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1. Introduction:

Let Zan be a given infinite series with sequence of partial sums {Sn}. Let {tn} denote the sequence of

(N, p, q) mean of the sequence {Sn } Then {tn } is defined as follows:

1 n
(1.1) tn = _Z pn—UqUSU )
rn v=0
where M= Poly + Pyl g +-- -+ PyGo(#0)
p,=Q,=1r,= 0
If
(1.2) t,—>s ,as Nn—>oo,

then the series Zan is said to be (N, p,() summable to S .

The necessary and sufficient conditions for the regularity of (N, p, () method are:

(1.3) (i) Po Gy — 0 ,as N —> oofor each integer v >0
and
(1.4) @ >.|p,.,a,|<Hr|.

v=0

where H is a positive number independent of N .The sequence —to-sequence transformation [1],

1 (N n—k
15 T = —1— ' g ,
(L5) Ty Z(;(Vj y

defines the sequence {Tn} of the (E, r) mean of the sequence {Sn } If
(1.6) T, >s.,as n—o>w,
then the series Zan is said to be (E, I’) summable to S .Clearly (E, r) method is regular[1].

Further, the (E, I’) transform of the (N, p, q) transform of {Sn} is defined by

T, = #Zn:(m r" T,

(1+ r)” k=0
1 nn K 1 k }
a.7) = g — P...49,S,
rECR
If
(1.8) 7, —>S ,as N—>o,

then Zan is said to be (E, r)(N, p,q)-summable to S.

Let f(t) be a periodic function with period 27 , L-integrable over (-,x), The Fourier series associated with ~ f
at any point X is defined by
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a o0 A o0

(1.9) f(x) ~ ?°+Z(an cosnx +b, sinnx)=>" A, (x)
n=1 n=0
and its conjugate series is
(1.10) Y (b, cosnx—a, sinnx)=>_B, (x)
n=1 n=1

Let §n (f ; X) be the n-th partial sum of the series given by (1.10).The LOC -norm of a function f :R — R is defined
by
1.11) I, =supﬂ f(x)|:xeR }

and the L -norm is defined by

Yy

(L.12) I, ={ JIF0" | o1

0

The degree of approximation of a function f : R — R by a trigonometric polynomial P, (X) of degree n under norm

||| is defined by

(1.13) P, — [ :supﬂ P.()— f(X)|:xeR }
and the degree of approximation E () ofafunction f €L, isgiven by

(1.14) E.(f)= rr;in”Pn . .

This method of approximation is called Trigonometric Fourier approximation.
Afuncion T €LIp a it

(1.15) [f(x+0) = F (9| =0lt]") <=1

We use the following notation throughout this paper:

(1.16) w(t) :%{f (x+1t) - f(x-1)},

n

— 1 ny |1 2 2
and Kn(t):—Z[kJr “ r_z pkfuqv t

27[(1+ r)” k=0

Further, the method (E, I’)(N, p, Q) is assumed to be regular and this case is supposed throughout the paper.
2. Known Theorems:

Dealing with the degree of approximation by the product (E, q) (C ,1) -mean of Fourier series, Nigam et al [3]
proved the following theorem.

Theorem 2.1:
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If afunction f iS27 - periodic and of class Llp O | then its degree of approximation by (E,q) (C,l) summability
1

,O<05<1,Where EIC?
(n+1) nn

- 1
mean on its Fourier series ZAn(t) is given by HE,?Cn - fHOO =0
n=0

represents the (E, q) transform of (C ,l) transform of g(f ; X).

Subsequently Misra et al [2] have proved the following theorem on degree of approximation by the product mean

(E, C])( N, pn) of the conjugate series (1.10) of the Fourier series (1.9) .
Theorem 2.2:

if f is a 27— Periodic function of class L|p O, then degree of approximation by the product

(E,q)(N, pn) summability means on the conjugate series of its Fourier series (defined above) is given by

1
| =0 ———
o= =0 oy

3. Main theorem:

0<a <l where 7, asdefinedin (1.7).

In this paper, we have proved a theorem on degree of approximation by the product mean (E, r)(N, P, CI) of

the Fourier series of a function of class Lipa . We prove:
Theorem -3.1:

If f isa 2 — Periodic function of the class Lip(a, I‘), then degree of approximation by the product

(E, I’)(N ' P Q) summability means on its Fourier series (2.9) is given by,

”Tn —f (X)”C>o == ((#1)&} ,0<a <1, wheret, is as defined in (1.7).
n+

4. Required Lemmas:
We require the following Lemma for the proof the theorem.
Lemma -4.1:
s i
‘Kn(t)‘ Sl O0%i<—.
n+1
Proof of Lemma-4.1:

1 . .
For 0<t<—/—— wehave sinnt<nsint then
n+1

e t 1 3
COS——cCoS| v+ — [t
1 (N

k
K, 0= — > | 23, 0, — 2
271+ 1) [ e 00 sin -
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t t . .t
1 " n COS — —cosvt.cos— +Ssinvt.sin—

n T Pc-.d
27 (1+r) [ T UZ(:) - sin£
2

t(. ., t
L " (n c032(25u1z)2)
S—Z( jr“‘k —Zpku n +sinot

272'(1+ r)n k=0 rk v=0 sin —

M

1 (N
< -
) ML {zp o))
<~ S
220+ r) &k Zpk"
=0(n).

This proves the lemma.

Lemma-4.2:

( ) for L<t<7z
n+1

[t t .
<t < 7m ,we have by Jordan’s lemma, Sln(—j >— ,sinnt <1.

Proof of Lemma-4.2:

For

n+1 T

Then

R
COS— —COS U+§ t

K, 0)= WZU ED W

i o0 ﬂnE

t t t .t .t
COSf—COSUE.COSf+Sln0f.SInf

IA

1 n n-k
- r —_
27 (Ler) Z[kj v & Z Pl

-t
sin—
2

t P | .ot ot
coS— | 2sin“v— |[+Sinv—.Sin—
( Zj 2 2

1 (N n-k
<— = k=
2ﬂ{1+rY‘g;£k] n<;%pk“

-t
sin—
2
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- n n—-k 1 X ﬂpk—uqu
- r J— _
g
1 n(n . 1 k
1 ]

rk v=0

|
S

n—k

I
D
=\
+
O
~
>
—
=~
é

)

This proves the lemma.

5. Proof of Theorem 3.1:

Using Riemann —Lebesgue theorem, for the n-th partial sum S, (f ; X) of the Fourier series (1.9) of f(X) and
following Titchmarch [4], we have

s, (%)= F09 =~ [y K, d

Using (1.1), the (N, p,q) transform of S, (f 4 X) is given by

{2)
CoS——cos| n+— |t
1 2

T n 2
t,—f(x)= JW(t) Z Pk Gk dt .
27N s = sin (tj

rn
2
Denoting the (E, r)(N, p, CI) transform of g(f ; X) by 7, ,we have
i o),
COS — —CO0S V+§ t

1 4 n n 9 1 k 2
lea—f|==——=] w(t)Z(kjr 2 Pl » dt
2 0 ko sin(j

72'(1+ I’)n rk v=0

- Jv ) K

n+1 V4

= [+ [ K, ) dt

(5.1) =1,+1,, say

Now
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COS;—COS(V+;) t
‘//(t)Z( j Zpk -4 dt

k=0 kuO Siﬂi
2

w () dt, using lemma-4.1

o
A

L= 2 (rry

I—‘ ‘

=0(n) I

1

[ e+l p
—o(n) |~ }

_a+1 0

_om| 1
-8 )_(a+l)(n+1)}

1

0 |-

Next

n+l

I,| < _[ \y/(t)\o(%jdt, using lemma-4.2
1

n+l

1
&3 :O((nﬂ)aj

Then from (5.2) and (5.3) , we have
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7, — £(x)|=0 ﬁ O<a<1
Ir— 100l = sup |r, = 100 =0 ﬁ O<a<1

This completes the proof of the theorem.
References
[1] G.H.Hardy: Divergent series, First edition, Oxford University press 70(19).
[2] Misra, U.K. Misra, M. Misra, B.P. Padhy and S.K. Buxi: On degree of approximation by product
mean(E,q)(N, pn) of the conjugate series of the Fourier series”, International Journal of Math. and
Sciences and Engineering Applications, ISSN 0973 — 9424, Vol.6, No.122 (2012), pp 363-370.

[3] H.K. Nigam and Ajay Sharma: On degree of Approximation by product means, Ultra Scientist of Physical
Sciences, Vol.22 (3) M, 889-894, (2010).

[4] E.C. Titchmarch: The theory of functions, oxford university press, p.p402-403(1939).
[5] A.Zygmund : Trigonometric Series , second Edition ,Vol.l , Cambridge University press, Cambridge , (1959).

1962 |Page July 24, 2014



