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A Co-rotational Finite Element Formulation for Static
Non-Linear Analyses with Enriched Beam Elements

T. Macquart? S. Scott! P. Greaves! P. M. Weaver? and A. Pirrera¥
Bristol Composite Institute (ACCIS) and Offshore Renewable Energy Catapult (OREC)
University of Bristol, BS8 1TR, United Kingdom

The increasing reliance of aerospace structures on numerical analyses encourages the
development of accurate, yet computationally efficient, models. Finite element (FE) beam
models have, in particular, become widely-used approximations during preliminary design
stages and to investigate novel concepts, e.g. aeroelastic tailoring. Over the last 50 years,
developments in hp-FE methods based on elements of variable size (h) and polynomial de-
gree (p) have helped reduce the computational cost of numerical analyses. Concurrently,
many structures, including aircraft wings and wind turbine blades, have gradually increased
in length, slenderness, and complexity. As a result, modern blades and wings regularly op-
erate beyond the range of linear deformation, requiring non-linear analyses for which hp-FE
methods are often not readily applicable. The aim of this paper is, therefore, to derive
a co-rotational finite element formulation for enriched 3-, 4- and 5-noded beam elements,
suitable for non-linear hp-FE refinement. To this end, we derive the mathematical formu-
lation to incorporate enriched elements within the co-rotational FE beam framework. The
proposed formulation is then validated against multiple non-linear benchmark problems
and an experimental case study.

Nomenclature

Scalars

L;; Euclidean distance between node i-j

Vectors

Local rotation vector of node 7

Local displacement vector

Local intermediate displacement vector

Local force vector

Local force vector of node i

Local moment vector of node 4

Local translation vector of node 4

Local spin vector of node @

Global intermediate displacement vector

Global force vector

oxt  Bxternal force vector

int Internal force vector

Global force vector of node @

Global moment vector of node ¢

Residual
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0;, Global rotation vector of node

Wiy Global translation vector of node i

x Nodal displacement vector

d, Global displacement vector

L;; Length vector between node i-j

Matrices

[K] Beam element linear stiffness matrix: JF = [K]éd
[Ba]  Local transformation matrix : éd = [B,]dd,

[Bg]  Global transformation matrix : éd, = [Bg]dd,
[B,] Global transformation matrix : ddg spin = [B;]ddg
[B] Global transformation matrix : 6d = [B]dd,

[Ks]  Global tangent stiffness matrix : ¢F, = [K;]dd,
[Ri]  Local rotation from [T,] to [TF]

[Ki] Tangent stiffness matrix

[Ro]  Global rotation from [Tg] to [To]

[R:]  Global rotation from [Tg] to [T,]

[Rig]  Global rotation from [To] to [T¥]

[To] Undeformed element coordinate system

[Tg]  Global coordinate system

[T,] Deformed element coordinate system

[T%]  Structural node triads

I. Introduction

Modern aircraft wings and wind turbine blades, driven by competition for increasing performance, are more
slender and flexible than their predecessors. The ability of numerical models to accurately predict the
flexibility of aerospace structures has therefore become central to further improve aeroelastic performance,
e.g. aeroelastic tailoring [1-3]. Furthermore, considering the reliance on computer software and the critical
choices that must be made during early design phases, the development of accurate, yet rapid, structural
analysis methods is of paramount importance for aerospace applications [4]. Finite element (FE) beam
models, which are known to be reliable at predicting global structural behaviours with relatively few degrees
of freedom (DoFs), have consequently become widely used approximations for the preliminary design and
acroelastic tailoring of aerospace structures [5,6].

Over recent decades, prompted by successful numerical and experimental applications [7-10], the aeroelastic
tailoring of variable stiffness structures has gained significant academic and industrial interests. Designing
structures to purposefully withstand and avail of non-linearities has also been shown to provide a means
to further improve the performance of aerospace structures [11,12]. Although both non-linear and variable
stiffness designs hold promising potential for the field of aerospace, the development of accurate and rapid
analysis design and optimisation methods for non-linear structures with spatially variable properties remains
a challenge.

The work on FE beam modelling presented in this paper is aimed at the non-linear analysis of slender,
beam-like, variable stiffness structures, with primary focus on the use of refined elements and computational
efficiency. In a first attempt to address this challenge, within a linear framework, the authors developed a
procedure for the automated generation of 3-, 4- and 5-noded linear beam elements as well as a spanwise
integration method [13]. The authors showed that these enriched elements could significantly reduce spurious
strains and improve the computational performance of linear FE beam models (through a two- to three-
fold reduction in DoFs). The aim of the present paper is to extend the co-rotational finite element beam
formulation to enable the use 3-, 4- and 5-noded elements for non-linear structural analyses. The expected
advantages include, convergence with fewer D.O.Fs, reduced spurious strains, and most importantly the
capability to transfer the advantages of many dedicated linear elements to the analyses of non-linear problems.

Although other non-linear beam formulations are available (e.g. total Lagrangian and updated Lagrangian),
our objective is to provide designers with the possibility to utilise existing enriched linear elements for non-
linear analyses. The co-rotational method solves non-linear structural problems by splitting the deformation
of beam elements into rigid body motions and local deformations. In contrast to linear FE which assumes
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small rotations, large rotations are captured, in the co-rotational approach, by rigid body rotation matrices.
Linear beam elements can, therefore, be used as long as strains remain small within each element. As such,
the co-rotational framework and its ability to employ linear beam elements is conveniently aligned with our
objectives.

The literature on the topic include many co-rotational beam element frameworks, starting with the pioneer-
ing work by Wempner, Oran and Belytschko [14-16], dating back to the ’60s and *70s. Following their work,
in the ’90s, Crisfield et al. [17] developed a unified co-rotational framework for solids, shells and beams. More
recently, Li et al. [18] proposed a mixed co-rotational 3-noded beam element employing vector rotations as
variables, but assuming a bi-symmetric cross-section. Interesting developments of the co-rotational formu-
lation have also been proposed for shells, in particular with regards to computational efficiency [19,20] and
laminated structures [21]. Herein, the 2-noded co-rotational beam element framework proposed in 1991 by
Nour-Omid and Rankin [22], and further developed by Pacoste and Eriksson [23] and Battini [24], is used
as a starting point for the extension to 3-, 4- and 5-noded elements. First, we propose undeformed and
deformed element configurations from which we derive the mathematical relationship needed to split global
and local displacements, through the evaluation of rigid body motion matrices. Second, we equate global and
local work in order to obtain the tangent stiffness matrix. The extended framework is applied and validated
against multiple benchmark case studies and experimental data. Note that, due to extensive amount of
derivations, the present manuscript focuses primarily on the mathematical formulation required to enable
the use of enriched linear beam elements within the co-rotational framework. The authors demonstrated the
benefits arising from the use of enriched linear elements for linear analyses in [13]. From first principles of
structural analysis and numerics, it is possible to deduce that these benefits will translate to the non-linear
regime, possibly with even more pronounced effects.

The rest of this paper is structured as follows. The co-rotational framework is briefly put into the context
of non-linear analysis in Section II, followed by the analytical derivations of the 3-, 4- and 5-noded beam
elements. The validation of the proposed elements using benchmark case studies is carried out in Section III,
while concluding remarks are provided in Section IV. Prolonged mathematical derivations have been moved
to the appendices for the sake of brevity, clarity, and completeness.

II. A Co-rotational Framework for 3-, 4- and 5-Noded beam elements

Throughout the rest of this paper, vectors are shown in bold or enclosed in round brackets, e.g. d or (z,,2)7 ,
while matrices are enclosed in square brackets, e.g. [K]. The upper script T denotes the transpose operator.

The co-rotational method is well suited to the analysis of geometrically non-linear elastic problems, which
are, under static equilibrium, expressed as

R(fl)) = Fint(m) - Fext - 0; (1)

where R denotes a residual, Fi, () and Fey are internal and external forces respectively, and « is the vector
of structural DoFs. Typically, the non-linear deformation of structures subject to monotonically increasing
loads is found by using the Newton-Raphson method,

OR
Ri(z) ~ Ri(z;) + B (Tit1 — i) = Ri(i) + [Ke(x:)] Azipr =0, (2)
o Axiq

iteratively solving for the change in displacements between the current and the next iteration Az, 41, where
[K¢ ()] is the tangent stiffness matrix.

The co-rotational beam formulation, based upon the combined use of linear elements and local reference
frames, provides a simple means to evaluate [Ki(x)] and Fiy(x). Because the co-rotational formulation
heavily relies on rotation and transformation matrices between reference frames, the definition of coordinates
system is introduced first, in the following section. Background knowledge, including a brief introduction
to rotation and spin vectors, is provided in Appendix A. The keen reader is referred to [25] for a detailed
introduction to the co-rotational formulation.
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A. Reference Frames and Rigid-Body Motions

Multiple coordinate systems are necessary to describe the rigid motions and structural deformations of beam
elements. Without loss of generality, the global inertial reference frame, the triad [T,], is taken as the
identity matrix

[Tgl=[ E;1 Es Ej]=[I]s3xs, (3)
where E;, E5; and Ej are the global reference frame triad vectors. For simplicity in the following derivations,

the undeformed elements are assumed to be straight with uniformly spaced nodes, as illustrated in Figure 1.
The initial, i.e. undeformed, orientation of an element is described by the orthonormal basis

[To]=[ E19 Ez Eg J, (4)

where E1¢ points along the element axis.

Ezo
3 Nodes " Eq Node 2 Node3 o
< LO;, > < L0, >
Eso
Ezo
4 Nodes Node1. Node 2 Eqo Node 3. Node4.
Eso
Ex
Node 1 Node 2 Node 3 E y Node4 Node 5
5 Nodes . . L °
Eso

Fig. 1 Undeformed elements, L0;; is the initial length between node i and node j

The non-linear deformation of an element is described by a global rigid body motion, and a linear deformation
expressed in a local reference frame that rigidly rotates and translates with the element. The element local
reference frame is represented by the triad

[Tr] = [ ry rp rg ] ’ (5)

attached to one of the element nodes, acting as the local origin (0,0,0)T, and where the subscript e, stands
for rigid. The influence of the local origin node on the computational efficiency of the formulation is not
investigated in the present work, but the reader is referred to the work of de Veubeke [26] for further details.
The normalised vector ry is defined by the line connecting the local origin node (0,0,0)7 to the following
node as illustrated in Figure 2. The remaining vectors ro and r3 are calculated based on ry to obtain an
orthonormal basis for [T,], details of which are provided in Appendix B. Nodal rotations are represented by
the structural node triads

[TF]=[¢f ¢ 51, (6)

where k = 1, ..., N refers to the triad node, and ¢ = 1,2, 3 refers to the local triad axes. Last, the length
between two nodes ¢ and j is denoted L;;.
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tz Node Triad

3
Element Triad t,
M2 Location of node 2 after
t rigid body motion, without t2 5
: structural deformation 2 r t,
U t .
r . 1 e __ Location of node 3 after
rigid body motion, without
) structural deformation
L1 2 ta

Fig. 2 Deformed 3-noded element, the blue line shows the deformed beam axis, the dotted
line represents the rigidly translated and rotated undeformed beam axis

The rotation matrices depicted in Figure 3 provide a means to transform vectors between coordinate systems.
The first matrix, [Ro], rotates the global reference triad [T,] to the undeformed triad [T]

[To] = [Ro] [T] - (7)

Next, the [R;] rotation matrix

[Tr] = [Rr] [Tg] ) (8)

rotates the global triad to the element local reference frame [T,]. The transformation matrices [R;q] rotate
the undeformed triad [Ty] to the nodal triads

[TF] = Rig] [To] - 9)

Finally, the element triad [T,] is rotated to the nodal triads with the rotation matrices [Ri], expressed in
local reference frame, as

[TF] = [T, [Ri] - (10)

Element Triad —  _ T p
[Td=ry, 12 115] TR AN e
JRa ; e

o 4 /\.\;
Yo .
l‘ [N l/ ! Ed t;

ry 7

Local Origin | A * /
Node 1 2 L. .
(0,0,0) T Element axis direction

y e Ty ‘ ' ) after rigid body motion
tw ¥ 1% \ 2 ’
[R] 3 ‘At3 4

f3 s Deformed
[Rig] [Rzg) [Rag]
’ / P Undeformed
E, [Ro B [To=[E Exo Exol
Glu(t:\o %r)\g\n _— \
E 1 E30 E.
10 Nog,
E 3 o’
[T,] Global Reference
® Noge s

Fig. 3 3-noded beam element reference frames
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The proposed notation is also applied to the 4- and 5-noded elements, as illustrated in Figure 4.

4 Nodes

Local Origin
Node 2

Location of Node 1 Location of Node 4

after rigid body Motion r3 after rigid body Motion

Local Origin
Node 3

Location of Node 1 Location of Node 2 Location of Node 5
after rigid body Motion after rigid body Motion rs after rigid body Motion

Fig. 4 Deformed 4- and 5-noded elements

B. An Overview of the Co-rotational Framework

The global and local nodal displacement vectors of an N-noded beam element are respectively denoted dg
and d, and defined as

dg = (ulg, Blg, uNg, 0Ng)T, (11)

d:(alaela-"avaNa G_N)Ta (12)

where u;; and 6, are the nodal translation and rotation vectors of node 7, expressed in the global reference
frame, and where the e, subscript stands for global. Similarly to their global counterparts, #%; and 0; are
the nodal translation and rotation vectors of node 7, but expressed in the local element reference frame.
Throughout this manuscript, the bar symbol, e, is used to denote values expressed in the local element
reference frame. Following this notation, the global and local force vectors are

Fo = (Fig, Mig, ... ,Fng, Mpg)T, (13)

F = (F., M, ... Fy, My)", (14)

in which F and M are the nodal forces and moments.

A key step during the application of the co-rotational framework involves the extraction of the rigid body
motions and local deformations from the global displacement vector dg. To this end, we look for a matrix
[B] between variations in global and local DoFs such that

5d = [B]od,. (15)
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Because three dimensional rotations are non-linear, [B] is a local approximation and must be updated as
the structure deforms. The internal force vector Fy, expressed in the global reference frame, is found by
equating local and global works due to these variations

Vyork = 6d" F = 6d] Fy, (16)

and substituting Eq. (15) into (16) to obtain a direct relationship between global and local forces

F, = [B]TF. (17)

The tangent stiffness matrix is then found by taking the variation of Eq. (17)

0F, = 8[B|TF + [B]T6F = 6[B]"F + [B][K][B]d,, (18)

where [K] is the local element stiffness matrix satisfying 0F = [K]dd. By identification, we find the symmetric
global tangent stiffness matrix [Kg] to be

K] = [B]T[K][B]. (19)

The tangent stiffness matrix is generally not symmetric due to the first term on the right hand side of
Eq. (18). However, if symmetry is recovered at equilibrium then truncating the tangent stiffness matrix
to its symmetric part should not significantly impede the convergence rate of non-linear solvers [17]. For
completeness, both the symmetric and non-symmetric tangent stiffness matrices are derived.

The following subsections are dedicated to the derivation of the transformation matrix which is at the core
of the co-rotational method, i.e. [B]. The procedure used to evaluate [B] is divided into five steps.

(1) In Section C, the local displacement vector d is extracted from the global displacement vector d,

d= f(dg)~

We then progressively expand the algebraic expression for dd to express it as a function of 0d, and
concurrently evaluate the global tangent stiffness matrix [K,|, and the force vector F,.

(2) In Section D, rotation vectors are replaced by their equivalent spins 56 — dw. The spin variables are lo-
cal approximations of rotations, simplifying intermediate derivations to ultimately find the relationship
between local rotations 66 and the global displacement vector dd,.

The intermediate displacement vector dd, is defined as

6d = [B.]od, = [Ba] (0%, 6101, ..., dty, dwN)T .

(3) Variations of local translations 6% and spins dw are expanded as functions of global translations du,
and spins dwyg, in Section E, to find [Bg] such that

5d, = [Bg]ddg spin = [Bg] (u1g, dwig, - .., Sung, Swng)T .

(4) Global spins are transformed back into rotations dwg — 06,, completing the procedure,

6dg,spin = [Br]5dg = [Br] (5U1g, 501g7 ey 5uNg,50Ng)T .

(5) Finally [B] is found by identification with Equation (15) as
od = [Bawaa = [Ba][Bg]ddg spin = [Ba][Bg][B:]dd,,
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C. From Global to Local Displacements - Step (1)

In this section, local deformations are recovered from the global displacement vector.

1. Nodal Translations

We start with the 3-noded beam element translations

U1

ﬁ? ) (20)
us

N
Il

of nodes 1, 2, and 3. The origin (0,0,0)7 of the local reference frame is set to correspond to the deformed
position of node 1 as shown in Figure 2. Hence, the translation of node 1 in the local reference frame are
always null

@ = (0,0,0)T. (21)

The element triad vector ry connects nodes 1 and 2 with a straight line. The translation of node 2 expressed
in the local element reference frame is therefore

Uy = (Ly2 — L012,0,0)7, (22)

where L1 and LO0po refer, respectively, to the deformed and undeformed lengths between node 1 and node
2. In other words, the global deformation of node 2 simplifies to a translation along r; in the local element
reference frame. The local displacement of node 3, 43, as illustrated in Figure 2, is obtained by expressing
the difference between the rigid and deformed positions of node 3 in the local reference frame

ﬁg = [Rr]T (I‘1L12 + I‘lngg — Iy (L012 —+ L023)) (23)

Following similar derivations for the 4- and 5-noded elements, the nodal translations expressed in the local
element reference frame are summarised in Table 1.
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Table 1 Nodal translations expressed in the local reference frame

#Nodes Nodal Translations

0

l

1
2 = ((L12 — L012),0,0)T
[R:]" (r1Lq2 + riLog — r1 (L0712 + L023))

w
]

Sl
w
I

Uy =0

4
@3 = ((L2g — L023),0,0)7
@y = [Ry]" (r1Las + riLss — r1(L023 + L034))
Uy = [RT]T (—=F1Lag — £1L12 + r1 (L0712 + L023))
@y = [Ry]T (—T1Las + r1L023)

5  d3—=0

4 = ((Lss — L034),0, O)T
@5 = [Ry]" (r1L3q + riLas — r1(L034 4+ LOys))

2. Nodal Rotation Vectors

We continue with the recovery of local rotations from the global displacement vector. Recall, with the help

of Figure 3, that [R;] is a local rotation matrix which rotates the local element triad [T,] onto the node triad

[T%]. The [R;] matrix is evaluated as

[T5] = Rig] [Ro] [Te] = [RJR][RJT [Re] [Te], (24)
global ref. frame eq. of [R;]

in which [R;] is converted to its equivalent rotation in the global reference frame [R,|[R;] [R:]T. Solving for

[R;] one finds

[Ri] = [R:]"[Rig][Ro]- (25)
Local rotation vectors are then retrieved from the rotation matrices employing the matrix logarithm

The local displacement vector is obtained by combining translations and rotations from Table 1 and Eq. (26),
which results in

d= (ﬁh 0_17 ,'-_LQu 0_27 ’L_L3, 0_3)T7 (27)

for the 3-noded beam element.

In the following sections, the algebraic expression for the virtual displacement dd is expanded to be expressed
as a function of éd, in order to evaluate the tangent stiffness matrix [Kg].
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D. From Local Rotation to Spin - Step (2)

Variations of local rotational DoFs in dd are converted into their equivalent spins 64 in this section. Using
spin conveniently provides a first order approximation for the variation of rotation matrices (i.e. 6[R(0)] =
[0w][R(0)]). The intermediate local displacement vector d, is defined

6d = (6@, 004, ..., duy, 00y)T — 0d, = (6@, 01, ..., Oty, 0WN)T. (28)

The matrix [B,] links variations of local rotations 68; to their equivalent spins é; such that

6d = [B.]éd,, (29)
with
[ (1] [0] [0] [0] ]
[0] [Ts7'(61)] [0] [0]
[Ba] = . . [O] [O] 5 (30)
(0] [0] (0] [1] 0]
L [0] [0] 0] [0] [Ts'(On)] |

in which local variations of rotations and spins are linked via the Ty~ ! function, defined in appendix
Eq. (A.15), ~ ~
60; = [T,7'(8,)] 6w;. (31)

The non-symmetric tangent stiffness matrix, [I_(a] .. such that OF, = [I_(a] e dd,, is found by taking the
variation of

1_:‘a = [Ba}TF» (32)
and substituting §F = [K]dd to obtain

5Fa = [Ba]T6F + 6[B.]"F = [B.]T[K][B.]od, + 3[B.]"F . (33)

The symmetric stiffness matrix is identified to be

[Ka] = [Ba]T[K][Ba]. (34)
The non-symmetric tangent stiffness matrix (subscript “ns”) is

O[Ba]"
od

(Ko, = [Ka] + [ F} [Bal, (35)

with §[B,]" and § (Ts~"(8;)), given in appendix Eq. (A.17).

E. From Local to Global Displacements - Step (3)

In this section, the displacement dd, is transformed into its global counterpart

5ds — 6dg spin = (dU1g, JWig, - - ., OUsg, Swag)T, (36)
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by virtue of the matrix [Bg] such that

§d, = [Bg]ddy epin. (37)

The derivation of [Bg] involves lengthy calculations which are briefly summarised in the following subsections.
Detailed mathematical derivations are provided in Appendix C.

1. Nodal Translations

We start with local translations and global displacements

51—1/1' = [Ci]5dg,spin~ (38)

The variation of nodal translations introduced in Table 1 are summarised in Table 2.

Table 2 Variations of nodal translations

#Nodes
ou; =0
3 6ﬁ2 = (6L127 07 O)T
(5’1_1,3 = [(5 [Rr]T] (I’1L12 + I'I1L23 — I (L012 + LOQg))
+ [Rr]T (5I‘1L12 + I‘1(5L12 + 5r’1L23 + I'/15L23 — (51‘1 (L012 + L023))
5'&1 = [(S [RI]T] (—f‘lng + I‘1L012)
+ [R:]" (0% L1 — F10L12 4 0r1L012)
dus =0
4
5tz = (6La3,0,0)7
Oty = [5 [Rr]T] (I‘1L23 + I‘I1L34 -1 (L023 + L034))
+ [Rr]T (5I‘1L23 + I‘15L23 + 51"1L34 + r'15L34 — 51‘1 (L023 =+ L034))
oty = [0 [Ry]"] (—F1Lo3 — #1L12 + r1(L012 + L023))
+ [Rr]T (—5F1L23 — f‘15L23 — (5f‘1L12 - f‘15L12 + 5I‘1(L012 + LOQg))
5’17,2 = [6 [Rr]T] (7‘I~‘1L23 -+ I‘1L023)
+ [Ry]" (—=0T1Log — T10La3 + 0r1L023)
5

(5’1_1,4 = <5L34, 0, O)T

[R:]"] (r1L3s + riLas — r1(L0s4 + LO45))
[Rr]T (5P1L34 + I‘1($L34 + 5r’1L45 + I'/15L45 — 61‘1 (L034 + L045))

[«%9)
]
(S
+ |l
=S

The individual values of [C;] are retrieved by substituting éL;; and [0 [R,]"] in the corresponding rows of
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Table 2. The variation of s for the 3-noded element is, for instance, found to be

5U1g
o
dL1s T 0] 0 0 O 5w1g
u
sia=| 0 |=| 0o 0o 0 0 0 0 =, (39)
5w2g
0 0 0O 0 0 0 O
5U3g
5w3g
where for clarity, and only in this equation, 0 is a 1 x 3 row vector.
2. Nodal Spin Vectors
Similarly, the relationship between variations of local spins and global displacements is
6151’ = [Di]adg,spim (40)
for which the variation of the rotation matrix
O[Rs] = O[R:] " [Rig][Ro] + [Re]"6[Rig] [Ro, (41)
with,
6[Rig] = [0wig][Rig], (42)

is needed. After the calculation of [dw;g], detailed in appendices C.4 and C.5, one can find [D;] according to
Equation (C.22).

3. Tangent Stiffness Matriz [Kg spin]

The global tangent stiffness matrix is defined such that

6Fg,spin = [Kg,spin]adg,spiny (43)

where according to Egs. (38) and (40) we have

Fyapimn = [Bo)Fa=[ [C] D] ... [Cx] [Dn] | Fa. (44)
Taking the variation,
[Ka],,
P yin =SB Fu 4 [B,1T0F, = 68, 1F, 4 8.7 (1K + | 2B ] 18.) (B, ()

the symmetric tangent stiffness matrix is identified as

[Kg.spin] = [Be] " [Ka][By], (46)
and the tangent stiffness matrix is
K = Bl o], (B2 + | oL F. | (a7
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O[Bg]"

For simplicity, we suggest to evaluate [ ] numerically using finite difference.

g,spin
F. From Global Spin to Global Rotation Vectors - Step (4)
The last transformation converts global spin variables back to rotations

6dg,spin — 5dg = (6u1g 661g 5U2g 502g (S’LL3g (503g)T . (48)

This step is straightforward and involves, once more, the relationship between spin and angle variables

u (0] (0] [0] [0] [0]
(0] [Ts(01g)] [0] (0] [0] [0]
PSS I8 R R I R R P )
(0] (0] 0] [Ts(829)] (0] [0]
(0] (0] (0] (0] [1] [0]
L [0] (0] (0] (0] 0] [Ts(034)] |
The tangent symmetric stiffness matrix is then given as
[Kg] = [Br]T [Kg,Spin] [B.], (50)
and the non-symmetric stiffness matrix is
el = (BT Wil B+ | T B 1)
The derivation of ¢ ([Ts(0;s)]) is provided in Appendix (A.16).
G. Procedure Summary - Step (5)
Combining the transformations introduced in previous steps, we obtain
dd = [By]dda = [Ba][B,]ddy spin = [Ba][Bg][B:]dd, , (52)
OF = [Ba]0F, = [Ba][Bg]0F g spin = [Ba][Bg][B.]0F, (53)
Finally, the symmetric tangent stiffness matrix is
5F, = [B.]"[B,]T[B.]"6F
= [B.]"[B]"[B.]"[K]od
= [B:]"[Bg] "[Ba] "[K][Ba] [B¢][B:]dd , (54)
= [B]7[K][B]od,
= [Kg]od,
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whilst the non-symmetric tangent stiffness matrix is

[Keg.spinlyg
III. Applications

In this section, the derived co-rotational formulation for 3-, 4-, and 5-noded beam elements is validated
against increasingly difficult benchmarks found in the literature, and one empirical wind turbine static blade
test. Timoshenko’s beam element formulation, as previously extended by the authors in [13], is employed in
this study. The elements shape functions for 2, 3, and 4 nodes are shown in Figure 5 for convenience.

1 1 — 12
08 1
08
08
06

06
06 / \
05 0.4 04l

o4 / \ 0.2 /
02f / \

/ \ 0
0.2
0
-0.2
0.1

L L L L L L L L L 02 L L L L L L L L L . 04 L L L L L L L ,
0 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1 0 0.1 02 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Shape Function
Value
—~

Normalised Element Length Normalised Element Length Normalised Element Length
a) 2 Nodes b) 3 Nodes c) 4 Nodes

Fig. 5 Beam element shape functions.

A. Non-linear Bending of a Slender Beam

Our first application is the bending analysis of a slender cantilever beam subject to a tip moment, illustrated
in Figure 6. This example is used to verify that the 2- and 3-noded elements have correctly been derived
and implemented. The material Young’s modulus, Poisson’s ratio and shear factor are respectively denoted
E, v and k. The beam is 100 meters long. Figure 7 presents the results compared with data from Li and
Vu-Quoc [18]. It shows that the non-linear displacements obtained with ten uniformly spaced 3-noded beam
elements agree well and converge towards the literature benchmark.

E =21 MPa 0.5m
Y w3 [ oim
T K = 5/6

) — X
L =100 m

Tip Moment
M

Fig. 6 Slender beam subject to tip moment
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(a) M=15.565 Nm (b) M=55.731 Nm

Fig. 7 Bending results of a slender beam subject to tip moments; Li and Vu-Quoc (9),
2-noded elements (), 3-noded elements (—)

B. 45 Degree Pre-Bent Beam

The second benchmark example is the clamped 45° curved rectangular beam subjected to a bi-axial con-
centrated tip load P proposed by Bathe and Bolourchi [27], reproduced in Figure 8. In this example, we
compare the predictions of 4- and 5-noded elements with those of 2- and 3-noded elements. The bend has a
radius R of 100in, a cross-sectional area of 1in?, and lies in the X-Y plane. Nodal tip deflections obtained

with 10 uniformly spaced elements are presented in Figure 9 as functions of the non-dimensionalised load
PR?
EI

parameter k =

Fixed End

Fig. 8 45° bent cantilever beam subject to tip load

The structural analysis is first carried out with conventional 2-noded elements, results are shown in Figure 9a.
As this figure shows, the conventional co-rotational approach employing 2-noded linear Timoshenko beam
elements is subject to locking and consequently shows significant discrepancies with the expected results. By
contrast, results obtained for the enriched 3-, 4- and 5-noded elements, with higher order shape functions,
show close convergence to the results reported in [27]. This benchmark demonstrates that the refined
elements are free of locking and can readily be used within the proposed extended co-rotational beam
element formulation.
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Fig. 9 45° bent cantilever beam tip deflections, Bathe and Bolourchi (®), proposed
formulation (—)

C. Three-Legged Beam

The third example, depicted in Figure 10, and taken from Mathisen et al. [28], is a typical benchmark
problem for non-linear beam formulations under combined bending, shear and torsion for non-smooth three-
dimensional geometries. It consists of three straight beams of equal length connected at right angles. The
structure is clamped at one end and free at the other, where two point loads are applied. The nodal tip
displacements (i.e. Uy, Uy, U.) and global rotation vector values (i.e. R, Ry, R.) predicted with eighteen
3-noded elements, and twelve 4-noded elements are compared against the literature in Figure 11, which
shows excellent agreement. Although results for 5-noded elements are not presented for the sake of brevity,
they are also found to agree with the reported data.
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Fig. 10 Three-legged beam, reproduced from Mathisen et al. [28], R,, R, and R, illustrate
the convention used for positive rotations.
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Fig. 11 Three-legged beam results for 18 3-Noded elements,
literature (®), proposed formulation (—)
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Fig. 12 Three-legged beam results for 12 4-Noded elements,
literature (®), proposed formulation (—)

D. Deployable Ring

The deployable ring example illustrated in Figure 13, introduced by Goto [29] and reused in Battini’s
work [24], is our fourth benchmark. The ring is clamped at one end and twisted at the other through the
application of a moment M at point A. The ring is also constrained at point A such that only translation
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and rotation with respect to the X axis are allowed. This example is ideal for benchmarking the proposed
formulation under large rotations. As the rotation at point A increases, the ring slowly wraps around itself
and transforms into a smaller ring with one-third of its original radius. As the rotation continues further, the
ring is brought back to its initial configuration. The results are compared against the literature in Figure 15
and the half ring model deformation is show in Figure 14.

E =200000
G =76923

’—QAZO,—F/Z,—7T7 377/4,—2#‘

50

100

100 Y (m)

Fig. 13 Deployable Ring

El E)
\Z/ 500 \Z/ 500
i 5
= =
3 0 3 0
= =
= =
L g
& —500 a —500
< <
Rotation at A (rad) Rotation at A (rad)
(a) 2-Noded Elements (b) 3-Noded Elements

Fig. 15 Deployable ring load-displacement curve, literature [24] (), proposed formulation
with 29 beam nodes (—)

E. Right-Angle Frame

The right-angle frame example illustrated in Figure 16 and found in [30] is used as our fifth and last academic
benchmark case study. It is sufficient to model half of the frame, employing the symmetry condition about
the y-z plane through the apex, to capture the frame non-linear deformations. Translation along the x axis
and rotation about the z axis are unconstrained at the support, whilst a point load moment about the z
axis is applied. The cross section has a thickness/height ratio of 1/50. The material properties are given as
E = 7T1240N/mm? for the young’s modulus and v = 0.31 for Poisson’s ratio. As the load increases towards
the first bifurcation point, at about 620 N/mm the frame buckles. A small geometrical imperfection, in
the form of an offset in the z-direction, is introduced at the support to continue past the otherwise singular
tangent stiffness matrix. As the load continues to increase into the post-buckling regime, the frame deforms
out-of-plane, rotating about the x-axis until a full revolution brings it back to its initial positions under the
opposite buckling load as shown in Figure 17, in blue. At this stage, the solver stops as it encounters a second
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singularity corresponding to a higher buckling mode, incompatible with the original geometric imperfection,
as explained in [30]. Note that the 3-Noded beam element results are solely presented for the sake of brevity,
whilst the 2-Noded linear beam element failed to capture the structure non-linear response.

—M =0,—0.28, —0.13,
— 0.5, — —0.61——0.64
0.2 : 0.2 =
)* cross-section 0.1 /’é 0.1} N
oo | //i
‘ 7 g g
0.0006m = 0 - = 0
\/ - \% N
N
0.1 . —-0.1 o
_ | —0.2 .
0'20.2 ~0.1 0 —-0.2 —-0.1 0
X (m) X (m)
Fig. 16 Right-angle frame model and half-frame post-buckling deformation
T
=z 02) | =
vl E 05} )
g z
a &
5 £
<)
f’ 0 | g = -
E =
g =
= g
3 & _ |
A~ 0.2 | & 03
>-' | | | | | | | | |
—0.2 —0.1 0 0.1 0.2 —0.2 —0.1 0 0.1 0.2

Z Position of the apex (m) Z Position of the apex (m)

(a) Trajectory of the apex on the y-z plane (b) Applied Moment and displacement

Fig. 17 Right-angle frame displacement and load-displacement curves, literature [22] (o),

proposed formulation with 11 3-noded beam elements (—)

F. Wind Turbine Blades

Last, but not least, the proposed co-rotational formulation is applied to a real-life case study: The static
bending test of a modern wind turbine blade, which has been observed to exhibit small yet noticeable
geometrical non-linearities under extreme loading conditions. In comparison to the prismatic structures
used in the previous academic benchmarks, the experiment showcases the framework’s ability to model
realistic and complex non-prismatic beam-like structures. The test set-up and results, presented in Figures 18
and 19, have been normalised due to proprietary agreements. The blade is clamped at its root whilst six
concentrated loads distributed along the blade span are applied to loading frames through cables linked
to hydraulic cylinders, on the floor. Two load cases are evaluated. First, the blade is bent to achieve
compression on the flapwise suction side. Second, the blade is rotated 180° and bent under a different load
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distribution and magnitude to test the suction side under tension (i.e. positive and negative flapwise root
bending moments).

In spite of the model complexity, the numerical deflections, predicted by the co-rotational formulation based
on 80 3-Noded elements, show good agreement with the experimental measurements. Note, the number of
elements is much higher in this case study, in comparison to previous ones, as it is necessary to accurately
capture the span-wise variations of blade properties.

A

Blade Axis

Pulleys
Fig. 18 Wind turbine blade bending test.

I I
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| | | | |
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

| 0 |

0 |
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Fig. 19 Wind turbine blade positive and negative flapwise deflection,
measurements (®), predictions (—)

IV. Conclusion and Future Work

The mathematical derivation needed to implement enriched 3-; 4- and 5-Noded linear beam elements into
the co-rotational framework for non-linear beam analyses has been presented in this paper. Although the
methodology needed to derive these elements was known in theory, the detailed derivation required for
implementation had not yet been reported in the literature. Herein, the lengthy derivations are described in
full for the sake of reproducibility.

The proposed formulation has been successfully validated against five non-linear benchmark problems and
an experimental wind turbine blade static test. The application of enriched elements within non-linear
structural analyses is shown to resolve the classical issue of locking experienced by conventional Timoshenko
beam elements and agree well with the reference data for all benchmarks. The proposed framework provides
a simple means to transfer the advantages of enriched linear beam elements to non-linear analyses. The
expected advantages from hp refinements in a non-linear setting include a reduction of the DOFs, and hence
the computational cost, needed for convergence—the reason being the gain in accuracy due to the use of
higher order shape functions.

The use of enriched linear beam elements in non-linear co-rotational formulations, coupled with hierarchical
theories such as the Unified Formulation by Carrera and co-workers [31], could lead to accurate, yet inex-
pensive, descriptions of 3D strain and stress fields in complex beam structures. Ongoing and future work
by these authors include, for instance, the application of the analyses method presented in this paper to the
design of geometrically and materially bend-twist-coupled wind turbines blades, focusing on computationally
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efficient aeroelastic optimisation.
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Appendix A. Rotation and Spin Vector

This section serves as a short introduction to rotation and spin vectors.

Axis-angle Representation

An axis-angle representation is used to describe 3D rotations as vectors

01 0 )
0= 0, =||9|\W=9n7 (A1)
03

in which n denotes the normalised rotation axis and 6 is the angle of rotation, as illustrated in Figure A.1.
Note that 61, 05 and 03 in Equation. (A.1) are generally not equal to the respective rotations around the
E;, E; and E3 axes. The rotation matrix corresponding to the @ vector is obtained employing Rodrigues’
formula

sinf ~ 1—cosf ~ ~

R = 1]+ 20y 1 L= g (A2)
where [0] is the skew matrix of @ defined as
0 —60; 6,
Ol=1 6 0 -6 (A.3)
-0 6, 0
Es
E o7
T 6,
ro é
//-n r 0,
/” E1
(0,0,0) 6,

Fig. A.1 Axis-angle representation, r( is rotated to r; via a f rotation about n

Spin

Consider the 2D example illustrated in Figure A.2, in which the vectors P;, P, and P, respectively denote
a randomly orientated initial vector, its image after being rotated by 6y, and its image after by being further
rotated by an infinitesimally small rotation Jw. One can define P,, in three equivalent ways

P, = [R(6w)][R(60)IP; = [R(6o + 60)]P; = ([6R(60)] + [R(60)]) P (A.4)

Note the key difference between the non-additive rotation (or spin) jw and the additive rotation 66. We can
further rewrite the right hand side of Eq. (A.4) as

P, = [R(60)]P; + 0P, with 0P = [§R(6))]P;, (A.5)
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where in 2D ¢P is equal to a vector of length dw||Pg|| pointing in the direction normal to Py as shown in
Figure A.2 and expressed as

T
0P = dw||Pyl||n = dw||Py| ( —sin(fp), cos(bp), 0O ) ,

(A.6)
or,
0 —dw 0 0 —dw O cos(fo)
0P = | dw 0 0 |Po=|d6w 0 0 sin(fp) | |[Poll = [0w][R(60)] P, (A7)
0 0 0 0 0 0 0
where [0w] is the 2D skew matrix of dw. Rewriting Eq. (A.5) using the skew matrix results in
P, = [R]P; = ([I] + [0w]) [R(60)]P:, (A.8)
which by comparison with Eq. (A.4) gives us
[0R(60)] = [6w][R(6o)], (A.9)
and

[R(0w)] = [I] + [6w]. (A.10)
In two dimensions, there is little advantage in using Eq. (A.8). However, Eq. (A.8) also applies in three
dimensions in which case the spin is a pseudo-vector w and its associated skew matrix [0] takes the form
of

0 —(5’(1]3 (5’(1)2
[6w0] Sws 0 —dw |, (A.11)
—6’[1)2 6’[1)1 0

such that

P,=Py+ 0P =Py + [(5’11}]]?0 = ([I] + [(S’CIJDP() (A.12)

<«

Pi = [Xp Yis O]T
B 3= sui[py

8P = [8P]| [-sin(B,), cos(B), 01"

/

P n
PO
0 P,

Fig. A.2 Two dimensional rotation and spin

oP
0
ow

> X

For some derivations we need the relationship between the spin pseudo-vector dw and the additive rotational
pseudo-vector 00, given by the Ty function

Sw = Ty(60)00, (A.13)
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where Ty and its inverse are defined as

Ts(6) = [1] gz 0] g5 o116, (A.14)
T, H(0) = tar?{gie)[ ] + (1 — tar?(ﬁi@)) 09—6; - 0.5[0). (A.15)

It should be noted that Eq. (A.14) ceases to be bijective for § = 2kw with £ =0, 1,...,n and that care must
be taken during its numerical implementation.

The variation of (Ts(8)) is

(A.16)
+ o (=R )),
and the variation of its inverse (Ts_l(a)) is
5(T.710) = 0 (i1
+ 0 ((1- ity ) %) (A.17)
+ 6 (—0.5[9]) .
In addition, we have
1 —cos(6) sin() =~ —2(1 — cos(0))
5( e ) = ( T B 56, (A.18)
6 — sin(6) 2+ cosf  3sinf
0 (93> = (— FERRT )59, (A.19)
0.56 0.5 0.5
) = —0.560 56 A.20
(tan(0.59)> {tan(0.59) (tan2(0.59) cosQ(O.59))] ’ ( )
3 3
oveTe 0;
0= ———06, = ——50;, A21
; 90, ; VoTo ( )
) 0 —d005 69
o0] = | 665 0 —=d0; |, (A.22)
—00y 06, 0
and,
607 2. /0067 1 9(676)"!
AN @vv - AV Y .
5( 7 ) ;( 507 99 g )592. (A.23)
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Appendix B. Derivation of [T,] and [Tﬂ

In this section the calculation required in order to compute the element and node triads, [T,] and [Tﬂ
respectively, are introduced for the 3-Noded beam element presented in Figure 2.

Node Triads
The node triads are defined in the global reference frame as

[TF]=[tF t5 €51, (B.1)

which are calculated based on global rotations such that

[T}] = [Rig] [Ro] [Ta].- (B.2)

The global rotation matrix [R;g| connecting the un-deformed and deformed triads of node i is given using

the Rodrigues’ formula

sin 0,6 = 1—cosbe .~ . =~
[Rig] =[I]+ 0. . [eig] + Tg[eig}[eig]a (B.3)
8 g

where 6, is the global rotation vector associated with node 4, whilst the angle of rotation

Oig = 01ng 0, (B.4)
and the tilde denotes the skew matrix.
Element Reference Frame
The local element reference frame
[Tr] = [ ry rp rg } (B~5)

r; vectors are calculated based on the global displacement vector illustrated in Figure B.1. The vector ry
points in the direction of the line connecting the deformed node 1 and 2, and is therefore defined as

_ P2g - Plg _ P2g - Plg
HP2g - P1g|| Lio ’

ry

(B.6)

where Py, and Py, are the global position vectors of node 1 and 2, respectively. Furthermore, the global
position vectors are

P2g = P20g + U2g, (B7)

and

Plg = PlOg + Uig, (BS)

with w1, and ug, the global translation vectors of nodes 1 and 2.
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Deformed Element

e RY s [Tl
f rp T 5 *
Node 1 I
E ) / T
Pro
\
E 1 Position r3 ‘
E 3 Vectors Uig Global Displacement Translation Vectors Usg
Global Reference ‘\
Frame [Tg] Uzg
‘ \
\
|
|
; 10 |
| _ .
= [Ro] === [To]=[E10, Eao ,E30]

Undeformed Element .

Fig. B.1 Reference frames of the 3-Noded beam element

A similar method is used to calculated t; and T; for the 4 and 5-noded elements. The remaining vectors
ro and r3 are obtained with the help of an intermediate vector q pointing towards the average direction

specified by the node vectors ti and t3 given as

@ = 5@+ 42) = 5([Rus] (Ra] 0, 1,0)7 + [Rag [Ro] (0,1,0)7)

X
1‘3,:u and ro =r3 X7ry.
|lr1 x ql|
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Appendix C. Derivation of [B,]

C.1. Element Length

Starting with the variation of element lengths ¢L;;, the 3-Noded element length L; defined as the Euclidean
distance between the deformed positions of node 1 and 2 is

Lo = \/(ong + gy — P1og — u1g) " (Poog + Uog — P1og — u1g) = V/di2 (C.1)

where Pyg; and Pjp, denote the undeformed position vectors of node 1 and 2, expressed in the global
reference frame. Taking the variation of Eq. C.1 we obtain

1
(5L12 = mddlZ s (02)
with
5d12 = 2(P20g + U2g — PlOg — ulg)T(5u2g - (5U1g) s (C?))
and

LioT

1
(5L12 = 7(P20g + UQg - PlOg — ulg)T(5u2g — 5u1g) = T2(6UQg - 5U1g) = I‘I((S’Uqg — 5u1g) . (C4)

Lio

Employing similar derivations for the 4, and 5-noded elements, the results are summarised in Table 3.

Table 3 Element Length Variations

#Nodes

3 5L12 = I‘.lr((s’UJQg — 5U1g)

5L12 = f‘I((S’LLQg — 6u1g)
4 (5L23 = I'I (6U3g — (S’UJQg)

5L34 = I"I((SU4g - 5U3g)

(Sng = f’I((S’U,Qg — 6u1g)
§Lgs = 1
T
1

5L34 =T

The expressions presented in Table 3 can be substituted in Table 2 to obtain the direct relationship between
variations in local translations éu and their global counterparts du,.

C.2. Element Directional Vector

We continue with the derivation of the 3-noded element vector r; starting as

&1_5<L”)_5(P%g+“%ng“m), (C.5)
Lo L1
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expanding into

ry

-1 Pogg + uzg — P1og — u1g 1
ory = ( — oL — (6 )
" (le) ( Li2 2 Lo (Ouzg — dusg)

and substituting the value of §L1s from Table 3

-1 1
ory = (rﬂ'{) (Ougg — du1g) + — (dugy — dU1g)
L12 L12

1

= £ (1]~ [rar])) (g — dusy).

(C.7)

where [I] is the 3x3 identity matrix. Similar expressions for the 4, and 5-noded elements are summarised in

Table 4.

Table 4 Variation of element vector

#Nodes
e = (1]~ [rarT]) (Buag — Susg)
3 12
or'y = Li (1] = [1x']]) (Jusg — Ougy)
23
%1 = (1] ~ [FAFT]) (Bung — Suusg)
12
4 b= (1 [rar]) (Gus, — dusy)
23
ey = = (1)~ [¢1T]) (Guiag — Guise)
34
81 = (1]~ [F1FT]) (Bung — Suusg)
12
0T = Li ([1] = [F17]]) (Ouge — duzg)
5 23
e = (1~ [rarT]) (G — Guise)
34
ey = = ([~ [1T]) (Guisy — Guuse)
45
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C.3. Rotation Matrix

In this section, we evaluate the variational of [R,]

6 [Ri] = [gvrg] [Re] (C.8)
and its transpose

§[Re]T = —[Re] T[Sy (C.9)

Instead of expanding [(fz/urg] in Eq. (C.9), it is simpler to first express it into the element reference frame
using [R,] in Eq. (C.8)

T{Sar, T /_{I'\‘
[Re] " [dwig][Re] = [Re]"6 [Re] [Re] " [Ry], (C.10)
which gives .
[5wr6] = [Rr]T(S [Rr] . (C.ll)
Expanding both sides,
0 *5wr83 +5wr92 I‘I
5wre3 0 76wre1 = r; |: 51'1 61‘2 51‘3 5 (012)
_6wre2 6wre1 0 I‘g

and isolating the spin variables we find

0Wrel —rldrs
5wrc = §wre2 - —1‘561‘1 = [G]Tédgc,spin . (013)
0Wres rlory

The values of [G]T are found at the end of this paper in Table 5, and derived in the following appendices.
Once dw,, is found, its equivalent in global reference frame is obtained by transforming it back using [R,] as

RJ"[0] ... 0] [0]
O] [RJ" [0] [0} [o] [0]
Sweg = Rlowe =Ry | O O s RIGIT IR g g
1 o [o] - [0] 1
] o] [o] [0} [RJT [0]
L o] [o] O] [R]"
(C.14)
We can finally write § [R;]” as a function of the global displacement vector as

§[Re]T = —[Ry]T[0wr] = —[Re]™S ([Re][G]T[RT Jaiag i spin) (C.15)

where S(e) denote the skew matrix.
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C.4. Nodal Rotation and Spin

The variation of spin vectors are detailed in this section. We are looking for an expression of the form of
Equation (40) recalled here

0w; = [Di](;dg,spiny (016)

which relates the variation between the local spin vector at node i to the global displacement vector. We
start by noting that

5’(2}2‘ = 6wie — 6wre, (017)
as demonstrated in the optional proof below. Moreover, we already know that
(5wre = [G]T[Rz]diag 6dg,spin- (CIS)
After employing the chain rule on dw;, we obtain

awie 8wie 8de7spin

*© adg,spin g.spmm ade,spin adg,spin

5dy spin; (C.19)

in which we recognise that dde spin/0dg spin corresponds to a change of coordinate between the global system
and local element coordinate system (i.e. [R]]diag). Furthermore,

ow;
e = == I,L mat|» C20
s =[O0 0 Mo O 0] ] = T (C.20)
since
T
de,spin = ( Ule Wie .. Uje Wie ... UNe WNe )(6N><1) . (021)
Combining the above equations yields the desired result
0w; = [Di]0dg spin = ([Tima] — [G]7) [RT]aiag 0dg,spin- (C.22)
Generalising to include the spin vectors of each node leads to
[G]T
_ [G]T
ow = [D](3N><6N)6dg75pin = | [Imat] — [G]T [RTJdiag 0dg,spin, (C.23)
where
0] [Ilsxs [0] [0] [0]  [0]
dw, [0 o] [0] [I]sxs [0] [0] ...
= = [Ta , C.24
e [ 101 01 D) 0] 0] [T oo | T medeneon (C.24)
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— Proof N\
Starting with the local rotation matrix variation, recalled here for the sake of convenience

§ [R;] = [0w;] [Ri] = 0[Ra]T [Rig] [Ro] + [Ra]" [Rig] [Ro), (C.25)

where

0 [Rig] = [0wig] [Rig] - (C.26)
Substituting Eq. (C.26) into Eq. (C.25), adding [R,] [R;]" and re-arranging we obtain

[§wi] [Rs] = —[Ra] T[0rg] [Re] [Re]T [Rig] [Ro] + [Re] T[0wig] [Re] [Re] " [Rig] [Ro], (C.27)

[5w3] [Ri] = —[Re]T[0wirg] [Re] [Ri] + [Ra] T [0 ] [Re][Ri]- (C.28)

Taking advantage of the fact that the [R,] transformation matrix is used to express global vector into
the element reference frame, we rewrite

and deduce that
6117i = (511),‘6 — (5wre. (030)
C.5. Derivation of [G]
As previously calculated we have,
—r)ors
Jwre = —I‘35I‘1 - [G]T(Sdge,spin, (031)
2(51‘1

which is equivalently written as a function of variables expressed in the element reference frame as

~ ([RJr2)" ([Ru]"ors) ], 0rs,
bwee = | —(RITD(RSor) | = | —rlorie | (C.32)
(IR.JTr]) (R, Tor1) ], 0t

Recall the variation of the vector attached to the element reference frame dr; for the 3-noded element from
Table 4 to be

du21g — OU11g
(I =rar]) | Susog — Ourzg | - (C.33)
(5’LL23g — 5U13g

1 1
ory = I (1] = r1r]) (dugg — dury) = Tn

Expressing dr; in the element reference frame,
5UQ1g — 6u11g

[Re]™ ([ = rar]) [Re][Re] " | Guigog — durzg (C.34)
5”23g — 5u13g

— T _
6[‘10 = [Rr} 5[‘1 = L12
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and recognising that the internal expression simplifies to

1 0 O 0 0 0
R (M -rir))[R]=[M-|0 0 0o|=]0 1 0], (C.35)
0 0 O 0 0 1
we have
0 0 O 5uzle—5u11e 0
1 1
51'16:? 010 duz2e — OUI2e =1 dugze — OU12e | - (C.36)
1o 01 dugze — 0U13e 1 du23e — 0U13e

Substituting dri, from Eq. (C.36) into (C.32), and knowing that the local direction of ro, and rs, are simply
[0,1,0]T and [0,0,1]T in the element reference frame, we find

1
5wm2 = 77":13-66['10 = T(*éﬂggc + 5U13C) (037)
12
and
T 1
dwyez = ry0r; = — (dugze — Gu12e) (C.38)
Lio

Finally, the evaluation of dw,e1, slightly more complicated, can be found in [32] and results in

xXq
SWyer = —135 <“ > .39
P e <l (C.39)
which after derivation gives
dWre1 = L(—dque + du1se) — E510@,12 + @&Ueu - @51%22 + @571)(3,21 (C.40)
w12 2 2 2 2
where
n=pf1, 11:@, 12:@, 21:@, 222@ (C.41)
p p D2 p p
and
[Rr]Tq = (p17 D2, O)T (042)
R:]"qy = (P11, P12, p13)" (C.43)
[Ri]"@s = (P21, P22, Po3)” (C.44)

and re-writing in matrix format for the different element sizes, we can summarise the expression for [G] as
in Table 5.
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Table 5 Expression of [G]

#Nodes
0 0 L m2 —m o0 0 0 —g& 22 I o0 0,
3 [G]T 0 0 = 0 0 00 0 —f= 0 0 0 Oix6
0 -~ 0 0 0 00 £ 0 0 0 0 Oixe
Oixg 0 0 fL W2 2 0 0 0 —fL 22 0 () 05
4 G]T 0ix¢ 0 0 = 0 0 00 0 o 0 0 0 Oix6
[ Oix¢ 0 —g= 0 0 00 ¢~ 0 0 0 0 Oy
O1x6 Oixe 0 & B -5 00 0 —g- B -2 0 Oixe
5 [G]T Oix6 Oix¢ 0 0 - 0 0 00 0 —g= 0 0 0 Oix6
| Oix6 Oixg o 0 0 00 ¢= 0 0 0 Oix
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