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ABSTRACT

In this paper, we find a solution for some kinds of nonlinear third order partial differential equations of homogeneous
degree with three independent variables of the form

AZoy+BZo +CZG+D 2L +EZo +FZon +G Z o +H 2o +1 25+ 25y +
KZL+LZo +MZE+NZ5 +OZ5+PZ; +QZf+ RZ{+SZ¢+T 2% =0,
where A, B, C, D, E, ... ,Sand T are linear functions of dependent variable Z and partial

derivatives of dependent variable with respect to the independent variables x , y and t, and

that by using some of the assumptions .
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INTRODUCTION

Since the world is full of nonlinear phenomenon, there has been much interest in recent years in studying the complete
solution for certain types of nonlinear partial differential equations of different degrees and orders. Hani [6], and by

assumed Z(X, y,t):eju(x)dx+jv(y)dy+jw(t)dt found the solution to the linear second order partial differential
equations with independent variables and of the form

AZy+BZy+CZy+DZy+EZy +FZy+GCZy+HZ +12Z;+JZ =0,

where A,B,C,...,] and J are arbitrary constants. Feng , Kao and Lewis [5], studies Convergent finite difference methods for
one-dimensional fully nonlinear second order partial differential equations.

u(x) v(y)
[ dx]v(y)dy Ju(x)dx+[ dy
Mohsin [15], and by assumed Z(X,Yy) = glu(derfviy)dy. Z(x,y)=e X (x,y)=e y
jﬂxﬁdxﬂmdy
and Z(x,y)=¢ y found the complete solution the nonlinear second order partial differential equations, of
homogeneous degree which have the general form
AZy+BZy+CZ\+DZ,+EZy +FZ =0,
where A, B, C, D, E and F are linear functions of dependent variable Z and partial derivatives
of dependent variable with respect to the independent variables x andy.
1909 g4 () dy fuE)dx Py
Mohammed , Mohsin and Hanoon [13], by assuming Z(X,y) =€ X Z(x,y)=¢ y and
jMXﬁdxﬂMdy
Z(X, y) =€ 1 found the complete solution of special kinds of nonlinear second order partial differential

equations with three independent variables of the form

AZy+BZy+CZy+DZy+EZyy +FZy+GCZ,+HZ +12Z;+JZ=0,

where A, B ,C,D,E,F,G,H, I ad J are functions of x,y,t,Z,Zx,Zy,Zt,
Zys Zy 1 Zt 2yt Zyy N0 Zyy . A0 2,2y, Zy, 2y Zyx s Zoy 1 Zg 1 Zyps where

Zyy and Ztt in these functions are of first degree and not multiplied with each other.

Ketap [8],studied the linear third order partial differential equations, with constant coefficients which have the form

Ay +BZyy+CZy+DZyy+EZy+F 2y +GZy+HZ+1Z,+J Z=0,

Z(X, y) :eIU(X) dX+JV(y) dy

Where A, ... I and J are arbitrary constants , and used the assumption

to find the complete solution of it.

Liu, Ume, Anderson and Kang [11], studied singular nonlinear third-order differential equation

X"(t)+ da(t) f (&, x(1)=0  a(t(b,

x(a) = x"(a) = x"(b) =0,

where 1 )0 is a parameter, € C((a,b),R"), f e C([a,b]x(0,+x),R™), a(t)

may besingular at t=a,b and f(t,s) may besingular ats=0

Adem.ola , Ogundiran , Arawomo and Adesina [1], studied boundedness of solutions of the third nonlinear differential
equation

¥4 flx )+ g(%) + h(x) = p(t,x, %, &), or its equivalent system of differential equations

x= }’;J:’ =z, Z= ]U{tjxj}-‘,z} —f(Z} _Q(}’} - h{x}
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where f, g, h € C(R,R),pEC(R**xRxRXR,R),R* =[0,00) and R = (—o0,x)

Clarkson , Mansfield and Priestley [3], studies symmetry reductions of a class of nonlinear third-order partial differential
equations

Up — EUnpmr T 2HUL, = Ul + QUL + FU U,
where €,k ,a and § are arbitrary constants.

This paper is devoted to solve the nonlinear third order partial differential equations of homogeneous degree with three
independent variables of the general form

AZoy +BZoy +CZG+D 25 +EZL +FZo +GZ o +HZ o + 125, +3 25,
KZg+LZy +MZi+NZL +0Z5+PZ5+QZf+ RZ] +SZ¢ +T 2% =0,

where A, B, C,D, E, ... ,Sand T are linear functions of dependent variable Z and partial

derivatives of dependent variable with respect to the independent variables x , y and t .

Ju(x)dxﬂﬂdm@dt
y

By using the  assumptions Z(X,Y,t) = elu )X V() dy++[w(t)dt Z(x,y,t)=e

ju(x)dx+jv(y)dy+j W(t) dexﬂmdyﬂw(t)dt
Z(x,y,t)=e X , Z(x,y,t)y=e * y and
PR g YD g O g
Z(x,y,t)=e * y t

1. Solving Some Kinds of Third Order partial Differential Equations of omogeneous Degree
with Three independent variables

Use The aim of this section is to solve the nonlinear third order of partial differential equations, of homogeneous degree
with three independent variables which have the general form

AZG +BZoy +C 2+ D25y +EZ5 +F 203 +G Zig +H Zju + 1 25, + I 25,
KZo+LZo +MZG+NZ5 +0Z5+P 25 +QZi+ RZ;+SZ7+T 2% =0,
where A, B, C,D, E, ... ,Sand T are linear functions of dependent variable Z and partial

derivatives of dependent variable with respect to the independent variables x , y and t .

So, for this purpose we will search functions U(X) ,v(y) and W(t) such that the assumptions

a1 YO g, WO
Z(X’y’t):eju(x)dx+jv(y)dy++[w(t)dt L Z(x, y,t):eju(x) &l y vl t :

Ideﬂv(y)deMdt IMdXﬁ[Mdyﬁ[W(t)dt
Z(x,y,t)=¢e X t L Z(xy,t)=e X y and
P90 gy YD) g 9O g
Z(X, Y, t) =e . To give the complete solution to the above equation we need to consider
many cases:
Case(1) :
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a)AZ27%2 =0
XXX
b)Bz2z2 =0
yyy
252 _
c)CZ Z. =0

dDz%2z% +1z2%22% +3z%7% =0
XXy xyt Xyy

e)Ezjz2 +Fz2%z

2 1GZ2z2 +HZ?%z22 =0
xxt X yyt

y T xtt X Tytt T

Case(2):

25252 2 2 2:,25252 2,2 5252 45252
) Ay°ZizE +DYHZZ 77 +EyPZPZ8 +1y*HPZZ0 +1yiz7°z7; =0
b)Bx%t22272%2 +Fx%t?zz. 72 +Gx*t*z272 +Hx*t*z2272 =0

Xt yyy XX T yyt yy — xtt Xy~ ytt

252 52 4.2 52 52 4 5252 25252 _
c)Cy Zyth+Kx y Zy ZXX+Ly ZtZyy+My Ztht_O
Case(3):

a) Nx2y2222X2y +0x°y*t?z 3,72 +P x“yztzzxzxzjt =0

b) D x“yztzzﬁzfXy +Ex*y?t?z7z2 +F xzy“tzzfz;yt +G x*y*t*z7z2 +H x2y2t4zxzz§tt +
I X?y2Z2Z 5 +1 xzy“tzzfzfW +Kx*yt?2572 +L x2y4tZthZ§y +Mx?y*tzg 72 +
N xzyztzztzzfy +0 xzyztzzizit +P xzyztzz)%zjt =0

Where AB,C.D, ..., S and T are real constants.

Case(1)-a-: By using the assumption

Z(x,y,t) = uCOdHVi)dy Wt

Z = U(X) eJU(X)dX+IV(Y)dY+JW(t)dt — (U'(X) + u2 (X)) eju(x)dx+[v(y)dy+j’w(t)dt
X XX

— ZXXX — (uﬂ(x) + 3U(X) ur(x) + U3(X)) eju(x)dx+jv(y)dy+jw(t)dt

So, the equation A Z 2 fox =0 . Transforms to the form

[A(U ”(X) + 3U(X) U,(X) + u3(X))2]e4[fu(X)dX+IV(y)dy+IW(t)dt] -0 ’

Since e4[JU(X)dXHV(Y)dyHW(t)dt] 20

so, AJu"(X) +3u() u’'(x) +u3 ()] =0 = [u"(x) +3u(x) u’(x) +u?(x)]% =0

= (U"(X)+3u(X) u'(X)+u3(x)) =0
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This equation is called beloved equation [10],[17],[18]. The beloved equation Possesses both Left Painleve Series (LPS)
and Right Painleve Series (RPS) [9], it can be solved by Riccati transformation [12],[16]. And also it can be solved by
using nonlocal symmetry [7] .

Mohammed and Ketap [14], he found the general solution of the beloved equation as follows:

2(x+cy)

u(x) = , then the complete solution is given by :

(x+02)2 +—
G

200 = AW+ e)2 15l A= e = () =g
1

where A;, ¢z and cs are arbitrary constants and Yi(y) is an arbitrary function of y .

Domain: - © <x< © - <y< o

So the complete solution is given by:

1
Z( Y =AY O, O0cre2) +e5] 1 Ap=¢™ g == (1) =" T, =¢""
1

where A;, c; and cs are arbitrary constants ,Y1(y) is an arbitrary function of y and

Ta(t) is an arbitrary function of t.

Domain: -©<X<w  -wo<y<eo  -w<t<eo

d d t)dt
Case(1)-b-and —c- By using the assumption Z(X, y,t) = eju(x) xe[V()dy+w(t
—a-, we get the complete solution for equations in case(1)-b- and —c

Case(1)-d-: By using the assumption

and by the same method as in case

Z(x, y, t) = eJuIdx v(y)dy+w(t)dt

, we get

Z = v(y) (U(X) + u?(x)) el 1 IV dy+w(t)dt

XXy

ny I U(X) v(y) eju(><)dx+jv(y)dy+jw(t)dt — ny s u(x) v(y) W(t) e[u(x)dx+jv(y)dy+[w(t)dt

t

i ' 2 Ju(x)dx+[v(y)dy+[w(t)dt
Z,,, =) (V(y)+viyne
Then the equation D 7/ fo wlz? 72 +372%228020, Transtorms tothesim
y Xyt Xyy

[D(V2 (Y)(u'(x) +u 2 (x))Z) +1 u? (X)V2 (y)w2 () +J (U2 (V' (y) + /2 (y))2]e4[IU(X)dX+Jv(y)dy+jW(t)dt] o
Since e*lluGdx]v(y)dy+fw(t)dt] _,

So, D(vZ(Y)(U'(X) +u? (x))*) + 1 u® (v (y)w? (1) + I (u* O (y) +v*(¥))* =0 (1)

U'(X)JF—UZ(X))2 +J (v’(y)+—v2(y))2 +Iw?(t) =0.
u(x) v(y)

This equation is variable separable equation [4] . = D(
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u(x) v(y)

2 2
and W2(t) = (22 + 22) = w(t):i,/@ i

= u'(x) +u?(x) ?j—%u(x} =0

2 _ 42
)_2’1 1

v'(y) +v2(3) F j—;vm =0

.(3).

ISSN 2347-1921

2 _ 42
)_12

).

The equations (2) and (3) are similar to Bernoulli equation [2], then the solution of them

are given by :
A
iﬂi—i.;r: i._—z}'
() = 0y — 20
ulx) = and T'LV) =
.IFB D dx fg 1,.'1 .
A1 “1_
+—x o |—J"
A / 12+A2
[ ——dx+ [ —dy+[ £ [2 2 idt
e ,
D 4 .'
SO,Z(X,y,t):g‘gw' & [e +d dy
4 ) A
+1s +-Zy (42422
n(fe™VP dx)}+in(fe I dy)t (T2 it+o
=g N
2
— /-j_ 1 +..;.2 i}'j. +/-_2 1
/0 alng =" [ = | i
=3 (iLE D )(i;—je ulf})e o I r'52=€':=,11andﬂ,2¢{]
1 2
NES [AZ+12

—%x—}%y Alzﬁ% it

|

Z(x,y,t)-K . Z(x,y,t)-Ke
—ix+i—2+lf+}% it
NN

Z(x,y,t)-Ke =0

where K , /11 and ﬂz are arbitrary constants.

Domain :

Case(1)-e-: By using the assumption

-0 < X< oo ’_co<y<oo, -~ <t< oo |
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Z(X, y,t) _ efu(x)dx+fv(y)dy+jw(t)dt . we get

Z = w(t) (u'(x)+u?(x)) UG dx+]v(y)dy+w(t)dt

xxt
th — U(X) W(t) eJ.U(X)dX+,[V(y)dy+J'W(t)dt — tht — U(X) (W’(t) +W2 (t)) eIU(X)dX+fV(y)dy+JW(t)dt

Zy = v(y) eju(x)dx+jv(y)dy+jw(t)dt — Zyy =(v’(y)+v2(y)) eju(x)dx+jv(y)dy+jw(t)dt

_ ' 2 Ju(x)dx+[v(y)dy+[w(t)dt
Zp =WOW(Y) +vi(y))e

_ , 2 Ju(x)dx+[v(y)dy+]w(t)dt
Z = v(y) (W'(t) +w(t)) e

And by using Z from case(1l)-a- , then the equation
X

So, the equation E Z)%fot +F ZfZ;yt +G Z)%tht +H Zfzjtt =0. Transforms to the form

[E v (Y)W (£)(u'(X) +u®(x))* + F u ()w? ©)(v'(y) + V2 (¥))2 + Gu? (v (y)(W'(t) +w* (1)) +
HU2 (X)V2 (y)(W'(t) N W2 (t))Z] e4[ju(x)dx+jv(y)dy+jw(t)dt] -0

Since e4[ju(x)dx+jv(y)dy+jw(t)dt] 20

So, EVA(y)W? (£)(U'(X) + u?(x)* + F u® (x)w? ()(v'(y) + V2 (y))? +
GUZ (V2 (y)(W'(R) + w2 () + Hu® (v (y)(wW'(t) + w2 (1)) =0 (4)

This equation is variable separable equation [4] .

ORI (v(y)+v Wz ,

wi(t) +w”(t
e )(M) E
u(x) v(y) w(t)
Let E(u (X)+U (X)) _12 and F(V (y)+V (y)) - 2
u(x) v(y)
' 2
Therefore (G + H)(M)2 =— (12 +2,2)
W(t) 1 2
= u'(x}+u2(x}$%u(x} =0 ...(5).
v'(y) + v T %@g =0 .(6).
o
w' () + w2(t) F '11+121 w(t) =0 (7).
The equations (5),(6) and (7) are similar to Bernoulli equation [2], then the solution of them
are given by :
2659 |Page
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2.2
i L ﬂl+/12_
ei\/Ex eiﬁy ei il
u) =—— SV w) =
+Ax +Z
Ieﬁdx _[e Fydy I ek
A A
1 2 2 2
+—=x t—2y A4
e ‘/E e \/F ei G+H2 '
| > dx +[ -~ dy + | —d
Ly -2y oA
so, Z(x,y,t)=e '® Sax e YT gy Je 1EXH a
iﬂx iﬁy + L%Z it
(e YE do+in(fe VF dy)+in(je | G+H dt)+c,
A
+ Ay 42y 2+ 25
JBE JF + o ¢
o M 8 YF T SrR LeVorn Ty ey =e Ay and 4, %0
il 22 /L_L-i—/lz I
22
. A A4
T+ it
ke U e e @ VB, Yy, [GHH L
] 2 A 34_2+/1§'
So ,the complete solution of equation(4), is given by:
W Ao, |t

2 2 ]
A, A Ath
+ A+ y | —= it
Z(X,y’t)_Ke \/E \/E G+H

2 2 |
e, BB
Z(X,y’t)_Ke \/EX+\/fy G+H '

where K , /11 and 22 are arbitrary constants.

Domain :

Case(2)-a-: By using the assumption

-0 <X<ew -0y <oeo,

Tudf Y gy YO g
y

Z(x,y,t)=e

fu (x)dx+IMdy+det

— y t
Z =u(x)e

2660 |Page
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w(t
Iu(x)dx+[ﬂdy jﬁdt

=Z =U"(x)+3u()u'(x)+u’(x)e y t

fudxe Yy JW(‘)

2, =W W +u? oo y
y

fudxe Yy JW“)

=<@ (9 +uZ()e y

xxt

W(t) Ju(x)dx+] (y)dy Jw(t) dt
y

v(y)
[udx+[—===dy+— =
V) e y Sz, YOO

xy = —=u(x)e

Xyt

W(t)

2

=27, =u(X) [ YV (y) + V2 (y) ~(y)
y

] Ju(x)dx+| (y)dy+j

W(t) Ju(x)dx+| (y)dy jw(t) ) Ju(x)dx+| (y)dy jw(t)

Z, = and Z Ve
t y y
So, the equation
Ay zyzfX +Dy%tz z zX2Xy +Ey2tzzyzth +1y?t? zizxzyt +Jy“zzzfyy = 0 Transforms to the form

{Ay2 [—VZ (Zy) U"(x) +3u(x) u’(x) + u® (X))ZJ + Dyzt[L(zy)@ (u'(x) +u? (X))ZJ +
y y

EthZ{Vz(y) Wz(t) (U’(X)—FUZ(X))ZJ‘F Iyzt [U (X)V (y) w z(t)J+
- t

(Y) W(t)
Jy4{u2(x)(yV'(y) +V22(y) —V(y))zj:| 4[J-U(X)dX+J- dy+ _[ dt] %
y
A fu(x)dx+[ (y)dy J‘W(t)
Since € #0

So A(vz (Y)(U"(X) + 3u(x) U'(X) + u3(x))2j N D(vz (VW) (U'(x) + u? (x))2)+
E(vz(y)w2 O +u2(x»2j+ L4 v (w2 (1) + 2w () +v2 () -vy)f =0 ..

Here we can't separate the variables in this equation , so we suppose that u(x)= /11

where A is an arbitrary constant, then the last equation becomes

ARV (y) + DAV (y)w(t) + EZNZ (y)w? (1) + LEV ()2 () + 22w/ () + V2 () —v(y) f =

This equation is variable separable equation [4].
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W) +v2(y) - V(y)J o
v(y)

= A +D A w(t) + (E+ DAZw? (1) + J[

yv'(y)+v2(y)—v(y)}2 .
- 2

Let (E+1)A7w?(t)+ DAZw(t) + A 4 = —J( )

‘12
— z_ 2
2 D+ D 4{E+IJ{M1+E§]

— (E+ DW2(t) + Dw(t) + A A2 +%=0 = w(t) =

2(E+1)
And yv'(y>+v2(y)—(i%+1)v(y) -0

Let A, =+ +22 11 Then W (y)+V2(y)—AN(y) =0 .(9).

&l

The equation(9), is variable separable equation [4], we can solve it as follows :

ARF E 3
b? —| v(y)— -2
[(y) zj
v(y)- 1

— %tanh‘l(Tz) =—In(cy) = v(y)=btanh(bin(cy))+ %

2
E -D+ [D? —4(E+ A2+ 2
btanh@In(cy))+—= 22
[ dx+ 2 dy-+| L it

y 2(E+ It . oy >0

So, Z(x,y,t)=e

D+\/D2 4(E+1)(AN JJ
A2

A1 1
A x+1 h(bl “Llny+ Int
e < n|cos ( n(cy))|+ 5 ny- 2ED nt+g ey>0
D+\/D2 4(E+1)(AN? +7L2
Al )"1 1 x
=Ky 2t 2(E+D) el (cosh(blncy)) ;K=e9 cy>0
PR D+\/D2 —4(E+1)(AN] +LZ
+_2+_ M 2 X 2
= 2y 2 2(B+1) el cosh((ir—2+£)lncy) ;cy>0
21 2
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Then the complete solution of the equation(8), is given by :

_ . .
-D+ [D? —4(E + (A2 +-2)
2
L2 1 M
o A
Z(X,y,t)-Ky 23 2 2(E+1) eﬂlx cosh((+—2+i)lncy)
2y 2
- . C
-D- D2 —4(E + (2 +-2)
YL 5
- > A
Z(x y,t)-Kky 203 24 2(E+1) 1% | cosh(c—2= + L) Incy)
21 2
- 5 b
-D- [D? —4E + (a2 +-2)
2
, N 1 M
o A
Z(X,y,t)-Ky 203 2 4 2(E+1) ey cosh((+—2+£)lncy) =0
(1 2
Where K,/'Ll,/lz and c are arbitrary constants.
Domain: -©<x<w , y>0 , -0 <t<eo,
Case(2)-b-: By using the assumption
e oty ™
Z(x,y,t)=e X , we get
u(x) W(t) u(x) W(t)
_ [—2dx+[v(y)dy+]——= 7 2 [—= N dx+[v(y)dy+]——=
=v(y)e E w =V +Vvie
( ) W(t)
[ dx+[v(y)dy+]— =
=2, =+ +V(Y)e
U( )
w(t [= x| V(y)dy+f
S ”(v(y)+v (e
, _u() Cacrfucyydy ™0 L U0+UP 0 -u(9), ] 0 g u(yyays Doy
X :> o = «2 e
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u(x) w(t)
U(X) [—= < dx+[v(y)dy+] . dt

v(y)e

W(t)

u(x) w(t) e u(yyye Qe _u(x) tw(t) + w2 (t) —w(t), ! ()dx+jv(y)dy+j
=————e X t =2z ( e
xt X t Xty 2

W(t)

w(t) +w () - w(t) 0 g ugy)aye

Z e =V ( ”
t
So, the equation B xztzzftzflyy +F XZtZZZXX z;yt +G x4t zjyzxztt +HX%Y z Xzyzjﬂ -0.

Transforms to the form

2 2 2
{szt{—u Ml (v"(y)+3v(y)v'(y)+v3(y»2J+szt{—wtf’ (V') +Vv2 (y)?

X t

X

! 2 I |
PU00+*() u(x))}rG ( W0 ) +v2(y) (tw(t)+V\t/2(t) W(t))]

[V " (x) O+ ()= w(t))zﬂemudx+;v<y)dy+j—du

e t2

4[jde+jv(y)dy+jmdt]
Since € X t #0

So B(uz(x)wz (t)(v"(y)+3v(y)v'(y)+v3(y))2j+
F(w2 (O ()+v2 () (X' (x) +u? (%) —u(x»j +G U2V )+ V2 ()Y
(tw/(t) + w? (t) — w(t)) 2 )+ H (v4 (Y)u? () (tw'(t) + w? (t) — w(t))? ): 0 ..(10)

Here we can't separate the variables in this equation, so we suppose that v(y) = ﬂ’l where ﬁ'l is arbitrary constant,

then the last equation becomes
B A2u® ()W (t) + F A w” (1) (xu'(x) +u?(x) - u(x)) +

G u? (x)(tw'(t) + W () - w(t))* + HA U (x) (tw'(t) +w? (t) —w(t))* =0

This equation is variable separable equation [4].

=B +F A (xu'(x) +u?(x) - U(X))+(G I_|M4(tw(t)+w (t) - w(t)) _
u?(x) w(t)

LetB 22+ F U (0 +U200-UC) _ (g 4 g WO W O WD)z 22
u?(x) w(t)
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2, 2
= xu’(x)+(1T2+l)u2(x)-u(x) =0

= (X' + 0% (X) - (————)u(x) =0
Bllz+ig+F Bllz+/1§+F
Let Alz; Then Alxu'(x)+u2(x)-Alu(x):O ..(11)
BAZ + 42 +F
' 2 A2
And tw'(t)+w*(t)—(+ " +Dw(t)=0 ...(12)
The equation (11), is variable separable equation [4], we can solve it as follows :
B A du 2+%:0 : dzzAle
A X
d? —{u(x)- %
03]
A
A tanh-L y B | 0 dtanh(-2 | iy
——tan —— = |=-In(c, x) ;c, x>0 = u(x)=dtanh(—In(c,x))+—
3 g (€, x) ;¢ () (A (€;¥) 5

il

The equation (12) is similar to equation [9], then the same method the solution of it is given by :

A A A
W(t):72tanh(7zln(czt))+72 DA =+ & +1,c,t>0

2 JvG+H |
A Wa 7]
(dtanh(—lncl><)+ D —Stanh = In(ept)) + —=
[ A x4, dy-] 2 2 Z_ 4t
So, Z(x,y)=e . j ;c,x and ¢, t>0
A, Inlcosh(% | i| Ay o A—2| t
1 Infcos (Al n(clx))+ nx+4,y+Incos (2 n(cz) + 5 nt+g
=e

A Ay

-+ 2y d A A,
=Kx 2t~ e? (cosh(A—1 Inc,x)) 1(cosh(7ln(c2t)) , K=e% c;xand c,t>0

F F
2 2 +J¥+f 2
2(B/11 +&2 +F) 2JG+H Bl +/1 +F
=KX e gy (cosh = In(c X))

(cosh((x ——= \/T 2) In(c,t))

Then the complete solution of the equation(11), is given by :
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F F
2 2 . 1 2
2(BAS + A2 +F)  2JG+H /1 5 +F Ay 1
Z(xy,t)-Kx 1 2 t Y (cosh= In(c )) (cosh((——==—=+=>) In(c,t))
2G+H 2 2
[ F F
a2l 2
2BAS + A5 +F)  2JG+H 1y 1 BA
Z(xy,t)-Kx 1 2 t e” (cosh=In(c.x)) 1" cosh —Inct
(xy,t) ( 2(1)) ( ((\/7 )In(c,t))

Where K,/il ,22 , € and c, are arbitrary constants.

Domain: x>0 , -o<y<ew  t>0.

Case(2)-c-: By using the assumption

J'de+ jde Jw(t)dt
Z(x,y,t)=e X y , we get

IMdX‘FIMdy*'IW(t) dt jde+jMdy+IW(t) dt
Z, =w(t)e * y = Z, =(W(t)+w(t)e X y

7909 gy 1Y gy 4 peyat
= Z,, =(W'(t) + 3w(t) w'(t) + wi(t)e * g

400 gy ) : U0, V)
_v(y) ef -l dy+Jw(t)dt:>Z =(yV(y)+V2(Y)—V(Y))eJ e dy+[ w(t)dt

7 =
U(X) v(y) u(x) v(y)
=hdx[ A dy+ [ w(t) dt ' 20\ [ 5 dx [ 2 dy+ [ w(t)dt
Z, = v(y) W(t)e > y z :(xu (x)+u 2(x) u(x))e . y
y X

: 222 52 4.2 52 a o > 25252
So, the equation Cy Zyth +Kx™y Zy Z. . +tLy Z Zyy+M y Ztht =0.Transforms to the form

{C yz{VZ(ZY) WO + 300 WD)+ W (t))zj +Kx4y2(v2y () (00 47 (9 - u(x))z]+

y X
S

X y :0

Ly4(wz(t)(wl(y)+V22(y)_v(y))2}+ My{(—vz(zy))(W’(t)erz 0)° |

H 411" s Dy fwrya
y y

a4 gy jv(y)dy+_|.w(t)dt]
ince e X #0
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So c:(v2 (Y)W? (£)(W"(t) + 3w(t) w'(t) + w® (t))2)+ K(v2 (Y)(xu'(x) +u? (x) —u(x))? )+

Lw2 (' (y) +v2 () ~v(y)? )+ M2 () (w'(t) + w2 (1)) % )=0 .(13)

Here we can't separate the variables in this equation, so we suppose that W(t) =ﬂ,1 where ﬂ'l is arbitrary constant,

then the last equation becomes

CAVZ(y) + KV (y)(xu’'(x) +u? (x) —u(x))* + LAZ (Y'(y) +V2(y) —v(y))* + MA} v*(y) =0

This equation is variable separable equation [4],we get

CA8 + MAY + KO (x) + u2(x) —u(x))? + L2 (V) A) —Vy2 _

v(y)
' 2000
Lt CAE + MAF + K('() +u2(9) ~u(x))? = ~L22 (L) +V( ()y) Wz __z2
v(y
[ 1Bari8s32
= yu'(x) + ui(x) —ulx) ?JM =0
[ 3B 2ari92 32
Let Ay = ?J% i , then the last equation becomes:
Xu'(x) +u2(x) -u(x)+A1 =0 ..(14)
: 2 Ay
And y'(y) +v (y)—(i—L+1)V(y)=0
12 ’ 2
Let A, =x—=+1 Then wW'(y)+v°(y)—A,yv(y)=0 ...(15)
JL

The equation(14), is variable separable equation [3], we can solve it as follows :

dlu X _ S A, A}
(u(x)_7)2+d2 X 4

2
S = ; u(x)_; | 0

ince Aj#- = —tan~ =—In(cx) ; x>
17, = - CORE
1
= u(x) =—dtan(d In(c,x)) + > ; x>0

The equation (15) is similar to equation [9], then the same method the solution of it is given by :

A A A p)
2 2 2 . 2
\Y =—%=tanh(—=In(c +— A, =+—=+1
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f dx+ 2 dy + [ Adt
So, Z(x,y,t)=¢e X y ; X, C,y >0
fln x+|n|cos(dln(c x))| Iny+|ncosh(a‘zln(%y))+/11t+g
=e ; € X, Cy > 0
1 A2 t
=K x2y (cos(dIn (c x)))(cosh(—zln (c,y)) ; K=e? and c,X,c,y>0

i )-_1 i | ] 4472
= Z(x,y,t) = Kxz y = 2 ghat (ms(‘\ll {J%i —:1} ln(clx}))

(ccsh ((+ i_L + ) ln(cn}]})

Then the complete solution of the equation(13), is given by :

K

K

- EL CA8 + MA* + 22
Z(x y,)—K x2y2/L 2" cos(\/\/ 1 Kl 2 i—%

Where K, ﬂ’l ' /12 ,Cy and C,, are arbitrary constants.

Domain: x>0, y>0, - <t<e,
Case(3)-a-: By using the assumption
jmdxﬂwdyﬂwdt
Z(x,y,t)=e * y ! , we get
jMdeMdyﬂ'wdt ju(x)d +Iv(y)
= m@e X y t Z V(y) W(t)
Xy X y yt y t

Andusing Z . ,Z__,Z  from case(2)-b-,-c-, then the equation
xt T Txx T Tyy

NXZyZZZny+OX y 4272 22 +Px* y IZZ)%XZ; =0. Transforms to the form

1 b 1 8 4 | 42
= At CL+MA + 4
Z(x, y,t) =K x2y2/L 2¢ cos(\/ \/ L a2 i—% In (c, X))

1A 1 8 4 42
= =t A4t CA +MA + 4
Z(x,y,)-Kx2y 2L 2™ °°S<\/\/ BB ‘-% In (c, X))

y)
In (c, X)) {cosh((—z

—dy+[——=
y

h %
cos ((m

cosh(22 + Lin . y)
oYl 20 2

2JL

W(t)

+§)In <c2y>)]
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[Nxzyz[u () v M}OX , tz[u () W2 ©) W)+ () =Vl }
y

X2 x2 2 y?

ux) vy W(t)
2 2 ' 20y 4=~ dx+f dy+[——dt]
Px4y2t2(V (5) W2 (0) X000+ U2 U(X))z]] y o

y2 t2 X2
a9 g [V(Y)d jw(t)dt]
Since € X #0
S0, Nu®(x)vZ(y)+0u®(x)w? () (yv'(y) + V> (y) —v(y))* +
Pv2 (y)w? (t)(xu’(x) +u? (x) —u(x))% =0 ...(16)

Here we can't separate the variables in this equation, so we suppose that W(t) =ﬂ,1 where ﬂ'l is arbitrary constant,

then the last equation becomes

NuZ (x)v2 (y) +OA2u? ()(W'(y) + V2 (y) —V(¥))? + PAZVZ (y)(xu'(X) +u? (x) —u(x)) =0

This equation is variable separable equation [4],we get

N+Oﬂl(yv(y)+v (=Y | p 2 W) +UE00 U0 _

v(y) u(x)

2 W'(Y) +V2 (y) —V(y)\2 Xu'(x) +u®(x) —u(x), 2 2

Let N+O/11( 0 )2 = /11( 000 )2 = -5
2

= Wy +VE(Y) - (& %;N -+ D(y) =0

w/ﬂ.% +N . ‘ 2
Let Aj=% J6/11 i+1 Then y'(y)+vo(y)-A(y)=0 ...(17)
And xu’(x)+u2(x)—(i +Du(x) =0
Let AZ:i\/ézﬂ,l +1 Then xu'(x)+u?(x)—A,u(x)=0 ...(18)

The equations (17) and (18), are similar to equation [9], then the same method the solutions

\M%+N )

v(y)=— Al tanh( Lin(c y))+A DA =2 i+1
1 ! \/6/11

of them are given by :

2669 |Page November 15, 2014



ISSN 2347-1921

A2 A2 A2
And U(X) =7tanh(7ln(c2x))+7 ; Ay =

Ay
+ +1
JP 4

A A,
22 anh2in(ep)+ 22 L tanh( L 1ln( y)+—+
2 2 2 dx+ Z 1 2 dy+j'ﬁdt
So, Z(x,y,t)=e X y t 1 C,X,c y>0
2InijIncosh('o\Zln(Qx)) Iny+|ncosh(AlIn(cly))+/11Int+g
=e ;C.X,C.y>0
271
Ay ﬁ
=Kx 2 (cosh( 2 In (czx)))(cosh( Lin(c,y)) ; K=e9 and c,x,c,y>0

b 1, ,12+Ni+1

2P 2 y 20n 244 A 1
t [cosh((iﬁ+§)|n (sz))]

2

cosh((x Y210 V7 N i+ )In(c )
2\/6/7/1 1y

Then the complete solution of the equation(16), is given by:
i 15N
t |+E yL

I / 2|8
Z(X, y,t)—KxZﬁ’11 z y2‘611 t ! cosh((i—2+£)ln(czx)) cosh((———— el |+—)In (c1y))
2Py 2 2.0 4,

224N
A 1 2+ NS

L , = v / N
Z(x, y,t)— K x 2P 2 2y 204 g t cosh(( g2 +3)|n(c2x)) cosh(( " |+ )In (c1y))
2Py 2 270 4,

—ﬂ/z i:l_ 12+N 1

= /1 y ’ 2
Z(x,y,t)- sz‘r’11 ¢ yz‘rﬂ1 2t cosh(( 2 +1)|n(c2x)) cosh((———— 42+ I+ )In (c1y)) [|=0
2Py 2 \/_

Where K, ﬂ“l , 12 ,C1 and 02 are arbitrary constants.

Domain: x>0 y >0, -o©<t<e,

Case(3)-b-: By using the assumption
jmdxﬂwdyﬂwdt
Z(x,y,t)=e * y ‘ , we get

jdeﬂmdw wet) ¢ ' 2(x) —
L P S ¢ PE T COR T G TG

X X XXy y X 2

j%dxq%’)dyq@ dt
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u(x) o VO gy, O
| . dx+| » dy-+| " dt

! 2 _
Z,, - wt(t) Rl (y)+Vy2(y) V(Y)y e

W(t)

- (tW () +w(t) - W(t)) j ()dX+JV(y)dy+J
yit y t2

) vy w0t o
wto oy y ot

U(X) v(y) W(t)
_ U0 W) V() vy
Xyy X y2
And using Zt , Zy , th , ZXX ’Zyy , Zyt , ZXy and tht from case(2)-a-,-b- ,-c- and case(3)-a-then the equation

Dx*y*t?z¢z2 +Ex4y2tzz§z2 +Fx2y4tzz§z2 +Gx*yAtizgz2 +Hx2y2t“zxzz2

IX?y*t?Z2Z 5, +Ix*y*2Z872 +Kx4y2t ZH72 +Lx2y*t? zxtz2 +Mx?y*t4z7 72 +
2.,2:2 2 2.,2+2 2 2.,2+2 2

N x“y“t Zt ZXy+Ox yt Zyzxt+Px yt szyt=0

Transforms to the form

{szlyztz{vz(y) W (0) X' (+ 20 —U(X))z}r Ex4y2t2(V2(Y) wh (D) X' + 020 —U(X))z}r

2 t2 2 2 t2 2

y X y X
. X2y4t2(ui(2><) w;(t) W) +Vy22(y) V)2 |, zeyzt4[ui(2><) v2y<2y> WO +v:22(t) —W(t))2]+
’ X2y2t4[u2(2x) ORI +v:22(t) —W(t))2]+ |X2y2t2(uz(zx) () w;(t)J+
X y X y
2 2 ' 2
2yt t{ux(zx) Wtz(t)(yV(y)+Vy2(y) V()2 ]+Kx4y2t2[V () W) (x)+u2<x)—u(x))2]+
y t X
LXZW(u (x)w 0 w(y)+vy2(y) V()2 J+szy2t4(u2x(2x) vzy(zy) (tw'(t>+v122(t>—w(t))2]+
t t
Nxzyztz(u () v (Y)WZ()}rOXzyztz(V ) v (Zx)wz()J
y X t
PXZthZ[u (X)V (y) W Z(t)}] dx+jV(y)dy IW(t) ]:0
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a1 14O s YO gy ) g
X y %0

Since €

So, D(vz(y)w2(t)(xu'(x)+u2(x)—u(x))2j+E(vz(y)wz(t)(xu'(x)wz(x)—u(x))2)+
F 02 w2 ' (1) +v2 (1) ~v(y)? J+ Glu? w2 () (e (1) + w? () - w(t) )+
H (U2 Gov2 () o' () + w2 1) ~w(t)? )+ 1lu2 (v (y)w2 () )+
2w (W' (y) +v2 (y) ~v(y)? )+ K(vz(y)wz(t)(xu'(x)+u2(x)—u(x))2)+

L2 w2 (' (y) +v2(y) ~v(y)? }+ M{U2 (V2 () aw' ) + w2 (1) — w(t))? )+
N2 ev2 (yw? 1))+ 0lu? (v (y)w2 1))+ Plu? cov2 (yw2 )= 0 .(19)

This equation is variable separable equation [4],we get

(D+E+ K)(xu’(x)+u2(x)—u(x))z CFIeL) (yv'(y)+v2(y)—v(y))2 N
u(x) v(y)

lW'('E)+W2(t)—""(t))2 +(1+N+O0+P)=0
w(t)

(G+H+M)(

Let (D+E + k)L +;‘(2X()X) “U02 - 22 and (Faae L) (W +\Y(2y()y) Vy2_ 22

Therefore (G+H+M )(tW'(t) i Vv\\llit()t) L w(t))2 +(1+N+0+P)=—(22 + 13)

' 2 _ 21 _
= xu'(X)+u-(x) (J_r—m+l)u(x) 0

yv'(y)+v2(y>—(iﬁ+1)v<y):o

I+N+O+P+/112 +/1§
G+H+M

tw(t) + w? (t) — (i\/ i+1)w(t) =0

)‘1 ' 2
LetA =#————+1 =xu'(X)+u(X)—Au(x)=0 ...(20)
L= E (X)+u?(x) - A u(x)
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A
AndA, =+—22 11 = wW(y)+Vv3(y)-Av(y)=0 .(21)
2 S wW(y) +v7(y) = Axv(y)
I+N+O+P+/112+/1§ . 2
Also Az =+ i+1 =t (t)+w(t) - Azw()=0 ..(22)
G+H+M

The equations (20) , (21) and (22) are similar to equation [9], then the same method the solutions

of them are given by :

u(x):ﬁtanh(ﬁln(c x))+ﬁ At . ¢, x>0
2 2 1 2 TtT 'l

A2 AZ A2 . .
V(y) :7tanh(7 |n(C2y))+7 , A2 == +1 , C2y>0
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I+N+O+P+2,f +/1§
G+H+M

As As As -
And W(t):7tanh(7 In(c3t))+7 (A =1 i+1 ;c,t>0

A1 i AL & hﬁl & ﬁ hﬁl g
3 tann(in() oy 2 G e G e
So, Z(x,y,t)=e X y t

;clx,czy,c3t>0

dt

A A A A A
“Linx+In cosh(71 In(c; X)) +72In y+in cosh(%ln(czy)) +73Int+ln cosh(73ln(c3t)) +g

=e
;clx,czy,c3t>0
AL A Ag A, A,
=Kx2 y2¢t?2 (cosh(TIn (c, x)))(cosh(7 In(cyy))

A
(cosh(T3 In (c5t))) : K=e? and C,X,C,Y,Ct>0

2, 2
A A +1 N A +1 +\/I+N+O+P+ﬂ,l+ﬂz i+£
— K x 2VD+E+K 2y 2JF+I+L 24 4(G+H+M) 2

¥ 4 BR N N 1
[cosh(i yan +2)In (c, x))j(cosh((i B +2)In (czy))j

h I+N+O+P+ﬂ,f+/1§_ 1| ‘ K g d 0
cosn((+ 1+—)In (C ; =e® and c ,X,C,.Yy,C.t>
(( 4(G+H+M) 2) (3)) 1 2y 3

Then the complete solution of the equation(19), is given by:
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M 1 2 1 \/I+N+O+P+212+,1§ 1 i
DEK T2y 2 Fi 2 1
(xy.0 y (2\/D+E+K 2) (X))

2vD+E+K

" 12 1| " I+N+O+P+/112+/1%_ 1|
cosh((——=-——+)In(c cosS i+3)In(cat

D T S T J'Nopﬂél
Z(x y,t)—K X 2JD+E+K 2y 2JF+J+L 2 ¢ 4(G+H+M) 2(cosh(#+%)|n (Cl x)))

I+N+O+P+A2 +4)

2VvD+E+K

-A 1 1
cosh((———=2—+3)In (c cosh((— i +>)In (c.t
((Zm 2) (c,y) (( 4G HIM) 2) (c,t))
N JINOW ¥
Z(X, y,t) _ K x 2VD+E+K 2 y2\/F+.]+L 2 t 4(G+H+M) 2 (COSh( 21 +%)|n (Cl X))j

— 2, |+N+0+P+/112+,1§
cosh((2

ﬁ%)ln(%y» oG hem) i+%)'n(cg,t)) =0

where K, )“1 ,ﬂz ,C1 ,C2 and C3 are arbitrary constants.

Domain: -0 <x<®o | -0o<y<w  -0o<t<w
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