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Abstract

This work concerns of the effects of the variation in the masses for two attracting bodies on the orbiter orbital
elements. The formulation of the problem was done in the frame of Hamiltonian mechanics. Moreover,
constructing the Hamiltonian function of the varying masses of a binary system including, periastron effect, in
canonical form in the extended phase space, up to third order of the small parameter «; to be able to solve
using canonical perturbation techniques. The Hamiltonian is explicit function of time through the variable
masses, so we will extend the phase space by introducing two canonical variables ¢, and ¢ represents the
change of masses while L, and Ls are represent their conjugate momentum. Finaly we will drive the new
Hamiltonian in the extended phase space.
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1. Introduction

The problem of the two bodies with varying mass has roots going back in the history since the middle of the
19th century. The comprehensive work done by many scientists in this problem was using the Newtonian frame
of work. Dufour (1866) he is the first one who examine the astronomical phenomenon of variable mass by
relating the secular variation of lunar acceleration with the increase of the Earth mass due to the impact of
meteorites. After that, Gylden (1884) set out the solution to the system of differential equations which describes
the two-body motion when the masses are subject to variations.

Rahoma et al. (2009) was introduced paper concerned with the two-body problem with varying mass in case of
isotropic mass loss from both components of the binary system. The law if mass variation used gives rise to a
perturbed Keplerian problem depending on two small parameters. The problem is treated analytically in the
Hamiltonian framework and the equations of motion are integrated using the Lie series developed and applied
separately by Delva (1984) and HansImeier (1984). A second order theory of the two bodies eject mass was also
constructed, returning the terms of the rate of change of mass up to second order in the small parameters of
the problem.

M.l.EL-Saftawy, Amirah R. AL-Gethami(2014), in their work, the Hamiltonian of the two body problem with
varying mass was developed in the extended phase space taking into consideration the periastron effect. The
short period solution was obtained through constructing a second order canonical transformation using "Hori's"
method (Hori, 1966) developed by "Kamel" (Kamel, 1969). The element s of the transformation as well as the
invers transformation were obtained too. The final solution of the problem was derived using "Delva-

Hanslmeier" method.
M..EL-Saftawy, F.A.Abd EL-Salam,(2017), the model of varying mass function, including periastron effect in terms

of Delaunay variables was expanded. The Hamiltonian of the problem is developed in the extended phase space
by introducing a new canonical pair of variables (q4, Q4). The first "q,"is defined as explicit function of time and
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the initial mass of the system. The conjugate momenta "Q," is assigned as the momenta raises from the varying

mass. The short-period analytical solution through a second-order canonical transforming using "Hori's" method
developed by "Kamel" is obtained. The variation equation for the orbital elements are obtained too. The result
of the effect of the varying mass and the periastron effect in the case of n = 2 are analyzed.

2. Formulation of the problem.

The Hamiltonian for the two-body problem expressed in term Delaunay variables, which derived firstly by
Deprit, A. (1983), is:

2

H(f L Lt :—Zﬂ—Li+§L1esin E,

where the usual Delaunay Variable defined by:
¢, =Meananamoly ,/, = ,/, =Q,L, =\/ua ,L, =L\1-€° and L, =L,cosl

Where, a, e, |, @ and 2 are the calsical orbital elements. ,€'is are considered as the coordinates, while Lis

are their corresponding conjugate momenta. The variation of u be retained from the two masses m, and m,

The Hamiltonian H is depending implicitly on time through the variable mass p and its time derivative ( £ ).

Andrade and Docobo, in 2004, introduces a law for the rate of change of mass including the periastron effect
which is modified to be in terms of orbital elements as:

a(rtu)=—ou" —ﬂ%(%)

Where o and g are real numbers positive proximate to zero while n varying between 1.4 and 4.4.

Substitute frome the second equation into the first one we get:

— 1B By Leing gl (@)
H= 2L%+uLlesmE B ) (r) SinE @)

Whel’e, H = Thl + Thz.

With the help of Jeans law (Jeans 1924,1925)

mk = —akm:k, (k:112)1
which yields:
L= —a;mit — a;m,?.

We can expand the function u about its value at time t,, up to 3°% order, to be:
1. 1 .. 1..
p=po+a| (6= 1to) + pilemey (¢ = t0)* + Sfile=g (E = £0)* + - )
t=to ! !

Where the required derivatives are,
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. _ ng ny
ﬂlt:to = —amy, — axm,,

.. _ 2ny-1 2ny-1
Ale=t, = a1n1m10 + aznzmzo

3ni—-2 3n2 -2

Ele=ty = —ain;2ny — Dmyy* " — adn,(2np, — 1) my,

then Eqn. (2) can written as:
1= po — (aymid + aymy2)(t —to) += (azlnlmzn1 Yt aZnmipr Tl - te)? + % [-adn,(2n, —
DM — ajn,(2ny — D)mig?” 2](t —t)% + (3)

From which we can calculate p? and %needed in Eqn.(1). Squireing Eqn. (3), retaining termes up to
0(a}), we get:

1 2 -1
o P = pg = 200 (alm;lé + azm%)(t to) + aj (nlﬂomlnl nl)(t —to)* +a3 (nzﬂomzo +
2 3 1 3 1
ngz)(t — t0)? + 2@ a,mipmy2 (¢ — to)? + af(nymyp” )(t —t0)® +aj(nymye? )t —to)® +
1 2n,—1
a? ay(nymiy T mi2) (t — o) + a2 ay(nymig? 'ml)(t — to)? + 0> af)

4)
Now, calculate the quantity %for the second term of the Hamiltonian.

i thatig Ny
i mirm, — (a1m1 + a,m,?) (5)

Let us expand Eas function of t around t = ty, as:

i i n 1d @ i
o= —| +2 g, (E—to)
t=tg : Hle=t,

Calculating the required derivatives and retaining termes up to 0(a?), we get:

2n,-1 2nq

- (a1m10 + aZm ) +—= 2 (t to)[a1 (Honlm —my, ) + a%(ﬂonzmz nz-1 2ny

— My

2nq

[
u
( 2n,

205105277110"120)] +2 p (t— tO) {a?(—2udmigt) + a3 (- 2,uom ) + aya,(—4pudmiimy?) +
3n,-1

3n,-2 2
ay [—y0n1m1 - ﬂon1(2 ny — 1)m o+ Z.UOnlm ol Zﬂomw] + az[ .“onzm -

2ny— 2nq— 2n,-1

udn,(2n, — 1)m3n2 24 2uin,myy? T — 2ugm, ] + a;i aZmZO[ udnymig T4 2uinymigt — ZMOm% -

Apgmiy| + adaymiy[—pinymiy Tt + 2pdn,mig Tt — 2ugml — 4,uom2"2]}

Last, we substitute the value of %and p? and u into the Hamiltonian we get:

H= Tz {#0 2.“0(0-’17”10 + azm )(t to) + af (nlﬂomlnl t+ 2n1) (t—to)* +
1y 2"2)(1:—t) + 2a a,myim;, (1,“—t)2+013(nm3n1 1)(t—t)3+

0 142 20 0 1 1 0
2, )(t —to)? + af ay (nymig? i mi) (t — to)3} +

az (nzliomzo
a3 (nymip?~ 1)(t — t0)® + a? ay(nymy,

——(almm + aymy, ) ta Lt = to) [a2(uonymZi ™ — m2Pt) + a2(uonymig? ™t — m22) —

2nq

) + a%( 2;10m20 ) + alaz( 4/40m10m20) +

3np-1 _

(2ayaymiim; )] + o3 : (t — to)*{a?(—2u3m;,

aj [_#0n1m1 - #0”1(2 ng — 1)m3n1 2+ 2Hon1m1o Zﬂomw] + az[ Hgnamy,
3ny,—2 -

uiny (2 ny — DmSp2 ™% + 2udn,m2p2 ™ — 2uemy2| + ala,myz[- penym T+ 2pu2nym2 Tt — 2uomid

.

2nq 2 nq 2 2n,-1 2 2n,-1 ny 2n, .
4pomy, ] + a; ozlmlo[—uonzm20 + 2ugn,my,° T — 2pem,g — 4uems, ]}} L,esinE —
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Lye 2n,—1 2 1
[)’%{ug — (a@ymid + aymy2)(t —to) +5 (alnlm Tt adn,myg? )t —te) 4= [—al n,(2n, —

1)7’113111 2 azny(2n, — 1) m3n2 2](t - t0)3} (;) sink - (6)

Finaly, if we assume a4, a,and B, have the same order of magnitude, then we will write the Hamiltonian,
up to order 2, in summation form:

H=3},H, @)
2
] 7
0 212 (7.1)
H = 2211 Hy; (7.2)
Hy=a [”0 10 (t—ty) — m— LlesmE] (7.2.1)
Ho mya
le =, [ L:ZLZO (t - to) ——=20 LleSlnE] (722)
2
Hys = —B “OLL;e (E) sink (7.2.3)
Hz = Zi5=1 HZL (73)
Hy = 0(12{ (711#0"11n1 T+ an)(t —te)? + [(Monlmlnl - mff)“)(t —to) — mff)“(t -
to)z]LlesinE} (7.3.1)
Hy, = a3 { (n2ﬂ0m2n2 4 2n2)(t — ty)? + - [(Honzmz 2t m%‘z)(t - to)—m%‘z (t-
to)z]LlesinE} (7.3.2)
1 1 )
Hys = —ayat,(2m™im2 {; (b= t0)? + oz (6~ to) + (¢ - to)?]LyesinE} (7.3.3)
L C
Hy, = Bay LZ: mya(t —to) (%) sinE (7.3.4)
L C
Hys = fBa, LZ: mya(t —to) (2) sinE (7.3.5)
Hs = Y7, Hy; (7.4)
1 —
Hsy = af {_ 212 ( 3n1 1)(t —t)® + f‘; (t - to)z[_ﬂgnlm%ll 1- pony (2 ny — 1)m3n1 Tt
2uén,mipt — Zuoml(}]LlesinE} (7.4.1)
1
H3p = a%{ 20z (n2m3n2 1)(t —to)® + il (t- to)z[—#onzm%z t—uin,2n, - 1)m3n2 24
2uén,mig? " — Zuong]LlesinE} (74.2)
Hyy = alazz{ (anan mi)(t - to)® + —4 (t — to)?mia[—pdnymin> ™ + 2uin,mig> "t —
2uogmyZ — 4,uom20 ]LlesmE} (74.3)
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H3y = azalz{ 202 (nlman 1m20)(t —to)® + _4 (t — to)*myz[— #(2>n1mfo + Zﬂonlmzn1 t-

2pomt — dpgm’y ]LlesmE} (7.4.4)
Hys = Bt {~ 2 (nam ) (¢ = 0007} (2) sinE (7.45)
Hys = Baf {~ 325 (nom3g* ™) (¢ — to)?] (&) sinE (7.4.6)

3. Development of the Hamiltonian:
Since the Hamiltonian H is explicitly time dependent, we will develop the Hamiltonian of the problem by
introducing a new two pairs of canonical variables (4,,L,) and (5, Ls). €, and €5 are the rate change of mass
and L, and Lg are represent their conjugate momentum. The new variable are defined as:
t,=mil(t—t) - £, =mpd
and,

=my2(t—ty) - fs =m,?

From Hamilton's equations of motion, we have:

0K

b= o= mig > K= miL,+F(¢;,L)
bo=2K=m™ S K=mlL+F(f L)
5 dLs 20 2075 =i

Where F(¥;, L;) is arbitrary function of the old variables and momenta. We can choose it to be the old
Hamiltonian.

The new Hameltonian, K, in the extended phase space, up to second order, is given by:

K =3 K ®)

where,

Ky = 2L2 + mig Ly +my2 Lg (8.1)
Ky =¥ Ky (8.2)
K, = ’Z—%&, — mﬂ—? LlesinE] (8.2.1)
Ky, = a, [‘:—gfs - ’”ﬂ—gf LlesinE] (8.2.2)
Kys = —ﬁ%(g)z sinE (8.2.3)
K, =Y7 Ky (8.3)
K, = af{ 2; (nl’:’ + 1) £+ #i% (:lnl—foo - 1) myal, — {’i] LlesinE} (8.3.1)
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— 2 1 (2o 2 4 1 [(r2ko _ N2p _ p2 ;
Ky, = a3 { 2z (mzo + 1) £E + P [(mzo 1) Myets 1‘,’5] LlesmE} (8.3.2)
K, = —Zalaz{ L4ls + [m20 + #s]LlesmE} (8.3.3)
2
Koy = By % Lee p (“) sink (8.3.4)
2
Kaos = By % 5 (%) sink (8.3.5)
K3 = Zi6=1 Ks; (8.4)
_ 3y m 3, t3lie #0711(2—"1;1&)_#5“1(2711—1)771;1(} 2
Kz =« { Y €5 + " [ — — T sinE (8.4.1)
_ 3 ny L1e 2 0712(2—"1%) _#5“2(2 ny—1) mgg 2 |
Ky = az{ ) 1 42 [ — 2 ]| sint (842)
Kys = aya? {—szg £, +122 [uonz ™0 g2 _ 20,05 — 4 {’2] smE} (843)
2mgyo LT
2 ny 2 Lie My )2 n2 p2| o
K34=a20(1 _mf4€5+m 'uonlm_w €5—2£’4€5—4m20 ’E4_ sinE (844)
_ 2 Longe 2 a 2 .
Kyg = ﬁal{ T &,} (r) sink (8.4.5)
Ko = P {~ 22122 21 (4) sinE (8.4.6)

Conclusions

We obtained in this work the third order Hamiltonian for the tow body problem with varying mass including
periastron effects in the extended phase space in terms Delaunay varriabels. The Hamiltonian was developed to
be able to solve the system using one of the canonical perturbation techniques introduced by many authors
such as Von-Ziple, Horis, Depri, or Kamel. In the Hamiltonian, there is defferent parties determine different
effects. The part, K3, is rising from the variation of mass of the body have the small parameter a; while Kj, is
rising from the variation of mass of the body have the small parametera, . The Hamiltonian part K;5 is rising
from the coupling between second order variation of mass of the body have the small parameter a;and first
order variation of mass of the body have the small parameter a, .. The Hamiltonian part K3, is rising from the
coupling between second order variation of mass of the body have the small parameter a,and first order
variation of mass of the body have the small parameter «; . Finally, K5, and K35 arising from the periastron effect
with the second order of variation of mass for m; and m, respectivily.
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