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STOCHASTIC NONLINEAR SCHRODINGER EQUATION WITH
ALMOST SPACE-TIME WHITE NOISE

JUSTIN FORLANO, TADAHIRO OH, AND YUZHAO WANG

ABSTRACT. We study the stochastic cubic nonlinear Schrédinger equation (SNLS) with an
additive noise on the one-dimensional torus. In particular, we prove local well-posedness
of the (renormalized) SNLS when the noise is almost space-time white noise. We also
discuss a notion of criticality in this stochastic context, comparing the situation with the
stochastic cubic heat equation (also known as the stochastic quantization equation).

1. INTRODUCTION

1.1. Stochastic nonlinear Schrédinger equation. We consider the Cauchy problem
of the following stochastic cubic nonlinear Schrédinger equation (SNLS) with an additive
noise on the one-dimensional torus T = R/Z:

{i@tu — %u + |ulPu = ¢

uli—o = uo,

(t,7) R, x T, (1.1)

where £(t, ) denotes a (Gaussian) space-time white noisdﬂ on Ry x T and ¢ is a bounded
linear operator on L?(T). SNLS has a wide range of applications, ranging from
nonlinear optics and plasma physics to solid state physics and quantum statistics [21], [1}, 49].
In the context of nonlinear fiber optics [33] [I], the nonlinear Schrodinger equationﬂ (NLS),
when derived from the Maxwell equations, describes transmission of a signal along a fiber
line, where the roles of the variables ¢ and x are switched from the “standard” interpretation,
namely, in this particular application for nonlinear fiber optics, ¢t denotes the (rescaled)
propagation distance and z denotes the (rescaled and translated) timeE| See [33| [I] for
further details. In the following, however, we stick to the standard convention, namely, we
always refer to x as the spatial variable in T and ¢ as the temporal variable in R, in the
remaining part of this paper.

When ¢ is the identity operator, the stochastic forcing in reduces to the space-time
white noise £&. The Cauchy problem in this case is of particular interest in terms of
applications [21], 20, 49] as well as its analytical difficulty since the problem is then critical.
See Subsection for a further discussion.

2010 Mathematics Subject Classification. 35Q55, 60H30.
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1n view of the time reversibility of the deterministic nonlinear Schréodinger equation, one can also consider
(1.1) on R x T by extending the white noise £ onto R x T. For simplicity, however, we only consider positive
times in the following.

2Namely, ¢=0in . See below.

3At least locally in time.



2 J. FORLANO, T. OH, AND Y. WANG

We say that u is a solution to ([L.1)) if it satisfies the following mild formulation (=
Duhamel formulation):

u(t) = S(tyup + i /0 S(t — ) ul2u(®)dt! — i /0 S(t — )oe(dt)), (1.2)

where S(t) = e~9% denotes the linear Schrodinger propagator. The last term on the
right-hand side of ([1.2)) is the so-called stochastic convolution, representing the effect of the
random forcing. In the following, we set

U (t) ::/0 St —t")eg(dt). (1.3)

If ¢ € HS(L? H®), namely, it is a Hilbert-Schmidt operator from L?(T) to H*(T), then a
standard argument [I7] shows that ¥ € C(R4; H*(T)) almost surely. When ¢ = Id, namely
when the noise is given by the space-time white noise &, we have ¥ € C(Ry; H*(T)) almost
surely if and only if s < —%. This roughness (in space) of the stochastic convolution is the
source of difficulty in studying SNLS with the space-time white noise.

Given ¢ € HS(L? H®) for some s > %, local well-posedness of in H5(T) easily
follows from the algebra property of H*(T) and the unitarity of the linear Schrédinger
propagator S(t) on H*(T). For lower regularities, however, one needs to employ the Fourier
restriction norm method due to Bourgain [6]. In particular, it is shown in [II] that
is locallyﬂ well-posed in L?(T), provided that ¢ € HS(L?; L?). The argument in [II] is
based on (a slight modification of) the L?-local theory by Bourgain [6] and controlling the
stochastic convolution in the relevant X**-norm (see Lemma below). See [19] for a
related argument in the context of the stochastic KAV equation. We also mention the well-
posedness results [18] [36] of SNLS on the Euclidean space RY, where the Strichartz
estimates and the dispersive estimate play an important role.

Our main goal in this paper is to study when ¢ is almost the identity operator.
Given a € R, let ¢ be the Bessel potential of order a given by

¢ =(0n) "= (1-33)%. (1.4)

Namely, the operator ¢ in ([1.4) is the Fourier multiplier operator with the multiplier given
by (n)~*:

¢f(n) = (n)~"f(n)
for n € Z, where (-) = (1+ |- \2)% Then, we prove that (a renormalized version of)
SNLS (|L.1)) is locally well-posed, provided that o > 0. See Theorem below for a precise
statement. Note that our main result (Theorem handles the case of almost space-time
white noise forcing since the operator ¢ in (|1.4) reduces to the identity operator when
a=0.
Let ¢ be as in (T.4)). Then, it is easy to see that ¢ € HS(L?; H®) if and only if

< 1
s<a——.
2

4A standard application of Ito’s lemma combined with the conservation of the L2-norm for the deter-
ministic NLS (T.5) yields an a priori bound on the L?-norm of a solution and thus global well-posedness
of (T.1)) in L?(T). See [I1] for details.
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In particular, when o > %, the L? well-posedness theory in [I1] is readily applicable and
we conclude that is globally well-posed in L?(T) in this case. When a < %, however,
the stochastic convolution lies almost surely outside L?(T) (for fixed ¢ # 0), which causes
a serious issue in studying with rough noises.

Before proceeding further, let us first discuss the situation for the (deterministic) cubic
nonlinear Schrédinger equation:

i0u — 0%u + |u*u = 0. (1.5)

By introducing the Fourier restriction norm method, Bourgain [6] proved that is locally
well-posed in L?(T), which was immediately extended to global well-posedness thanks to
the conservation of the L?-norm. On the other hand, it is known that is ill-posed
in negative Sobolev spaces [I3, BT, 25]. In order to overcome this issue, the following
renormalized NLS:

iOpu — O2u+ (Jul* = 2 [} |u*dz)u =0 (1.6)
has been proposed as an alternative model to outside L2(T) [12, 24, 14, 39, 25].
We point out that and are equivalent in L?(T) in the sense that the following

invertible gauge transformation:
u(t) — Gu)(t) = e 2t lulPdey ) (1.7)

allows us to freely convert solutions to to those to (|1.6]), provided that they belong
to C(R; L*(T)). The renormalized NLS first appeared in the work of Bourgain [§]
in studying the invariant Gibbs measure for the defocusing cubic NLS on T2. In [§], it
was introduced as a model equivalent to the Hamiltonian dynamics corresponding to the
Wick ordered Hamiltonian arising in Euclidean quantum field theory. See [40] for a further
discussion on the Wick renormalization in the context of NLS on T?. For this reason, the
equation is often referred to as the Wick ordered NLS. The gauge transformation ([1.7))
removes a certain singular component from the cubic nonlinearity in ; see and
below. As a result, the Wick ordered NLS behaves better than the cubic NLS
(T.5) outside L?(T), while they are equivalent in L?(T). In particular, we proposed in [39]
that the Wick ordered NLS is the right model to study outside L*(T).

In an analogous manner, we propose to study the following renormalized SNLS:
iOpu — O2u + ([ul® — 2 [ [ulPdz)u = ¢¢ (1.8)
uli=0 = o, '

for rough noises: ¢ ¢ HS(L?; L?). For simplicity, we refer to as the Wick ordered
SNLS in the following. Our main goal is to establish local well-posedness of for ¢
given by with a > 0 arbitrarily close to 0. For this purpose, we now go over the
known results on the Wick ordered NLS outside L?(T). It was observed in [14] that
the Wick ordered NLS is mildly ill-posed in negative Sobolev spaces in the sense of
the failure of local uniform continuity of the solution map. This in particular implies that
we can not apply a contraction argument to construct solutions to in negative Sobolev
spaces. In [25], the second author (with Z. Guo) employed a more robust energy method (in
the form of the short-time Fourier restriction norm method) and proved locaﬂ existence of
solutions (without uniqueness) to the Wick ordered NLS in H%(T), —1 < s < 0. This

5This local existence result in [25] can be extended to global existence. See [43} 29).
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result leaves a substantial gap to the desired regularity s = —%, corresponding to a = 0.
More importantly, the question of uniqueness for the Wick ordered NLS in negative
Sobolev spaces still remains as a very challenging open question in the field of nonlinear
dispersive PDEs. Hence, the approach in [25] does not seem to be suitable for studying the
Wick ordered SNLS .

In [14], the second author (with Colliander) studied the Wick ordered NLS with
random initial data of the form{f

up(z;w) = uf (x) = Z g&(;i) e?mine (1.9)
nez

where {gn}nez is a sequence of independent standard complex-valued Gaussian random
variables. Denoting by n the spatial white noise on T, we have uf = (9;)~*n, namely,

for o > 0, the random initial data ug corresponds to a smoothed spatial white noise. By
exploiting a gain of space-time integrability of the random linear solution S(t)ug, we proved
that the Wick ordered NLS is locally well-posed almost surely with respect to the
random initial data , provided that o > %. By slightly modifying the argument in [14],
we can show that the Wick ordered SNLS is locally well-posed with (deterministic)
initial data in L?(T), provided that ¢ = (8,)~* for @ > %. The main idea would be to
apply the so-called Da Prato-Debussche trick [15], namely, write u = v + ¥ with ¥ as in
and study the fixed point problem for the residual term v := u — W. In order to lower
the regularity of the noise below a = %, however, we would need to employ higher order
expansions [4, [41]. In particular, since our main goal is to handle an almost white noise
(i.e. arbitrarily small a > 0), we would need to (at least) consider higher order expansions
of arbitrarily high orders (see [41]), which seems to be out of reach at this point.

In order to overcome this difficulty, we leave the realm of the L2-based Sobolev spaces.
More precisely, we study the Wick ordered SNLS in the Fourier-Lebesgue spaces
FL*P(T) in the following. Here, the Fourier-Lebesgue space FL*P(T) is defined by the
norm:

[l FLencry = [{n)*f (n) |2 (z)- (1.10)
When s = 0, we simply set FLP(T) = FLYP(T). Recall the following embedding:
FLPY(T) C L*(T) c FLP*(T) for p; < 2 < py. Let us first go over the known results
for the Wick ordered NLS in the Fourier-Lebesgue spaces. In [12], by a power series
expansion, Christ constructed a solution to (without uniqueness) with initial data in
FLP(T), 1 <p < oco. In [24], Griinrock-Herr adapted the Fourier restriction norm method to
the Fourier-Lebesgue space setting (see Section [2)) and proved local well-posedness of
in FLP(T) for 1 < p < oo by a standard contraction argument. We also mention the
work [45] on the construction of solutions to in FLP(T), 1 < p < oo, based on a
normal form method. These results allow us to handle almost spatial white noise, i.e. uf
in with arbitrarily small o > 0, suggesting that the Fourier-Lebesgue setting is an
appropriate framework for studying the Wick ordered SNLS .
In order to study the Wick ordered SNLS in the Fourier-Lebesgue spaces, we first
need to extend the notion of Hilbert-Schmidt operators to the Banach space setting. Given

6In the following, we may drop the harmless factor of 2 when it plays no important role.
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s€Rand 1 <p < oo, we say that ¢ is a y-radonifying operator from L?(T) to FL*P(T) if
the v(L?(T); FL*P(T))-norm defined by

1

(DI alen)m)?)*

keZ

(1.11)

16122 ppom = ' ;
fﬁ 7

is finite, where eg(z) = e?™kr I ¢ 7. We denote the collection of y-radonifying operators
by v(L?(T); FL*P(T)). Note that when p = 2, the norm in reduces to the standard
Hilbert-Schmidt HS(L?; H®)-norm. For readers’ convenience, we present basic definitions
and properties of y-radonifying operators in Appendix [A]

We now state our main result of this paper.

Theorem 1.1. Let s > 0 and 1 < p < oo. Then, given ¢ € ~(L?*(T); FL*P(T)), the
Wick ordered SNLS is pathwise locally-well posed in FL*P(T). More precisely, given
ug € FL*P(T), there exists a stopping time T = T(||uo||Frs», V), which is positive almost
surely, and a unique solution u to in the class

C([0,T]; FL¥(T)) N X, ([0, T])
for some b > 0 such that (b—1)p < —1.

Here, X;’b([O, T]) denotes the local-in-time version of the X *-space adapted to FL*P(T).
See Section |2| for the precise definition.

Let ¢ = (0;)” be as in ([1.4). Then, a direct computation with shows that
¢ € v(L*(T); FL*P(T)) if and only if

1
s<a——. 1.12
. (1.12)
Hence, given a > 0, we can choose sufficiently small s > 0 and large p > 1 such that ((1.12)
holds and thus Theorem is applicable. This establishes local well-posedness of the Wick
ordered SNLS (/1.8) with almost space-time white noise.
By writing (1.8) in the mild formulation, we have

u(t) = S(t)ug +z’/0t St — YN (u)(t')dt' —i¥

where N'(u) = (Ju|* — 2 [ |u|?*dz)u denotes the Wick ordered nonlinearity in and
U denotes the stochastic convolution in . The proof of Theorem is based on a
two-step argument: (i) We construct a solution u in X,S,’b([(), T]) by a standard contraction
argument. The local-in-time regularity of the stochastic convolution (= the local-in-time
regularity of the Brownian motion) forces us to choose the temporal regularity b such
that (b — 1)p < —1. We point out that Griinrock-Herr [24] imposed a stronger regularity
assumption: (b — 1)p > —1 and therefore their trilinear estimate (Proposition 1.3 in [24])
is not directly applicable to our problem. We make up this loss of temporal regularity
(as compared to [24]) by taking the spatial regularity s to be slightly positive. (ii) For
this particular choice of the temporal regularity, we have X3([0,T]) ¢ C([0,T); FL*?(T)).
Hence, we need to show a posteriori the continuity in time of the solution u constructed in
Step (i).
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Remark 1.2. (i) Our main goal is to handle the case of almost space-time white noise,
namely, small s > 0 and large p > 1 such that holds. As such, our proof of
Theorem is tailored for this purpose. For example, our argument does not treat the
p = 1 case. Note that, when p = 1, local well-posedness of follows from the algebra
property of FL!(T), the unitarity of S(t) on FL!(T), and Lemma [3.3|and there is no need
to resort to the Fourier restriction norm method.

(ii) As we see in the next subsection, SNLS with an additive space-time white noise is
critical. While Theorem establishes an almost critical local well-posedness result, the
problem with ¢ = Id seems to be out of reach at this point.

(iii) In the case of a spatially homogeneous noise, namely, when ¢ is a convolution operator
with a kernel K, then the «(L?(T); FL%P(T))-norm in (I.11]) reduces to the FL*P-norm
of the kernel function K. In [34], the second author used such a characterization of 7-
radonifying operators and proved local well-posedness of the stochastic KAV equation with
an additive space-time white noise.

(iv) Given N € N, consider the following SNLS with a truncated nonlinearity (but with a
full space-time white noise):

i@tu—agu—l—PN(\PNu\QPNu) =¢ (1.13)

where Py denotes the Dirichlet projection onto the frequencies {|n| < N}. Let u be a
solution to with initial data given by the (spatial) white noise, i.e. u§ in with
a = 0. Then, by exploiting invariance of the spatial white noise under the deterministic
NLS (with a truncated nonlinearity; see [38]), we can show that the solution u at time ¢ > 0
is given by the spatial white noise of variance 1+¢. The same result also holds for the Wick
ordered SNLS with a truncated nonlinearity. This would provide a basis for applying a
modification of Bourgain’s invariant measure argument [7, 8] in constructing global-in-time
dynamics for the Wick ordered SNLS with ¢ = Id. See [37] for details. Unfortunately,
we do not know how to construct local-in-time dynamics for the Wick ordered SNLS
with ¢ = Id.

Remark 1.3. In a recent paper [44], the second and third authors exploited the completely
integrable structure of the equation and proved global well-posedness of the renormalized
(deterministic) NLS in FL*P(T) for s > 0 and 1 < p < co. It would be of inter-
est to investigate the global-in-time behavior of solutions to the renormalized SNLS
constructed in Theorem [L1l

1.2. On the criticality of SNLS with space-time white noise. In this subsection, we
discuss a notion of criticality for SNLS with an additive space-time white noise forcing
(i.e. ¢ =1d); see also a discussion in [5]. Before doing so, let us first go over Hairer’s notion
of local (sub)criticality [26] by considering the following stochastic cubic heat equation with
an additive space-time white noise forcing on the d-dimensional spatial domainﬂ

Ou — Au+u’ = ¢, (1.14)

"We have T¢ in mind but we intentionally remain vague about the underlying spatial domain for the
purpose of scaling in this formal discussion.
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Here, u is a real-valued function/distribution and £ denotes a space-time white noise. The
equation (|1.14) is also known as the stochastic quantization equation (SQE). The white
noise scaling®| tells us that

Ex(t, ) = NFE(N2, ) (1.15)
is also a space-time white noise. By applying the following scaling to the unknown
up(t,x) = )\%_lu()\2t, Ax) (1.16)
we see that the scaled function u) satisfies the following equation:
druy — Auy + X3 = ¢, (1.17)

As A — 0, namely, studying the behavior of a solution at smaller and smaller scales, we see
that, at least at a formal level, the nonlinearity vanishes and (1.17]) reduces to the following
stochastic heat equation:

Opu — Au =&,

provided that 4 — d > 0. This formal discussion shows that SQE in dimensions d =
1,2, and 3 is locally subcritical, while it is locally critical when d = 4. See Section 8 in [26] for
a more rigorous definition of local subcriticality. Indeed, when d < 3, SQE ((1.14) is known
to be well-posed (after an appropriate renormalization for d = 2, 3); see [16, 26| 10}, 32]. As
we see below, while this notion of local criticality is suitable for studying the heat equation,
it is not a suitable concept for studying the Schrodinger equation.

By repeating a similar scaling argument for SNLS with an additive space-time white

noise:
10 — Au + |ul?u = & (1.18)
with and , we arrive at the scaled equation:
i@tuA—AuA+)\4_d|u>\|2u>\ =& (1.19)

It is tempting to conclude that, by taking A — 0, we may neglect the effect of the nonlin-
earity when d < 3 as in the case of SQE. This is, however, not quite correct since, in order
to compare the sizes of the terms in , we need to measure them in a norm compat-
ible with the Schrédinger equation. For example, in terms of the L?-based homogeneous
Sobolev spaces, the H ~5~_nor captures the (spatial) regularity of the white noise. On
the other hand, the scaling preserves the H'-norm, while the H ~5~_norm scales by

a factor of )\_g_l By combining the factor A\*~% in (T.19) with ()\_%_1)2, we essentially

have A\272¢ as the size of the nonlinearity (relative to the linear term wy). This shows that

SNLS (1.18) with an additive space-time white noise is critical when d = 1.

8Recalling that E[£(t1, x1)E(t2, 22)] = 6(t1 — t2)0(z1 — x2), we see that the white noise behaves like a
square root of the Dirac delta function, which gives an intuition for the white noise scaling . Moreover,
in view of the linear part of the equation, we count one temporal dimension as two spatial dimensions.

9We use a— to denote a — ¢ for arbitrarily small € < 1, where a relevant norm diverges as € — 0.

10S‘crictly speaking, we have a factor of A~ 271F here. We, however, use A5 for simplicity. Recall

_d
also the endpoint Besov regularity of the (spatial) white noise in B, 2 ; see [46} [3].
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Hairer’s notion of local criticality is useful for studying the heat equation since it is
adapted to the Holder spaces C° = BS . Recall that the stochastic convolution

t
\Ilheat :/ e(t_t/)Aé(dt/)
0

for the problem (1.14) has the spatial regularit —% + 1— almost surely. We expect a
solution u to ([1.14)) to have the same regularity. Noting that the scaling (1.16)) (essentially)

preserves the relevant B;o%gl_-norm, we conclude from that SQE (1.14)) is critical
when d = 4. On the other hand, our discussion above on a notion of criticality for SNLS
was based on the L?-Sobolev spaces. We may also carry out a similar analysis in terms of
the homogeneous Fourier-Lebesgue spaces FL™ defined by the norm:

Hf”]-"LS’P(Rd) = H|<|Sf(C)HLp(Rd)‘

Note that the FL”"-norm with s = —g— captures the (spatial) regularity of the white noise.

One can easily check that, under the scaling , the F L_g_m—norm also scales by the
factor of =51 (just like the H 7%7—norm), confirming the criticality of SNLS with an
additive space-time white noise when d = 1. The main point is that, in discussing a notion
of criticality, we need to specify a function space suitable for studying a given equation and
to incorporate the effect of the scaling on the size of the scaled function (measured in the

relevant norm). This point was not clearly mentioned in Hairer’s presentation since the
relevant Holder norm is preserved under the scaling (1.16]).

We can also argue in terms of the more standard scaling analysis. It is well known
that the cubic nonlinear Schrédinger equation on R? remains invariant under the following
scaling symmetry:

uMt, ) = Mu(N%t, ). (1.20)

A direct computation shows that the homogeneous Werit(P)P_norm is preserved under the
scaling (|1.20)), where scyit(p) is given by
d

Serit(p) = ]; - 1. (1.21)

In studying NLS, we need to use the L2-based Sobolev space since the linear Schrodinger
propagator e~ 2 is bounded on L? but is unbounded on LP, p # 2. This gives the (usual)
scaling-critical Sobolev regularity:

d
Scrit(2) = 5 — 1.
Now, consider SNLS with an additive space-time white noise forcing. Then, we see
that
d . : : : :
Serit(2) = 5~ 1> 5~ = spatial regularity of the space-time white noise

with almost an equality when d = 1. This shows that the equation ([1.18]) is critical when
d = 1. We point out that, when d = 1, the (deterministic) Wick ordered NLS is
known to be ill-posed at the critical regularity sei¢(2) = 4 — 1 [30, 35, 42], which shows the

difficulty of the SNLS problem (1.8]) with ¢ = Id.
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Similarly, noting that the scaling-critical regularity (with respect to the scaling symmetry
(1.20))) for the homogeneous Fourier-Lebesgue spaces F. L is given by

i d
Sos(p) = see(p) = — 1 .

we have

d d
San(p) =d —1- "> -
p p

— spatial regularity of the space-time white noise measured in F L

with almost an equality when d = 1. Hence, we also conclude that the equation (|1.18)) is
critical when d =1 in terms of the Fourier-Lebesgue spaces.
Lastly, let us consider SQE ((1.14]). In this case, the stochastic convolution Wye,; gains

one spatial derivative and has spatial regularity
d
3 +1-—. (1.22)

On the other hand, we know that the linear heat propagator e!® is bounded in the L>-
based Sobolev spaces and the Holder spaces B, . Namely, we can set p = oo in (1.21)),
yielding

Serit (00) = —1. (1.23)
By comparing (1.22)) and (1.23]), we obtain
d
Seit(00) = =1 < —5 41—

for d < 3 and an almost equality holds when d = 4, showing that the SQE problem ((1.14))
is critical when d = 4.

This paper is organized as follows. In Section [2, we recall the definition and basic
properties of the X*®’-spaces adapted to the Fourier-Lebesgue spaces. We then study the
regularity properties of the stochastic convolution in Section In Section [, we prove
the crucial trilinear estimate, which is then used to prove Theorem in Section In
Appendix [A] we go over basic definitions and properties of y-radonifying operators.

2. FUNCTION SPACES AND THEIR PROPERTIES

Let S(R x T) be the vector space of C*-functions u : R? — C such that

u(t,z) =u(t,z+1) and  sup |t°‘8tﬂ8;u(t,x)| < 00
(t,x)ER2

for any o, 3,7 € NU {0}. In the seminal paper [6], Bourgain introduced the X*’-spaces
defined by the norm:

HUHXSJ’(RX'J]‘) = [[{n)*(1 — n2>ba(77n)H€%L3(Z><R)-

We now recall the definition of the X *?-spaces adapted to the Fourier-Lebesgue spaces; see
Griinrock-Herr [24].
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Definition 2.1. Let s,b € R, 1 < p,q < co. We define the space X;;Z(R x T) as the
completion of S(R x T) with respect to the norm

b~
ull g goery = 1) = 02?0, 1) 2 12 (2xm)-

For brevity, we simply denote X;’S(R x T) by XS:S. When p = ¢, we set X]f’b = X;jz.
Recall the following characterization of the X;;g—norm in terms of the interaction represen-
tation S(—t)u(t):

Hu”X;:g = HS(_t)u(t)H]:L;sP]:Lqua (2'1)

where the iterated norm is to be understood in the following sense:
b~ ~
[ull pse e := (> (m)7a(m n)ll g g = [I1G)*ut, m)l 2 ppaller - (2.2)
Note that these spaces are separable when p,q < oo. The identity (2.1) follows from
S(t)u(r,n) = u(r +n?,n), the first equality in (2.2), and a change of variable: 7+ 7+ n?.
For any 1 < p < o0, s € R, we have
1 1
b .
Xyt — C(R; FL*P(T)), ifb> 7 1-— 7 (2.3)
This is a consequence of the dominated convergence theorem along with the following
embedding relation: F Lf’q <+ FL} < Cy, where the second embedding is the Riemann-
Lebesgue lemma.
Given T > 0, we also define the local-in-time version X372(]0, T1) of the X55-space as the
collection of functions u such that

HuHXsb (0.1) mf{”””x;;f; vl = u} (2.4)

is finite. For simplicity, we often denote X;0([0,T]) by X, ZT
Lastly, we recall the following linear estimates.

Lemma 2.2. (i) (Homogeneous linear estimate). Given 1 < p,q < oo and s,b € R, we
have

1S@) fllse S NfllFrer
p,q;T
for any 0 <T < 1.

(ii) (Nonhomogeneous linear estimate). Let s e R, 1 <p <00, 1 < ¢ < o0 and —% <V <

0<b<1+V¥. Then, we have

H/ (t—t') )dt

Proof. The proof of (i) is straightforward from ([2.1]). More precisely, by letting n € C°(R)
be a smooth cutoff function such that n(t) = 1 for ¢ € [0, 1] and suppn C [-2,2], it follows

from and then that
HS(t)fIIX;,ZT < [n@®S@Fll a0 = 1(ny* (T) o5 (7) F ()l o o

= [l | Fll 7 e

ST R (2.5)

s,b’
Xp,q;T

for any 0 <T < 1.
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This proves (i). The proof of the nonhomogeneous estimate (2.5)) is also standard. From
(2.21) in [23], we have

() [

Given a function F on [0,T] x T, let F be an extension of F onto R x T. Then, it follows
b
q

from and . that
< H ( > / S(t — t )dt
Xpar X3,

/OS(t—t’)F(t’)dt’
< >/ Fa( F)(#,n)dt

= Tl*b’*bH )| Fo(S (-0 F (1) (n)

b —b
ST
FLY

e (2.6)

leZ’q >®

HfLi’/’q o

- T”b"bHﬁHX;;Z/.

Here, F, denotes the spatial Fourier transform. Taking the infimum over all extensions F

of F', we obtain (2.5)). O

3. ON THE STOCHASTIC CONVOLUTION

In this section, we study the regularity properties of the stochastic convolution ¥ defined
in (1.3]). For this purpose, let us first recall the definition of a cylindrical Wiener process
W on L?(T); a cylindrical Wiener process W on L?(T) is defined by the following random

Fourier series:
t)=>_ Bult)en,
nez

where e,(z) = > and {B,}nez is a family of mutually independent complex-valued
Brownian motions. In terms of the cylindrical Wiener process W, we can express the
stochastic convolution ¥ in as

/St—t ddW (¢

Z/ S(t— ¢)(en)dBn(t). (3.1)

ne”

It is easy to see that the space-time white noise almost surely belongs to FLz" }"Lt loc
if and only if sp < —1 and bg < —1. The stochastic convolution, when measured in terms
of its interaction representation S(—t)¥(¢), then gains one temporal regularity and thus
has temporal regularity b < 1 — %. This is precisely the regularity of the Brownian motion
measured in the Fourier-Lebesgue spaces; see [3]. The next lemma tells us the regularity
of the stochastic convolution with respect to the X,ﬁjg—spaces.

Lemma 3.1. Let s € R, 1 < p < 00, 1 < q¢ < 00 such that b < 1—%. Given ¢ €
Y(L2(T); FL*P(T)), there exist C,c > 0 such that

cA?
P(H\I/HX;,Z'T > A) < Cexp ( - > (3.2)

3—2b—2
T 4 HQSH?V(Lz;]:Ls,p)
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for any A >0 and 0 < T < 1. In particular, ¥ € X;;f;([o, T)) almost surely.
We first recall the following equivalence of moments for Gaussian random variables.

Lemma 3.2. Let {gn}nez be a sequence of independent standard complex-valued Gaussian
random variables on a probability space (2, F, P). Then, for p > 2, we have

Zangn S \/15”%”@%

neL Lr(€2)

for any sequence {a, }nez € (2(Z;C).

Recall that a mean-zero complex-valued Gaussian random variable g with variance o2

satisﬁeslﬂE [| g|2k} = k!- 0% for any k € N. In particular, from Stirling’s formula, we obtain
l9llr@) S /P -0 for any p > 2. Then, Lemma follows easily once we observe that
> nez @ngn is a mean-zero complex-valued Gaussian variable with variance [|an |2 . See also
[47, Theorem 1.22]. !

Proof of Lemma 3.1 The proof follows along the lines in [19, [34]. From (3.1)), we have

=S e G [ I

ne”L keZ

Then, we have

S(=t)1o,m(t) Zenz Lo, (t )/0 1[0,T](t/)e_itl|nl2dﬁk(t/)

nez kEZ
= an(t)ena (3'3)
nez

where

—

¢
PYn(t) == Z (¢€k)(n)1[o,T](t)/0 1j0,77 (t")e Ay (t).

keZ

By the stochastic Fubini theorem, we have

Z/ ﬂt/'"‘z (¢er)(n )</T1[0,T} (t)e“Tdt> dB(t'). (3.4)

keZ

For fixed T, 7 and n, the summands in are mean-zero independent complex-valued
Gaussian random variables. Then, for ﬁxed T 7 and n, it follows from Lemma [3.2] and the

Hrpig identity follows from a simple computation involving the moment generating function for |g|?.
Suppose that 02 = 1. On the one hand, we have

2 e a)2 ma)2 1 gy
E[et‘gl ] = E[e“R 9) ]E[et(I 9) | = — = th
j=0

for |t| < 1. On the other hand, the Taylor expansion gives

t\g\ Z '
k!

By comparing the coefficients, we obtain IEUg\Qk} = k! for any k € N, when 02 = 1.
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)

properties of the Wiener integral that, for o > 2,

[ Fe(¥n) ()| Lo (@) ~ o < U /OT e~ 1" (pe) (n) (/T 1.1 (t)e_i”dt> dBe(t)
keZ ¢

1
2 2
NG'é(Z/ ¢€k ‘ ‘/ 1[OT itTdt dt/>
k€EZ
T

N

1

< 02Tz min(T, |r|}) <Z|¢ek ) (3.5)

kEZ

Hence, from (2.1)), (3.3), and (3.5) with Minkowski’s integral inequality and (1.11f), we
obtain

021 ¥ Oty = 1620 NFe (o) () (@0l g 1
1
1 1 . 2
S AT min(T, |77 || (2 1) (@er)(m)?)
ke e
1_3_p 1
So2T? 7 a||@lly 2, FLew) (3.6)

for any ¢ > max(p, q), provided that b < 1 — %. Therefore, (3.2)) follows from (3.6) and
Chebyshev’s inequality. O

Next, we show the continuity in time of the stochastic convolution. This is necessary
as Lemma while useful for the fixed point argument, does not imply any continuity in
time since b < 1 — %; see (2.3]).

Lemma 3.3. Let s € R and 1 < p < co. Then, given ¢ € v(L*(T); FL*P(T)), we have
Ve C(Ry; FL*P(T)) almost surely.

Proof. Let W(t) := S(—t)U(t). Note that | ¥ ()| zps» = || (t)||FLor for all ¢ > 0. Then for
to >t1 > 0 and o > p, Lemma and ((1.11) imply

P »

L7 ()

to g%
o% R4 |(¢er)(n)]? 1dt’))
<o S S [

kEZ

S Gen)(n) / St R g, ()

kez t1

E[I@(t2) - (1) 5100 | S (ZW’

nel

o

So? ”¢H$(L2;]—‘L5,p)‘t2 —t]2.

By applying Kolmogorov’s continuity criterion ([2, Exercise 8.2]), we see that U e
C(R; FL*P(T)) almost surely. By continuity of the semigroup S(¢) on FL%P(T) for
1 <p < o0, we conclude that ¥(t) € C(Ry; FL*P(T)) almost surely. O
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4. NONLINEAR ESTIMATES

In this section, we establish crucial nonlinear estimates for proving Theorem First,
write the Wick ordered nonlinearity in (|1.8)) as follows:

N(u) = (yqu —2/Tyu2dx)u

=S ST m)aln)ing) — 3 € fii(n) 2i(n)

nez n=ni—nz+ns neL
n#ni,ns
= Nl(u) + NQ(U)

Here, Ni(u) and Na(u) correspond to the non-resonant and resonant parts of the nonlin-
earity, respectively. By viewing Ni(u) and Ny(u) as trilinear operators, we write

Ni(ur,ug,ug) = > €™ 3" dy(ny)ta(ng)is(ng), (4.1)

neL n=ni—nz+ns
n#ni,ng
Na(uy, ug, uz) == = ™y (n)iia(n)is(n). (4.2)
nez

Then, we have the following nonlinear estimates.

Proposition 4.1. Let s > 0 and 1 < p < oco. Then, there exist b,/ € R with —% <V <
O<b<1—% such that

3

\|N1(u17u2,u3)||X;;;’ + ||N2(U1»U2,U3)||X;;;' S ]1;[1 el e - (4.3)

Griinrock-Herr [24] proved an analogous trilinear estimate but with higher temporal
regularity b > 1 — % (and s = 0). See Proposition 1.3 in [24]. In our case, the temporal
regularity of the stochastic convolution (Lemma forces us to work with lower temporal
regularity: b < 1— %. We compensate this loss of temporal regularity by assuming a slightly
higher spatial regularity s > 0.

Before proceeding to the proof of Proposition 4.1] recall the following elementary calculus
lemma. See, for example, Lemma 4.2 in [22].

Lemma 4.2. Let 5>~ >0 and 8+~ > 1. Then, we have

/ 1 < 1
R (z —a1)P(z —a2)? ~ (a1 — ag)®’

Z 1 < 1
2 (n— k)P n = ko) ™ (ky — k)’

where a is given by
7, B>1,
a=<{v7—c¢, 6=1,
f+v—1, pB<1
for any € > 0.
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Recall also the following arithmetic fact [27]. Given n € N, the number d(n) of the
divisors of n satisfies

d(n) < Csn® (4.4)
for any § > 0.

Proof. Let u; be an extension of u;, j = 1,2,3. Then, it suffices to prove
3
Ve (ar, 2, us)ll o S 11 125 x50 (4.5)
j=1

for k = 1,2, since the desired estimate then follows from taking an infimum over all
extensions. For simplicity, we denote @; by u; in the following.

We first estimate the non-resonant part Ni(ui,ug,u3). Let fi(r,n) = (n)*(r —
n?)?|u;(r,n)| for j = 1,2,3. By noting that |||z = HujHX;,b, we see that fol-

lows once we prove

s 3
(n) Z / H fi(Tj,m5) drydry

3
ST e e, (4.6)
j=1

. \b
(00)® L (nj)5(oy) 2L
n=ni—ns+n3 ___ " =1 nT
n#ni.na T=11—T2+73 7
where a := =V > 0, 0¢ := 7 —n?, and 0ji=Tj— n?, 7 =1,2,3. By Holder’s inequality, we

have

=

3
LHS of (€8) < (sup My, H 1f e
n,T j=1

where M,, - is defined by

3

_ m7
Mn,T = <O'0>ap/ Z / H TL sp dTldTQ

n=ni—na+ns i)
n#ni,ng

T=T1—To+713J
Hence, it suffices to show that

sup M,, » < o0.

n,T

By the triangle inequality, we have
3 3
(n—n1)(n —nz) ~ (n® —ni +n3 —n3) <Y (05) < [[ (o) (4.7)

under n = nj —ng +ng and 7 = 71 — 7o + 3. By symmetry, assume |ni| > |ns|. By the
triangle inequality once again, we have

(n) 1 1
() (na) () < or < . (4.8)

(n1)(ns) ™ (n2)(n3)
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We assume that the latter holds. The situation for the former is essentially identical to
what we detail for the latter. From (4.7) and (4.8)), we have

1 1
M. <
e n:mzanrns <n2>spl <n3>sp’ <n - n1>ap’ <n - n3>ap’
n#ni,na

1
X / H 7<Uj>(b_a)p, dTldTg .

T=T1—To+T3 Jj=1

By choosing b < & sufficiently close to 1% and —%

> < b < 0 sufficiently close to 0, we
have

% <(b-a)p =0+ <1. (4.9)

Then, applying Lemma twice, we have

1 1
M. <
n,T S n:mZerng <n2>sp/ <n3>sp/ <n — n1>ap/ (n — n3>ap/
n#ni,na

1
X .
(00 + 2(n — n1)(n — ng))3-a)p'—2
Fix ¢ € [1,00] to be chosen later. Then, by Holder’s inequality, we have

1
1 q
<
MTL,T ~ ( Z <n2>sp/q/<n3>sp/q/> <

n2,n3

1
n3F#ng,n

1
X 1 - - "
(00 = 2(n2 — ng)(n — ng))Bbr'=3ap _2)q>
The first factor on the right-hand side is finite, provided that
sp'qd > 1. (4.10)

As for the second factor, we set k1 = na — ns, ko = n —ns and h = ki1ko. By the divisor

estimate (4.4]), we have

1 1 1 1
/ / / 1 5 / / / b (4’11)
};) (oo — 2h>(3bp —3ap'=2)q (p)ap'q k1,%:7é0 };} (o — 2h>(3bp —3ap’—2)q <h>(ap —0)q
h=k1k

for any # > 0. By applying Lemma with (4.9), we see that the sum (4.11)) is finite with
a bound independent of oy € R, provided that

(3bp —2ap’ —2 —0)g > 1. (4.12)
Putting (4.10) and (4.12) together, we obtain the restriction:

3bp’ —2ap’ —2—0>1—sp,
which holds true for any s > 0 and 1 < p < oo by choosing (i) b < z% sufficiently close to

1%’ (ii) —I% < b = —a < 0 sufficiently close to 0, and (iii) # > 0 sufficiently small.

Next, we consider the resonant part No(u1,u2,us). In this case, we prove the desired
estimate with s = 0 and ¥ = 0. A general case s > 0 then follows from the triangle



STOCHASTIC NLS WITH ALMOST SPACE-TIME WHITE NOISE 17

inequality: (n)* < (n1)*(ng)*(n3)® for s > 0. By Young’s inequality, Holder’s inequality

2p+1 _ 1 | 2p—2 P 3p
(Tp =5 + 5 ), and ¢, C ¢, , we have

3 3
N2 (ur, uz, ug)l| oo < [ai ()l s || S ' [ (£, 70)| 7 .
Xp ]1_{ J ]—'Lt2p+1 P ]r{ J FL? @
3
< ,
~ H HuJHXg’bv
j=1
provided that b > 2’;—;2. The last condition obviously holds by taking b < [% sufficiently
close to & as long as p > 1. O

pl
5. PROOF OF THEOREM [L.1]

In this section, we present the proof of Theorem Given s > 0 and 1 < p < o0, fix
¢ € v(L*(T); FL*P(T)). Given ug € FL*P(T), define the operator Ty, by

Totu(t) = S(t)uo + i /0 "t — N ()t — i,

Let b = =5 — § for some § > 0 sufficiently small be given by Proposition Then, by
Lemma, with b’ = —% + ¢ and Proposition H, we have

IPuo (@)l 0. < Culluollrrer + CoT? fulfyes + (19 o (5.1)
p;T ;T p;T
for 0 < T < 1. Similarly, we have
26 2 2
[Py () = a0z < T (il + Nolles )w—vlsa (52

It follows from Lemma that there exists a set ¥ C Q with P(¥) = 1 such that ¥ =
v e Xz’b([O, 1]) for each w € ¥. Now, choos RY = 2C ||uo|| Frsr + 2||‘l’wHXs,b([0 ) and

P )
positive T'=T“ = T(R¥) < 1 such that

C.TPR? < % and  C3T%R? < i,
Then, it follows from and that I'y, is a contraction on the closed ball Br C
X3"([0,T)) of radius R and thus has a unique fixed point u = Ly, (u) € X5°([0,T]) for any
w e .

Our choice of b = 1% —& does not allow us to conclude the continuity of  in time in a direct
manner. From Lemma (i) with (2.3), we see that the linear solution S(t)ug belongs to
C([0,T); FL*P(T)). From Lemma [3.3] we also have ¥ € C([0,T]; FL*F(T)) almost surely.
Finally, by applying Lemma (ii) with b’ = —% +26 > —% and PropositionH we obtain

H /Ot St — N (u)(t)dt

< 9 < ul? .
o HN(U)HX;;;%+26 S ||U||X;;; <00

12Here, we used the X;’b—norm of U on the interval [0, 1] so that it does not depend on T, since it is
used to determine R“, which in turn determines 7.
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Since b+ 26 = ]% +4> z%’ we conclude from (2.3) that the nonlinear part u — S(t)ug + ¥
is also continuous in time with values in FL*P(T). Putting all together, we conclude that
u € C([0,T]; FL*P(T)) almost surely. This completes the proof of Theorem

APPENDIX A. ON THE 7-RADONIFYING OPERATORS

In this appendix, we go over the basic definitions and properties of ~-radonifying op-
erators. These operators appear as natural extensions of Hilbert-Schmidt operators to a
Banach space setting. A practical example is the theory of stochastic integrations in the
Banach space setting, where ~-radonifying operators suitably generalize the role played by
Hilbert-Schmidt operators in the more ordinary Hilbert space setting [9, [48]. The content
of this section is mostly taken from the textbook [28, Chapter 9].

Let H be a separable Hilbert space and B be a Banach space. We denote the space of
bounded linear operators from H into B by L£(H; B). An operator T € L(H; B) is said to
be of finite rank if it can be represented as

N
T() = Z< K en)'%'nv
n=1

where (-, -) denotes the inner product in H, {e,}»_; is orthonormal in H, and {z,})_, C B.

Definition A.1. We define the space v(H; B) as the closure of the set of finite rank
operators in L(H; B) under the norm:
27\ 2
} , (A1)
B

N
T .y :=sup | E nl (en,
TAT- NE%( [gg (cn)

where {e,}nen is an orthonormal basis for H and {g,}nen is a sequence of independent

standard complex-valued Gaussian random variables. An operator T' € (H; B) is called a
~-radonifying operator.

The definition (A.1)) is independent of a choice of orthonormal basis {ey, }nen for H. In
the following, it is understood that the results are independent of this choice. Note that
(v(H; B), || - lly(#;m)) is a Banach space and is separable whenever B is separable.

Remark A.2. The L?(Q)-norm appearing in can be replaced with LP(2) for any
1 < p < oo. Strictly speaking, this creates a family of spaces v,(H; B), however, by the
Kahane-Khintchine inequality (namely, the Banach-valued extension of Lemma , all
these norms are equivalent. Hence, it suffices to consider the most natural choice p = 2 and
set y(H; B) == v2(H; B).

The property of being y-radonifying is stable under transformations by bounded linear
operators in either direction.

Lemma A.3 (Ideal property; Theorem 9.1.10 in [28]). Let H and H' be Hilbert spaces and
B and B’ be Banach spaces. Let U € L(H';H), S € L(B;B’), and T € v(H; B). Then,
STU € v(H'; B') and

ISTU lymr;5y < ST Nly(a;5) IUI-

A very useful characterization of y-radonifying operators is the following.
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Proposition A.4 (Theorem 9.1.17 in [28]). An operator T € L(H; B) is y-radonifying if
and only if the sum )y gnT(en) converges in LP(S2; B) for some 1 < p < oo and some
orthonormal basis {entnen for H. If T € ~(H; B), then this sum also converges almost
surely and defines a B-valued Gaussian random variable with covariance operator TT*.

Furthermore, we have
27\ 2
(A.2)
B

Recall that T' € L(H; H') is Hilbert-Schmidt from H to Hilbert H' if

HTH%{S(H;H’) = Z I T (en)l[7r < o0
neN

for some (and hence any) orthonormal basis {ey}nen for H. It is then clear from ((A.2))
that when B is a Hilbert space, then we have v(H; B) = HS(H;B) and ||T|y(g.p) =
1T\ s (m.m)-

Note that when B is a Hilbert space, we can express the v(H; B)-norm without the use
of probability. When B is a Lebesgue space, we can also characterize the v(H; B)-norm
without the use of probability.

> gnT(en)

neN

1Tl (rr;) = (E

for any orthonormal basis {ey }nen for H.

Proposition A.5 (Proposition 9.3.1 and (9.21) on p. 285 in [28]). Let (X, M, ) be a o-

finite measure space, 1 < p < oo, and T € L(H; LP(X)). Then, T € v(H;LP(X)) if and
1

only if the function (Y, ey |T(en)|?)? lies in LP(X) for some orthonormal basis {en}nen

for H. In this case, we have

1
2
Thaaascon ~ | (1T
neN

In Section [I, we defined the ~(L?(T); FL*?(T))-norm by for s € Rand 1 <

p < oo. Let us see how this definition appears from the theory discussed above.

Let ¢ € L(L*(T); FL*P(T)). Then, from the definition of the Fourier-Lebesgue

space FL*P(T), we have (V)%¢ € L(L?*(T); FL'P(T)) and F(V)*¢ € L(L?*(T);*(Z)).

From the ideal property (Lemma and the invertibility of (V)® and F, we see that

¢ € y(L3(T); FLSP(T)) if and only if F(V)5¢ € v(L?(T); ¢P(Z)). Furthermore, from Propo-
sition we have

LP(X)

)

0n(Z)

10lly(z2(myFrercy) = IF (VY Ol L2 myenz)) ~ H (Z IF(<V>S¢(ek))(n)2> 2

k€EZ

where e (x) = 2™k € Z. This justifies the definition (I.11)).
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