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Based on new integral estimate, we establish boundedness of the gradient of a solution for a fourth order equation in an
arbitrary three-dimensional domain
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1 Introduction

Higher-order elliptic boundary problems have abundant applications in physics and engineering [10] and have also been
studied in many areas of mathematics, including conformal geometry (Paneitz operator, Q-curvature [2, 3]) and non-linear
elasticity [4].

Unfortunately, we know little about fundamental properties of the solutions to general higher order PDESs, such as
boundedness, continuity and regularity near a boundary point. Their investigation brought challenging hypotheses and
surprising counterexamples. For instance, Hadamard’s 1908 conjecture regarding positivity of the biharmonic Green
function [6] was actually refuted in 1949 (see [5]). In the case of higher order equations, the maximum principle has been
established only in relatively nice domains. In 1960 the maximum principle has been established only in relatively nice
domains. In 1960 the maximum principle has been extended to higher order elliptic equations on smooth domains, and
later, in the beginning of 90's, to three-dimensional domains diffeomorphic to a polyhedron [8] or having a Lipschitz
boundary [11]. In particular, it ensures that in such domains a biharmonic function satisfies the weak maximum principle

VUl poe @y < ClIVUll g (a0 - (1.1)

Since without direct analogues of (1.1) for higher order equations in general domains, the properties of the solutions
become more involved. To be more specially, let {2 C R™ be a bounded domain and consider the boundary value
problem

Alu=f(z) in Q u e W), (1.2)

where W’Q 2(Q) is a completion of C{°(£2) in the norm of the Sobolev space W22(f2), and £ is a reasonably nice
function (e.g.CSC(SZ)). Motivated by (1.1), we naturally ask if the gradient of a solution to (1.2) is bounded in an arbitrary
domain {2 C R™. It turns out that this property may fail when n. > 4 (see the counterexamples in [9]). In dimension three
the boundedness of the gradient of a solution was an open problem.

Recently, S. Mayboroda and V. Maz'ya [12] solved the open problem. They state the boundedness of the gradient of the
solution to (1.2) under no restrictions on the underlying domain. It is a sharp property in the sense that the function
satisfying (1.2) generally does not exhibit more regularity. In paper [13], they expand the biharmonic operator A? 10 the
general polyharmonic operator (—A)™, i.e., the following equaiton

(=A)"u= f(z) in Q, u € EVUQ’Q(Q), (1.3)

where m € N and f is a reasonably nice function. They establish boundedness of derivatives [m — g %] for the

solutions to (1.3) without any restrictions on the geometry of the underlying domain but in 2 < n < 2m + 1. It is shown
that this result is sharp and cannot be improved in general domains.

In this paper, our main result is

Theorem 1.1 Let  be an arbitrary bounded domain in R?, and

A%y — apAu + aju = f(z) inQ, ue ﬂf"oz’Q(ﬂ), (P)
where a), a1 are non-negative constants and f () € C§°(£2). Then the solution to the boundary value problem ()
satisfies
|Vu| € L=(9). (1.4)

The present paper establishes pointwise estimates on variational solutions to (P) in an arbitrary three- dimensional
bounded domain. It is shown that the boundedness of the gradient of a solution to (P) is a sharp property and can not be
improved (see the counterexamples in [12] and [13]).

The paper is organized as follows. In Section 2, we give some notations and main integral global estimate. In Section
3, we obtain local L? estimate and accomplish the proof of Theorem 1.1.

2 Notations and Integral global estimate

First, we give some notations: S?: the unit sphere in RS; d.: the Laplace- Beltrami operator on SQ; V., the gradient on
SQ' ', C; : various positive constants, the exact values of which are not important; B,«(Q)' the ball with radius r
centered at (; B;: the ball with radius 1 centered at the orlgln S, (Q): the sphere with radius 7 centered at Q; S,.:
the sphere with radius = centered at the origin; r R( )= Br(Q\B-(Q) ; Cr.r = BR\B, ;
T.(Q)=B-(Q)NQ; T, rQ) =Crr@nNQ; [(Q)=B,(Q)NdY; d(x): the distance from = to IN;
A~B C'A<B< C’AforsomeC > 0.
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Let (r,w) be sphere coordinates in R, ie.r = || € (0,00) and w = ﬁ is a point of S?. we usual write the sphere

coordinates as (7, 0, ¢), where 6 € [0,27), and ¢ € [0, 7, thus

x .
w= Tl = (sinf cos ¢, sin # sin ¢, cos ).
x

Since it is more convenient that we use ¢ = log |;r:|_l, we denote the mappings by x
R® 5>z 2 (t,w) € R x §%

Lemma 2.1 Let € be an open set in R3 ag,a; are non-negative constants,
u € C3P(Q), v =¢e(uo x 1), va =uwox ! and v3 = efu oy~ Then

/ (A%u(z) — agAu(z) + aqu)u(z)|z| g (log |:1:|7l) dx
JR3

:/ / [(6.01)%g + 2(0,V.001)g + (0701)°g — (Vuv1)*(07g + g + 29)
R g2 (2.1)

+ ao\vw’t’2|29 — (Opv1)*(207 g + 3019 — g) + ao(Dyv2)*g + arvig
1 . a
+ Evf(ﬁfg +20%g — 929 — 20,9) — Eofug((r)fg + Ovg)|dwdt,
for every function g on IR such that both side of (2.1) are well-defined.

Proof. Itis well-known that the Laplace operator in three dimension can be written by
A:ezt(af — @t + (57_0).

Let us start the spherical coordinates R® 5 2 — (£,w) € R x S2. Then
/ (A%u(z) — apAu(z) + ayu)u(z)|z| g (log |a:|71) dr
R3
= / Au(z)A(u(z)|z] g (log |.’L’|71))d:’fj
JR3

— /R Au(z)u(z)|z| g (log|e|™") dz + a; /R u(@)u(e)|z| g (logla| ™) da

2.2)
- ] / (82 = 30, + 2 + du)or(t, w) (92 — Dy + 8.) (01 (t, w)g(t))|dwdt
R 2
_ ao/f[(atz — Oy + ) va(t,w) - va(t, w)g(t))]dwdt + ay f /Ug(i,w)g(t))dwdt
R 2 ) %

- Il - IQ + Ig.
First,

I] ff {(5wbl)2g + Q(ati'l)])2g + (BSUI)QQ . (th’])2(at2‘g + a{,g + 29)
o (2.3)

1
— (001)%(20%g + 39,9 — g) + 5%‘}’(3?.@ + 2079 — 0 g — 20,9)|dwdt.

(see the reference [12]).

Next, we calculate I2. Since
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//831‘2(t,w) ~va(t, w)g(t)dwdt
R §2

—/f(8{02(15,'11)))29(t)(i’r1,ldf+%/ /'r.ﬁ%(t,w)@fg(t)dwdt,
R §?2 R §?
1
//Gmg(t,w)-Ug(t,w)g(t)dwdt = 5/ /U%(t,w)atg(t)dwdt,
R g2 B s2

f/c) W (t,w) - va(t, w)g(t)dwdt = f/|v wy(t,w) [2g(t)dwdt.
R R
Thus

. 1 . .
Iy = aoff (fatvg(t,w))zg(t) — |wav2(t?w)|zg(t) + étﬁ(t,w)(ﬁfg(t) + 0yg(t))dwdt. (2.4)
R §2
Thus (2.1) holds.

and

Lemma 2.2 Consider the following two ordinary differential equations

dq(t Bagi(t) gt dgi (t
0(t) o) o) e _, .
dt* dt? dt? dt
and
- - =4 2.6
T ’ 29
where 4 is the Dirac delta function. The solutions to (2.5) and (2.6) which are bounded and vanish at +oo are given by
1t 1 :
—=et 4 = if t <0
t) = 6 2 = 2.7
91(t) { ge et ift >0, %
and
(t) = 1, if t <0, .
A B R ) :
respectively.

The proof is basic. We omit here.

Lemma 2.3 Let 2 be a bounded domain in R?, a, a; be non-negative constants, O € R?\ Q, u € C§°(2) and
v =c(uox ), vo=uox ',vg=efuoyx ! Thenforevery ¢ € Q and 7 = log |£|~!, we have

[ (2%u@) - aodu(o) + arute)ula)lal g Uf’gﬂlglﬂ) '
RZE
S‘Z
where
~ _let 4 3, if t <0,
g(t) = { gf -2t ) %e—t’ 1> 0. (29)
Proof. Let

3041 |Page January 28, 2013



ISSN 2347-1921

g(t) = q1(t) — g2(1), (2.10)
where g1 (t) and g2(t) are defined in (2.7) and (2.8), respectively. Thus, we have
1.6, 3 :
DN e v S if £ <0,
g(t) = { —ge’% + 3t ift>0. (2.11)

Let us start with the expansion of v by means of spherlcal harmonic and the eigenvalues of the Laplace-Beltrami operator
on the unit sphere in three dimension are p(p + 1), =0,1,2,...) and we have the inequality

/|c) oy Pdw > 2/ |V o2 dw. (2.12)
Now, we replace 9 (in Lemma 2.1) by g(t — 7)(t € R). From (2.1), (2.5), (2.6), (2.10) and (2.12), we have
[ 8%~ audute)u(o)lal 17 (1og ) da
> / j (Vo (t,w) @25t~ 7) + 0t — 7)) — (G (1,w))*(2075(t — 7)
+ 3(1,(] t—71)—g(t —7))dwdt

//—'U] (t,w) (D} galt — ) + 202 go(t — 7) — D2 go(t — 7) — 20,95(t — 7))dwdt
R

1
//—(—ng (t,w)(OFgi(t — T) + Qg (t — 7))dwdt + Qf( (7, w) + agvi (1, w))dw.

S2
(2.13)
In order to prove Lemma 2.3, our goal is to show that the follow inequalities
97g(t —7) +0g(t—7) <0,
20°G(t — 7))+ 30g(t —7) — gt — 7) <0,
Opga(t — 7) + 200 gs(t — 7) — B ga(t — 7) — 20,92(t — 7) < 0.
Ofgi(t —7) + Ogi(t —7) < 0.
First, we compute G(t — 7) and get
_1(t=7) if t <
— € , nwt<r,
gt —1) = { %;'—Q(L—T) “ 800 ift >, (2.14)
and
: —Lelt=m) if ¢ <
_ € nHt<T,
5f9(t —T)= { 5 e—20t— T) +3 3e—(t-7), T 2.15)
(2.14) and (2.15) give
_1,(t-7) if ¢t <
9_ _ B 5€ , i<t
gt — 1) +og(t — 1) = { —%e*Q("*T), oo (2.16)

and
2— Ny — — o 3 : ) =T,
200t - 1y raogle ) - -1 ={ I E e ST em

Obviously, the functions (2.16) and (2.17) are non-positive.

Next, we know the fact
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anQ(t —7)+ 20?92(1'5 —T) — Ofgg(t —7) —20,92(t — 7) = 0. (2.18)

Finally, we compute ¢, (t —7) and obtain

_1.(t-7) ift <
€ , ift <7,
gt —7) = { %6672(#7)'_ L e (2.19)
and
_1.(t-7) ift <
2 _ 5 € ; Her<r,
Dot —7) = { —%e_m—ﬂ + %e_“’_”, if t >, (2.20)
which give
9 9 —%e(t”), if t <,
gt —7)+ gt —7) = B R, (2.21)

The function (2.21) is non-positive.
3 Local L.? estimate

To start, we need to establish the following energy estimates for the solutions of the elliptic equations.
Lemma 3.1 Let 2 be an arbitrary domain in R”, u € W22 (Tr(Q)) for some

Q € R"\Q and R > 0. Suppose that u satisfies A?u — agAu + aju = 0 in Tyz(Q) for the real constants g, a
andu = 0,Vu =0 on [1z(Q). Then

. 1 1
— / \Vul*dz + f |Vzu\2d$ <C (1 + =+ 4) f lu|*dz, 3.1)
2

Tr (Q T’F‘(Q) T;-,z;-(Q)

where 0 < r < 2R and (' is a positive constant only depending on ay.
Proof. Letn € C5°(Ba,(Q)) such that
0<7n<1linBy(Q),n=1inB.(Q)and|VFy| < Cr=F for 0 <k<4.

since u € W22(Tyr(Q))and u = 0, Vu = 0 on I1r(Q), we have un? € I/VOQ’2(T4R(Q)). We will show that for

any € > 0,
. 1 1
/|V2(u-112)|2d$ < ef ‘Vz(unz)‘Qd:ﬁ + C(g,ap) (1 + =3 + 7_4> f lufdz.  (3.2)
Q Q Ty,2r(Q)

This, together with the Poincaré inequality

f |V(u*r;2)|2d1' < Cr? / |V2(u-r;2)|2d;i:, (3.3)
T2,(Q) T2 (Q)
yields the estimate (3.1).

To prove (3.2), we use integration by parts and A%u — agAu 4+ aju = 0in Ta,(Q) to obtain
] ‘Vz(ungﬂzdm = / ‘A(mf)‘gdr = / {|A(unz){2 — AuA(ug") + agAu(un')} — ayuun*dz. (3.4)
i) ) Q

A direct computation shows that
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f[A(unQ)A(u.WQ) — AulA(un') + apAu(un?) — ayuun?|de

= /[u&(m}?)A(ng) -+ 4‘V’£LV(T]2)|2 + 2u(VuV(n*)A(n*)
)
- uAu(2|V(‘T]2)|2 +n* A —agn*) — ajun']d.

By the Holder inequality, the first term in the right side of (3.5) reduces

/-uA(u-nQ)A(-nQ)daz Se/ \V2(un2)‘2d:ﬂ+ % / u|*d.

Q ) Tr20(Q)

Since
Ju 1 5 O
ugp = 5 () = Slul52,

which gives estimate of the third term in the right side of (3.5)

/u(V’uV(nz))A(nz) < gl / |u.|2dm.
Q Tr.2-(Q)
Meanwhile,
o, Ou du a0 (un?) 9? (un?) du Do e
" Ox; ﬁrn,kp ('fut( Oz, wp) - Ox;0x ; e &LJ 82:7
3u o' uza_n? D

<f'/ [P . ?
&L dx; Ox; Ox;
by (3.8) and (3.9), the second term in the right side of (3.5) has

/ |VuV(n2)|2 <e / ‘Vz(u-n2)|2dx + % / |u|*dz.

Q Q Tr2r(Q)

For the term 772uAu, we note that

d (i du ) ou A (np)
p) —u

oz "0z Y om0

By (3.7), (3.9) and (3.11), the last term in the right side of (3.5) is

nulup =

/ —'u,Au(|V(nQ)|2 + * AP +aon* — ayu®n?®)
)

T

1 1
< 6/ |V2(un2)|2d:ﬁ + Ce(Jag| (1 + ﬁ) + =) f |u|2d:1:.
o)

ﬁzr(Q)
Thus, (3.6), (3.8), (3.10) and (3.12) imply that (3.2) holds.

The following Lemma reflects the rate of growth of solutions near a boundary point based on Lemma 2.3.

Lemma 3.2 Let 2 be a bounded domain in R?, () € R3\ and R > 0. Suppose
A%y — apAu+ aju = f(z) in Q, ue W*(),

where ay), a1 are non-negative constants and f () € C3°(Q\ Bir(Q)). Then
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1 1 .
i / lu*do, < C (R" + B’) f |u|*dz for every p < R,
Sp(@)N§2 Trar(Q)

where C is a positive constant depending on a.

Proof. without loss of generality, we consider () = O. Let us approximate €2 by a sequence of domains {{2,, }.>
with smooth boundaries satisfying

o0
U 0, =0 and Q,C Q. forevery n € N.

n=1
Choose ng € N such that supp f C £, for every n > np and denote by wu,, the solution of the Dirichlet problem

A*u, — apAu, = f(z) in Q,, u, € W’OQ’Q(QTL)j n > ng.

The sequence {u,,} - converges to u in W'OQ’Q(Q) (see [14]).

n=nq

Next, let smooth function 7 € C§°(Bap) such that

0<n<1linBsg n=1inBrand|V¥)| < CR* k<4

1

Also, fix 7 = log p~ " and let § be the function in (2.13).

In particular,

’ng(log 7 |) <CR* 0<k<4, z€Cgon p<R. (3.14)

Now, Consider the difference

[ (82 n@n(e)) = auA(a, 0(0)) + (@) - (o))~ 510 )

. 0 (3.15)
- /HS (A%, () — agAuy () + artn (@) (un() |z~ 'g(log m)ﬁz(l’))dﬂi-
We view (3.15) as
/HS([A2 — apA + ay, n)u, (7)) (n(2)u, (2)|z| 'g(log %)) (3.16)

The integral in (3.15) and (3.16) are understood in the sense of pairing between Wg’z(ﬂn) and its dual space. Obviously,
the support of (3.16) is a subset of suppVn C Tk og.

By (3.14), Lemma 3.1 and the Cauchy inequality, we obtain

[ (8%~ a0+ an ()t )l g0 2o

]
2 1
1 . 1
= Cz R5—2k / ‘vk“”(mﬂzdercz R3—2k / [VFu, (2)]*de zaz)
=0

JTror k=0 JTronr

1
<O(E+R)/T |, (2)|*da.

On the other hand, since A%u — agAu = 0in B4R(Q) (€2, and 7 is supported in Bap, hence the integral in (3.15)
(the second term in (3.15) is equal to 0) is equal to

./RS(AZ('un(I)n(?))—aoA(‘un( 2)(x)) + aru (2)n(@) - (n(2)un (2) || g (log

To estimate (3.18), we employ Lemma 2.3 with u = nu,. Then (3.18) is bounded from below by

7 |))d ., (3.18)
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. Cor
- / vi(r,w)dw > —4/ |wp () |*do. (3.19)
2 Jg P Js,Na
Hence for every p < R, by (3.17)- (3.19), we have
— \u,(x)|"do, < C(—=: + R) |t (x)|*da. (3.20)
P Js,Ne R Tr.an

Finally, it can be finished by taking the limit as n — oc.

The following proposition is devoted to the proof of Theorem 1.1. In addition, we will establish sharp local estimates for the
solutions in a neighborhood of a boundary point.

Proposition 3.3 Let Q be an arbitrary bounded domain in R?, ) € R*\ Q2 and R > 0. Suppose

A*u — apAu+ ayu = f(x) in Q, ue Wi*(Q), (3.21)

where ag, a) are non-negative constants and f(x) € C5°(Q2\ Byr(Q)). Then forevery z € T/4(Q),

a0 1 .
Vau(z)]? < O+ |a - Qlﬂ(ﬁ + R) / u(y)|*dy, (3.22)
Try4,4r(Q)
and
2 2, 1 9
lu(@)]” < Clz — Q" (5 + 1) lu(y)[“dy, (3.23)
R JTi140(@Q)

where C' is a positive constant depending on ay.

Proof. since A%u — apAu + aju = 0in T4R(Q), by an interior estimate for solutions of the elliptic equations (see
[1,7])

V()2 < -C

S o3 / [Vu(y)|*dy, (3.24)
d(ﬂ?) Bz 2(x)

for By(x)/2(x) C Bar(Q). Let xg be a point on the boundary of €2 such that d(x) = |z — x|. Since = € Tx4(Q) and
d(x) < |x — Q|, we have = € Bp4(xo). By Lemma 3.1 and By, /2(x) C Bagy)(xo),

C / ) 11 )
Vuly) Py < C(——t——) f fu(y) Pdy
4@ Jos o )" d@)? s oo

i (3.25)
<C (1+—) / lu(y)|*da,.
d(ﬂi‘)4 Sa2d(a) (xo0) !

Next, we analyse the upper estimate of the right side of (3.25) by Lemma 3.2. Since d(x) < R/4, thus 2d(z) < 3R/4.
By the condition A%u — apAu + aju = 0in Tyr(Q) and

|Q — x| <|Q — 2| + |z — x| < R/2, (3.26)

we have A?u — agAu + aru = 0in T3 (o). Therefore Lemma 3.2 holds with zq in place of (2, 312 /4 in place of R
and p = 2d(x), i.e.,

. i, 1 ;
|ty < cdwi B [ )y
S2d(a)(0) Tsr/a,3r(T0)
] (3.27)

< C'd(m)4(R5 + B)]:; o lu(y)|*dy.
R/4,4R

By (3.24), (3.25) and (3.27), we obtain
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1 .
|Vu(z)|* < C(1+d(z))( =+ R)/ lu(y)|*dy. (3.28)
R Triaar(Q)

Clearly, d(x) < |z — @], so that (3.28) implies (3.21).
Based on the interior estimate for solutions of the elliptic equations

'
d(x)’

P < [ )Py 529
Bd(w)/'«.’(-‘"‘)

the process of the proof (3.23) is the similar as the estimate of | Vu(x)|.

The proof of theorem 1.1.

By Proposition 3.3, it's also known that the gradients of solutions in the neighborhood of all boundary points of €} are
bounded. Thus we complete the proof of theorem 1.1.

ACKNOWLEDGMENTS

This work was supported by the National Natural Science Foundation of China (11171220) and Shanghai Leading
Academic Discipline Project (XTKX2012).

REFERENCES

[1] Agmon, S., Douglis, A., Nirenberg, L.: Estimates near the boundary for solutions of elliptic partial differential equations
satisfying general boundary conditions, . Commun. Pure Appl. Math. 12, 623-727 (1959).

[2] Chang, S.-Y.A.: Conformal invariants and partial differential equations. Bull., New Ser., Am. Math. Soc. 42(3), 365-393
(2005).

[3] Chang, S.-Y.A., Yang, P.C.: Non-linear partial differential equations in conformal geometry.In: Proceedings of the
International Congress of Mathematicians, Beijing, I. 189-207. Higher Education Press, Beijing (2002).

[4] Ciarlet, Ph.: Mathematical Elasticity. Vol. 1l: Theory of Plates. Studies in Mathematics and Its Applications, 27. North-
Holland, Amsterdam (1997).

[5] Duffin, R.J.: On a question of Hadamard concerning super-biharmonic functions. J. Math. Phys. 27, 253-258 (1949).

[6] Hadamard, J.: Mémoire sur le probléme d’analyse relatif a I'équilibre des plaques élastiques encastrées. Mém. Acad.
Sci. 2, 33 (1908).

[7] John, F.: Plane Waves and Spherical Means Applied to Partial Differential Equations. Interscience Publishers, New
York, London (1955).

[8] Kozlov, V., Maz'ya, V., Rossmann, J.: Spectral Problems Associated with Corner
Singularities of Solutions to Elliptic Equations. Math. Surv. Monogr. 85. Am.
Math. Soc., Providence, RI (2001).

[9] Maz'ya, V.: Behaviour of solutions to the Dirichlet problem for the biharmonic operator at a boundary point. In: Equadiff
IV (Proc. Czechoslovak Conf. Differential Equations and their Applications, Prague, 1977). Lect. Notes Math., 703.
250-262. Springer, Berlin (1979).

[10]Maz’ya, V., Tashchiyan, G.M.: On the behavior of the gradient of the solution of

the Dirichlet problem for the biharmonic equation near a boundary point of a three dimensional domain. Sib. Mat. Zh.
31(6), 113-126 (1990).

[11]Maz’ya, V.: On Wiener's type regularity of a boundary point for higher order elliptic equations. In: Nonlinear Analysis,
Function Spaces and Applications, Prague, 1998, 6, 119-155. Acad. Sci. Czech Repub., Prague (1999).

[12]Mayboroda, S., Maz'ya, V.: Boundedness of the gradient of a solution and wiener test of order one for the biharmonic
equation. Invent. Math. 175(2), 287-334 (2009).

[13]Mayboroda, S., Maz'ya, V.: Regularity of solutions to the polyharmonic equation in general domains. Invent. Math. 196,
1-68 (2014).

[14]Necas, J.: Les méthodes directes en theorie des équations elliptiqgues. Masson et Cie, Editeurs, Paris; Academia,
Editeurs, Prague (1967).

3047 |Page January 28, 2013



