ® [m] = [n + m]. For
example, the PROP LA of Lie algebras is generated by an anti-symmetric morphism
w: [2] — [1] satisfying the Jacobi identity. One can then think of Lie algebras over
k as symmetric monoidal functors from LA to k—vector spaces, and morphisms of
Lie algebras as natural transformations of the corresponding realisation functors.

1.9. Richer structures can be described by colored PROPs, whose objects are se-
quences in a given set of colors A. A key example for us is the PROP DY"™ on

2The uniqueness of the isomorphism follows from the fact that the first Hochschild cohomology
of U3,y is zero, as is the case for UG, Thus, figuratively speaking, U®?,;, and Ugy, behave

univ* univ

like the tensor powers of an enveloping algebra without primitive elements.
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n+ 1 colors which we introduce in Section 5. In this case, the category of symmet-

ric monoidal functors DY™ — Vecty is isomorphic to that of tuples (b;Vi,...,V,)
consisting of a Lie bialgebra b over k, and n Drinfeld—Yetter modules Vi, ..., V.
A natural transformation of these functors amounts to a tuple (¢; f1,..., fn),

where ¢ : b — ¢ is a morphism of Lie bialgebras, and each f; : V; — W; is both a
morphism of b—modules V; — ¢*W; and of ¢—comodules ¢.V; — W;. In particular,
choosing ¢ = id shows that any endomorphism of V; ® --- ® V;, in DY" commutes
with morphisms of Drinfeld—Yetter modules over any Lie bialgebra b. Thus, if
f: DYy — Vecty is the forgetful functor, the algebra

4, = Endpy- (Vi @ - @ V)

maps to the endomorphisms of f®”, and therefore to the completion of U g?" with
respect to equicontinuous modules.

1.10. The category DY™ is best described diagrammatically. The identity on the
universal Lie bialgebra (resp. Drinfeld—Yetter module) is represented by a thin
(resp. bold) horizontal line, and the bracket, cobracket, action and coaction by the

> <N O

which are read from left to right. By 1.5, the normally ordered Casimir k € Uby,
and r—matrix r € LLQDY are therefore represented, respectively, by

In Sections 4 and 5, we explicitly describe the morphisms in DY", and construct
an integral basis for 47, which, for n =1 is given by the diagrams

/A

N N

where N > 0 and 0 € Gy. By 1.5, these correspond to the interlaced powers of the
normally ordered Casimir (1.1). This description leads to a PBW theorem for U3y,
and the explicit computation of its Hochschild cohomology, which is analogous to
the fact that H™(Ugp) = A"gp.

Pictorially, an element in H" (82, ) is a linear combination of anti-symmetric
diagrams with n bold lines, and exactly one action or one coaction on each of these.
For example, H'(Ugy) = 0 (i.e., Uy has no primitive elements), and the simplest

non-trivial element in H?(8(8,) is the anti-symmetric 7 matrix

1 /N
3 / - \

1.11. The algebra 4y is a universal receptacle for the coeflicient of the KZ connec-
tion on n points for a Drinfeld double gp since, for n = 2, it contains the invariant
tensor Q = >, b; @ b + b' ® b; = r + r91. However, UL is too small to contain
the coeflicients of the Casimir connection of a symmetrisable Kac-Moody algebra
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g, since it does not account for the root space decomposition of g, and in particular
the diagrammatic and Levi subalgebras

g =(ei, fi)iep Cle=9gp+hCyg

corresponding to a subdiagram B of the Dynkin diagram of g.

To this end, we first introduce and study in Section 6 the PROP PDY" obtained
by adding to DY™ an idempotent endomorphism of the universal Lie bialgebra. Its
image is then a split Lie subbialgebra. The results of Section 5, in particular the
PBW Theorem and computation of Hochschild cohomology extend easily to the
algebras Upny = Endppy» (V1 @ - @ V).

From here, the PROPic construction of Levi subalgebras is fairly straightforward.
We first observe that the negative Borel of a symmetrisable Kac—Moody algebra g
is graded, as a Lie bialgebra, by the partial semigroup Ry consisting of the positive
roots of g and zero. The PROP encoding this structure is denoted DYZ, where S
is any partial abelian semigroup. It is obtained from DY"™ by adding a complete
family of orthogonal idempotents labelled by the elements of S. In the case of the
semigroup Ry, by considering the sum of the idempotents corresponding to zero or
a root associated to a subdiagram B of the Dynkin diagram, one obtains a universal
analogue of the Levi subalgebra [p.

The universal algebra g = Endpyy (V1 ® ---® V},) is generated by arc diagrams,
in which each thin line is now labeled by S. In particular, (¢ contains the elements

VAN

for any a € S. In the case of the semigroup of non—negative roots Ry, these diagrams
correspond precisely to the normally ordered Casimir elements of the slo—triple of
the root «, and make 4 a universal receptacle for the coefficients of the Casimir
connection.

The universal algebras U, however, do not provide a universal realization of the
diagrammatic subalgebras gp, which are necessary to describe the braided (pre-
)Coxeter structure transferred from O"*. We therefore introduce a refinement DY&
of the PROP DYg, where we further decompose the idempotent corresponding to
the zero element of S, so as to reproduce the subspaces hp = (@) )iep C bh. The
corresponding universal algebras g account for both the root space decomposition
of g, and therefore the coefficients of the Casimir connection, as well as for its
diagrammatic subalgebras.

1.12.  We now sketch the definition of a braided Coxeter category. We refer to an
unoriented graph D with no multiple edges or loops as a diagram, and to its full
subgraphs B C D as subdiagrams. A braided pre-Coxeter category Q of type D
consists of the following three pieces of data

e Diagrammatic categories. For any subdiagram B C D, a braided tensor
category 9p.

e Restriction functors. For any pair of subdiagrams B’ C B, a (not nec-
essarily braided) monoidal functor F' E]; g : @B — Op/ depending upon the
choice of a maximal chain of subdiagrams B=B1 2 B2 2 - 2 B,,, = B'.
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e Associators. For any B’ C B, and pair of maximal chains G, F from B to
B’, an isomorphism of monoidal functors Y97 : FZ, , — Fg/B.B

The above data satisfies various requirements. In particular, the restriction functors
and associators are compatible with the composition of chains corresponding to
triple inclusions B” ¢ B’ € B and, for any B’ C B and maximal chains F,G, H
from B to B’, one has YH9 0 Y97 = YHF,

Q is a braided Coxeter category if it is further endowed with distinguished el-
ements S2 € Aut(F;) where i ranges over the vertices of D, which satisfy the
following version of the braid relations determined labeling the edges of D by mul-
tiplicities m;; = mj; € {2,3,...,00}. For any i # j such that m;; < oo, and
maximal chains F,G from D to the empty subdiagram such that F (resp. G) con-
tains ¢ (resp. j) among the connected components of its elements, the following
holds in Aut(F7p,)

Ad (T97) (S2) - S8 Ad (1T97) (59) -~ = 52 - Ad (197 (55) -2

mMij mij

This gives rise to an action p” : Bp — Aut(meD) of the Artin braid group Bp
determined by the labeling of D, which is intertwined by the associators Y97 .

1.13. Let g be the symmetrisable Kac-Moody algebra with Dynkin diagram D.
For any subdiagram B C D, we denote by gg C g the diagrammatic subalgebra and
by bp C b its negative Borel subalgebra. To study braided pre-Coxeter structure
on Drinfeld—Yetter modules over {bg}pcp, b has to be diagrammatic, i.e., for
any B’ C B, bg: C bg and, for any B’ L B, [bp/,bg] = 0. * Although Kac-
Moody algebras of finite, affine, or hyperbolic type are diagrammatic, not all are
diagrammatic with counterexamples already in rank 4 (cf.[2]). To remedy this,
in Section 15, we consider certain split central extensions, referred to as extended
Kac—Moody algebras, whose Borel subalgebras are canonically endowed with a split
diagrammatic structure.

Let g be a diagrammatic or extended symmetrisable Kac-Moody algebras with
diagrammatic semigroup of positive roots S and universal algebras g, n > 1. For
any subdiagram B C D, there is a diagrammatic subalgebra gz C g with negative
Borel subalgebra bg C b. The corresponding root subsystem defines a universal
subalgebra Ug 5 C Ug.

The definition of a braided pre—Coxeter structure on Drinfeld—Yetter modules
over {EB} Bcp can be lifted to an algebraic datum on 4§, which we call a universal
braided pre—Coxeter structure. This consists of a collection of associators ®p €
& p, B C D, twists Jp € U3 5, F € Mns(B, B'), and gauge transformations
Y97 € W p, F,G € Mns(B, B).

1.14. By relying on the computation of the Hochschild cohomology of 4(g, in par-
ticular the vanishing of H'(8(2), we prove the uniqueness of universal braided pre—
Coxeter structures on 4§ with prescribed braiding. We also show that a universal

3The data labeling the restriction functors F]?’B and isomorphisms Y97 actually consists of a
mazimal nested set on B relative to B’ (see Section 11 for the definition). The collection of such
nested sets is a quotient of the set of set of maximal chains, and for simplicity we identify the two
in the introduction.

4Recall that B’ L B if BN B’ = §) and no vertex of B is connected with one of B’.



8 A. APPEL AND V. TOLEDANO LAREDO

braided pre-Coxeter structure with diagrammatic categories {DY%i"t’O} BCD €X-
5 -
tends in at most one way to a braided Coxeter one. This gives our main result.

Theorem. Let C1,Co 'be two universal braided Coxeter structures with diagram-
matic categories {DY%"nt’O}BCD. Then,
5 c

(1) C1 and Cy are twist equivalent.
(2) The twist relating them is unique up to a unique gauge transformation.

h, |nt

Yh int,0 3, of category

The categories D naturally contains a generalisation O

O, where the weight spaces are allowed to be infinite— dlmenswnal The theorem
above readily restricts to the diagrammatic categories {(’)h "lt } pcp and yields the
following.

Corollary. There is, up to a unique universal equivalence, a unique universal
: , ) ) . Bint
braided Cozeter structure with diagrammatic categories {(90(’)"'E BCD
1Y B -

1.15. Outline of the paper. In Section 2, we review the Etingof~Kazhdan quan-
tisation of Lie bialgebras and its description in terms of the PROP LBA of Lie
bialgebras. In Section 3, we review the theory of Schur functors and their coho-
mology following [4] and [12] respectively. In Section 4, we describe the factorised
structure of morphisms in LBA, and their relation to free Lie algebras. In Section
5, we introduce the PROP DY", the algebra g, and we study its properties and
its Hochschild cohomology. In Section 6, we introduce the refined PROP PLBA,
describing a split inclusion a C b of Lie bialgebras, and the corresponding universal
algebra gy, for which we prove a number of results analogous to those obtained
for U3y . In Section 7 these are used to prove the uniqueness, up to a unique gauge
transformation, of the relative quantisation functor constructed in [1]. Section 8
contains some background material on partial semigroups and Lie bialgebras graded
over them. In Section 9, we study the further refined PROP LBAg, for a partial
abelian semigroup S, and its universal algebra 4g. In particular, we compute its
Hochschild cohomology. In Section 10, we study the subalgebras of g defined
by the saturated subsemigroups of S. Section 11 reviews the combinatorial defini-
tions of diagrams and maximal nested sets. In Section 12, we define diagrammatic
(partial) semigroups, and define for these an extension of LBAg which allows in par-
ticular to simultaneously account for both the diagrammatic structure of the Borel
subalgebra of a complex semisimple Lie algebra as well as its root space decomposi-
tion. In Section 13 we define a universal braided pre—Coxeter structure associated
to a diagrammatic semigroup, and prove its rigidity. In Section 14, we review the
definition of braided (pre-)Coxeter categories following [2]. We then show that the
braided pre-Coxeter structures introduced in Section 13 give rise to braided (pre—
)Coxeter category structures on Drinfeld—Yetter modules over Lie bialgebras graded
by a diagrammatic semigroup. In the final Section 15, we use these results to prove
the uniqueness of braided pre—Coxeter structures on the category of integrable,
Drinfeld—Yetter modules over the Borel subalgebra of an arbitrary symmetrisable
diagrammatic or extended Kac—-Moody algebra g and on category O—modules over

g.
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2. UNIVERSAL QUANTISATION OF LIE BIALGEBRAS

In this section, we review the Etingof-Kazhdan quantisation of Lie bialgebras,
and its description in terms of product—permutation categories (PROPs). For more
details, we refer the reader to [14, 15].

2.1. Drinfeld double. A Lie bialgebra over a field k is a triple (b, [, -]p, dp) where
(6,[,-]e) is a Lie algebra (i.e., [-,]p : b ® b — b is antisymmetric and satisfies the
Jacobi identity), (b, dp) is a Lie coalgebra (i.e., d : b — b® b is antisymmetric and
satisfies the co-Jacobi identity), and [-,]s, Jp satisfy the cocycle condition

Go([z,yle) = [t @1+10x,0(y)] = [y @ 1+ 1@y, bp(2)] (2.1)

The Drinfeld double g, of b is the Lie algebra defined as follows. As a vector
space, gp = b @ b*. The pairing (-,-) : b® b* — k extends uniquely to a symmetric,
non—degenerate bilinear form on gp, such that b,b* are isotropic subspaces. The
Lie bracket on gp is then defined as the unique bracket compatible with (-, -), i.e.,
such that

([z,y], 2) = (2, [y, 2])
for all z,y, z € gp. It coincides with [-, -], on b, and with the bracket induced by dp
on b*. The mixed bracket for b € b, € b* is then equal to

[b, ¢] = ad™(b)(¢) — ad"(¢)(b) = ad™ (b)(¢) + ¢ @ idp (D)

where ad™ denotes the coadjoint action of b on b* and of b* on b, respectively.

The Lie algebra gy is a (topological) quasitriangular Lie bialgebra, with cobracket
§ = 0p ® (—0p+), where dp~ is the (topological) cobracket on b* induced by [-, ],
and r-matrix r € gy®gp corresponding to the identity in End(b) ~ b&b* C gp@gs.
Explicitly, if {b;}icr, {b'}ics are dual bases of b and b* respectively, then r =
Yierbi ®b' € &b,

2.2. Drinfeld—Yetter modules. A triple (V,7,7*) is a Drinfeld—Yetter module
over a Lie bialgebra (b, [, -]s, ds) if (V, 7) is a b—module, that is the map 7 : bV —
V' satisfies

wol,Jp =mo(id®n) —mo (id®m) o (21) (2.2)
(V,7*) is a b—comodule, that is the map 7* : V' — b ® V satisfies
dorm*=(21) o (ld@7*) o™ — (id®@7™) o 7™ (2.3)

and the maps m, 7* satisfy the following compatibility condition in End(b ® V):
mfomr—id®mno (12) old®@n™ = [-,-]p ®idoid @7 —id @7 0 §p ® id (2.4)

The category DY} is a symmetric tensor category.
In terms of representations of the Drinfeld double, DY}y, is equivalent to the cat-
egory &, of equicontinuous gp-modules [14]. Roughly speaking, a gp—module is
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equicontinuous if the action of b* is locally finite. In particular, there is a func-
tor £, — DYy which assign to any (V,7) € &;,, the Drinfeld—Yetter b—module
(V,m,m*) where 7 is restricted to b C gp, and the coaction 7* is given by

)= bieb-vebaV (2.5)

The equicontinuity condition ensures that the sum is finite and the coaction well-
defined. Conversely, given a Drinfeld—Yetter b—module (V,7,7*), the action of
¢ € b* on V is defined by the formula

¢-v=0¢®idy or*(v) (2.6)

The compatibility condition (2.4) guarantees that this lifts to an equicontinuous
action of the Drinfeld double g,. Omne can prove that this is an equivalence of
symmetric tensor categories.

2.3. Restricted Drinfeld double. Let b = P, .\ b, be an N-graded Lie bial-
gebra with finite-dimensional homogeneous components. Its restricted dual b* =
P,,cn by, and its restricted Drinfeld double gi* = b @ b* are also Lie bialgebras
with cobrackets dp+ = [, |i and dgres = 0p — Op+, Tespectively. Moreover, since b* is
dense in b*, the Lie algebra gi* is dense in gy. Therefore, any continuous action
of gy extends automatically to one of gp. One can show easily that this induces a

canonical isomorphism &g, >~ Egres. In particular, one has DY =~ Egres.

2.4. Completions. Let f, : DY, — Vect, fg, : €5, — Vect be the forgetful functors
and U, = End (fy), ljg\b = End (fg, ) the corresponding algebras of endomorphisms.
Since the equivalence £, ~ DY} preserves the underlying vector space and com-
mutes with the forgetful functors, there is a canonical isomorphism U, ~ lj—g\b In
particular, we can think of Ugy as a subalgebra in U4,.

Since the equivalence preserves the tensor structure, the same identification holds
for the n—folds forgetful functor f**(V;,...,V,) =Vi @ ---®@ V,,, i.e.,

Ug = End (") ~ End (5" = Ugen 2.7)

and we can consider U g?” as a subalgebra in Uy'.

Under the identification (2.7), the r—matrix of ge, 76 = >_; b; ® b* € b&b* C
96®gs, where {b;} and {b'} are dual bases of b and b*, corresponds to the element
of UZ given by the maps ryw € Ende(V ® W), V,W € DYy, defined by

rvw =y & ido (12) oid ®7T;;V (28)

2.5. Etingof-Kazhdan quantisation. In [14], Etingof and Kazhdan give an ex-
plicit procedure to construct a quantisation of b, that is a Hopf algebra Urb over
k[A] endowed with an isomorphism

Unb/hUyb ~ Ub

of Hopf algebras, which induces the cobracket d, on b.

The construction proceeds as follows. One considers the Drinfeld category DY;,I>
of deformation Drinfeld—Yetter b—modules,i.e., topologically free k[A]-modules with
a Drinfeld—Yetter structure over b, with associativity and commutativity constraints
given by

Ppvw = P(io, hQ3)  and  PByw = (12) 0 Y2
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where U, V,W € DY,, Q =7+ 2!, and ® is a fixed Lie associator. Let f : DY§ —
Vecty[py be the forgetful functor. Etingof and Kazhdan construct an explicit tensor
structure on f, i.e., a collection of natural isomorphisms

Jow f(V)@f(W) = f(Ve W)
which are the identity modulo % and satisfy the relation

(@) o Jogvw o (Jo'v @1d) = Jgygw o (iId ©@Jyy) (2.9)
in Hom(f(U) @ f(V) @ f(W),f(U ® (V ®@ W))).
The algebra U, = End (f) is a topological Hopf algebra, with coproduct induced

by the tensor product in DY. Twisting ﬁb by J®¥ produces a new Hopf algebra,
with a coassociative deformation coproduct A ;. In order to produce a quantisation
of b, one considers the Drinfeld—Yetter module corresponding to the Verma module

M, = Indﬁi‘ C~Ub
and shows that there is a natural embedding f(Mp) C End (f). The coproduct A
induces a coproduct on f(My) which can explicitely computed as the composition
f(Ao) (JEIK[],Z\/I[’)71
f(Mb) —_— f(Mb X Mb) _ f(Mb) ® f(Mb)
This induces a Hopf algebra structure on the vector space f(My) ~ Ub[h], which
quantizes the Lie bialgebra b. In [15], Etingof and Kazhdan showed that the con-

struction of the quantum enveloping algebra f(Mp) is universal. In 2.6-2.10, we
explain the precise meaning of this statement.

2.6. PROPs [20, 21, 13, 1]. A PROP is a k-linear, strict, symmetric monoidal cate-
gory P whose objects are the non—negative integers, and such that [n]®@[m] = [n+m].
In particular [0] is the unit object, and [1]®" = [n]. A morphism of PROPs is a
symmetric monoidal functor G : P — Q which is the identity on objects, and is
endowed with the trivial tensor structure

id: G[mle ® Glnle = [m]p @ [n]p = [m + nfp = G([m + nle)

Fix henceforth a complete bracketing b, on n letters for any n > 2, and set
b = {b,}n>2. A module over P in a symmetric monoidal category N is a symmetric
monoidal functor (G, .J) : P — A such that®

G(In) = Gy

and the following diagram is commutative

G([m)) ® G([n)) —2 G (jm + n])

g()gm @ (g ——— G

m+n

where @ is the associativity constraint in N'. A morphism of modules over P is
a natural transformation of functors. The category of P—modules is denoted by

Fun (P, \).

5In a monoidal category (C,®), V%n denotes the n—fold tensor product of V' € C bracketed

according to by. For example ves = =(VeV)V.

(e0)e
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2.7. The Karoubi envelope. Recall that the Karoubi envelope of a category C is
the category Kar(C) whose objects are pairs (X, 7), where X € Cand 7: X — X
is an idempotent. The morphisms in Kar(C) are defined as

Kar(C)((X,7), (Y,p)) ={f €C(X,Y) |po f=f=fon}
with id(x ) = 7. In particular, Kar(C)((X,id), (Y,id)) = C(X,Y), and the functor
C — Kar(C), mapping X — (X,id), f — f, is fully faithful.
Every idempotent in Kar(C) splits canonically. Namely, if ¢ € Kar(C)((X, 7), (X, 7))
satisfies ¢> = ¢, the maps
i=q:(X,q) = (X,m) and  p=gq:(X,7) = (X,q)

satisfy iop = q and poi =id(x ¢

We denote by P the closure under infinite direct sums of the Karoubi completion
of P. Tt is then clear that, if N is Karoubi complete, there is an essentially unique
equivalence Fun{ (P, N) =~ Fun’ (P, \V).

2.8. Example. Let LA be the PROP generated by a morphism p : [2] — [1] subject
to the relations

‘uo(id[g]—l—(l 2))=0 and uo(u@idm)o(idm +(123)+(312)) =0 (2.10)

as morphisms [2] — [1] and [3] — [1] respectively. Then, there is a canonical
isomorphism of categories Funy, (LA, Vecty) ~ LA(k), where LA(k) is the category of
Lie algebras over k.

2.9. The PROPs LCA and LBA. The PROP of Lie coalgebras LCA is generated by
a morphism § : [1] — [2] satisfying
(idg +(12))06=0  and (i +(123) + (312)) o (§@idy)) 05 =0 (2.11)
There is a natural identification of PROPs
O :LCA — LA (2.12)

defined by ©(d) = p. The relation between the functor © and the standard du-
ality between Lie algebras and Lie coalgebras is easily described. Let b be a
Lie algebra and ¢ a Lie coalgebra, with a compatible pairing (,) : b ® ¢ — k,
i.e., such that ([b1,bs]e,c) = (b1 ® b, dc(c)) for any by,by € b and ¢ € ¢. Let
Gp : LA — Vecty, G, : LCA — Vecty be the corresponding realisation functors, then
for any T € LA([N],[n]), by =01 ® ...®@by €b®N and ¢, =1 ® ... @ ¢, € &,
one has
(G (T)(by ) €)= (b Ge(O(T))(c,) (2.13)
Finally, the PROP of Lie bialgebras LBA is generated by u : [2] — [1] and
d : [1] — [2] satisfying (2.10), (2.11), and the cocycle condition

dopu= (id[g] —(21))cid®uod ®id o(id[Q] —(21)) (2.14)

2.10. Etingof-Kazhdan quantisation in LBA. In [15], Etingof and Kazhdan
showed that the construction of J = Jf/}‘th is universal, i.e., that it can be
realised in the PROP LBA. To this end, one first replaces the module M, with a
universal Drinfeld—Yetter module in LBA, by constructing an action and a coaction
of the Lie bialgebra [1] € LBA on M := S[1]. The twist J is then defined, using the

same formulae as in [14], as an element

J € LBA(M ® M, M @ M)[n]
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It induces a universal quantisation functor, that is a functor Q from the PROP of
Hopf algebras® HA to LBA, mapping [1]u. to S[1].ga.

A universal interpretation of the fiber functor (f, J®¥), rather than of the Hopf
algebra (f(M,), J~'f(Ag)) alone, will be given in the Section 5, by using the PROP
of universal Drinfeld—Yetter modules.

3. SCHUR FUNCTORS

We review in this section some basic facts about the cohomology of Schur functors
which are due to Enriquez [12, Sec. 1], and will be used repeatedly. The exposition
follows the approach to the theory of Schur functors of Baez and Trimble [4].

3.1. Schur functors. Let Cat be the 2—category of categories and SymCat the
2—category of k-linear, additive, Karoubi closed, symmetric monoidal categories.

Definition. A Schur functor is an endomorphism of the forgetful 2—functor f :
SymCat — Cat. That is, a collection of endofunctors Fc : C — C in Cat, indexed
by objects in SymCat, and invertible natural transformations Fg in Cat,

Ci— G (3.1)

Fl e lF
4

C1 T) C2
indexed by functors G € SymCat(Cy, Cs), and such that Fig. = idp. and Fg,og, =
Fgl Ch Fg2, i.e.,

G1 G2

C1 C2 C3 Cl _— C3 (32)
Fql F91/F|C2 ng/ cha = Fcll F, 2091/ chs
Z L7
G 5 Ca 5 Cs GGG

A morphism of Schur functors ¢ : F' — F? is a collection of natural trans-
formation ¢c : F} — FZ, indexed by C € SymCat, such that, for any functor
ge SymCat(Cl, Cg),

Cl C1 L) C2 C1 L) C2 — C2 (33)
| Vi Vi
A Y AL g
Z 7 Ny’ 4
Cl—ClT>C2 ClT>C2—C2

The category of Schur functors Sch = End (f) is endowed with the following
operations:

e Direct sum. For any F}, F5 € Sch, we set
F1aF?=@oF! xF?o A (3.4)

where @ : f x f — f is thought of as a morphism of 2—functors, and A :
f — f x f is the diagonal. The neutral element is the zero functor ¥y € Sch,
which assigns to each object in C the zero object in C.

6The PROP HA is generated by the morphisms m : [2] — [1], ¢ : [0] = [1], A : [2] — [1],
€:[1] = [0], S,S~1: [1] — [1] with the relations coming from the Hopf algebra axioms.
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e Tensor product. For any Fy, F5 € Sch, we set
Fl@F?=®oF' xF?o0 A (3.5)

where, as before, ® : f x f — f. The neutral element is the unit functor
TP € Sch, which assigns to each object in C the unit object in C.

Both assignments extend to natural transformations and give rise to functors &, ® :

Sch x Sch — Sch, which endow Sch with a natural structure of additive symmetric
monoidal category.

3.2. Representability. Let k& denotes the permutation algebroid (i.e., the free
PROP generated by permutations) and k& be its additive and Karoubian envelope.

Theorem. [4] The forgetful 2—functor f : SymCat — Cat is represented by k&, i.e.,
there is an equivalence of 2—functors

f ~ SymCat(k&, —) (3.6)
In particular, Sch ~ k& in Cat.

PROOF. The proof is essentially a 2—categorical version of the representability of
the forgetful functor from the category of representations of an associative algebra
to vector spaces. Namely, for any C € SymCat, there is a canonical functor Uc :
SymCat(k&, C) — C defined by Uc(G) = G[1], for any G € SymCat(k&, C), and
Uc(p) = oy : G[1] — G'[1], for any natural transformation ¢ : G = G'.

For any functor F : C; — Cs, the natural transformation Ux

N Uc,
SymCat(k&,C;) ——— C; (3.7)
UF/ l
F / F

_ u
SymCat(k&, Cy) ——=— C,
is given by the identity on JF o G[1].
It is easy to see that this defines an essentially unique equivalence of 2-functors
f ~ SymCat(k&, —). It then follows from Yoneda lemma Sch = End (f) ~ k&. [

3.3. Abelianity. We will use of the following general fact.

Proposition. Let A be an associative k—algebra, Ca the corresponding algebroid
(i.e., Ca is the category with one object ® and Endc, (o) = A), and C, its additive
and Karoubi envelope. Then Cy, is equivalent to the category Proj(A°?) of projective
A°?—modules.

PROOF. Let Cf be the additive envelope of C4. Then the functor Cf — Rep A°®

mapping the generating object [1] to A induces an equivalence of categories CP ~
Free(A°?). It follows

Ca = Kar(CH) ~ Kar(Free(A°")) ~ Proj(A™) (3.8)
O

Corollary. If A is hereditary (resp. semisimple), C4 is abelian (resp. semisimple).
In particular, the category k&, and therefore Sch, is a semisimple category.
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3.4. Representations of G,,. Recall that the set of irreducible representations
S, of the symmetric group &,, is in bijection with minimal idempotents in kS,
modulo the equivalence relation p ~ upu™!, u € k&. We henceforth regard S, as
a subset of k&,, by choosing a representative for each class, and set S = [_|n>0 @n

Ifre @n, we set || = n. We proved in 3.3 that the category of Schur functor is
semisimple and equivalent to category Rep k& of representations of k& = @, kG y.
It follows that, up to isomorphism, any Schur functor has the form:

Fe(X)= P (X®|’f‘)®m” (3.9)
S
for some m, € NU {oo}.
3.5. Schur bifunctors. A Schur bifunctor is a morphism of 2—functors from f x f
to f, where f x f(C) = C x C. The category of Schur bifunctors is denoted Schy =
Hom(f x f,f). In particular, ® and ® are Schur bifunctors.

Schur bifunctors can be obtained from Schur functors by using the following
operations.

¢ External tensor product. For any F', F? € Sch, set
F'RF?=®o0F' x F?
e Coproduct. For any F' € Sch, set
A(F)=Fo®
Example. If S = @, 5" and A = €D, A" are the symmetric and exterior
algebra functors, then
A(S)=SXKS and A(N) =2 AKA
The results from 3.2 and 3.3 readily extends to Schs.

Theorem.

(1) The 2-functor f x f : SymCat — Cat is represented by the category k& x kS,
i.e., there is an equivalence

f x f ~ SymCat(k& x k&, —) (3.10)
(2) Schy ~ k& x k& in Cat.

(3) Schs is a semisimple abelian category.

PROOF. The representability of f x f is straightforward. Then, by Yoneda lemma,
one gets
Schy = Hom(f x f,f) ~ k& x k&

From Corollary 3.3, we conclude that Schs is semisimple and abelian. (]

3.6. Cohomology of Schur (bi)functors. Since the category of Schur (bi)functors

is abelian, we can consider the cohomology of complexes in Sch or Schs.

Proposition. [12, Prop. 1.3] Let (F™,d"),>0 be a complex in Sch. Then
HY(A(F®),A(d®)) = A(H'(F*,d*%))

PRrOOF. It is enough to observe that the functor A = —o@® : Sch — Sch, is additive,
and therefore exact, due to the fact that Sch and Schy are semisimple. O
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3.7. The Hochschild complex. The Hochschild complex (SV®® dy) of a sym-
metric coalgebra SV can be interpreted as a complex of Schur functors as follows.

Let X7 be the Schur functor ids € Sch and, for any n > 1, set X, = Eie” =
1P P Xq. Let ig: X9 — X1 be the inclusion of the zero object ¥y € Sch, and
0 : ¥1 — Yo the diagonal morphism, i.e., for any C € SymCat and X € C, 6c x =
(idx,idx) : X — X @ X. There are natural transformations {62}/ : &, — 5,44
defined as follows ”

io@ids,,

(i = 0) £, =506 5, S @8y = S
i=n+1) Spo=S.0% —® s a% =Son
and, for 1 <7 < n,
Sy = S 6% e N, e T e @S, = S

The natural transformations {§'} give rise to a cosimplicial structure on the
tower of Schur functors S®* = So¥,,, whose associated differential is the Hochschild
differential dgy. The latter restricts to zero on T® C S®®, where T" =31 ® - - @1,
and gives rise to a quasi—isomorphism

L1 (A%,0) = (S®°,dy)

3.8. The diagonal Hochschild complex. By Proposition 3.6, the map A(:) in-
duces a quasi-isomorphism®

H™(S®*RS®*, dyRdy) = H"(A(S%*), Aldy)) ~ A(A") = é NEAY (3.11)
7=0

To work out A(z) explicitly, note that it arises from the restriction to A(A™) of the
inclusion d,, = A(P™) : A(T") C A(S®") =2 §9" K 9" where 11 : T — S is the
inclusion. The restriction of d,, to 79 K T"~7 C A(T") is readily seen to be
T = (L1®j ® L0®n_‘j) X (L0®j ® L(lg)n_j)
where 1o : TY — S is the inclusion of the unit. Since d,, is equivariant under &,,,
its restriction to AJ A" C A(A™) C A(T™) is given by
ALt o7 0 Alt; @ Alt,, (3.12)

where Alt, = 4> s (—1)70 and AlE? = L3 s, (F1)70No.

7 In the category Vect, the Schur functor X, : Vect — Vect is given by V — VO" = V @ k™,
and the natural transformations {6?}?;01 : ¥ — Ypy1 are induced by the maps k™ — k»t!

given by

(valv"'vxn) t=0
(1, @n) = ¢ (T1,- 0, T 1,24, T4, Tig1, -, Tn) 1<I<N
(x1,...,2n,0) i=n+1

8Hero, and in the sequel, the notation S®® K S®* refers to the complex whose nth term is
S®" ) " not to the total complex underlying the exterior product of the complex S®® with
itself.



UNIQUENESS OF COXETER STRUCTURES 17

Example. For n = 2, the restriction of A(¢) to A KAl is given by
AltSY ory = % [(11 ®10) B (1o @ 1) — (Lo ® 1) W (11 ® 19)]
In Vect, this reads: for any V, W € Vect, A(1) is given on V@ W C A2(V @ W) by
v®w»—>%[(v®1)®(1®w)—(1®v)®(w®1)]

3.9. Tensor algebra. Set T° = 1, i.e., the unit object in Sch, and T" = E?” =
¥ ® - ®3X; for any n > 1. By Theorem 3.2, Sch(T™,T™) = k&,,. The tensor
algebra functor T = @n>0 T™ is also endowed with a cosimplicial structure on

{T®*}. Namely, let A*": T — T ® T be the shuffle coproduct defined on T™ by
A= > Ypmoo:T' s P TMRTCTRT (3.13)

ni+n2=n ni+ne=n
oeSh(ni,n2)
where Sh(ny,nq) C &, is the set of (ny,ng)-shuffles, i.e., permutations o € &,
such that o(i) < o(j) whenever 1 <i < j<njorns+1<i<j<n,and ¥n, n,
is the deconcatenation T™ = T™ ® T™2. Then the Hochschild differential on T is
dyy = Z;:rol d?, with face maps {d}}74} : T®" — T®(+1) given by

1 ®idren 1=0
d? e idT®(i—1) ®A5h ® idT@(n—i) i=1,....,n—1
idren ®1 i1=n

The canonical inclusion Sym : S < T preserves the differential defined on 3.7. and
induces a morphism of complexes (S®°®,dy) — (T®*,dy).

3.10. Duality in Sch. Let Sch' be the completion of Sch under infinite direct
products. That is, we formally add to Sch the objects [ [, F; € Sch® with morphisms

Sch' HFHF; = H@SchH(Fi,F;) (3.14)
[ 7 7 i

Objects in Sch'! are well-defined, and universal, on symmetric monoidal categories
closed under infinite direct products. The equivalence Sch ~ Rep k& extends the
duality in Rep k& to a contravariant functor Sch — Sch', where

(@r) -1
3.11. PROPs and Schur bifunctors. A PROP P gives rise to a functor Psg, :
Schy — Vect which is defined on a bifuntor F = @@, F; X G; by 9
Psen(F) = @D P(F; (1], Gi[1]) (3.15)
Then for any morphism

f:Zfij&gijZF:@FZ'&GZ'%F/:@FJ”ZG;
4] i j

9The definition of Psch requires to consider the completion of P with respect to infinite direct
limits, which, by abuse of notation, we still denote by P.
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we define Psch(f) : Psch(F) = Psch(EF”) as follows. For any ¢ = >, ¢; in Psch(F) =
B, P(F; (1], Gi[1]), we set

Psen(£)(0) = Y <Zgij o ¢;o ff}) € P P((F)) (1], G;[1]) = Psen(F")
J i J
Proposition. [12, Prop. 1.2] For any complex (F*,d®) in Scha, (Psch(F*), Psch(d®))
is a complex of vector spaces, and
H'(Pscn(F*), Pscn(d®)) = Pscn (H'(F*,d*))
PROOF. It is enough to observe that the functor Pse, : Sche — Vect is additive,
and therefore exact. [l

3.12. Hochschild cohomology. The differential Pscy(dy X dg) of the complex
Psch (S®® X S®*) can be described more explicitely. From 3.10, we have
s =][s" =S5 (3.16)
n=0

and the cosimplicial structure on S®* described in 3.7 induces a simplicial structure
on §%* with associated differential dg. Therefore, for any ¢ € Psey (S®"[1], S€"[1]),
one has

Pseh(dy M dpy)(¢) = dp o podn
Analogous considerations hold for the complex of Schur bifunctors (T®*XT®*, d X
dm).

Proposition. The following holds for any PROP P.
(1) The inclusion

P(S[1]®*, S[1]®*) — P(T[1]®*, T[1]®*)

induced by the natural inclusion Sym : S — T and projection Sym : T— §,
is a morphism of cosimplicial spaces.
(2) The inclusion

Psen(7) @E(N[l],/v—j[l]),o —>(E(§[1]®',S[1]®°),dHo(—)oaH)

obtained by (3.12) is a quasi-isomorphism.

PRrOOF. (1) It is enough to observe that, by duality, Sym : T — S induces a

morphism of simplicial objects.
(2) We have

Hi (E(§[1]®', S[1]2%), dgr o (=) o aH) = H' (Pscn(S%* B S9°), Psen(dpr ¥ dir))
= Pscn (H' (S¥* K S®*,dy Kdy))

7
= Psen @ A KRNI

=0

- ,EBE (A1), A911))
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where the first and last equalities hold by definition of the functor Psc,, the second
one by Proposition 3.11, and the third one by (3.11). O

The quasi-isomorphism Pscy(7) is described as follows. Let ¢ : T° = S, 11 :
T' — S be the canonical inclusions, and ¢}, : S — O uf S — T the corresponding
projections. Set 7/ : T4 — % by 7/ = 7 @ .5, 7 S — T by =
17 @157, and let 70 A SR §®i — A"=J be the compositions with
Alt; and Alt,_;, respectively. Then, for any ¢ € P(AI[1], A”79[1]), Pscn(2)(¢) €
P(S[1]®%, S[1]®%) is given by

Psch(@) = % Z (—l)gao?;{_j ogbo?}oail (3.17)
ccB;

4. FACTORISATION OF MORPHISMS IN LBA

In 4.1-4.4, we review the polarised structure of morphisms in the PROP LBA,
and their relation to free Lie algebras obtained in [10, 22]. We include proofs for
the reader’s convenience, and because they readily carry over to the refinements of
LBA introduced in Sections 6 and 9.

4.1. Factorisation of morphisms in LBA. The inclusions LCA, LA C LBA induce
maps

ip.q - LCA([p], [N]) @ LA([N], [q]) — LBA([p], [N]) @ LBA([N], [¢]) — LBA([p], [q])

given by the composition of morphisms in LBA.

Proposition. The maps {iévq}N>0 induce an isomorphism

LBA([p], [4]) ~ €D LCA([p], [N]) @& LA(IN], [a])

N>0

PROOF. Morphisms in LBA can be represented as linear combinations of oriented
graphs with no loops or multiple edges, obtained by (horizontal) composition

LBA([p), [q)) © LBA([q], [s]) = LBA([pl, [s])

or tensor product (vertical composition)

LBA([p], [q]) @ LBA([p']. [¢']) 3 LBA(lp + '), [a + ¢'])

The cocycle condition (2.14) allows to reorder every morphism as a linear combi-
nation of diagrams where the cobrakets horizontally precede the brackets. Finally,
all permutations can be moved after the cobrackets and before the brackets, and
identified with elements in Sy.

The decomposition in terms of the morphisms in the PROP LA and LCA fol-
lows, and the tensor product in the proposition should be interpreted as horizontal
composition of graphs. The natural map to LBA factors through the simultaneous
action of G, and provides a surjective map.

The injectivity follows by the evaluation of the morphism in LBA on the Lie
bialgebra F(c) = T'¢, obtained from a Lie coalgebra (c,d) with the free Lie algebra
structure. O
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4.2. Morphisms in LA and LCA. Let Ly be the free Lie algebra over k with
generators x1,...,xy. The relation between Ly and morphisms in the PROPs
LA, LCA is easily explained by considering the following description of £y in terms
of binary trees (see, e.g., [23, §0.2]).

Let T(N) denote the set of binary trees over X, recursively defined as follows:
Z1,...,xN € T(N) and, for any t1,t2 € T(N), (t1,t2) € T(IN). Let Ty denote the
k—vector space with basis T(NN). The composition law (-,-) extends to a bilinear
mapping (-,-) : Tvw ® Tv — Tn. Let J C Ty be the ideal generated by all elements
of the form (f, t), t € Ty, and (tl, (tg, t3))+ (tg, (tg, tl))-i-(tg, (tl, tg)), t1,t2,t3 € Tn,
and set Ly = Tn/J. Tt is easy to see that Ly is the free Lie algebra over X. We
consider on £y the natural NV-grading given by deg(z;) = e;.

Lemma. There are natural isomorphisms, compatible with the actions of Sn and

Sn
LA([N], [n]) = (£5")sx =~ LCA([n], [N])

where )y = e1 +---+en, and (ﬁ%")(;N is the subspace of its n—fold tensor product
spanned by homogeneous elements of degree one in each variable.

PROOF. The identification with LA([N], [n]) is straightforward. We first observe
that

LA(N], [n]) ~ @ Lol e--oLA(LL L) 1)

(I140-,In)€P(N;n)

where P(N, n) is the set of partitions of {1,..., N} by n unordered sets.

Assume now that n = 1. Every morphism in LA([V], [1]) is represented by a lin-
ear combination of trees with NV leaves precomposed with a permutation o € G .
The permutation o determines uniquely a labeling by {z1,...,zx}, where the
ith leaf is labeled by x,-1(;. This provides a surjective map from (Ly)sy to
LA([N],[1]). Conversely, every morphism f € LA([N],[1]) determines an element
in (Ln)sy by evaluating f on 1 ® - @ ay € ﬁ%N, and the two maps are in-
verses of each other. Combined with (4.1), this extends to a canonical isomorphism
LA([N], [n]) =~ (£L5")sy- The identification with LCA([n], [N]) follows by the equiv-
alence LCA ~ LA®®. (]

4.3. Morphisms in LBA and free Lie algebras.

Proposition.

(1) There is an isomorphism of (&4, S,)—-bimodules

LBA([pl, [a]) ~ €D ((LF)sn @ (L3)sx)

N>1

N

(2) Let F € k&, and G € k&, be idempotents, and Fp] = ([p], F), Glq] =
([q], G) the corresponding objects in LBA. Then one has

LBA(F[p], Gla)) ~ €D (F(LR)sn @ GILY)on) s,
N>0
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PROOF. (1) follows from Proposition 4.1 and Lemma 4.2. (2) Normal ordering in
LBA gives

LBA(F[p], Glq]) =~ €D LCA(F[p], [N]) @, LA([N], Glg])
N>0

By 4.2 and 2.7, LCA(F[p], [N]) ~ F(L{?)sy and LA([N], Glq]) ~ G(LY")sy. O

4.4. The tensor and symmetric algebras in LBA. The objects T[1], S[1] in
LBA play an important role in understanding the structure of the universal algebras
which will be introduced in Section 5,

Let A = (P>, AP € LBA be either T'[1] or S[1]. If follows from 3.12 that the

tower LBA(A®", A®") has a cosimplicial structure, and the map
Sym : LBA(S[1]2", S[1]®™) — LBA(T[1]®", T[1]®") (4.2)

obtained by combining the natural projection 7[1] — §[1] and injection S[1] — T7[1]
is a morphism of cosimplicial spaces.

The following result relates this structure to the standard cosimplicial structure
on the tensor and symmetric algebras of the free Lie algebras Ly via the identifi-
cations provided by Proposition 4.3.

Lemma. Let Sym : SLy — T Ly be the symmetrisation map. The following is a
commutative diagram of cosimplicial spaces

LBA(T[1]®", T[1]%") —— @ n=o (TLY sy @ (TLY )sx)

SymT TSym@Sym

@(?[1]@71, S[1]®n) —_— ®N20 ((SL%n)tSN & (SL%”)&N)GN

SN

where the horizontal maps are those defined in Proposition 4.5.

5. UNIVERSAL DRINFELD—YETTER MODULES

We introduce in this section the PROP DY describing n Drinfeld—Yetter modules
[Vi],...,[Vn] over a Lie bialgebra. The algebra

Upy = Endpy~ ([V1] @ -+ @ [Va])
is universal in that, for any Lie bialgebra b with Drinfeld double g, it is endowed

with a canonical morphism U3, — Ug?" to the completion of the n—fold tensor
product of the enveloping algebra of g, considered in 2.4. We show that the tower
{818 } >0 shares many properties of {Ugy"™},>0, namely that it has a cosimplicial
structure, satisfies the PBW theorem, and that its Hochschild cohomology is given
by a universal version of the exterior algebra of g.

5.1. Colored PROPs. A colored PROP P is a k—linear, strict, symmetric monoidal
category whose objects are finite sequences over a set A, i.e.,

Obj(P) = JJ A"
n>0

with tensor product given by concatenation of sequences, and tensor unit given by
the empty sequence. Modules over a colored PROP are defined as in 2.6.
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5.2. The PROP DY" and the algebra {3,.

Definition. Let n > 1.

(1) DY™ is the colored PROP generated by n+ 1 objects [1] and {[Vi]}}_, and
morphisms

pe2l=0] 61— [2]
T [1] @ [Vi] = [Vi] 7 V] = [1] @ [Vi]
such that ([1], 4, d) is a Lie bialgebra in DY", and every ([Vi], 7, 7}) is a
Drinfeld—Yetter module over [1].
(2) U3y is the algebra given by
Upy = Endpy» (V1] @ --- @ [V4])

If VV is a k-linear symmetric monoidal category, the category of DY"—modules in
N is isomorphic to the category whose objects are tuples (b; V3, ..., V,) consisting
of a Lie bialgebra b in N, and n Drinfeld—Yetter modules Vi,...,V,, € N over
b. A morphism (b;V3,...,V,) — (¢;Wh,...,W,,) is a tuple (¢; f1,..., fn), where
¢ : b — ¢ is a morphism of Lie bialgebras, and f; : V; — W; are such that the
following diagrams are commutative

bV, —— V Vi—5bV;
¢®f¢l lfi fil l¢®f¢
C®WZWW1 Wi—*>C®Wi
i Ty

i

so that f; is a morphism of b—modules V; — ¢*W; as well as a morphism of ¢—
comodules ¢, V; — W,.

5.3. Action of U, on Drinfeld—Yetter modules. Let (b, [, ],d) € Vecty be a
Lie bialgebra, {Vi, mx, 7} }7_, n Drinfeld-Yetter modules over b, and

Govi,....vy) 1 DY — Vect,

the corresponding (symmetric, monoidal) realisation functor such that [1] — b and
[Vk] — V.

Proposition. Let f: DY, — Vecty be the forgetful functor, and Uy = End (f'g").
Then, there is an algebra homomorphism

Pe Uy — U
which assigns to any T € UZy, and any Vi,...,V, € DYy the endomorphism
Go Vi) (1) €Endk(V1 @ -~ @ Vyh).
PROOF. We need to prove that, for any {V;, W;}_; C DY} and f; € Hompy, (V;, W5),
one has

1@ @ faoGew,. . vi)(T)=Gew, . ..w)(T)o i@ @ fu

This follows from the fact that (idp; f1,..., fn) induces a natural transformation
Govi,... V) = G(o,Wr,... . W) 0
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5.4. Distinguished elements in {l;,. The algebra $(3, has a distinguished ele-
ment, which is given by

TV (va] = Tiv] ® idjy, 0 (12) 0 idpy,) @7y,
and is easily seen to be a solution of the classical Yang-Baxter equation in (3,

[rva,val TV val] + [V vals Tval val]l  [7vagvs]s Tivavs] ] = 0

Under the homomorphism pf : £y — UZ, 7v,),\v,] corresponds to the action of the
r-matrix rp = Y, b; @ b’ of gp defined in (2.8).
The algebra tpy contains the element x = 7y,) 0wy, 5, which corresponds to the

normally ordered Casimir operator kp = ), bib® = m(ry) of gp. We note further
that while one can consider the following elements in U3,

Tro] = id[vl] RT[y,) © (12) o 7T[*V1] ® id[Vg]
K1 = (7T[V1] o 7T[*V1]) [ id[VQ] and Ko = id[\/l] ® (7T[V2] o WFVQ])

which correspond to r%l, kp ®1 and 1 ® Kp in L{g respectively, there is no analogue
in $4py of the non-normally ordered Casimir operator >, b'b; = m(rZ!), which does
not converge in UZ if dimb = +o0.

5.5. Universal invariants.

Definition. An element ¢ € Ufy is tnvariant if it commutes with the action and
coaction of the Lie bialgebra [1] on [Vi] ® --- ® [V,,], that is satisfies

TV1]® - ®[Va] © id[l] Rp=¢o TV, ®[Va]

as maps [1]® [Vi] ® - @ [Vu] = [V1] ® - ® [V,], and

ﬂ-Ele]®"'®[Vn] °0¢=idj;®¢po 7T[*V1]®---®[Vn]
asmaps [V1]® - @ Vo] 2> [1] @ V1] ® -+ @ [V,].
Let (U3, )™ C UBy be the subalgebra of invariant elements. The following is clear.

Proposition. The map py : U5y — UE defined in 5.3 restricts to a homomorphism
Pl (UB)™ — (UM)™ = End (idgn)

5.6. Cosimplicial structure of {;. The monoidal structure on DY}, endows the
tower {U;'} with the structure of a cosimplicial complex of algebras

k= U, SUE = U

The corresponding face morphisms {d?}?jol S Up — Z/{SH, are given by (dJ¢)v =
(dY¢)y = ¢-idy, for ¢ € k and V € DYy, and, forn > 1, p € U, and {Vi}?:"’ll ce
DY,

idy, ®va,... Vs =0

(A OV, Vass = PV Vi@Vig s Vo L SIS

©vi,..., Vn®ian+l i=n-+1

The degeneration homomorphisms &, : Uy — Z/I[’f_l, fori=1,...,n, are

(EZ@)XI ----- Xn-1 = PXq,..., Xio1,1,X5,..., Xn_1
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The morphisms {&}, {d?} satisfy the standard relations

d, . di = di g dimt i<

j i _ i g+l . .
Eglgn—i-l - En‘gn—i-l ? < J
and ) )
dﬁl_lsfl_l 1< ]
Eny1dy = id i=j,j+1

ditel i>j+1
These give rise to the Hochschild differential

n+1
d" =Y (-1 Uy — Ut
=0

5.7. Cosimplicial structure of Ug,. The above structures can be lifted to the
PROPs DY". For everyn > 1 and ¢ = 0,1,...,n + 1, there are faithful functors

Dy : DY" — DY"*!
mapping [1] to [1], and given by
Dy ([Vk]) = Vi1l and Dy ([Vi]) = [Vi]
for 1 <k <n,and, for 1 <i<n,

[Vi] 1<k<i—1
D} ([Vi]) =< [Vi] @ [Vig1] k=i
Vi1] i+1<k<n

and £ : DY" — DY" !

En = G Va]o Vi1 1L Vi 1] [V 1)
where 1 is the trivial representation in DY™. These induce algebra homomorphisms
AT Uy — U5

which are universal analogues of the insertion/coproduct maps on U g‘?". They
give the tower of algebras {3y }n>0 the structure of a cosimplicial complex, with
Hochschild differential d* = S 770 (—1)A7 : 48, — 45! The morphisms pf* :

Gy — U defined in 5.2 are compatible with the face and degeneration morphisms,
and therefore with the differentials d™.

5.8. The algebra T[1] and the coalgebra T[1]. Regard T[1] = ®D,>olp] as a
graded algebra, with concatenation product given by the identification [p1] ® [p2] =
[p1 + p2] and unit given by the embedding 7 : [0] < T[1]. If ([V], 7[y)) is a module
over the Lie algebra [1] in DY', the iterated action maps

w8 [pl @ V] = [V]

endow [V] with the structure of a module over T'[1].

Dually, regard f[l] = [I,>0lp] as a topological graded coalgebra, with decon-
catenation coproduct given by the direct sum of identifications

Pl P plekl= @ b

pP1+p2=p pP1+p2=p
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and counit given by the projection € : T[1] — [0]. Then, if ([V], ﬂ'E*V]) is a comodule

over the Lie coalgebra [1] in DY', the iterated coaction maps
T V)= ple V]
endow [V] with the structure of a comodule over 7'[1].

5.9. Action of morphisms in LBA on ij,. Consider now the vector space
LBA(T] = P LBA(p
p,q>0
with the convolution product ¢; x ¢ = mp[jo g1 @ pa0 Af[l]’ and unit 170 €7
Then, regarding [V] € DY as a module over T[1] and a comodule over T[1] yields
a convolution action of LBA(T[1], T[1]) on DY'([V4], [V1]) given by

¢' X:WT[l]O(b@XOW%[l]

In particular, specialising to X = idy,) yields a map
"1 LBA(T(1], T[1]) — by = DY ([Va], [Vi])

mapping ¢ to ¢ - idpy,]-
More generally, for any n > 1, the algebra structure on T'[1]®" and the coalgebra
structure on T[1]®" yield a map

a” : LBA(T[1]®", T[1]®") — 5y = DY"(@7_; [V, @1 [Vi]),
which maps ¢ to ¢ - 1d®n AR
Recall from 4.4 that the tower LBA(T'[1]®", T[1]®") is cosimplicial.

Proposition. The collection of maps {a"} is a morphism of cosimplicial spaces.

PROOF. It suffices to prove that

a” : LBA(T[1]®", T[1]2") — DY" (&}, [Vi], ©f—, [Va))

is compatible with the face maps {d}'};~ ”H The case ¢ = 0,n + 1 is easily checked.

To check the compatibility with df 1t sufﬁces to consider the case n = 1. Let
¢ € LBA([p], [g]).- We need to check the equality of

d} 02" (9) =m0 1o © ¢ @ idpy e 0T W) v

and

2 g1 (q) 1 : «(P)
a?odi(9) = Y. Tuaw. © A(@pa @idmien T W, e,
p,geN?
lpl=p,lql=q
where d%(gf))E2 € LBA(T2[1],T4[1]) are the homogeneous components of d}(¢) =
Ao ¢om, and m,A are the multiplication and comultiplication of T[1].
The equality now follows from the identities

: «(P) _ _x(p)
@ m @ idy,|elv,) 0T Vil®[V2) — T [51]®[V2]

p:lpl=p

_ (9
@ 7TV |®[Va] © A® 1d[\/1]®[v2] = W[\31]®[V2]
a:lal=q
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of maps [V1]® Vo] = [p] @ [V1] @ [V2] and [¢] @ [V1] @ [Vo] = [V1] @ [V2] respectively.
The first (resp. second) one holds because both sides are the components of the
coaction (resp. action) of T[1] on [V1] ® [V2]. O

5.10. A basis of il,lw. In the following paragraphs, we describe the vector space
underlying {2, and the convolution action of LBA(T[1]®™, T[1]®™) on it in terms of
free algebras and Lie algebras, in analogy with 4.3—4.4. We then use this description
to prove an analogue of the PBW theorem for g in 5.17.

Let V) : [N]®@[V1] = [V4] (resp. 7*) : V4] = [N]®[V1]) be the Nth iterated
action (resp. coaction) on [V1].

Proposition. The endomorphisms of [V1] € DY given by
TJ\C;7N = 7T(N) (oo ® ld[vl] o 7T*(N) =0 - ld[Vl]
for N >0 and o € &y, form a basis of Uy, = Endpy1 ([V1]).

PRrROOF. We represent idj;; with a line and idpy,) with a bold line. The morphisms
u, 6,7, 7 in DY! are then represented by the diagrams

S

N

which are read from left to right. A non—trivial endomorphism of [V4] is represented
as a linear combination of oriented diagrams, necessarily starting with a coaction
and ending with an action. The compatibility relation (2.4)

N

allows to reorder 7 and 7*, moving every coaction before any action. The cocycle
condition (2.14) allows to reorder brackets and cobrackets as in LBA. Finally, the
relations (2.2), (2.3)

and

allow to remove from the graph every p and every § involved. It follows that every
endomorphism of [V4] is a linear combination of the elements TN given by

N

N N
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where N > 0 and 0 € Sy. These morphisms are linearly independent in DY!,
since they are on the free Drinfeld—Yetter module constructed over the comodule
[V1], following an argument similar to 4.1. O

Remark. Under the map p, : 4py — Uy, the basis element 7 y maps to the
interlaced Nth power of the normally ordered Casimir operator of g, given by

o _ ) ) b CBEN L pi2pia
kN = Z blo(l)bzcr(z) bla(N) b b™b
i

1seesN
Remark. Proposition 5.10 yields in particular an isomorphism of vector spaces
Endpy: (V1)) ~ €D k& (5.1)
N>0

mapping ry n to o € &y. It is clear from the description above that the multi-
plication in Endpy: ([V1]) is N—graded, as the normal ordering on the product of
two elements of the basis preserves the total number of strings. Namely, for any
N, M >0,0 € Gy, T € Gy, One gets

— p
N\ N\ ~Seeernte 7N
N N M M

N+M N+M

for some ¢ . € Z. It seems an interesting problem to determine the structure

o, T

constants ¢/ . explicitly.

5.11. Convolution product on ily,. Under the isomorphism (5.1), the exterior
product of permutations ® : Gy xSy — Sy ar gives rise to a convolution product
x on by, defined on the basis elements by

o T _ . oQRT
TNNN*TMM =T "NYM,N+M

Pictorially, the product x corresponds to the encapsulation of ry; ,, inside 7§ y.

~

In particular, the action of LBA(T'[1]®™, T'[1]®™) commutes with convolution in Uy
on the right, i.e.,

o (XxY)=(¢-X)+Y

for any ¢ € LBA(T[1]®", T[1]®") and X,Y € 8. It follows that the action is
given by left convolution with a'(¢) = ¢ - idjy}, and that a' is a morphism with
respect to convolution.

In terms of the interlaced Casimir operators of U, one has

Pb(rﬁ,N * 7’1\T4,M) = pb(rzgfi‘fg/[,NJrM)

- Z (bicr(l) e bign ) (Biey  biran) - (M b (B0

(SR,

J1se-sIM
The product * can therefore be thought of as a PROPic analogue of the polarised
multiplication on Ugy ~ Ub ® Ub* given by (z @ y) x (2’ ®y') = (z - 2") @ (v - y).
Thus, 4y, is endowed with two distinct products: the canonical one coming from
its definition as End([V4]), which corresponds to the usual product on Ugp, and the
convolution product %, which is defined in terms of the basis 7§ 5, and corresponds
to the polarised product on Ugs. '
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5.12. A basis of U, n > 1. The description of the morphisms in DY™ is similar
to the case n = 1. For any N € Nand N = (Ny,...,N,) € N” such that |[N| = N,
let

n

7 [N ® é[vk] " é[vk] and o RVi] = [N ® é[Vk]
k=1 k=1 k=1

k=1
be the ordered composition of N; actions (resp. coactions) on [V;].

Proposition. The endomorphisms of [V1] ® -+ ® [V,,] given by

TN.N = ™ 65 @ idor* ™)
where N > 0, N,N' € N" are such that |N| = N = |[N'|, and o € Sy, form a basis
of Upy = Endpyn (@7 [Vi]).

As in the case of n = 1, the basis rJ 5, gives rise to a convolution product on
UGy given by

o T . o®T
'TNN*TN'N' = "N{N/ N+N’

providing a PROPic analogue of the polarised multiplication in U g‘?". One checks
easily that, with respect to x, the map a”™ defined in 5.9 is a morphism of algebras.

5.13. Cosimplicial structure and basis elements. The cosimplicial structure of
By introduced in 5.7 is defined on the elements ry ., as follows. The degeneration

map £ : U, — UL is given by

i NN N =0=DM;
5n(Tﬂ7ﬂ/) = { e

0 otherwise

where N- is obtained from N by removing IV;. The face map A7 : 45y — ﬂg¢1 is

given by
n—1
AN )= X > T

p=0,...,N; 7€®(N;,p)u{id}

q=0,...N] '€ &(N!,N!—q)u{id}
where N, = (N1, ..., Ni—1,p, Ni=p, Niy1,..., N,) and &(N;, p) C Sy is the set of
permutations 7 acting on (1,..., N;—1, N;—1 + N; +1,... N) as the identity and on
(Ni—1+1,...,N;_1 + N;) as a Grassmannian permutations with a unique descent
at N;_; + p'°. Similarly for N, and &(N; — ¢, N]). Note that the appearance of
the corrections 7,7’ are due to the prescribed order of actions and coactions on the
basis elements r g ..

Moreover, one can verify by direct inspection that the face and degenerations

maps are morphisms of convolution algebras.

10Recall that a Grassmannian permutation is a permutation 7 € & with a unique descent. In
other words there exists k € {1,..., N — 1} such that 7(i) < 7(i +1) if i # k and 7(k) > 7(k +1).
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5.14. Identification with free algebras. Let Ay be the free algebra in N vari-
ables, and, for any n > 1, denote by (A%")sy C Ay the subspace spanned by ele-
ments of degree one in each variable. The symmetric group Gy acts diagonally on
(AF)sx @ (AS™)5, by simultaneous permutation of the variables. The correspond-
ing space of coinvariants ((AJ")sy ® (A% sy ) &, has the following basis. For any
N, N’ € N" such that |[N| = N = [N’| and 0 € Sy, define an,y, vy € (AY")sn
by

TN =21 TN, QTN +1° TN +Ny Q- @ TNy 44N, _1+1 " TN

Yo(N') = Yo(1) " Yo(N!) @ @ Yo (NI 44N’ _,+1) """ Yo (N)

Then, {z§ ® Yo(n')} N.N/,o 15 & basis of ((AF)sy ® (A%")(;N)CN.

S
The following is an immediate consequence of Proposition 5.12.

Corollary. The linear map
§SY :ugY — @ (('A%n)lﬁv ® (‘A%n%N)GN
N>0
given by
Eov (TN N7) = TN ® Yz (5.2)

1

where 0 = o~ o1 and T € Gy, such that (i) = N —1, is an isomorphism of vector

spaces.tt

5.15. Module structure on coinvariants. The space of coinvariants
A" = @ (('A%n)lﬁv ® (A%n)5N)GN
N>0

is an associative algebra, with product map in degree (M, N)

(AN @ AR ) g, ® (AV" @ AR") g, = (AiTsn @ Affi )

SmynN
given by the formula

(Tm @ yzu)) * (txy @ yzv) = (2p - 28) @ (Yr(v7) - Yo () (5.3)
where zps - xy and Yz - Yz(u) are identified with elements in A%"JFN. Note that,
under the identification provided by &3y, (5.3) reads

gng(r]\l},M) *fSY(TJ\T/,N) = ggY(T]\(ZI?j]—V,M-',-N) = ng(TA(/T[,M * TJ\T/,N)

The formula (5.3) is easily adapted to define an algebra structure on
T" = @ ((T‘C%n)lﬁv ® (T‘C%n)lﬁv)@
N>0

In particular, the linear surjection p™ : 7" — A", defined componentwise by the
quotient map TLy — ULy = Ap for the free Lie algebra Ly, is an algebra map
and induces on A" a natural structure of 7"—module.

HThe involution 7N is required because of the contravariance of the expression (2.13) with
respect to the Lie polynomial @, and to ensure the commutativity of the diagram in Theorem
5.17.
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5.16. Identification with free Lie algebras. Let
§lon L7 = LBA(T[L)®", T[1]*") — T"

be the isomorphism of vector spaces given by Proposition 4.3. One checks by direct
inspection that £z, is a morphism of algebras, with respect to the convolution
product on £" and the multiplication on 7" defined in 5.15, i.e., {ga(d * ¥) =
Esa(@) * Elga () for any ¢, € L™. Therefore, through &g, we obtain a convo-
lution action of L™ on A", i.e., we set

¢ (N @ Yonry) = (P" 0 BA) (D) - (2N ® Yo(avr))
for any ¢ € L.

Proposition. The isomorphism {3y @ Uy, — A" given by (5.2) intertwines the
convolution actions of L™, that is satisfies

Eov (@ X) = (p" o &Ba)(8) - Dy (X)
for any ¢ € L™ and X € LUy .

PRrOOF. Assume for simplicity that n = 1. The proof for n > 1 is identical.

Let P ®---®P, € LS be an element of degree dyy, and ppe--op, € LA(IN], [p])
the element corresponding to it by Lemma 4.2. In Ay = ULy, the product P; - -- P,
corresponds to an element op,...p, € (An)sy =~ k&, which, by (2.2), satisfies the

following relation in DY'([N] ® [V1], [V1])

N)

7T(p)olupl®...®pp®X:7T( oop...p, ® X (54)

For example, if p = 1, N = 2, and P € L, is the element [z1, 23], then pp : [2] — [1]
is the Lie bracket and, by (2.2)

mopup=mo(ider) —mo(id@r)o(12) =72 oop

with op = id —(12). Dually, for any Q1 ® --- ® Q, € LF of degree dy, there are
elements

5Ql®"'®Qq S LCA([q], [N]) and &Ql"'Qq € kGyn
such that the following holds in DY*([V1], [N] ® [V1])
5Q1®...®Qq ®XO7T*(q) = &Ql"'Qq ®XO7T*(N) (55)

The commutativity of the diagram then follows easily. Namely, assume that
X = 1y for some M > 0 and ¢ € &y In particular, we have éov(X) =

(1 2M) ® (Y5(1) - Ya(m)) =t @x ® Px and
(poéea)(tP0--0P, ©0Q19-0Q,) = (1 Qq) @ (P1--- Fp)
Then, by (5.4) and (5.5),

(hPi@-@P, ©0gio0Q,)  Tirar = T 0 ipig.ap, © g0, @ Tijar o ™9
= ﬂ-(N) fe) O-Pl"'Pp o (UQqu o TN) %9 7‘]\0-47M o W*(N)

:W(NJFM) «(N+M)

00p..Ppp00Q,..Q, ®00T
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which, under épy, corresponds precisely to the element (Q1---Qq) - @x ® Px -
(Pr-Pp) in ((AN4+M)sxyns @ (AN+M)oxyas)Snan- Therefore

Sov((Lpie--oP, ©0Qi8--8Q,) * ThrM) =
= (poéiea)(tpP,@-0P, © 0@ 0-2Q,) - $DY(Thr. A1)
and the result follows. O
Applying the result to X =idgr v,], yields the following

Corollary. The following is a commutative diagram of convolution algebras.

DY (Vi) Qi) T @ (A0 @ (AT )50 ).

k=1 k=1 N>0

~

LBA(T1]®", T[1]%") —— €D (TLF" sy © (TLF)sx ) s,

_— n
fLBA

5.17. PBW theorem for f,. Let
Sym : LBA(S[1]®", S[1]®™) — LBA(T[1]®", T[1]®™)
be the map (4.2). The following result shows that the composition a o Sym can be

thought of as the symmetrisation map ST — Ul for a Lie algebra .

Theorem. The following is a commutative diagram

n n

DY (Q)IVil, QVi]) —— €D ((AX"on © (AF")sw) s

k=1 k=1 N>0
a” p

LBA(T[1]%", T[1]%") —— @D (TLF")sx ® (TLY sy )

DA (CFY
N0

Sym Sym®Sym

@(g[l]@ma S[1]®n) — @ ((Sﬁ%n)(;]v ® (Sﬁ%n)(;N)GN
N>0

where the right vertical arrows are the symmetrisation map SLy — TLy and
quotient map TLy — ULN = Ay for the Lie algebra Ly .
Moreover, the map a o Sym is an isomorphism of cosimplicial spaces.

PROOF. The commutativity of the diagram follows from Lemma 4.4 and Proposition
5.16. The fact that aoSym is an isomorphism then follows from the PBW Theorem
for the Lie algebra Ly, and the fact that it is compatible with the cosimplicial
structure from Proposition 5.9. O
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5.18. PBW conjecture for DY". Let SDY" be the colored PROP generated by an
LBA-module ([1], 4, 0) and objects [Vi] endowed with maps 7y, : [1]@ [Vi] — [Vi],
Tiv, - [Vi] = [1] ® [Vk], & = 1,...,n, satisfying the relations

T(v,) © 1dpy @7y, 0 (dg) —(12)) @ idpy,) = 0
(ld[g] —(1 2)) 4 ld[Vk] oid ®7T[*Vk] o 7TEka] =0
v, © Tive) = 1d @7y, 0 (12) o ld @y,

Thus, SDY™ encodes a Lie bialgebra b, together with n Drinfeld—Yetter modules
over the underlying vector space of b endowed with trivial bracket and cobracket.

The PROP DY™ (resp. SDY") is N-filtered (resp. graded) by deg(d) = 0 =
deg(pt), and degmpy,)] = 1 = degmy,, ;. Moreover, there is a canonical filtered
functor SDY"™ — gr(DY™) which is the identity on objects and is easily seen to
be full. It is natural to conjecture the following results which, together, extend
Theorem 5.17.

Conjecture.
(1) The functor SDY™ — gr(DY"™) is faithful, and therefore an isomorphism of
PROPs. R
(2) The map ao Sym : LBA(S[1]®", S[1]*") — SDY™(@}_1[Vkl, @j_1[Vk]) is
an isomorphism.

5.19. Cohomology of iy .

Theorem. The map a o Sym induces an isomorphism

n

H™(Udy, dr) ~ @D LBA (A [1], A" [1])

j=0
In particular, HO(U8y,dr) = k and H' (U8, dr) = 0.

PrOOF. By Theorem 5.17, a o Sym is an isomorphism of cosimplicial spaces. The
result then follows from Proposition 3.12 applied to the PROP P = LBA. Namely,
we have

LBA(S[1]9%, S[1]9%) = LBA((S")®*[1], §%*[1]) = LBAs, (5%* 1 5°*)

where the first equality relies on the equality of Schur functors S=8 *, and the
fact that the cosimplicial structure on S[1]®*® (resp. the simplicial structure on
S[1]®*) is induced by that on the Schur functors S®* (resp. S*®*), and the second
one from (3.15). The result now follows from Proposition 3.12, and the equality of
Schur functors (A™)* = A™ for any n > 0. O

Remark. Theorem 5.19 can also be obtained via Lemma 4.4 from the fact that
the diagram in 5.17 is one of cosimplicial spaces, and the standard computation of
the Hochschild cohomology of a symmetric algebra. The proof via Schur bifunctors
given above yields a more uniform answer for the refinements of the PROP LBA in-
troduced in Sections 6 and 9. Note, however that it still depends on the PBW Theo-
rem for 42, which is obtained from the identification of DY" (& _; Vi), @p—; [Vi])

(resp. LBA(S[1]®™, §[1]®™)) with free algebras (resp. Lic algebras).
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5.20. Explicit description of H" (U}, dr). The cohomology of 42, can be de-
scribed more explicitly, in the spirit of 3.12. Denote by 7, ; the inclusion

LBA([1], A"/ [1]) — LBA(S[1]*", S[1]°")
defined by (3.17). We first observe that in DY!

T[] © Lo ® id[\/l] = id[Vl] and T[] © 1 X id[\/l] = TV,
and dually
to" @idy, ompy =iy, and - u” @idy,)omhy =y,

It follows that the inclusion
tnj  LBA(N[1], A" [1]) = DY™ (@} [Vi], @1 [V&])

where ¢, j = a o Sym o, ;, sends a morphism ¢ € LBA(A[1], A"77[1]) to

1 o *
tnj(9) = ] > (-1)mzo¢ony,
‘T oES,
where J, = {o(1),...,0(j)}, J, is its complement, 7. denotes the ordered action
of [n — j] = [1]®"~7 on the components [Vi], k € J,, and 7% the ordered coaction
of [j] = [1]®7 on the components [Vi], k € J,. For example, for n = 2, we have

: 1 . x 1
2 (idp) = 5 (W[VQJ o(12)ompy, —mv,jo(12)e ”[vﬂ) = 5 (rva val = Tival i)

i.e., the antisymmetric r—matrix corresponds to the identity in LBA([1], [1]).
Thus, the image of LBA(AY[1], A"77[1]) inside DY"™(®7_, [Vi], ®7_,[Vk]) consists
of linear combinations of arc diagrams with exactly one coaction or one action on
each bold line, which are antisymmetric under permutation of the bold lines.
In terms of the identification with free Lie algebras given by Proposition 4.3, the
above isomorphism yields

g = @ D [(9w),, o (ew), |

N>0 j=0

Then H' (U3, drr) embeds in Uy =~ @ 5o (AF)sx @ (A )sx ), Via (3.12).

5.21. Enriquez’s universal algebras. In [10, 11, 12], Enriquez introduced the
universal algebras {U®" . },>1 associated to the PROP LBA. As a k—vector space,
U®™ is defined as the space of coinvariants

N>0

introduced in 5.14-5.15. The multiplication on U®”  is defined by an explicit

formula in the basis {7y ® Yo (n')} N, N7,0 given in 5.14, and proved to be associative
by a lengthy calculation [11, B.1-B.2].!2

12The multiplication on U®B”, .  differs from the convolution product discussed in 5.15.

univ
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U®, .. is universal in the following sense. For any Lie bialgebra b with Drinfeld
double gy = b @ b* and r-matrix r, = >, ;b; ® b' € b&b*, the linear map
Py UG, — ﬁ—g\b given by

pgb (xl S TN ® ya_(l) e yO'(N)) — Z bil e bZNb'L(r(l) e bid(N)
i€IN
is an algebra homomorphism. Similarly, for any n > 2, there is a map py, :
ven

univ

— Ugd™ given by
o (an ®yon) = 3 by 07D
ieIN

is an algebra homomorphism, where
n
by = ®biN1+---+Nk,1+1 T biN+1+---+N;C
k=1

n : .
pe NG — ®b%<N{+---+N,;,1+1> bl (N N
k=1

5.22. The isomorphism Uj, ~ U&" . The following result identifies the algebra
Uen . with U5y, thereby considerably simplifying the proof of the existence of an
algebra structure on US”" given in [11, Appendices B and CJ.

Let &8y : Uy = UBL,, = @yso (AX sy @ (AF")sx ), De the map defined
in 5.14.

Proposition.

(1) &By is an isomorphism of cosimplicial spaces.
(2) There is a commutative diagram

Po
n n
oy — Uy

SSYJ/ ‘

uer,, —— Ugd"
P

univ
9p

PROOF. (1) The fact that £, is an isomorphism was proved in 5.14, and its com-
patibility with the cosimplicial structure in Lemma 4.4. (2) The commutativity of
the diagram follows by direct inspection. O

Remark. It seems very likely that the map {5y is an algebra homomorphism.
This would follow from a detailed inspection of the algebra structure on US” . |
or from the commutativity of the above diagram if the collection of maps py, were
known to be be injective. In any event, the above proposition shows that U3y is an

isomorphic replacement of U®™ . with a more naturally defined multiplication.

univ

6. THE UNIVERSAL ALGEBRA OF A SPLIT PAIR

In this section, we give a relative version of the results of Sections 5 by adapting
them to case of a split pair of Lie bialgebras, as defined in [1].
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6.1. The PROP PLBA. Let (b, a) be a split pair of Lie bialgebras, i.e., b and a are
Lie bialgebras endowed with Lie bialgebra morphisms
alnp 2y

such that p, o i = idq. These maps induce an isometric inclusion of the corre-
sponding Drinfeld doubles g, C gp, and a restriction functor Resp q : DYy — DYg.
Definition. Let PLBA be the colored PROP generated by two Lie bialgebra objects
[b], [a] related by Lie bialgebra morphisms ifq) : [a] — [b], p[q) : [b] — [a] such that
Pla] © i[a] = id[q)-

The kernel [m] of the projection piq}, is an object of PLBA, and [b] decomposes

as [b] = [a] ® [m]. [m] is an ideal in [b], and has a Lie algebra structure. It is also a
coideal, but has no natural Lie coalgebra structure.

6.2. Universal property of PLBA. The following is clear.

Proposition.

(1) The PROP PLBA is endowed with a pair of functors B,a : LBA — PLBA
given by
B} =1[6]  and  ofl] =q]

The maps ijq), pla) in PLBA induce two natural transformations ia @ o —
ﬁapa : B — « such thatpa Oia = lda

8
LBA ﬁDEPLBA

(2) PLBA is universal with respect to property (i): for any tensor category C
for which it holds, there is a unique tensor functor F': PLBA — C such that
the following diagram commutes

5c_
ic pec
/ \
LBA jﬂgpw/x I8 / c

ac

6.3. Alternative presentation of PLBA. The following presentation of PLBA is
more convenient for computations. Let PLA be the PROP generated by p : [2] — [1]
and 0 : [1] — [1] satisfying the relations (2.10),

02 = 0o and po (0o ®6by) =6pop (6.1)

Let PLCA be the PROP generated by ¢ : [1] — [2] and 6 : [1] — [1] satisfying the
relations (2.11),

02 =0, and  (By®6p)od=0doby (6.2)
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Let PLBA be the PROP generated by p : [2] — [1],
[1] — [1], satisfying the relations (2.10), (2.11), (2.14),
PLA, PLCA, PLBA be their corresponding completions.

The two presentations of PLBA are canonically equivalent by sending [1] to [b]
and the idempotent 6 to the composition ijq) o pfq) : [b] — [b].

0 : [1] — [2], and 6y :
(6.1), (6.2). Finally, let

Corollary.

(1) There is a forgetful functor PLBA — LBA, mapping [1]piea to [1]iea and
90 to id[l]M-

(2) There is a forgetful functor PLBA — LBA, mapping [1]piea to [1]iea and
90 to 0.

6.4. Factorisation of morphisms in PLBA. Set 6; = id -6y, and Z = {0,1}.
The projections

0;="0;, @ @0;y, i=/(i1,...,in) €IV
are a complete family of idempotents in PLA([N], [N]) and PLCA([N], [N]), i.e.,

0; 00, =6;0;  and > 0 =idpy
i€IN
There is a natural right (resp. left) action of k[Z™V] on PLA([N], [q]) and PLCA([p], [N])
given by
¢-f=D f)dpob and  f-p= " f(@)biod
i€IN i€IN

Set Ty = k[IN] x Gy, where 0 € Sy actson f € k[ZN] by o f = foo™ L.

Proposition. The embeddings PLA,PLCA — PLBA induce an isomorphism of
(64, 6,)-bimodules

PLBA([p], [q]) ~ €D PLCA([p], [N]) ®r,, PLA([N], [q])
N>0

PROOF. The proof is similar to that of Proposition 4.1. The computation can be
carried out with the PROPs PLA, PLCA, PLBA introduced in 6.3 since these contain
the objects [p],[N],[q]- A morphism in PLBA can be represented as an oriented
graph obtained from the composition of brackets, cobrackets, permutations, and
idempotents. The compatibility (2.14) between ¢ and p, and the relations

6090:(90@90)06 900#:#0(90@90)

allow to reorder the morphisms so that the cobrackets precede the brackets, and
the idempotent fy occur in between. This yields a surjective map

€D (PLCA([p], [N]) ® PLA([NT, [q])) — PLBA([p], [q])
N>0

which factors through the action of k|ZV]x & y. The injectivity follows asin 4.1. O
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6.5. Morphisms in PLA and PLCA.
Lemma. There are isomorphisms of left (resp. right) k[IN] x & x—modules

PLA([N], [p]) =~ k[Z"] @ LA([NT, [p])

PLCA([p], [N]) =~ LCA([p], [N]) @ k[Z"]

where SN acts diagonally on the right-hand side, which are compatible with the
action of &p.

PRrROOF. We only explain the isomorphism in PLA. The result for PLCA follows
by observing that PLCA ~ PLA°". Every morphism in PLA([N], [p]) is represented
by a linear combination of oriented graphs from N sources to p targets. Since
idj;) = 0o + 61, all the edges of these graphs can be assumed to be decorated by the
idempotents 6y or #1. The relations

Boop=po(fy® b))
brop=po(61®6:+ 6 @6+ 6 ®061)
allow to move all idempotents to the N sources and yield the surjectivity of the
map
k[Z™] ® LA(IN], [p]) — PLA(INT, [p]) f@Pw [P
Its injectivity follows from the canonical embedding LA — PLA and the isomor-
phism
€D PLA(IN], [p]) 0 6; =~ PLA([N], [p])
i€ZIN

O

6.6. PLBA and free Lie algebras. The following is a direct consequence of 6.5,
6.4 and Lemma 4.2.
Proposition.
(1) There is an isomorphism of (&4, S,)-bimodules
PLBA([p], [a]) = €D ((£3")sx @ KIZV] @ (L3 sx) s,
N>0

(2) Let F € k&, and G € k&, be idempotents, and Fp] = ([p], F), Glq] =
(lq], G) the corresponding objects in PLBA. Then one has

PLBA(F[p], Gla)) = €D (F(LX sy @ KIN] @ G(LY sy ),
N>0
In particular,
PLBA(TL®", T[1]*") =~ P (TLY")sy @ KIZV] @ (TLF")s)
N>0

PLBA(S[1]®", S[1]°™) ~ € ((SLY")sn @ KIZV] @ (SLK sy )
N>0

SN

SN
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6.7. Universal Drinfeld—Yetter modules and PLBA.
Definition. The category PDY™, n > 1, is the colored PROP generated by n + 1
objects [1] and {[Vk]}k=1,... n, and morphisms
w2l — (1) §:[1] —[2] 6: 1] — 1]
7k ¢ [1] @ [Vi] = [Vi] et [Vi] = [1] @ [Vi]
such that ([1],u,0,0) is a PLBA-module in PDY", and, for every k = 1,...,n,
([Vk], 7k, 75) is a Drinfeld—Yetter module over [1].

Set

Uppy = Endppy~ <®[Vk]> (6.3)

k=1

The algebras 4fn, are universal in the following sense. Let (b,a) be a split

pair of bialgebras over k. Then, for any n—tuple {V, my, 7 }1_; of Drinfeld—Yetter
modules over b, there is a realisation functor

G(o,a,v1,...,v;,) - PDY"™ — Vecty
such that [b] — b, [a] — a, and [Vi] — Vi, E=1,...,n.
Proposition. Let f: DY, — Vecty be the forgetful functor, and U} = End (fg").
The functors Gp,a,v1,...,v,) induce an algebra homomorphism
Po.a t Uppy — Uy
PROOF. The proof is identical to that of Proposition 5.3. O

The following is a corollary of the proposition above and 6.1.

Corollary. Let B,o : U3y — UBpy be the two algebra homomorphisms defined by
the functors 8, : LBA — PLBA. For any split pair (b, a), there are commutative
diagrams

n n
Pbo,a Po.a

Uppy —— Uy’ Uppy —— Uy’
BT / oz]\ TRCS:‘
Po
Uy Uy o Uy
a

where Resy, is the morphism induced by the restriction DYy — DY, and py, pi are
the homomorphisms defined in 5.3.

6.8. Universal invariants. In PLBA we can introduce the notion of invariants
with respect to the Lie bialgebra [a].

Definition. The subalgebra of [a]-invariants (UZpy)[® C 4B, is the subspace of
all ¢ € Uy, which commute with the action and the coaction of the Lie bialgebra
[a] on [V4],...,[Vx], that is satisfy

la],Va)@--@[Vn) © 1d[p] @9 = ¢ 0 Ta), [vy)g @[V,

*

M), V)@@V © P = 1d[o] ®¢ © T [a], V] [Va] 6
where W[u],[V1]®---®[Vn] = 7T[V1]®---®[Vn] of ® id[V1]®-~~®[Vn] and ”Fu],[v1]®...®[vn] =0 (024
1d[V1]®'~~®[Vn] oﬂ-[*vl](g)...@[vn]-

The following is clear.
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Proposition. The algebra homomorphism py , : Uppy — Uy restricts to an algebra
homomorphism

ot (Upoy)® = UP, = End (Res;m . DY? — DYa)

6.9. A basis for Upyy. The description of the algebras gy is obtained along the
same lines of Propositions 5.2 and 5.12.

Proposition. The endomorphisms
T]%’TV, =7, 0, ®@ido o ®ido @)

where N >0, N,N' € N" are such that |[N| = N = |N'|,i € IV, and 0 € Gy, are
a basis of Uppy . In particular, the map

&ppy  Uppy — @ (FAR")sx @ K[ZV] ® (FA%H)(SN)QN
N>0

gwen by Efpy (T]%,’iv,) = 2N ® 0 @ Ygz(nvy 15 a linear isomorphism.

6.10. PBW theorem for 3,,. As in the case of {py, the tower of algebras
U dnst is endowed with face maps A? @ U2, — UPEL and degeneratation
PDY Sn> i PDY PDY
maps & : UBpy — ﬂgg& defining a cosimplicial structure.
Let

a" : PLBA(T[1)®", T[1]®") — PDY" (&} [Vi], @} [Vi])
be the map given on ¢, , € PLBA(T2[1], T4[1]), by a(¢p,¢) = 72 0 ¢p 40 7@,

Theorem.

(1) The following diagram is commutative

n n

PDY" (Q)[Vi), Q)IVi]) — B (AX")sy @ KIZV] ® (AF")sx) s,

k=1 k=1 N>0

am

PLBA(T[1]%", T[1]%") — @B (TLF")an @ KIN] ® (TLY" )y )
N>0

(CFY

Sym Sym®id ®Sym

PLBA(S[1]2", S[1]") — @D ((SLX")sx ® KIZN] @ (SLY )sx)
N>0

SN

(2) The map a™ o Sym is an isomorphism of cosimplicial spaces.

6.11. Hochschild cohomology. The cosimplicial structure on {425y }n>1 gives
rise to the relative universal Hochschild complex with differential d* = 77 (= 1)'A7
UBoy — Updy The morphisms {Pb.q}n>1 defined in 6.7 define a chain map between

the corresponding Hochschild complexes.

Theorem.
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(1) The map a™ o Sym induces an isomorphism
H' U3y, dir) = @) PLBA (A[1], A7 (1))
§=0

In particular, HO(Uppy,dr) = k and H (U8py, dr) = 0.
(2) The identification in terms of free Lie algebras of Proposition 6.6 yields

H (Uppy. dir) = D EB [(WLn),, @IV @ (NI Ly)

5N} N
&
N30 =0 SN

PRrOOF. The proof is identical to that of Theorem 5.19 where the PROP LBA is
replaced by PLBA. (I
6.12. Hochschild cohomology and invariants.

Lemma. ((Uppy),d") is a subcomplex of (UBpy,d™).

PROOF. It is enough to observe that, if ¢ € Lfy, satisfies (6.4), (6.5), then so does
A (p) € URSY. Namely, let D : PDY” — PDY™*! be as in 5.7. Then, for any
u € Uy, we have

T[a], V1)@ @[Vaya] © id[e] @ (1) — dif (1) © Ta) [vy)@--@ [V i1]
= D}’ (o), V1)o@ [Va] © id[o] @U = U0 Ta] v, ]@-- @[V, ])
Set D(¢) = Zl DI(¢). Then, in particular,
T[a],[Vi]@-®[Vata] © id[p] @d(u) = d(u) © Ta) [v)@--@Vpi1]

= D (7o), [v1]@-®[Va] © id[5] U = U0 T[] (vy]e--@[Va])

Let Appy C UBpy be the image of the injective map
PLBA(A"[1], A"[1])—— PLBA(T[1]®", T[1]®") —5 ging, (6.6)
and set (Appy)l = ABpy N (Uppy)!7.
Proposition. H™((U85y)1%,d") ~ (ABpy ).

PROOF. Let f € 4Z5, such that d(f) = 0. Then there are unique d(u) € U5y and
v € Afpy such that f = v+ d(u). Namely, let f =o' + d(v') for some v' € ABpy,
u' € ULsy. Tt follows from 6.11 that

v—v' =dlu—v) = wv=v and d(u)=d[)
Assume now f € (U85y)[% and d(f) = 0. Since f satisfies (6.4), one has
Ma],Va]@-+@[Va] © Id[o] ©V =V 0 Ta] (vi]-- @[V, ] (6.7)
Ta],[V1]@--®[V,] © id[p] @d(u) = d(u) © Ta] (v,]--@[V.]
and therefore
T[a],[V1]@---®[Va_1] © 1d[6] OU = U O T[q], [V1]@--@[Vs_1] (6.9)
Similarly for (6.5). It follows that v € (Alpy)!*) and u € (SU559)!. O

Corollary. ((43y)™,d"™) is a subcomplex of (U{y,d™), and H"™((Uyy)™,d") =~
(ABy)™.
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7. UNIVERSAL RELATIVE TWISTS

In this section, we discuss the existence and uniqueness of invertible elements
in the graded completion of (U2 ) satisfying the relative twist equation (7.1).
This implies the uniqueness of the tensor structure on the restriction functor of
Drinfeld—Yetter modules corresponding to a split pair of Lie bialgebras.

7.1. Gradings. The PROP DY" has a natural N-bigrading given by deg(c) = (0,0)
for any o € Gy,

deg(u) = (1,0) = deg(my,))  and  deg(d) = (0,1) = deg(myy,)
for any 1 < k < n. The algebra 45y inherits this bigrading, and deg(rf; y/) =
(N, N), where g v, is the basis element defined in 5.12, and |[N| = N = |N'].
For any a,b € N, the corresponding N—grading determined by mapping (1, 0), (0, 1)

to a,b respectively yields the same graded completion U3, of UZy, so long as
a + b > 0. For definiteness, we set ¢ =0 and b= 1.

7.2. Notation. There is a natural action of &,, on L3, given by permutations of
[Vi] ® - -+ ® [V,,]. Specifically, for any o € &,,, there is an endofunctor P, of DY"
which is the identity on ([1], u, 6) and maps each ([Vi], &, 7%) to ([Voi)]s To(k) w;(k)).
The action of ¢ € &,, on UR, is then defined by X7 = Ad(c)P,(X) for any
X € UBy. This is a propic version of the action of &,, on Ug‘?".

The generalisation of the insertion/coproduct maps introduced in 5.7 is defined
as follows. For any m > n, 1 <i<m—n+1,and X € U5y, we define X; _ ;yn_1) €

By by
X(i ..... i+n—1) = id[vl]®---®[vi71] ®X[Vi]®“'®[vi+n71] ® id[vi+n]®"'®[VM]

Then, for any o € G,,, we set

X(o(i),.cnolitn—1)) = (X(i,....i4n—-1))°
For any p1,...,pp withp1 +---+ppo=p<m, pp Z0,and 1 <i <m—p+ 1, set
igk=1i+p1+--+pr_1,and Iy = (ig, - ,ik+1 — 1), k =1,...,n. Then, we define
X(117~~~;In) € LUSY by
X(1y,o1) = Wy ]@-0 Vi 1] OX Vi, i l@-0Ve, o] @1dvi, 11]@@[Va)
where [V[;, ;,—1)] denotes the Drinfeld-Yetter module ([V;,] ® -+ ® [Vi,-1]). As
before, for any o € &,,,, we set Xo(1,,....1,) = (X1,,..1,)°-

7.3. Associators. Define the rmatrix r = 7y,)v,) € Endpy2 ([V1] ® [V2]) by
(2.8), and set Q = r12 + 721.

Definition. An invertible element ® € Q%Y is called an associator if the following
relations are satisfied (in Uy, and 3, respectively).
¢ Pentagon relation
D1 234P1234 = P234P1254P123
e Hexagon relations
7123/ = By 1 5eM3 2B M2 Py 93

Q123/2 _ -1 _Q13/2 Q12/24—1
e = (1’2,3,16 31,36 ‘1’1,2,3
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e Duality

e 2—jet

We denote by Assoc the set of associators.

7.4. Deformation Drinfeld—Yetter modules. Let b be a Lie bialgebra with
Drinfeld double gy. As we explain below, the algebra iAl’D‘Y introduced in 7.1 is a
universal analogue of the topological algebra U g?” [h].

Let for this purpose DYE be the category of Drinfeld—Yetter b—modules in topo-
logically free k[A]-modules. DY is isomorphic to the category DY4:™ of Drinfeld-
Yetter modules over the Lie bialgebra by, = (b[A], [+, -], i), whose coaction is di-
visible by h. We denote by Z/A{gI the algebra of endomorphisms of the n—fold tensor
power of the forgetful functor f : DYE — Vecty[p]- LA{Q identifies canonically with
the analogous completion defined for DYZ‘;‘“. Moreoever, the realisation functors

g(bh,Vh...,Vn) : Mn — VeCtthﬂ

induce a homomorphism pp : U3, — Z/A{gI which naturally extends to ﬁgy. In
particular,

Po(myvyyomy,) =h Y bib'  and  Pp(rivyve) =h Y b @b

In Section 14, we shall make use of the following standard construction due to
Drinfeld. Let ® € Q%Y be an associator. Then, DY¢ is the braided monoidal cate-
gory with the same objects of DYZL and commutativity, and associativity constraints
given respectively by

Bo=(12)0p2(e¥?) and By = pp(D).
7.5. Universal twists in DY?. The associativity relation (2.9) admits a natural
lift to the PROPs DY™.
Proposition. Let ® € Assoc, and J € QQDY be such that
Jog - Ji23 - @ = Ji2 - Ji23

Then, for any Lie bialgebra b, the element pi(J) € UE defines a tensor structure
on the forgetful functor f : DY;,I> — Vecty[p]-

A simple argument in [1, Section 6.11] shows that the Etingof-Kazhdan tensor
structure JE%, can be lifted to the PROP DY?.

13Note that DYE can also be identified with the category of Drinfeld—Yetter modules over the
Lie bialgebra b" = (b[#], A[-,-],§) whose action is divisible by /. The corresponding realisation
functors for b yield the same homomorphism Py URy = UP.
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7.6. Existence of a universal relative twist. Let ® € Assoc and let (b, a) be a
split pair with corresponding Drinfeld doubles (gp, gq). Let @y, @, be the images
of ® in U3 and U3 respectively.

In [1, Prop. 3.17], we constructed an element Jp € ng, which is invariant under
a, J» =1 mod A, and satisfies the relative twist equation

JBIVE®, = 0, Ji2 0570

We also showed [1, Sec. 7.7] that the construction of Jg is universal i.e., that it can
be realised as an [a]-invariant element

Jo € (U3py) Endppy: ([V1] ® [V2])

We summarize this in the following

Theorem. There is a map Assoc — (QEDY)[“], O — Jgp such that (Jp)o =1 and

((1)5)J<1> =, (71)
where ®g, O, are the images of ® in (ﬁgDY)[a] via o and B, and
g, = Iy T (67T (72)

7.7. Uniqueness of universal relative twists. We now show the uniqueness of
the twist Jp up to a unique gauge transformation.

Theorem. For any ® € Assoc,
{J € (QI%DY)M | (®8)) = Pa,Jo =1} ={ur-ug - Jo -ujy |ue (QPDY)[a]}

PRrOOF. Assume JO =1+, -, 7, J{Y € (1B5)Y, i = 1,2, and (cpg)w = ®,,.
One checks, by linearisation of (7.1), that le) is an element in (LIPDY) , satisfying
dp(J7) =0 and
A|t2(J1) = A|t2(’l“5 — ’I“a) = ’If“vg — Ty

Up to a gauge, we may assume Jl(i) =73 —Tq, i =1,2. We want to show that there
exists an invertible u € (LIPDY)[“] such that

uy g - JY up = J@ (7.3)
Assume that (7.3) is true modulo (ugDY)[;ll, i.e., there exists an invertible element
w1 ¢ (QPDY)[“} such that

(n—1) .uén—l) () .uggfl)_l = J@

Uy

mod (uPDY)[u] (7.4)
Let now J() be the left-hand side of (7.4), and n € (5.1PDY),{1 such that

J@ - JO + mod (ﬂPDY)[;]nH

One checks that J@) satisfies (®5) 50y = ®o modulo (LIPDY)>n+1. Comparing with

the equation (®3) ;) = @, modulo (LLPDY) o]

>nt1> One gets

N2z + (M1,23 — (M12,3 — M2 =0

that is dgr(n) = 0. Therefore, by Proposition 6.12, there exist a unique v € (LIPDY)%]
and p € (/\PDY)%], such that n = dg(v) + p.



44 A. APPEL AND V. TOLEDANO LAREDO
We claim o = 0. Then, we may set «(™ = (1 — v)u("~1), and we get

n n n) "L
W ) O T O mod (i),

There remains to prove the claim. Set J@ =y, JO) g ;21. Then
e mod (ﬂ%DY)[;]nH

Let J2  J®2

1) ] be the corresponding truncations. We set

2 2 2 2
§= (J[(nzﬂ])%(‘][(nzrl])l’%q’ﬁ - (I)O‘(J[(nzrl])w(‘][(nzrl])uB mod (ugDY>[;]71+2

g:(j@) )23(j(2) )1’23‘1)/3—‘1’a(j() )12(j(2) )12,3

2 3 \l[a]
[n+1] [n+1] [n+1] [n+1] mod (uPDY);"+2

Since J® and J® are both solutions of () = P, it follows
e=du(13)  and  E=du (73)
Therefore dy& = ng: 0 and Alt¢ = Altg: 0. We then observe that
E—&=f(n)
where f () = A (12 4 u13) 4+ B3 (AL 4 AI3) — AL2(13 4 u23) — 112(AL3 4 A29)
and A, =g — . By straightforward computation, one checks
Altf(ﬂ) = [[773 — T, M]]

where [, ] is the Schouten bracket from A2py — Agpy. Therefore [75 — 7o, ] = 0.
Since [F5 — Tu, —] = [F5, —] on (Adpy)!®, one gets [7, u] = 0. It follows from [12,
Prop. 2.2] that the map [z, —] has a trivial kernel on A3, and A3py. Therefore
p =0, and the theorem is proved. ([l

Remark. Theorem 7.7 generalises [12, Thm. 2.1}, where it is proved for the PROP
LBA. In particular, the uniqueness of the twist in LBA can be recovered by applying
the forgetful functor PLBA — LBA. Theoren 7.7 also generalises [26, Thm 6.1],
where it is proved for a semisimple Lie algebra.

8. LIE BIALGEBRAS GRADED BY SEMIGROUPS

In this section, we review some basic facts about partial semigroups and Lie
(co—)algebras graded by these.

8.1. Partial semigroups. A partial semigroup is a pair (S,o), where S is a set,
and 0 : S xS — S a partial map defined on a subset S©) C S x S such that, for any

a? ﬁ?’-)/ 6 S7
o(o(a,B),7) = o(a,0(B,7))
when both sides are defined, that is if (a, 8), (o(a, 8),7), (8,7), (o, 7(3,7)) € S©.

Remark. It is common in the literature (see e.g., [16]) to assume that the semigroup
law o is strongly associative, i.e., for any a, 5,7 € S,

(a, B), (o, B),7) € S@ if and only if (B,7), (e, 0(8,7)) € SP.
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This definition is stronger than the one given above, and is not suited for our
purposes, since it does not hold for root systems (cf. 12.6).1*

8.2. Coherence. Every partial semigroup satisfies the following coherence prop-
erty. Let Br(n) be the set of full bracketings on the non—associative monomial
T1+--Tn. Let op : S® — S be the partial map obtained by composing ¢ along b

(e.g. 0’(..).(0&, B,y) = o(o(a, B),7)). Set
S = {o € S | op(ev) is defined for any b € Br(n)}
Proposition. For any o € S™, and b,b’ € Br(n), op(a) = oy (a).

PROOF. Let b,b" € Br(n) two bracketings which differ by an elementary move, i.e.,
there are ¢ < j < k < I such that, up to a permutation b <> v’

o= ((ivn2) (g1 2) (@rpn - 21))) -
and they agree on everything else. Let o € S(™, and set o = op,; (Qig1, ..., 05),
B = oy, (aji1,..., ), and v = oy, (py1,...,qr), where b.s is the restriction
of b and V' to (z,41---xs). By associativity, o(o(«, 8),7) = o(a,o(8,7)) so that
op(@) = op (). Since for any b, b’ € Br(n), there is a sequence b = by, by,...,b, =V
such that b;, b; 1 differ by an elementary move, o,(@) = op (a). O

8.3. Morphisms, subsemigroups and saturated subsets. Let S, T be partial
semigroups. A morphism ¢ : S — T is a map such that (a, ) € S if and only if

(6a), 6(8)) € T, and b(os (@, B)) = o1 (dla), 6(8)) for any (a, B) € S,
Any subset S’ C S inherits a partial semigroup structure. Namely, we denote by
t(S’) the semigroup with underlying set S/,

t(S")? = {(a,8) € S’ x | (o, B) € S and o(av, B) € S’}

and semigroup law induced by that of S. The corresponding embedding t(S’) — S
is a morphism of semigroups if and only if S’ is a subsemigroup of S i.e., if (o, 8) €
(S' x §')N'S®@ implies o(a, B) € S'.

For any a € S, set

S@ ={(8,7) €SP |o(8,7) =a}

A subset S’ C S is saturated if 5&2) CS xS forany a9

A partial semigroup is commutative if S?) is symmetric, i.e., (o, ) € S@ if and
only if (3,a) € S@, in which case o(a, 8) = o(5, a).

Henceforth, by semigroup we mean a commutative partial semigroup (S, +).

8.4. S—graded Lie (co)algebras. Let S be a semigroup, and A/ a k-linear sym-
metric monoidal category N.

Definition.

(1) An object b in N is S—graded if it decomposes as b = @, g ba-
(2) A morphism ¢ : b’ — b between S—graded objects in N is homogeneous if
¢(b,,) C b, for any a € S.

Lpor example, in the root system of sls, as + a1 and (a2 + a1) + a3 are defined, but a1 + a3
is not.
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If b € NV is S—graded, then b ® b is S x S—graded, and the subspace

bso = P by®b, Cb@b
(Bm)es®

is naturally S—graded with (bge))a = @(ﬂw)esf) bg @ b,. Let igwe : bge) = b®b
and psz : b ® b — bge) be the canonical injection and projection respectively,
Os2) = ig» 0P : b® b — b ® b the corresponding idempotent, and set §s<2) =
idege —0Osc -

Definition.

(1) A Lie algebra (b, [, ]) in AV is S—graded if b is S—graded, [, |0 fg = 0 and
[,]ois@ : bge — b is homogeneous.

(2) A Lie coalgebra (b,8) in N is S-graded if b is S—graded, fg) o § = 0 and
Ds(2) © 60 : b — bgzy is homogeneous.

8.5. Let b € N be an S-graded object. For any subset S’ C S, set b’ = @ s ba
and let 4 : b* — b and p : b — b’ be the corresponding injection and projection.
The following is straightforward.

Proposition.

(1) Assume b is an S—graded Lie algebra and set 4/ =popoi®i.
(a) If S is a subsemigroup of S, then (b', i) is an S'—graded Lie algebra,
and i : 6" — b is a morphism of Lie algebras.
(b) IfS’ is a saturated subset of S, then (b, 1) is a t(S’)—graded Lie alge-
bra, and p: b — b’ is a morphism of Lie algebras.
(2) Assume b is an S—graded Lie coalgebra, and set &' =p®@podoi.
(a) IfS is a subsemigroup of S, then (b',¢8") is an S'—graded Lie coalgebra,
and p: b — b is a morphism of Lie coalgebras.
(b) IfS' is a saturated subset of S, then (b',¢") is a t(S")—graded Lie coal-
gebra, and i : b’ — b is a morphism of Lie coalgebras.
(3) In particular, if (b, u,d) is an S—graded Lie bialgebra and S' C S a saturated
subsemigroup, then (b',u',d") is an S’'—graded Lie bialgebra, and (b,b’) is a
split pair of Lie bialgebras with respect to i, p.

8.6. Example. Let g be a complex semisimple Lie algebra with fixed Borel and
Cartan subalgebras g D b D b and standard Lie bialgebra structure (see §15.5),
and let Ry C h* be the semigroup of positive roots of g relative to b . Let Ry be
the semigroup with underlying set Ry L {0}, and law extending that of Ry by an
element 0 such that a + 0 = « for any o € R4, with 0 + 0 not defined. Then, b is
graded as a Lie bialgebra by Ry, with by =0, and b, = go, @ € Ry

Let D be the Dynkin diagram of g, B C D a subdiagram, and Rp + C R the
subset of roots whose support lies in B. R 4 LI{0} is a saturated subsemigroup of
Ro, and the corresponding Lie subbialgebra of b is by = h & P

a€Rp, + Ga-
9. SEMIGROUP EXTENSIONS OF LBA

In this section, we introduce the PROP LBAg which governs Lie bialgebras graded
by a given semigroup S.
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9.1. We construct below an S—graded version of the PROPs LA, LCA LBA by
adding a complete family of orthogonal idempotents labeled by the elements of the
semigroup S. We describe in details the refinement of LA, which is easily adapted
to LCA and LBA.

9.1.1. Let LAs be the PROP generated by morphisms fu : [2] — [1] and 0, : [1] —
[1], @ € S, with relations (2.10),
9a 9 6‘3 = 50¢7ﬂ . 9a (9.1)
for any «, 8 € S, and
Ogryopobg®0, if (B,v)€ s
pofg®0, =
0 it (8,7)¢S®

9.1.2. In addition to the orthogonality condition (9.1), we wish to impose the
completeness relation

(9.2)

D 0o =idpy (9.3)
«a€EeS

and, more generally, > 0o = idpy) for any p € N, where

aeSP
0o = 0o, @ -+ ®0,, € End([p]) a=(a1,...,ap) €SP
To this end, let k[SP]™ be the functions on SP with finite support, regarded as

a non-unital algebra irrespective of whether S is finite. Then, I_NAS([p]7 [q]) is a
(k[S9fir k[SP]fi")~bimodule, with the functions d,, o € S?, and 3, B € SP, acting
as o0 —and —o GE respectively. We denote by LAs the PROP with morphisms

LAs([p],[a)) = K[SU™ @ysepm LAs([p], [a]) @xgsryink(S”]

where the tensor product is completed with respect to the weak topology on k[SP].*?
Explicitly, one has

LAs(lpl.[a) = [T €D 95 LAs(lpl. [a]) 0 b
aesr Bese

The composition of morphisms LAs([p], [¢]) ® LAs([q], [r]) — LAs([p], [r]) in LAs is
induced by that in LAs, because the multiplication of f € k[S9] and g € k[S7]fi" has
finite support. The identity on [p] in LAs is precisely the element ) ., 0q.

The following is straightforward.

Lemma. In LAs, the compatibility condition (9.2) is equivalent to
On 0= Z pobg @0
(8v"es
where S&) = {(B',4) €SP | B +4" =a}.
15 A basis of neighborhoods of zero in k[SP] is given by the subsets

Ua,,..a, ={f €K[SP] |Vi=1,...,r, f(a;) =0}

Then k[SP] = limy k[SP]/U where the limit runs over the open subsets U C k[SP], and, for any
discrete k[SP]fi"—module V/,

KIS¥)&yqs0)n V" = lim (KIS”1/U @ygspjen V)
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Finally, we denote by LAg the closure under infinite direct sums of the Karoubi
envelope of LAg.

9.1.3. The PROPs LCAg and LBAg are obtained similarly. In particular, we impose
the following compatibility condition between the idempotents {6, }aes and the
cobracket § : [2] — [1],

05 ®0,08005, if (B,7)€S®
0 if (8,7) ¢S®
Analogously to Proposition 9.1, in LCAg and LBAg this is equivalent to the condition

§oba= Y 0500,00
(8,7)ess

9;—3@9705—{ (9.4)

9.1.4. We observe that, although not strictly necessary, the commutativity of S is
a natural requirement in the case of PROPs describing Lie operations. Namely, one
has, for any «, 3,7 € S,
Oa,piy 1003260y = baopoblzg®0,=—0,0p06,0z0(12)
= —0ay+8 1o by @050 (12) =baytp - pobs®0,
and po0g ® 0y = g4~y ,y4+p - o 0s® 0. In particular, we see that pofsz @60, =0
if either (83,7) or (v, 3) are not in S, or B4+~ # v + .

Remark. Let A be a Karoubian, k-linear symmetric monoidal category. There
is a canonical isomorphism

Fung (LBAg, V) ~ LBAs(N)
where LBAg(N) is the category of S—graded Lie bialgebras in N.

9.2. Examples.

(1) For S = {0}, one has 6y = id and LBAg = LBA.
(2) Let S ={0,1} be the semigroup with the addition table

| F]o]1]

01]/01
111

tp is a morphism of Lie bialgebras, 61 = id[;) —fp, and it is immediate to
check that LBAg = PLBA as described in 6.3.16

(3) More generally, if S = {0,...,n} with the tropical addition law p + ¢ =
max(p, q), a module over LBAg consists of a Lie bialgebra b endowed with
a sequence by < -+ <> b, = b of split inclusions of Lie bialgebras. The
Lie subbialgebra b; is the direct sum @,_, Im(6,).

16Note that the equality LBAg = PLBA holds only after taking Karoubi envelopes. Indeed,
LBAg is generated by one object, while PLBA is generated by the objects [a], [b].
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9.3. Morphisms in LBAg. The projections
Op =00, @ @00y, a=(a,...,ay)eSY

are a complete family of orthogonal idempotents in LAg([N], [N]) and LCAg([N], [N]).
By construction, there is a natural right (resp. left) action of I's y = Sy x k[SV]
on LA ([N], [g]) and LCAg([p], [N]), and natural identifications

LAG(IN ~ I LA( )0 by (9.5)
aesSN
and
LCAS([p ~ [ 6o LCA(lp], [N]) (9.6)
aeSN

The description of the morphisms in LBAg is similar to those in LBA and PLBA
(cf. 6.6), but the commutativity relations (9.2) and (9.4),

V(8,7) €5?, pols00,=0=0300,06

require the replacement of the free Lie algebras £y with the Lie algebras Ly q,
a € SN defined as follows. As we explained in 4.1, it is convenient to describe the
Lie algebras Ly, in terms of labeled binary trees. Set X, = {a1,...,an} and let
Sa C S be the subsemigroup generated by X,. Then Ly o = T (X )/J where J,

is the ideal generated by all elements of the form [t,t], t € T(Xa), [t1, [t2,t3]] +
[tQa [t37t1]] + [t3a [t27t1]]7 t1,t2,13 € T( _)7 and [alla [alzv T [aimfl7aim]] o ] for
any m < N and {i1,...,im} C {1,..., N} such that a;, + (aj, + (- -+, ) --+) is
not defined in S,. We observe in particular that Ly . is an S—graded Lie algebra,

and
Ly it S =S, xS,
Lna= (2)
- Ly ifSe’ =0
where L% is the abelian Lie algebra in IV generators.
By (9.5), there is a surjective map from [], qn (ﬁ%?a)(;N to LAs([N], [q]). The
injectivity follows easily by application of the realisation functor of LAs on the

S—graded Lie algebras Ly, a € S¥. We then obtain an isomorphism of right
k[SM] x & y—modules,
LAs([N], [a]) = TT (£8%)sn (9.7)
aeSN

compatible with the left action of &,. Through the equivalence LCAs ~ LA, we
then obtain the isomorphism of left k[S™V] x & y—modules,

LCAS([p), [N]) = [T (£¥sw (9.8)
aeSN

compatible with the right action of &,. The following is clear.

Proposition.
(1) The embeddings LAg, LCAg — LBAg induce an isomorphism of (&4, &,)-

bimodules

LBAs([p], [q]) ~ @B LCAs([p], [N]) ®rs  LA([N], [g])
NZ=0
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(2) There is an isomorphism of (&4, S,)-bimodules

LBA([pl. [a) = D | ] (€¥%)sw @ (LX%0)sn

N
NZ20 \aeS SN

where the coinvariants are taken with respect to the diagonal action of Sy .
(3) There are natural isomorphisms

LBAS(TI ™", 7" = @ [ [ (TL5 5w ® (TLY sy

N
NZ=0 \aeS SN

~ Xn
LBA(S[1]", S[1)%") = @ | I (S£X%sw ® (SLFWsw
N20 \ aeSN SN
In particular, if S =S x S, we get
LAS([N], [g]) ~ k[SM] @ (£§")sy  and  LCAG([p], [N]) = (LF)sy @ k[S™]
This yields the following generalisation of 6.6

LBAS([p). [a]) = €D ((£X")sn @ KIS @ (L3sn) s,

9.4. Universal Drinfeld—Yetter modules. The category DYS, n > 1, is the
colored PROP generated by n+ 1 objects [1] and [Vi], k = 1,...,n, and morphisms

we (2] — (1] 5:[1] = [2]
0o :[1] = [1], a€S
Tt [1] @ [Vi] = [Vi] 7yt [Vi] = [1] @ [Vi]

such that ([1], u,d,{6s}) is an LBAg—module in DYg, and every ([Vi], 7k, 7)) is a
Drinfeld—Yetter module over [1].

Set
8¢ = Endpyy <®[vk]>

k=1
Let b be an S-graded Lie bialgebra. Then, for any n-tuple {Vi,m, mj}7_, of
Drinfeld—Yetter modules over b, there is a realisation functor
g(b)vl)m)vn) : Mg — VeCtk
such that [b] — b, and [Vi] — Vi, k=1,...,n.

Proposition.

(1) Let f: DYy — Vectk be the forgetful functor, and U = End (fg"). The
functors G vy ... v,) induce an algebra homomorphism

Psp : Us — Uy

(2) Set An.o =ULnNo. There is a linear isomorphism

W= P | [T ALy ® Un)sx

N
N20 \aes -
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In particular, if S® =S x S,
n ®n N ®n
uS — @ (('AN )51\7 ® k[S ]® ('AN )5N)@N
N>0
(3) Ewery element in U2 is a linear combination of the endomorphisms of [V1]®
- ® [Vy] given by
r2?, =260, ®id®" o 0 ®id®" on* ) (9.9)

where N > 0, N,N' € N" are such that [N| = N = |N'|, a € SV, and
0 € 6N, where

Sna={0€6n | (aia)) ¢SP.i<j=o(i) <o(j)}
(4) Let {b;} C b be a basis and {b'} C b* the dual basis. Then one has

pg(’f‘i”&,) = Z bﬂ(z) . ba’(ﬂ )(4)

where 1, is the set of indices corresponding to the basis of b, .

PROOF. (1) follows by construction. The proof of (2) is an easy generalisation of
those in 5.3 and 5.10. Namely, we first observe that by normal ordering there is an
isomorphism

DYs ([V1], V1)) =~ @ LCM ([V4], [N] @ [V1]) @rg v LMs ([N] @ [V1], [V1])  (9.10)
N>0
where LM (resp. LCMg) is the PROP generated by an S—graded Lie algebra object
[1] and a [1]-module [V;] (resp. an S-graded Lie coalgebra object [1] and a [1]-
comodule [V1]). By normal ordering in LMg, we obtain a surjective map

[T Wena)sy = Ms(IN] @ [Va], [Va]) (9.11)

aeSN
which is easily seen to be an isomorphism by considering the action of the Lie
algebra Ly, on ULN o and the corresponding realisation functor. In particular,
since LCMs ~ LM¢®, combining (9.10) and (9.11), we obtain a linear isomorphism

s~ P | [] Anva)sx ® (Ana)on

N>0 \@esN Sn

The proof of the general case follows by replacing [V1] with [V1] ® --- ® [V,,] and
ULy, with UE%T;. (i4i) and (iv) are straightforward. O

9.5. PBW theorem for {Z. As in the case of {py and LUppy, the tower of algebras
{812},,>1 is endowed with face maps A? : U2 — U and degeneration maps
EP - UR — 427" defining a cosimplicial structure.

Let

®@n n n n
a" : LBAG(T[1] ", T[1)*") — DY§(®F—y [Vi], ®F=1[Vi])
be the map given on ¢, , € LBAg(TL[1], T4[1]), by

a"(dpg) =T 0 G g0 m”
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As in the case of LBA and PLBA, the isomorphism Ay = ULNo ~ SLN o
induces a PBW theorem for 4(2.

Theorem.

(1) The following diagram is commutative

n n

DYS(QIVil: QIVil) —— D | 1] (AVeen © (AT s

k=1 k=1 N>0 \aeSN

: |

A~ Xn
LBAS(T] ,T[*") = @ | [I TLna®"sn @ (TLN,a"")sy
N20 \ aeSN

Sym TSym@Sym

LBAS(S[™", 5111 — @D | T (535w @ (SLn.a®")sx

N>0 \aes¥
(2) The map a™ o Sym is an isomorphism of cosimplicial spaces.

9.6. Hochschild cohomology. The cosimplicial structure on {{{2},>1 gives rise
to the semigroup universal Hochschild complex with differential d¢ = Z?:Ol (—1)'AD :
g — ilg“ The morphisms {p?,b}ngl defined in 9.4 define a chain map between

the corresponding Hochschild complexes. As in 5.19 and 6.11, we get the following

Theorem.

(1) The map a™ o Sym induces an isomorphism
H (42, ds) @LBAS (N[1], ATI[1])

In particular, HO(US, dp,s) = k and H'(U2,ds) = 0.
(2) The identification in terms of semigroup Lie algebras Ly o of Proposition
9.3 yields

H'(848, dpr) = @ @ H (/\jﬁN-ﬂ)aN ® (/\i_jﬁN-a)zsN

N
N>0j=0 \acS S

9.7. Gluing maps. If b is a Lie bialgebra with Drinfeld double g, the standard
multiplication maps Ug "= Ug‘f?"_l cannot be lifted to the PROPic level since
this would imply, for example, that the anti-normally ordered Casimir m(rq;) =
>, b'b; acts on any Drinfeld-Yetter module, which is not the case if b is infinite—
dimensional. However, the polarised multiplication maps U(b*)®" ® Ub®" —
U(6*)®"~1@Ub%" ! do admit a universal analogue as maps from U2 to U™, Their
description in terms of associative algebras, under the identification given by Propo-
sition 9.4, simply corresponds to polarised multiplication maps A%Tla ® A%}f’a —

A%}f’g_l ® A%’fg—l (cf. [12, Prop. A.1]).
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Their intrinsic description in terms of morphisms in DY¢, however, is more in-
volved. Roughly, we consider maps m?, : g — ilg_l, i =1,...,n — 1, which
produce an endomorphism of [V1]®- - ® [V,,_1] from one of [V1]®---®[V,] by glu-
ing together the modules [V;] and [V;;1], as we now describe. This definition relies
on the universal Verma modules [M] and [M"] constructed in [15] (see also [1, Sec.
4] for more details). As objects in LBAg, [M] = S[1], [MV] = S[1] = [TysoS™ (-
They are endowed with a structure of Drinfeld—Yetter module over [1], and they
satisty

M) © id[l] ®L = 1pq and id[l] ®e o 7T[*MV] =D
where ¢ and iy) (resp. € and py)) are the canonical injections of (resp. projections
to) [0] = SY[1] and [1] = S*[1].

9.7.1. Let LMg be the PROP generated by an S—graded Lie algebra object [1] and
[1]-modules [Vg], k =1,...,n. Let 7y : [M] ® [Vi] — [Vk] be the map obtained by
iterations of the action of [1] on [Vy].

Definition. Forany n > 2,71 =1,...,n—1, the nth action—gluing map in position
i

(muw), : LM ([N] & Qi & M]) NI ([N] ®7®[Vk1f®vk]>

k=1 k= k=1 k=1
is defined by

(@)

(mm)fz (¢[N],[v1],...,[vn]) =, (4)

° d)[N],[V1],...,[Vi,1],[M],[Vi],...,[vn,ﬂ ot
where Wz(i) = id[Vu,Fu] ®m; © id[V[i+1,n711]’ @) = id[N] ®id[V[1,i711] ¥ ® id[v[i,n—l]]7
and id[V[i,j]] = id[Vi]®---®{V]‘]7 ) < j

9.7.2. Similarly, let LCM¢ be the PROP generated by an S—graded Lie coalgebra
object [1] and [1]-comodules [Vi], k =1,...,n. Let 7} : [Vi] — [MV] ® [Vi] be the
map obtained by iterations of the coaction of [1] on [V].

Definition. For any n > 2, i« = 1,...,n — 1, the nth coaction—gluing map in
position
n n n—1 n—1
(micw )i : LCM <®[vk1, V@ ®[vk1> LM, <®[vk1, [N] ®[vk1>
k=1 k=1 k=1 k=1

is defined by
(mem)iy (D] va]) = €7 0 BINL VAL Ve ] MLV Va ) © ()

where (7)) = idyy, ,_,) @7; @idy, ), e® =idy ®idy,, ,_,) ©e®idy, -

i+1,n—1] 1,i—1

9.7.3. Set [Vi1n)] = Qj_1[Vk]. As we observed in (9.10), by normal ordering, the
algebra of endomorphisms Ug = DYg ([V[Ln]], [V[Ln]]) is isomorphic to

D LM (Vi1 [N @ [Vi1,n]) @1 LMg (IN] @ [Vt ]s Vi)
N>0
where FS,N = k[SN] X GN.

Definition. For any n > 1, i = 1,...,n, the nth gluing map in position i, m? :
U2 — $1271 ) is the map induced by (micm)l, ® (mim):

K2
ne
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Remark. It should be clear from the description above that the maps m¢, reduce
an element of $I2 to one of $I2~" by gluing together [V;] and [V,41], preserving the
order of actions and coactions. Specifically, the coactions on [V;] occur before (resp.
any action on [V;] occur after) any coaction or action on [V;41]. As we anticipated,
these should not be mistaken with a universal version of the multiplication maps
Ug®® — Ug®*~!. For example, let rﬂg&, be as in 9.9 and set r{, = T(g:i()i,u,o)’

" d o
s = T(?ZEJ),(O,I)’ and ko = 77", Then, mj(rfy) = ko = m3(r$;) or, pictorially,

= LN

9.8. The Casimir operator of . Recall that k = rfﬂ € Ul is the universal
version of the normally ordered Casimir ), b;b*. In 4, we have ps(k) = Y, cq Fa-
For any ¢ =1,...,n, set

Ky = idg.aV,_] Ok @ idy, 1. -av,] € Us
Proposition. The element Y. (k); is central in UZ.

Remark. Note that in the algebra ilg the notions of invariant and central element
stand in an opposite relation than they do for the algebra Ugp. Namely, an invari-
ant element is clearly central, but the opposite in not necessarily true. For example
the Casimir element x is central but not invariant.

PROOF. The argument below is an easy generalisation of [12, Prop. A.1]. Let
X, C UZ be the subspace of all elements X € UL satisfying
[f1+ K2+ -+ kp, X|=0
The following is straightforward.
(i) If X € X,,, then A?(X) € X41,7=0,1,...,n+ 1.
(ii) If X € X,,, then X7 € X, for any ¢ € &,,, where
X7=0"lo X[Vo(l)]®"'®[va(n)] cag

(iii) If X € X, then m’ (X) € X,,_; foranyn >2andi=1,...,n— 1.
To prove (ii7) it is enough to observe that, for any X € U2,
M (X, K+ fg oo ) = [, (X), 61+ o+ 4 K]
Let Pn be the set of partitions of {1,...,2N} of the form {i1,j1} U+ - {in,jn}-
For any partition P in Py and a € SV, set
N
T‘% = H T‘g@kyjk
k=1
where r7* . denotes the composition of the coaction on [V}, ], the idempotent 6,

ksJk
and the action on [V;,]. The morphisms r5 are well-defined, since the elements
riki, k=1,...,N, commute in £". Tt follows from (4), (), (#71) that X, = &
for any n > 1 if and only if

{r5| P €PracS"}C Xy

for all m» > 1. The result follows from the explicit computation [ry, k1 + k2] = 0,
for any o € S.
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Namely, for any 5 € S, we have
[r12, (kg)1 + (kp)2] = Cap — Z Cory
YEL(B)

where L(f) ={y€S|a+~y =} and
(v, 8),id (B,),(12)

_ (B,Oz),id (Bva))(12)
Ca,p = T1,1),2,0) ~ T(1,1),2,0) T 70,2),(1,1) ~ 7(0,2),(1,1)

Set Ay = {8 €S| L(B) # 0}, B = {8 € 5| (a.8) € S®}, and L(A,) =
UﬁeAa L(B). It is clear that, if 8 & By, then Cy g = 0. Therefore,

[T?Q,Iil-i-lig] ZZ Ca”@ - Z Caﬁ = Z Ca,ﬂ_ Z Z Ca,'y

BES ~yeL(B) BEBL BEALyEL(B)
= Z Oa,ﬁ - Z Ca,’y
BEBy ’YEL(Aa)
The result follows by observing that, if 8 € B,, then 8 € L(a+ ) C L(Aa).
Therefore, B, = L(Ay) and [y, k1 + k2] = 0. O

10. SATURATED SUBSEMIGROUPS AND SPLIT PAIRS

Let S be a semigroup, and ¢ the universal algebras introduced in 9.4. In this

section, we study the subalgebras of ¢ determined by the saturated subsemigroups
of S.

10.1. Subsemigroups and LBA-modules in LBAg. Recall from 8.3 that a sub-
semigroup S’ C S is saturated if s CS xS forany a € S'.
Proposition. Let S'CS be a saturated subsemigroup in S. Then,
(1) The idempotent 05 = 3 g, Oa satisfies
Os o= pobs R 0Os and dobs =0s @0s 06
(2) The object ([]s/, ps, dsr), where [1]s: = ([1],0s/),
ps = Bsr o po s Q bs and ds = b0 ® Os/ 0§ 0 s

is an LBA-module in LBAg and a Lie subbialgebra of [1].
(3) For any saturated subsemigroup S” C S' C'S, the pair ([1]s/,[1]s) is a
PLBA-module in LBAg,i.e., there is a canonical functor

p(s/ys//) : PLBA — LBAS
mapping [a] to [1]s» and [b] to [1]s.

PROOF. We prove (1). Then (2) and (3) are obvious consequences. We have
Hs/o,u:ZH(lo,u: Z pofg®0, = Z pobg®0,

aes’ aes’ aes’
(B7)€s? CRIC
= Z poblg®0,=pobs @ 0bs
(By)ES' @

where the second equality holds by Lemma 9.1.2, the third one by saturation of S,
and the fourth one because S’ is a semigroup. O
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10.2. Semigroup subalgebras. Let S’ C S be a saturated subsemigroup, DY,
DYg the corresponding PROPs.
For every n > 1 and i = 0,1,...,n + 1, let D5 : DYs — M?H and £ :

DYg — MQFI be the S—analogues of the functors DI, 5,@ defined in 5.7. The
following is straightforward.

Proposition.

(1) The inclusion S" C S induces a faithful functor 13, s : DY — DYg defined
as follows: the S'—graded Lie bialgebra object ([l]s/, s/, 0s,{0a}acs) in
DYS, maps to

(s, 0s),0s: 0 ps 0 bss @ bs/, 0sr @ Oss 0 ds © Osr,{0a }aes)

and the Drinfeld—Yetter modules [Vi] in DY, map to their analogues in
DY restricted to ([1]s,0s), i.e.,

(Vi) s, s ) = ([Vi], Trs 0 05 @ idpy,, 05 @ id(y,) oy s)
(2) Foranyi=0,...,n+1,

1 -1 _ i, ;
Lg,—t_s oD}'ss =Dj'sotg and Lo s © Efl’s = 5:175 0Ly s

It follows from Theorem 9.5 that the faithful functor .g, ¢ induce an injective mor-
phism of algebras g, — 4, which preserves the cosimplicial structures induced
on g, and g by the functors D}’ , &Y. Henceforth, for every subsemigroup S/, we
will identify the algebras (¢, with their images in (g

10.3. Subsemigroup invariants. Let S’ C S be a subsemigroup. If b is an S—
graded Lie bialgebra, the subspace

bs = P ba C b (10.1)

aes’

is a Lie subalgebra of b, and it is a Lie subbialgebra if S’ is saturated. Denote by
Uy, = End (DYb — DYbS,)

the algebra of endomorphisms of the restriction functor from the category of Drinfeld—
Yetter modules over b to those over bs;.

Let [bs/] = ([1], 0s) € LBAg be the LBA-module corresponding to S, and Ug ¢, :=
(U2)lbs') C 42 the subalgebra of [bs/]-invariants, i.e., the subspace of all ¢ € UZ
which commute with the action and coaction of [bs/] on [V1] ® -+ ® [V,,] (cf. 6.8).

Proposition.

or any o« € , the elements ry'n, € gwen by (9.9) are invariant

1) F S\SV, the el J\O;fv Ug given by (9.9 j ‘
under [bs/].

(2) If (S)® = 0, then [bs/] is an abelian Lie bialgebra and U = Ug. In
particular, the homomorphism pg , : g — Uy" factors through Z/{ﬁbsl.
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PROOF. (1) It follows from (9.2) and (9.4) that, for any a € SV with o; ¢ &,
i=1,...,N, the elements 75’5, commutes with the action and coaction of [bs/].
We give the proof of the invariance with respect to the action of [bs/] for the elements

TZ%X, The general case is proved similarly. For any 8 € S’, we have

Vi

The identity is obtained by iteration of the compatibility condition between action
and coaction, and by observing that, since S’ is saturated and o; € S’, one has

0o, ®idodofg =0 and fgopoby,, ®id=10

from (9.2) and (9.4). Therefore ry'%, € (U2)[0) for any a € (S\ )V,

(2) If ()@ = ), then [bs/] C [b] is an abelian Lie subbialgebra and the same
proof works for any a € SV. Therefore every morphisms Pap(r ]%fv/) is a morphism
in the category of Drinfeld—Yetter bs—modules, and pg factors through Uy, - O

10.4. Semigroup subalgebras of the S—universal algebra. Let S” C S’ CS
be saturated subsemigroups, b an S—graded Lie bialgebra, and bs» C bss C bs = b
the sub Lie bialgebras defined by (10.1). For any n > 1, we denote by p?s,,s,,) the
morphism p?s, sy Uppy — Uy corresponding to the split pair of Lie bialgebras
(bss, bs). The following is clear.

Proposition.
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1) Let pd, : UBy — UL be the linear map which is the identity on each [Vi],
S DY S
and maps the Lie bialgebra [1] € DY™ to ([1],0s/) € DYs. In particular,
P (ry ) = NN
ag(SHN

Then, ps: is an algebra homomorphism and satisfies

n Psi n
DY ‘uS

Pig, l O JP?

n n
Uy, — Uy

(2) Let Plsr,smy - Uppy — Ug be the linear map which is the identity on each
[Vi], and maps the split pair ([1],1d), ([1],70) in PDY™ to the split pair
([1],0s), ([1],0s~) in DYg. In particular,

Plosnyn) = D T8k

7

QGI(S/,S//)

where o € SN belongs to I%S, s iff a, € S” whenever iy, =0 and a, € S'\S”
otherwise. Then, ﬁ?s, gy s an algebra homomorphism and satisfies

\ Pl
LLPDY S

n '
p(hS”['S”)J/ O lps

Upy, — Uy,

10.5. Universal twists. Let ® € Assoc be a fixed associator. For any saturated
subsemigroup ' CS, denote by ®s/ = p2,(®) the image of ® in 42 under the map
~3 . u3 - u3
pS/ . DY /S\u
Let J™! € $25, be the universal relative twist constructed in [1] (see Theorem
1.6). ForAany S” C S'CS, set Jsrsmy = /A)%S,)S,,)(Jml) € ﬂ% Then, Jsr sy €
ﬂ§/7s// = (UZ,)ls"] and it satisfies the relative twist equation
(Ps/) 5 gy = P (10.2)
Theorem.
(1) If Jv,Ja € 88, 5, are solutions of (10.2), with (Ji)o = 1, there is a gauge
transformation u € QX/ g, with ug = 1, such that Jo = uy - us - Jy - uﬁl.
(2) The gauge transformation u is unique.
PROOF. The proof of (1) follows verbatim that of Theorem 7.7. (2) Assume that
u € UZ o, is such that
ul-ug-JzJ-ulg
and u = 1 mod (Hs/ s7)>n. Let v € (Uss sv)y, such that w = 14+v mod (Us/ s7)>nt1-
Taking the component of degree n + 1 in the above equation yields
dH(U) = Vg — V12 +1)1 = 0

which by Theorem 9.6 implies v = 0. (I
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10.6. Orthogonal semigroups. By definition, two subsemigroups S',S” C S are
orthogonal if (S' x §")NS3) = (.

Proposition. Let S',S” C S be orthogonal saturated subsemigroups.
(1) In DYg, the action and coaction of [bs/] on each [Vi] commute with those

Of [bs//].
(2) Ewvery element in Ug, commutes with the action and coaction of [bs:] on
any [Vi]. In particular, every element in Ug, is [bsr]—invariant.
(3) In Uus, [ g,,ﬂg,,] =0.
(4) In U2, U2, g0 = U2 - 12,
PRrOOF. (1) follows from the orthogonaliy of the subsemigroups, since it implies
that, for any o € S',8 € S, pob, ® 03 =0 =60, ®60g06. (2) and (3) are
direct consequences of (1) since every element in g, (resp. U&,) is realised as
a composition of actions and coaction of [bs/| (resp. [bs/]). Finally, the same
argument shows that (2, o, = 42, - UZ,. Namely, let @ € (S’ US”)V and define a
partition I’, I"” of {1,..., N} such that a; € S', i € I’, a; € S”, j € I". One has

where o = (a;)ier, o = (aj)jerr, 0’ € &, 0” € &pv) are the restrictions of
’ ’
o to I' and I"”, respectively, and similarly for N', N”. Therefore, ’1”5/ ’;7, € Ug,

o
r=

/:"1,,,, € g, and (4) follows. U
N".N

AN

11. DIAGRAMS AND NESTED SETS

We review in this section a number of combinatorial notions associated to a
diagram D, in particular the definition of nested sets on D and their relative version,
following [7, 27, 2].

11.1. Nested sets on diagrams. A diagram is an undirected graph D with no
multiple edges or loops. A subdiagram B C D is a full subgraph of D, that is, a
graph consisting of a (possibly empty) subset of vertices of D, together with all
edges of D joining any two elements of it.

Two subdiagrams By, Bo C D are orthogonal if they have no vertices in common,
and no two vertices ¢ € By, j € By are joined by an edge in D. We denote by B;LIBy
the disjoint union of orthogonal subdiagrams. Two subdiagrams By, Bs C D are
compatible if either one contains the other or they are orthogonal.

A nested set on D is a collection ‘H of pairwise compatible, connected subdia-
grams of D which contains the empty set and conn(D), where conn(D) denotes the
set of connected components of D.

Let Ns(D) be the partial ordered set of nested sets on D, ordered by reverse
inclusion. Ns(D) has a unique maximal element conn(D) and its minimal elements
are the mazimal nested sets. We denote the set of maximal nested sets on D by
Mns(D). It is easy to see that the cardinality of any maximal nested set on D is
equal to |D| 4+ 1. Every nested set H on D is uniquely determined by a collection
{H;};_, of nested sets on the connected components D, of D. We therefore obtain
canonical identifications

Ns(D) = ﬁ Ns(D;) and Mns(D) = ﬁ Mns(D;).
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11.2. Relative nested sets. If B’ C B C D are two subdiagrams of D, a nested
set on B relative to B’ is a collection of subdiagrams of B, containing conn(B) and
conn(B’), in which every element is compatible with, but not properly contained in
any of the connected components of B’. We denote by Ns(B, B’) and Mns(B, B'),
respectively, the collections of nested sets and maximal nested sets on B relative to
B’. In particular, Ns(B) = Ns(B, 0) and Mns(B) = Mns(B, ). Relative nested sets
are endowed with the following operations, which preserve maximal nested sets.

e Vertical union. For any B” C B’ C B, there is an embedding
U: Ns(B, B’) x Ns(B’, B”) — Ns(B, B"), (11.1)
given by the union of nested sets. Its image Nsp/ (B, B"”) C Ns(B, B") is

the collection of relative nested sets which contains conn(B’).

e Vertical decomposition. Let B” C B and H € Ns(B, B”). If conn(B’) C
H and B” C B’, H is in the image of (11.1). Therefore, there are uniquely
defined nested sets Hp»p: € Ns(B’, B"”) and Hp 5 € Ns(B, B') 17 such that

7—[ = HB”B' U HB'B,

e Orthogonal union. For any B = B1UB; and B’ = B{UB) with B} C By,

B!, C Bs, there is a bijection
Ns(Bi, B}) x Ns(Ba, By) — Ns(B, B),

mapping (H1, Ha) — Hi U Ho.

12. DIAGRAMMATIC SEMIGROUPS AND LIE BIALGEBRAS

In this section, we introduce the notion of diagrammatic semigroup. The corre-
sponding extension of LBA allows to account for both the diagrammatic structure
of the Borel subalgebra of a complex semisimple Lie algebra, as well as its root
space decomposition.

12.1. Lax D—algebras [2, §3]. Let D be a diagram. A lax D—-algebra is the datum

of

e for any B C D, a k—algebra Ap

e for any B’ C B, a homomorphism igp: : Ag: — Ap
such that

o for any B” - B’ - B7 iBB’ OiB/BN = iBB”
e for any B = B'UB", with B L B”, mpoigp ® igp~ is a morphism of
algebras Aps ® Agn — Ap, where mp denotes the multiplication in Ag.
A strict morphism A' — A2 of lax D-algebras is a collection of algebra homo-

morphisms ¢p : Ay — A% labeled by the subdiagrams B C D such that, for any
B' C B, i%p5 0¢p = ¢poikp as morphisms AL, — A%,

17 More precisely, for any H € Mns(B, B""") with conn(B'),conn(B") € H and B”' C B" C B/,
we set

Hpnp ={CeH|CCB,CcB"}
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12.2. Diagrammatic Lie bialgebras [2, §5]. A diagrammatic Lie bialgebra b is
the datum of

e a diagram D

e for any B C D, a Lie bialgebra bp

e for any B’ C B, a Lie bialgebra morphism igp/ : bg: — bp
such that

e for any B7 iBB = ide

o for any B” - B’ - B7 iBB’ OiB/BN = iBB”

e for any B = B' U B"” with B L B/I7 i’ +ipr : bp ®bpr — bp is an

isomorphism of Lie bialgebras.

The above properties imply in particular that by = 0, and that Ub is a lax D-
algebra, with (Ub)g = Ubp.

12.3. Split diagrammatic Lie bialgebras [2, §5]. A split pair of Lie bialgebras
(b, a) is the datum of two Lie bialgebras a, b, together with Lie bialgebra morphisms
i:a—bandp:b — asuch that po¢ = id,. These give rise to an embedding
i ®p': gq < ge of the corresponding doubles, which preserves the bracket and the
inner product.
A diagrammatic Lie bialgebra b is split if there are Lie bialgebra morphisms

pp'B : bp — bp for any B’ C B, such that pp/p o ipp = idp,,, and

o for any B, ppp = idp,

e for any B” C B’ C B, pprp o pp'B = PB"B

e for any B = B'UB"” with B’ L BN, pe'B Dpprp :bp — bp @ bpr is an

isomorphism of Lie bialgebras, and is the inverse of igp: + igp/.

12.4. Example. Let g be a complex semisimple Lie algebra, with Borel and Cartan
subalgebras g D b D h, Dynkin diagram D, Serre generators {e;, fi, & }iep, and
standard Lie bialgebra structure (see 15.5). Then, g is a diagrammatic Lie bialge-
bra, where, for any B C D, gg C g is the subalgebra generated by {e;, fi, @) }ien.

b is also a diagrammatic Lie bialgebra with subalgebras bp = hp ® np, where
hs C b is the span of {o) };cp and np is the nilpotent subalgebra generated by
{ei}iep. Moreover, the diagrammatic structure on b is split as follows. Let R C h*
be the set of positive roots of g relative to b and, for any B C D, let Rp + C R4
be the subset of roots whose support lies in B. In particular, ng = @
Then, for any B’ C B, we have

a€Rp ¢ Ga-

b =bhp @by and npg =ng ©np
where b5, = {t € bpla;(t) = 0,i € B’} and n3, = EBaeRB#\RBw ga- The

corresponding projections pg'g : bp = hp®np — hp Gnp = bp, are Lie bialgebra
morphisms and give rise to a split diagrammatic Lie bialgebra structure on b.

12.5. Diagrammatic semigroups. A diagrammatic semigroup is a pair S = (S, D)
where D is a diagram and S a semigroup endowed with a family of subsets S(B) C S
indexed by the subdiagrams of D, such that

e S(B) is a saturated subsemigroup in S
e S(B') CS(B) for any B'C B
e for any B’ 1. B”,

S(BUB")=S(B)US(B") and  (S(B')xS(B")N((S)P =0
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It follows in particular that S(@) = (. Moreover, if b is an S—graded Lie bialgebra,
and B C D is a subdiagram, then

bB = @ ba

a€eS(B)

is a Lie subbialgebra of b. The following is straightforward.

Proposition. Let S = (S, D) be a diagrammatic semigroup. Then, every S—graded
Lie bialgebra is a split diagrammatic Lie bialgebra.

12.6. Semisimple Lie algebras. Let g be a complex semisimple Lie algebra, with
Borel subalgebra b. As pointed out in 8.6, b is graded by Rp = R4 U {0}, where
R is the semigroup of positive roots of g relative to b. However, the diagrammatic
structure of b given in 12.4 is not encoded by its Rg—grading via Proposition 12.5.
Indeed, if B C D, bp = hp @ np does not correspond to a subset of Ry since hp C b
is not a graded component of b.

Note that R is a diagrammatic semigroup, with saturated subsemigroups Rp
given by the set of roots with support in B, but this diagrammatic structure does not
extend to Ry since Rp + is not saturated in Rp. Alternatively, one can consider the
saturated subsemigroups Ro(B) = Rp 4 L {0} C Ry, but the latter only detect the
Lie subbialgebras hnpg D bp and, correspondingly, do not satisfy the orthogonality
property (Ro(B) x Ro(B')) R =0 if B L B

The need to simultaneously account for the diagrammatic and the Ryp—graded
structure of b motivates the construction in the following paragraph.

12.7. Extensions of diagrammatic semigroups and PROPs. Let S = (S, D)
be a diagrammatic semigroup, and So = S U {0} the semigroup which extends S

with an element 0 such that (0,0) ¢ 582) and a+0=caforanya €S. faes
and B C D, we write o L B if a € S(B’) for some B’ | B.

Let LBAg be the PROP generated by a module over @50,18 and a family of
idempotents 6y 5 : [1] — [1], B C D, such that 6y p = 6o,

90)3/ o 90)3 = 90)3/ = 90)3 o 6‘0731 for any B/ - B

ooyB/uB// = 9073/ + 90_’3// for any B 1 B
and the following additional relations hold
0 ifal B

00y R0, =
provos {M06‘0®6‘a if o € S(B)

. en s 0 ifalB
® a0 =
0B 6 © 6. 08 ifacS(B)

The above relations imply that 6y 9 = 0, and that 8y g/ o 6y g7 = 0 = 8y, 0 0y, B
for any B’ L B” since if p, q are idempotents, p + ¢ is an idempotent if and only if

pq =0=qp.

Proposition.

18That is, by a complete family of orthogonal idempotents 6, : [1] — [1], o € So, a bracket
u:[2] — [1], and a cobracket § : [1] — [2], with the same relations described in 9.1.
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(1) For any B C D, set g =6, +EO¢ES(B) 0. Then, 0% = 0p,
fpopu=polp®op and dolp =00 0.

(2) If N is a Karoubian, k-linear symmetric monoidal category, any module
b € N over LBAg is a split diagrammatic Lie bialgebra with bg = 0g(b),
BCD.

PROOF. (1) The relations above imply in particular that 6y p o6, =0 =60, 06

for any B C D and «a € S, so that §% = 0. Set now 05 = 0y + Zaes(B) 0. Then,

since S(B) U {0} is a saturated subsemigroup in So,
pofp®0p=poly @05 =0g50u=~0pgopu,

where the first equality follow from p oy ® 6y =0 = o6y p ® by p and po (6 —

00.8) ® 0, = 0 if @ € S(B), and the last one from 6y o u = 0 = §y g o . Similarly

for §. Moreover, for any B’ 1. B"”, pofp ® g =0 = 0 @ Og» 0. It follows

that 0p(b), B C D, are Lie bialgebras and define a split diagrammatic structure on
b. (2) is a direct consequence of (1). O

12.8. Example. Let g be a complex semisimple Lie algebra, and retain the nota-
tion of 12.6. Set S = (R4, D), where the diagrammatic structure on the semigroup
R4 is given by R4 (B) = Rp,+. Then, the Borel subalgebra b C g is a module over
LBAg, where the idempotents 6y p correspond to the projections h = hBGBhJB; — bp.
In particular, both the diagrammatic and Ryp—graded structure of b are codified by
LBA.

Henceforth, by abuse of terminology, we say that a Lie bialgebra is S—graded if
it is a LBAg—module.

12.9. Colimit structure of LBAs. The PROP LBAg is not a semigroup extension
of LBA in the sense of 9.1, since the family of idempotents {6, 6 g} is not labeled
by a semigroup, and is neither complete nor orthogonal. Nevertheless, we show
below that LBAg is in fact a colimit of semigroup extensions of LBA.

We retain the notation from Section 11. For any H € Ns(D) and B € H, denote
by By, C B the union of the maximal elements of # properly contained in B.
Let Sy be the semigroup with underlying set S LI {¢(¥}ges, which contains S as
subsemigroup and is such that CEI + C;gg is undefined for any Bj, By € H and

undefined if « L Bor a € S(B

« otherwise
Proposition. Set LBAg ;, = LBAg_ .

(1) For any H, there is a morphism hyy : LBAg 3, — LBAg given by hy(1n) = pu,
h(8) =9, hy(0s) =04, a €S, and

ha(0c) = Yo.5 — b0,

(2) For any H' C H, there is a morphism hyz : LBAg 3,0 — LBAs 4, given by
by (1) = ps hww (6) =6, ha (0a) = ba, @ €S, and

T (Oc) = > Ocye
B

where the sum ranges over the B € H such that B C B, and B ¢ B'4,.
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(3) The following holds for any H" CH' C H,
h’H [e] h’H’H' = h'H/ a,nd h’H’H/ o h'H/'H// = hrH'H//

as morphisms LBAg 5, — LBAg and LBAg 5,» — LBAg 4, respectively.
(4) The PROP LBAg is the colimit of (LBAg 4, hay3)-

PROOF. (1)—(3) are verified by direct inspection. (4) Let P be a PROP endowed
with a family of morphisms py; : LBAg;, — P such that py o hyyy = py for
any H' C H. Then, one can check easily that there is a unique morphism p :
LBAg — P such that p o hyy—py. Namely, p is determined by the assignment

p(bo,B) = P{B,D}(%{SB,D})- O

12.10. Universal Drinfeld—Yetter modules. Fix henceforth a diagrammatic
semigroup S = (S, D). The category DYg, n > 1, is the colored PROP generated
by n + 1 objects, [1] and {[Vi]}}_,, and morphisms

e 0y:[1] = [l],a€S,and Oy p:[1] = [1], BC D

o u:[2]—=[1],0:[1] = [2]

o 1 [1]® [Vi] = [Vi], 7« [Vi] = [1] ® [Vi]
such that

e ([1],604,00 8, p,0) is an LBAg—module in DYg

o every ([Vi], m, 7)) is a Drinfeld—Yetter module over [1]

12.11. Universal algebras. We set Ug = Endpyz ([V1] ® [Vo] ® --- ® [V,,]). For
any S-graded Lie bialgebra b and n-—tuple {Vi,ms, 75 }i_, of Drinfeld—Yetter b—
modules, there is a canonical realisation functor

g(b)vhm)vn) mg — VeCtk

sending [1] +— b, and [V4] + V. As usual, the functors G v, ... v,) induce an
algebra homomorphism pg , : g — Uy', where Uy* = End (f'z") and f: DY — Vecty
is the forgetful functor.

12.12. Colimit structures. As in the case of LBAg, DY§ is a colimit of semigroup
extensions of DY". Namely, let H € Ns(D) and set DYg ;, = DYg, and Ug 4 =
ﬂgﬂ. The morphism hy : LBAg 3, — LBAg (resp. hyw : LBAg 5,/ — LBAg 4,
H' C H) extend immediately to a morphism of PROPs hj, : DYg 5, — DYg (resp.
hi3, : DYg 3 — DYg 5,) and then to a morphism of algebras h35, : 48 5, — UL 5,
compatibly with the inclusion of nested sets. The following corollary of Proposition
12.9 is immediate.

Corollary.
(1) The PROP DYy is the colimit of the system (DYg 4,, h%5,/)-
(2) The algebra Ug is the colimit of the system (Ug 5, hijq,r).

12.13. Hochschild cohomology. The cosimplicial structure and the Hochschild
differential on 41§ are defined as in 5.13. Relying on the colimit structure described
above, the results of Section 9, in particular the PBW theorem (Thm. 9.5) and
computation of the Hochschild cohomology (Thm. 9.6), extend immediately to the
case of a diagrammatic semigroup. More precisely, let Zs C LBAg([1],[1]) be the
subset containing the idempotents 6,, o € S, and all iterated products of 6 g,
corresponding to connected subdiagrams B C D. For any a € Z2V, the Lie algebras
Lo are defined as in 9.3. We have the following
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Theorem. The Hochschild cohomology of 43 is described as follows:

HY(US, dy) EBLBASN CATI)

o @ é H (/\jLNyg)aN ® (/\FjﬁNyg)éN

> j— N
N>0j=0 \aeT! .

In particular, HO(U8,dy) =k and H* (U8, dy) = 0.
12.14. Diagrammatic subalgebras. For any B C D, set S(B) = (S(B), B). Let
U p = Ugp) be the universal algebra in the PROP DYg g := DYg (). For any
B C B, there is a canonical realisation functor
gGB[l]v[Vl]v'“)[Vn] : M% - m’%/

which sends the object [1]5 in DY'; to the Lie bialgebra object 5[1]5 = ([1]5/,0B)
in DYg g and induces a homomorphism fp/p : Ug p — U p..

For any S—graded Lie bialgebra b with diagrammatic Lie subbialgebras bp =

0p(b) (cf. 12.7), we set U p = End (fg"), where fg : DYy, — Vecty is the forgetful
functor, and we define py p : Ug 5 = Uy g as in 12.10.

Proposition.

(1) The subalgebras {4 p}pcp define a lax D-algebra structure on 4Ug.

(2) The subalgebras {Uy g} pcp defines a lax D-algebra structure on Uy .

(3) The collection of homomorphisms {py g + Ug p — Uy p}ecD, defines a

strict morphism of D—algebras py : Ug — U}'.
PRrOOF. (1) follows from Proposition 10.6 (3), since the algebras Ug p are colimits
of semigroup universal algebras. (2) is a consequence of the diagrammatic structure
of the S—graded Lie bialgebra b, and (3) is proved by direct inspection. O
An analogue result holds for the gradlng completions of 4Ug and U, which are

defined as in 7.1 and denoted SJS and L{b

12.15. Uniqueness of twists in 4I%. For any subdiagrams B’ C B C D, we denote

by LIS p.p the elements in LIS g Which are invariant with respect to the action and

coaction of [bp/] = ([1], 95(3/)). Relying on the description of the cohomology of
& given by Theorem 12.13, we proceed as in Section 10 and prove the analogue of

Theorem 10.5.

Theorem.

(1) If i, J2 € %1373, are solutions of the relative twist equation (Pg)y, = Pp/,
with (J;)o = 1, there is a gauge transformation u € LAISX’ByB,, with ug = 1,
such that Jo = uq - ug - Jy - ul_zl.

(2) The gauge transformation u is unique.

13. UNIVERSAL BRAIDED PRE—COXETER STRUCTURES

Let S = (S,D) be a diagrammatic semigroup, and g the universal algebras
arising from the PROP LBAg. We define in this section the notion of braided pre—
Coxeter structure on 4§, and prove its rigidity. We will prove in Section 14 that
such structures give rise to braided Coxeter categories, as defined in [2].
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13.1. Pre—Coxeter structures on ﬁg Recall that, for any B’ C B C D, %173)3,

denotes the elements in ﬁg g Which are invariant with respect to the action and
coaction of [bp/] = ([1],05(5))-

Definition. A braided pre—Cozeter structure (®p, Jr, Trg) on ﬁg consists of the
following data.

(1)

For any B C D, an associator ®p € ﬁg,B,B (cf. Definition 7.3), satisfying
the following orthogonal factorisation property. For any B = By U B,

Op =&p, - Pp,
We set Rp = exp(2p/2) € ﬁ‘g,B,B’ and note that Rp, 5, = Rp, - Rp,-
For any B’ C B C D, and maximal nested set F € Mns(B, B’), a relative
twist Jr € UZ p g, that is an (invertible) element such that (Jr)o = 1
and e1(Jr) = 1 = €3(JF), where 3,3 : ﬁg)B — ﬁS)B are the degeneration
homomorphisms, which is a solution of the relative twist equation

(®B),, = Pp

where ®; = J23JL23¢(J12:3)71(J12)=1 (cf. Section 7.6 and equations
(7.1)=(7.2)). Moreover, the twists Jr satisfy the following factorisation
properties.

e Vertical factorisation. For any B” C B’ C B, F € Mns(B, B’) and
F' € Mns(B’, B")

Jrop = JF - JF
In particular, Jr = 1 if B® = B and F is the unique element in
Mns(B, B).

e Orthogonal factorisation. For any B = By LB, and B’ = B] LI B},
with B! C By and B} C Bs, and any orthogonal pair F = (Fi, F2) €
Mns(B;, B,) x Mns(Ba, BY) = Mns(B, B')

Jr=Jr - Jr,

For any B C B C D, and F,G € Mns(B, B’), an invertible element Ygr €
Us p g, henceforth referred to as a De Concini-Procesi associator, such
that (Tg]:)o = 1, E(Tg}‘) = 1, and
Jg = (Yorh - (Yor)o - Jr- (Yor)iy
The associators Y¢gr satisfy the following properties.
e Transitivity. For any F,G,H € Mns(B, B’),
Tyr =Tug - Tgr

In particular, Yrr =1 and Ygr = T}lg
e Vertical factorisation. For any B” C B’ C B, F,G € Mns(B, B’)
and F', G’ € Mns(B’, B"),
T gug(Fury = Ygr - Tor
e Orthogonal factorisation. For any B = By U B; and B’ = B Ll B},

with B} C By and Bj C Bs, and orthogonal pairs F = (Fi, F2) and
G = (G1,G2) in Mns(By, B]) x Mns(Bz, B}) = Mns(B, B')

TQ}- = TQ1]:1 'TQ2-7‘-2
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13.2. Twisting of braided pre—Coxeter structures on ﬁg

Definition.
(1) A twist in ﬂé is a pair (u, F') where
(a) u = {ur} is a collection of invertible elements in g p/ p, indexed
by pairs of subdiagrams B’ C B and a maximal nested set F €
Mns(B, B’), which satisfy e(uzr) = 1, and the following factorisation
properties.
e Vertical factorisation. Forany B” C B’ C B, F € Mns(B, B’),
and F' € Mns(B’, B"),
UFUF = UF - UF/ (131)
e Orthogonal factorisation. For any B = By U By and B’ =
Bj U B, with Bf € By and B} C Bs, and orthogonal pair
F = (F1,F2) in Mns(By, B}) x Mns(Bs, B}) = Mns(B, B’),
UF =UF, " UF, (132)
(b) F = {Fp} is a collection of invertible elements of ﬁg)RB, indexed
by subdiagrams B C D, which satisfy e3(Fg) = 1 = %(Fp), are
symmetric,i.e., (Fg)o; = Fp (cf. 7.2), dg(Fp)1 = 0, and, for any
B = By UB,,
Fg=Fp, - Fg,
2) The twisting of a braided pre—Coxeter structure C = (®p,Jr, Trg) by a
( g p ,JF, Trg) by
twist (u, F') is the braided pre—Coxeter structure

C(u,F) = (((I)B)FBa (J]:)(u,F)v (T]—‘g)u)

given by
(®B)rs = (FB)2s- (Fg)i2s @5 (FB)ias- (FB)i
(JF)wr = Folurp)-(ur)z2-Jr-(urp)p - Fg'
(Yrg)u = ur YTrg-ug'

Remark. The twisting of a braided pre—Coxeter structure does not affect the R—
matrix Rp = exp(Q25/2). Specifically, set

(RB)rs = (FB)a1RpFg "
Since 2Qp = A(kp) — ((kB)1 + (kB)2), we have
(Rp)ry = F5' exp(A(rkp)/2) exp(—((kp)1 + (kB)2) /2)Fg '
= exp(A(kp)/2)F5 exp(—((kp)1 + (k5)2)/2) Fp '
= exp(A(kp)/2) exp(—((kB)1 + (KB)2)/2) = R5
where the first identity follows from the invariance of Fp, and the second one
from the fact that (k)1 + (kB)2 is central in 42 p (Prop. 9.8) and F3' = Fp by
assumption.
Finally, we observe that the conditions (Rg)r, = Rp and dgy(Fg)1 = 0 guaran-

tee that the 2—jet of the associator is preserved, i.e., ((®p)r,)1 = 0, and therefore
(((I)B)FB )2 = [93712793723]/24 by [9, PI‘Op. 31]
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13.3. Gauging of twists transformation.

Definition.
(1) A gaugeis a collection a = {ap} of invertible elements ap € g 5 p indexed
by subdiagrams B C D and satisfying, for any B = By Ll B,
ap = aBl . CLB2
(2) The gauging of a twist (u, F') by a is the twist (uq, F,) given by
(ur)e =ap -ur-ag'
(F)a = (a)i(ap)2 - F5 - (aB)1
Remark. It is easy to see that if (u, F’) is a twist, and a a gauge, the twist of a
braided pre—Coxeter structure on {8 by (u, F') is the same as that by (ug, Fy,).

13.4. Uniqueness of braided pre—Coxeter structures on ﬁg

Theorenj. Let Cy, = (@g), ;f), Tg{%), k=1,2, be two braided pre—Coxeter struc-
tures on Ug. Then
(1) There exists a twist (u, F') such that ug =1,Fy =1, and

Ca = (C1)(u,F)
(2) The twist (u, F) is unique up to a unique gauge a.

PRrROOF. We first match the associators. The proof of Drinfeld’s uniqueness theorem
[9, Prop. 3.12] is easily adapted to ﬁg Namely, given @g), @g) € ﬁgyB, there is
a symmetric, invariant twist Fp € ﬁé,B such that (@g))FB = @g). In particular,
dy(Fg)1 = 0. Fp is uniquely defined up to multiplication with an element of the
form (ap);'(ap); ' (ap)12, where ap belongs to the center of LAL&B and such that
(ag)o = 1. Further, (Rp)r, = Rp, since Rp = exp(kp/2)12 - exp(—((kp)1 +
(kB)2)/2), as we explain in 13.2.

We may therefore assume that C, = (®p, J;F), TST%) We now match the twists.
By 12.15, there exists, for any F € Mns(B, B’), an invertible element ur € QS,B,B’
satisfying

TP = () (ur)e & (ur)
Moreover, it follows by Theorem 12.15 that the gauge transformation is unique,
and therefore that u = {uz} satisfies the factorisation properties (13.1) and (13.2).

Therefore we can assume Cr, = (P, Jr, TS—%) and

k k k)N —
(T8 - (P E)s - Jg - (YYD = Tz

fro k = 1,2. Again by uniqueness, it follows that Tsfl)g = T(;)g Cy is therefore a
twist of Cq, and the twist is uniquely defined up to a unique gauge. O

14. BRAIDED COXETER CATEGORIES

In this section, we review the definition of braided (pre—)Coxeter categories given
in [2]. We then show that if S is a diagrammatic semigroup, and b an S—graded
Lie bialgebra, a braided pre-Coxeter structure on the universal algebras ﬁé endows
Drinfeld—Yetter modules over the diagrammatic subalgebras of b with the structure
of a braided pre-Coxeter category.
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14.1. Let D be a diagram. A braided pre—Cozxeter category C of type D consists
of the following data

e Diagrammatic categories. For any subdiagram B C D, a braided tensor
category Cp.

e Restriction functors. For any inclusion B’ C B and relative maximal
nested set F € Mns(B, B’), a tensor functor Fr : Cg — Cp'.

e De Concini—Procesi associators. For any inclusion B’ C B and pair of
relative maximal nested sets F,G € Mns(B, B’), an isomorphism of tensor
functors Tg]: Py = Fg.

This data is assumed to satisfy the following axioms

e Normalisation. If B C D, and F is the unique element in Mns(B, B),
then Fr =idc,.

e Transitivity. For any B’ C B and F,G,H € Mns(B, B’), Ty#r = Tyg o
Tgr as isomorphisms Fr = Fy. In particular, Yrr = idp, and Tgr =
Trg

e Vertical factorisation. For any B” C B’ C B, F € Mns(B, B’) and F' €
Mns(B’, B"), the tensor functor Frr : Cg — Cpr is equal to the compo-
sition Fiz o F'r. Moreover, for any G € Mns(B, B’) and G’ € Mns(B’, B”),
the following equality holds

Tgor
Tgug FruF = ©
Tg/]:/

as isomorphisms Fr/(r = Fr o Fr = Fgi o Fg = Fgiug.'?

14.2. Morphisms. Let C, C’ be two braided pre-Coxeter categories of type D. A
1-morphism H : C — C’ consists of the following data.

e For any B C D, a braided tensor functor Hg : Cg — CJ.

e For any B C B C D and F € Mns(B, B’), an isomorphism of tensor
functors vz : Fz o Hg = Hps o Fr such that Ygr o yr = vg o T5x as
isomorphisms F- o Hg = Hp: o Fg.

This data is assumed to satisfy the following axioms.

e Normalisation. If B C D and F is the unique element in Mns(B, B), so
that Fr =idc, and F = idey,, then vr = idp,.

e Vertical factorisation. For any B” C B’ C B, F € Mns(B,B’) and
F' € Mns(B’, B"”), the following equality holds

VF
YFUF = O
VF

as isomorphisms F%, o Hg = F% o Fz 0 Hg = Hpv o Fy/ o Fy =
Hpro FruF.

91y [2], a more general version of vertical factorisation is considered, where the equalities
Tgr
Tg/f/
phisms. For the purposes of the present paper, it is sufficient to assume that these isomorphisms
are equalities.

Friygp=Fr oFr and Ygi g rrur = are only assumed to hold up to coherent isomor-
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Let H', H? be two 1-morphisms C — C’. A 2-morphism v : H! = H? consists
of the following data.

e For any B C D, a natural transformation of braided tensor functors vp :
Hi = H% such that, for any B’ C B and F € Mns(B,B’), yrovp =
vpr o yx as morphisms Fio H}, = H3, o Fr.

14.3. Generalised braid groups [5].

Definition. A labeling m of the diagram D is the assignment of an integer m;; €
{2,3,...,00} to any pair 4, j of distinct vertices of D such that

Mij = My and m,; = 2 if ¢ and j are orthogonal
The generalised braid group (or Artin group) corresponding to D and a labeling m
is the group By generated by S;, i € D, with relations?’
S;i-S;-S; -+ =5;-5;-S; --- (14'1)

mMij mMij

14.4. Braided Coxeter categories. Let m be a labeling of D. A braided Cozeter
category of type (D, m) is a braided pre—Coxeter category (Cp, Fr, Tgr) of type
D endowed with distinguished isomorphisms S¢ € Aut(Fp;) for any vertex i of D
called local monodromies. These are assumed to satisfy the following.

e Braid relations. For any B C D, i # j € B and maximal nested sets
F,G on B with {i} € F,{j} € G, the following holds in Aut(Fg)

Ad (Ygr) (SE)- S5 - Ad(Ygr) (SE) - =S5 - Ad(Tgr) (SF) - S5 -

e Coproduct identity. For any i € D, the following holds in Aut(Fy; ® Fy;)
J o Fyi(ci) o A(SE) 0 J; = cpo SE @ S (14.2)

3

where J; is the tensor structure on Fy; and ¢;, cy are the opposite braid-
ings in C; and Cy, respectively.?! In other words, the following diagram is
commutative for any V, W € C;,

V®W

Fos(V) ® By (W) 225 By (V) @ Fg(W) —2 Fyy (W) ® Fys(V)

Jiv‘wl L,iw,v

A 1-morphism C — C’ of braided Coxeter categories is a 1-morphism of the
underlying braided pre—Coxeter categories which preserves the local monodromies.
That is, it consists of the data (Hp,vp'p) defined in 14.2 and such that, for any
i€ D, SCong; =9 0SC as isomorphisms F} o H; = Hy o F;.

A 2-morphism H' = H? of 1-morphisms H', H? : C — C’ of braided Coxeter
categories is a 2-morphism of the 1-morphisms of braided pre-Coxeter categories.

20The group B% is called an Artin group in [6]. We follow here the terminology of [8].
21 1 a braided monoidal category with braiding (3, the opposite braiding is Bg;)y = ﬁ;lx
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14.5. Braid group representations. The axioms of a braided Coxeter category
are tailored to produce natural representations of the generalised braid group. More
precisely, in [2, Prop. 3.9] we show that a braided Coxeter category C of type
(D,m) gives rise to a family of actions A\x : Bp — Aut(Fr) on the functors
Fr : Cp — Cy labeled by maximal nested sets on D, which are uniquely determined
by the conditions

(1) Ar(Si) =S¢ if {i} € F,

(2) Ag = Ad(Ygr) o A

14.6. Deformation Drinfeld—Yetter modules. We retain the notations from
Section 12. Let S be a diagrammatic semigroup with underlying diagram D and b
an S—graded Lie bialgebra. Let DY]Z be the category of Drinfeld—Yetter b—modules
in the category of topologically free k[h]-modules, Z;{\(,‘ the algebra of endomorphisms
of the n—fold forgetful functor f : DYE — Vect[p), and g the universal algebra
introduced in 12.11. Following the same procedure described in 7.4, one can rely
on the category DYZ‘;"‘ of Drinfeld—Yetter modules over the Lie bialgebra b, =
(b[R],[-, -], hd) whose coaction is divisible by % to obtain a homomorphism pj :
g — ﬁ{} which naturally extends to ﬁg

14.7. From universal algebras to Drinfeld—Yetter modules.

Proposition. Let b be an S—graded Lie bialgebra.

(1) A braided pre-Cozxeter structure C on ﬁg canonically induces a braided pre—
Coxeter structure C(b) on {DYZB }BCD.-

(2) A twist T in }jlé canonically induces a 1-isomorphism T (b) : C(b) — C7(b),
where C1 denotes the twisted braided pre—Coxeter structure.

(3) A gauge g in ﬁé canonically induces a 2—isomorphism g(b) : T (b) = T,4(b),
where Ty denotes the gauged twist.

PROOF. (1) Let C = (®p, Jr, T rg) be a braided pre-Coxeter structure on ﬁé We
show below that the homomorphisms p} define a braided pre-Coxeter structure
C(b) with underlying categories {DY} 5 }BCD.

e Diagrammatic categories. For any B C D, set C(b) 5 = DYE)}‘;, the braided
monoidal category of topologically free Drinfeld—Yetter bg—modules, with
associativity and commutativity constraints given by p%(®5) and p%(Rp)
respectively.

e Restriction functors. For any B’ C B and F € Mns(B, B’), let F& be
the standard restriction functor Resp g = Resp,, b, With tensor structure
Ppp (JF).

e De Concini—Procesi associators. For any F,G € Mns(B, B’), let Tg}- :
F$ = F§ be the tensor isomorphism defined by ppp (Ygr).

We now show that this datum satisfies the properties required in 14.1.

e Normalisation. If B C D, and F is the unique element in Mns(B, B),
then, by the vertical factorisation property of the relative twists in Qg (cf.
Definition 13.1), Jr = Jr - J. In particular, Jr = 1 and Fr = id¢(p),-

o Transitivity. This follows from the horizontal factorisation of De Concini-
Procesi associators in ﬁé
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o Vertical factorisation. This follows from the vertical factorisation of the
relative twists and De Concini-Procesi associators in {1g.

(2) Let T = (u, F) be a twist in }jlé and C" = C(,,r) the twisted pre-Coxeter
structure (cf. 13.2). Define a 1-isomorphism 7(b) = (HZ,v%) : C(b) — C'(b) as
follows.

e For any B C D, we denote by Hp the identity functor on C(b)p endowed
with the tensor structure p% (Fp). In particular, it follows immediately from
Definition 13.2 that Hp is a braided tensor equivalence C(b)p — C'(b)p.

e For any B’ C B C D and F € Mns(B, B'), we denote by 7% the natural
isomorphism Fg o H}, = HJ, o F& o H induced by ppp'(ur). Therefore,
by definition of w, *y}— is a well-defined isomorphism of tensor functors
satisfying the vertical factorisation property.

(3) Finally, let g be a gauge in ﬁé and 7' = T, the gauged twist (cf. 13.3).
Then, we define a 2-isomorphism ¢(b) : 7(b) = 7'(b) as follows. For any B C D,
we denote by v% the isomorphism of braided tensor functors H;— = HZ: given by

p5(gp). Then, it follows from the definition of g that 77 o v% = v%, oy L. O

14.8. Universal braided pre—Coxeter structures.

Definition. Let b be an S—graded Lie bialgebra. A braided pre—Coxeter structure
(resp. 1-morphism, 2-morphism) on { DYZLB} Bcp is universal if it is induced by a

braided pre-Coxeter structure (resp. twist, gauge) on U via Proposition 14.7.
The following is a direct consequence of Theorem 13.4.

Theorem. Let b be an S—graded Lie bialgebra, and C1,Ca two universal braided
pre-Cozxeter structures with diagrammatic categories {DYEB YBcp. Then, there is
a universal 1-isomorphism C1 — Ca, which is unique up to a unique universal
2—isomorphism.

In [2, Thm. 9.1], we show that, for any S—graded Lie bialgebra b, there is
a canonical universal braided pre—Coxeter structure on Drinfeld—Yetter modules.
Although we do not need this result for the purposes of this paper, we observe that,
combined with the uniqueness result above, this implies the following.

Corollary. Let b be an S—graded Lie bialgebra. Then, there exists an essentially
unique universal braided pre—Cozeter structure on the categories of deformation
Drinfeld—Yetter modules.

15. COXETER STRUCTURES AND KAC-MOODY ALGEBRAS

In this section, we consider the diagrammatic semigroup of positive roots of a
symmetrisable Kac-Moody algebra g with negative Borel subalgebra b. We then
rely on the results of Sections 13-14 to prove the uniqueness of braided Coxeter
structures on integrable Drinfeld—Yetter modules over b, and category O modules
over g.



UNIQUENESS OF COXETER STRUCTURES 73

15.1. Kac—Moody algebras [19]. Throughout this section, we fix a finite set I, a
matrix A = (a;;); jer with entries in k, and a realisation (h, II, ITV) of A. Thus, b is a
k—vector space of dimension 2|I| — rk(A), and II = {a; }ier C b*, IIV = {a) }ie1 C h
are linearly independent subsets such that ai(a}/) = aj;.

Let g = g(A) be the Lie algebra generated by b, {e;, f; }ic1 with relations [h, '] =
0, for any h,h’ € b, and

[hei] = ai(he:  [h, fi] = —as(h)fi  lei, fi] = dij0rf

The Kac-Moody algebra corresponding to A is the Lie algebra g = g(A) = g/1,
where [ is the sum of all two—sided ideals in g having trivial intersection with h C g.
If A is a generalised Cartan matrix (i.e., a;; = 2, a;; € Zgo if i # j, and a;; =0
implies aj; = 0), the ideal I is generated by the Serre relations ad(e;)! =% (e;) =
0= ad(f)1= (f;) for any i # j.

Set Q4 = @1 Zzo0a; € b*, so that g has the root space decomposition g = n_ @
b ® n+, where ny = @ ,eq,\ (0} I+a> and ga = {X € g | [h, X] = a(h)X, Vh € b}.
Denote by Ry = {a € Q4 | ga # 0} the set of positive roots of g.

15.2. Extended Kac—-Moody algebras [2|. Let g = g(A) be the Lie algebra

generated by {e;, fi, o, \ }ier with relations o/, a¥] = [N/, XY] = [/, A] = 0
for any 4,5 € I, and
[a;/aej] = Qi5€5 o), fil = —ai;f; [)\ivvej] = dije; [)\ivvfj] =—0ijfj

Definition. The extended Kac—Moody algebra corresponding to A is the k-Lie
algebra § = g/I, where I is the sum of all two-sided ideals in g having trivial
intersection with the abelian subalgebra h C g spanned by {a;, \Y }ier.

Let D be the Dynkin diagram of g and, for any B C D, let gz C g be the Lie
subalgebra generated by {e;, fi, o)/, N/ }iep if B # 0, and gy = {0} otherwise.

Proposition. The extended Kac-Moody algebra g is a diagrammatic Lie algebra
with Lie subalgebras g, B C D.

Proor. Clearly, for any B1 C Bs, §g, € §p,- If B3 L By, then for any i € B3, j €
By, e;, f; commute with e;, f; [19, Lemma 1.6], and, since [, ¢;] = 0 = [, f;] and
[/\;/,ej] =0= [/\;/vfj]a [5337534] =0. Finally, if B= B1U B>, gp = 9B, ©Op,- O

Remark. The definition of g takes its cue from [17]. Its use is prompted by the
fact that not all (symmetrisable) Kac-Moody algebras are diagrammatic [2, 11].

15.3. Relation between g and §g. We show in [2, §11.6] that g is non—canonically
a split central extension of g, with a rk(A)—dimensional kernel. Namely, set r = rk A,
¢ = |I|, and assume for simplicity that the first r rows of A are linearly independent.
Let h’ C b be the (/~dimensional) span of {a) };e1, and §” C § a subspace with basis
{dj}fZTJrl such that Oéi(dj) = 5ij; 1 g ) S é, r+1 g‘] S {. Let w;/ = E;:l Cija;-/
be the fundamental coweights corresponding to {aq,...,a,}. Then, the elements
v =w) -\ €h,i=1,...,r, are central in §. Denote by ¢ the subspace spanned
by {vi}tiz1-

Proposition ([2]). The choice of the complementary subspace b C h determines

Y
7

(1) An embedding g C §, mapping e;, fi, ) — e, fi, &
ielj=r+1,...,¢

and dj — X} for any
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(2) A projection § — §/c — g mapping e;, fi, o] — e;, fi, o),
ifj=1,...,r, and XY > dj, if j=r+1,....L
(3) A Lie algebra isomorphism g~ g @ c.

; v v
i€, \j =@,

15.4. Root space decomposition of §. Let {@;};c1 be the linear forms on h
defined by

a; (Oé;/) = aj; and a; ()\;/) = 61']'
so that, for any h € b, [h,e;] = @i(h)e; and [h, fi] = —a(h)f;. Set Q. =
D1 Zzoa; C E* Then, g has the root space decomposition

i= P a.obe Pi.
a€Qy acQy
a#0 a#0
where g, = {X €9 [h, X] = a(h)X Vh € b}. Let 7: Q4 — Q, be the Z>o-linear
map sending «; to @;, ¢ € I. It follows from the proposition above that, for any
a € Q4, o # 0, gy identifies canonically with g, and

7= P ocbe Poa

acRy acR4

15.5. Symmetrisable Kac—Moody algebras. Assume henceforth that the ma-
trix A is symmetrisable, and fix an invertible diagonal D = Diag(d;);e1 such that
AD is symmetric.

Let b’ C b be the span of {a} }ic1, and h” C b a complementary subspace. Then,
there is a symmetric, non—degenerate bilinear form (-,-) on b, which is uniquely
determined by (), ) = d;;(+) and (h”,h"”) = 0. The form (-,-) uniquely extends
to an invariant symmetric bilinear form on g, and (e;, f;) = d;;d;. The kernel of
this form is precisely I, so that (-,-) descends to a nondegenerate form on g.

Set by = hoPD, L 9+a C 8 The bilinear form induces a canonical isomorphism
of graded vector spaces by ~ b* |, where b* =h* @ @a€R+ g% ., and determines on
g a natural structure of Lie bialgebra with cobracket § : g — g A g given by

8o =0 dle) =ditaf Nep  O(fi) =di ey Afi

15.6. Extended symmetrisable Kac-Moody algebras. The extended Lie al-
gebra g = g(A) is endowed with an invariant, symmetric and non—degenerate bilin-
ear form (-,-) : g ® g — k uniquely determined by the table

(A e [ of [A ]|
€; 0 0 0 6i‘jdi
Oé;/ 0 djaij 5”611 0
N 0 [éd; | O 0
fi 5ijdj 0 0 0

If the bilinear form (-,-) on g given in 15.5 is obtained from a subspace §” C h
satisfying the requirements of 15.3, the embedding g C § corresponding to b” is
compatible with the bilinear forms and the Lie bialgebra structures.

There is a natural structure of Lie bialgebra on g with cobracket § : g > gA g

Sg=0  ble) =d ') Nei  6(fi) =d; tai A
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15.7. Drinfeld double realisation. It is well-known that any symmetrisable
Kac-Moody algebra is a central quotient of the restricted Drinfeld double of its
Borel subalgebra. An analogous result holds for a symmetrisable extended Kac—
Moody algebra g [2, 10.7]. Specifically, consider the Lie algebra 5(2) = ﬁ@ﬁc, where
b° =1 is central in §%, and endow it with the inner product (-,-) & — (-, ge e

Let 7 : § — b be the projection, and Ef) - ﬁ(z) the subalgebra

72 _

by (X,h) € by @B |7m0(X) = £h}

The projection 5(2) — @ onto the first component restricts to an isomorphism

bi) — by with inverse by > X — (X, +7m(X)) € bi).

72 =g @b is the restricted Drinfeld double of b_ ~b_.

Then, it is easy to see that

15.8. Diagrammatic semigroup structure. Let S = (S, D) be the diagram-
matic semigroup introduced in 12.8. Thus, D is the Dynkin diagram of g, S = R
its partial semigroup of positive roots, and S(B) = Rp 4 for any B C D.

For any BCD,let bp,_ (resp. bp. 1) be the Lie subbialgebra of g5 generated
by {Oéz s N\ 7fl}ZEB (resp {az s N\ 7ei}i€B)' Then7

bp.=bhp®fp+

where hz C b is spanned by {a}, A\ }icp, and fip + = @, g,  Oiq, With Rp 4 =
Ry N@P,cp Zxoc. For any B’ C B, set

J— — _L _ _ _
bp=bp ©bp and Npt=np + @ nﬁgi (15.1)
=L - . , _
where bz, C {t € hp|ai(t) =0, € B’} is a chosen complement to hg in hz, and
—1 —
g 4 = @QGRB,+\RB/,+ 01, For any B’ C B, let
iO,BB',ﬂ: . EB/ — EB7i pO,B'B,i : EB,i — EB/
and
ipp,+ bp+ — bp ppp+ b+ —bp 4
be the canonical injections and the projections corresponding to the splitting (15.1).
Set 0p,+ =ipp,+ oppp,+ and Oy g+ = io,pB,+ © po,Bp,+ in End(b+). Then,
0p,+ =008+ + Z O1a
aERE

where 61, denotes the standard idempotent projecting over the root space g.,,.
The following is straightforward.

Proposition. The data (01qa,00,5,+) induce an S—graded Lie bialgebra structure
on by (cf. 12.7). In particular, the maps 0 + are morphisms of Lie bialgebras and
b is split diagrammatic with Lie subbialgebras bB +, BCD.

By Proposition 14.7, a braided pre—Coxeter structure C on }Jg induces a universal
braided pre-Coxeter structure C(b+) on Drinfeld—Yetter modules. Theorem 14.8
then yields the following

Corollary. LetCy,Co be two universal braided pre—Coxeter structures on {DY?B YBcD-
Then, there is a universal 1-isomorphism C1 — Ca, which is unique up to a unique
universal 2—isomorphism.
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15.9. The category Og. A g-module V is in category Oy if the following holds.
(01) V =D, Va, where Vx = {v € V[hv = A(h)v, h € b}

(02) dimVy < oo for any A € P(V) ={\ € H*| VA # 0}

(03) P(V )CD()\l) -~UD(Ap), for some A1, ..., A ep’

where D(A\) = {u € (¥ | p < A}, with p < X iff A — p € Q. The category Og has
a natural symmetric tensor structure inherited from Repg.

We observed in 15.7 that the restricted Drinfeld double of the negative Borel
subalgebra b_ of g is isomorphic to the trivial central extension ﬁ( ) = =g® EC of g
by f) =h. It follows by 2.2-2.3 that the category of Drinfeld—Yetter modules over

b_ is equivalent to the category 5—(2) of g 2Lmodules where g(z) =g>D h which

7(2)

carry a locally finite action of b~ C g(z). This implies the following.

Proposition.
(1) The category Og is isomorphic to the full tensor subcategory of Eﬁg) con-

sisting of those modules carrying a trivial action of Ec and satisfying, as a
module over h C § C §2, the conditions (O1)-(O3) above.

(2) Under the equivalence 5§<2) ~ DYy , Og is isomorphic to the full tensor
subcategory of DYy consisting of those modules V' such that the action

and the coaction of h on V coincide under (-, '>H’ i.e.,
Ty © io (9] ldv = <'7 >E 9] ldV @] ldH ®p0 X ldV ®1d0 ldg ®7T;‘/ (152)
and, as a module over h C b_, V satisfies the conditions (O1)~(O3) above.

15.10. Pre—Coxeter structures and category Og. Condition (O2) on the finite—
dimensionality of weight spaces in 15.9 is not stable under restriction from g =gp
to gp if B C D, which makes category Og unsuitable to the axiomatic of braided
pre-Coxeter structures. We therefore omit it, and denote by O 3 the category
of g—modules satisfying conditions (O1) and (O3). Proposition 15.9 shows that
O3 is a full subcategory of DY3 . Moreover, any universal braided pre-Coxeter

R . h
structure on {DYEB,, }Bcp restricts to one on {OF, 5 }pcp.

15.11. Braid group actions. Assume now that A is a symmetrisable generalised
Cartan matrix, let W be the corresponding Weyl group with set of simple reflections
{si}ier, and set m = (m;;), where m;; is the order of s;s; in W.

Let an be the category of integrable g-modules, i.e., h-semisimple modules
endowed with a locally nilpotent action of the elements {e;, fi}ic1. Let (?'E"t be
the algebra End (Cg‘t — Vect) and, for any ¢ € D, denote by 5; € (?g‘t the triple
exponential

3; = exp(e;) - exp(—f;) - exp(e;).
It is well-known (cf. [24]) that these satisfy the generalised braid relations (14.1).

Let DYInt % be the category of integrable Drinfeld-Yetter b_-modules in DY3;

, [jfdlagonahsable, endowed with a locally nilpotent action of the elements
{fi}iep C b_, and satisfying (15.2), so as to give rise to integrable modules over g.
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In particular, the triple exponential s; acts on the objects in DYiE"t’0 and the sub-

category of integrable modules in O g, denoted (’)L"ota, is isomorphic to a braided

tensor subcategory of DY%n 0,

15.12. Universal braided Coxeter structures on Kac-Moody algebras. Set
b="b_. Let DY%’"“’O be the category of integrable deformation Drinfeld-Yetter b—

modules. As usual, we denote by ﬁg (resp. Z/Alg,yo) the algebra of endomorphisms
of the forgetfu}\functor fEn (DY%B)" — Vectysy (resp. fg’é : (DY%B)” — DY%).
For any X € Uj, we denote by p(X) the induced endomorphism of the forgetful
functor (DY;_Z;"t’O)" — Vect[p.

Definition. A braided Coxeter structure of type (D, m) with diagrammatic cat-
egories {DY%'"t’O} Bcp 18 good (resp. wuniversal) if the underlying braided pre-
5 c

Coxeter structure is induced by a weight-zero®* (resp. universal) pre-Coxeter

structure on DY%, and its local monodromies have the form

where S; € Zz{li} 0» S; =1 mod h, and 5; = exp(e;) exp(—f;) exp(e;).

Remark. It follows from Proposition 10.3 (2) that any universal braided Coxeter
structure on {DY%;S'"t’O} Bcp is good. Moreover, it is important to observe that,
since DY%i ~ Rep Uﬁl@) [A] with gi = sl57, we have LA{E} = (UEEZ))@@”[[h]]. In partic-
ular, p(S;) is an element in (Ug;)" [A].

The twisting of a braided pre—Coxeter structure on {DY;—ZB} Bcp extends to a
twisting of a braided Coxeter structure on {DY%’i"t’O}BCD. Namely, if (C, S;) is a
5 c

good braided Coxeter structure on the latter, where C is the corresponding braided
pre—Coxeter structure on the former, and (u, F') is a weight—zero twist of C, then

(C, 83,y = (Cu,ys S5 = sy - Si - uy)

is a good braided Coxeter structure on {DYZ’i"t’O} Bcp. Moreover, the repre-
5 c

sentations of Bp corresponding to (C,S;) and (C,Si)(,r) are equivalent, i.e.,
()\(u,F))]: = Ad(u;) o )\]:.

15.13. The local monodromies S;. Let i € D be a fixed vertex, and set h, =
kay @ kY.

Lemma. Let Sl-(l), S’Z-(2) be two elements of the form (15.3) which satisfy the relation
() (15.4)

for some R, J € 192 + h- ((Ug;)®2)%[h]. Then, there exist unique u,v € k[h] such
that

TSN 10 J ™ = T - Ryy - Ty (S
Sz'(2) _ Ad(euaierv)\iv)(Si(l))

227 braided pre—Coxeter structure on {DY% YBcp is weight—zero if it is defined over the
giBE

category DY%.



78 A. APPEL AND V. TOLEDANO LAREDO
PROOF. Let SZ-(k) =5- p(§z(-k)), where
P =1+ 37w s e (UT)
N0

The identity above reads
P(S{ )12 - T = Ry - (Jr)” - p(S{) - p(S): (15.5)

where 6 is the Chevalley involution, acting as —1 on b,.
We construct two sequences

Uy = Zakﬁ” and vy = Zbkhn ak,bi € k
k=0 k=0

such that

(2) _ unay 4o A, o) —upaf —vp Y
S, =e S, e

mod A" T (15.6)

Since Sy = S1 = § modulo A, we may assume ag = 0 = by. Assume therefore ay, by
defined for &k = 0,1,...,n for some n > 0. Let (Si(l))’ be given by the right—hand
side of (15.6), so that

p(S) =p(SMY + A"y mod A2

for some n € (Ug,;)%. One readily checks that p(§z(-1))’ satisfies (15.5), since
gunai Fundi’ g group-like element in Uh,[A]. Subtracting from this the coprod-
uct identity for p(ﬁgz)), and computing modulo A"12, we find that

da(n) =n2 — (M2 +m =0

i\
%

Therefore, n is a primitive element in (Uﬁi)Ei. It follows n = ¢ ) +d -\, for

some ¢,d € k. Then for a,11 = —¢/2, b1 = —d/2, we get

e(an+1o¢iv+bn+1>\iv)h"+1 (Si(l))/e—(anﬂaiv+bn+1)\iv)h"+1 _ (Si(l))/e(caiv-i-d)\iv)h"*l _ 552)
modulo 2"*2. By induction, one gets u,v € k[A] such that

Si@) _ Ad(euaiv-"_v)‘iv)(s-(l))

K2

O
Since the coproduct identity (14.2) has the form (15.4), where R = R; € Q{Qi},o

is an R-matrix and J = J; € LA{{Ql} o 18 a twist, we get the following

Corollary. Up to gauge transformation, a good (resp. universal) braided pre-

Cozeter structure on {DY%"nt’O}BCD can be completed to at most one universal
5 c

braided Cozeter structure.

15.14. Coxeter structures on extended Kac—Moody algebras. Let g be an
extended symmetrisable Kac-Moody algebra with negative Borel subalgebra b and
Dynkin diagram D, and DYZ’i"t’O the deformation category of integrable Drinfeld—
Yetter b-modules.

The following is the main result of this paper.
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Theorem. Let k=1,2, and
k k
Ck:(q)(B)aJ_;—‘ ’ g—*g’,as )

two universal braided Cozeter structures on {DYZ"M’O}BCD corresponding to a fized
5 c
labeling m on D. Then,
(1) There is a twist (u, ') such that C2 = (C1)(u,F)-
(2) The twist (u, F) is unique up to a unique gauge a.

PROOF. Let (C, {Si(k)}), k = 1,2, be two universal Coxeter structures on DY%"t.
By 13.4, there is a universal twisting (u, F') such that

C2 = (C1)(u,F)
where u is uniquely determined, and F' is uniquely determined up to multiplication
with elements of the form (ag); ' (ap); ' (ap)i2, where ag belongs to the center of

Z;I\%‘ Therefore, S’Z-(2) and (S’Z-(l))a are two Coxeter extensions of C2. By Lemma 15.13,
there is a unique tuple v = (v1,...,Vn, 0], ..., V},), Vi, v} € k[A], such that

Ad(e e N (57), = 577

and (2) 1)
(C2,{S;7}) = (C1,{S; "} (wou.F)
The theorem is proved. (I

Let O™ '"gt be the category of deformation, integrable, category O g—modules.
From 15.10 and 15.11, we get the following

h, |nt

Corollary. Any two universal braided Coxeter structures on {O }BCD are twist

equivalent, with respect to a universal twist, which is unique up to a unique gauge.

Remark. Since the labeling of the diagram D plays no role in the proof of the
rigidity of braided Coxeter structures, the latter yields the following strenghten-
ing of Theorem 15.14. If C;,Cs are two universal braided Coxeter structures on
DYZ "0 corresponding to the labelings {mj;}, {m3;}, then there is a twist (u, F)
such that C2 = (C1)(u,F), which is unique up to a unique gauge. In particular, the
local monodromies of Cy,Cy satisfy the braid relations with respect to the labeling
{min(mj;, mZ;)}.

15.15. Coxeter structures on diagrammatic Kac—Moody algebras. We men-
tion in Remark 15.2 that the definition of extended Kac—Moody algebra is prompted
by the fact that not all Kac-Moody algebras are diagrammatic and, more specifi-
cally, not all symmetrisable Kac-Moody algebras are graded, as Lie bialgebras, over
the diagrammatic semigroup S associated to their root system (cf. 12.8). Nonethe-
less, one observes easily that a large class of (non—extended) symmetrisable Kac—
Moody algebras are S—graded, including those of finite, affine, and hyperbolic type.
In [2, 11], we refer to these as Cartan diagrammatic symmetrisable Kac-Moody
algebras. It is evident that the results described above hold verbatim for these Lie
bialgebras. Therefore, we get the following

Theorem. Let g be a Cartan diagrammatic symmetrisable Kac—Moody algebra (in
particular, of ﬁmte aﬁine or hyperbolic type). Any two universal braided Coxeter
structures on {Ooo 55 }BCD are twist equivalent, with respect to a universal twist,
which is unique up to a unique gauge.
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