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Abstract—Visible light communications (VLC) is a promis-
ing and uncharted new technology for the next generation of
wireless communication systems. This paper proposes a novel
generalized light emitting diode (LED) index modulation method
for multiple-input-multiple-output orthogonal frequency division
multiplexing (MIMO-OFDM) based VLC systems. The proposed
scheme avoids the typical spectrum efficiency losses incurred by
time and frequency domain shaping in OFDM signals. This is
achieved by exploiting spatial multiplexing along with LED index
modulation. Accordingly, real and imaginary components of the
complex time domain OFDM signals are separated first, then
resulting bipolar signals are transmitted over a VLC channel by
encoding sign information in LED indexes. As a benchmark, we
demonstrate the performance analysis of our proposed system
for both analytical and physical channel models. Furthermore,
two novel receiver designs are proposed. Each one is suitable for
frequency-flat or selective channel scenarios. It has been shown
via extensive computer simulations that the proposed scheme
achieves considerably better bit error ratio (BER) vs. signal-to-
noise-ratio (SNR) performance than the existing VLC-MIMO-
OFDM systems that use the same number of transmit and receive
units (LEDs and photo diodes (PDs)). Compared with the single-
input single-output (SISO) DC biased optical OFDM (DCO-
OFDM) system, both spectral efficiency and DC bias can be
doubled and removed respectively simply by exploiting a MIMO
configuration.

Index Terms—Visible light communications (VLC), multiple-
input-multiple-output (MIMO) systems, orthogonal frequency
division multiplexing (OFDM), optical-spatial modulation (OSM),
LED index modulation, maximum-a-posteriori probability
(MAP) estimator
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I. INTRODUCTION

OPTICAL wireless communications (OWC) are an at-
tractive new technology which has a great potential for

the next generation wireless communications systems. Partic-
ularly, visible light communications (VLC) systems operating
between the 400−800 nm range could be the optimal solution
for indoor mobile communications scenarios. This is due to
the existing infrastructure, which can be reused and lighting
and communication systems can be combined. Its distinct
advantages such as license-free application, low deployment
cost, wide bandwidth, energy efficiency and high security
have made VLC one of the strongest candidates for beyond
5G wireless communications standards. Orthogonal frequency
division multiplexing (OFDM) and its modified versions for
intensity modulation/direct detection (IM/DD) systems in VLC
have attracted significant attention due to frequency-selective
behavior of the VLC channels for moderate and high data rates
and the capability of easily achieving bit and power loading
[1]. OFDM brings remarkable advantages in the presence of
intersymbol interference (ISI) caused by frequency selectivity.
However, since the transmitted signals are bipolar, it is impos-
sible to transmit them without any modifications. Therefore,
direct current (DC) bias addition and associated power ineffi-
ciency of optical OFDM constitute the main motivation behind
the new energy efficient optical OFDM systems.

Utilization of the IM/DD technique inherently requires light
intensity levels to be real and positive. These restrictions result
in challenging problems when the goal is to transmit IM/DD
signals and at the same time maintain the same spectral and
power efficiency that the coherent transmission systems have.
To address those challenges, many different methods have
been proposed in the literature. For instance, real time-domain
signals are directly obtained by using the conjugate symmetry
property of the fast Fourier transformation (FFT), better known
as the Hermitian symmetry. However, the main novelties of the
proposed systems stem from how they deal with the bipolar
nature of the signals. One of the straightforward solutions to
obtain positive signals is to add a DC bias after the inverse FFT
(IFFT) operation. The resulting system is called DC biased
optical OFDM (DCO-OFDM) [2]. An elegant solution to the
bipolarity problem is to use the FFT antisymmetry property
that have led to asymmetrically clipped optical OFDM (ACO-
OFDM) given in [3]. In ACO-OFDM, the DC bias is signif-
icantly reduced at the cost of sacrificing half of the spectral
efficiency. In [4], a novel unipolar transmission system, called
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U-OFDM, is proposed. The half-power (3 dB) penalty in
ACO-OFDM caused by the time domain clipping is solved
in U-OFDM by transmitting positive and negative frames
separately; however, both systems achieve only half of the
spectrum efficiency compared to DCO-OFDM. A new method
proposed in [5] and [6], offers time domain superposition to
achieve the same spectral efficiency as that of DCO-OFDM
for both U-OFDM and ACO-OFDM. Recently, MIMO and
index modulation transmission methods have started to attract
significant attention in VLC literature to transmit additional
bits with reduced energy consumption. In [7], MIMO-VLC
based systems are investigated for multi-user case. Index
modulation techniques, in which the indices of the building
blocks of considered communications systems are used to
transmit additional information bits, are particularly promising
for energy and spectrum efficient IM/DD applications. Index
modulation based transmission systems offer additional degree
of freedom to compensate for the lose of the phase dimension
[8]. In [9], spatial modulation (SM), which is the most com-
mon form of index modulation, is adopted for MIMO-VLC
systems. The performance of the SM and some of its variants
are investigated in [10] for VLC systems. Furthermore, a
2 × 2 optical SM based structure is proposed in [11] to solve
the DC bias penalty issue by introducing two light emitting
diodes (LEDs) to send negative and positive signals. Using
the advantage of different wavelengths in the visible band is
another promising solution to enhance the spectrum efficiency
by means of multi-channel communication [12–16].

In this work, we propose two novel 4 × 4 MIMO-based
optical OFDM systems for operation in the presence of
frequency-flat and frequency-selective channels. These two
schemes are called generalized LED index modulation op-
tical OFDM (GLIM-OFDM) and extended GLIM-OFDM (e-
GLIM-OFDM), respectively, where e-GLIM-OFDM is the
modification of GLIM-OFDM to operate over frequency-
selective VLC channels.

More specifically, the main contributions of the paper are
summarized as follows:
• A novel 4×4 MIMO transmission-based technique, called

GLIM-OFDM, is proposed. This scheme requires no Her-
mitian symmetry and DC bias to operate over frequency-
flat VLC channels. In the proposed scheme, the real and
imaginary parts of the complex time-domain OFDM sig-
nals are separated into their real and imaginary parts, and
then these signals are transmitted over the MIMO-VLC
channel by using the index modulation based on active
LED indices. Higher spectral and power efficiencies are
achieved by encoding the sign information of the complex
signals to the location of transmit LEDs. Furthermore,
a novel conditional maximum a posteriori probability
(MAP) estimator is employed to estimate those real and
imaginary parts of the OFDM signals at the receiver.

• A novel 4 × 4 MIMO transmission-based technique,
called e-GLIM-OFDM, is also proposed by modifying the
GLIM-OFDM structure. Similarly, this scheme requires
no Hermitian symmetry and DC bias to operate over
frequency-selective VLC channels. Since it is not feasible
to estimate directly the real and imaginary parts of the

complex time-domain OFDM signals in this case, an
efficient and feasible technique is proposed for the time-
frequency domain transformations.

• Both analytical and computer software aided physical
VLC channel models are obtained for three different
scenarios: 1) Receivers located close to each other with
a separation of 0.1 m, 2) Receivers are located apart
with a separation of 0.8 m, 3) Receivers are aligned
to their corresponding luminaries while the separation
between receivers is 0.1 m. Physical VLC channel models
including realistic source, detector and reflection parame-
ters are obtained by a ray-tracing approach. Furthermore,
the proposed scheme is also adopted for the frequency-
selective VLC channels.

• Finally, it is shown that the proposed GLIM-OFDM and
e-GLIM-OFDM schemes have superior bit error ratio
(BER) performances as compared with the reference
optical MIMO transmission systems.

The rest of the paper is organized as follows. In Section
II, the system model for GLIM-OFDM is presented and the
design of its receiver based on the conditional MAP estimator
is introduced. In Sections III and IV, the design of e-GLIM-
OFDM is given and both analytical and physical VLC channel
modeling approaches are presented, respectively. Computer
simulation results are provided in Section V and finally,
conclusions are given in Section VI.

Notation: Throughout the paper, vectors are in bold low-
ercase letters and matrices are in bold capital letters. The
transpose of a matrix/vector is expressed by (.)T . Component-
wise inequalities are given by � and �. Complex and real
normal distributions are given by CN (µ, σ2) and N (µ, σ2),
respectively, where µ represents the mean and σ2 represents
the variance. R denotes the ring of real numbers. N × N FFT
matrix is denoted by F. Lastly, 0 and [A]m,n are N × N zero
matrix and (m, n)th element of a matrix A, respectively.

II. GLIM-OFDM IN THE PRESENCE OF FREQUENCY-FLAT
MIMO CHANNELS

The block diagram of the proposed GLIM-OFDM
transceiver for frequency-flat MIMO channels is given in Fig.
1. N log2(M) information bits carrying vector u enters the
GLIM-OFDM transmitter for transmission of each OFDM
block, where N is the number of OFDM subcarriers and
M is the size of the considered signal constellation such
as M-ary quadrature amplitude modulation (M-QAM). The
DCO-OFDM, ACO-OFDM and non DC-biased OFDM (NDC-
OFDM) schemes rely on Hermitian symmetry to produce real
time-domain signals after the IFFT operation. In the proposed
scheme, the OFDM modulator directly processes the complex
frequency-domain OFDM frame xF without requiring Her-
mitian symmetry. The resulting time-domain OFDM frame
xT =

[
x1 · · · xN

]T
cannot be conveyed through a VLC

channel because of its complex-valued and bipolar (positive
and negative valued) elements. In order to solve this problem,
a new LED index modulation based MIMO transmission
technique has been developed. After parallel-to-serial (P/S)
conversion, using a similar technique as in [17] for each time-
domain OFDM signal xk , where k = 0, 1, . . . , N − 1, first,
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Fig. 1. Block diagram of the GLIM-OFDM scheme for a 4 × 4 MIMO-VLC system.

the real and imaginary parts of the complex signal xk are
separated as xk = xk,R + j xk,I . Then, the resulting real, but
bipolar signals xk,R and xk,I are processed by positive-negative
(+/−) separators to obtain the following positive real-valued
signals:

x+k,R =
{

xk,R if xk,R > 0
0 if xk,R < 0 x−k,R =

{
0 if xk,R > 0
−xk,R if xk,R < 0

x+k,I =
{

xk,I if xk,I > 0
0 if xk,I < 0 x−k,I =

{
0 if xk,I > 0
−xk,I if xk,I < 0.

(1)

These signals can be transmitted simultaneously from an
nR × nT MIMO VLC system, where nR and nT denote the
number of receiver (Rx) and transmitter (Tx) units, respec-
tively. It should be noted that, nT must be divisible by four
for the proposed scheme where it is taken as nT = 4 in this
work.

In the GLIM-OFDM scheme, LEDs transmit the absolute
values of xk,R and xk,I signals and the index of the transmit-
ting LED determines the sign of the corresponding signals
similar to the NDC-OFDM scheme. However, unlike the
NDC-OFDM, GLIM-OFDM completely avoids the Hermitian
symmetry at the input of IFFT as well as the accompanying
loss in spectral efficiency. Consequently, the spectral efficiency
of the proposed scheme becomes log2(M) [bits/s/Hz], which is
twice that of NDC-OFDM and DCO-OFDM schemes, since
Hermitian symmetry is no longer required to produce real-
valued OFDM symbols.

The positive and real-valued OFDM time samples
x+
k,R
, x−

k,R
, x+

k,I
and x−

k,I
are transmitted over the nR ×4 optical

MIMO channel (represented by H) for k = 0, 1, . . . , N − 1 as

y = Hx + n (2)

where y =
[
yk,1 · · · yk,nR

]T
∈ RnR×1 is the vector of

received signals that contains the electrical signals obtained
from PDs at the Rx units. In (2), n ∈ RnR×1 is the vector of
real-valued additive white Gaussian noise (AWGN) samples,
that models the shot noise and thermal noise. The elements of
n follows N

(
0, σ2

w

)
distribution, and are added to the received

signals in the electrical domain. The transmitted signal vector

x ∈ R4×1 is formed for GLIM-OFDM as

x =
[
x+
k,R

x−
k,R

x+
k,I

x−
k,I

]T
(3)

where the signals emitted by the LEDs are indicated by the
elements of x. According to (1), for a given OFDM signal,
only two out of four elements of x are non-zero, i.e., two
LEDs are active (emitting light), while the other two LEDs
remain inactive (turned off). As an example, for xk = −2.1 +
j3.8, we have x =

[
0 2.1 3.8 0

]T
, i.e., the second LED

is active and it transmits the absolute value of the real part
of xk and the third LED is also active for the transmission of
the imaginary part of xk , which is positive. In this way, the
proposed scheme utilizes the index modulation concept for the
active LED indices to transmit the complex OFDM signals.

In this study, we consider nR = 4 for ease of presentation,
while a generalization is straightforward. We assume that the
LEDs are operating within their dynamic range. Note that the
operation in (1) is not subject to non-linear distortions.

The 4 × 4 optical MIMO channel is represented by

H =



h1,1 h1,2 h1,3 h1,4
h2,1 h2,2 h2,3 h2,4
h3,1 h3,2 h3,3 h3,4
h4,1 h4,2 h4,3 h4,4



(4)

where hr,t denotes the channel gain of the optical wireless
link between the Tx unit (LED) t and the Rx unit (PD) r ,
where (t, r) ∈ {1, 2, 3, 4}. In this study, we consider the average
electrical signal-to-noise ratio (SNRRx) at the receiver as given
in [18–20]:

SNRRx =
Pelec

Rx

σ2
n

=
1
σ2
n

ζ
(
Popt

Rx

)2
(5)

where ζ is the electrical-to-optical conversion factor that is
taken as unity and Pelec

Rx is the average received electrical
power. The average received optical power can be expressed
as,

Popt
Rx =

1
nR

∑nR

r=1

∑nT

t=1
hr,t I (6)

where I represents the mean optical intensity being emitted.
Let us assume that E

{
xH
F xF

}
= N , i.e., M-QAM constellation

is normalized to have unit-energy symbols. It can be shown
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that if the inverse fast Fourier transform (IFFT) operation sat-
isfies the normalization of E

{
xH
T xT

}
= N , the elements of xT

follow CN (0, 1) distribution for large N values. Considering
that xk,R and xk,I ∼ N (0, 1/2), due to the symmetry, all four
elements of x have the following clipped Gaussian probability
density function (p.d.f.)

px±
k,R (I )

(v) =
1
√
π

e−v
2
u(v) +

1
2
δ(v) (7)

where u(v) and δ(v) denote the unit step and Dirac delta func-
tions, respectively. Then, the average electrical power emitted
from the one LED of GLIM-OFDM scheme is obtained as,

I = E{x±k,R(I ) } =

∫ ∞

0
vpx±

k,R (I )
(v)dv = 1/(2

√
π). (8)

A. Conditional MAP Estimator of GLIM-OFDM

The transmission model given in (2) resembles that of the
classical single-carrier MIMO-SM systems; however, it differs
from those models for two main reasons: Firstly, the received
signals are real in (2) and secondly, the transmitted data vector
x has a clipped Gaussian distribution. Furthermore, it is not
possible to forward the received signal vector y to the OFDM
demodulator directly, due to the fact that complex valued
signals must be constructed first to obtain the estimate of
the frequency domain OFDM block xF . A straightforward
solution to the estimation problem formulated in (2) is the use
of the zero-forcing (ZF) equalizer, which yields an estimate
of x simply as

x̂ZF = H−1y. (9)

After this operation, the receiver can determine the indices
of the active LEDs and corresponding signals by selecting the
higher magnitude signals from x̂ZF [11]. Despite its simplicity,
the ZF estimator can significantly enhance the noise power
through multiplication of n with H−1; furthermore, it does
not consider the probability distribution of x as a a priori
information and consequently, it may produce negative-valued
estimates. To overcome the aforementioned drawbacks of
the ZF estimator, in this section, we propose a novel MAP
estimator for the GLIM-OFDM scheme by taking into account
the prior information we have for the signal vector x.

The channel matrix H is defined in terms of its column
vectors as H =

[
h1 h2 h3 h4

]
and the observed signals

given in (2) can be rewritten as

y = hm x̄k,R + hn x̄k,I + n (10)

where x̄k,R = ��xk,R ��, x̄k,I = ��xk,I ��, m ∈ {1, 2} and n ∈ {3, 4}. It
can be easily shown that x̄k,R and x̄k,I have a folded Gaussian
(half-normal) distribution having the following p.d.f

px̄k,R (I ) (v) =
2
√
π

e−v
2
u(v). (11)

Consequently, for a given pair (m, n), the conditional MAP
estimates of x̄k,R and x̄k,I can be obtained as(

x̃ (m,n)
k,R

, x̃ (m,n)
k,I

)
= arg max

x̄k,R, x̄k, I
p
(
x̄k,R, x̄k,I | y

)
(12)

Algorithm 1 Conditional MAP Estimator

1: for m = 1 : 2 do
2: for n = 3 : 4 do
3: Estimate, x̃ (m,n)

k,R
and x̃ (m,n)

k,I
values from (17)

4: Estimate, (m̃, ñ) indices from (18)
5: end for
6: end for
7: Combination of symbols: ±x̃ (m̃,ñ)

k,R
± j x̃ (m̃,ñ)

k,I
via (m̃, ñ).

where p
(
x̄k,R, x̄k,I | y

)
is the p.d.f. of x̄k,R and x̄k,I, condi-

tioned on y. After simple manipulations, (12) could be written
as (

x̃ (m,n)
k,R

, x̃ (m,n)
k,I

)
=arg min

x̄k,R, x̄k, I
MMAP (

m, n, x̄k,R, x̄k,I
)
. (13)

where MMAP (
m, n, x̄k,R, x̄k,I

)
is the MAP estimation metric

defined as

MMAP (
m, n, x̄k,R, x̄k,I

)
= 

y − hm x̄k,R − hn x̄k,I

2

+ 2σ2
w

(
x̄2
k,R + x̄2

k,I

)
. (14)

Using ‖a‖ = aTa and after some algebra, (14) can be
simplified as

MMAP (
m, n, x̄k,R, x̄k,I

)
=

Ax̄2
k,R + Bx̄2

k,I + Cx̄k,R + Dx̄k,I + Ex̄k,R x̄k,I (15)

where

A = hT
mhm + 2σ2

w B = hT
nhn + 2σ2

w

C = −2yThm D = −2yThn

E = 2hT
mhn. (16)

Taking the derivative of MMAP(m, n, x̄k,R, x̄k,I ) with respect
to x̄k,R and x̄k,I and equating to zero yields the MAP estimates
for x̄k,R and x̄k,I , conditioned on (m, n), as

x̃ (m,n)
k,R

=

[
2BC − ED
E2 − 4AB

]+
, x̃ (m,n)

k,I
=

[
2AD − EC
E2 − 4AB

]+
. (17)

where [x]+ := max([0, x]). Note that the optimal estimates
of q in (17) also guarantee that x̃ (m,n)

k,R
≥ 0 and x̃ (m,n)

k,I
≥ 0

for all Q and b, i.e. regardless of the SNR and the channel
conditions.

In order to determine the indices of the active LEDs (i.e.,
estimations of m and n) as well as the corresponding estimates
of x̄k,R and x̄k,I , the conditional MAP estimator determines
x̃ (m,n)
k,R

and x̃ (m,n)
k,I

for all possible (m, n) pairs, and then
obtains the unconditional (actual) estimates of x̄k,R and x̄k,I
as follows:

(m̂, n̂)=arg minm,n MMAP
(
m, n, x̃ (m,n)

k,R
, x̃ (m,n)

k,I

)
,

where x̂MAP
k,R
= x̃ (m̂,n̂)

k,R
, x̂MAP

k,I
= x̃ (m̂,n̂)

k,I
.

(18)

In other words, after the calculation of the MAP estimates
of x̄k,R and x̄k,I for all (m, n) ∈ {(1, 3) , (1, 4) , (2, 3) , (2, 4)}
that considers all possible active LED scenarios, the condi-
tional MAP estimator of the GLIM-OFDM scheme decides
on the most likely active LED pair (m̂, n̂) and corresponding
estimates of x̄k,R and x̄k,I ( x̂MAP

k,R
, x̂MAP

k,I
) by calculating the
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MAP estimation metric given by (14) for all four scenarios.
The</= combiner then calculates the estimate of the complex
OFDM signal xk as

x̂k,R =
{

x̂MAP
k,R

, if m = 1
−x̂MAP

k,R
, if m = 2 x̂k,I =

{
x̂MAP
k,I

, if n = 3
−x̂MAP

k,I
, if n = 4

(19)
In Algorithm 1, we summarize the steps of the proposed

MAP estimator. After this point, classical OFDM processing
steps such serial-to-parallel (S/P) conversion, FFT and M-
ary demodulation are applied to obtain the estimate û of the
information bit vector u.

B. Calculation of Mean Square Error

Given the estimates (m̂, n̂) of the indices of the active LEDs
for k = 0, 1, · · · , N − 1 and assuming that they are correct, we
now derive the mean-square error (MSE) for the estimates of
q = [x̄k,R x̄k,I ]T defined as

MSEy,q = E{εTε}

where ε represents the error vector, ε = q − q̂(m̂,n̂) and q̂ ≡
q̂(m̂,n̂) = [x̂k,R x̂k,I ]T . As can be seen from (10) and (17), q̂
depends linearly on y and the elements of the q̂ are jointly
Gaussian distributed. Consequently, ε is also Gaussian with
zero mean and its covariance matrix is given as [21]:

C(m̂,n̂) = *
,

1
σ2
q

I +
1
σ2
n

ĤT Ĥ+
-

−1

∈ R2×2 (20)

where Ĥ = [hm̂ hn̂] ∈ RnR×2 and σ2
q = σ

2
x̄k,R (I )

is the variance
of the prior density of x̄k,R(I ) .

It can be easily shown from (11) that σ2
q =

π−1
4π . Finally, for

k = 0, 1, · · · , N − 1, the MSE values of the estimates, x̃ (m̂,n̂)
k,R

and x̃ (m̂,n̂)
k,I

are equal to the diagonal elements of the error
covariance matrix, namely,

MSE
(
x̃ (m̂,n̂)
k,R

)
= [C(m̂,n̂)]1,1

MSE
(
x̃ (m̂,n̂)
k,I

)
= [C(m̂,n̂)]2,2.

(21)

Finally the average MSE for x̂R(I ) =

[x̂0,R(I ), x̂1,R(I ), · · · , x̂0,R(I )]T can be obtained as follows,

MSE
(
x̂R(I )

)
=

1
N

N−1∑
k=0

MSE
(
x̃ (m̂,n̂)
k,R(I )

)
. (22)

In Section V, using the calculated MSE values in (22),
we present both analytical and computer simulation error
performance of the MAP estimator for the GLIM-OFDM
scheme.

III. GLIM-OFDM IN THE PRESENCE OF
FREQUENCY-SELECTIVE MIMO CHANNELS

In this section, we propose a novel design for the GLIM-
OFDM, which is called extended GLIM-OFDM (e-GLIM-
OFDM) and suitable for the frequency-selective MIMO visible
light channels. It is already known that frequency responses
of the front-end devices limits the data rates of the system.
However, as data rate gets higher, multi-path characteristics
of the channel becomes more dominant, resulting in ISI. On

the other hand, OFDM is known to be an efficient technique
to cope with the multi-path channel effects. However, MIMO
frequency selectivity for VLC channels is a quite new concept
and to the best of authors’ knowledge, e-GLIM-OFDM design
and its performance in the presence of frequency-selective
MIMO channel model are investigated for the first time in
the literature. Block diagram of the e-GLIM-OFDM scheme
is given in Fig. 2. Unlike the GLIM-OFDM scheme for flat
VLC channels, after performing LED index modulation, the
time-domain OFDM frame xT is extended into four vectors
and a cyclic prefix is appended to the beginning of each
transmission vector. Accordingly, each luminary here transmits
its own data vector, which corresponds to a part of the overall
transmitted vector, λCP = [x+R x−R x+I x−I ]T ∈ R4(N+Lcp )×1

where x+R, x−R, x+I , x−I are the (N+Lcp)×1 real-valued vectors
after the insertion of CP. For the sake of simplicity, a 4 × 4
system is considered in this work. However, the extension to
higher MIMO systems can be easily performed. At the receiver
side, (N + Lcp) × 1 real-valued received signal vectors are
obtained from each of the PDs as, yi where i ∈ {1, 2, 3, 4}. The
overall received vector, ψCP = [y1 y2 y3 y4]T ∈ R4(N+Lcp )×1,
can be expressed as

y1 = x+R ~ g1,1 + x−R ~ g1,2 + x+I ~ g1,3 + x−I ~ g1,4 + ρ1
y2 = x+R ~ g2,1 + x−R ~ g2,2 + x+I ~ g2,3 + x−I ~ g2,4 + ρ2
y3 = x+R ~ g3,1 + x−R ~ g3,2 + x+I ~ g3,3 + x−I ~ g3,4 + ρ3
y4 = x+R ~ g4,1 + x−R ~ g4,2 + x+I ~ g4,3 + x−I ~ g4,4 + ρ4

(23)
where ~ is the circular convolution operation, gr,t is the k ×1
frequency-selective channel coefficients vector between tth

LED and r th PD and ρi’s are (N + Lcp) × 1 dimensional
real-valued AWGN vectors. After computing FFT of the CP
removed received signal vector ψ, the circular convolution
operation could be converted into matrix multiplication as,

Ωψ = G · Ωλ +Ωγ (24)

where Ω is the 4N × 4N diagonal FFT matrix, which could
be given as,

Ω =



F 0 0 0
0 F 0 0
0 0 F 0
0 0 0 F



and G is a 4N × 4N sized complex matrix whose elements
are Gr,t = diag(Fgr,t ) and γCP = [ρ1 ρ2 ρ3 ρ4]T is the
4(N + Lcp)×1 dimensional complex AWGN vector. Basic ZF
equalization performed in the frequency-domain as,

ψZF = G−1 · Ωψ = Ωλ +G−1Ωγ. (25)

After performing IFFT for the each stream individually, we
can obtain the estimates of the transmission vectors and easily
determine the indices of the active LEDs by comparing the
corresponding elements of (x+R, x

−
R) and (x+I , x

−
I ) vector pairs

for each subcarrier. Error performance of the proposed system
in the presence frequency-selective channels is investigated in
Section V.
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Fig. 2. Block Diagram of the extended GLIM-OFDM Scheme for a 4 × 4 frequency-selective MIMO VLC channels

IV. PHYSICAL VLC CHANNEL MODELS

Determining the channel impulse response (CIR) in VLC
systems is a challenging task since the received power is
closely related to the channel link design. We want that the
loss incurred in the optical channel is to be made as small
as possible as in an effort to reduce the transmission power
and to facilitate the use of simple and low-power receivers.
To evaluate the received power, a commonly deployed VLC
channel model in earlier works [22–24] focuses on scenarios
where channel gains are obtained with a limited number of
reflections (i.e., up to second order) specifically considering
zero order reflections (i.e., line-of-sight (LOS) response). In
these studies, the analytical channel gains can be expressed as

hr,t =



(m+1)ArRp

2πd2
r, t

cosm
(
φr,t

)
cos

(
ψr,t

)
, 0 ≤ ψr,t ≤ Ψ1/2

0, ψr,t > Ψ1/2
(26)

where Ar denotes the photo-detector (PD) area, dr,t denotes
the distance between the corresponding LED and PD pair,
Rp is the responsivity of the PD and assumed to be unity in
this study. Additionally, φr,t and ψr,t represent the angle of
irradiance and the angle of incidence, respectively, and m =
− ln 2/ ln(cosΦ1/2) is the order of Lambertian emission, where
Φ1/2 denotes the semi-angle of the LED. Ψ1/2 is the field-of-
view (FOV) semiangle of the PD. Since the effect of higher
order reflections is not taken into account in (26), the received
power is underestimated in this model.

The above channel model is limited to the assumption of a
Lambertian source and does not take into account the effect
of reflections. Hence, a physical channel modeling approach is
adopted in [1] that utilizes the ray-tracing based approaches.
Ray-tracing takes the characteristics of propagation environ-
ment (i.e., presence of human beings, objects, etc), light
sources (i.e., beamform) and detectors (i.e., rotation, field-of-
view etc) into account precisely.

A. Frequency-Flat MIMO VLC Channels

In this study, we consider a 4 × 4 MIMO-VLC system
that is operating in a 5 m × 5 m × 3 m typical room as
illustrated in Fig. 3 with plaster ceiling/walls and a pinewood

floor. We model the table as a CAD object with coating
material of pinewood. We assume four luminaries on the
ceiling with equidistant spacing of 2 m. In [25], the ideal
case of 100 LED chips per each luminary is considered, while
by taking advantage of the simplification method [26], less
number of LED chips can be used to achieve the same channel
parameters. Based on [26], we adopt the configuration in
which a LED luminary array with the size of 0.6 m × 0.6
m is employed consisting of 9 LED chips and each LED chip
radiates 5 W with a view angle of 120°. This satisfies the
typical illumination levels for office environment [27]. The
field-of-view (FOV) semi-angle and area of the PD are 85°and
1 cm2, respectively. The PDs are located at a height of 0.8
m, which is the standard height of a table. Coordinates of
the luminaries and PDs are given in Table I for two different
configurations named as Config A (PDs are in the center of the
table with equidistant spacing of 0.1 m) and Config B (PDs
are at the corners of the table with equidistant spacing of 0.8
m). Luminaries and PDs are assumed to be facing vertically
downward to the floor and upward to the ceiling, respectively.

Based on the given scenarios and by taking advantage of the
advanced ray tracing features of the optical design software,
we calculate the detected power and path lengths from source
to detector for each ray. These parameters are used to obtain
the CIRs between each luminary and PD, and expressed as [1]

h(t) =
Nr∑
i=1

Piδ(t − τi) (27)

where Pi is the optical power of the ith ray, τi is the
propagation time of the ith ray and Nr is the number of rays
received at the detector. Once we obtain CIRs, the fundamental
channel parameters can be computed. Truncation time (Ttr ) is
defined as ∫ Ttr

0
h(t)dt = 0.97

∫ ∞

0
h(t)dt (28)

which denotes the region of CIR with the most energy con-
centrated. While the above formula assumes 97 % of the total
energy in the calculation, other percentages can be also chosen
based on the application. Channel DC gain (H0), root-mean-
square (RMS) delay spread (τRMS) and mean delay spread
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Fig. 3. Configuration A (Receivers in the center of the table) and B (Receivers at the corners of the table).

TABLE I. Physical parameters of the simulation environment

Parameters Values

Dimensions of the Room (W × L ×H) 5 m × 5 m × 3 m

Number of Luminaries 4

Number of LED Chips per Luminary 9

Model of LED Chips Cree Xlamp MC-E White

Power of LED Chips 5 W

Luminary (L) Positions (x, y, z) (m) L1: (-1.3, -0.7, 3) L2: (-1.3, 1.3, 3) L3: (0.7, 1.3, 3) L4: (0.7, -0.7, 3)

Photodetector (PD) Positions (x, y, z) (m)
Conf A: PD1: (-0.05, -0.05, 0.8) PD2:(-0.05, 0.05, 0.8)

PD3: (0.05, 0.05, 0.8) PD4: (0.05, -0.05, 0.8)

Conf B: PD1: (-0.4, -0.4, 0.8) PD2: (-0.4, 0.4, 0.8)

PD3: (0.4, 0.4, 0.8) PD4: (0.4, -0.4, 0.8)

Viewing angle of Luminary 120◦

FOV semiangle of PD (degrees) 85◦

Area of PD 1 cm2

Materials
Walls & Ceiling: Plaster

Floor & Desk: Pine Wood

(τ0) are also important parameters of a VLC channel, which
can be defined as [28],

H0 =
∫∞

0 h(t)dt,

τRMS =

√ ∫∞
0 (t−τ0)2h(t)dt∫∞

0 h(t)dt
,

τ0 =
∫∞

0 t ·h(t)dt∫∞
0 h(t)dt

.

(29)

The analytical channel gains for Configs A and B by
considering the parameters given in the Table I are calculated
respectively as follows:

Ha
A ≈ 10−5 ×

*....
,

0.3489 0.3288 0.3104 0.3288
0.3288 0.3489 0.3288 0.3104
0.3104 0.3288 0.3489 0.3288
0.3288 0.3104 0.3288 0.3489

+////
-

Ha
B ≈ 10−5 ×

*....
,

0.4984 0.3005 0.2008 0.3005
0.3005 0.4984 0.3005 0.2008
0.2008 0.3005 0.4984 0.3005
0.3005 0.2008 0.3005 0.4984

+////
-

.

Similarly, physical indoor VLC channel gains obtained for
Configs A and B by using our methodology and given pa-

rameters in Table I are as

Hp
A ≈ 10−5 ×

*....
,

0.4866 0.4822 0.4533 0.4822
0.4822 0.4866 0.4822 0.4533
0.4533 0.4822 0.4866 0.4822
0.4822 0.4533 0.4822 0.4866

+////
-

Hp
B ≈ 10−5 ×

*....
,

0.6533 0.3955 0.3066 0.3955
0.3955 0.6533 0.3955 0.3066
0.3066 0.3955 0.6533 0.3955
0.3955 0.3066 0.3955 0.6533

+////
-

.

The channel parameters for Hp
A and Hp

B are summarized
in Table II. It is observed that the channel gains obtained
with the analytical method (i.e., LOS response) are smaller
than those ones obtained by the physical method. As a result
of this, we can take the effect of higher order reflections
into consideration in our methodology. Since the detectors are
placed at the corner sides of the table in Config B, they receive
more scattering from walls and therefore, the difference of
analytical and physical channel gains increases with respect
to that one in Config A.

TABLE II. Channel parameters for Hp
A and Hp

B

Configuration A
(Receivers in Center, dRx = 0.1 m)

Configuration B
(Receivers at the Corners, dRx = 0.8 m)

Channel Gain Ttr (ns) τ0 (ns) τRMS (ns) Ttr (ns) τ0 (ns) τRMS (ns)
h1,1 40 14.22 10.18 37 12.40 8.98
h1,2 40 14.44 9.79 40 15.22 10.40
h1,3 40 14.52 9.84 42 17.28 11.23
h1,4 40 14.44 9.79 40 15.22 10.40
h2,1 40 14.44 9.79 40 15.22 10.40
h2,2 40 14.22 10.18 37 12.40 8.98
h1,3 40 14.44 9.79 40 15.22 10.40
h2,4 40 14.52 9.84 42 17.28 11.23
h3,1 40 14.52 9.84 42 17.28 11.23
h3,2 40 14.44 9.79 40 15.22 10.40
h3,3 40 14.22 10.18 37 12.40 8.98
h3,4 40 14.44 9.79 40 15.22 10.40
h4,1 40 14.44 9.79 40 15.22 10.40
h4,2 40 14.52 9.84 42 17.28 11.23
h4,3 40 14.44 9.79 40 15.22 10.40
h4,4 40 14.22 10.18 37 12.40 8.98

B. Obtaining Frequency-Selective MIMO VLC Channels

In this subsection, we explain the methodology to obtain
the physical multi-path VLC channels. Environmental factors
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such as humans inside the room, furniture structure includ-
ing coating material types, location of the objects and the
sources/detectors play a vital role on reflection and refraction
patterns. All of these material characteristics are taken into
account for higher order reflections and frequency-selective
CIRs are acquired by employing the same methodology as
presented in the frequency-flat case.

For our investigations of the frequency-selective visible
light channel models, we have used IEEE 802.15.7r1 refer-
ence channel models obtained for manufacturing cells [29].
In this configuration, six LEDs are located at the head of
the robotic arm where they are located at the sides of a
cubical package. Each face of the cube is equipped with
one transmitter ensuring 360◦ of coverage. The LEDs are
commercially available from Cree (MC-E) with non-ideal
Lambertian pattern and a half viewing angle of 60◦. The FOV
semi-angle and the area of the detector are 35◦ and 1 cm2,
respectively. Eight test points are also considered on the top of
the cell boundaries. We select the CIRs between LED1, LED3,
LED5 and LED6 as transmitters and D1, D3, D5 and D7 as
receivers (i.e., placed at the corners of cell boundaries). It is
observed that due to the delay difference in the VLC channels
under consideration and the signaling rates higher than 100
Mbits/sec, the multipath components are resolvable and can be
treated as multi-tap channel leading to the frequency-selective
channels. The resulting CIRs obtained for this configuration
are given in the Appendix.

For the sake of reality, the sampling frequency fs for the
channel is taken as 100 MHz where the sampling period is
Ts = 10 ns. Since the maximum delay spread of the obtained
channel is 60 ns, L = 6 taps frequency-selective VLC channel
vectors are obtained by down-sampling. Length of the cyclic
prefix in Section III is also chosen as Lcp = 6 in computer
simulations to make sure that it equals to the maximum delay
spread of the channel.

V. COMPLEXITY ANALYSIS AND COMPUTER
SIMULATIONS

In this section, we present computational complexity anal-
yses as well as the computer simulations to perform compar-
isons with the reference schemes given in Table III.

A. Complexity Analysis

The details of the computational complexity of the proposed
algorithm is presented in Table III. For the GLIM-OFDM
receiver, to implement the conditional MAP algorithm for
estimation of the real channel path gains in (16), it is necessary
to compute only C and D in (17). Since the channel is
deterministic and does not change with time, A, B and E can
be precomputed and stored in the receiver. Hence, it can be
easily checked that for all (m, n) pair where m = 1, 2 and
n = 3, 4 for k = 1, 2, · · · , N values, 44N real multiplications
(RM) and 16N real additions (RA)s are required. In addition,
the computation of the MAP metric to determine the indices of
the active LEDs requires 32N RM and 16N RA. On the other
hand, OFDM algorithm with an FFT size of N requires ap-
proximately 4N log2(N ) real operations (multiplications plus

TABLE III. Comparison of MIMO systems

Modulation nR × nT Spectral Efficiency Optical Power, E{x} Complexity
GLIM-OFDM 4x4 ∼ log2 M σ

2
√
π

∼ O
(
N log2 N

)
e-GLIM-OFDM 4x4 ∼ log2 M σ

2
√
π

∼ O
(
N log2 N

)
OSM-DCO-OFDM 4x4 ∼

log2(M ·nT )
2

σ√
2π

exp(−B2

2σ2 )+

B(1 −Q( B
σ ))

∼ O
(
N log2 N

)
OSM-ACO-OFDM 4x4 ∼

log2(M ·nT )
4

σ
4
√
π

∼ O
(
N log2 N

)
V-BLAST-ACO

OFDM
4x4 ∼ log2 M σ

2
√
π

∼ O
(
N log2 N

)
NDC-OFDM 4x4 ∼ log2(M · nT ) σ√

2π
∼ O

(
N log2 N

)

additions). Consequently, the overall complexity order in real
operations for GLIM-OFDM is 76N + 4N log2(N ) RM and
32N + 4 log2(N ) RA, which makes ∼ O(N log2 N ).

To determine the computational complexity of e-GLIM-
OFDM receiver, we refer to Fig. 2. Four N-FFT operations of
the four received vectors (yF,k for k = 1, 2, 3, 4), require ap-
proximately 16N log2(N ) real operations. The implementation
of the following ZF detector in Fig. 2 requires approximately
16N RM and 8N RA. The main reason is that the overall
frequency domain channel matrix G = [Gi, j] ∈ R4N×4N

is a 4 × 4 block matrix, in which each sub-block Gi, j ∈

G, for i, j = 1, 2, 3, 4 is a diagonal matrix. Since the channels
are deterministic and known to the receiver, G as well as
G−1 can be pre-computed and stored at the receiver. Hence,
the only computational complexity in implementing the ZF
detector comes from the multiplication of G−1 with the vector
yF = [yF,1, . . . , yF,4]T ∈ C4N . Moreover, from matrix algebra,
it is known that the inverse of G is also a 4 × 4 block
diagonal matrix. This property simplifies the computational
complexity substantially since the output of the ZF detec-
tor can simply be determined by four separated reduced-
dimensional matrix multiplications. Thus, the computational
complexity of the ZF detector is reduced from ∼ O(N2) to
∼ O(N ). After ZF detector, four IFFT operations, to transform
the ZF detector output in the time-domain, requires again
16N log2(N ) complex operations. After that, 32N RM and
16N RA operations are required to determine the indices
of active LEDs and 4N log2(N ) operations required for the
FFT procedure. Therefore, the overall complexity order in real
operations for e-GLIM-OFDM is 48N + 36 log2(N ) RM and
24N + 36 log2(N ) RA, which makes ∼ O(N log2 N ).

Computational complexities of the GLIM-OFDM and e-
GLIM-OFDM schemes are compared with the reference VLC
systems, such as parallel NDC-OFDM scheme, obtained by
the parallel concatenation of two 2× 2 NDC-OFDM schemes,
[11], OSM-OFDM-ACO, OSM-OFDM-DCO schemes that are
combining optical spatial modulation (OSM) concept [30]
with optical OFDM [31] methodology, and vertical Bell Labs
layered space-time (V-BLAST) type OFDM-ACO scheme [32]
in Table III. When a similar complexity analysis is carried
out for the above schemes, it is concluded that all the refer-
ence systems have asymptotically same complexity, namely,
∼ O(N log2 N ), as shown in Table III.

B. Performance of GLIM-OFDM

In this subsection, we provide BER performance compar-
isons between the GLIM-OFDM scheme and the reference
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TABLE IV. Pearson’s correlation coefficient values for channel configurations

Channel Configuration r

Ha
A 0.0236

Hp
A 0.0114

Ha
B 0.1982

Hp
B 0.1777

Hp
C 0.3878

systems with respect to average received electrical SNR. Spec-
tral efficiencies and optical powers of the reference systems
are given in the Table III where B is the DC bias value for
DCO-OFDM. In our comparisons, BER vs. SNR performance
curves are presented for the spectral efficiency values of 2,
3 and 4 bit/sec/Hz in various VLC channel configurations,
where the number of subcarriers is taken as N = 256.

In Figs. 4 and 5, the BER performance of the proposed
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system is compared with other reference MIMO systems for
the Config A (dTx = 0.1 m). It can be inferred from these
figures that GLIM-OFDM outperforms the other reference
systems in Fig. 4, whereas this is not the case indicated by the
curves in Fig. 5. This can be explained as follows. The BER
performance of the GLIM-OFDM system is highly dependent
on the correlation between diagonal (LOS/direct) and off-
diagonal (NLOS/indirect) elements of the channel matrix. It
has excellent BER performance when the channel matrix is
close to diagonal. Given the entries of the channel matrix,
to determine how being "close" to the diagonal, a natural
approach is to compute the correlation coefficient, r , between
the rows and columns of the channel matrix. Strong correlation
means that r is close to one and the matrix entries tend to be
near the diagonal. This is also robust, since the correlation
coefficient is unchanged if the channel matrix is scaled. The
correlation values in Table IV show that the channel matrices
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Fig. 8. Configuration C (Receivers are aligned to their correspondent LEDs
to have stronger LOS link with a less correlation).

of the different configurations considered in our computer
simulations can be classified basically into three different
channel structures. Such that, Ha

A and Hp
A have the weakest

correlation values and consequently, they are far from being
close to a diagonal matrix structure. On the other hand, as Hp

A
and Hp

B can be considered having a modest diagonal structure,
and the last channel matrix Hp

C in Table IV shows a strong
diagonal structure.

Based on this explanation, we can firmly state that the
curves presented in Fig. 4, obtained for Ha

A, indicate that much
better performance can be obtained for GLIM-OFDM than
the other systems, while they yield similar performances for
Hp

A as shown in Fig. 5. According to Table IV, the channel
coefficients of Ha

A and Hp
A are very similar to each other

and far from having a diagonal structure. Consequently, their
BER performances are affected dominantly by the detection
errors of the indices. On the other hand, the other reference
systems in the presence of these channels are also under
similar effects depending on their system structures. As a
result, our extensive simulation studies have shown that such
performance differences occur between GLIM-OFDM and the
other schemes as indicated in Figs. 4 and 5. In Figs. 6 and 7,
we compare the proposed system with other reference MIMO
systems in the presence of the analytical and physical channel
configurations Ha

B and Hp
B, which have a modest diagonal

structure with dTx = 0.8 m (Config B). The results presented
in these figures show that the GLIM-OFDM scheme provides
better BER performance than any other system with the
same spectral efficiency. Since the proposed MAP estimator
of GLIM-OFDM takes a-priori information into account, it
always produces non-negative estimates based on the assump-
tion that the signal has a unipolar p.d.f.

We now consider a modified implementation scenario for
Config A (dTx = 0.1 m) to make it more suitable for the MAP
estimator by introducing a slight tilt on the PDs. In realistic
VLC application scenarios, due to the random orientations
of mobile terminals, PD’s are considered to be located in
various positions and tilts (receivers around laptop screen or
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Fig. 9. BER performance comparison of optical MIMO-OFDM schemes for
2 (straight), 3 (dashed) and 4 (dotted) bits/s/Hz in physical channel Hp

C.

on the aircraft seats etc.), resulting in the average channel
matrix close to diagonal. Hence, on average, the performance
of the proposed GLIM-OFDM is improved substantially when
compared to the other schemes.

In Fig. 8, a specially designed VLC structure is shown, to
increase the power of the LOS links. In this design, the PDs are
rotated 45◦ in the xy-plane and tilted 60◦ in the yz-plane. As a
result, the Config C provides an increase in LOS link strength
and hence, an increase in the correlation coefficient r of the
channel matrix to make it more diagonal. The corresponding
channel matrix, which is obtained by the physical model, can
be given as

Hp
C ≈ 10−5 ×

*....
,

0.5555 0.1866 0.1222 0.1866
0.1866 0.5555 0.1866 0.1222
0.1222 0.1866 0.5555 0.1866
0.1866 0.1222 0.1866 0.5555

+////
-

.

In Fig. 9, GLIM-OFDM is compared with other MIMO
reference systems for 2, 3 and 4 bits/sec/Hz spectral effi-
ciencies for the physical channel model of Config C with
dTx = 0.1 m. The simulation results presented in Fig. 9
indicate that the proposed system uniformly outperforms of all
other systems. Finally, in Fig. 10, the MSE vs. SNR curves
are shown for GLIM-OFDM by employing both analytical
and physical channel matrices. Moreover, theoretical MSE
values are compared with the computer simulation results.
We conclude from Fig. 10 that the theoretical and computer
simulation curves match considerably well especially at high
SNR values.

C. Performance of e-GLIM-OFDM

In this subsection, we present BER performance results of
the e-GLIM-OFDM scheme. In Fig. 11, BER versus SNR
curves are given for the e-GLIM-OFDM system operating
at 2, 3 and 4 bits/sec/Hz spectral efficiency values in the
presence of frequency-selective MIMO channels with six taps,
which was described in Section IV-B. As seen from Fig. 11,
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Fig. 11. BER performance of the enhanced-GLIM-OFDM (e-GLIM-OFDM)
in frequency-selective MIMO VLC channels for 2 (straight), 3 (dashed) and
4 (dotted) bits/s/Hz.

the enhanced scheme also achieves similar BER performance
compared to the first proposed scheme, which was operating
over flat VLC channels. Since the proposed method takes
the advantage of time and frequency domain transitions (by
employing FFT/IFFT pair twice) and ZF equalizations, it can
easily cope with both the inter-LED-interference (ILI) and ISI.

According to the computer simulation results, we can
conclude that e-GLIM-OFDM is a feasible solution for the
multi-path VLC channels. Since there do not exist any other
frequency-selective MIMO-VLC based system in the litera-
ture, comparison with a reference system is not possible for
the frequency-selective scenarios.

VI. CONCLUSIONS

VLC technologies, as well as the index modulation con-
cept for MIMO systems, such as SM and subcarrier index

modulation for OFDM are gaining noticeable attention for the
next generation of wireless standards. In this paper, we have
proposed two novel and spectral efficient 4 × 4 LED index
modulation based optical MIMO-OFDM systems with MAP
estimation, where the first scheme is operating in frequency-
flat channels and the second one in frequency-selective chan-
nels. The proposed schemes offer twice the spectral efficiency
as that of DCO-OFDM by exploiting the advantage of LED
index modulation to avoid Hermitian symmetry and DC bias.

For the error performance analysis, five different physical
channel models have been obtained. It has been concluded that
the first proposed system yields the best BER performance
in the lowest correlated and almost diagonal case of the
channel matrix. In this particular model, the channel has
been diagonalized by directed LEDs to PDs to obtain the
most powerful LOS links. Among the other two physical and
analytical models, the system has superior performance in
the presence of analytical channel gains (i.e., LOS channel).
This is mainly due to the fact that highly correlated physical
channel gains degrade the performance of the MAP estimator
to the level where it performs almost the same as the 4 × 4
NDC-OFDM system. Finally, we conclude from the computer
simulations that the BER performance of the second designed
VLC system does not significantly affected by the degree of
frequency selectivity of the channel, while retaining its spectral
efficiency advantage over other MIMO-OFDM based VLC
systems.

APPENDIX
FREQUENCY SELECTIVE CIRS

g1,1 ≈ 10−8 × [2.5107 1.3290 4.2021 5.2421 0.9347 0.4133]T ,
g1,2 ≈ 10−8 × [13.869 4.3617 2.3950 0.4165 0.5569 0.2852]T
g1,3 ≈ 10−8 × [0.2502 2.5546 1.1561 1.0689 0.6099 0.5570]T ,
g1,4 ≈ 10−8 × [16.220 4.4067 3.2170 1.6950 0.7968 0.2426]T
g2,1 ≈ 10−8 × [3.8362 1.2489 1.9733 2.8366 1.0588 0.7232]T ,
g2,2 ≈ 10−8 × [257.69 9.0081 1.7300 2.9421 2.1824 0.2493]T
g2,3 ≈ 10−8 × [0.1758 3.5579 5.0503 1.2249 0.6706 0.2167]T ,
g2,4 ≈ 10−8 × [127.47 10.155 0.1015 3.5622 2.7293 0.7926]T
g3,1 ≈ 10−8 × [130.23 8.0788 3.1797 1.7479 1.7082 0.3576]T ,
g3,2 ≈ 10−8 × [0.1044 0.1007 0.6197 1.5607 0.5474 0.2261]T
g3,3 ≈ 10−8 × [0.4087 0.1467 3.0861 2.5029 0.3504 0.5618]T ,
g3,4 ≈ 10−8 × [0.4368 2.9358 2.1694 2.1221 0.5044 0.4179]T
g4,1 ≈ 10−8 × [0.3185 6.2577 3.0124 0.9103 0.9437 0.4686]T ,
g4,2 ≈ 10−8 × [5.1500 1.0373 1.9243 0.5546 0.1538 0.0613]T
g4,3 ≈ 10−8 × [0.4588 1.9667 3.4924 1.6399 0.6069 0.1007]T ,
g4,4 ≈ 10−8 × [0.3313 13.331 2.8363 5.8317 1.4873 0.3917]T
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