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ABSTRACT

The paper presents geometric derivations of Jensen's and Hermite-Hadamard's inequality. Jensen's inequality is further
involved to a concept of quasi-arithmetic means. Hermite-Hadamard's inequality is applied to compare the basic quasi-
arithmetic means, power and logarithmic means.
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1. INTRODUCTION

Some research fields close to mathematics in the basis of their work use estimations between the two superior states

expressed by the numerical values a and b . sowe are talking about the means ranging between a and b, concerning
inequalities in mathematics and entropies in applied sciences.

The branch of mathematical inequalities is focused to convex sets and convex functions of a real linear space X . A set
A < X is convex if it contains the line segments connecting all pairs of its points (all binomial convex combinations

oA +a, A, of points A, A, €A and non-negative coefficients ¢, &, € R satisfying o, + ¢, =1). A function

f : A — R is convex if the inequality

flaA+a,A)<af(A)+a,f(A) @

holds for all binomial convex combinations in A .

Within the concept of convexity, we also use an affinity. A set A < X is affine if it contains the lines passing through all

pairs of its points (all binomial affine combinations o, A +a, A, of points A, A, € A and coefficients &, o, € R
satisfying @, + @, =1). A function f :. 4 — R is affine if the equality holds in equation (1) for all binomial affine
combinations in A .

Using the mathematical induction, it can be proved that a convex set contains all finite convex combinations of its points,

and that every convex function satisfies the inequality in (1) for all finite convex combinations in A . Similar is true for
affine sets and functions.

2. JENSEN’S INEQUALITY

We want to present the famous Jensen's inequality (see[9]) by using the convex polygon.

Let numbers @,,...,d, belong to the domain of a real convex function f . Take the corresponding graph points

A =(a;, f(a)). Their convex hull
A=cond{A,...,A} @)

is convex polygon inscribed in the function epigraph
epif ={(x,y):y = f(x)}. 3)

- . . - . n . . n
If &,..., &, are non-negative coefficients satisfying Zi-lai =1, then the planar convex combination zi_laiA , that

is, its center

A= Z:ﬂai A= (Z:zlaiai ’Z?:lai f (ai )

belongs to the polygon A . Therefore, it must be that

n n
f (Zaiai j <D f(a), @)
i=1 i=1
as can be seen in Figure 1. The inequality in equation (4) represents the discrete form of Jensen's inequality.

Remark 2.1. 1 If the function f is strictly convex, then all the points Ai are vertices of the convex polygon A .

Example 2.2.2 The application of Jensen' inequality to the function f(X)=—INX and the arithmetic mean

(1/2)a™ +(1/2)b™" where @ and b are positive numbers, yields the harmonic-geometric mean inequality
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2ab
<ab (5)

because

f[la-ulb-lj_m:ib Liay+ —f(b 1) = In/ab.
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Figure 1. The geometric presentation of equation (4)

To get the integral form of Jensen's inequality inequality, we take an interval [@,b] where a <D, and include an
integrable function g :[@,b] = R. we assume that the image of  is contained in the domain of f ,and f(Q) is
integrable. Given the integer N, we take the points &, = g(X;) where X.=a+(b—a)i/n assuming that
X, =a, and the coefficients «,; =1/n=[x,—X.,]/(b—a). Substituting &, and @, in the inequality in

equation (4), we get

f (leai[Xni _Xni—l:l g (Xni )J = ég[xni _Xni—l:l f (g (Xni ))’ (6)

i=1

and letting N to infinity, we obtain the integral inequality

2 Lawax < 211 (a00)e "

The importance and applicability of convex combinations dealing with inequalities can be seen in [13].

3. HERMITE-HADAMARD’S INEQUALITY

First we would like to derive the well-known Hermite-Hadamard's inequality (see [8] and [7]) in a simple way. For this
purpose, two lines will be used.

Let & and b be real numbers such that a <b, and let f :[@,b] — R be a convex function. Let f{g’]g} be the function

of the chord line passing through the points A(a, f(a)) and B(b, f(b)). Let C € (a,b) be an interior point, and let

f{scgp be the function of some support line passing through the point C(C, f (C)). Then the inequality

for (X) < f(x) < f25 (%) (8)

holds for every X €[@,Db]. Integrating the above inequality on the interval [@, 0], we obtain
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w [ a+h b oo [(A+D
(b—a)f{c}p[%js Lf(x)dxé(b—a)f{a'jb}(%) ©)

as evidenced by Figure 2 (it is obvious that the area of the curvilinear trapezoid is between the areas of the support and
chord trapeze). Applying the midpoint C = (a+b) /2 to the support line, and using the affinity of the chord line, we have

Fan (a+bj: f(a+bj’
30 2 2

cho a+b —_— 1 cho 1 cho —_—
oy (T) =5 i (@) + > fao (0) =

and

f(a)+ f(b)
-

Involving the above equalities to equation (9), and dividing with b —a, we achieve the Hermite-Hadamard inequality

f (a—_'_bjﬁi bf(x)dxgwl (10)
2 b—a-a 2
The discrete form
f[aTerjssz(ai)sM. 1)
i=1

n

holds for every convex combination C = Zi:laiai of points &, €[a,b] with the center ¢ = (a+b)/2.

»

Jin

Jla)

Figure 2. The geometric presentation of equation (9)

Remark 3.1. 3 The support trapeze area on the left side of equation (9) attains the maximal value at the midpoint

c=(a+hb)/2.

Example 3.2. 4 The application of Hermite-Hadamard's inequality to the exponential function f (X) =€* on the interval

[Ina,Inb] where 0 <a<Db, yields the geometric-logarithmic-arithmetic mean inequality

\/%S b-a Sa+b (12)
Inb—Ina 2

because
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f(lnazlnbjzﬁ1 IILn:edezb—a, f(Ina)Jer(Inb) :a;b'

4. QUASI-ARITHMETIC MEANS

Every convex combination C = Z latlaI of numbers @; such that &, =a<a,, = b can be reduced to the

binomial form € =aa+ fb, where a =(b—-c)/(b—a) and S = (c—a) / (b—a). So, the means between the
two given numbers are preferred. To generalize a notion of the arithmetic mean of numbers a and b, we use a strictly

monotone continuous function ¢@:[a,b] & R assuming that @ <D. Theorem 4.2 indicates the way in which two
specific means can be compared, and it is the main section result.

The discrete quasi-arithmetic mean of the numbers a and b respecting the function @ is defined by the number

M*(a,b)= ¢ (Mj 13)

The integral quasi-arithmetic mean of the numbers a and b respecting @ is the number

Mz @) =0 (1 [omex| aa

b—a
The discrete or integral quasi-arithmetic mean M (@,b) is in [a,b] because the numbers in parentheses are in
¢([a,b]) . These means satisfy the affinity property, that is, the equality

M,,.,(@b)=M (ab) (15)

holds for every pair of real numbers ¢ # 0 and f3.
According to the right inequality of the Hermite-Hadamard formula in equation (10), we have the inequality
int dis
M ™ (a,b) < M (a,b) (16)

if @ is either convex and increasing or concave and decreasing, and the reverse inequality if ¢ is either convex and

decreasing or concave and increasing.

Lemma4.1.5 Let T :[a,b] = R be a convex function. Let [C,d] < [a,b] be a subinterval such that ¢ < d and

c+d a+b
e (17)
2 2
Then
f(c)+ f(d) < f(a)+ f(b) (18)
2 2
and
1 d 1 b
— | f()dx<—| f(x)dx. 19
], FOodes—[11 (9 (19)

Proof. Let us prove the integral inequality in equation (19). Put A =][c,d], |A|=d—-c, B=[ab] and
| B |: b-a. Assuming equation (17), and applying the affinity of the function f{g]g} , We obtain the equalities

T (x)dx. (20)

cho —_ 1 cho —
f{cd}(x)dx_ﬁj f{cd}(x)dx |B\A|IB\A fc.d

il
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Using equation (20), and the fact that T (X) < f{‘;hg}(x) forall Xe A as well as f{‘;hg}(x) < f(X) forall xe B\ A,
we get
1 cho 1 cho
i’ feodx < |A|j fh, (x) |B\A|IB\Af{°d}( )dx
1 (21)

IA

B jmf (x)dx

Now the binomial convex combination

Al | B\ A| 1
et 000 |B|(|A|I f0)d J H (|B\A|IB\A”X)O'X) @)

provides the inequality in equation (19). O

Relying on the above lemma, we can prove the next rule for comparison of discrete or integral quasi-arithmetic means

M,(c,d) and M _(a,b).

Theorem 4.2. 6 Let @:[a,b] — R be a strictly monotone continuous function. Let [C,d] —[&,b] be a subinterval
such that < d and

c+d _a+b
—a (23)
2 2
If @ is either convex and increasing or concave and decreasing, then
M,(c,d) <M, (a,b). (24)

If @ is either convex and decreasing or concave and increasing, then the reverse inequality is valid in equation (24).

| M (a,0))

ol M _(a,0))

pla) WM (0, b)) olby f

Figure 3. The graphic presentation of equation (25)
Having two strictly monotone continuous functions @, :[a,b] — IR, we say that the function ¥ is ¢ -convex if the

composition function !//((0_1) is convex. In order to compare quasi-arithmetic means |\/|¢ and Mu/' we rely on the

details presented in the following theorem.
Theorem A. 7 Let @, :[a,b] &> R be strictly monotone continuous functions.

If i is either @ -convex and increasing or ¢ -concave and decreasing, then

M,(a,b)<M, (a,b). (25)
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If W is either @ -convex and decreasing or ¢ -concave and increasing, then the reverse inequality is valid in equation
(25).

The inequality in equation (25) is strict if i/ is either strictly @ -convex or strictly ¢ -concave. To prove Theorem A we

apply Jensen's inequality to the convex or concave function f = w(¢_l). Different forms of quasi-arithmetic means
have been considered in [12].

The quasi-arithmetic mean inequality in equation (25) is graphically presented in Figure 3. The point
M(p(M,(a,b)), (M, (a,b))) is located at the chord line in the discrete case, and M is located between the
curve graph and chord line in the integral case.

5. POWER AND LOGARITHMIC MEANS

Power means are investigated and used as a special case of quasi-arithmetic means. These means apply the power

function ¢(X) =x". Logarithmic means arise by continuous extending of power means. The main result of the section is
the presentation of Theorem 5.2 determining the order of power and logarithmic means.

Take positive numbers @ and b , and consider the discrete mean

1
. ar +br T
MAIS g py=| 22 (26)
P(x)=x 2
with the exponent I' # 0. Calculating the limit as I' approaches O, we get the power means of order I in the form
1
a'+b" |
= — |, =
M. (a,b) = 2 .
Jab , =0

The known members of the mean collection M, are harmonic mean H =M ,, geometric mean G =M,, and

@7)

arithmetic mean A= M, .
Now take different positive numbers @ and b, and consider the integral mean
1 L
i 1 b -1 a"—p" [
M int ., (ab)= —I xaxX | 5] —i (28)
PN b—a-’a r(a—b)

with the exponent I # 0,1. Calculating the limits as I approaches 0 and 1, and the limit as b approaches a, we get
the generalized logarithmic means (see [17]) of order I' as

a b Cr201 , azb
r(a—b)
a-b
_ , r=0 , a=#b
L. (a,b)=1Ina-Inb : (29)
1
a Jab
l{a—b} , r=1 , a=#b
el b
a , a=bh
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The important means of the collection Lr are geometric mean G = L_l, logarithmic mean L = L0 identric mean

| =L, and arithmetic mean A= L,.

Remark 5.1. 8 The logarithmic and identric mean for different positive numbers a and b can be obtained by using

integrals,
1 1. Y _ a-b
L(a,b)=| —| —d = 30
@.b) (b—a a x j Ina—Inb 0
and
1
1 1| a® [ab
I(a,b) =exp| —— | Inxdx [==| — . 3
(a,b) p(b_aL j e{bb} (31)

Assume that 0 <a<Db. Relying on Theorem A, we can prove that the mean functions I+> M, (a,b) and
r— L, (a,b) are strictly increasing on the whole domain IR, having the limit value & at negative infinity, and b at

positive infinity. So, these two mean functions are continuous bijections of R to (@,b).

Applying the convexity and concavity of the power function f(X) = X" to the Hermite-Hadamard inequality, we can
determine the mutual order of power and logarithmic means.

Theorem 5.2.9 If 0<a <b and r <2< S, then we have the series of inequalities
a<M, ,(ab)<L (ab)<A(ab)<L/(ab)<M_,(ab)<b. (32)

Proof. Taking into account what has been said above, we need to prove the inequalities
M, ,(a,b) <L, (a,b) <A(a,b) and A(a,b) <L (a,b)<M_,(a,b). prove the inequality referring to I by

using the power function f(X)=X"" in the cases r <1 and 1<r<2.If r =1, the accompanying inequality
M, (a,b) <L, (a,b) < A(a,b) holds.

If r <1, then applying the Hermite-Hadamard's inequality to the strictly convex function f on the interval [@, D], we get

, (33)

{a+b}“1 aFr-blf i
2 < <

r(a—b) 2
and raising to the negative power 1/ (r —1) yields A(a,b) > L, (a,b)> M, ,(a,b).

If 1<r <2, then applying the Hermite-Hadamard's inequality to the strictly concave function f on [a,b], we get the

reverse inequality in equation (33), and raising to the positive power 1/ (I‘ —1) yields the required inequality.

Power and logarithmic means play an important role in representing and solving the problems of thermodynamics,
guantum mechanics and information theory. In these direct applications, the aforementioned means are usually called
entropies. For more details, see [6].

6. A SHORT LIST OF MEAN INEQUALITIES

In addition to the previously mentioned means, we also use the centroidal mean of two positive numbers @ and b,
defined by

Clab) = 2(a® +ab+b?) a9
! 3ath)

Let @ and b be different positive numbers. With the well-known inequality
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H(a,b) <G(a,b) < L(a,b) <1(a,b) < A(a,b) <C(a,b), (35)
we point out the following inequalities:
M,(a,b) < L(a,b) <M,,(a,b) (36)
M,.(a,b) <I(a,b) <M,,(a,b) 37)
M/ (a,b) < L(a,b)I(a,b) < M2, (a,b) (38)
I%(a, b)G%(a, b) < L(a,b) < % I(a,b) +%G(a, b) (39)
A% (a, b)Gg(a, b) < L(a,b) < % A(a,b) + %G(a, b) (40)
aA(a,b)+(1-a)G(a,b) < I(a,b) < pA(a,b) +(1— S)G(a,b) (41)
agéﬁzg
aC(a,b)+(1-a)H(a,b) < L(a,b) < fC(a,b)+(1- L)H(a,b) (42)
il
a < O,ﬂ > E
aC(a,b)+(1-a)H(a,b) < I(a,b) < fC(a,b) +(1- B)H(a,b) (43)
a< 216’ f= g

For the derivation of the inequalities in (36)-(38) see [2, 11, 14, 15, 18], for the inequality in (39) see [1], for the inequality
in (40) see [4, 10, 16], for the inequality in (41) see [3], and for the inequalities in (42)-(43) see [5].
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