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1. Preliminaries

This section presents a review of some fundamental notions of topological spaces.

A topological space [6] is a pair (X ,T) consisting of a set X and a family 7 of subsets of X satisfying the
following conditions:

(T1) T and X €T.

(T2) T is closed under arbitrary union.
(T3) T is closed under finite intersection.

Throughout this paper (X ,T) denotes a topological space. The elements of X are called points of the space, the
subsets of X belongingto 7 are called open sets in the space. The complements of the subsets of X belongingto T

are called closed sets in the space, and the family of all closed subsets of X is denoted by T°. The family 7 of open
subsets of X is also called a topology on X .

A subset A of X in a topological space (X ,7) is said to be clopen if it is both open and closed in (X , 7). The family
of all subsets of X is a topology on X called the discrete topology and it is denoted by § . A topological space (X ,Z')
is called a quasi-discrete topology if every member of 7 is clopen subset of X .

Afamily & < T is called a basis for (X ,T) iff every nonempty open subset of X can be represented as a union of

subfamily of & . Clearly, a topological space can have many bases. A family <5~ < T is called a subbasis for (X , 7))
iff the family of all finite intersections of S~ is a basis for 7 .

The 7T -closure of a subset A of X is denoted by A~ and it is defined by A~ =ﬂ{F cX:AcFandF eT*}.

Evidently, A~ is the smallest closed subset of X which contains A . Note that, A is closed iff A=A". The T -
interior of a subset A of X is denoted by A° and it is defined by A° =U{G cX :GcAandG ET}.

Evidently, A° is the largest open subset of X which contained in A . Note that, A is open iff A =A°. The boundary
ofasubset A of X (briefly BN (A) )is denoted by A® and itis defined by A =A™ —A°.

2. Near open sets in topological spaces

In this section, we introduce some results on some classes of near open sets in topological spaces. Some forms
of near open sets which are essential for our present study are introduced in the following definition.

Definition 2.1. Let (X ,7) be a topological space. The subset A of X is called:

i) Regular-open [12] (briefly r-open) if A =A~°.

if) Semi-open [7] (briefly s-open) if A < A°".

iii) Pre-open [9] (briefly p-open)if A = A™° .

iv)  y-open [5] (b-open [4])if A A°TUAT°.

V) o -open [10]if A c A°7°.

vi) /3 -open [1] (Semi-pre-open [3]) if A C A™°".
The complement of an r-open (resp. s-open, p-open, J -open, ¢ -open and ,B-open) set is called r-closed (resp. s-
closed, p- closed, ¥ -closed, ¢ -closed and ﬁ - closed) set. The family of all r-open (resp. s-open, p-open, ¥ -open, « -
open and /3 -open) sets is denoted by RO (X ) (resp. SO(X ), PO(X ), O(X ), aO(X ) and SO (X )). The

family of all r-closed (resp. s-closed, p-closed, y -closed, « -closed and ,B -closed) sets is denoted by RC (X ) (resp.

SC(X ), PC(X), 7C (X ), aC (X ) and AC (X )).
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The near interior (briefly J -interior) (resp. near closure (briefly J -closure)) [2] of a subset A of X is denoted by AjO

(resp. A'7) and itis defined by
AP =U{GcX:GcA, Gisa j-openset }

(resp. A’ =N{H =X :AcH,Hisa j-closed set} ),

where j e{r,s,p,r,a, S}

Evidently, AP forall j e{s, p,7,a, B} is the largest j-open subset of X which contained in A . Note that, A is a j-
open set ifft A=A’ Aiso, Al” forall je{s, p,7,a, [} is the smallest j-closed subset of X which contains A .
Note that A is a j-closed setiff A= Al

The j-boundary of a subset A of X (briefly ; BN (A)) is denoted by A" for all j e{r,s, p,y,a,ﬁ} and it is
defined by AP = AT AL,

From known results [1, 5] we have the following two remarks.

Remark 2.1.Let (X ,7) be atopological space. Then
) RO(X)c7rcaO(X)cSO(X) (PO(X))cyO(X) < BO(X).
i) RC(X)c7 caC(X)cSC(X) (PC(X))cyC(X )< AC(X).
Remark 2.2.Let (X ,7) be a topological space and let A be a subset of X . Then
) A CA’ A AP (AP)c AT AP
i) AP AT AT (AP )cAT A AT
Proposition 2.1. Let (X ,7) be a quasi-discrete topological space. Then
) RO(X)=SO(X)=aO(X)=T.
i) PO(X) =yO(X)=pO0(X)=gp.
Proof.
iy Let G €SO (X ), then G =G° . Since T is quasi-discrete, then G°~ =G°.
Thus G =G°.But G° =G ,then G =G’ , thatis G € T . Hence SO(X )= T .
But 7 CSO(X ). Then SO(X )="7.
Similarly, we can prove @O (X )=7.
Now, let G € T . Since T is quasi-discrete, then G € 7~ and G ™° =G . Thus
G €eRO(X ).Hence T <RO(X ).But RO(X )= 7.Then RO(X )=7.
i) Let G € 0. Since T is quasi-discrete, then G ° =G . Hence G =G °,
since G <G~ . Thatis G e PO(X ). Thus p < PO(X ).But PO(X ) c .
Then PO(X ) =g

Similarly, we can prove O(X )=gp=£0(X). o
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Definition 2.2 [6]. A topological space (X ,7) is said to be a T, —space if for each X,y €X , X 2y,
there exist two open sets U, V suchthat X eU , Y ¢U and Y €V |, x ¢V .

Lemma 2.1 [8]. Let (X ,7) be a topological space. Then (X ,7) is a T, — space if and only if {X} is a closed
subsetof X , VX e X .

Definition 2.3 [6]. A topological space (X ,7) is said to be regular at a point X € X if for every closed
subset F of X and X ¢ F, then there exist two disjoint open sets U,V suchthat X €U and F <V .

A topological space (X ,T) is said to be regular space if it is regular at each of its points.
PrOpOSitiOI’] 2.2. Every finite regular topological space is a quasi-discrete topological space.

Proof. Let (X ,T) be a finite regular topological space and G € 7. Then X — G e 7". Since X is regular, then for
each X €G, there exists H, €7 such that X — G cH, and x ¢H, . Thus X -G ¢ ﬂ H, and

xeG
X & ﬂ H, . Then ﬂ H, [UG =X .But ﬂ H, |NG =¢, hence ﬂ H, =X —G .since X is finite,
xeG xeG xeG xeG
then ﬂ H . isopen. Thus X —G isopen set, and so G is closed. Therefore (X ,Z') is a quasi-discrete topological
xeG
space. O

Lemma 2.2 [6]. Let (X ,7) be aregular topological space. Then for any two points X,y € X either {X} ={y}
or {x} N{y} =¢.
Proposition 2.3. Let (X ,7) be a finite regular topological space. Then for any two points X,y € X either

03 ={" o O3 N} =g foral j e{rs.p.ay.f)

Proof. Let (X ,Z') be a finite regular topological space. Then by Proposition 2.2, T is quasi-discrete. Thus by
Proposition 2.1 part (i), we have

RO(X)=SO (X )=aO (X )=T7. Hence for any point X € X , we get
G =3 ={3* ={X} . since X is regular, then by Lemma 2.2, we have for any two points X,y € X either
O3 =0y} o O3 Ny} =g oral je {I‘,S : a}. Also by using Proposition 2.1 part (ii), we have

PO(X )=0(X)=40(X )= .Hence forany point X € X , we get

D3 =03 =03 ={x} ={x}. Then for any two points X,yeX either {X} ={y} or
N} =g roral je{p.y. f} o

Lemma 2.3 [6]. Let A be a subset of X in a topological space (X ,7) and X € X . Then X €A™ if and
only if every open set containing X meets A.

Lemma 2.4. Let A be an s-open (r-closed) subset of X in a topological space (X ,7).Then A~ =A°".

Proof. Let A be an s-open subset of X.Then A c A°. Thus A~ A° .Since A° A, A° cA™. Hence
A=A,

Similarly, we can prove this lemma if Ais r-closed. o

Proposition 2.4. Let A be an s-open (r-closed) subset of X in a topological space (X ,7) and X € X .

Then xe A~ if and only if every open set containing X meets A°.

Proof. Let A be an s-open subset of X. Then by Lemma 2.4, we have A~ =A° . Hence X e A~ iff X e A°",
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iff every open set containing x meets A° by Lemma 2.3.

Similarly, we can prove this proposition if A is r-closed. o

Proposition 2.5. Let A be an s-open (r-closed) subset of X in a topological space (X ,7). Then
BN (A)=BN (A°).

Proof. Let A be an rclosed subset of X . Then by Lemma 2.4, we have A° =A". Hence
BN (A°)=(A°) —(A°)° =A~—A° =BN (A).

Similarly, we can prove this proposition if A is s-open. o

Lemma 2.5 [6]. Let A be a subset of X in a topological space (X ,7) and X € X . Then X € A° if and
only if there exists an open set G © X suchthat X €G and G CA.

Lemma 2.6. Let A be an s-closed (r-open) subset of X in a topological space (X ,7) and X € X . Then
A°=A°.

Proof. Let A be an s-closed subset of X . Then A™° <A . Thus A™° c A°.But A° cA™°, since AcA".
Hence A™° =A°.

Similarly, we can prove this lemma if Ais r-open. o

Proposition 2.6. Let A be an s-closed (r-open) subset of X in a topological space (X ,7) and X € X .
Then X € A° if and only if there exists an open set G < X suchthat Xe G and G A".

Proof. Let A be an s-closed subset of X. Then by Lemma 2.6, we have A ~° =A°. Hence X € A°iff X e A™° iff
there exists an open set G — X suchthat X G and G < A™ by Lemma 2.5.

Similarly, we can prove this proposition if Ais r-open. o

Proposition 2.7. Let A be an s-closed (r-open) subset of X in a topological space (X ,7). Then
BN (A)=BN (A")

Proof. Let A be an ropen subset of X. Then by Lemma 26, we have A °=A°.
Hence BN (A7 )=(A") —(A")°=A"—-A° =BN (A). Similarly, we can prove this proposition if A is s-closed.
O

Lemma 2.7. Let A be a subset of X in a topological space (X ,7) and X € X . Then X € A'~ if and only if
for each j-open set G containing x, we have G (1A # ¢, where | € {I’, p,S,}/,a,ﬁ}.

Proof. we shall prove this lemma in the case of j =y and the other cases can be proved similarly. Let
X € A7". Suppose contrary that G is a ¥ -open set such that X €G and G[1A =¢. Then X ¢ X —G and

AcX —G.But X =G is a y-closed set containing A. Hence X ¢ A”", which is a contradiction. Thus
GNA=g.

Conversely, assume that for each ) -open set G containing X, GNA # ¢ Suppose contrary that X ¢ A7,
then there exists ¥ -closed set H such that X ¢ H and A c H . Hence X —H is a ¥ -open set containing x,

and (X —H)MA =¢, which is a contradiction. Thus X € A”". o

Lemma 2.8. Let A be a subset of X in a topological space (X ,7) and X € X . Then X € A if and only if

there exists a j-open set G such that X €G C A, where | € {I’, p,s,y,a,ﬂ}.
Proof. we shall prove this lemma in the case of j = /3 and the other cases can be proved similarly. Now,

xe A% it xeU{GS X:Gc A Gisa B—openset] iff there exists a f3-open set G X such that
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xeGc A o

Proposition 2.8. Let A be an s-open subset of X in a topological space (X ,7) and X € X . If X eAl-

where j S {S, p,}/,a,ﬂ} , then each open set containing x intersects A°.

Proof. Let A be an s-open subset of X and let X eAj_, where j € {S, p,y,a,ﬁ} . Since A~ c A for each
j e{s,p,y,a,ﬂ}, then X € A™. Since A is s-open, then by Proposition 2.4, every open set containing x
intersects A°. o

Proposition 2.9. Let A be an r-closed subset of X in a topological space (X ,7) and X € X . Then

X e Al ifand only if each open set containing x intersects A° , where j € {S, p,y,a,ﬁ} .

Proof. Let A be an r-closed subset of X . Then A =A° . But A° is a closed set, and so itis a j-closed set for all
J e{s, p,y,a,ﬂ} .Thus A1~ =A° . Hence

X e Al iff x € A°, where je {S, p,y,a,ﬁ} iff each open set containing x intersects A° by Lemma23. o

Proposition 2.10. Let A be an r-closed subset of X in a topological space (X ,7) and X € X . Then

X € A°" if and only if each j-open set containing x intersects A for all j S {S, p,}/,a,ﬂ} :

Proof. Let A be an r-closed subset of X. Then A = A°". But A° is a closed set, and so it is a j-closed set for all
je{s,p.y.a B} Thus A" =A°" Hence

X € A% iff X € A’ iff each j-open set containing X intersects A by Lemma 2.7. O

Proposition 2.11. Let A be an s-closed subset of X in a topological space (X ,7) and X € X . If
X € A™°, then there exists a j-open set G such that X €G < A, where | e {s, p,}/,a,ﬁ}.

Proof. we shall prove this proposition in the case of j = and the other cases can be proved similarly. Let

A be an s-closed subset of X. Then A™° cA.But A% is open set, and so it is & -open set contained in A.
Thus A™° c A% . Nowif X e A™°, then X € A“°. Hence by Lemma 2.8, there exists an «& -open set G such
that X eG cA. ©

Proposition 2.12. Let A be an r-open subset of X in a topological space (X ,7) and X € X . Then

X € A’ where j {S, p,}/,a,ﬂ} if and only if there exists an open set G such that X €G C A~ .

Proof. we shall prove this proposition in the case of j = ﬂ and the other cases can be proved similarly. Let
A be an r-open subset of X and X eA”’ Then A=A°.But A° is open set, and so it is ﬂ-open set. Thus
A’ =A° Thenx € A” iff X € A° iff there exists an open set G such that X €G c A~ by Lemma2.5. o

Proposition 2.13. Let A be an r-open subset of X in a topological space (X ,7) and X € X . Then

X € A™° if and only if there exists a j-open set G such that X €G — A, where | € {S, p,}/,a,ﬂ} .

Proof. we shall prove this proposition in the case of j=s and the other cases can be proved similarly. Let A

be an r-open subset of X. Then A™° = A . But A ° is open set, and so it is s-open set. Thus A~° =A* . Then

X € A% iff X € A% iff there exists an s-open set G such that X €G — A by Lemma2.8. o

3. Generating relations using some classes of near open sets

In this section we introduce some definitions of relations generated by using some classes of near open sets.
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Definition 3.1 [11]. Let (X ,7) be a topological space. Then the relation on X generated by 7 is denoted by
R, and itis defined by

RT:{(x,y):x e{y}f}.

Example 3.1. Let T={X ,¢,{a}} on X ={a,b,c}. The family of closed sets is {¢,X ,{b,C}}. Then

{a}f =X, {b }7 = {b,C} and {C }7 = {b,C}. Hence according to Definition 3.1, we get

R, ={(a,a),(b,a),(c.,a),(b,b),(c,b),(b,c),(c.c)}.

Definition 3.2. Let (X ,7) be a topological space. Then the relation on X generated by the class RO(X) (resp.
PO(X), SO(X), yO(X), aO(X) and BO(X))is denoted by R, (resp. R ;, R;, R, R, and R)and it
is defined by

R, = {0, y)ixe{y} | (resp. R, ={(x y): xe{y} . Ry ={(x ) xe{y¥ .
R, = {(x, y): X e{y}y’}, R {(x, y): X e{y}“’} and R, = {(x, y): X e{y}ﬂ’}).

Example 3.2. Let X ={a,b,c,d} and 7={X ,¢,{a,b},{d}.{a,b,d}} . Then

RO(X)={X ,p{d}{a.b}}, anda RC(X)={4X fab,chf,d}}.thus {a}” ={b}" ={ab,c},
e} ={c} and {d} ={c,d}. Hence according to  Definiion 3.2, we  get
R, ={(a,a),(b.a),(c,a),(a,b),(b,b),(c,b),(c,c)(c,d),(d,d)}.
Proposition 3.1. Let (X ,7) be a topological space. Then

R,cR,cR,(R,)=R, <R, cR,.
Proof. Let y € X , then by Remark 2.2, we get

Y <Y <vF (¥ )y <y <Oy

Hence
R, =R, =R (R:)=R,cR,cR,. ©

Definition 3.3 [8]. A relation R on a set X is said to be an equivalence relation if it satisfies the
following conditions:

) (X,Xx)eR, VX eX (reflexive).
iy If (X,y)eR, then (y,X)€R (symmetric).
i) If (X,y)eR and (y,z)eR, then (X,z)eR (transitive).
Proposition 3.2. Let (X,7) be a topological space. Then R, and R; are reflexive relations on X for all

je{rs.p.a.r B

Proof. Since x e{X}; and X e{X}F for al xe X and je{r,s,p,a,7 B}, then (X,X)eR, and

(X,X)GRJ forall X € X . Hence R, and Rj are reflexive relations on X for all | e{r,s,p,a,)/,ﬁ}. =

Proposition 3.3. Let (X ,7) be a topological space. Then R, and Rj are transitive relations on X for all
je{s.p.a,y.p}.
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Proof. Let (x,y), (y,z)eR,. Then X e{y}_ and Y e{z }_. Thus {y}_g{z}_ and so X e{z }_.Then

(x,z) eR, . Therefore R is transitive relation on X.

Similarly, we can prove R is transitive relation on X for all j efs,p,a,7,B}. o

Example 3.3. Let X ={a,b,c,d}, Z':{X ,¢,{a},{b,d},{a,b,d}} be atopology on X. Then
RO(X)={X ¢ {a}{0.d}},

a0 (X )={X ,¢{a}.{ab,d}.{b.d}},

so(X)={X .¢{a}fach{ab,d}fo.d}{o.c.d}},

PO(X ) ={X ,¢4.{a}.{}.{d}.{a.b}{a.d}{ab,c}{ab,d}.{ac,d}f.d}},

Y0 (X )={X ,¢{a}{o}.{d}{a.b} {a,c} {a,d}.{ab,c}{ab,d}fac,d}.{.d}
{o,c.d}}, and

BOX)={X ,4{a}.fp}{d}{ab}{a,c}.{a.d}.{a,b,c}{ab,d}.{fac,d}.{o,c}.{.d}
{o.c.d}.{c.d}}.

Thus

RC (X )={X ,4,{.c.d}.{a.c}},

oC (X )={X ,4{b.c,d}.{}{ac}},

SC(X)={X .¢4b.c.d}{o.d}.{c}{act{a}},

PC (X )={X ,¢{0.c.d}{a.c.d}{ab.c}{c.d}{b.ch{d}{c} {o} {ac}},

yC(X)={X .44b.c.d}{a.c,d}{ab.ct{.d}{b.d}{b.c}{d}{c}.{o} fac}
{a}}, and

BC (X )={X ,¢,{b,c,d}{a,c,d}{ab,c}{c,d}{b,d}b,c}{d}{c} b} fa.d} {fack
{a}.{a.b}}.

o ={a)” ={a}" ={ac}, {b} ={o}" ={o}" ={b.c.d},
e} =fe}" ={e}" ={c} {d} ={d}" ={d}" ={o.c.d},
fal” =fa}, b} ={od} fe} ={c}, {d}" =fo.d},
{a)" =fach b} ={b}, {e}" ={c}, {d}” ={d},
@y

dy ={d}" ={d}.

According to Definition 3.1 and Definition 3.2, we get
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R, =R, =R, ={(aa),(c,a),(b,b),(c,b),d,b),(c,c),(b.d),(c.d),(d,d)}

R, ={(a,a),(b,b),d,b),(c,c),(b,d),[d,d)},
R, ={(a,a),(c,a),(b,b),(c,c),(d,d)}, and

R,={(aa),(b,b),(c,c).d.d)}.

Then RT , Rj are reflexive and transitive relations on X for all j S {S, p,a,y, ﬂ} .

R}’

Proposition 3.4. Let (X ,7) be a topological space. Then (X ,7) is a T, — space if and only if

R, =R, ={(x,x):x eX }, foral j e{s,p,a,y,B}.
Proof. Let (X ,7) be a T, —space. Then by Lemma 2.1, we have {X} is a closed subset of X forall X € X . Thus
{X }_ :{X } But {X }j_ g{x }_ and {X }j_ # ¢ forall ] E{S, p,a,y,ﬁ} . Hence {X }j_ :{X}.Therefore

R, =R, ={(x,x):x eX }, forall j e{s,p,a,y,p}.

Conversely, let R, = R; :{( X, X) . Xe P( Then {X }_ :{X},for all X €eX . Thus {X} is a closed set
VX € X .Hence by Lemma 2.1, we have (X ,7) isaT, —space. O

Proposition 3.5. Let (X ,7) be a topological space. If (X,T) is a T, —space, then R. and R; are
equivalence relations on X for all j S {S, p,a,y, ﬂ}
Proof. By Proposition 3.4, the proof is obvious. o

Proposition 3.6. Let (X ,7) be a regular topological space. Then R is symmetric relation on X.

Proof. Let (X ,7) be a regular topological space and (x,y)eR,. Then X e{y}f. But X E{X }7. Thus
{X }_ ﬂ{y }_ ¢¢. Since X is regular, then by Lemma 2.2, we have {X }_ :{y}_. Hence VY E{X }_, and so
(y,Xx)eR,. Therefore R is symmetric relation on X. o

Proposition 3.7. Let (X ,7) be a finite regular topological space. Then Rj is symmetric relation on X for all
je{rspaypl

Proof. we shall prove this proposition in the case of j =T, and the other cases can be proved similarly. Let (X ,7)

- . - ro
be a finite regular topological space and (X,y)eRr. Then Xe{y} . But Xe{X} . Thus

{X }P ﬂ{y }P # ¢ . Hence by Proposition 2.3, we have {X }r = {y }ri. Then Yy € {X }ri. Thus (y,X)eR,.

Therefore Rr is symmetric relation on X. o

Proposition 3.8. Let (X ,7) be a finite regular topological space. Then R and Rj are equivalence relations for
all j e{s, p,a,;/,ﬂ}.

Proof. By Proposition 3.2, Proposition 3.3, Proposition 3.6 and Proposition 3.7, the proof is obvious. o

Definition 3.4. Atopological space (X ,7) is said to be a j-regular topological space, if for each point X € X and
for each j-closed set F does not contain x, then there exist two disjoint j-open sets G and H such that X €G and

FcH where je{r;s,p,arp}

Example 3.4. Let X ={a,b,c,d} and let Z'={X ,¢,{a},{b,d},{a,b,d}} be a topology on X. Then
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SO(X)={X,¢{a}.,{ac}.{ab,d},{b,d}.{b,c,d}} and

SC(X)={X,g.{b,c.d}.{b.d}.{c} {ac} {a}}.

Hence X is s-regular, since for each point X € X and for each s-closed set F < X suchthat X ¢ F, there exist two

disjoint s-open sets G and Hsuchthat X €G and F — H .

Proposition 3.9. Let (X ,7) be a jregular topological space where j €{S,p,a,7,8}. Then for each two
points x and y of X we have either

i- i- i- i-
D ={y) o X N{y ) =
Proof. we shall prove this proposition in the case of j = and the other cases can be proved similarly. Let (X ,T)

be « -regular topological space and let x, ye X . Suppose that {X }a_ ;t{y }a_. Then either X g{y}a_ or
y & {y }a_. Let X & {y }a_, since {y }a_ is an « -closed set does not contain x , then there exist two disjoint « -

open sets G and H such that X €G and {y}“i cH . But X —H is an « -closed set containing x. Then

{Xx}" =X =H .Hence {x}" N{y}" =(X -H)NH =¢.

Therefore {X }a_ N {y }a_ =¢. o

Proposition 3.10. Let (X ,7) be a jregular topological space where | e{s,p,a,;/,ﬁ}. Then R;is

symmetric relation on X.
Proof. we shall prove this proposition in the case of ] = 3 and the other cases can be proved similarly. Let (X ,7)
be a /3 -regular topological space and (X,Y) € Rﬂ. Then X € {y }'Bf. But X € {X }ﬁf. Thus {X }ﬂ7 ﬂ{y }ﬁ7 =g,

Since X is [ -regular, then by Proposition 3.9, we have {X }'87 = {y }ﬁf. Hence Yy € {X }ﬂf, and so (y,X)e Rﬁ.

Therefore Rﬁ is symmetric relationon X. o

Proposition 3.11. Let (X ,7) be a jregular topological space where | e{S,p,a,y,ﬂ}. Then R;is

equivalence relation on X .

Proof. By Proposition 3.2, Proposition 3.3 and Proposition 3.10, The proof is obvious. o

4. Conclusions

In this paper, we introduced some definitions of relations generated by using some classes of near open sets. Also, we
introduced some properties of some classes of near open sets in topological spaces.
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