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Abstract

Self-dual codes, which are codes that are equal to their orthogonal, are a widely
studied family of codes. Various techniques involving circulant matrices and matrices
from group rings have been used to construct such codes. Moreover, families of rings
have been used, together with a Gray map, to construct binary self-dual codes. In
this paper, we introduce a new bordered construction over group rings for self-dual
codes by combining many of the previously used techniques. The purpose of this is
to construct self-dual codes that were missed using classical construction techniques
by constructing self-dual codes with different automorphism groups. We apply the
technique to codes over finite commutative Frobenius rings of characteristic 2 and
several group rings and use these to construct interesting binary self-dual codes. In
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particular, we construct some extremal self-dual codes length 64 and 68, constructing
30 new extremal self-dual codes of length 68.

Key Words: Group rings; self-dual codes; codes over rings; extremal codes; bordered

constructions.

1 Introduction

Self-dual codes are a well known and broadly studied class of codes. They are very interesting
due, in part, to their connections to lattices and designs and applications in cryptography,
invariant theory, and design theory. Much attention has been paid to the existence of
extremal self-dual codes (codes that meet a certain bound) and to the many techniques
used to construct these codes. In this paper, we shall introduce a new construction which is
used to produce numerous self-dual codes. In particular, this construction seeks to construct
codes that would be missed by other constructions.

A large number of techniques to produce self-dual codes involve circulant matrices, re-
verse circulant matrices and block circulant matrices. Recall that a circulant matrix is an
n X n matrix obtained by considering the vector (aq,aq, ..., a,) and all its cyclic shifts (to
the right) as rows. A reverse circulant matrix is an n X n matrix obtained by considering the
vector (ay,as, ..., a,) and all its cyclic shifts (to the left) as rows. A circulant block matrix
is an nl x nt matrix by considering (Aj, Ao, ..., A,) and all its cyclic shifts (to the right) as
rows where each A; is a [ x ¢ matrix.

The double circulant construction is one of the most extensively applied constructions
that is used to produce self-dual codes. It uses matrices of the form (I|A) where A is a
circulant matrix and A satisfies AAT = —1I,,. This technique was first introduced in the
1960s (see [4,25]). It has been implemented significantly since its inception (see [17-21]).

In [26], Kaya et. al. modified the pure circulant construction where the matrix A is
replaced with

1 1 |x vy
1 1|y x
z¥ tT|A B
tT zT|B A

where A is an n X n circulant matrix, B is a n X n reverse circulant matrix and y, x, z, t
are vectors of length n.
In [14], this construction was modified further to take the form:

(5 )



where A is a circulant matrix, B is a block circulant matrix (four blocks) and C' is a matrix
that arises from a group ring construction. In this work, we generalize this construction by
letting A be a 2"-circulant matrix, B be a block circulant matrix (2"-blocks), and C be a
matrix that arises from a group ring construction.

The motivation for these generalizations is to construct self-dual codes which are not
previously known. In [12], it shown that using simpler forms can cause the automorphism
group of the code to contain certain groups. We wish to alter the form so that codes with
different automorphism groups can be found which leads to new codes, namely codes that
do not contain certain groups in their automorphism groups.

It is well known that group rings can be very useful when constructing codes and in
particular self-dual codes. In [1], the binary extended Golay code was constructed from an
ideal of the group algebra F3S; where Fs is the Galois field of two elements and S is the
symmetric group on four elements. An isomorphism between a group ring and a certain
subring of the n x n matrices over the ring was introduced in [23]. Tt is shown in [24,28] that
this isomorphism can prove to be very useful in constructing self-dual codes. The [48, 24, 12]
Pless code was constructed using the group algebra FoDyg in [29] where Dyg is the dihedral
group of order 48. In [11,12], the idea was extended to any group G and G-codes were
defined as codes that are ideals in the group ring RG, where R is a finite Frobenius ring. A
connection between certain group ring elements and self-dual codes was established in [16].

In the following sections, we will provide important concepts required for later sections.
Next, we will introduce our new construction and provide some important results relating
to this construction. We will conclude with the implementation of this construction using
MAGMA (see [2] for a complete description of this computer algebra system).

2 Preliminaries

In this section, we will define self-dual codes over Frobenius rings of characteristic 2. Next,
we will introduce a family of rings called Ry. Additionally, we will introduce the ring Fy+ulF,.
We will finish with an introduction to group rings and an established isomorphism between
a group ring and a certain subring of the n x n matrices over a ring.

2.1 Self-Dual codes

In this paper, all rings are assumed to be commutative, finite, Frobenius rings with a mul-
tiplicative identity. Denote the character module of R by R. Frobenius rings can be char-
acterized as follows. For a finite ring R the following are equivalent:

e R is a Frobenius ring.

e As a left module, R rR.



e As a right module, R Rpg.

A code over a finite commutative ring R is said to be any subset C' of R". If the code is a
submodule of the ambient space then the code is said to be linear. We attach the usual inner
product to the ambient space, specifically the inner-product is given by [v,w] = > vw;.
The orthogonal with respect to this inner-product is defined as C+ = {w | w € R", [v,w]| =
0,¥v € C}. The orthogonal is always a linear code. Since the ring is Frobenius, we have
that for all linear codes over R, |C||C*| = |R|™. The proof of this theorem and a complete
description of codes over finite commutative rings can be found in [11].

If a code satisfies the condition that C' = C*, then the code C is said to be a self-dual
code. If the code satisfies the condition that C' C C*, then the code is said to be a self-
orthogonal code. For binary codes, a self-dual code where all weights are congruent to 0
(mod 4) is said to be Type II and a self-dual binary code is said to be Type I otherwise. The
bounds on the minimum distances for self-dual codes are given in [30] and are as follows.

Theorem 2.1. ([30]) Let d;(n) and drr(n) be the minimum distance of a Type I and Type
11 binary code of length n, respectively. Then

d]](n) < 4|_ i

— | +4
< 24J+

and
41341 +4 ifn#22 (mod 24)
di(n) < { 4[£]+6 ifn=22 (mod 24).

Self-dual codes that meet these bounds are called extremal.

2.2 The family of rings Ry,

In this subsection, we shall define a very important family of rings with characteristic 2,

which we shall use extensively in our constructions.
We denote the family by Ry, these were first defined in [6] and [10]. For k£ > 1, define

Ry, = Faoluy, ug, ..., ug]/{u; = 0, uuj = uju;). (1)
Alternatively, we can define them recursively as:
Ry = Ry1[ug]/{uj = 0, upu; = ujuy) = Ry—1 + upRy—1. (2)

For any subset A C {1,2,...,k} we will fix

Up = HU, (3)

€A



with the convention that ug = 1. It follows that any element of Ry can be represented as

Z CAlUA, ca € . (4)

From this we can easily observe that

y 0 if ANB#0
u =
ATB usp if ANB =0,

It follows that
(z ) (z d) N
A B A,BC{1,...k},ANB=0

It is shown in [10], that each Ry is a commutative, Frobenius ring with |Ry| = 2(2*).

The following lemma can be found in [14].

Lemma 2.2. An element v of Ry, that is a unit satisfies v* = 1. An element « of Ry, that
is a non-unit satisfies o = 0.

We shall now define a Gray map from R}, to ng This first appeared in [10]. For R,
we have the following map: ¢(a + buy) = (b,a + b). Then, let ¢ € Ry, ¢ can be written as
c=a+ bug,a,b € Ri_1. Then

or(c) = (Pr-1(b), dx—1(a +D)). (5)

The map ¢y, is a distance preserving map and the following is shown in [6].

Theorem 2.3. Let C' be a self-dual code over Ry, then ¢i(Ry) is a binary self-dual code of
length 2Fn.

The next result, which was introduced in [9], proves very useful when extending codes

over R;.

Theorem 2.4. Let C be a self-dual code over Ry, of lengthn and G = (r;) be a j Xn generator
matriz for C, where r; is the i-th row of G, 1 < i < k. Let ¢ be a unit in Ry and X be a
vector in Ry"™ with (X, X) = 1. Let y; = (r;, X) for 1 <i < k. Then the following matriz

generates a self-dual code C' over Ry, of length n + 2.
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2.3 The ring Fy + ulFy

We shall now define the ring Fy + ulF4, which we shall also use to construct self-dual codes.
Let F, = Fy (w) be the quadratic field extension of Fy, where w? + w + 1 = 0. The ring
Fy + uFy is defined as Fy[u]/(u?). We note that Fy + ulF, can be viewed as an extension of
Fy + ulF; and so we can describe any element of Fy + ulF4 in the form wa + wb uniquely,
where a,b € Fy + ulF5. In order to fit the upcoming tables, we use hexadecimals to denote
the elements of Fy + ulF, with the ordered basis {uw,w,u, 1}.

In [15] and [8] the following Gray maps were introduced:

i, (Fa)" — (Fy)™
aw + bw — (a,b), a,beFy

PFsury ¢ (Fo + ulFy)" — F2"
a+bur— (bya+b), abeFy.

Those were generalized to the following maps in [27]:

wF4+uF4 : (F4 + UF4)n — (]FQ =+ U]Fg)zn
aw + bw — (a,b), a,b € (Fy+ uFy)"

Oryrur, © (Fa 4 ulfy)" — F7"
a+bu (bya+b), abely.

These maps preserve orthogonality in the corresponding alphabets. Moreover, the binary
images ©p, 1 ur, © Ur,1ur, (C) and g, o v, ur, (C') are equivalent. The Lee weight of an
element is defined to be the Hamming weight of its binary image under the Gray map. We
have the following result from [27].

Proposition 2.5. ([27]) Let C be a code over Fy + uFy. If C is self-orthogonal, so are
Ur,1ur, (C) and g, 1ur, (C). The code C is Type I (resp. Type I1I) over Fy + ulFy if and
only if pr,vur, (C) is a Type I (resp. Type II) Fy-code, if and only if Yp,rur, (C) is a Type
I (resp. Type II) Fy + uFs-code. Furthermore, the minimum Lee weight of C' is the same as
the minimum Lee weight of Vg, ur, (C) and @p, ur, (C).

Corollary 2.6. Suppose that C' is a self-dual code over Fy + ulFy of length n and minimum
Lee distance d. Then pp,+ur, © Vr,+ur, (C) is a binary [4n,2n,d] self-dual code. Moreover,
C' and @p,iur, © Vr,1ur, (C) have the same weight enumerator. If C' is Type I (Type II),

then 0 is Pr,4ur, © Uk, rur, (C).

2.4 Certain Matrices and Group Rings

We shall now introduce group rings and a special isomorphism between the group ring and
a certain subring of n X n matrices over a ring.

Throughout this article, let circ(ay, as, ..., a,) denote the n x n circulant matrix and let
CIRC(A;, As, ..., A,) denote the circulant block nl x nt matrix where A; is a | X t matrix.
Let G be a finite group of order n, then the group ring RG consists of Y "', 2,9, a; € R,
g; € GG. Addition in the group ring is done by coordinate addition, namely

n

Z ;g; + Z Bigi = Z(Oéi + Bi)gi- (6)
i=1 i=1

i=1
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The product of two elements in a group ring is given by

(Z aigi) (Z 5j9j> = Z @ 3;9i9;- (7)

It follows that the coefficient of g; in the product is > — a; ;.

We restrict ourselves to finite groups since we are only concerned with using finite groups
to construct codes by group rings. Throughout this paper, we shall use eg to denote the
identity element of any group G.

The following construction of a matrix was first given by Hurley in [23], where it was done
where the ring was a finite field. It was generalized to Frobenius rings in [12]. Let R be a
finite commutative Frobenius ring of characteristic 2 and let G = {g1, g2, - .., gn} be a group

of order n. Let v = Zozgi € RG. Define the matrix o(v) € M,(R) to be o(v) = («
i=1
where 4,7 € {1,...,n}. We note that the elements g; ', g5",..., 95

g; lgj)
L are the elements of the
group G in a given order. In this paper, we will be using group rings where the group has
order 8 and the ring is a Frobenius, commutative and has characteristic 2. We will now
describe o(v) for the following group rings RG where G € {C,,, Doy, Cppy X Cy, Crin b
n—1
e LetG=(x|az"=1)=C,. Ifv= Zaiﬂmz € RC,, then o(v) = circ(ag, o1, . .., 1)
=0
where o; € R.

n—1 1

e let G=(ryla"=y*=1,2v=a"1) X Dy, Ifv= ZZai+nj+1xiyj, then

i=0 j=0
A B
o(v) = BT AT
where A = circ(ay, ..., o), A= circ(auy,...,q,) and «o; € R.
m—1n—1
o Let G = (z,yla™ = y™ = 1,2y = yr) = C,, x C, If U:ZZaHHmjxiyj €
i=0 ;=0
R(C,, x C},), then
o(v) =CIRC(A4,..., A)
where A; 11 = circ(0imi, 02imgy - - - Omimj)s & € R and m,n > 2.
m—1n—1
o Let G=Chpp=(z]|a™=1). lfv= Z Za1+i+mjx”i+j € RC,, ., then
i=0 j=0



A1 Az A3z Ay - Ap Ap
A, Ay A Az - Ap_2 Ana
AT AL AL Ap e Ap_s An_o

n—1
o(v) = Al AL AL Ay e Ap g An g
Al AL AL AL . Ay Ay
AL AL AL AL e AL Ay
L ;.
where Aj 1 = circ(Qiimg, @apmjs - - Cmimy ), As g = cre(Qmpmgs Cvmys - - - s Qm—1)4mj),

a; € Rand m,n > 2.

Before we proceed to the next section, we need to provide an important result regarding
the determinant of a matrix of the form CIRC(A;, As, ..., Aym) where each A; isap x p
circulant matrix over a finite commutative Frobenius ring of characteristic p, p is a prime
and m is a positive integer.

We begin with some preliminary results.

In a slight departure from the previous notation, we shall consider a circulant matrix to
be of the form:

on) ay as ... Qap—1
ap—1 Ay A1 ... QAp—2 (8)
aq as asg ... Qo

This form enables us to index the matrix with 0,1,...,n — 1 and say that the entry M, ; =
a;—; where i — j is done in the ring Z,. For any matrix M define the determinant of M by
|M|. We shall take the Leibniz formula for the determinant of an n by n matrix which is

n

(M| =Y (sgn(o) [ [ i), (9)

cE€Sn i=1

where &, is the symmetric group on n letters. Recall that a transversal of the n by n grid is n
coordinates where no two coordinates share a row or column. We note that there are n! such
transversals and that |S,| = n!. The determinant is then the sum of the product along all
transversals where the sign in front of each product is given by the sign of the permutation
0. Note also that we are not assuming any algebraic structure among the elements of the
matrix, that is we are proceeding strictly combinatorially.

Lemma 2.7. Let M be the circulant matriz given in Equation (8). Then if the product
[1scs ax appears in |M| where |J| > 1 then the product [ [, ar appears n times.

Proof. 1f the product appears in the transversal

Qiy g1y Gig,jay - - -5 Qi jn



then it appears in the transversal

Qi1 +1,51+15 Qig+1,5a+15 -« - ) Aip+1,5n+1

since ix + 1 — (jr + 1) = ix — jr and so the same n terms occur in the product as long as the
two sets are not the same. The sets where they are the same occur at transversals {(, )}
where 7 — j is a constant in the set. These correspond to the products a.

If o is the permutation sending iy to ji, let o’ be the permutation sending i +1 to j, +1,

then o and o’ are related by
o =(0,1,2,....n—1o(n—1,n—2,...,0).

Therefore, sgn(o) = sgn(o’) since (0,1,2,...,n—1) and (n—1,n—2,...,0) have the same
sign. O

Lemma 2.8. Let M be the circulant matriz given in Equation (8), where the a; come from
a ring with characteristic p, a prime with p =n. Then

M| =ay +al +...q,

n—1-

Proof. By Lemma 2.7 The coefficient of each term other than a} is n and p divides n so
each of those terms disappear.

Then the coefficient of a; is sgn(o) where o(j) = j+¢. If pis 2, then —1 =1 and if p is
odd, then the sign of ¢ is 1. This gives the result. O]

Since we have proceeded combinatorially, the next result follows easily.

Theorem 2.9. Let A = CIRC(Ay, As, ..., Aym) where each A; is a p X p circulant matriz
over a finite commutative Frobenius ring of characteristic p, p is a prime and m is a positive
integer. Then

m

p
Al =D AP
i=1
Proof. The proof is identical to the proof of Lemma 2.8, replacing a; with |A;]. ]

3 Construction

At this point, we are now in a position to describe our construction.

Let v € RG where R is a finite commutative Frobenius ring of characteristic 2 and G is
a finite group of order 2"p where p is odd. Let a; € R and aj on = (@ji9n,...,0i400) € RP
for 1 < i < 2" Define the following matrix:



M(o) = ( Ion(p11) ;T Uﬁ]) )

where A = circ(aq,...,am) and B = CIRC(agntq,...,a+1). Let C, be a code that is
generated by the matrix M (o). Then, the code C, has length 2" (p + 1). Now,

BTAT + o(v)BT BTB +o(vv*) + 1

M) M(o)T = (AAT +BBT+1  AB+ Bo(v*) ) |

Note that .

AAT = circ <Z a127717727 <oy Yon—1, 0,’}/271,,1, s 772771)
=1
and
BB = CIRC(A4,01,62,...,02n_1,0,02n_1,...,02,01)

where 7; are linear combinations of a;a;, d; are linear combinations of a;a; and
2n+1

T
A= E a; a;.

i=2n+41

Theorem 3.1. Let R be a finite commutative Frobenius ring of characteristic 2 and let G

A B
BT o(v)

If AAT + BB +1=0, AB+ Bo(v*) =0 and B'B+o(vv*) + 1 =0 then C, = (M(0)) is
a self-dual code of length 2" (p + 1).

be a finite group of order 2™p where p is odd. Let

M(o) = ( Ion(p+1)

Proof. Clearly, C, has free rank 2"(p + 1) as the left hand side of the generator matrix is
the 2"(p + 1) by 2"(p + 1) identity matrix. If AA” + BBT +1 =0, AB + Bo(v*) =0 and
BTB + o(vv*) + I = 0 then C, is self-orthogonal and C,, is self-dual. O

Using the structure of the family of rings R, we can get an infinite number of binary
self-dual codes from a single matrix M satisfying the conditions of Theorem 3.1.

Theorem 3.2. Let M (o) be a matriz satisfying the conditions in Theorem 3.1 over Ry,.
e The matriz M(o) generates a self-dual C' code over Ry for all s > k.

o Then ¢4(C,) is a binary self-dual code of length 2" 5T (p + 1).
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Proof. For the first item, the ring Ry is a subring of the ring R, whenever k < s. Therefore,
the matrix M has free rank 2"(p + 1) over any ring where it is defined. If v and w are
orthogonal over R, then they are also orthogonal over R, as well, since R}, is a subring of
R,. Therefore, the code generated by M over R is a self-dual code of length 2" (p + 1).
For the second item, it follows from this theorem and Theorem 2.3. O

Theorem 3.3. Let M (o) be a matriz satisfying the conditions in Theorem 3.1 over Rjy.

o The matriz M (o) generates a self-dual code C' over Fy + ulFy.

o Then (¢p,ur, © Ur,+ur, ) (C) is a binary self-dual code of length 23 (p + 1).

Proof. For the first item, the ring R; is a subring of the ring F4 + ulF,. Therefore the proof
follows exactly as the proof of Theorem 3.2.

The second item follows immediately from Corollary 2.6. O

Corollary 3.4. Let R be a finite commutative Frobenius ring of characteristic 2, and let G
be a finite group of order 2"p where p is odd. Let C, be self-dual. If BT B = 0, then v € RG

18 unitary.

Proof. Let R be a finite commutative Frobenius ring of characteristic 2, and let G be a finite
group of order 2"p where p is odd. Let C, be self-dual. If BTB = 0, then o(vv*) + 1 =0
and vv* = 1. Therefore v is unitary. O

Corollary 3.5. Let R be a finite commutative Frobenius ring of charaCQtfristic 2, and let
G be a finite group of order 2"p where p is odd. Let C, be self-dual. IfZaHgn =1, then
v € RG is a non-unit. -
Proof. Assume that C, is self-dual and i: airon = 1. Now, BT B + I takes the form

i=1

BTB - CIRC(A]_, 517 52, e ,521‘1,1, O, 5210,]_, e ,62, 51)
where Ay = cire(0, 1,...,1 ). Using Theorem 2.9, we can see that
W—/
(p—1)—times
|BTB+ 1| = |A1[”" + 01" + 02" + - + [02n-1]>" + |Gan_1|*" + -+ + [62]*" + [6:]*"
= |A1 ¥ +2[61)%" +2[02*" + - + 2|dan 4 [*

= |AL]*.
Now,
011 1 p—1 p—1p—1 -+ p—1 1 11 1
1 1 1 0 1 1 010 0
|A;| =1 1 1l=11 1 0 I |=(p-1)|0 0 1 0l=0
: 1 : 1 Do 0
1 11 0 1 1 1 0 0 00 1

11



since p is odd. Recall that BT B + o(vv*) + I = 0 if C, is self-dual. Clearly |o(vv*)| = 0
since |BT B + I| = 0. Therefore, vv* is a non-unit by Corollary 3 in [23] and v € RG is a

non-unit,. O

4 Results

In this section, we will present the results obtained using this construction to construct
self-dual codes when n = 1 and p = 3 and when n = 3 and p = 1. Self-dual codes when
n =2 and p € {1,3} were constructed in [14].

4.1 Construction when n =1 and p =3

Here, we present the results for the above construction using G = Dg. We construct self-dual
codes of length 64 by considering this construction over F, + ulF,.

We recall that the possible weight enumerators for a self-dual Type I [64, 32, 12]-code is
given in [5,7] as:

Wesr = 1+ (13124 168)y'2 + (22016 — 643) y™* +--- |14 < § < 284,
Weso = 1+ (13124 168) y'2 + (23040 — 643) y™ +--- ,0 < B < 277.
With the most updated information, the existence of codes is known for g =14, 18, 22,
25, 29, 32, 35, 36, 39, 44, 46, 53, 59, 60, 64 and 74 in W4, and for § =0, 1, 2, 4, 5, 6, 8, 9,

10, 12, 13, 14, 16, ..., 25, 28, 19, 30, 32, 33, 34, 36, 37, 38, 40, 41, 42, 44, 45, 48, 50, 51, 52,
56, 58, 64, 72, 80, 88, 96, 104, 108, 112, 114, 118, 120 and 184 in Wiy

Table 1: Extremal self-dual codes over F; + ulF, of length 64 from Dk.

(a1, ... a4) (o, .., 0p) |Aut(C)|  Weao | (ai,...,a4) (o1, ..., 0p) |Aut(C)|  Weao

(1,6,8,6) (2,A4,9.0,9,F) 22.3 [=13]| (1,4,8,4) (8,8 1,A,3,D) 2°-3 (=13
(2,0,6,7) (2,9,9,B,6,D) 2'-3 B=16] (0,6,4,5) (1.6,7,4,D,F) 2.3 B=19
(1,4,8,4) (B,4,5,0,2,6) 22-3 B=22]| (9,6,2,6) (2,A,1,8,3,D) 22.3 (=25
(4,1,4,8) (1,A,A,7.8,B) 2°-3 pB=25| (1,4,84) (A6 D, E,5F) 2.3 [f=37
(2,4,9,6) (6,374, F,F) 2°-3 B=37] (0,2,6,7) (0,9,9,9,4,F) 2°.3% =40
(0,2,6,7) (0,9,9,1,E,D) 2'-3 [=064

4.2 Construction when n=3 and p=1

Here, we present the results for the above construction using G = Cs. We construct self-dual

codes of length 64 by considering this construction over R;.
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Table 2: Type I Extremal self-dual codes over Fy + ulFy of length 64 from Ck.
C; (a1,...,a16) (a1,...,a8) |Aut(C)|  Weaz
(u,u,u,0,0,1,1,3, u,u,0,0,u,1,0,1) (3,1,u,3,1,u,1,0) 24 8=0
(u,u,0,0,0,1,1,3,u,0,u,0,u,1,u,3) (1,1,0,3,3,u,1,0) 26 5=0
(u,u,u,0,0,1,1,3,u,u,0,0,u,1,u,1) (3,0,0,u,1,3,3,1) 24 8=20
(u,u,0,0,0,1,1,3, u, u,u,u,u,1,0,3) (1,u,u,0,3,1,3,3) 2° 8=20
(u,0,0,0,u,1,u,3,u,u,0,1,1,3,3,3) (u,3,u,1,u,0,0,0) 27 B =280

QU | W N|

4.3 New Self-Dual Codes of Length 68

The possible weight enumerator of a self-dual [68,34,12],-code is in one of the following
forms by [3,22]:

Wesp = 14 (442+48)y" + (10864 — 83) y"* + -+ ;104 < 8 < 1358,
Wes2 = 14 (442 +48)y"* + (14960 — 85 — 2567) y'* + - - -

where 0 < v < 9. Recently, Yankov et al. constructed the first examples of codes with a
weight enumerator for v = 7 in [31]. In [13], [14] and [16], more unknown Wss o codes were

constructed. Together with these, the existence of the codes in Wgg o is known for;

0, B€{2m|m=0,7,11,14,17,21...99,102,105,110,119,136, 165} ; or

€ {2m+1|m =3,5,8,10,15,16,17,20,...,82,87,93,94,101, 104,110,115} ;

1, Be{2m|m=22,24,...,99}; or B € {2m + 1|m =24,...,85};

2, B€{2m|m=29,...,100,103,104} or B € {2m +1|m = 32,34,...,79};
3, B €{2m|m =40,...,92,94,95,97,98,101,102}; or

(2m + 1jm = 43,...,77,79,80,83, 961 ;

4, B € {2m|m =43,48,...,58,60,...,92,97,98) ; or

{2m + 1|m =48,...,55,58,60,61,62,64,68,69,70,71,72,74,78,80,83,84,85} ;
— 5with 8 € {m|m = 113,116,...153, 158, ..., 169}

6 with 8 € {2m|m = 69,77, 78,79, 81, 88}

= T7with g € {Tm|m = 14,...,39,42} .

m

R R DR DR R 2
m

In this section we extend certain codes of length 64 (from Table 4.2) using Theorem 2.4

to construct new codes of length 68.
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Table 3: Type I Extremal Self-dual code of length 68 from Cy over R;.

Cesi C; c X v B Cesi G C X 7 B
1 1 w+1 (13u30131100u111w000030ulluduluu0) 4 88 2 1 w+1 (0010u13330u1303uu3u101103101013u) 4 118
3 2 1 (Ouluu0luduuu0103uul33uduulludll) 0 37 4 2 w+1 (11100u3u30333303330u030331uull10) 3 83
5 3 wu+1 (10130ullu33uuldul03uuu01030ululldu) 4 127 6 3 wu+1 (1lu3u33uuulludlu3311u303013uuulu) 4 131
7T 3 1 (33u0u13101100130110311011uu0u030) 4 133 8 3 w+1 (1u0ull03310113130301001031331333) 4 135
9 3 1 (00u13u100110uul33uluulud3ullulll) 4 147 10 3 w+1 (wwwl3wul3001310001uw130w311001010) 4 151
11 3 w+1 (113010330u000u1313011033330011u0) 4 153 12 3 1 (u3111313011u30uu0003uuu33u003111) 4 155
13 4 wu+1 (030ulul00ul10uuul1111103011013u00) 5 155 14 4 1 (301u11ul1u1131u311113311uul03u00) 5 157
15 4 1 (0001uuullu0ul0331303111113311%10) 5 175 16 4 1 (31101133331101010000011111333003) 5 177
17 5 w+1 (11u0000u30u310003u33313u30101410) 1 204 18 5 1 (0303u1u30300u300001:0003313u0uul0) 3 186
19 5 w+1 (3013303131113uu3010u30001130u33u) 3 192

4.4 New self-dual codes of length 68 from Neighboring construc-
tion

Two self-dual binary codes of dimension k are said to be neighbors if their intersection has
dimension k£ — 1. Let C' be a self-dual code of length 68. In order to reduce the search
field, we consider the standard form of the generator matrix of C'. Let z € F} — C then
D= {(z)y"nC, x> is a neighbour of C'. As neighbors of codes in Table 3, we obtain eleven
new codes, which are listed in Table 4. The first 34 entries of x are set to be 0, the rest of
the vectors are listed in Table 4. All the codes have an automorphism group of order 2.

Table 4: New codes of length 68 as neighbors of codes in Table 3

Nes,i Ces.i (35, 36, -, To8) v B

Nesi  Cesar  (0101001111010001111101111001111000) 1 175
Nis 2 Ces,16 (1000110001100100101101010100100100) 5 154
Ness  Cesas  (1011011011111110000010010000110011) 5 156
Nes 4 Ces, 16 (1101001000100111110101111011101010) 5 170
Nesss Ces,15  (0101011111000001101000100010111001) 5 171
Ness  Cesas  (0010100000000101000100011101101111) 5 172
/\/68)7 Ces, 16 (0101001101011101101010010100001111) 5 176
Ness  Cesae  (1111001101110001101101100110110100) 5 178
Nes.o Cess  (1100001001101111101111000101010111) 5 179
N68710 Ces, 16 (0100001111100111110010101001110010) 5 180
Nesai Cesas  (0100011010010111010001111111001100) 5 181
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5 Conclusion

In this work, we generalise a previous construction that was described in [14]. We establish
conditions when this construction produces self-dual codes and we provide a connection
between certain group ring elements and self-dual codes. We highlight the significance of
this construction by constructing many new extremal self-dual codes. In particular, we
construct the following unknown Wgs o codes:

B ={37}),

B = {175,204}),

B = {83,186,192}),

, B ={88,106,118,127,131, 133, 135, 147, 151, 153, 155}) and

, B ={154,155,156, 157,170, 171, 172, 173, 174, 175, 176, 177, 178, 179, 180, 181}).

2
Il

5
I

=2 =2
i
Tl W — O

(
(
(
(
(

5
I

Due to computational limitations, we were restricted to small values of n and p. Inves-
tigating larger values of n and p would yield more results with higher computational power.

One could also consider other families of rings.
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