
ar
X

iv
:1

91
1.

06
79

7v
3 

 [
he

p-
th

] 
 2

6 
Fe

b 
20

20

QMUL-PH-19-32

S-duality and the Double Copy

Rashid Alawadhi1, David S. Berman2, Bill Spence3 David Peinador Veiga4

a Centre for Research in String Theory, School of Physics and Astronomy,
Queen Mary University of London, 327 Mile End Road, London E1 4NS, UK

Abstract

The double copy formalism provides an intriguing connection between gauge theories and
gravity. It was first demonstrated in the perturbative context of scattering amplitudes but
recently the formalism has been applied to exact classical solutions in gauge theories such as the
monopole and instanton. In this paper we will investigate how duality symmetries in the gauge
theory double copy to gravity and relate these to solution generating transformations and the
action of SL(2,R) in general relativity.

1 Introduction

The double copy was first investigated in a series of works [1–3] as a relationship between perturba-
tive scattering amplitudes in gauge theory and gravity. It has been proved at tree level [3–11], where
it has a stringy origin [12]. But there is still no non-perturbative proof of the double copy, although
the evidence is mounting with a series of papers showing double copy behaviour for amplitudes at
higher loop order [2, 13–43].

More recently, the double copy/single copy was applied to a class of exact classical solutions. Double
copy refers to moving from gauge theory to gravity while single copy is the inverse map from gravity
to gauge theory. The Schwarzschild solution was shown to single copy to an electric charge [44]
and the Taub NUT solution single copy to a magnetic monopole [45]. Subsequent to that the
single copy of the Eguchi-Hanson solution has been mapped to a self-dual gauge field [46]. More
general topologically non-trivial solutions have been double copied in the work of [47]. (Other work
examining symmetries of the linearised double copy have also appeared in a series of works [48–56].)

To futrher investigate the double copy formalism beyond the perturbative regime, we examine
how non-perturbative symmetries in the gauge theory are double copied to gravity. In particular,
gauge theories exhibit electromagnetic duality which exchanges electric and magnetic charges. This
symmetry, often also called S-duality, was first discovered for classical Maxwell theory but then
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became a crucial ingredient in the study of properties of Yang-Mills theory [57]. General relativity
is not known to exhibit S-duality which leads to the question of what S-duality could double copy
to. We will address this at the non-perturbative classical level by identifying the solution generating
symmetry in general relativity that single copies to electromagnetic duality.

We will show that the double copy of electromagnetic duality is identified as the Ehlers trans-
formation in general relativity. It is worth commenting further that we are working with exact
and thus classically non-perturbative solutions in the double copy and the metrics corresponding
to the electric and magnetic solutions are mapped between each other using an exact non-local
transformation. We will then demonstrate how another solution generating symmetry discovered
by Buchdahl [58], is single copied to the charge conjugation.

We adopt two complementary approaches. First we will use the Kerr-Schild form of the metric
where the metric in this form is related to gauge fields in the single copy. Second we will develop
the correspondence introduced in [59] where the Weyl curvature in gravity is related to a combi-
nation of field strengths in the single copy. In each case we will examine how the electromagnetic
transformation in the single copy is related to a transform in relativity.

To make the paper as self contained as possible and make clear our conventions for the double/s-
ingle copy we begin with a description of the Kerr-Schild form in GR and then the single copy
prescription.5 We give the detailed examples of the Schwarzschild black hole and the Taub-NUT
solution and their single copies as described first in [44,45]. Then we describe the Ehlers transform
in general before moving on to its application to Schwarzchild and its single copy. After discussing
the role of the the Buchdahl transform and its single copy again using Kerr-Schild form we move
to the double copy in terms of curvatures and field strengths, known as the Weyl double copy [59]
where we can again examine the role of electromagnetic duality from a complementary approach.
We will show in a number of cases that the duality transformations in electromagnetism correspond
with solution-generating transformations in general relativity, and together preserve the form of
the double copy.

Note added: While this manuscript was in preparation [60] appeared which has overlap with this
paper.

2 Classical Double Copy

2.1 The Kerr-Schild double copy

First let use introduce the Kerr-Schild form of the metric and examine the behaviour of Einstein’s
field equations. Writing the metric in this form is a crucial step in making the double/single
copy manifest. In what follows we shall use the procedure outlined in [44]. We take the metric
ηµν = diag(−1,+1,+1,+1) throughout.

A solution is “Kerr-Schild” if a set of coordinates may be found such that the spacetime metric gµν
may be put in the form

gµν = ηµν + φkµkν , (1)

5Other conventions and methods for the double copy are also available, see for example [55,56].
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where φ is a scalar field and kµ is a co-vector satisfying

ηµνkµkν = 0 = gµνkµkν , (2)

i.e. it is null with respect to both the full and background metric. The inverse metric then takes
the form

gµν = ηµν − φkµkν . (3)

In terms of the scalar field φ and co-vector kµ, the Ricci tensor and Ricci scalar are

Rµν =
1

2
(∂µ∂α(φk

αkν) + ∂ν∂
α(φkαk

µ)− ∂2(φkµkν)) ,

R = ∂µ∂ν(φk
µkν) ,

(4)

where ∂µ = ηµν∂ν . In the stationary spacetime case (∂0φ = ∂0k
µ = 0) one may take the time

component of the Kerr-Schild vector as k0 = 1, with the dynamics in the time component contained
in φ. As a consequence, the components of the Ricci tensor simplify to

R0
0 =

1

2
∇2φ , (5)

Ri0 = −1

2
∂j [∂

i(φkj)− ∂j(φki)] , (6)

Rij =
1

2
∂l[∂

i(φklkj) + ∂j(φk
lki)− ∂l(φkikj)] , (7)

R = ∂i∂j(φk
ikj) , (8)

where Latin indices indicate the spatial components.

Now define a gauge field Aµ = φkµ, with the Maxwell field strength Fµν = ∂µAν−∂µAν . Taking the
stationary case of the vacuum Einstein equations Rµν = 0, one finds that the gauge field satisfies
the Abelian Maxwell equations

∂µF
µν = ∂µ(∂

µ(φkν)− ∂ν(φkµ)) = 0 . (9)

The remarkable thing about the double copy is that if now one considers a non-Abelian gauge field
Aaµ with the gauge group index a, there is still a single copy/double copy relationship. The recipe
is to take the quantity φkµkν of a given gravity solution and strip off one of the Kerr-Schild vectors
and dress with a gauge group index to get the corresponding gauge field Aaµ = caφkµ. There is no
derivation as such for this procedure but by now there is a compelling amount of evidence as listed
in the introduction. Thus, the basic statement of the double/single copy we will be applying is:

If gµν=ηµν + φkµkν is a stationary solution of Einstein’s equations, then Aaµ = caφkµ is
a solution of the Yang-Mills equations which is linearised by the Kerr-Schild coordinates
allowing an arbitrary choice for the constant ca.
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2.2 Schwarzschild and NUT spacetimes

We shall demonstrate the double/single procedure on two important gravity solutions, the Schwarzschild
black hole and the Taub NUT spacetime.

2.2.1 Schwarzschild spacetime

The Schwarzschild solution is

ds2 = −
(

1− 2GM

r

)

dt2 +
dr2

1− 2GM
r

+ r2dΩ2 , (10)

where dΩ2 = dθ2 + sin2θ dφ2 is the line element on the unit sphere, G is Newton’s constant, and
r2 = x2 + y2 + z2 is the radial distance from the origin.

In order to apply the single copy procedure, one must write this metric in Kerr-Schild form. To
do this, we apply the coordinate transformation l = t + r̄ with dr̄ = (1 − 2GM

r
)−1dr, so that the

metric takes the form

ds2 = −dl2 + 2dldr + r2dΩ2 +
2GM

r
dl2 . (11)

A further coordinate transformation of the form l = t̄+r is then applied so that the metric becomes

ds2 = −dt̄2 + dr2 + r2dΩ2 +
2GM

r
(dt̄2 + dr2 + 2dt̄dr) . (12)

Notice that the first three terms are just the flat Minkowski metric in spherical coordinates. Using
the definition of r given above to transform into ‘Cartesian’ coordinates the metric becomes

ds2 = ηµνdx
µdxν +

2GM

r
kµkνdx

µdxν , (13)

where the null vector kµ is defined by

kµ =

(

1,
xi

r

)

, i = 1...3. (14)

The metric is now in Kerr-Schild form:

gµν = ηµν +
2GM

r
kµkν . (15)

In terms of a metric
gµν = ηµν + κhµν (16)

we have

hµν =
κ

2
φkµkν , φ =

M

4πr
. (17)

The single copy then yields

Aµ =
gcaT

a

4πr
kµ , (18)

where, motivated by the prescription for amplitudes, we have made the replacements
κ

2
→ g, M → caT

a, kµkν → kµ . (19)

The first one is just choosing the right coupling constant, the second one being the correspondence
between the charges of the two theories.
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2.2.2 Taub-NUT spacetime

The solution known as Taub-NUT was first derived by Taub [61] and generalised by Newman,
Tamburino, and Unti [62] in 1963. The NUT solution is a non-asymptotically flat, axially symmetric
stationary solution. Following Ort́ın [63], the Taub-NUT metric can be written as

ds2 = −f(r)(dt− 2N cos θdφ)2 + f(r)−1dr2 + (r2 +N2)dΩ2
(2), (20)

where

f(r) =
(r − r+)(r − r−)

r2 +N2
, r± =M ± r0, r20 =M2 +N2. (21)

This can be thought of as a generalisation of the Schwarzschild solution with an additional topo-
logical charge. This solution exhibits the following interesting properties:

• The solution is not trivial in the limit M → 0.

• Taking the Newtonian limit shows that M is indeed the mass of the source. The NUT charge
has no Newtonian analogue.

• The solution defines its own class of asymptotic behaviour labeled by N and is associated
with the non-vanishing at infinity of the gtφ component of the metric.

• The solution admits Dirac-like singularities at θ = 0, π, requiring the introduction of two
coordinate patches.

We saw earlier that the mass in gravity single copies to an electric or colour charge. The NUT
charge N single copies to a magnetic monopole on the gauge theory side as follows.

The Taub-NUT metric written in coordinates introduced by Plebanski [64] exhibits a double Kerr-
Schild form, as shown in [65]. This means the Taub-NUT metric may be written as:

gµν = ηµν + κhµν = ηµν + κ(φkµkν + ψlµlν) , (22)

where the vectors kµ and lµ must satisfy the following conditions

k2 = l2 = k · l = 0 , (k ·D)kµ = 0, (l ·D)lµ = 0 . (23)

This metric linearises the Einstein equations as with the single Kerr-Schild form. The generalisation
of the single copy prescription for the gauge field is then

Aaµ = ca(φkµ + ψlµ) . (24)

Following [45], we have made the following substitutions

Mκ

2
→ (caT

a)gs ,
Nκ

2
→ (caT

a)g̃s . (25)

The field strength is then

F =
1

2
Fµνdx

µdxν = −caT
a

8π

(gs
r2
dt ∧ dr + g̃s sin θdθ ∧ dφ

)

. (26)

The first term on the right-hand side above is the pure electric charge corresponding to a Coulomb
solution that was derived in the Schwarzschild case. The second term is a magnetic monopole
charge which is single copied from the NUT contribution on the gravity side. In summary, the
Schwarzschild single copies to a Coulomb solution and the NUT charge to a magnetic monopole.
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3 Solution generating transformations in general relativity

A solution generating transformation is simply a recipe for obtaining a new solution to Einstein’s
equations from a known one. Their existence is remarkable given that Einstein’s equations are a set
of ten second order coupled non-linear differential equations that are notoriously difficult to solve.
Whilst explicit symmetries in Einstein’s equations make some transformations straightforward,
there are “hidden symmetries” that allow us to generate very non-trivial solutions through this
transformation technique. This approach to solving Einstein’s equations was studied by Buchdahl,
Ehlers, Geroch and Ernst [66]. The transformations require a Killing symmetry in the spacetime.
When such a symmetry is present then there are a set of solution-generating techniques which we
describe below.

3.1 Ehlers transformation

The Ehlers transformation is a transformation that acts on the parameters of a static solution of
Einstein gravitational field equations and generates other solutions of the field equations that are in
general stationary. In what follows we describe how the Ehlers transformation works [67], following
[68]. It is assumed that the spacetime possesses a time-like Killing vector ξ that generates an
isometry. First perform a (1+3) decomposition of the metric and choose coordinates xµ = {x0, xi}
to put the line element in the following form

ds2 = −e2U (dx0 +Aidx
i)2 + dℓ2 , (27)

where we define

Ai =
−g0i
g00

, e2U = −g00 , dl2 = γijdx
idxj (28)

and
γαβ = (−gαβ +

g0αg0β
g00

) . (29)

The Ehlers transformation states that if

gµνdx
µdxν = −e2U (dx0)2 + e−2Udℓ̃2 , (30)

with dℓ̃2 = e2Udℓ2, is the metric of a static spacetime, then

ḡµνdx
µdxν = −(α cosh(2U))−1(dx0 +Aidx

i)2 − α cosh(2U)dℓ̃2 , (31)

where α is a positive constant, U = U(xi) and Ai = Ai(x
j), is the metric of a stationary spacetime

provided that Ai satisfies Ehlers equation

− α
√

γ̃ ǫijk U
,k = A[i,j] , (32)

where γ̃ab is the conformal spatial metric. Using this method, one generates a stationary solution
from a static one by finding the potential Aa which is related to a given static potential U . Let us
see how this comes about by applying this procedure to the Schwarzschild metric.
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Start with the Schwarzschild metric in the form (30), with the potential taking the form

Uc =
1

2
ln (1− 2m

r
) + C (33)

and
dℓ̃2 = dr2 + r2e2U (dθ2 + sin2 θdφ2) , (34)

where C is a constant and U(xa) only depends on the spatial coordinates. Then the Ehlers equation
(32) reads

− αr2e2U sin θ γ̃rrU,r =
1

2
(Aθ,φ −Aφ,θ) . (35)

One may choose a gauge such that Aθ,φ = 0. Then substituting (33) in the above equation and
solving for the field Aφ we find

Aφ(θ) = −2αm cos θ . (36)

The resulting metric is then given by (31) as

ds2 = −r(r − 2m)

αf(r)
(dt− 2αm cos θdφ)2 +

αf(r)

r(r − 2m)
dr2 + αf(r)dΩ2, (37)

where

f(r) = r2
(

1 + c21
2c1

)

+ 2m2c1 − 2mrc1 , c1 = e2C . (38)

Recovering the Schwarzschild metric as α→ 0 requires us to set

α =
2c1

1 + c21
, |c1| ≤ 1. (39)

Now apply the following changes of variables and redefinitions of constants;

M = m
1− c21
1 + c21

, αm = N, r −Nc1 = R , (40)

to get

ds2 = −R
2 − 2MR −N2

R2 +N2
(dt− 2N cos θdφ)2 +

R2 +N2

R2 − 2MR−N2
dR2 + (R2 +N2)dΩ2 , (41)

which is the metric for the NUT spacetime with NUT charge N . Remarkably, the constant C in
the potential U , while having no effect on the Schwarzschild spacetime, plays an important role in
generating solutions when the Ehlers transformation is applied. Had we started with C = 0 we
would have ended up with the pure NUT spacetime (M = 0). This means that the seed metric for
both the NUT with mass and pure NUT metric is the Schwarzschild metric.
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3.2 Buchdahl’s reciprocal transformation

In [58] Buchdahl showed that if a solution of Einstein’s equations admits a Killing vector field one
can obtain a new solution by applying the so called “reciprocal transformation”. For coordinates
adapted to the Killing direction such that the Killing vector is given by ∂

∂xα
, then the line element

may be written
ds2 = gβγdx

βdxγ + gαα(dx
α)2 . (42)

The reciprocal transformation then generates the following line element

ds2 = g
2

d−3
αα gβγdx

βdxγ + g−1
αα(dx

α)2 . (43)

Thus transformation may be written acting on metric components in this adapted coordinate system
as

(gαα, gβγ) → (g−1
αα , g

2

d−3
αα gβγ) . (44)

The reader familiar with string theory will note that Buchdahl’s reciprocal transformation is essen-
tially T-duality as a solution generating transformation, predating it by some thirty years. We shall
apply this to the Schwarzschild metric. As noted above, the d = 4 Schwarzschild metric admits a
time-like Killing vector ∂/∂t so that the transformation yields

(gtt, gij) → (g−1
tt , g

2
ttgij) , (45)

which upon substitution into the metric gives

ds2 = − dt2

1− 2M
r

+
(

1− 2M

r

)

dr2 + r2
(

1− 2M

r

)2
(dθ2 + sin θ2dφ2). (46)

The Schwarzschild metric also admits the spatial Killing vector ∂/∂φ. Applying the same transfor-
mation, but now with α = φ, we get the following metric

ds2 = −r4 sin4 θ
(

1− 2M

r

)

dt2 + r4 sin4 θ
(

1− 2M

r

)−1
dr2 + r6 sin4 θdθ2 +

1

r2 sin2 θ
dφ2 . (47)

This new solution is completely unrelated to the original seed metric, unlike (46) which was obtained
using the time-like Killing symmetry. However, the metric (46) is related to the Schwarzschild
metric by a simple coordinate transformation R = r − 2M whereby one obtains the Schwarzschild
metric but with negative mass parameter

ds2 = −
(

1− 2M

R

)

dt2 +
(

1 +
2M

R

)−1
dR2 +R2(dθ2 + sin θ2dφ2). (48)

If we write the negative mass Schwarzschild metric in in Kerr-Schild form

gµν = ηµν −
2GM

r
kµkν (49)

and then do the usual single copy procedure where −M → −caT a we arrive at

Ãµ = (−gcaT
a

4πr
, 0, 0, 0) , (50)
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which has the opposite sign of the gauge field Aµ compared to the single copy of the positive mass
Schwarzschild solution [44], i.e.

‘Single copied 4D Buchdahl’ : Aµ → −Aµ . (51)

This shows that the Buchdahl reciprocal transformation associated with the time-like Killing vector
in the Schwarzschild spacetime is the gravitational analogue of charge conjugation on the gauge
theory side.

We now examine this transformation acting on the Taub-NUT solution by first using the Schwarzschild
metric as our seed metric on which we act with the Buchdahl transform, followed by the Ehler trans-
formation. Firstly, note that Buchdahl transformation corresponds to sending U → Û = −U when
one writes the Schwarzschild metric in the form

ds2 = −e2U (dx0)2 + e−2Udℓ̃2, U =
1

2
ln(1− 2M

r
) . (52)

Thus the Buchdahl-transformed Schwarzschild metric reads

ds2 = −e−2U (dx0)2 + e2Udℓ̂2, dℓ̂2 = dr2 + e−2U r2dΩ2. (53)

which as before is just the Schwarzschild metric with negative mass as shown earlier. Now construct
the Ehlers transformed metric as before. Considering the Ehlers equation for the reciprocal solution

− α
√
γǫαβγÛ

,γ = α
√
γǫαβγU

,γ = Â[α,β] (54)

and comparing it to the standard one (32) we find

Âµ = −Aµ . (55)

Then, following exactly the same steps as before, i.e. solving for Aµ while imposing axial symmetry,
we find

Âφ(θ) = 2αM cos θ (56)

(up to a constant), and as before the NUT charge is given by

N̂ = αM = −N . (57)

This has acquired a negative sign, comparing the field Aµ to Eq. (36). The reciprocal Taub-NUT
metric then reads

ds2 = −
(

α cosh(2U)
)−1

(dx0 + Âβdx
β)2 + α cosh(2U)dℓ̂2 ,

dℓ̂2 = dr2 + e−2Ur2dΩ2.
(58)

Upon applying the single copy procedure [45] as in the previous sections using the multi-Kerr-Schild
form of the metric one finds again that the resulting gauge field has negative electric and magnetic
monopole charges.

In summary, we show below diagrams of the transformations and their effects on the parameters
of both the Schwarzschild and Taub-NUT solutions. The vertical lines indicate the application of
the double/single copy (“S.D.C”) procedure.
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M −M

Qe −Qe

Buchdahl

S.D.C S.D.C

Ĉ

M (M,N)

Qe (Qe, QM )

Ehlers

S.D.C S.D.C

E − Mduality

From the action of the Ehlers transformation on the charges in the double copy one sees that the
single copy of the Ehlers transformation is electromagnetic duality in the gauge theory; alternatively
the double copy of electromagnetic duality is generated by the Ehlers transformation in gravity.

More formally, the Ehlers transformation is an element of SL(2,R) as introduced by Geroch [69].
However when this acts on the Taub NUT solution the quantisation of NUT charge means that the
group must be broken to SL(2,Z) so as to preserve the quantisation condition. This exactly follows
what happens with the electromagnetic duality group acting on the dyon spectrum. Classically the
group is SL(2,R) but this reduces to SL(2,Z) in order to maintain Dirac quantisation for the
magnetic charges.

4 The Tensor Weyl Double Copy

4.1 Definitions

The double copy as described above is defined in terms of the gauge connection and the metric. It is
a natural question to ask whether one might study a double copy directly in terms of field strengths
and curvatures. This was investigated in [59], where a particularly nice form of the double copy
was obtained using spinors – writing the spinor corresponding to the Weyl tensor in terms of the
spinor for the Maxwell tensor as

CABCD =
1

S
f(ABfCD) , (59)

where S is a suitable function related to the “zeroth copy”. This “Weyl double copy” was shown
to be consistent with the previously known Kerr-Schild double copy, and resolved some of ambigu-
ities in that formulation. It also presented new double copy interpretations of the Eguchi-Hanson
instanton, and the C-metric, relating the latter to the Liénard-Wiechert potential for a pair of uni-
formly accelerated charges. Extending this four-dimensional result to higher dimensions requires
an appropriate study of spinors and curvature invariants in higher dimensions, and the latter has
been explored recently in [70].

A higher-dimensional Weyl double copy might also be investigated in terms of a tensor version
of the spinor Weyl double copy. One can obtain this by translation from the spinor equations of
course; more directly one can note that this must involve writing the Weyl tensor as a sum of terms
quadratic in the Maxwell tensor. Keeping in mind the algebraic symmetries of the Weyl tensor, in

10



four dimensions there are two independent expressions that one can write down:

Cµνρσ[F ] = FµνFρσ − FρµFνσ − 3gµρFν
λFσλ +

1

2
gµρgνσF

2
∣

∣

∣

s
, (60)

Dµνρσ[F ] =
1

2

(

Fµν F̃ρσ − FρµF̃νσ − 3gµρFν
λF̃σλ +

1

2
gµρgνσF.F̃

)

+ (F ↔ F̃ )
∣

∣

∣

s
, (61)

where F 2 = F λδFλδ, F.F̃ = F λδF̃λδ, and F̃µν = 1
2

√
g ǫµνρσF

ρσ with ǫµνρσ the numerical alternating
symbol. In equations like those above, the symbol “|s” applies to the expression on the right-hand
side of the equation, and it means to anti-symmetrise in the indices µ, ν and in ρ, σ, with unit
weight. In D dimensions there is no equivalent of Dµνρσ [F ] and one just has

C(D)
µνρσ [F ] = FµνFρσ − FρµFνσ −

6

D − 2
gµρFν

λFσλ +
3

(D − 1)(D − 2)
gµρgνσF

2
∣

∣

∣

s
. (62)

We make some comments on the higher-dimensional double copy at the end of the paper and hereon
consider four dimensions. A four-dimensional Weyl tensor double copy must involve a linear sum of
the two expressions Cµνρσ and Dµνρσ , with suitable coefficients which will in general be functions
of the relevant variables and constants. We note some useful properties of these expressions:
Cµνρσ[F̃ ] = Cµνρσ [F ], C̃µνρσ[F ] = Dµνρσ [F ], Dµνρσ [F̃ ] = −Dµνρσ[F ] and

Cµνρσ [aF + bF̃ ] = (a2 + b2)Cµνρσ [F ] + 2abDµνρσ [F ] (63)

for any coefficients a, b. Define the self-dual and anti-self-dual parts of a two form F via F± =
1
2(F ± F̃ ) with a similar formula for C±, with the action either on the left or right pair of indices.
Then

C±

µνρσ[aF + bF̃ ] = Cµνρσ [(a± b)F±] . (64)

4.2 Ehlers and the double copy: the Schwarzschild case

We would like to explore how the Ehlers transformation described earlier may be understood in
terms of the double copy. Consider as starting point the Schwarzschild metric. We will find it
useful to work in coordinates (u, v, p, q) with the metric

ds2 =
1

(1− pq)2

[

2i(du + q2dv)dp − 2(du − p2dv)dq +
2mp3

(p2 + q2)
(du+ q2dv)2

+
2mq

(p2 + q2)
(du− p2dv)2

]

. (65)

The single copy Maxwell tensor is then [59]

FS =
e

(p2 + q2)2

[

2pq(du+ q2dv)dp − (p2 − q2)(du− p2dv)dq
]

. (66)

It is then straightforward to show that the Weyl tensor CS for the Schwarzschild metric is given by

CSµνρσ = − 4

(1− pq)e

(

q Cµνρσ[FS ]− ipDµνρσ [FS ]
)
∣

∣

∣

e→m
, (67)
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where |e→m means to replace e by m on the right-hand side of the equation. This result may be
written simply as

CSµνρσ = − 4

(1− pq)

(

Cµνρσ[αSF
+
S + (c.c)]

) ∣

∣

∣

e→m
, (68)

where αS =

√

−i(p+iq)
e

.

Now let us consider the Taub-NUT metric in the corresponding coordinate system:

ds2 =
1

(1− pq)2

[

2i(du+ q2dv)dp − 2(du− p2dv)dq + 2p
mp2 + n

(p2 + q2)
(du+ q2dv)2

+ 2q
m+ nq2

(p2 + q2)
(du− p2dv)2

]

, (69)

where n is the Taub-NUT charge. The single copy Maxwell tensor in this case is

FT =
1

(p2 + q2)2

[

(

2epq + g(p2 − q2)
)

(du+ q2dv)dp +
(

2gpq − e(p2 − q2)
)

(du− p2dv)dq)
]

. (70)

This can be expressed simply in terms of the Schwarzschild Maxwell single copy tensor as

FT = FS − ig

e
F̃S . (71)

Now, if we make the replacements

FS → FS − ig

e
F̃S , e→ e− ig , (72)

on the right-hand side of (68), and then make the replacements e→ m, g → n then we find a tensor
that we will call CT which is

CTµνρσ := − 4

(1− pq)

(

Cµνρσ [αTF
+
T + (c.c)]

)
∣

∣

∣

e→m,g→n
, (73)

where αT =
√

−i(p+iq)
(e−ig) . It can be checked that CT is the Weyl tensor for the Taub-NUT metric

(69). (Note that we implicitly assumed that the charge e is complex prior to the shift, and that in
going from (68) to (73) the metric dependence in Cµνρσ [F ] also needs to shift from (65) to (69).)

Thus we see that the Ehlers transformation which takes one from the Schwarzschild to the Taub-
NUT spacetime can be seen via the Weyl double copy as a simple duality transformation (72)
(combined with identifying (e, g) with (m,n)) which maps between the two Weyl double copy
curvatures. It is instructive to return to the spinor form of the Weyl double copy (59) in the light of
this (see Section 4 of [59]). The transformation eF → (e−ig)F induces the shifts eF± → (e∓ig)F±.
The Maxwell field strength spinor fAB depends only on the self-dual part of the Maxwell tensor and
thus transforms according to this formula. The scale function e S in (59) transforms to (e − ig)S
and hence the double copy formula yields

mCABCD → (m− in)CABCD , (74)

correctly mapping the Schwarzschild Weyl spinor to the Taub-NUT one.

12



4.3 Type D metrics

The Taub-NUT example considered above is a special case of the general vacuum type D solution
with vanishing cosmological constant [71], as given in [59]:

ds2 =
1

(1− pq)2

[

2i(du+ q2dv)dp− 2(du− p2dv)dq+
P (p)

p2 + q2
(du+ q2dv)2 − Q(q)

p2 + q2
(du− p2dv)2

]

,

(75)
with

P (p) = γ(1− p4) + 2np− ǫp2 + 2mp3 ,

Q(q) = γ(1− q4)− 2mq + ǫq2 − 2nq3 , (76)

where the parameters m,n, γ, ǫ are related to the mass, NUT charge, angular momentum and accel-
eration (see [72] for a discussion of the various limits and definitions which enable the identifications
in different cases).

The single copy Maxwell tensor in this case is the same as the one for the Taub-NUT metric (69).
It is then natural to investigate the Weyl double copy in this case and, indeed, one finds that the
Weyl tensor CD for the type D metric (75) is given by the same formula as that for the TN case:

CDµνρσ := − 4

(1− pq)

(

Cµνρσ[αTF
+
T + (c.c)]

)
∣

∣

∣

e→m,g→n
, (77)

with αT =
√

−i(p+iq)
(e−ig) . Note that the metric (75) enters the right-hand side of (77) so that this

doesn’t simply reproduce CTµνρσ .

One can then ask if an Ehlers transformation will take one from the spacetime with Type D metric
(75) with n = 0, to that with nonzero n. To see this, consider the type D metric gD0

with vanishing
NUT charge. This satisfies

CD0

µνρσ = − 4

(1− pq)

(

Cµνρσ[αSF
+
S + (c.c)]

) ∣

∣

∣

e→m
. (78)

Then if we make the replacements FS → FS − ig
e
F̃S and e → e − ig in the right-hand side of the

above, and shift the metric from gD0
to (75), we find that we reproduce (77).

5 The SL(2,R) transformations

5.1 The spacetime Ehlers group

We would now like to discuss how SL(2,R) transformations act more generally in the context of
the double copy. For this purpose, it will be useful to use a generalisation of the Ehlers procedure
for more general Killing vector fields: the spacetime Ehlers group [73], which we now summarise

13



briefly.6 Given a Killing vector field ξ = ξµ∂µ and one-form W =Wµdx
µ on a Lorentzian manifold

with metric gµν , satisfying the vacuum Einstein equations, the spacetime Ehlers group is defined
in [73] by the transformation

gµν → Ω2gµν − 2ξ(µWν) −
λ

Ω2
WµWν , (79)

where λ = −ξµξµ and Ω2 ≡ ξµWµ + 1 ≥ 1 with the inequality holding over the whole geometry.
Define the twist potential ωµ =

√

− det(g) ǫµνσρξ
ν∇σξρ and the Killing tensor two form Fµν =

2∂[µξν] (note that we have a factor of 2 here, and a factor of 1/2 in the definitions of the (anti-)self-
dual parts of F , in comparison with [73]). Then the Ernst one-form

σµ := 2ξνF+
νµ = ∇µλ− iωµ (80)

is closed, following from the vanishing of the Ricci tensor, and so locally σµ = ∇µσ for some complex
function σ.7

The spacetime Ehlers group is then defined for W satisfying

2∇[µWν] = −4γRe[(γσ̄ + iδ)F+
µν ] , (81a)

ξµWµ + 1 = (iγσ + δ)(−iγσ̄ + δ) , (81b)

where a bar denotes complex conjugation, and γ and δ are non-simultaneously vanishing real
constants, which as a pair fix the gauge of W . After repeated action, the transformation defines
an SL(2,R) group action on the Ernst scalar by the Möbius map

σ → ασ + iβ

iγσ + δ
, where βγ + αδ = 1. (82)

The self-dual part of the Killing tensor transforms as

F+
µν → 1

(iγσ + δ)2

(

Ω2F+
µν −W[µσν]

)

, (83)

where W,σ are the one-forms defined above. The self-dual part of the Weyl tensor transforms as

C+
µνρσ → 1

(iγσ + δ)2
Pαβµν P

γδ
ρσ

(

C+
αβγδ −

6iγ

iγσ + δ

(

F+
αβF

+
γδ −

1

3
Iαβγδ(F

+)2
)

)

, (84)

where in our conventions Iµνρσ = 1
4(gµρgνσ − gνρgµσ + ǫµνρσ) is the canonical metric in the space of

self-dual two-forms and Pαβµν = Ω2δαµδ
β
ν − δαµξ

βWν − ξαWµδ
β
ν . Notice that

F+
µνF

+
ρσ −

1

3
Iµνρσ(F

+)2 =
2

3
Cµνρσ [F

+] (85)

in terms of the definition in (60). The Mars-Simons tensor is then defined as

Sµνρσ = C+
µνρσ −

2

3
QCµνρσ[F

+] , (86)

for a suitable function Q. Finally, as discussed in Section 6 of [73], we note that the vanishing
of the Mars-Simons tensor is maintained under the Ehlers transformation, with Q transforming
appropriately.

6We comment that this paper and work following from it (see for example [74] and references therein) anticipate
some of the formulæ of the double copy - e.g., the vanishing of the Mars-Simons tensor defined below corresponds to
the self-dual part of the tensor double copy, and the spinor form of this can be found in [75].

7This satisfies ∇
2
σ = −(F+

µν)
2. In this construction we do not see a direct emergence of the standard harmonic

“zeroth copy” function, as in the Kerr-Schild formulation.
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5.2 The Taub-NUT case

Let us now consider applying these arguments in the context of the Weyl double copy described
earlier. Starting from the Taub-NUT metric, in the real form (20), consider the Killing vector
ξ = ∂t. Its associated two-form Fµν = 2 ∂[µξν] is

F =
2M

(

r2 −N2
)

+ 4N2r

(N2 + r2)2
dt ∧ dr + 4N cos(θ)

(

M
(

r2 −N2
)

+ 2N2r
)

(N2 + r2)2
dr ∧ dφ (87)

+
2N sin(θ)

(

r(2M − r) +N2
)

N2 + r2
dθ ∧ dφ .

This solves the Maxwell equations on the Taub-NUT background. The single copy of Taub-NUT
was found in [45, 59] and solves the flat-background Maxwell equations. The Ernst one-form is
obtained from its definition

σµ := 2ξνF+
νµ =

2(M − i n)

(r − i n)2
δrµ . (88)

In [73] it was proved that the Ernst one-form is exact, σµ = ∂µσ, and the integration constant can
be chosen such that Re(σ) = −ξµξµ, giving

σ = 1− 2(N + iM)

N + i r
. (89)

Additionally, the fact that (20) has a Weyl double copy structure implies that

C+
αβγδ = − 6

c− σ

(

F+
αβF

+
γδ −

(F+)2

3
Iαβγδ

)

,

(F+)2 = A(c− σ)4 ,

(90)

with c = 1 and A = −(4(M − iN))−1. Next, W is found by solving (81). After this, we can
transform the original metric into (79)

g′µν = Ω2 gµν − 2ξ(µWν) +
ξσξσ
Ω2

WµWν . (91)

In order to interpret this new metric, it is convenient to define polar coordinates in the parameter
space

ρ =
√

δ2 + γ2 , tan ζ =
δ

γ
. (92)

Performing a charge redefinition and a change of coordinates
(

M ′

N ′

)

=

(

cos 2ζ − sin 2ζ
sin 2ζ cos 2ζ

)(

ρM
ρN

)

,

t′ =
t

ρ
, r′ = ρ r +M ′(1− cos 2ζ)−N ′ sin 2ζ ,

(93)

the metric simplifies to

ds′2 = −f(r′)(dt′ − 2N ′ cos θ dφ)2 +
dr′2

f(r′)
+ (r′2 +N ′2)dΩ2

2 ,

f(r′) =
r′2 − 2M ′ r′ −N ′2

r′2 +N ′2
.

(94)
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Hence, it is still a member of the Taub-NUT family. The self-dual part of Fµν transforms as (83).
The integrated Ernst one-form transforms as

σ′ =
1

δ2 + γ2
δσ + i γ

iγσ + δ
. (95)

After the transformation, (90) also holds with

c′ =
1

γ2 + δ2
A′ = − (δ + i γ)4

4(M − iN)
, (96)

in agreement with (54) in [73].

Let us now study the implications for the single copy. The single copy of (20) can be written in
flat spherical coordinates (t̃, r̃, θ, φ) (26)

FT = −M
r̃2
dt̃ ∧ dr̃ −N sin θ dθ ∧ dφ . (97)

Hence, the single copy of the transformed space-time, on the same background reads

F ′

T = −M
′

r̃2
dt̃ ∧ dr̃ −N ′ sin θ dθ ∧ dφ . (98)

Using (93), it can be checked that the transformation in terms of the Ehlers group parameters is

F ′

T = ρ cos(2ζ)FT + ρ sin(2ζ)F̃T . (99)

This corresponds to an electromagnetic duality rotation and a rescaling by ρ. Both transforma-
tions are contained in the electromagnetic duality, where the rescaling can be interpreted as the
transformation of the gauge coupling [63]. The zeroth copy is affected similarly, transforming using
M →M ′, N → N ′, leaving the double copy structure intact. The Weyl double copy

C+
µνρσ =

2

σ+
Cµνρσ [F

+] , (100)

where F
′+ is the self-dual part of the transformed single-copy Killing tensor and σ+ = σ − c =

−2(N+iM)/(N+ir), is preserved: (100) transforms directly to the double copy in the transformed
spacetime

C
′+
µνρσ =

2

σ+′
Cµνρσ [F

′+] , (101)

where F+ is the self-dual part of the single-copy Killing tensor, now defined using the shifted
metric (and the same Killing vector, although note of course that the co-vector differs in the new
spacetime), and the transformed Ernst scalar is

σ
′+ = − 2(M − iN)

(γ − iδ)(2γM +N(δ − iγ) + r(iδ − γ))
. (102)

We see that in terms of the action on the fields, a restricted set of the SL(2,R) transformations act
in this case, and the orbit is within the Taub-NUT class of metrics. The two degrees of freedom
are realised by the rotation parameter ζ and scaling ρ.
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5.3 More general Type D metrics

Now we may consider the general class of metrics given in (75). One has the Killing vectors
U = (1, 0, 0, 0) and V = (0, 1, 0, 0). Defining the Killing forms FUµν = 2∂[µUν], F

V
µν = 2∂[µVν], we

find that these are simply related to the single copy Maxwell tensor (70) by

FT =
1

2

(

FU + iF̃ V
)

, (103)

which is equivalent to F±

T = 1
2F

U±iV . The double copy is then a formula of the form of the
vanishing of a Mars-Simons tensor:

C+
µνρσ =

1

σU+iV
Cµνρσ[F

(U+iV )+]|e→m,g→n , (104)

with the Ernst scalar given by

σU+iV = − i(1− pq)(m− in)

p+ iq
. (105)

The metric (75) is complex, as is the relevant Killing vector U+iV . The derivation of the equations
(81) relies on a real Killing vector and so cannot be used directly in this case. Thus consider instead
the real form of the metric

ds2 =
1

(1− yr)2

[

− ∆r

Σ
(dt+ y2dψ)2 +

∆y

Σ
(dt− r2dψ)2 +

Σ

∆r
dr2 +

Σ

∆y
dy2

]

, (106)

with Σ = r2 + y2 and

∆r = k(1− r4)− 2mr + ǫr2 − 2nr3 ,

∆y = k(1− y4) + 2ny − ǫy2 + 2my3 . (107)

Defining the single-copy Maxwell tensor

F =
1

(r2 + y2)2

[

(

2nry −m(y2 − r2)
)(

dt+ y2dψ
)

dr +
(

2mry + n(y2 − r2)
)(

dt− r2dψ
)

dy
]

, (108)

then the Weyl double copy is given by

C+
µνρσ =

16(iy − r)

(m− in)(1− ry)
Cµνρσ[F

+] (109)

and its conjugate.

Now consider the Killing vector K = ∂t. The solution of the equations (81) here is more involved:
these are solved by W = (Wt, 0, 0,Wψ)− (1− δ2, 0, 0, 0) with

Wt =
γ

(ry − 1)4(r2 + y2)

[

4γm2(y4 + 1) + 4γn2(r4 + 1)

+ 4n
(

− γe(r3 + y) + γk(r5 + r3y2 − 3r2y + 2r − y3) + δr(ry − 1)3
)
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+
(

(r2 + y2)(γe2 + 2γek(y2 − r2) + γk2(r4 + 2r2y2 − 8ry + y4 + 4) + 4kδ(ry − 1)3
)

− 4m
(

γe(r + y3)− γkr3 + γkr2y3 − 3γkry2 + γky5 + 2γky − 2γn(r2 + y2)

+ δr3y4 − 3δr2y3 + 3δry2 − δy
)

(110)

and

Wψ =
2γ

(ry − 1)3(r2 + y2)

(

2γk2(r4 − y4)− 2γm2ry3 − 2γm2y2

+ k
(

− 2γery(r2 + y2) + 2γmy2(r3 + ry2 + 2y) + δ(r5y − r4 − ry5 + y4)
)

+ 2nr
(

γ(−e)ry + γkr(r2y + 2r + y3) + δy(r4y − r3 + 2r2y3 − 3ry2 + y)
)

+ 2γemry2 − 2δer4y2 + 3δer3y − δer2 − 2δer2y4 + 3δery3 − δey2

+ 4δmr4y3 − 6δmr3y2 + 2δmr2y5 + 2δmr2y − 2δmry4 + 2γn2r2(ry + 1)
)

, (111)

with the Killing tensor here Fµν = 2∂[µKν] and

σ =
1

(r − iy)(1− ry)2

(

(r − iy)
(

e+ k(−r2 − 2iry + y2 + 2i)
)

+ 2im(y2 + i)− 2n(r2 − i)
)

. (112)

The shifted Maxwell tensor is given by (83) and the new metric by (79) with W and σ given by
the expressions above. Whilst this will lead to an SL(2,R) action on the original solution, we note
that the single-copy Maxwell tensor is not equal to the Killing tensor obtained from the Killing
vector K = ∂t. It would appear from this that one can either have the double copy arising from
a complex Killing vector but without the SL(2,R) action as described in [73], or can keep the
group action based on a real Killing vector but without the double copy being preserved. We have
seen above that this issue does not arise for the Taub-NUT solution, which is a certain limit of
the metric (75); in addition, some more recent work has studied complex Killing vectors and their
Mars-Simon tensors [76,77]. It may thus be worth exploring this case further.

5.4 The Eguchi-Hanson metric

It is of interest to consider a Riemannian metric example and we turn to the Eguchi-Hanson metric

ds2 = 2dudv − 2dXdY +
λ

(uv −XY )3
(vdu −XdY )2 , (113)

with coordinates (u, v,X, Y ) and constant λ. The single-copy (self-dual) Maxwell tensor is [46, 59]

F =
2λ

(uv −XY )3

(

(uv +XY )(du ∧ dv − dX ∧ dY )− 2vY du ∧ dX + 2uXdv ∧ dY
)

. (114)

Consider the Killing vector
Kµ = (u,−v,−X,Y ) (115)

and Killing two-form
Kµν = 2∂[µKν] . (116)
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The single-copy Maxwell tensor is then given by

Fµν = K+
µν . (117)

We have the relations

σ+µ := 2KνK+
νµ = ∂µσ

+ , σ−µ := KνK−

νµ = ∂µσ
− , (118)

with

σ+ = − 2λ

(uv −XY )
, σ− = 4(uv −XY ) . (119)

We now consider the equations (81) with σ → σ+, σ̄ → σ− and ξ the Killing vector (115). These
are solved by

Wµ = −
( 8λγ2

uv −XY
+ 2iγδ

)

(v,−u, Y,−X) − 2iλγδ

(uv −XY )2
(v, 0, 0,−X)

− (1− 8λγ2 − δ2)

(

1

u
, 0, 0, 0

)

. (120)

The new metric is given by (79) with W given by the expression above. This is a complicated
expression which we will not reproduce here. We have checked that this is Ricci-flat. The single-
copy Maxwell tensor K+

µν transforms in the same way as F+ in (83), and the transformation of its
dual is the conjugate of this. It can be checked that the transformed tensors are (anti-)self-dual
with respect to the transformed metric (79), and agree with the new Killing two form obtained
from (116) using the same Killing vector (115) but with the index lowered with the new metric.
Considering the Weyl tensor, we have the double copy relation for the Eguchi-Hanson metric

CEHµνρσ = −uv −XY

λ
Cµνρσ[K

+] , (121)

whereK+ is the single copy Maxwell tensor (117). Note that the Weyl tensor for the Eguchi-Hanson
metric is self-dual. We find that the equivalents of (119) in the transformed metric are

σ
′+ = − 2iλ

(2γδλ+ iδ2(uv −XY ))
, σ

′
− =

1

(4γ2(uv −XY ) + iγδ)
, (122)

and that the double copy relationship is preserved by a general transformation, with

C
′
±

µνρσ =
2

σ′±
Cµνρσ [K

′
±] . (123)

To gain some insight into the action of SL(2,R) in this example, consider the transformations with
δ = 0. The shifted Maxwell fields in this case are given by

K
′+ =

1

2λγ2

(

− du ∧ dv + (1− 8λγ2)

u
du ∧ d(XY )

)

− 4dX ∧ dY (124)

and

K
′− =

−uv +XY (1− 16λγ2)

4(uv −XY )3γ2
du ∧ dv + Y (uv −XY + 8λγ2(uv +XY ))

4u(uv −XY )3γ2
du ∧ dX (125)
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+
X(1− 8λγ2)

4u(uv −XY )2γ2
du ∧ dY − 4uλX

(uv −XY )3
dv ∧ dY +

2λ(uv +XY )

(uv −XY )3
dX ∧ dY .

For the transformed metric in this case, from (123) the new Weyl tensor is now anti-self-dual
and obeys the double copy relationship C

′−
µνρσ = 8γ2(uv − XY )Cµνρσ [K

−′

], where K−′

µν is the
shifted Maxwell tensor given in (125). When the parameter γ satisfies 8λγ2 = 1 we find that
K

′−
µν = −K+

µν (note that the dual of a tensor is defined with respect to different metrics on the two
sides of this equation). Thus the roles of the electromagnetic fields E and B are exchanged by this
transformation. The new metric is given simply in terms of the original Eguchi-Hanson metric by
the interchange of (u, v) ↔ (X,Y ). The double copy relations are consistent with this. It would be
interesting to follow up with a full study of the action of the transformations when δ 6= 0.

5.5 Higher dimensions

Higher-dimensional double copies can be studied via a direct application of the formula (62), but it
should be kept in mind that in many cases of interest there is more structure in higher-dimensions
that may play a key role in consideration of double copies. The review [78], for example, sum-
marises work on symmetries of higher-dimensional Kerr-NUT-(A)dS black hole spacetimes. These
symmetries are linked with the presence of Killing and Killing-Yano tensors, which feature strongly
in the discussion of the special properties of these spacetimes, such as their algebraic type, the
integrability of geodesic motion, and separability of the Hamilton-Jacobi, Klein-Gordon, and Dirac
equations. The fundamental Killing object in these discussions is the “principal tensor” h, which
generates a complete set of explicit and hidden symmetries and uniquely determines the geometry
of the Kerr-NUT-(A)dS metric.

The principal tensor, and those other tensors generated by it, might be expected to also play a role
in defining tensor double copies for such spacetimes in higher dimensions. If so, we would expect
a relationship between any Maxwell tensor (or other two forms to be used in the double copy) and
the principal tensor and its descendants. This might first be investigated in four dimensions. In
the four-dimensional spacetime (75) discussed above, with the two null co-vectors

K = du+ q2dv ,

L = du− p2dv , (126)

the Maxwell single copy gauge field is given by

A =
1

p2 + q2

(

g pK + e qL
)

. (127)

Its field strength is given by (70) above, i.e.

F =
1

(p2 + q2)2

(

αdpK + β dqL
)

, (128)

with α = −2 epq − e (p2 − q2), β = −2 gpq + e(p2 − q2). The principal tensor h and its dual for this
case are given by [78]

h =
1

(1− pq)3

(

p dpK − q dqL
)

,
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h̃ =
1

(1− pq)3

(

q dpK + p dqL
)

. (129)

One can check that the Maxwell single copy (128) can be expressed in terms of the principal tensor
as

F = ah+ b h̃ , (130)

where a = Ω3(−3pq(gp+ eq) + gq3 + ep3) and b = Ω3(−3pq(ep− gq) + eq3 − gp3), with Ω = 1−pq
p2+q2 .

Curiously, the factors in the coefficients a, b (with e → m, g → n) also appear in some of the
components of the Weyl tensor. The result (130) implies that this four-dimensional Weyl double
copy can be written purely in terms of the principal tensor. It would be interesting to explore
higher-dimensional Weyl double copies by seeing how the principal tensor and its descendants, the
related Killing tensors, along with the Maxwell tensor where this is independent, might be used in
formulæ like (62) to map to the Weyl tensor; spinor analogues might also be explored of course.

Discussion

We have explored the double copy formalism in the context of solution generating symmetries in
relativity, and in particular how these symmetries in general relativity are related to hidden or
duality symmetries in the single copy gauge theory. We have used two complementary techniques,
the Kerr-Schild and the Weyl double copy formalisms, and have seen in a number of cases that the
transformations in the gauge theory and the corresponding transformations on the gravity side are
such that the double copy structure is preserved. This seems to us further evidence that the double
copy is beyond just a perturbative symmetry for amplitudes but a fascinating relation between
gravity and gauge theory.
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